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Abstract. The author derives the likelihood ratio test statistic for the
equality of mean vectors when the covariance matrices are assumed to
have a compound symmetric structure. Its exact distribution is then
expressed in terms of a product of independent Beta random variables
and it is shown that for some particular cases it is possible to obtain very
manageable finite form expressions for the probability density and cumu-
lative distribution functions for this distribution. For the other cases,
given the intractability of the expressions for the exact distribution, very
sharp near-exact distributions are developed. Numerical studies show the
extreme good performance of these near-exact distributions.
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1 Introduction

The likelihood ratio test for the equality of mean vectors, when the covariance
matrices are assumed to be just positive-definite, but otherwise unstructured,
is a well-known test in Multivariate Analysis, and the distribution of the asso-
ciated test statistic has been extensively studied ([8, Chap.9], [1, Chap. 8], [10,
Chap. 10], [5,9]).

However, a similar test for cases where some common given structure is
assumed for the covariance matrices is not available in the literature.

We say that a p x p positive-definite covariance matrix Ycg is compound
symmetric if, for —ﬁ < b < a, it can be written as

abb ... b
bab..»b

Seg= (00 a0 —(a—b)I,+bE,, =al, +bE,, —1I,),
bbb..a
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where I, represents the identity matrix of order p and E,, a p x p matrix of 1’s.

Let us suppose that X, ~ Np(ﬁk’ i), k=1,...,q, where X} are assumed
to be equal and compound symmetric. Let us further suppose that we have a
sample of size ny > p from X, (k = 1,...,q) and that these ¢ samples are
independent, with n = >"{_, ny. We will be interested in the test to the null
hypothesis of equality of the ¢ mean vectors I (k=1,...,q), that is, the null
hypothesis

H0:H1:"'Hq (1)
assuming Xy = --- = X, (=Xcg non-specified) ,

where Ycg represents a compound symmetric matrix of order p.

The interest in this test comes from the fact that such covariance structure
is quite common or quite commonly assumed for covariance matrices in many
situations and for many statistical models. See for example [6] for references.
Moreover, in case the assumption of such structure for the covariance matrices
is correct, then not accounting for it when carrying out the tests for the mean
vectors will lead to losses in power. Therefore it is of interest to investigate the
test for equality of mean vectors when assuming this structure for the covariance
matrices.

2 The Likelihood Ratio Test Statistic

The (2/n)-th power of the likelihood ratio test (l.r.t.) statistic to test the null
hypothesis in (1) is
ai(a)!

A= 2
CHCAT .
where
*% 1 a *k ok 1 *%
=TT 2 and ¢ =—— T 3)
j=2 j=2

with @77 and ¢}, the diagonal elements of the matrices

A =UAU’ and C* =U(A+ B)U’ (4)

where U is a Helmert matrix of order p, which is a p X p orthogonal matrix with
first row equal to ﬁElp and i-th row (i = 2,...,p) equal to

1
f[L...,1,—(@—1),0,...,0] (i=2,...,p).
(’L — 1)2 N——— SN——
i—1 p—i
We may obtain the l.r.t. statistic in (2) by establishing a parallel with the
Lr.t. statistic used when the covariance matrices X} are assumed to be just
positive-definite, which is the statistic

A

N =T E (5)
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where

A= Z(nk —1)Sk and B = an(Xk - X)X, - X) (6)
k=1 k=1

where Sj, and X, are respectively the sample covariance matrix and mean vector
of the k-th sample and
a
> X,
k=1

and by seeing that the lr.t. statistic to test Hp in (1) will be in its beginning
similar to the lr.t. statistic in (5), to which we have to add the fact that now
the matrices X are assumed to be compound symmetric.

If we take into account that all the diagonal elements of Ycg are equal
among themselves and that also all the off-diagonal elements of Ycg are also
equal among themselves, the maximum likelihood estimator (m.le.) of Y¢g,
under the alternative hypothesis

Hl : Eljaj/ € {Laq} :Hj ?éﬁj’
assuming Xy = -+ = X, (=Xcg non-specified) ,

where Yog = al, + b(Ep, — 1), is A* = [a};], with

X =

3\'—‘

(7)

12 1 PP
Qi = alH1 pz% and az; b|H1_ (p_l)ZZa”
j=1 i=1 j=1
i

while the m.Le. of Xog under the null hypothesis in (1) is C* = [c};], with

*Z ajj+bj;) and ¢ :/b\|HO = _1 ZZ aij+biz) (i # J),

=1 j=1
i#]

O"'“IHO

where a;; and b;; represent the running elements of the matrices A and B in
(5) and (6). Then, the l.r.t. statistic to test Hy in (1) may be written as
A"
== (8)
|C*]

where

p—1 p—1
P

A =i | =3 D a; and (O =i | =52 | O
j=2 j=2

EES

where, as in (2) and (3), aj; and cj} represent respectively the j-th diagonal
element of the matrices A** and C** in (4), so that A in (8) may be written as
in (2).

We may note that, while a}j and ¢} are the m.l.e.’s of a + (p — 1)b, respec-
tively under Hj in (7) and under Hy in (1), a** and ¢** in (2) and (3) are the
m.l.e’s of a — b, respectively under H; in (7) and under Hy in (1).
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3 Characterization of the Distribution of the L.R.T.

Statistic
In order to obtain the distribution of the l.r.t. statistic A4 in (8) or (2), under the
null hypothesis (1), now one only has to notice that, under this null hypothesis,

UXcsU' = A=diag(a+ (p—1)b,a—b,...,a—b),
(R —
p—1

so that, since A and B are independent, with

A~Wy(n—q,Xcs) and B~W,(¢g—1,%cs),

A** and B** = UBU’ are independent, with
A"~ Wp(n—gq, A) and B*™ ~Wpy(q—1,4),
and as such,
C™=A"+B"™ ~Wy(n—1,4).
The diagonal elements of A** are thus independent, as well as the diagonal

elements of B** and C**, with

aj; 2 b 2 R 2 ~

i AN A ~ =1

5, "~ Xa—a 5, Xam1 5 T3 + 5, X1 (G=1...,p)
(10)

fordsy=a+(p—-1band do=---=35,=a—0b.

Therefore, from (8), (9) and (10), we see that
4 -1
A=Y ()P

where Y7 and Y5 are independent, with

Yy NBeta(";q,%) and  Ya ~Beta(("’q)2(p’ D (q’l);p’ D).

The h-th moment of A in (2) may thus be written as

P gt F(E) (e s o - 0n)
SO I (%2 +h) ((”—Q)2(p—1)) r ((n_1>2(p_1) e 1)h)

9

E(AM) =
(11)

which will be used in deriving an exact finite form for the distribution of A for
odd ¢ and to obtain sharp near-exact approximations for its distribution in the

other cases.
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4 The Exact Distribution of A for Odd q

For odd ¢, by using the relation

I'la+n) nt “
= e (12)

and given that the expression in (11) remains valid for any complex h, one may
write the characteristic function (c.f.) of W = —log A as

Pw(t) = B (V) = B(A7)
Pty r (252 i) r((e=bgen) p (Gemafemn )
T r() O (EE) F ()

g=1_4

)T
FRCINIC N

—1)(p—1
(a )2(17 ) 1

X{ 11 ((nfq)2(p71)+j) ((nq)2(p1)+j(p1)it>_1}

§=0

(qfl)z(Pfl) 1 .
n—gq J n—q J .
X — it
I ("5t +5) (55 )

(qfl)l(ffl)ﬂ n—q+j—1 r; n—q+j—1 y r;
= —1
" 2 p—1 2 p—1

Jj=1

for
1, j=1,....(¢—D(p-1)/2
rj = iZG-Dp-1)+1 fort=1,...,(¢—1)/2 (13)
2, j=(-1p-1)+1 fort=1,...,(¢—1)/2,
which shows that for odd ¢ the exact distribution of W is a GIG (Generalized
Integer Gamma) distribution [3] and that of A an EGIG (Exponentiated Gen-
eralized Integer Gamma) distribution [ ] of depth (¢ —1)(p — 1)/2 with shape
parameters 7; and rate parameters “72 + jfi G=1,...,(¢—1)(p-1)/2).
The exact probability density function (p.d.f.) and cumulative distribution
function (c.d.f.) of A are thus given by

(n—q j—1
{rit—i.. s{+ '9
Jj=1,....9 2 p—1 i=1,g

M@%aﬂmcG

and

_ pEGIG . -9 il '
F,(z)=F (Z i}z g {2 - p—1 }g—l 9 7g>
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for g = (¢ —1)(p —1)/2 and r; given by (13). See [2] for the notation used for
the p.d.f. and c.d.f. of the EGIG distribution.

5 Near-Exact Distributions of A for Even g

5.1 Near-Exact Distributions for Even q and Even p

When g is even, the exact p.d.f. and c.d.f. of A are not manageable. As such in
this case we will develop near-exact distributions for A, which are asymptotic
distributions that, opposite to common asymptotic distributions, will be asymp-
totic not only for increasing sample sizes but also for increasing values of p and
q. The case where ¢ and p are both even is somewhat more complicated and this
is the one we will address in this subsection.

From (11), for even ¢ and even p we may write the c.f. of W = —log A as

neg i) T ((n—1>2<p—1) _ %) I ((n—q>2<p—1) —(p— 1)it)
%g—u)pr%mn)FCw%mn_%_@_Dw
(nT,Q _ig I (<n71)<p71>) r ((n71)<p71> Ll (p-1)it

(= )
X I (252) I (% —it) (n=1)(p—1) 1 (n 1)<p 1) .
2 r 7—5 (n=1)(p=1) (p—l)lt)
o 5
IOt (e
J=0
q(p*1)7p71
(

X 1 \ ((niq)z( 4—j—(p—1)it)_1

resyr(es2 i I ((”‘1)2(”‘1)) r ((”‘1)2(”‘1) —1 (- 1)it)

X 2 —2 -
IW%?)FF7LﬂQI(@i%tﬁ—é)r(&iyiﬂ—@—1m
RE N T
-3 | 5 5 T/
7=0

2 - . . -1
n—q . _J n—q. _Jj _.
) L < 2 +p71)< 2 +pfl_lt)
r(etyr(es2 —it) - (("*1)2("*1)) r (("*”2(‘7*1) ~1 (- 1)it)
T Tt ) 1 (e — 3) (= — o)
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- <<q—1)<ﬁ1>—1>/2 n_q+j_1 s n_q+j_1—it -rj
= L 2 p—1 2 p—1

j=1

Pw,1(t)
r(eg) (g - F(UE) P (e - - 0o i)
e ) L (=TT ey (PR TRy

2

Dw,2(t)
(14)
with
i = JEUL-1D(p—-1)+1 fort=1,...,(¢—2)/2 (15)
2, j=l-D{p-1)+1 fort=1,...,(¢qg—2)/2.

In (14) ®dw.(t) is the cf of a GIG distribution of depth ((¢ — 1)
(p — 1) — 1)/2 with shape parameters ry and rate parameters "5 + %
(G=1,..,((¢g—1)(p—-1)—1)/2) and will be left untouched, while, based on
the results in Sect. 5 of [11], which show that we can, for increasing values of a,
approximate asymptotically a Logbeta(a,b) distribution by an infinite mixture
of Gamma (b + k,a) (k = 0,1,...) distributions, using a somewhat heuristic
approach, we will asymptotically approximate @y 2(t), which is the c.f. of a sum
of two independent random variables whose exponential has a Beta distribution
with a second parameter equal to 1/2, by

(1) = 3 m (X — i)
k=0
which is the c.f. of a finite mixture of Gamma distributions, where \* is the rate
parameter in
() = 0N ) (A —1t) T+ (1= 0)( N )2 (N —it) ™"

which will be numerically computed together with 8, r; and r9 in such a way
that

o o
—P* (¢ = — Pyt h=1,...,4.
oth ( ) —o Ith W,2( ) —o ) ) )
The weights 7, k =0,...,m* — 1, will then be computed in such a way that
o o
—O5(t)| = o Pwalt h=1 :
oth 2( ) —o oth W,Q( ) —o ) ) y 1

with 7 =1 — ZZL:*JI Th.
By doing this we obtain
Py (t) = Pwa (1) P3(t)

as a near-exact c.f. for W, which will yield as near-exact distributions for W mix-
tures with m* + 1 components, each of which is a GIG distribution of depth ((¢—
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1)(p—1)—1)/2+1, with shape parameters r} (j = 1,...,((¢ = 1)(p—1) = 1)/2)
and a last one equal to k+ 1, and corresponding rate parameters (n — q)/2
+(j—1)/(p—1) and \*.

This gives near-exact distributions for A with p.d.f.

m*
Fa2) = Ym0 2 | s gk + L4 P I g+l
2 p—1).,
k=0 J=1,..., g
and c.d.f.
m n—q j—1
Fy(z) =) m (1 — Freie (Z {riti=1,g k+ 1;{ + 7} A5 g+ 1)) ;
k-z:%) ’ ! 2 P—1J-1 4

for g = ((¢ — 1)(p — 1) — 1)/2 and 7} given by (15).

This yields very manageable near-exact distributions for both W and A,
which will match the first m* exact moments of W and which, as it is shown in
the next section, lie very close to the exact distribution and are asymptotic not
only for increasing sample sizes but also for increasing values of p and ¢, that
is, the number of variables in each vector X, and the number of populations
considered, opposite to the common asymptotic distributions which are asymp-
totic for increasing sample sizes, but which quickly degrade their performance
for increasing values of p.

5.2 Near-Exact Distributions for Even q and Odd p

Indeed when ¢ is even but p is odd, we may treat the c.f. of W still in a similar
manner, but now taking advantage of the fact that in this case the c.f. of the neg-
ative logarithm of the r.v. Y5 may be expressed as the c.f. of a GIG distribution.
Since in this case p — 1 is even, we may write

PR VAL Al G ) Kl Gt At
r(%59) (22 —it) ((n_q>2<p_1)) r (<n—1>2<p—1) —(p— 1)it)
L) (22 i)
(%32) I (%5 —it)
a2 .
= 1T (57 +a) (P +a-)
7=0
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2 n— -1
{0 (5 50
. 2
7=0
(trl)z(pfl) ) 1
n—q J n—q J
X{ E, (2 +p—1>( 2 +p—1lt>
P2 i)
r(e32) (= —it) (16)

@W,Q (t)

with the 77 defined in a similar manner to that in (15), now going through
(g —1)(p—1)/2, that is, with

Ty = JEUL-1D(p-1)+1 fort=1,...,(q—2)/2 (17)
2, j=(-1)p-1)4+1 fort=1,...,(¢—2)/2.

In (16) Pw(t) is now the c.f. of a GIG distribution of depth (¢ — 1)

: * n— j—1

(p — 1)/2 with shape parameters r; and rate parameters =57 + ;j
(j=1,..,(¢g—1)(p—1)/2) and, similarly to what we did before, will be left
untouched. Once again based on the results in Sect. 5 of [11], we will asymptoti-
cally approximate @y (¢) which is the c.f. of a random variable whose exponen-

tial has a Beta distribution with a second parameter equal to 1/2, by
Zﬁk k+1/2 (A )—(k+1/2)

which is the c.f. of a finite mixture of Gamma (k + 1/2, \*) distributions, where
A* may be either taken as (n — 2)/2, or alternatively, be computed in a similar
manner to that used for even ¢ and even p. This second choice would, mainly
for values of p higher than 3, give near-exact distributions that will lie a little
bit closer to the exact distribution.

By proceeding in this way we obtain

Py (t) = Pw, (1) P5(1)

as a near-exact c.f. for W, which will now yield as near-exact distributions for
W mixtures with m* 4+ 1 components, each of which is a GNIG (Generalized
Near-Integer Gamma) distribution of depth (¢ — 1)(p — 1)/2 + 1, with shape
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parameters 77 (j =1,...,(¢ — 1)(p — 1)/2) and a last one equal to k + 1/2, and
corresponding rate parameters (n —¢q)/2+ (j —1)/(p — 1) and A*. See [4] and
[9, Appendix B] for the GNIG distribution and the expressions for its p.d.f. and

c.d.f..

This gives near-exact distributions for A with p.d.f.

>
» n — ) — 1 " 1
£a) = Yot (togz [ (hm ok {0 I i) ]
k=0 P=2)j=1,.4 z
and c.d.f.
Fu(z) = Z Tk <1 — penNe <logz’{r;}j:1“,_7g,k + %; {n 5 L ]7} ST
k=0 p-1 Jj=1,....9

for g = (¢ —1)(p —1)/2 and r} given by (17).

6 Numerical Studies

In order to evaluate the proximity of the near-exact distributions to the exact

distribution we will use the measure

Table 1. Values of the measure A in (18) for increasing values of p and increasing
sample sizes n = pg + {2, 102,502}, for near-exact distributions which match m* exact

moments

1

:%700

— Py (1)
t

i ‘ Pw (1)

K

m*

2

4

10

20

26

3.70 x 1078

1.05 x 107!

3.47 x 1072

6.24 x 10~28

126

3.29 x 1071

4.05 x 1071°

1.11 x 10728

2.76 x 10742

526

4.50 x 10712

3.14 x 10718

1.64 x 10733

5.32 x 10758

10/6| 62

1.06 x 107°

8.14 x 107 1%°

4.89 x 107%°

7.13 x 1072

162

5.98 x 10711

5.90 x 10717

1.22 x 1072

4.87 x 10747

562

1.44 x 10712

1.09 x 10719

1.27 x 1073

2.19 x 1078

306|182

9.06 x 10712

2.98 x 10719

1.27 x 10732

3.05 x 10752

282

2.44 x 10712

2.30 x 1072

9.77 x 1073

3.07 x 10756

682

1.73 x 1071

1.42 x 10722

5.54 x 1073°

2.42 x 107%
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with

A> max |Fw (w) — Fyy (w)] and A> Jnax, |Fax(2) — F3.(2)] , (19)
and where @y (t) and Py, (t) represent respectively the exact and the near-
exact characteristic functions of W and Fy(-) and F},(-) the corresponding
cumulative distribution functions. For the derivation of the measure A in (18)
and the relation in (19) see [7, Appendix A].

In Tables 1 and 2 we may analyze the values of the measure A in (18) for
different even values of p and ¢ and different sample sizes, and in Tables 3 and 4

the values of this measure for different odd values of p, with smaller values of A

Table 2. Values of the measure A in (18) for increasing values of ¢ and increasing
sample sizes n = pg + {2, 102,502}, for near-exact distributions which match m* exact

moments

m*

2

4

10

20

26

3.70 x 1078

1.05 x 107!

3.47 x 1072

6.24 x 10728

126

3.29 x 1071

4.05 x 1071°

1.11 x 10728

2.76 x 10742

526

4.50 x 10712

3.14 x 10718

1.64 x 10733

5.32 x 1075

66

3.55 x 10710

5.37 x 10715

4.01 x 10726

3.42 x 10740

166

2.63 x 10711

6.93 x 10717

3.05 x 1073

3.12 x 10748

566

7.08 x 10713

1.66 x 10719

5.14 x 10736

3.95 x 10759

146

8.47 x 10712

1.10 x 10717

7.06 x 10732

4.45 x 107°!

246

2.07 x 10712

1.04 x 10718

3.92 x 10734

2.95 x 10758

646

1.30 x 10713

1.02 x 10~2°

1.46 x 10738

1.09 x 10763

Table 3. Values of the measure A in (18) for even ¢, increasing odd values of p and
increasing sample sizes n=pg+{2, 102,502}, for near-exact distributions which match

m” exact moments

p

*

nim

2

4

10

20

32

1.06x1078

2.54x10712

5.90x1072!

1.30x1073°

132

1.47x10710

2.07x107%°

2.74x1072%7

3.02x10743

532

2.22x10712

1.90x10718

5.87x107 34

1.05x1075°

11

68

3.44x10710

9.27x1071°

1.03x1072°

1.07x1073°

168

2.25x107 11

9.86x10~ %7

5.47x10730

7.98x10748

568

5.76x10713

2.20x1071°

8.18x1073¢

8.44x107%°

31

6188

3.44x10712

4.56x10718

8.69x10733

8.83x107%3

288

9.54x10713

5.37x1071°

7.97x107%

1.36x107°

688

6.97x107 1

6.86x1072!

5.46x1073°

1.68x10%4
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showing a better agreement between the near-exact and the corresponding exact
distribution.

We may see how all the near-exact distributions exhibit extremely low values
of the measure A and how they display a clear asymptotic behavior not only for
increasing sample sizes but also for increasing values of p, the number of variables
involved, as well as for increasing values of ¢, the number of populations involved.

Noticeably, even for very small sample sizes the near-exact distributions
exhibit extremely low values of A, showing their extreme closeness to the exact
distribution, even for these very small sample sizes.

As expected, near-exact distributions with higher values of m* show lower
values of the measure A, given that m* is the number of exact moments of W
that are matched by these near-exact distributions.

Table 4. Values of the measure A in (18) for odd p, increasing even values of ¢ and
increasing sample sizes n=pg+{2, 102,502}, for near-exact distributions which match
m* exact moments

p q n|m*

2 4 10 20
5 16 | 32/1.06x107% |2.54x107'?|5.90x1072" | 1.30x1073°
132]1.47x1071% | 2.07x10715 | 2.74x10727 | 3.02x 1043
532]2.22x1071% | 1.90x107 '8 | 5.87x10734 | 1.05x107°°
5 16| 821.00x1071°[1.24x1071% | 1.61x1072" | 2.05x10743
182 1.02x107 | 2.74x10717 | 3.85x1073 | 7.90x10~°
5821 3.30x107 13 [ 8.90x10720 | 1.28x1073¢ | 3.42x107%°
316 |188]2.40x10712|2.53x10718 | 2.57x1073% | 1.05x10753
288 | 7.15x1071% | 3.35x 10719 | 2.99x1073% | 2.45x107°7
688 | 5.58x107 1 [ 4.77x1072! | 2.54x1073% | 4.32x107%5

7 Conclusions

The method used to analyze and factorize the characteristic function of the neg-
ative logarithm of the likelihood ratio statistic, with the help of the relation (12),
proved itself extremely useful. It not only enabled us to obtain, for odd ¢, that is,
for an odd number of the populations involved, the exact distribution of the neg-
ative logarithm of the likelihood ratio statistic as a GIG distribution, which is a
very manageable distribution, but also allowed for the development of very sharp
near-exact distributions for even ¢q. As noted in Subsect. 5.2, when ¢ is even and
p is odd, it is possible to obtain even sharper near-exact distributions than those
obtained in Subsect. 5.1 for even p and even g. Although, as expected, the near-
exact distributions display a much better closeness to the exact distribution as
the value of m*, the number of exact moments of W matched by these near-exact
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distributions, increases, even for very small values of m™* the near-exact distrib-
utions display a great closeness to the exact distribution and a clear asymptotic
behavior not only for increasing sample sizes but also for increasing values of
the number of populations involved, and opposite to the common asymptotic
distributions, also for increasing numbers of variables involved, always with very
good performances for very small samples sizes, even for large values of p, the
number of variables involved.
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