
Chapter 2
Weak Coupling Theory

2.1 Introduction

It is widely believed that the main difference between conventional and unconven-
tional superconductors is that correlations arising from the repulsion between elec-
trons plays a key role in the latter case and is thought to, at least partially, replace
phonons as the microscopic source for electron pairing. It might seem counterintu-
itive at first that a repulsive interaction between electrons could lead to the formation
of Cooper pairs. The idea is that the electron-electron interaction can become effec-
tively attractive due to various screening mechanisms, although the identification
of this mechanism is still a matter of debate [1]. Since it was shown by BCS that
even a vanishingly small attractive interaction between electrons close to the Fermi
level is enough to trigger superconductivity [2], the crux of the problem is to find a
microscopic mechanism which screens the bare repulsive interaction enough so that
it becomes attractive in some channel. While the details differ, this electronic mech-
anism for superconductivity is always related to the screening of the bare interaction
due to fluctuations of the Fermi liquid [3].

The first proposal for such an electronic mechanism for superconductivity was
given by Kohn and Luttinger [4]. They computed the screened interaction perturba-
tively in the weak interaction limit for a homogeneous electron gas with short-range
interactions. Since this problem has rotational invariance, the effective interaction
can be decomposed in angular momentum channels. They then showed that, thanks
to a singularity at momentum 2kF (kF is the Fermi momentum) in the second deriv-
ative of the Lindhard (or bare) particle-hole susceptibility (defined below) of the 3D
free electron gas, regardless of the form of the interaction, there will always be at
least one angular momentum channel in which the interaction is attractive. Cooper
pairs will then form in that channel. The BCS instability is therefore inevitable for a
uniform 3D electron gas with short-range interactions. Note that even though this is
strictly true, the critical temperature Tc can be extremely small since it scales like
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Tc
EF

∼ e−(2l)4 (2.1)

where EF is the Fermi energy and l is the total angular momentum quantum number
(l = 0 for s-wave, l = 1 for p-wave, …).

Since the screened interaction is computed perturbatively in the Kohn-Luttinger
method, it is exact only in the vanishing interaction limit. It is possible to study
superconductivity in this limit thanks to the fact that, unlike for other instabilities
like charge and spin density waves, there is no threshold value of the interaction
below which the Fermi liquid is stable: Even a vanishingly small interaction will
drive superconductivity [4, 5]. Despite the fact that interactions are actually strong
in realistic systems, this method was successfully applied to several unconventional
superconductors, like cuprates, pnictides and organic superconductors (for a review,
see Ref. [3]).

In essence, the calculation developed in this Chapter is a generalization of Kohn
and Luttinger’s work to the generic case of a multi-band, spin-orbit coupled super-
conductor on a lattice. The screened interaction will be calculated perturbatively in
the weak interaction limit and will be expressed in terms of the bare particle-hole
susceptibility, generalized to the multi-orbital case. Unlike in the homogeneous elec-
tron gas case, this susceptibility is not known analytically and has to be computed
numerically. Furthermore, since lattice systems do not have rotational invariance,
an important difference is that the different possible order parameters are classified
according to the point group of the lattice instead of angular momentum.

Superconductivity can also be studied at finite interaction. Spin fluctuations can
be greatly enhanced by interactions close to amagnetic transition.Within the random
phase approximation [6], the bare particle-hole susceptibility χ

ph
0 (q) is renormalised

to become

χ
ph
RPA(q) = χ

ph
0 (q)

1 −Uχ
ph
0 (q)

(2.2)

where the Stoner criterion formagnetic instability is given byUχ
ph
0 (Q) = 1,whereQ

is the momentum at which χ
ph
0 is maximal. Within a spin-fluctuation type theory, the

system sits close to the transition, χph
0 (Q)U = 1 − η, with η � 1 and χ

ph
RPA(q) there-

fore exhibits strong peaks at certain momenta. The symmetry of the order parameter
depends crucially on the position of thesemaxima.Compared toweak coupling, these
finite coupling theories have to deal with several complications. First, the spin fluc-
tuations not only affect the effective interaction, but also single-fermion propagators.
Second, one needs to deal with the dissipation of the spin fluctuations by the Fermi
liquid through the decay into particle-hole pairs, also called Landau damping. Third,
one needs to take into account the competition with magnetic order, since the system
sits close to it by construction. Functional renormalisation group [7] calculations
were developed to study the competition between these different order parameters.
One should also mention spin-fermion models, where the soft spin fluctuations are
introduced semi-phenomenologically [8].
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In this chapter, we present a weak coupling theory of superconductivity in multi-
orbital, spin-orbit coupled materials. In Sect. 2.2, we introduce the model Hamil-
tonian that will be used throughout this Chapter, the multi-orbital Hubbard model.
In Sect. 2.3, we show how a spin-orbit coupled system can be understood in terms
of pseudo-spin if it is time-reversal and parity invariant. We introduce a pseudo-
spin �d vector to describe a pseudo-spin triplet superconducting order parameter. In
Sect. 2.4, we introduce the susceptibility in the Cooper channel as the quantity giv-
ing the response to a small field coupled to the superconducting order parameter.
We then give the Feynman rules used to compute this susceptibility perturbatively.
In Sect. 2.5, we show that this susceptibility satisfies the Bethe-Salpeter equation,
and express the condition of its divergence in terms of the effective interaction. We
introduce a pairing matrix whose eigenvalues give Tc and eigenmodes give the order
parameter functional forms. In Sect. 2.6, we calculate the effective interaction in per-
turbation theory in the pseudo-spin singlet and triplet channels. In Sect. 2.7, we use
a BCS mean-field Hamiltonian with the order parameters found previously to study
the system below Tc. We finish with a conclusion.

2.2 Multi-orbital Hubbard Model

Our starting point will be one of the most studied models for quantum materials, the
multi-orbital Hubbard model [9, 10], whose Hamiltonian is

H = HK + HI =
∑

k

∑

a,a′,s,s ′
ha,s;a′,s ′(k) c†k,a,sck,a′,s ′

+ 1

4

∑

k1+k2=k3+k4

∑

ai ,si

Va1,s1,a2,s2;a3,s3,a4,s4 c
†
k1,a1,s1c

†
k2,a2,s2ck3,a3,s3ck4,a4,s4

(2.3)

where a is an index that runs over Nb different atomic orbitals in each unit cell,
s = ±1 is the spin index and

∑
k1+k2=k3+k4 stands for a sum over k1, k2 and k3 over

the full Brillouin zone, while k4 = k1 + k2 − k3. Many-electron states are generated
by acting with creation operators c†k,a,s on the vacuum state |�〉. These operators are
the creation operators of plane wave states, |k, a, s〉 = c†k,a,s |�〉 with:

c†k,a,s = 1√
N

∑

r

eik·rc†r,a,s (2.4)

where r are the sites of a given Bravais lattice and N is the total number of sites. We
assume a Bravais lattice to simplify notations but it is not a restriction of the scheme.
Creation and annihilation operators obey fermionic statistics:
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{ci , c j } = 0

{c†i , c†j } = 0

{ci , c†j } = δi, j

(2.5)

where {a, b} = ab + ba and where i, j are generic indices and δi, j is the Kronecker
delta.

HK is the single-particle part of the Hamiltonian. It describes the hopping of elec-
trons between different sites, the chemical potential, and the spin-orbit coupling. We
are working in the grand-canonical ensemble, where the number of electrons is not
fixed, and the expression given in Eq.2.3 gives H = H − μN , where H is strictly
speaking the Hamiltonian, N is the total number of electrons and μ is the chemi-
cal potential. In this ensemble, at a temperature T = β−1 (we take the Boltzmann
constant kB to be 1), the expectation value of a given operator O is given by

〈O〉 = Tr[Oe−βH ]
Tr[e−βH ] (2.6)

For the sake of simplicity, in the following, we will always refer to H as the Hamil-
tonian, even though, strictly speaking, H is the Hamiltonian.

HI describes the repulsion between electrons. Note that Va1,s1,a2,s2;a3,s3,a4,s4 does
not depend on momenta, as we will always consider on-site interactions in the fol-
lowing. Note also that for a given unordered set of indices (k1, a1, s1;k2, a2, s2)
for creation operators and (k3, a3, s3;k4, a4, s4) for annihilation operators, there are
always four terms in the sum for HI that will match this set. The four different
terms correspond to permutation of the indices between k1, a1, s1 and k2, a2, s2,
and between k3, a3, s3 and k4, a4, s4. We choose a parametrization of the interaction
such that these four terms are equal, which, given the anticommutation relation of
fermionic operators, is ensured by imposing

Va1,s1,a2,s2;a3,s3,a4,s4 = Va2,s2,a1,s1;a4,s4,a3,s3
= −Va1,s1,a2,s2;a4,s4,a3,s3
= −Va2,s2,a1,s1;a3,s3,a4,s4 .

(2.7)

In the following, we will sometimes use t to refer to the energy scale of the
hoppings and U to the energy scale of the interaction. We therefore have

ha,s;a′,s ′(k) = t h̃a,s;a′,s ′(k)

Va1,s1,a2,s2;a3,s3,a4,s4 = U Ṽa1,s1,a2,s2;a3,s3,a4,s4
(2.8)

where h̃a,s;a′,s ′(k) and Ṽa1,s1,a2,s2;a3,s3,a4,s4 are dimensionless quantities defined such
that the largest hopping amplitude in h̃a,s;a′,s ′(k) is 1 and such that the largest inter-
action matrix element in Ṽa1,s1,a2,s2;a3,s3,a4,s4 is 1.
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While the discussion given in this Chapter is very general, we will often give the
example of the single-orbital Hubbard model on a D-dimensional hypercubic lattice
for illustrative purposes. This model is given by

H =
∑

k

ξ(k)
∑

s

c†k,sck,s +U
∑

k1+k2=k3+k4

c†k1,↑c
†
k2,↓ck3,↓ck4,↑ (2.9)

It is easily checked that this corresponds to Vs1,s2;s3,s4 = Uδs1,−s2δs3,−s4(δs2,s3 − δs2,s4)
in the parametrization of Eq.2.3. The single-particle energy ξ is obtained by diago-
nalizing the hoppings. For example, for nearest-neighbor hopping and D = 2 (square
lattice), one has

HK = −t

(
∑

r

c†r+x̂ cr + c†r+ŷcr + h.c.

)
− μ

∑

r

c†rcr (2.10)

where r runs over all sites, x̂ and ŷ are the unit vectors (the lattice constant is taken
to be 1), t is the tunnelling amplitude and μ is the chemical potential. This leads to
ξ(k) = −2t (cos(kx ) + cos(ky)) − μ.

In this chapter, we start from the Hubbard Hamiltonian and present a weak cou-
pling calculation of the superconducting instability arising in this model. In order to
relate the so-obtained results to a given material, one should of course first establish
the relevance of the Hubbard model to the material. This will be done in details in the
next chapter for the case of Sr2RuO4, but we can already give a short justification.
As a starting point to study a given material, one can use an Hartree-Fock type cal-
culation to obtain a band structure that incorporates interactions between electrons
at a mean-field level [9]. If this band structure happens to have conduction bands
with a small bandwidth compared to the typical size of the effective interactions
between electrons populating this band, the correlations arising from the interac-
tions are expected to be too important to be neglected in a mean-field calculation.
The Hubbard model is then used as an effective model where a tight-binding approx-
imation is used to reproduce the narrow band and an on-site interaction is used to
reproduce the effective interaction between electrons of this band. Compared to the
bare Coulomb repulsion, this interaction is screened by the valence and conduc-
tion bands and therefore decays exponentially with distance. Typically, this screened
interaction is sizeable only over a few lattice sites, and the approximation of keeping
only the on-site part of the interaction is then justified.

2.3 Pseudo-spin Basis

Wefirst diagonalize the single-particleHamiltonian HK .Without spin-orbit coupling,
this Hamiltonian is diagonal in spin space, and each of the two spin species has
the same hoppings, ha,s;a′,s ′(k) = ha,a′(k)δs,s ′ . After diagonalization, one obtains
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Nb doubly-degenerate bands, where the degeneracy comes from the spin degree of
freedom, HK = ∑

k,α ξα(k)(c†k,α,↑ck,α,↑ + c†k,α,↓ck,α,↓), where α is the band index.
While the discussion so far has been fairly general, the impact of spin-orbit cou-

pling can vary a lot depending on the materials. The type of systems considered in
this thesis are such that the relevant dynamics happens in partially filled bands of the
d orbitals of some transition metal element, like Copper (3d), Iron (3d), Ruthenium
(4d), Iridium (5d),…In these compounds, the transitionmetal is typically surrounded
by so-called ligand ions, like Oxygen in the case Sr2RuO4 or Selenium in the case of
Iron Selenide, FeSe. In the perovskite structure of Sr2RuO4, the Oxygen ions form
an octahedron around Ruthenium atoms (see Fig. 1.1). Since we are only interested
in the bands crossing the Fermi level, our tight-binding model will only include the
atomic orbitals that have a sizeable contribution at the Fermi level, and the spin-orbit
coupling will thus only be taken into account for these orbitals.

Starting from the idealized case of an isolated transition metal ion, two effects
are to be taken into account: the effect of the ligand ions (i.e. the so-called crystal
field), and spin-orbit coupling. The terms arising in the Hamiltonian from these two
effects do not commute and one typically resorts to the following approximation:
(1) diagonalize the largest of the two terms, (2) treat the second term in perturbation
theory to split the remaining degeneracies. In this thesis, we will treat the case of a
dominant crystal field, as it is the case relevant for Sr2RuO4. Note that the case of a
dominant spin-orbit coupling is also of interest since it occurs for transition metals
atoms with a 5d shell, like Iridium. Iridates were shown to exhibit a large range of
interesting phases [11].

First, one should treat the effect of the ligand ions. This so-called crystal field
breaks rotational invariance down to the discrete symmetry group of the configuration
of ligand ions. The crystal field generates a splitting between different atomic orbitals
consistently with this reduced symmetry. In the case of Sr2RuO4, this crystal field
splits the eg doublet (dx2−y2 and dz2 ) from the t2g triplet (dxz , dyz and dxy), and only
the latter orbitals are relevant close to the Fermi level. The eg orbitals point towards
the vertices of the octahedra, i.e. the position of the Oxygen atoms, while the t2g
orbitals point towards the edges of the octahedra. The t2g orbitals are therefore less
hybridised with the Oxygen p orbitals.

Second, one should add the effect of the spin-orbit interaction. For an isolated
atom with full rotational invariance, this term would be written as

H atom
SOC = η �L · �S (2.11)

where η is the SOC constant which, within our formalism, is better kept as an
adjustable phenomenological parameter, �L is the orbital angular momentum and �S is
the spin angular momentum. In contrast, in the presence of a strong crystal field, the
spin-orbit coupling is treated perturbatively and diagonalized within the subspace of
the orbitals relevant close to the Fermi level. When the crystal field is the dominating
effect, the most convenient basis of atomic orbitals is the one of real atomic orbitals,
like dxz , dyz and dxy , as opposed to Lz eigenvectors. In the following, we will use a as

http://dx.doi.org/10.1007/978-3-319-62867-7_1
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a generic index for these real orbitals used in the tight-binding Hamiltonian. Finally,
summing over all atoms, the SOC term is inserted in the tight-binding model as

HSOC = η
∑

i

P �Li · �Si P (2.12)

where i is the atom index and P is the projector to the subspace of real atomic orbitals
relevant close to the Fermi level, which are indexed by a = 1, . . . , Nb.

The single-particle Hamiltonian HK can now be written as HK = HHop + HSOC

where HHop gives both intra- and inter-orbital hopping terms.While this Hamiltonian
does not have a spin SU (2) symmetry because of HSOC, it still has time-reversal
symmetry and parity. Thanks to these two symmetries, the bands are still doubly-
degenerate, as we now show. A time-reversal symmetric system is a system that is
invariant under a transformation where the time t is replaced by−t . An inversion (or
parity) symmetric system is a system that is invariant under a transformation where
the spatial coordinates (x, y, z) are replaced by (−x,−y,−z). More specifically, the
time-reversal operator is defined as the anti-unitary operator T = TK, where K is
the complex conjugation operator and T is given by

T |k, a, s〉 = s |−k, a,−s〉 . (2.13)

The inversion operator is defined as

P |k, a, s〉 = |−k, a, s〉 (2.14)

where, in order to simplify notations, we have assumed that all a orbitals are even
under parity, which is the case for the d orbitals we will be interested in. A system
is time-reversal symmetric if its Hamiltonian satisfies T HT −1 = H and inversion
symmetric if PHP−1 = H . Say we have a single-particle eigenvector of HK given
by |k,α〉 = ∑

a,s u
α
a,s |k, a, s〉. By time-reversal symmetry and inversion symmetry,

we know that PT |k,α〉 is also an eigenvector with the same energy and the same
momentum. It therefore only remains to show that these two states are not the same,
which is easily shown by showing that their overlap vanishes: 〈k,α|PT |k,α〉 =∑

a,s u
∗
a,su

∗
a,−ss = ∑

a(u
∗
a,↑u

∗
a,↓ − u∗

a,↓u
∗
a,↑) = 0.

Since each band is doubly degenerate, it will be useful to define a pseudo-spin
σ = ±1 to index these two degenerate states. After diagonalization, the Hamiltonian
reads

HK =
∑

α

∑

k

ξk,α(c†k,α,σ=+1ck,α,σ=+1 + c†k,α,σ=−1ck,α,σ=−1). (2.15)

with
c†k,α,σ =

∑

a,s

uα,σ
a,s (k)c†k,a,s . (2.16)
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We can now rewrite the entire Hamiltonian given in Eq.2.3 in the band and pseudo-
spin basis:

H = HK + HI =
∑

α

∑

k

ξk,α(c†k,α,σ=+1ck,α,σ=+1 + c†k,α,σ=−1ck,α,σ=−1)

+ 1

4

∑

k1+k2=k3+k4

∑

αi ,σi

Vk1,α1,σ1,k2,α2,σ2;k3,α3,σ3,k4,α4,σ4c
†
k1,α1,σ1

c†k2,α2,σ2
ck3,α3,σ3ck4,α4,σ4

(2.17)
where

Vk1,α1,σ1,k2,α2,σ2;k3,α3,σ3,k4,α4,σ4 =
∑

ai ,si

Va1,s1,a2,s2;a3,s3,a4,s4 u
α1,σ1
a1,s1 (k1) uα2,σ2

a2,s2 (k2) (uα3,σ3
a3,s3 (k3))∗ (uα4,σ4

a4,s4 (k4))∗ (2.18)

From Eq.2.7, it is easy to see that

Vk1,α1,σ1,k2,α2,σ2;k3,α3,σ3,k4,α4,σ4 = Vk2,α2,σ2,k1,α1,σ1;k4,α4,σ4,k3,α3,σ3

= −Vk2,α2,σ2,k1,α1,σ1;k3,α3,σ3,k4,α4,σ4

= −Vk1,α1,σ1,k2,α2,σ2;k4,α4,σ4,k3,α3,σ3 .

(2.19)

2.3.1 Pseudo-spin and Crystal Symmetries

One needs to choose a convention to decide which state is σ = +1 and which one
is σ = −1, and this decision should be made at every k point. While this is purely
a matter of convention, some choices are more advantageous if one wants to use
similar tools and notations that exist in the case of SU (2)-invariant systems.

In analogywith the SU (2)-invariant case, it is advantageous to choose the pseudo-
spin basis so that T |k,α,σ〉 = σ |−k,α,−σ〉 and P |k,α,σ〉 = |−k,α,σ〉. Fur-
thermore, besides P , the point group of the crystal can also include discrete rota-
tional symmetries. With the inclusion of spin-orbit coupling, these rotations should
act simultaneously in real space and in spin space in order to commute with the
Hamiltonian. For each element of the point group, one obtains an element of the
so-called double group [12] by performing it in both real and spin space. A given
element of the double group R acts in the following way:

R |k, a, s〉 = RORS |k, a, s〉 = RO
a,a′ RS

s,s ′
∣∣Rk, a′, s ′〉 (2.20)

where RO
a,a′ is the rotation matrix in the space of atomic orbitals, RS

s,s ′ is the rotation
matrix in spin space,Rk is the image of the vector k under the rotationR and where
the summation over repeated indices is implied. If R is a rotation of angle θ and
axis n̂, one has RO = e−iθn̂· �L and RS = e−iθn̂· �S (� is set to one everywhere in this
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thesis). From Eq.2.14, we find that for the parity transformation, i.e. R = P , one
has RO = 1, RS = 1 and of course Rk = −k.

In analogy with the case without spin-orbit coupling, it is advantageous to choose
the pseudo-spin basis so that the following relation holds:

R |k,α,σ〉 = RS
σ,σ′

∣∣Rk,α,σ′〉 . (2.21)

In this way, under discrete rotations of the double group, each band behaves as if it
were a single (s-wave) orbital, and the pseudo-spin behaves in the same way as a
regular spin would. The advantage of this basis choice is that the pseudo-spin triplet
superconducting order parameter �d will transform like a vector under the double
group, and the pseudo-spin singlet order parameter will transform like a scalar. This
will be explained in the next Section.

One simple way to achieve this is to proceed as follows. First, for each k in
the irreducible Brillouin zone (the smallest subset of the BZ such that any k can
be folded back to it by an element of the point group) and for each band α, pick
an arbitrary eigenvector and assign it the value of σ = +1, i.e. declare it to be
|k,α,σ = +1〉. Once this is done, |k,α,σ = −1〉 is defined up to a phase, which
we fix by posing |k,α,σ = −1〉 ≡ T P |k,α,σ = +1〉. Second, for every k point
outside the irreducible BZ, define the basis as

|k,α,σ〉 =
((

RS
)−1

)

σ,σ′
R

∣∣R−1k,α,σ′〉 (2.22)

where R−1k is in the irreducible BZ.
Note that, due to the double covering of SO(3) by SU (2), elements of the dou-

ble group that correspond to 2π rotations have RS = −1 and are therefore not the
identity element. The solutions for finding R such that R−1k is in the irreducible
BZ are therefore only obtained modulo these 2π rotations. This simply leads to a
sign ambiguity in the above scheme, which can be easily fixed by restricting R in
Eq.2.22 to rotations of angles in the range [0, 2π[. This arbitrary choice of sign will
be inconsequential in the following, since we will only be interested in the trans-
formation of Cooper pair operators, for which two electrons are transformed at the
same time and the −1 factors would therefore cancel.

2.3.2 Superconducting Order Parameter in Pseudo-Spin
Basis

In the next section, we will introduce the superconducting order parameter as the
non-zero expectation value of Cooper pair operators of the form

φσ,σ′(k,α) ≡ ck,α,σc−k,α,σ′ (2.23)
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In the single orbital SU (2)-invariant case, Balian andWerthamer [13] introduced the
following parametrization of the spin degrees of freedom of the Cooper pair:

(
φ↑↑(k) φ↑↓(k)

φ↓↑(k) φ↓↓(k)

)
= 1√

2

(−φdx (k) + iφdy (k) φdz (k) + φd0(k)

φdz (k) − φd0(k) φdx (k) + iφdy (k)

)
, (2.24)

where φss ′(k) = ck,sc−k,s ′ . This parametrization is advantageous because the spin
singlet (resp. triplet) order parameter φd0 (resp. φ �d ) is a scalar (resp. vector) under
any spin-space rotationRS:

RSφd0(k)(RS)−1 = φd0(k)

RSφ �d(k)(RS)−1 = φR �d(k).
(2.25)

In analogy with the SU (2)-invariant case, we rearrange the pseudo-spin degrees
of freedom in a singlet φd0 and a triplet φ �d :

(
φ++ φ+−
φ−+ φ−−

)
= 1√

2

(−φdx + iφdy φdz + φd0
φdz − φd0 φdx + iφdy

)
, (2.26)

where we have left the indices k,α implicit. Now, using the property of the pseudo-
spin basis given in Eq.2.21, one can check that the pseudo-spin order parameters
behave in the appropriate way under any element of the double groupR:

Rφd0(k,α)R−1 = φd0(Rk,α)

Rφ �d(k,α)R−1 = φR �d(Rk,α)
(2.27)

This means that, when classifying the different possible pseudo-spin order parame-
ters, we can use the irreducible representations of the point group.

2.4 Linear Response

In order to study theonset of superconductivity, let us compute the susceptibility of the
system to the appearance of a superconducting order parameterwithin linear response
theory. The divergence of this quantity will mark the onset of superconductivity. The
order parameter is given by the non-zero expectation value of theCooper pair creation
operator φ†

k,α,σ,σ′ ≡ c†k,α,σc
†
−k,α,σ′ .

In general, one should consider the possibility of other order parameters, including
Cooper pairing at finitemomentum and frequencies, and spin-densitywave (SDW) or
charge-density wave (CDW) order. Instead, in the weak coupling limit, it was shown
(see for example Ref. [5]) that, except for a few exceptions that will be discussed
below, the only instability is the zero-frequency, zero-momentum Cooper pairing
and it is therefore sufficient to consider only this order parameter. Note that we
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only considered pairing between electrons of the same band. This is justified if the
superconducting gap scale is much smaller than the energy separation between the
different bands close to the Fermi level, which is generically true in the U/t → 0
limit.

A non-zero expectation value of φ breaks the U (1) symmetry ck,α,σ,σ′ →
ck,α,σ,σ′eiθ associated with the conservation of the total number (or charge) of elec-
trons. As such, if we naively compute a thermal expectation value of the type
Tr[e−βHφk,α,σ,σ′ ]/Tr[e−βH ], it would always be zero by symmetry. Instead, one
can imagine applying a vanishingly small field coupled to the superconducting order
parameter, calculate the thermal average with that small field, and then take the field
to zero at the end. With this small perturbation, the Hamiltonian becomes H + HJ

with
HJ =

∑

k

Jk,α,σ,σ′φk,α,σ,σ′ + h.c. (2.28)

where Jk,α,σ,σ′ is some arbitrary complex functionmuch smaller than the energy scale
set by H . As a reminder, H = HK + HI is the unperturbed Hamiltonian and was
given previously. We want to compute the expectation value of φ for the perturbed
system:

〈
φk,α,σ,σ′

〉 = Tr[e−β(H+HJ )φk,α,σ,σ′ ]
Tr[e−β(H+HJ )] (2.29)

2.4.1 Field Theory Formalism

It is now advantageous to use the coherent state fermionic field theory derived from
the Hamiltonian H + HJ [5]:

S + SJ = SK + SI + SJ

= 1

β

∑

k,!,,œ

(iω − ξk,α)�k,ω,α,σ�k,ω,α,σ

− 1

4

1

β3

∑

ki ,ωi ,αi ,σi

Vk1,α1,σ1,k2,α2,σ2;k3,α3,σ3,k4,α4,σ4�k1,ω1,α1,σ1�k2,ω2,α2,σ2

�k3,ω3,α3,σ3�k4,ω4,α4,σ4

− 1

β

∑

k,!,,œ,œ′
Jk,α,σ,σ′�−k,−ω,α,σ′�k,ω,α,σ + (Jk,α,σ,σ′)∗�k,ω,α,σ�−k,−ω,α,σ′

(2.30)

where �k,ω,α,σ is a Grassman number and has the dimension of the inverse of an
energy, the sum over ωi is such that ω1 + ω2 = ω3 + ω4 and the sum over ki is
such that k1 + k2 = k3 + k4 modulo a reciprocal lattice vector. Grassman numbers
anticommute with each other, commute with regular numbers, and square to zero [5].
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The Matsubara frequencies that are summed over are given by ω = (2n+1)π
β

, with n

any integer. In the zero-temperature limit, 1
β

∑
ω → ∫ ∞

−∞
dω
2π . In the thermodynamic

limit,
∑

k → ∫
dk

(2π)D
where the integral is over theBrillouin zone and D is the number

of spatial dimensions.
For a given operator O, one defines its evolution in imaginary time τ by Oτ =

e(H+HJ )τOe−(H+HJ )τ . If Oτ is expressed in terms of cτ and c†τ in a normal-ordered
way (i.e. with each creation operator to the left of its annihilation operator), its
expectation value is obtained in the field theory formalism by replacing each c (c†)
by the corresponding Grassman number � (�). Within this formalism, we can now
compute the expectation value given earlier:

〈
φk,α,σ,σ′

〉 = 〈
�−k,τ=0,α,σ′�k,τ=0,α,σ

〉
S+SJ

= Z−1
∫

D(�,�) eS+SJ �−k,τ=0,α,σ′�k,τ=0,α,σ

(2.31)

with Z = ∫
D(�,�) eS+SJ . We now use the fact that the perturbation HJ is small

to write eSJ � 1 + SJ , leading to

〈
φk1,α1,σ1,σ

′
1

〉 � − 1

β

∑

k2,ω2,α2,σ2,σ
′
2

(Jk2,α2,σ2,σ
′
2
)∗

〈
�k2,ω2,α2,σ2�−k2,−ω2,α2,σ

′
2
�−k1,τ=0,α1,σ

′
1
�k1,τ=0,α1,σ1

〉
S
. (2.32)

Using

�τ = 1

β

∑

ω

e−iωτ�ω

�τ = 1

β

∑

ω

eiωτ�ω,

(2.33)

we can now Fourier transform the two last Grassman variables, leading to
〈
φk1,α1,σ1,σ

′
1

〉
= − 1

β3

∑

k2,ω1,ω2,α2,σ2,σ
′
2

χSC
k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2
(Jk2,α2,σ2,σ

′
2
)∗

χSC
k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2

=
〈
�k2,ω2,α2,σ2�−k2,−ω2,α2,σ

′
2
�−k1,−ω1,α1,σ

′
1
�k1,ω1,α1,σ1

〉

S
.

(2.34)

χSC is the susceptibility in the Cooper channel, and will be shown to diverge in
the thermodynamic limit at a critical temperature Tc. In order to evaluate χSC, we
use a perturbation expansion in the interaction SI , and we are left with having to
evaluate only expectation values with respect to SK , which can be done by using
Wick’s theorem since SK is quadratic. This perturbation theory is best described in
terms of Feynman diagrams [14].
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The Feynman rules to compute a fermionic correlator are the following. Solid lines
are free electron propagators G0(k,ω,α,σ) = (iω − ξk,α)−1. For each fermionic
operator �k,ω,α,σ (�k,ω,α,σ) in the correlator, there is an external leg entering (resp.
exiting) the diagramwith the same indices k,ω,α,σ. For a given set of external legs,
one should sum over all diagrams that connect these external legs. One should not
sum over diagrams that include disconnected components that are not linked to the
external legs, as these diagrams are cancelled by the denominator in the definition
of the expectation value.

A vertex is the association of two incoming and two outgoing fermionic propa-
gators linked by a dashed line, as shown in Fig. 2.4. Momenta and Matsubara fre-
quencies are conserved at each vertex. Thanks to this property, for a given diagram,
all sums over internal momenta can be performed readily, except for nloop of them,
where nloop is the number of loops in the diagram. Each connected component of the
diagram has an overall factor given by βδ∑

i ωi δ
∑

i ki , where ωi ,ki are the external
frequencies and momenta of that connected component. For each internal propaga-
tor, one should sum over its α,σ indices. For each fermionic loop, the diagram picks
up a minus sign. A fermionic loop is a loop formed by electron propagators.

The factor of 1
4 = 1

2!2! in the action in front of −Vk1,α1,σ1,k2,α2,σ2;k3,α3,σ3,k4,α4,σ4

(abbreviated as −V1,2;3,4 in the following) takes care of the 4 possible leg permu-
tations of a given vertex (1 ↔ 2 and 3 ↔ 4), which all give the same contribution.
Two diagrams that only differ by such a permutation are called equivalent. One can
therefore sum only over one example diagram in each equivalence class and use a
factor of −V1,2;3,4 for each vertex. This is correct as long as there are 4v diagrams
in each equivalence class, where v is the number of vertices. In certain equivalence
classes, two or more of their fermionic legs can be permuted without changing the
diagram. In that case, the number of diagrams is therefore smaller, say 4v/m. One
should then divide the contribution from this equivalence class bym, which is called
the symmetry factor [14].

We are only interested in the divergent part of χSC, which will arise from the
connected part of the expectation value, defined by

χSC,c
k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2
= 〈

�k2,ω2,α2,σ2�−k2,−ω2,α2,σ
′
2
�−k1,−ω1,α1,σ

′
1
�k1,ω1,α1,σ1

〉
S

− 〈
�−k2,−ω2,α2,σ

′
2
�−k1,−ω1,α1,σ

′
1

〉
S

〈
�k2,ω2,α2,σ2�k1,ω1,α1,σ1

〉
S

+ 〈
�−k2,−ω2,α2,σ

′
2
�k1,ω1,α1,σ1

〉
S

〈
�k2,ω2,α2,σ2�−k1,−ω1,α1,σ

′
1

〉
S

(2.35)

Since all the diagrams contributing to χSC,c will be proportional to βδ∑
i ωi δ

∑
i ki

times the four external propagators, we now define

−Vk1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
≡ 1

2
β−1(iω1 − ξ1)(−iω1 − ξ1)(iω2 − ξ2)(−iω2 − ξ2)

χSC,c
k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2

(2.36)
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Fig. 2.1 Infinite sum of ladder diagrams

with ξ1 = ξk1,α1 = ξ−k1,α1 and ξ2 = ξk2,α2 = ξ−k2,α2 . The minus sign in front is a
useful convention so that a negative value of V indicates attraction, while a positive
value indicates repulsion. The factor of 1

2 is a convenient conventionwhose usefulness
will become clear later (Fig. 2.1).

2.5 Bethe-Salpeter Equation

Based on its previous definition, one finds that−Vk1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
is given by

the sumof all connected diagramswith two outgoing external legs (k2,ω2,α2,σ2 and
−k2,−ω2,α2,σ

′
2) and two incoming external legs (k1,ω1,α1,σ1 and −k1,−ω1,

α1,σ
′
1), where the external propagators and delta functions are stripped off, and

where an overall factor of 1
2 is added (see Fig. 2.2). In order to calculate this, it is

advantageous to define −�k1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
in the exact same way, except

that only two-particle irreducible (2PI) diagrams are kept (see Fig. 2.3). A 2-particle
irreducible diagram is a connected diagram that cannot be split into two admissible
diagrams by cutting any two internal propagators. � is also called the irreducible
vertex and gives the effective interaction between electrons.

Fig. 2.2 Effective vertex in the Cooper channel, given by the sum of all diagrams with the four
external legs represented on the figure, and with certain prefactors defined in the text

Fig. 2.3 � is defined in the same way as V , except that only 2-particle irreducible diagrams are
summed over
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As a function of �, the total susceptibility is given as an infinite sum of ladders,
as shown in Fig. 2.1:

−V = −� + � � G0 � � − � � G0 � � � G0 � � + . . .

= −� + � � G0 � V
(2.37)

where

(A � B)k1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2

= 1

β

∑

k,ω,α,σ,σ′
Ak1,ω1,α1,σ1,σ

′
1;k,ω,α,σ,σ′ Bk,ω,α,σ,σ′;k2,ω2,α2,σ2,σ

′
2

(2.38)
and

G0
k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2

= βδk1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
(iω1 − ξk1,α1 )

−1 (−iω1 − ξ−k1,α1 )
−1.

(2.39)
Combining these definitions, one finds

(
� � G0 � �

)

k1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2

=
1

β

∑

k,ω,α,σ,σ′
(iω − ξk,α)−1 (−iω − ξ−k,α)−1�k1,ω1,α1,σ1,σ

′
1;k,ω,α,σ,σ′�k,ω,α,σ,σ′;k2,ω2,α2,σ2,σ

′
2

(2.40)

Equation2.37 is the Bethe-Salpeter equation [15]. Several comments are in order
at this point. Two approximations were made. First, we used free propagators instead
of renormalized ones. This is justified in the weak coupling limit by the fact that
the use of renormalized propagators would only lead to subdominant corrections
in U/t [16]. Second, we did not allow for the pair of internal propagators with
oppositemomenta and frequencies linking twoconsecutive� blocks to beondifferent
bands. The sum over internal momenta and frequencies for each such pair leads to a
logarithmically diverging contribution that is responsible for the pairing instability.
This diverging contribution only arises in the case where the two propagators in the
pair have the same energy, which forces them to be on the same band due to inversion
symmetry. This is why we have left out diagrams where the two rails of the ladder
are on different bands, as they lead to non-divergent terms. Finally, we note that the
permutation of propagators inside such a pair leads to a symmetry factor of 1/2 for
each pair. The factor of 1/2 introduced in the definition of ν and � takes care of this.

The solution of the Bethe-Salpeter equation is given by

V = (1 + � � G0)
−1 � � (2.41)

where the inverse is understood for the � product. The eigenvectors ψ of the operator
� � G0 are given by

� � G0 � ψ = λψ (2.42)
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The Cooper susceptibility V becomes divergent for λ = −1, marking the onset of
superconductivity. The onset of superconductivity therefore corresponds to the solu-
tion of the following equation:

1

β

∑

k,ω,α,σ,σ′
�k1,ω1,α1,σ1,σ

′
1;k,ω,α,σ,σ′ (iω − ξk,α)−1 (−iω − ξ−k,α)−1ψk,ω,α,σ,σ′ = −ψk1,ω1,α1,σ1,σ

′
1

(2.43)

2.5.1 Frequency Dependence

One now needs to calculate �, which is the step where physical insight about the
mechanism driving superconductivity is needed. We first treat the dependence of
� on the Matsubara frequencies. For conventional superconductors, the effective
interaction between electrons due to electron-phonon coupling is attractive at low
frequencies and repulsive at high frequencies. Low and high frequencies are to be
understood compared to the typical phonon frequency, the Debye frequency ωD . An
approximation for � that was shown to capture the right qualitative behaviour is then
given by [14]:

�k1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
=

{
�Phon.
k1,α1,σ1,σ

′
1;k2,α2,σ2,σ

′
2
if |ω1|, |ω2| < ωD

0 otherwise
(2.44)

where �Phon.
k1,α1,σ1,σ

′
1;k2,α2,σ2,σ

′
2
has a dominant short-range attractive component leading

to the celebrated s-wave order parameter in conventional superconductors.
For a purely electronic mechanism, a natural cutoff would be of the order of the

bare bandwidth ωc ∼ W ∼ vFkF . Actually, in a spin-fluctuation type scenario where
the renormalized interaction is calculated from the random phase approximation, this
cutoff is largely reduced if the Fermi liquid is close to a magnetic instability. Due
to the proximity to this phase transition, the spin fluctuations exhibit a “critical
slowing down” [17], whereby their velocity is reduced from the Fermi velocity: v′ ∼
vF (1 − ρU )/ρU , where ρ is the density of states at the Fermi level. According to the
Stoner criterion, the magnetic transition appears at ρU = 1. Close to the transition,
one has ρU = 1 − η with η � 1 and the cutoff is therefore strongly reduced: ω′

c ∼
v′kF ∼ ηW . From the above discussion, it is clear that, in the limitU/t → 0 treated
in this thesis, the cutoff will be given by the bare bandwidth since ρU → 0.

Neglecting the frequency dependence of � apart from the presence of a cutoff,
we will therefore take

�k1,ω1,α1,σ1,σ
′
1;k2,ω2,α2,σ2,σ

′
2
=

{
�k1,α1,σ1,σ

′
1;k2,α2,σ2,σ

′
2
if |ω1|, |ω2| < ωc

0 otherwise
(2.45)
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where, crucially, �k1,α1,σ1,σ
′
1;k2,α2,σ2,σ

′
2
is repulsive at short distance but attractive at

large distance, leading to unconventional order parameters. �k1,α1,σ1,σ
′
1;k2,α2,σ2,σ

′
2
will

be calculated perturbatively in the following.
A solution is now found by posing

ψk,ω,α,σ,σ′ =
{

�k,α,σ,σ′ if |ω| < ωc

0 otherwise
(2.46)

and by rewriting Eq.2.43 as

1

β

∑

k,α,σ,σ′
�k1,α1,σ1,σ

′
1;k,α,σ,σ′�k,α,σ,σ′

∑

|ω|<ωc

(iω − ξk,α)−1(−iω − ξ−k,α)−1 = −�k1,α1,σ1,σ
′
1
.

(2.47)

As usual, the frequency sum can be performed by substituting iω by a complex
variable z and using Cauchy’s theorem:

1

β

∑

|ω|<ωc

g(iω) =
∑

j

Resz=z j [g(z)]nF (z j ) −
∮

|z|=ωc

dz

2πi
nF (z)g(z) (2.48)

where j indexes the poles of g(z) enclosed by the contour defined by |z| = ωc

and where nF (z) = (eβz + 1)−1. We want to apply this formula for g(z) = (z −
ξk,α)−1(−z − ξ−k,α)−1. For a given value of k, the two poles in the complex plane are
situated at z = ±ξk,α. There are therefore two possibilities: either ξk,α < ωc and the
contour encloses these poles, or ξk,α > ωc and it does not. Since the superconducting
critical temperature Tc will emerge as a new energy scale exponentially smaller than
the cutoff, one can assume βωc � 1 and therefore neglect the second term in the
right hand side of Eq.2.48, leading to

1

β

∑

|ω|<ωc

(iω − ξk,α)−1(−iω − ξ−k,α)−1 �
{

tanh( 1
2 βξk,α)

2ξk,α
if |ξk,α| < ωc

0 otherwise
(2.49)

Going back to Eq.2.47, the onset of superconductivity is controlled by the fol-
lowing equation:

∑

α,σ,σ′

′∑

k

�k1,α1,σ1,σ
′
1;k,α,σ,σ′�k,α,σ,σ′

tanh
(
1
2βξk,α

)

2ξk,α
= −�k1,α1,σ1,σ

′
1
. (2.50)

where
∑′

k is a sum over all momenta such that |ξk,α| < ωc. This is the famous
linearised gap equation [18],which can also be obtained by imposing self-consistency
in a mean-field treatment of superconductivity, as explained in the following.
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2.5.2 Solution of the Linearised Gap Equation

In order to solve the last equation, it is advantageous to rewrite the sum overmomenta
by a sum over (ξ, k̂), where k̂ lies on the iso-surface defined by ξk̂,α = ξ:

∑

α

′∑

k

· · · =
∑

α

∫ ωc

−ωc

dξ ρξ,α

∫

Sξ,α

dk̂
|Sξ,α|

vξ,α

vξ,k̂,α

. . . (2.51)

where ρξ,α = ∫
Sξ,α

dk̂
(2π)D

1
vξ,k̂,α

is the density of states of band α at energy ξ, Sξ,α is the

Fermi surface of bandα at energy ξ, |Sξ,α| is the area of this Fermi surface, vξ,k̂,α is the

groupvelocity of bandα at energy ξ andmomentum k̂, andvξ,α =
(∫

Sξ,α

dk̂
|Sξ,α|

1
vξ,k̂,α

)−1

its average.
The gap equation can be rewritten as

∫ ωc

−ωc

dξ f (ξ)
tanh

(
βξ
2

)

2ξ
= −�(ξ1,k̂1),α1,σ1,σ

′
1

(2.52)

with

f (ξ) ≡
∑

α

ρξ,α

∫

Sξ,α

dk̂
|Sξ,α|

vξ,α

vξ,k̂,α

∑

σ,σ′
�(ξ1,k̂1),α1,σ1,σ

′
1;(ξ,k̂),α,σ,σ′�(ξ,k̂),α,σ,σ′

(2.53)

Due to the tanh
(

βξ
2

)
/2ξ factor, the sum is dominated by behaviour at small ξ,

and we can use the following Taylor expansion:

f (ξ) = f (0) + f ′(0)ξ + 1

2
f ′′(0)ξ2 + . . . (2.54)

This leads to

∫ ωc

−ωc

dξ f (ξ)
tanh

(
βξ
2

)

2ξ
= f (0) log

(
2eγβωc

π

)
+ . . . (2.55)

where . . . stands for terms that are regular in the T → 0 limit. These terms would
lead to multiplicative factors of order one for Tc, which we will neglect.

Finally, the gap equation becomes

∑

α

ρα

∫

Sα

dk̂
|Sα|

vα

vk̂,α

∑

σ,σ′
�k̂1,α1,σ1,σ

′
1;k̂,α,σ,σ′�k̂,α,σ,σ′ = − log

(
2eγβωc

π

)−1

�k̂1,α1,σ1,σ
′
1
.

(2.56)
where all quantities are evaluated at the Fermi level.



2.5 Bethe-Salpeter Equation 37

It is now advantageous to introduce the dimensionless pairing matrix g and its
eigenmodes defined by

∑

α

∑

σ,σ′

∫

Sα

dk̂
|Sα|gk̂1,α1,σ1,σ

′
1;k̂,α,σ,σ′ϕk̂,α,σ,σ′ = λ ϕk̂1,α1,σ1,σ

′
1

(2.57)

where

gk̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
≡

√
ρα1

vα1

vk̂1,α1

�k̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2

√
ρα2

vα2

vk̂2,α2

. (2.58)

Since � is non-singular in the limit T → 0 and we expect Tc � W , we neglect the
temperature dependence of � and we will compute it at T = 0 in the next section.

For each λ < 0, we have a solution of the linearised gap equation given by

Tc = W exp

(
1

λ

)

�k̂,α,σ,σ′ ∝ ϕ̃k̂,α,σ,σ′ ≡
√

ρα vα

vk̂,α

−1

ϕk̂,α,σ,σ′

(2.59)

whereW = 2eγωc
π

� 1.13 ωc is of the order of the bandwidth. By solving the eigen-
problem of Eq.2.57, we thus obtain Tc from the eigenvalue and the order parameter�
from the eigenvector. The eigenmode with the most negative eigenvalue corresponds
to the order parameter with the highest Tc. After discretization of the Fermi surfaces,
g becomes a hermitian matrix that is readily diagonalized numerically.

Note that the eigenvectors of g are orthonormal:

∑

α

∑

σ,σ′

∫

Sα

dk̂
|Sα|

(
ϕ(i)
k,α,σ,σ′

)∗
ϕ

( j)
k,α,σ,σ′ = δi, j (2.60)

where i and j are eigenvector indices.

2.6 Calculation of the Effective Interaction

What is now left to do is to compute � at leading order in U/t for the interaction
given in Eq.2.17 by using the Feynman rules given in Sect. 2.4.1. As a reminder,
�k1,ω1,α1,σ1,σ

′
1;k2,ω2,α2,σ2,σ

′
2
is defined as the sum of all connected, irreducible dia-

grams with two outgoing external legs (k2,ω2,α2,σ2 and −k2,−ω2,α2,σ
′
2) and

two incoming external legs (k1,ω1,α1,σ1 and −k1,−ω1,α1,σ
′
1), where the exter-

nal propagators and Delta functions are stripped off, and where an overall factor
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Fig. 2.4 Only diagram at
order U

Fig. 2.5 First diagram at
order U2. The external legs
have ω = 0

Fig. 2.6 Second diagram at
order U2. The external legs
have ω = 0

of 1
2 is added (see Fig. 2.2). Given the results of last section, we will only need

the zero frequency components of the effective interaction: �k̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
≡

�k̂1,ω1=0,α1,σ1,σ
′
1;k̂2,ω2=0,α2,σ2,σ

′
2
. The external propagators of our diagrams will there-

fore have ω = 0.
At order U , there is only one diagram, shown in Fig. 2.4. Its contribution to � is

�
(1)

k̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
= 1

2
Vk̂1,α1,σ1,−k̂1,α1,σ

′
1;−k̂2,α2,σ

′
2,k̂2,α2,σ2

. (2.61)

As a reminder, in the case of a single-orbital, spin SU (2)-symmetric Hubbard model,
the interaction is given by

V Hub.
s1,s ′

1;s ′
2,s2

= Uδs1,−s ′
1
δs2,−s ′

2
(δs ′

1,s
′
2
− δs ′

1,s2). (2.62)

This would lead to

�
(1),Hub.

k̂1,s1,s ′
1;k̂2,s2,s ′

2
= 1

2
Uδs1,−s ′

1
δs2,−s ′

2
(δs ′

1,s
′
2
− δs ′

1,s2). (2.63)
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At orderU 2, there are two diagrams, given in Figs. 2.5 and 2.6. Their contribution
can be expressed in terms of the following function:

Fk̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
≡ −

∑

α,α′,σ,σ′

∑

p

1

β

∑

ω

(iω − ξp,α)−1(iω − ξp+k̂1−k̂2,α′)
−1

Vk̂1,α1,σ1,p,α,σ;p+k̂1−k̂2,α′,σ′,k̂2,α2,σ2
V−k̂1,α1,σ

′
1;p+k̂1−k̂2,α′,σ′;p,α,σ;−k̂2,α2,σ

′
2
.

(2.64)
In terms of this function, we have

�
(2)

k̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
= 1

2

(
−Fk̂1,α1,σ1,σ

′
1;k̂2,α2,σ2,σ

′
2
+ Fk̂1,α1,σ1,σ

′
1;−k̂2,α2,σ

′
2,σ2

)

(2.65)
where the first term corresponds to the first diagram, and the second term corresponds
to the second diagram. The minus sign comes from the fermionic loop in the first
diagram. We can now evaluate the Matsubara sum, leading to

Fk̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2
= −

∑

α,α′,σ,σ′

∑

p

n(ξp,α) − n(ξp+k̂1−k̂2,α′)

ξp,α − ξp+k̂1−k̂2,α′

Vk̂1,α1,σ1;p,α,σ;p+k̂1−k̂2,α′,σ′;k̂2,α2,σ2
V−k̂1,α1,σ

′
1;p+k̂1−k̂2,α′,σ′;p,α,σ;−k̂2,α2,σ

′
2
.

(2.66)

This function can be computed numerically by using the tetrahedron method [19].
Within the approximations made above, one can neglect the temperature dependence
of this function and compute it at T = 0.

Note that in the single-orbital case, this function would simply be given by

FHub.
k̂1,s1,s ′

1;k̂2,s2,s ′
2
= U 2χph(k̂1 − k̂2)(δs1,s ′

1
δs2,s ′

2
δs1,s2 + δs1,−s ′

1
δs2,−s ′

2
δs1,−s2) (2.67)

where χph(q) is the Lindhard susceptibility, defined by

χph(q) = −
∑

p

n(ξp) − n(ξp+q)

ξp − ξp+q
. (2.68)

2.6.1 Pseudo-spin Dependence

When looking for the eigenmodes ϕk,α,σ,σ′ of the effective interaction, it is advanta-
geous to go to the aforementioned pseudo-spin basis, since � has a block-diagonal
structure in that basis. The pseudo-spin transformation separates the pseudo-spin
degrees of freedom in a singlet ϕd0 and a triplet ϕ �d :

(
ϕ++ ϕ+−
ϕ−+ ϕ−−

)
= 1√

2

(−ϕdx + iϕdy ϕdz + ϕd0
ϕdz − ϕd0 ϕdx + iϕdy

)
, (2.69)
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where we have left the indices k,α implicit. Using this unitary transformation on
�k̂1,α1,σ1,σ

′
1;k̂2,α2,σ2,σ

′
2
, we obtain �k̂1,α1,dμ,1;k̂2,α2,dμ,1

with μ = 0, x, y, z.
In the following, we will use the notation �σ1,σ

′
1;σ2,σ

′
2
for the matrix

(�σ1,σ
′
1;σ2,σ

′
2
)k̂1,α1;k̂2,α2

≡ �k̂1,α1,σ1,σ
′
1;k̂2,α2,σ2,σ

′
2

(2.70)

and �dμ,1;dμ,2 for the matrix

(�dμ,1;dμ,2)k̂1,α1;k̂2,α2
≡ �k̂1,α1,dμ,1;k̂2,α2,dμ,2

. (2.71)

Using inversion symmetry, we find �σ1,σ
′
1;σ2,σ

′
2
= �σ′

1,σ1;σ′
2,σ2 . Using this last relation,

we find �d0; �d = 0, which means that the pseudo-spin singlet and triplet channels are
decoupled.

Furthermore,� is invariant under the double group symmetry operations discussed
in Sect. 2.3.1:

R(�d0;d0)k̂1,α1;k̂2,α2
R−1 ≡ (�d0;d0)Rk̂1,α1;Rk̂2,α2

= (�d0;d0)k̂1,α1;k̂2,α2

R(� �d; �d)k̂1,α1;k̂2,α2
R−1 ≡ (�R �d;R �d)Rk̂1,α1;Rk̂2,α2

= (� �d; �d)k̂1,α1;k̂2,α2
.

(2.72)

This means that its eigenvectors can be classified according to the irreducible repre-
sentations of the point group.

As explained in Sect. 3.2.2, the interaction considered for the case of Sr2RuO4

actually conserves total pseudo-spin modulo 4 thanks to a z → −z mirror symmetry.
In that case, �σ1,σ

′
1;σ2,σ

′
2
is non-zero only when 1

2 (σ1 + σ′
1) = 1

2 (σ2 + σ′
2) mod 2

(which means that �+1,−1;+1,+1 = 0 for example) and the dz and the dx , dy sectors
are therefore not coupled. In matrix form, one can write �dμ,1;dμ,2 as

⎛

⎜⎜⎝

�d0,d0 0 0 0
0 �dz ,dz 0 0
0 0 �dx ,dx �dx ,dy
0 0 �dy ,dx �dy ,dy

⎞

⎟⎟⎠ (2.73)

in the basis [d0, dz, dx , dy]. The matrix elements are given by

�d0,d0 = �+−;+− − �+−;−+
�dz ,dz = �+−;+− + �+−;−+

�dx ,dx = 1

2
(�++;++ − �++;−− − �−−;++ + �−−;−−)

�dx ,dy = i
1

2
(−�++;++ − �++;−− + �−−;++ + �−−;−−)

�dy ,dx = −i
1

2
(−�++;++ + �++;−− − �−−;++ + �−−;−−)

�dy ,dy = 1

2
(�++;++ + �++;−− + �−−;++ + �−−;−−).

(2.74)

http://dx.doi.org/10.1007/978-3-319-62867-7_3
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We can now inject the formulas found for �σ1,σ
′
1;σ2,σ

′
2
in the last section. It is

advantageous to define the following matrices

(F±
σ1,σ

′
1;σ2,σ

′
2
)k̂1,α1;k̂2,α2

= −1

2

(
Fk̂1,α1,σ1,σ

′
1;k̂2,α2,σ2,σ

′
2
± Fk̂1,α1,σ1,σ

′
1;−k̂2,α2,σ2,σ

′
2

)
.

(2.75)
The operator F+ (F−) is non-zero only in the even (odd) parity subspace, defined
by ϕk̂,α = ϕ−k̂,α (ϕk̂,α = −ϕ−k̂,α).

2.6.1.1 Pseudo-spin Triplet

Using inversion symmetry and the fact that we have an on-site interaction, it is easy
to see that �(1)

σ1,σ
′
1;σ2,σ

′
2
= −�

(1)
σ1,σ

′
1;σ′

2,σ2
= −�

(1)
σ′
1,σ1;σ2,σ

′
2
. The orderU term is therefore

zero in the triplet channel.
As mentioned previously, there are two decoupled sectors, corresponding to two

different orientations of �d: out-of-plane (dz) and in-plane (dx , dy). Since the order
U term is zero, we go directly to the order U 2 term. In the dz case, the effective
interaction is given by

�
(2)
dz ,dz

= F−
+,−;+,− + F−

+,−;−,+. (2.76)

In the in-plane case, the effective interaction is given by

�
(2)
dx ,dx

= 1

2
(F−

++;++ − F−
++;−− − F−

−−;++ + F−
−−;−−)

�
(2)
dx ,dy

= i
1

2
(−F−

++;++ − F−
++;−− + F−

−−;++ + F−
−−;−−)

�
(2)
dy ,dx

= −i
1

2
(−F−

++;++ + F−
++;−− − F−

−−;++ + F−
−−;−−)

�
(2)
dy ,dy

= 1

2
(F−

++;++ + F−
++;−− + F−

−−;++ + F−
−−;−−).

(2.77)

In the single-orbital Hubbard case, this would lead to

(�
(2),Hub.
dz ,dz

)k̂1;k̂2 = 1

2

(
U 2χph(k̂1 + k̂2) −U 2χph(k̂1 − k̂2)

)
(2.78)

and

(�
(2),Hub.
dx ,dx

)k̂1;k̂2 = 1

2
(U 2χph(k̂1 + k̂2) −U 2χph(k̂1 − k̂2))

(�
(2),Hub.
dx ,dy

)k̂1;k̂2 = 0

(�
(2),Hub.
dy ,dx

)k̂1;k̂2 = 0

(�
(2),Hub.
dy ,dy

)k̂1;k̂2 = 1

2
(U 2χph(k̂1 + k̂2) −U 2χph(k̂1 − k̂2)).

(2.79)
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In the single-orbital Hubbard model case, � is isotropic in �d, since, without spin-
orbit coupling, the system is SU (2) invariant. This is not the case in general since the
in-plane and out-of-plane sectors of � are in general different. In the next Chapter,
we will show how the difference between the in-plane and out-of-plane sectors due
to spin-orbit coupling favours certain order parameters in Sr2RuO4.

2.6.1.2 Pseudo-spin Singlet

In the singlet channel, the order U term is non-zero:

(�
(1)
d0,d0

)k̂1,α1;k̂2,α2
= Vk̂1,α1,+,−k̂1,α1,−;−k̂2,α2,−,k̂2,α2,+. (2.80)

In the single-orbital Hubbard case, one would have

(�
(1),Hub.
d0,d0

)k̂1;k̂2 = U. (2.81)

If �
(1)
d0,d0

has at least one negative eigenvalue, the most negative one gives the
leading instability in the pseudo-spin singlet channel, and there is no need to look at
orderU 2. This is what would happen for the attractive single-orbital Hubbard model,
i.e. for U < 0.

Instead, in the case of a repulsive bare interaction, relevant to electrons in a solid,
the eigenvalues of �

(1)
d0,d0

will be either positive or zero, and there will therefore be
no divergence at order U . Nevertheless, a negative eigenvalue could appear at order
U 2 in the subspace S defined by the zero eigenvalues of �

(1)
d0,d0

. One should therefore

diagonalize PS�
(2)
d0,d0

PS , where PS is the projector onto S and where

�
(2)
d0,d0

= F+
+,−;+,− − F+

+,−;−,+. (2.82)

In the single-orbitalHubbard case, the space S is easily defined: it is the space of all
ϕk̂ such that

∑
k̂ ϕk̂ = 0. The uniform s-wave order parameterϕk̂ = ϕ ∀ k present in

conventional superconductors is therefore disfavored because of the bare repulsion.
On the other hand, all order parameters in non-trivial (i.e. non s-wave) irreducible
representations of the point group1 are contained in S since they satisfy

∑
k̂ ϕk̂ = 0

by symmetry. For example, on a square lattice, these non-trivial representations
would be given by A2g , B1g and B2g as shown in Table5.3. In order to find the most
favored of these order parameters, one should diagonalize PS�

(2)
d0,d0

PS , with

(�
(2),Hub.
d0,d0

)k̂1;k̂2 = 1

2

(
U 2χph(k̂1 + k̂2) +U 2χph(k̂1 − k̂2)

)
. (2.83)

1One should of course only consider even-parity representations in the singlet channel in order to
satisfy the Pauli principle.

http://dx.doi.org/10.1007/978-3-319-62867-7_5
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2.7 Generalized BCS Formalism

In the last sections, we have established the presence of a divergence of the sus-
ceptibility to Cooper pairing at a critical temperature Tc, corresponding to the most
negative eigenvalue of the effective interaction in the Cooper channel. The momen-
tum and band anisotropy of the order parameter was then shown to be given by the
corresponding eigenvector. The motivation came from a system in which an infin-
itesimally small field couples directly to the order parameter. While this technique
works well to study the superconducting instability coming from the Fermi liquid, it
is not well suited to the study of the system below Tc.

Instead, in order to study the superconducting phase, it would be advantageous to
use the Bardeen-Cooper-Schrieffer (BCS) formalism [2] generalized to anisotropic,
spin-orbit coupled, multi-orbital systems. We start from a reduced BCS Hamiltonian
of the following form:

HBCS = HK + 1

2

∑

α1,dμ1

∑

α2,dμ2

′∑

k1,k2

V BCS
k1,α1,dμ1 ;k2,α2,dμ2

φ†
k1,α1,dμ1

φk2,α2,dμ2
(2.84)

where HK is the single-particle part of the Hamiltonian defined in Eq.2.17, φ was
defined in Eq.2.26 and

∑′
k1,k2 is a sum overmomenta such that |ξk1,α1 |, |ξk2,α2 | < ωc.

In the following, we will omit the ′ on the sum symbols, but all sums over momenta
should be taken with that energy cutoff. Using the effective interaction calculated in
the previous sections, we take

V BCS
k1,α1,dμ1 ;k2,α2,dμ2

= �k1,α1,dμ1 ;k2,α2,dμ2
. (2.85)

We now follow the standard mean-field treatment of this Hamiltonian, by assum-
ing the following two operators acquire a non-zero expectation value

�k1,α1,dμ1
= 1√

2

∑

k2,α2,dμ2

V BCS
k1,α1,dμ1 ;k2,α2,dμ2

〈
φk2,α2,dμ2

〉

�k2,α2,dμ2
= 1√

2

∑

k1,α1,dμ1

〈
φ†
k1,α1,dμ1

〉
V BCS
k1,α1,dμ1 ;k2,α2,dμ2

.

(2.86)

Using these formulas, and neglecting fluctuations, we obtain

HBCS = HK + 1

2

√
2

∑

k,α,dμ

(�k,α,dμ
φ†
k,α,dμ

+ �k,α,dμ
φk,α,dμ

) + �(V BCS)−1�

(2.87)
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with

�(V BCS)−1� =
∑

k1,α1,dμ,1

∑

k2,α2,dμ,2

�k1,α1,dμ,1(V
BCS)−1

k1,α1,dμ,1;k2,α2,dμ,2
�k2,α2,dμ,2 .

(2.88)
This Hamiltonian is now quadratic and can be rewritten as

HBCS = 1

2

∑

k,α

ψ†
k,αHk,αψk,α + Constant (2.89)

with ψ†
k,α = [c†k,α,+c

†
k,α,−c−k,α,+c−k,α,−] and

Hk,α =

⎛

⎜⎜⎝

ξk,α 0 −�k,α,dx + i�k,α,dy �k,α,dz + �k,α,d0
0 ξk,α �k,α,dz − �k,α,d0 �k,α,dx + i�k,α,dy

−�k,α,dx − i�k,α,dy �k,α,dz − �k,α,d0 −ξk,α 0
�k,α,dz + �k,α,d0 �k,α,dx − i�k,α,dy 0 −ξk,α

⎞

⎟⎟⎠ .

(2.90)
Note that we used inversion symmetry to write ξk,α = ξ−k,α.
In the previous sections, we diagonalized � (more precisely, the pairing matrix

g), and we showed that each mode provides a distinct solution of the linearized
gap equation with a different value of Tc. These modes are classified according to
the irreducible representations of the point group of the lattice. While this works
for identifying the mode with the highest Tc, these modes actually become coupled
in the superconducting phase when one goes beyond the linearized version of the
self-consistency equation, or equivalently, when one includes quartic terms in the
Ginzburg-Landau formalism. In general, one should therefore solve HBCS for all
temperatures, and the functional form of the gap can generically have a temperature
dependence.

Instead, we make the usual approximation that the order parameter functional
form is temperature independent, and that only its overall magnitude depends on
T [20]:

�k,α,dμ
(T ) = �(T ) ϕ̃k,α,dμ

(2.91)

where ϕ̃k,α,dμ
is the mode found in Sect. 2.5, normalized so that

max
k,α

∑

μ

|ϕ̃k,α,dμ
|2 = 1 (2.92)

and where �(T ) sets the energy scale of the gap.
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2.7.1 Singlet

Let us now discuss different cases. As explained in the previous section, in an
inversion-symmetric problem, one can always distinguish between pseudo-spin sin-
glet and triplet. In the singlet case, the only non-zero component of the gap is�k,α,d0 .
For notational convenience, we define �k,α,d0 ≡ �k,α and the Hamiltonian becomes

Hk,α =

⎛

⎜⎜⎝

ξk,α 0 0 �k,α

0 ξk,α −�k,α 0
0 −�k,α −ξk,α 0

�k,α 0 0 −ξk,α

⎞

⎟⎟⎠ . (2.93)

Since this matrix can be split into two decoupled blocks, the Hamiltonian can be
split into two terms. Using�k,α = �−k,α coming from fermionic statistics, it is easy
to see that these two terms are the same, and we therefore only need to diagonalize
one of the blocks. Since the Hamiltonian is block diagonal in band space, we can
diagonalize each band separately and omit the band index for now. We can now
diagonalize the Hamiltonian using a Bogolyubov transformation:

c†k,+ = v′
ka

†
k + v∗

kbk

c†−k,− = v′
kb

†
k − v∗

kak
(2.94)

with
v′
k = ie−i�k/2 cos(θk)

vk = −iei�k/2 sin(θk)

cot(2θk) = ξk

|�k|

(2.95)

where we have parametrized the gap as �k = |�k|ei�k and where |v′
k|2 + |vk|2 = 1

in order to preserve anticommutation relations. We also give the inverse transforma-
tion for later convenience:

a†k = (v′
k)

∗c†k,+ − v∗
kc−k,−

b†k = (v′
k)

∗c†−k,− + v∗
kck,+.

(2.96)

The Hamiltonian now reads

HBCS =
∑

k,α

Ek,α(a†k,αak,α + b†k,αbk,α) +
∑

k,α

(ξk,α − Ek,α) + �(V BCS)−1�

(2.97)

where Ek,α =
√

ξ2k,α + |�k,α|2.
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The gap equation is now obtained by imposing self-consistency:

�k1,α1 = 1√
2

∑

k2,α2

V BCS
k1,α1;k2,α2

〈
φk2,α2

〉

=
∑

k2,α2

V BCS
k1,α1;k2,α2

(v′
k2,α2

)∗vk2,α2

(
1 −

〈
a†k2,α2

ak2,α2

〉
−

〈
b†k2,α2

bk2,α2

〉)

= −
∑

k2,α2

V BCS
k1,α1;k2,α2

�k2,α2

tanh(Ek2,α2/2T )

2Ek2,α2

(2.98)
where the d0 index is implicit.

At T = 0, the gap equation becomes

�k1,α1 = −
∑

k2,α2

V BCS
k1,α1;k2,α2

�k2,α2

1

2Ek2,α2

. (2.99)

The sum over momenta is again dominated by the Fermi surface contribution due to
the 1/Ek,α factor. Using the same Taylor expansion used in Sect. 2.5.2, one finds

ϕk̂1,α1
= −

∑

α2

∫

Sα2

dk̂2
|Sα2 |

gk̂1,α1;k̂2,α2
ϕk̂2,α2

∫ ωc

−ωc

dξ
1

2Ek2,α2

. (2.100)

After performing the integral over ξ, the equation becomes

ϕk̂1,α1
= −

∑

α2

∫

Sα2

dk̂2
|Sα2 |

gk̂1,α1,d0;k̂2,α2,d0
ϕk̂2,α2

log

(
2ωc

�(0)|ϕ̃k̂2,α2
|

)
(2.101)

where ϕ and ϕ̃ were defined in Sect. 2.5.2. We choose the normalization of ϕ̃ so that
maxk̂,α |ϕ̃k̂,α| = 1. We now take the inner product with the same eigenvector ϕ and
use the orthonormality of the eigenvectors of g to write

1 = −λ
∑

α2

∫

Sα2

dk̂2
|Sα2 |

|ϕk̂2,α2
|2 log

(
2ωc

�(0)|ϕ̃k̂2,α2
|

)
. (2.102)

After rearranging terms, we finally find

�(0) = 2ωc exp

(
1

λ

)
exp (−〈log(|ϕ̃|)〉) (2.103)

with

〈log(|ϕ̃|)〉 =
∑

α

∫

Sα

dk̂
|Sα| |ϕk̂,α|2 log(|ϕ̃k̂,α|). (2.104)
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We can then divide by Tc to obtain

2�(0)

Tc
= 3.53 exp (−〈log(|ϕ̃|)〉) ≥ 3.53 (2.105)

where 3.53 is the well known BCS value for a uniform gap, and the exponential
factor departs from 1 for non-uniform gaps.

2.7.2 Triplet

In the pseudo-spin triplet case, the H matrix is in general given by

Hk,α =

⎛

⎜⎜⎝

ξk,α 0 −�k,α,dx + i�k,α,dy �k,α,dz
0 ξk,α �k,α,dz �k,α,dx + i�k,α,dy

−�k,α,dx − i�k,α,dy �k,α,dz −ξk,α 0
�k,α,dz �k,α,dx − i�k,α,dy 0 −ξk,α

⎞

⎟⎟⎠ .

(2.106)
In the following,wewill sometimes use the convenient notation �d = �dx x̂ + �dy ŷ +
�dz ẑ, where the dependence on k,α is implicit.

Asmentioned before, due to amirror symmetry present in Sr2RuO4, �d will always
be pointing either out-of-plane (dx = dy = 0) or in-plane (dz = 0). These states can
be called equal-pseudo-spin paired, in analogy with the equal-spin-paired (ESP)
states described in Ref. [21].

Let us treat the case of out-of-plane �d first. Posing �k,α,dz ≡ �k,α, the matrix
reads

Hk,α =

⎛

⎜⎜⎝

ξk,α 0 0 �k,α

0 ξk,α �k,α 0
0 �k,α −ξk,α 0

�k,α 0 0 −ξk,α

⎞

⎟⎟⎠ . (2.107)

It is easily checked that the two blocks lead to the same term in the Hamiltonian.
Following the same calculation as for the singlet, we obtain the exact same Hamil-
tonian as in Eq.2.112, the same gap equation as in Eq.2.98, and the same formula
for �(0), with d0 replaced by dz .

Let us now treat the in-plane �d case. Once �d can take different orientations as
a function of momentum, one should distinguish between unitary and non-unitary
states. A unitary state is such that �d × �d∗ = 0, a condition which ensures that the
state does not have any imbalance between the two (pseudo-)spin species. At zero
magnetic field, unitary states are therefore always expected to be favoured over
non-unitary ones. For a unitary state with in-plane �d, it is easy to see that one can
in full generality always choose a real �d. Posing �k,α = −�k,α,dx + i�k,α,dy , the
Hamiltonian matrix becomes
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Hk,α =

⎛

⎜⎜⎝

ξk,α 0 �k,α 0
0 ξk,α 0 −�k,α

�k,α 0 −ξk,α 0
0 −�k,α 0 −ξk,α

⎞

⎟⎟⎠ . (2.108)

This time the two blocks lead to two different contributions to the Hamiltonian that
are related to each other by time-reversal symmetry.

The Bogolyubov transformation can be written as

c†k,σ = v′
k,σa

†
k,σ + v∗

k,σbk,σ

c†−k,σ = v′
k,σb

†
k,σ − v∗

k,σak,σ

(2.109)

with
v′
k,σ = ie−iφk,σ/2 cos(θk,σ)

vk,σ = −ieiφk,σ/2 sin(θk,σ)

cot(2θk,σ) = ξk

|�k,σ|

(2.110)

where �k,σ = |�k,σ|eiφk,σ , �k,+ = �k and �k,− = −�k. We also give the inverse
transformation for later convenience:

a†k,σ = (v′
k,σ)∗c†k,σ − v∗

k,σc−k,σ

b†k,σ = (v′
k,σ)∗c†−k,σ + v∗

k,σck,σ

(2.111)

with a†−k,σ = b†k,σ . Note that the band indices are implicit in all these expressions.
After this Bogolyubov transformation, the Hamiltonian reads

HBCS = 1

2

∑

k,α

Ek,α(a†k,α,+ak,α,+ + b†k,α,+bk,α,+ + a†k,α,−ak,α,− + b†k,α,−bk,α,−)

=
∑

k,α

Ek,α(a†k,α,+ak,α,+ + a†k,α,−ak,α,−)

(2.112)

where Ek,α =
√

ξ2k,α + |�k,α,+|2 =
√

ξ2k,α + |�k,α,−|2 and where we omitted the

additive constant
∑

k,α(ξk,α − Ek,α) + �(V BCS)−1�. The gap equation is again
obtained by imposing self-consistency:
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�k1,α1,da = 1√
2

∑

k2,α2,db

V BCS
k1,α1,da;k2,α2,db

〈
φk2,α2,db

〉

= 1√
2

∑

k2,α2,db

V BCS
k1,α1,da;k2,α2,db(

∑

σ

Udb,σσ

〈
φk2,α2,σσ

〉
)

= 1√
2

∑

k2,α2,db

V BCS
k1,α1,da;k2,α2,db(

∑

σ

Udb,σσ(v′
k2,α2,σ

)∗vk2,α2,σ(1 − 2n(Ek2,α2)))

= −
∑

k2,α2,db

V BCS
k1,α1,da ;k2,α2,db(

∑

σ

Udb,σσ�k2,α2,σ,σ)
tanh(Ek2,α2/2T )

2Ek2,α2

= −
∑

k2,α2,db

V BCS
k1,α1,da ;k2,α2,db�k2,α2,db

tanh(Ek2,α2/2T )

2Ek2,α2

(2.113)
where U is the unitary matrix for the change of basis from {(σσ′) = (++), (−−)}
to {da = dx , dy}.

The equation for �(0) is the same as in the singlet case:

�(0) = 2ωc exp

(
1

λ

)
exp (−〈log(|ϕ̃|)〉) (2.114)

but with a generalized version of 〈log(|ϕ̃|)〉:

〈log(|ϕ̃|)〉 =
∑

α

∫

Sα

dk̂
|Sα|

(
|ϕk̂,α,dx

|2 + |ϕk̂,α,dy
|2

)
log

(√
|ϕ̃k̂,α,dx

|2 + |ϕ̃k̂,α,dy
|2

)
.

(2.115)

2.7.3 Specific Heat Jump

BCS theory predicts a jump in specific heat �C at Tc. The ratio of �C to its value
in the normal state Cn is a number which, for a clean superconductor in the weak
coupling limit, depends only on the momentum-space anisotropy of the gap. For
a gap norm given at the Fermi surface by |�k̂,α| = �| fk̂,α|, where � is a positive
constant, this ratio is given by [20, 22]

�C

Cn
(Tc) = 12

7ζ(3)

〈| fk̂,α|2〉2
FS〈| fk̂,α|4〉
FS

(2.116)

where
〈
hk,α

〉
FS = 1

ρ

∑

α

∫

FSα

dk̂
(2π)D

1

vk,α
hk,α, (2.117)
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where 12
7ζ(3) � 1.43, where ρ is the total density of states at the Fermi level and where

| fk̂,α| =
√∑

dμ

|ϕ̃k,α,dμ
|2. (2.118)

One can easily insert the gap functions predicted in the previous sections in this
formula to obtain a prediction for �C

Cn
and compare it with experiments. This will be

used in Chap.3 for the case of Sr2RuO4.

2.8 Conclusion

We give here a summary of the main results established in this Chapter. Given a
multi-orbital hopping model describing a metal and an interaction Hamiltonian, one
can study the onset of superconductivity in the infinitely small interaction limit by
the following procedure. First, diagonalize the single-particle Hamiltonian, define a
momentum-dependent pseudo-spin basis if spin-orbit coupling is present, and locate
the Fermi surfaces for the different bands, {k̂,α}. Second, compute and diagonalize
the pairing matrix gk̂1,α1,dμ1 ;k̂2,α2,dμ2

, where d0 gives the pseudo-spin singlet sector,
and dx,y,z give the pseudo-spin triplet sector. The eigenequation is given by

∑

α

∑

dμ

∫

Sα

dk̂
|Sα|gk̂1,α1,dμ1 ;k̂,α,dμ

ϕk̂,α,dμ
= λ ϕk̂1,α1,dμ1

. (2.119)

The pairing matrix is directly related to the 2-particle irreducible effective vertex in
the Cooper channel calculated at leading order in U/t :

gk̂1,α1,dμ1 ;k̂2,α2,dμ2
≡

√
ρα1

vα1

vk̂1,α1

�k̂1,α1,dμ1 ;k̂2,α2,dμ2

√
ρα2

vα2

vk̂2,α2

. (2.120)

After discretization of the Fermi surfaces, k̂1 and k̂2 only take a finite number of
values, and g becomes a hermitianmatrix that is easily diagonalized numerically. The
most negative eigenvalue λ gives the most favored superconducting order parameter,
with a critical temperature given by Tc ∝ e1/λ and an order parameter functional form
given by the corresponding eigenvector. One can then study the superconducting
phase by using a BCS mean-field Hamiltonian where the gap functional form is
assumed independent of T .

http://dx.doi.org/10.1007/978-3-319-62867-7_3
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2.8.1 Range of Validity

The discussion in this Chapter is valid as long as the non-interacting particle-hole
susceptibility χph is non-divergent. If χph diverges, instabilities different from BCS
can appear even in the weak coupling limit and the assumption of BCS being the only
instability therefore breaks down. This is always the case in one dimension, where
χ has a divergence at 2kF because of the perfect nesting of the Fermi surface given
by two points at ±kF . In this case, there is competition between the BCS instability
and the charge-density wave instability. They actually exactly cancel each other so
that fermions in 1D form a Luttinger liquid that remains gapless even in the presence
of interactions [5, 23, 24]. A divergent non-interacting particle-hole susceptibility
can also occur in 2D at a Van Hove singularity [25], but requires fine-tuning of the
hoppings and of the electron density. A Van Hove singularity is a divergence of the
density of states that arises when the chemical potential goes through an extremum
or a saddle-point of the dispersion relation. We will discuss the evolution of the
superconducting state in Sr2RuO4 across such as a Van Hove singularity in Chap. 5
While for a strictly two-dimensional system the weak coupling analysis breaks down
strictly at the Van Hove point, it is still valid arbitrarily close to it, as long as the
interaction is small enough. Furthermore, if one actually takes into account the inter-
layer coupling in Sr2RuO4, one obtains a 3D system for which the density of states
does not diverge at a Van Hove point (only its derivative does) [25].
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