Chapter 2
Single Two-Level Atom

2.1 Overview

We will start our discussion with the most simple system: a single two-level atom
interacting with an electromagnetic field. The models used in later Chapters typically
treat both the atom and the field classically. However, we will begin here by consid-
ering the quantum mechanics of the system, showing that when the electric field is in
a sufficiently weak coherent state, the atomic dynamics can be fully described by a
classical electric dipole interacting with a classical electric field. Spending some time
looking at the quantum model will prove beneficial for understanding the limitations
and strengths of the classical model.

The theory presented in this Chapter closely follows the discussions of Zoller and
Gardiner which can be found in Chap. 12 of [1] and Chaps.9 and 14 of [2].

2.2 System Hamiltonian

2.2.1 Two-Level Atom

One of the simplest cases we can consider is that of a single two-level atom, with
ground state |g) and excited state |e) (see Fig. 2.1). The energy difference between
these two states is E, — E, = hwg, where E, ) is the ground (excited) state energy
and wy is the resonant transition frequency. Assuming the two states form a closed
transition, then the excited state decays solely to the ground state with decay rate
o =29, corresponding to an excited state lifetime of 7y = 1/T"y. We will show in
Sect. 2.3.3 that this decay arises due to coupling between the atom and the quantum
vacuum field.

1For convenience, we will use both the decay rate I and half-decay rate y at different points in this
Thesis.
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Fig.2.1 Ground |g)and excited |e)energy levels of a two-level atom. The energy levels are separated
by an energy E = hwy. A driving field with frequency w is detuned from the bare atomic transition
by A = w — wg. The excited state decays to the ground state with decay rate ['o = 2y9 = 1/19

In following Sections we will apply a light field to the atom which will couple
the two electronic quantum states. In practice, real atoms have many states, some
of which may be degenerate. This degeneracy can usually be broken by applying
appropriate electric or magnetic fields to the atom (see Sect.3.2.1), and so assuming
that the frequency of the driving field w is close to the resonant atomic frequency
wp (and far detuned from the transitions to all other states), then these other energy
levels can be treated as a perturbation, resulting in Stark shifts of the ground and
excited state energies (see Chap. 4 of [2]). These shifts are not important for the
features we will be considering and so we shall ignore them.

The Hamiltonian describing the bare energies of the two energy levels can be
written as

Ho = E, lg)(g] + E. le) (el . 2.2.1)

Without loss of generality, we can set the ground state energy E, =0, in
which case
Ho = hay |e) (el . (2.2.2)

2.2.2 Vector Notation

It can be convenient to represent |g)and |e)in vector notation,

18) = ((1)) o) = ((1)) . (2.2.3)

Note that other texts (e.g., [1-3]) will sometimes use the opposite notation |g) =
(0, 1)T and |e)= (1, 0)T, where T stands for transpose. We can define raising and
lowering operators
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ot =le)gl = ((1’) (10) = (? 8) o =lg)lel = ((1)) (01)= (8 (1))

(2.2.4)

In addition, the Pauli matrices present a convenient basis for describing two-level
systems,

O ) N ) N (K N

Using this notation, the bare Hamiltonian in Eq. (2.2.2) can be written as

00
— tyT —
H() = ha)() o o = (O ha)o) . (226)

2.2.3 Density Matrix

A convenient representation for describing the behaviour of a quantum state with
wavefunction |W)is as a density operator, p = |W)( W|.2 For the two-level atom, the
corresponding density operator (density matrix) in bra-ket and matrix notation is

p=@ﬂm+bk»wﬂm+%*w)=(g:2g, (2.2.7)

where pge = |a | and p,, = |b|? are the ground and excited state populations respec-
tively, and p,, = ab* and p,, = ba* are the coherences. The requirement that the
total population be 1 means that the trace of p is Tr(p) = pge + pee = 1, and the
coherences are related by p.; = p,,. The expectation of an operator A for a state
with density matrix p can be found by calculating the trace

(A) = Tr (pA) . (2.2.8)

In addition to a two-level atom, the total system also contains electromagnetic
(EM) field modes (Sect.2.2.5), and so the overall wavefunction |\Ilsys)describes the
field as well as the atomic state. However, in Sect.2.3.6, we will trace away the
field parts of the density matrix, being left with just the atomic density matrix in
Eq.(2.2.7).

2 A density operator can be used to describe a statistical mixed state of quantum states that cannot
be described by one single state vector, p = >, p; [W;)(¥;].
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2.2.4 Dipole Operator

We assume the energy levels |g)and |e) are coupled via an electric dipole transition.
The quantum operator for the dipole moment is

d=d le)(gl +dg [g)el, (2.2.9)

whered,, = (g|d|e)=e(g|S|e)= djg is the dipole matrix element, e is the electron
charge and s the electron displacement operator.’ The expectation value of the dipole
moment operator is given by

(d) =Tr (pd) = dgepeg + degpge' (2.2.10)

The dipole expectation value is therefore related to the coherence p.,. In
Sect.3.2.1 of the next Chapter, we show that the vector polarisation of the dipole
transition d is related to the nature of the ground and excited states. We leave fur-
ther discussion of this topic to that Section, and for now assume that the transition
between the two states results in a dipole polarisation identical to the polarisation of
the driving field.

2.2.5 Electric Field Operator

In addition to the atomic states, the system also contains EM field modes |A)=
k, éak) The mode index A corresponds to a spatial mode with propagation wavevec-
tor k (in a plane wave basis) and polarisation &, . For a given Kk, there are two possible
polarisations (with index g € {1, 2}), both of which are orthogonal to k and orthog-
onal to each other, (&,)" - &, = J¢, ¢, . The wavevector k = k k has unit vector k
and wavenumber k = |Kk| with corresponding wavelength A = 2w/k and frequency
wy = ck.
The total electric field operator is (see Eqs. (11.1.43) and (11.1.48) in [1])

h
E(r) = iz‘/ % [aAuA(r) — azu’f\(r)] , (2.2.11)
A

where 3", = >, >, , the operator @’ (a) creates (annihilates) a photon in mode A,
&o 1s the permittivity of free space, u, (r) are the set of plane wave mode functions,

3The mass of the positively charged atom core (nucleus plus core electrons) is very much larger
than the electron and so is assumed to be unmoved by the electric field.
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1 .
u,(r) = i &, T, (2.2.12)

and V is the quantisation mode volume. There is also a corresponding magnetic field
B which can be related to the electric field via the vector potential operator A (see,
e.g., Sect. 6.2 of [4]). In Sect.2.3.5, we will show that if the electric field is in a
coherent state, it can be treated as a classical electric field. The energy of the field
modes is

1
Hin = > fog (aTAaA + 5) ) (2.2.13)
A

2.2.6 Atom-Field Coupling

An electric field couples the atomic ground and excited states, as shown in Fig. 2.1.
This induces atomic coherences p,, between the ground and excited states which as
we saw in Sect.2.2.4 results in a nonzero electric dipole moment in the atom. The
interaction energy between an electric dipole and an electric field is

Hine = —d - E(ry), (2.2.14)

where ry is the atom position. The size of the atom (~10~'"m) is much smaller than
the wavelength of the driving light (A ~ 10~% m), and so we can assume that the field
is constant over the extent of the atom. This is known as the dipole approximation

and also allows us to ignore higher order multipolar terms (see Sect.4.2 of [3]).
Substituting in the electric dipole operator (2.2.9) and electric field operator
(2.2.11), the interaction energy becomes

Hipne = iho ™ Z (aj\K}‘\efik'rO - aAI?/*\eik'rO) —ihoT Z (aAKAeik'rO — af\/ZAe’""m) ,
A A

(2.2.15)
where we have defined the coupling coefficients as*

Wi - Wy
= [—d, - = [—d, U] 2.2.1
KA 2h€0 deg u) (0) s KA 2h£0 deg u, (O) ’ ( 6)

4The signs of k5 and kp in Eq. (12.1.28) of [1] differ to those here. However, the quantities of
interest are |« | and |#4|% and so a sign difference is not important.
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2.2.7 Interaction Picture, Rotating Wave Approximation

The dynamics we are interested in are those involving the coupling between the
atom and the electric field modes. It is therefore convenient to transform into the
interaction picture. Until now, we have been working in the Schrodinger picture, that
is, the frame in which the operators Hg are time-independent and the state vectors
|Wg(t)) are time-dependent. The evolution of the state vectors in the Schrodinger
picture is governed by the Schrodinger equation,

d Y = iH v 2.2.17
SIS0} = —Haus [Ws(0), (2.2.17)

where the Hamiltonians Hio.s = Ho.s + Hem.s + Hines were defined in (2.2.2),
(2.2.13) and (2.2.14) respectively. In the interaction picture, the operators evolve
in time due to the free Hamiltonian (as if there were no atom—field interaction), leav-
ing the state vectors to evolve dependent only on the interaction Hamiltonian H;,.
The interaction picture operators and state vectors are related to the Schrodinger
picture by the following transformation:

U; (1) =exp [—%(Hoﬁs + HEM,S)1:| ,

H; (1) =Uj () Hs U; (1),
1, (1)) = U] (1) [Ws (1)) (2.2.18)

Since both Hy s and Hgy s are diagonal in atomic and field operators respectively,
U, obeys the general rule for exponentials of diagonal matrices,

X 0 0 ... X 0 0

0 Xy O ... 0 X2 0 ...
exp(X):exp 0 0 X3...1=]l 0 0¢e&...|: (2.2.19)

The bare atomic Hamiltonian has the form (2.2.2)
Hos = 01g) (gl + hap le) (el . (2.2.20)
Notice here that we have included the additional ground state term, even though

we previously set the ground state energy to zero.” When we take the exponential of
Ho. s, the ground state is still important:

5The choice of ground state energy is arbitrary, since E, is defined relative to E P
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exp (—%HO,Sf) = exp [—%(Olgﬂgl + hwg |e)(e|)[:| - |g><g|eO + \€><e|efiw0’.

(2.2.21)
The atomic raising operator in the interaction picture is then®
o (1) =Ul o U,
= (Ig) (gl + le)tel ™) le)(g] (Ig)(g] + le)(el ™)
=l |e)(g| = el o4, (2.2.22)
and the lowering operator is o, (t) = [01 O =e i o s - The exponential of the

EM field Hamiltonian (2.2.13) has a similar form:

exp (—%HEM,SI) = exp {—% |:Z By (aj\aA + %):| l} . (2.2.23)
A

It is convenient here to express the creation and annihilation operators in the
number state basis,

o0
aA_Z\/njL A, n+ 1(Anl, an= D JalAn—1)(An|, (2224

n=0 n=1

where |A, n)is the EM field state with n photons in mode A. The exponential in
Eq.(2.2.23) then becomes

expi— |:Zhwk ( +aAaA)} z} = exp[—; [;mk(; +’§0n IA,n)(A,nI):| z]

= e 2N Tkl A n)(A, . (2.2.25)
A

An EM field creation operator in the interaction picture is therefore
aj (0 =Ujnaj U@

(Ze""k”ﬂZe"’“’k’|A n')(A n|)ZW|A n+ 1)(A, n|

n=

e—]wk/ t/2 e—m "wynt A// )(A//, n' )
Tz
_ Z el(wkr—wk/)t/Z Z Z Z e1(n Wy —n a)ku)t\/ﬁ }A/ )(AN, n

AN n=0n"=0n"=

5The EM field part of the Hamiltonian has no effect on the atomic operator, and vice versa.
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X 8A’,A8A”,A8n’,n+l8n,n”
[0¢]
=e' > Vn+1|A n+1)(A,n]
n=0
=cal . (2.2.26)

The corresponding annihilation operator is @, ;(t) = [aj\! 1([)]* = el aps.
The bare atomic Hamiltonian and field Hamiltonian are therefore unchanged in
the interaction picture,

Ho.s = hay le) (e| = hawoog og = hwy ot (1) o, (1) = Ho (1), (2.2.27a)
+ 1 1
Hems :ZA:hwk (as'as + z) = ;ha}k (Cl;(f) ap (1) +§) = Hem 1 (®).
(2.2.27b)

The interaction Hamiltonian (2.2.15) on the other hand becomes
Him,,([) :ihgs_ Z (aj\’s Kj; ei(wk*wo)tfikro — as IZX e*i(wk+w0)+ik.r0)
A

—ihog z (aA,s iy e le—enrtikny _ aj\,s i ei(wk+w0)t—ik~ro) .
A
(2.2.28)

Notice that we have kept the atomic and field operators in their time-independent
Schrodinger picture forms. By convention, we will omit the subscript S to refer to
the Schrodinger picture and assume that unless stated explicitly, all operators and

state vectors are in the Schrodinger picture.
Using these results, the Schrodinger equation in the interaction picture becomes

d d .+
3 V)= U0 1950)
d d
= [aU,m] |Ws (1)) +UT (1) [5 |‘1’s(l))]
- [% (Ho,s + HEM,S)] Ul 1ws (1) — %Uj(t) (Ho,s + Hem.s + Hint.s) [¥s (1))

— = [Vl s 0] [U] ) 19s )]
= — —Hi 1 (1) 191 (1), (2.2.29)

This is also known as the Schwinger—Tomonaga equation. As already mentioned,
the evolution of |V, (¢)) therefore only depends on the interaction Hamiltonian.
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2.2.8 Rotating Wave Approximation

There are two different contributions to the atom—field interaction that we need to
consider. Firstly, the atom interacts with an external driving field, which we will
assume to be both monochromatic and close to resonance (w; =~ wy). Secondly, the
atom also interacts with the quantum vacuum field, spontaneously and randomly
emitting and absorbing photons into and from all possible field modes. However, we
can restrict the sum over modes A in (2.2.28) to a small range around wy, |wy — wp| <
¥, where ¥ is the coupling bandwidth (see Sect.9.1 of [2]).” This will allow us to
set appropriate time scales for the Born—-Markov approximations discussed later in
Sect.2.3.3.

With these two considerations, it becomes clear that the w; + wy terms in
Eq. (2.2.28) will oscillate very much faster than any of the other time scales involved,
and these terms can thus be dropped from Hiy,,

Him,l(t) ~ih 2 (O’ia;\KX el(wkfwn)tflk-ro _ O'+aAKA efl(wkfwg)ﬂrlk-ro) )
|wg —wp| <

(2.2.30)

The two remaining terms correspond physically to the atom emitting a photon into
mode A (a’aj\) and the atom absorbing a photon from mode A (o7a,). The two
terms that were discarded corresponded to the atom decaying and the field gaining a
photon simultaneously and vice versa, which is clearly much less likely for the case
of resonant driving. There are many situations in which these non-resonant terms are
important [5—7], although that is beyond the scope of this Thesis.

2.3 Dissipation: Quantum Stochastic Schrodinger
Equation and the Master Equation

2.3.1 Overview

We now have a Schrodinger equation (2.2.29) which describes the dynamics of the
system in the interaction picture. If it were possible to follow the evolution of the EM
field states, the evolution of the system would be coherent. However, in tracing over
the EM field, the atomic evolution becomes noisy resulting in dissipation, i.e. loss of
energy and information into the EM field from the atomic system. In this Section, we
will employ one of the stochastic methods of modelling this dissipation: the quantum
stochastic Schrodinger equation (again, following the discussion from Chaps.9 and
14 of [1]). From this we will derive a master equation which will describe the full
dissipative system dynamics.

"It is still assumed that we sum over the two polarisations as well.
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2.3.2 Noise Operator

The atom—field interaction Hamiltonian in the interaction picture and the rotating
wave approximation (2.2.30) can be written as

Hin, (1) = in[f' (o™ — o TH(1)], (2.3.1)
where f(¢) is a time-dependent noise operator

ft) = z Kadn e i(@c—wo)t+ikrg (2.3.2)

| —wo| <

These noise operators have the commutation relation

[f). ') =y —1), (2.3.3)

where

y@ = D ke,

|k —wol <

wo+17 )
— / day g(wp) |k (wy)|* e 7@t (2.3.4)
u)g—l?

where we have assumed the modes are a continuum with a density of states g(wy).
We have also made use of the bosonic commutation relation [a,, af\/] = 3px-One
of the requirements of the choice of coupling bandwidth 9 is that g (wy) |k (wy)| varies
smoothly over the range (wg &+ ¥).

2.3.3 Born-Markov Approximation
The interaction picture Schrodinger equation (2.2.29) is

d
g Y= [o~f'() — o™ )] 1w, (1)), (2.3.5)

where we have assumed that the initial state is a product of the atomic and field states
|¥;(0)) = [Wo,(0))® |¥pwm, (0)) and so the atomic (0 F) and field (f, f7) operators
commute. Integrating Eq. (2.3.5) from t = 0 to ¢ gives®

SIf  dy()/dt =x()y(t) then [y Y = [y x(r)y(t)dty = [y x(t)y(0)dry + [y x(t1)
( Ji y(tz)dzz) dr.
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t .
W, (1) = [ 1+ / dry [o =" (1) - 0+f(t1)]] W (0))
0

t 4]
+/ dry [0 f7 (1) — 0+f(l1)]/ dt [0 11 (1) — o H(1)] W (12)).
0 0
(2.3.6)
Let us consider a time interval 0 < f, < At. We can replace |\, (1))~ |¥;(0))
in the second line of (2.3.6) if we assume that interaction is sufficiently weak. This is
known as the Born approximation. If we also assume that the field is initially in the

vacuum state such that f |¥;(0)) = 0 and use the commutation relation from (2.3.3),
then the state vector after the time interval Az is

At 151
|wan>=[1—o+a—/m mﬁ/ dmyar—nﬂ|wwon
0 0
At
+f/(wwM%@>
0
At n
+ o0 0" / dny / de, £ (1) f1 (12) |, (0)). (2.3.7)
0 0

The three lines in Eq. (2.3.7) correspond respectively to states with zero, one and
two photons. For sufficiently small Az, the probability of the two-photon state is
negligible (order A¢?) and so only the first two lines need be considered.

If we further assume that Az >> 1/9, then we can approximate

y(t —t) =2 (%F + 156()) 8(t — 1), (2.3.8)

where § (¢; — t,) is the Dirac delta function, and the damping constant I" and line-shift
dw are given by

T =27 g(wp)lk (wo)]?, (2.3.92)
wo+0 2
Sw = — iP / IRCICH (2.3.9b)
wy—10 Wi — o

where P is the principal value integral (Eq. 12.2.21 of [1] and Eq. C.2.7 in Appendix
C). This is known as the Markov approximation and has the physical significance
that the free system dynamics happen on a much faster time scale (wp, wy) than the
evolution in the interaction picture (I', w). The double integral in the first line of
Eq.(2.3.7) then becomes

At I 1
/ dtl/ dhy(ti — ) =~ (EF + iaw) At. (2.3.10)
0 0
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Substituting in « from (2.3.7) and integrating over the quantisation volume V, the
damping constant I becomes (C.2.6)

14 PR

r=Iry= . 2.3.11
0 3megh ( )

This is just the natural decay rate of the single two-level atom I'y introduced in
Sect.2.2.1. The line-shift w can also be determined, although this requires careful
renormalisation of (w; — wy) terms in the denominator. In full quantum electrody-
namics, this line-shift is the Lamb shift. From now on we shall assume that dw is
included within the definition of wy and so can be ignored.

2.3.4 Quantum Stochastic Schrodinger Equation

The one-photon term in (2.3.7) can be redefined as a quantum Ito increment (see
Sect.4.1 of [1] and Sects.9.3 and 21.2.2 of [2])

1 t+At
AB(t) = i / f(,)dt,. (2.3.12)
0Jt

We cannot let At — 0 (since At > ), although in the limit that the interaction
strength (T'y, Sw) is very weak, (2.3.7) can be written as a differential equation

d 1w, (1)) = [—%o*adt + madBT(r)} [, (1)). (2.3.13)

This is known as the quantum stochastic Schrodinger equation.

Ito stochastic differential equations were originally used to describe classical
Brownian motion of particles in thermal systems. Collisions between particles in
these systems result in each particle experiencing a random force acting on its motion.
What we are considering here is the quantum analog of this, where the dynamics
of the internal atomic quantum state are being influenced by a random noise term
due to quantum vacuum fluctuations. The classical Ito term describes the differential
change in particle velocity; the quantum Ito term describes the equivalent differ-
ential change in the state wavefunction. It is assumed that the noise terms in first
order average to zero, and so using the calculus resulting from the Ito formalism
(Sect.2.3.6), the expectations resulting from the state dynamics can be expressed in
a way that removes these fluctuating noise terms. What this means is that whilst the
state vector itself evolves noisily, the expectation of the state vector evolves smoothly
and deterministically. More details can be found in Chaps. 3 and 4 of [1].
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Asan aside, one alternative method for solving the quantum stochastic Schrédinger
equation directly is via the method of quantum jumps [8]. In this method, the wave-
function of the (atomic) system is allowed to evolve coherently with no dissipation.
At random time intervals however, a decay event is assumed to occur, corresponding
to the detection of a spontaneous photon. When this happens, the atomic wavefunc-
tion is instantaneously projected onto the ground state, and then once more allowed
to evolve coherently until another decay event occurs. The time between decay events
is arandom variable with some characteristic lifetime. This process is repeated over
many realisations, and the average of these realisations then converges to the full
dissipative dynamics of the system. One advantage of this type of approach over a
master equation approach, which we shall discuss in Sect.2.3.6, is that the wave-
function has the square root of the dimension of the density matrix, which for large
systems can greatly reduce the computational complexity.

2.3.5 C(Classical Driving Field

In Sect. 9.5 of [2] the authors consider the case where the EM field modes are initially
each in a coherent state. A coherent state |8, )is the eigenstate of the field annihilation
operator,

an [Ba)= Ba |Ba). (2.3.14)

The noise operator acting on a coherent state |8)= &), |B8a), where ), is the
tensor product over all field modes, is then

f() 1B)= F(t)|1B), (2.3.15)
where
F(ty= D Kkapae@roortikn, (2.3.16)
|k —wo| <

is a complex-valued function of ¢ (and rp). When we use this new state vector (the
coherent field in addition to the vacuum field), we obtain a similar expression for
W, (At))(2.3.7), with terms corresponding to zero, one and two photons,

At n
I‘Ifz(At)>=[1—o*o/ dtl/ dnyy (t —lz)]|‘1’l(0)>
0 0
At
+ / dry [0t (1) + o F* (1)) — o T F ()] [¥,(0))
0
+ (two-photon terms). (2.3.17)

The zero-photon term has remained unchanged and the two-photon term can again
be neglected since the probability scales with A2
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The modified quantum stochastic Schrodinger equation (2.3.13) has the form

AW ()= [—%a+d_ dr + (F*(t)(r_ - F(t)(r+)dt + \/I‘T)a_dBT(t)} (1)),

(2.3.18)
where we have subtracted the coherent part of the noise operator from the quantum
Ito increment,

t+At
AB@) = \/Lr_/ |:f(t1) - F(tl)]dtl. (2.3.19)
0Jt

Comparing the first two terms in (2.3.18), we can see that the coherent state adds
an additional Hamiltonian-like term, which has the form

F¥(t)o~ — F(t)ot = Z (Kj;ﬂj\ei(a)kfa)g)tfikroo,f _ KAﬁAe—i(aJk—wo)t+ik»rog+)
|wg —wo | <
-1 [ Y go(m)], (2.3.20)

where d = dgea’e’i‘””t + deg0+ei“’°’ is the dipole operator and & is a classical
electric field:

&o(r. 1) = Eo(r, e + Eg(r, el
= 2Re[Ey(r, t)] cos wit + 2Im[E(r, t)] sin wyt. 2321)

We assume that the temporal profile function E(#) varies slowly on the optical
time scale, [Eo(7)| < w|Eo(#)|. In most of this Thesis we will just consider constant
driving field amplitudes Ey(r, t) = E¢(r). The sum over modes has reduced to just
a single mode with frequency wy (monochromatic) and polarisation &.

This is an important result: a coherent field state behaves the same as a classical
electric field, with interaction Hamiltonian of the same form as H;, (2.2.14).

2.3.6 Master Equation

In its current form, the quantum stochastic Schrodinger equation

d|v; ()= I:_%Hefﬁl dr + \/T»oadBT(t)} Wy (1)), (2.3.22)

with effective (non-Hermitian) Hamiltonian
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I . ‘
Heff.l — _15700-4—0— _ deg - Ey(ro, t)e—l(wk—wo)ta+ _ dge . Eé(l'o, t)el(wk—wo)to—’
(2.3.23)
is inconvenient to work with given the presence of the quantum Ito term dB. The

advantage of the quantum Ito representation lies in the algebra rules that govern it
(Eq.9.3.21 in [2]):

dB(r) dB' (1) =dr,
dB'(r) dB(r) = dB(r)*> = dB (1)> =0,
dB(r)dt = drdB(r) = dBT(r)dt = dtdB'(¢r) = dr*> =0. (2.3.24)

The calculus of two quantum Ito terms B and C also contains additional terms
compared with the conventional calculus,

d(BC) = (dB)C + B(dC) + (dB)(dC). (2.3.25)

A solution to (2.3.22) can be found using a method like that described in Sect. 2.3.4,
involving many numerical stochastic realisations. It can, however, be convenient to
consider the density matrix p(¢) = |W(¢))(W(z)| defined in (Sect.2.2.3), as opposed
to just the wavefunction |\ (¢))(for example, if considering a mixed state). Converting
the quantum stochastic Schrodinger equation into a master equation will allow us to
obtain equations of motion for the individual elements in the density matrix, rather
than relying on numerical stochastic realisations. For particular limits, we will even
be able to obtain analytic solutions to these equations of motion.

We are not concerned with the behaviour of the field part of the wavefunction
and so we can extract just the atomic part of the density matrix by calculating the
reduced atomic density matrix,

po(t) = TrEM(I‘I’(l))(‘l’(t)I), (2.3.26)

where Trgy is a trace over the field parts of the density matrix. Transforming back
into the Schrodinger picture® and using the quantum Ito calculus rules in (2.3.24)
and (2.3.25), the nonzero terms left when considering a differential element of dpy (¢)
give us the single atom master equation [2],

i r
po(t) = —;—i [Hyyss » po()] + 70 (20 p)o* —oTo"p(t) — p(t)otoT),
(2.3.27)

9We do not remove the oscillation of the EM field as this is no longer operator-valued.
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where [a, b] = ab — ba is a commutator and the coherent dynamics are included in
Hs
Sys»s

Hsys,S = hwy oto™ — deg - Eg(rg, 1) C_iwklo‘+ — dge . ES (ro, t) ei‘”k’a_.
(2.3.28)

The dissipation is now included in the three terms outside the commutator. The
terms (—o Yo~ p — poTo ™) come from the imaginary part of Hey. The quantum
Ito term (0~ po ™) is known as the recycling term because it recycles population,
conserving the trace of p.

The master equation in (2.3.27) can be expressed in terms of the well known
optical Bloch equations for a single two-level atom,

i

Pee Z_pgg =— peel'o — = (dge : E:; eiwktpeg - deg -Eo eiiwktpge) ,

h
(2.3.29a)
) . . Ty ! —iaxt
fes = Dy == (100 + = ) peg = 5 (pee = Pag) deg - Eoe ™" (2.3.29b)

These can be calculated from the many-atom optical Bloch equations (D.5.4) and
(D.5.6) in Appendix D by ignoring the many-atom terms and just considering a single
excited energy level.

2.4 Dipole Moment

2.4.1 Equations of Motion

We have written the oscillating (classical) electric field in the form (2.3.21)

&o(r, 1) =Eo(r, 1) e " + E(r, 1) e
=2E)(r, 1) coswyt + 23 (r, ) sinwyt. (2.4.1)

We have constructed this in such a way that the real and imaginary parts of Eg =
E) +iE; correspond to the two different quadratures of the oscillating total field,
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oscillating 77 /2 out of phase with respect to each other.'” E itself is not oscillating
but rather is in a rotating frame with frequency wy.

We can express the dipole operator (in the Schrodinger picture) in a similar man-
ner,

<d> =Tr (,Od) = dgepeg + degpge
— (dgepegeiwkt) e—iwkt + (degpgee_iwkt) eiwkt
Ed e—iwkt + d* eia)kt

=2d" cos wit + 2d° sin wyt, (2.4.2)

where d = dg,pe,e'’. As with the electric field, this is therefore a way of repre-
senting a real dipole moment (d), which oscillates with the same frequency as the
driving field wy, as a complex vector d whose real and imaginary parts correspond to
the two different quadratures of oscillation. For example, if Eg =0, i.e. & oscillates
with cos wyt, then the real and imaginary parts of d correspond to the parts of (d)
oscillating in phase and out of phase respectively with the driving field.

Using the optical Bloch equations (2.3.29), the equation of motion for the dipole
moment d is

dd—
dr ~ dr

iwkt)

(dge PegC

) A do..
=iy (dgepegelwkl) + dge g;’fs’ elu)kt

i

h (Ioee - ng) deg : E0

. . Lo
=iwxd — (la)o + 7) d-— dge

.. T |dge|? A\ s
- (1A - 7") A= i (pue = i) (dce - 80) Eode, (2.4.3)

where A = oy — wy is the detuning of the driving field from the atomic transition
frequency, and &eg and &g are the polarisation unit vectors for the dipole (d., =
deg&eg) and field [Eo(r, 1) = Ey(r, t)&o] respectively. Assuming that &ge = &, then
d becomes

5 . l_‘0 . |dge|2
d=(iA — > d—i b (,oee — pgg) E, (2.4.4)

where the equation of motion for p,, is

Osin(wt) = cos(wt — 1/2).
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Pee = —Peel0 — Z%Im (d : ES) , (2.4.5)

and pgg(t) =1 = pee(t).

2.4.2 Atomic Polarisability and the Weak-Driving Steady
State

If we assume weak driving (see Sect.2.4.3), then we can set (0o, — Pgq) = —1,
resulting in just one equation of motion,

P . 1—10 . |dge|2
d(ia -2 ) d+i=E. (2.4.6)

This has a linear steady-state solution

d = a Ey, (2.4.7)

where we have introduced the atomic polarisability,

Yo
20] T
A 41y

(2.4.8)

where [using Eq. (2.3.11)]

|dge|2 67'[80 1—‘0 |deg|2k8
AL d =20 [Calto 249
h JE] an =3 = Treoh (2.4.9)

oy =

This complex polarisability « describes the resonance behaviour of the atomic
dipole to the driving field. In Fig. 2.2 we plot the real and imaginary parts of «,

o VoA .Y

— = +1 .
o A2 +yd A+

(2.4.10)
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Fig. 2.2 Real (red dashed)
and imaginary (blue solid)
parts of the single-atom
polarisability, « (2.4.10),
normalised by «. The blue
solid line is a Lorentzian
with halfwidth

The imaginary part (blue line) is a Lorentzian lineshape with halfwidth-at-half-
maximum (HWHM) y; and centered on A = 0 (i.e. it is a maximum when the driving
frequency wy is resonant with the natural frequency of the atomic transition wy).

2.4.3 Transient and Steady-State Solutions

Let us now consider how quickly the system settles into the steady-state solution.
Substituting « back into the equations of motion (2.4.4) and (2.4.5), we get

: . [y . [y
d =\1iA — > d—1 (,oee — pgg) ?aoEO, (2.4.11a)
d*agE
lbee =—Topee — o Im( |da0|20) ) (2.4.11b)
ge

where d = dé&y. Looking at these two equations, the characteristic time scale is
the natural decay rate I'g, the characteristic dipole moment magnitude is |d,|, and
the characteristic electric field magnitude is |d,.|/co. We can therefore define new
dimensionless variables,

~ t ~ 2A ~ d ~ aoEy
t=Tot = —, A= — d= ) Ey = , (2.4.12)
70 0 |dge| |dge|
resulting in the dimensionless equations of motion
d; (‘A 1)& i ay: (2.4.13a)
—d=(1A—-1)= — i pee — = , 4.13a
di 2 Pee =5 ) 2O
d -
e == pee = Im (d Eo) . (2.4.13b)

Note also that the normalised dipole-moment is equivalent to p,, in the rotating
frame, d = ,éegei“’k’ .
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Fig. 2.3 Solutions to the single-atom two-level optical Bloch equations with dimensionless para-
meters (2.4.13). a, ¢, e The time evolution of the real (olive) and imaginary (purple) dipole
moments d = d/ |dg.|. The dashed lines are the solutions in the weak-driving approximation (set-
ting pge = 1). b, d, f The evolution of the ground (blue) and excited (red) state populations. The
driving fields Eo = Eoa /ldge| are 0.1 (a,b), 1 (c,d) and 10 (e,f) and are resonant with the atomic
frequency (A = 0). The steady-state solutions for the dipole moments and populations after 7 = 50
are plotted in (g) and (h) respectively, as a function of driving field strength. For Eg < 1, the
weak-driving model is a good approximation for the full behaviour. For Eq 2 1 however, the full
behaviour deviates from the weak-driving approximation

In Fig. 2.3a—f we plot the time evolution of d and 0ge for different driving field
strengths, Eo = 0.1, 1, 10. For all three driving strengths, after around 10 natural
lifetimes (f = t/7y ~ 10), the evolution has settled into a steady state. This steady-
state solution is plotted in Fig. 2.3g,h as a function of driving strength. For weak
driving (Ey < 1), the full solution can be well approximated by assuming that p,, =
1, as we did for Eq. (2.4.7). Once the driving strength increases past Eo ~ 1 however,
this is no longer a good approximation as there is now appreciable population in the
excited state. For strong driving, the linear response of d to E breaks down and the
nonlinearities in (2.4.13) significantly attenuate the dipole moment.

In most of this Thesis, we will use the weak-driving approximation as this allows
us to calculate a linear steady-state solution with minimal computational effort. What
we have seen in this Section is that this approximation is valid provided that
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d,.
Eoen < | . 5 (2.4.14)

2.5 Classical Dipole—Simple Harmonic Oscillator

In Sect.2.3.5, we showed that when the field is in a coherent state, we can treat it as
a classical electric field. In this Section, we will show (as has already been shown in,
e.g., [9, 10]) that the behaviour of the weakly-driven electric dipole in Sect.2.4.2 is
identical to that of a damped driven simple harmonic oscillator.

As before, let us assume that the driving field has the form

So(r, 1) = Eo(r) e ™ + Ej(r) e = 2E)(r) coswt +2Ej(r) sinwt.  (2.5.1)

We are assuming that the only time dependence in & is the rotation with frequency

. The equation of motion for the displacement s(t) = s(¢)&¢ of an electron in this
external electric field is

d?s? ds 2e N

4T 4 wis = = [EX(ry) coswt + ES (ry) sinwt], 252

dt2 dr 0 m [ 0(0) 0(0) ] ( )
where motion is damped by I', the natural frequency of oscillation is wy, e is the
electron charge and m is the electron mass. Again we assume the dipole approxi-
mation, i.e. the maximum electron displacement is very much smaller than the field
wavelength.

2.5.1 Steady-State Solution

Let us first look for a solution of the form
s(t) =5e @ 5 el = 25" coswr +25° sinowr. (2.5.3)

By substituting (2.5.3) into (2.5.2) and comparing coefficients of cos and sin, we
arrive at the solutions (see Appendix B.1)
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2 _ 2y R N
R _e (- o) Ey —ol'Ey

= , 2.5.4a
m (wf — @?)? + T2 ( )
N 2 _ 2 ET&‘ FEm

o) Byt ol (2.5.4b)

m (w5 — w?)? + o’

2 2 :
€N PR 3 - F

S5 o= Pyl @oe)tie (2.5.4¢)

=— 0-
m (0§ — 0?)? + T2
Again assuming that |wy — o| < (wg + w) (rotating wave approximation), we
can approximate

(0§ — 0?) = (wy + W) (W) — ®) = 2wp(wy — ), (2.5.5)
resulting in a steady-state dipole moment (in the rotating frame) d = es,

Nez 2wy (wy — w) + 1wy’

“m 4w (wo — )2 + w22
e —A+i(T)2)

" 2mawy A%+ (I/2)2

14
(XomEo. (256)

0

This has the same form as Eq. (2.4.7) where the steady-state solution to the dipole
moment is d = « Ey. Comparing the two, we can see that the dissipation rate I" is
equivalent to the natural decay rate of the atomic excited state 'y (2.4.9),

Tk o = 5780
"~ 3megh’ 0= k3

r , (2.5.7)

2y
where we have chosen the characteristic dipole element 2, = ea, with characteristic
length ay = /(h/mwy).

2.5.2 Transient Solution

In addition to this steady-state solution, Eq.(2.5.2) also has a transient solution

(Appendix B.1),
s,(t) = s5(0)e " cos (,/w(z) — yzt), (2.5.8)

where s(0) is the initial state of s(¢) (if we assume the driving field is switched on at
t = 0). The amplitude of these oscillations decays away with lifetime y, after which
the steady-state solution (2.5.4c) dominates.
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Chapter Summary

e The interaction between a 2-level atom and an EM field can be described
using the master equation

e A weak EM field in a coherent state, such as from a laser, can be treated as
an oscillating classical EM field

e Foraweak driving field, the atomic electric dipole has a steady-state solution

e This steady-state solution can also be derived from the behaviour of a clas-
sical driven damped simple harmonic oscillator
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