
Chapter 2
Introduction to Forward-Backward
Stochastic Differential Equations

Forward-Backward Stochastic Differential Equations (FBSDEs) provide a powerful
modelling tool that has been intensively used in various areas of stochastic control
and, in particular, in mathematical finance. They were first introduced by Bismut
[3, 4] and then studied in a general way by Pardoux and Peng [41]. Since then,
FBSDEs have attracted a lot of interest.1 Although the basic theory is now well
understood, new questions or applications arise every day, making it a very active
field of research. Their link with a class of non-linear PDEs is also very fruitful and
has led to the design of probabilistic methods for solving such PDEs, as discussed
in the next chapter.

We present here a short self-contained introduction to FBSDEs which should be
enough to grasp the main concepts presented in the subsequent chapters of this brief.
Suggested lectures, on top of the main research articles, are [25, 38, 43].

Throughout this chapter, we let (Ω,A ,P) be a complete probability space sup-
porting a d-dimensional Brownian Motion W . We shall denote by F = {Ft }t≥0 the
natural (augmented) filtration ofW. Adaptedness and other measurability properties
of processes have to be understood with respect to F. When this is not the case (and
when it matters), it will be clearly pointed out in the text.

1Pardoux and Peng counts more than 2000 citations as of March 2017.
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2.1 Backward Stochastic Differential Equations

For a prescribed terminal time T > 0, the solution of a backward stochastic differ-
ential equation is a pair (Y, Z) satisfying on [0, T ]

{
dYt = − f (t,Yt , Zt )dt + ZtdWt ,

YT = ξ,

for some progressivelymeasurable random function f , called the driver, and a termi-
nal condition ξ which is aFT -measurable randomvariable. It is reasonable to assume
that a solution satisfies some conditions so that the various integrals appearing above
make sense, and this will be discussed below.

The first peculiarity of BSDEs is that contrary to (forward) SDEs, the solution
is not known at the initial time 0 but at the terminal time T . The second difference
with forward SDEs comes from the fact that the solution is a pair (Y, Z). Before
giving some general existence and uniqueness results and stating precisely some
assumptions on the coefficients, we will comment on the shape of the equation and
give some hints on the extra process Z .

The simplest example is f ≡ 0 and ξ ∈ L2(FT ), where for t ∈ [0, T ], L2(Ft )

stands for the set of square integrable Ft measurable random variables. Then, the
natural solution to the differential equation dYt

dt = 0 and YT = ξ is Yt = ξ , which is
generally not adapted (unless ξ is deterministic). The best approximation—say in
L2—is given by the martingale Yt = E[ξ | Ft ]. Using the martingale representation
theorem, we introduce a Z -process which is square integrable

Yt = E[ξ | Ft ] = E[ξ ] +
∫ t

0
Zs dWs,

leading to

Yt = ξ −
∫ T

t
Zs dWs, i.e. − dYt = −Zt dWt , with YT = ξ.

We observe in this example that the role of Z is to guarantee the adaptedness of Y . In
particular, a deterministic terminal condition will lead to Z ≡ 0. This basic example
can already be linked to pricing in complete financial markets: The Y represents the
price of a contingent claim with random terminal payoff ξ and the Z is linked to the
replication portfolio. We discuss this financial application in detail in Sect. 2.1.2.

We now present the basic well-posedness results for BSDEs.
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2.1.1 Well-Posedness of BSDEs

Here we present results in the Lipschitz setting, which were first studied in [41],
see also [25]. This setting allows us to present the theory in a quite advanced and
useful formwithout encountering toomany complications.Moreover, this is themain
framework generally adopted for numerical studies.

In order to state precisely the main existence and uniqueness result for BSDEs in
the Lipschitz framework, we have to introduce some notation and assumptions.

• Wedenote byS 2(Rk) the vector space of RCLL2 adapted processesY , with values
in Rk , and such that:

‖Y‖2S 2 := E

[
sup

0≤t≤T
|Yt |2

]
< ∞,

and S 2
c (Rk) is the subspace of continuous processes.

• The setH 2(Rk×d) is the set ofRk×d -valued progressivelymeasurable Z -processes
such that

‖Z‖2H 2 := E

[∫ T

0
|Zt |2dt

]
< ∞,

where for z ∈ R
k×d , |z|2 = Tr(zz†).

We shall often omitRk andRk×d ; the spacesS 2,S 2
c andH 2 are Banach spaces.

A randomR
k-valued function f defined on [0, T ] × Ω × R

k × R
k×d is such that

for all (y, z) ∈ R
k × R

k×d , the process { f (t, y, z)}0≤t≤T is progressivelymeasurable.
We also assume that
(H1): There exists a positive constant L such that P a.s.:

1. Lipschitz continuity in (y, z): for all t , y, y′, z, z′,
∣∣ f (t, y, z) − f (t, y′, z′)

∣∣ ≤ L
(|y − y′| + ‖z − z′‖) ;

2. Integrability condition:

E

[
|ξ |2 +

∫ T

0
| f (r, 0, 0)|2 dr

]
< ∞.

Theorem 2.1 Under (H1), there exists a unique solution (Y, Z) ∈ S 2
c × H 2 to

Yt = ξ +
∫ T

t
f (s,Ys, Zs)ds −

∫ T

t
ZsdWs , 0 ≤ t ≤ T . (2.1)

2Right Continuous with Left Limits.
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We skip the proof of the above theorem, which is based on a contraction mapping
argument, see the proof of Theorem2.1 in [25].Wewill give a proof, using essentially
the same arguments, for an existence and uniqueness result in a (slightly) more
involved setting below, see Theorem2.6.

2.1.1.1 Linear BSDEs

We first study linear BSDEs for which we can give an almost explicit solution. For
this section, we set k = 1: Y is then real-valued and Z a d-dimensional row vector.

Proposition 2.1 Let {(at , bt )}t∈[0,T ] be progressively measurable and bounded
processes with values in R × R

d . Let {ct }t∈[0,T ] be an element of H 2(R) and ξ

a square integrable FT -measurable random variable.
The linear BSDE

Yt = ξ +
∫ T

t
{arYr + Zrbr + cr } dr −

∫ T

t
Zr dWr (2.2)

has a unique solution given by:

∀t ∈ [0, T ], Yt = Γ −1
t E

[
ξΓT +

∫ T

t
crΓr dr

∣∣∣ Ft

]
, (2.3)

where for all t ∈ [0, T ],

Γt = exp
{ ∫ t

0
brdWr − 1

2

∫ t

0
|br |2 dr +

∫ t

0
ar dr

}
.

Proof We first write down the dynamics of Γ :

dΓt = Γt (at dt + btdWt ) , Γ0 = 1.

Using Doob’s inequality, we easily see that Γ ∈ S 2
c , as b is bounded. It is also clear

that there is a unique solution to (2.1): define f (t, y, z) = at y + zbt + ct , which
obviously satisfies (H1), and we know that Y ∈ S 2

c .
Using the product formula, we compute

d(Γt Yt ) = Γt dYt + Yt dΓt + d〈Γ,Y 〉t = −Γt ct dt + Γt Zt dWt + Γt YtbtdWt ,
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showing that Γt Yt + ∫ t
0 crΓr dr is a local martingale, which is, in fact, a martingale

as c ∈ H 2 and Γ , Y are in S 2. Then,

Γt Yt +
∫ t

0
crΓr dr = E

[
ΓT YT +

∫ T

0
crΓr dr

∣∣∣ Ft

]
,

which concludes the proof. �

Linear BSDEs play an important role in the theory as outlined by the results

below, especially via the Comparison Theorem. They were also the first BSDEs
to be introduced by Bismut in [3] to study the quadratic-linear stochastic control
problem. They appear there as the adjoint process in the variational characterisation
of an optimal control.

Remark 2.1 Observe that ξ ≥ 0 and ct ≥ 0 leads to Yt ≥ 0.

2.1.1.2 The Comparison Theorem

This section presents the “comparison theorem”, which allows us to compare two
solutions of two BSDEs (in R) as soon as we can compare the terminal conditions
and the drivers of the BSDEs.

Theorem 2.2 Let k = 1 and assume that (ξ ′, f ′) satisfies (H1), the solution to
the associated BSDE is denoted (Y ′, Z ′). Let (Y, Z) be a solution of a BSDE with
parameters (ξ, f ) and satisfying

∫ T
0 f (t,Yt , Zt )dt ∈ L2(FT ). We also assume that

P a.s. ξ ≤ ξ ′ and f (t,Yt , Zt ) ≤ f ′(t,Yt , Zt ) λ ⊗ P-a.e. (λ denoting the Lebesgue
measure). Then,

P a.s., ∀t ∈ [0, T ], Yt ≤ Y ′
t .

If, moreover, Y0 = Y ′
0, then P a.s., Yt = Y ′

t , 0 ≤ t ≤ T and f (t,Yt , Zt ) =
f ′(t,Yt , Zt ) λ ⊗ P-a.e. In particular, as soon as P

(
ξ < ξ ′) > 0 or f (t,Yt , Zt ) <

f ′(t,Yt , Zt ) on a set with positive λ ⊗ P-measure then Y0 < Y ′
0.

Proof The proof uses a linearisation argument. Defining U = Y ′ − Y ; V = Z ′ − Z
and ζ = ξ ′ − ξ , we have

Ut = ζ +
∫ T

t

(
f ′(r,Y ′

r , Z
′
r ) − f (r,Yr , Zr )

)
dr −

∫ T

t
Vr dWr .

We observe that

f ′(r, Y ′
r , Z

′
r ) − f (r, Yr , Zr ) = f ′(r, Y ′

r , Z
′
r ) − f ′(r, Yr , Z ′

r ) + f ′(r, Yr , Z ′
r ) − f ′(r, Yr , Zr )

+ f ′(r, Yr , Zr ) − f (r, Yr , Zr ) (non-negative).
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We introduce a and b: a is R-valued and b a d-dimensional vector. We set

ar := f ′(r,Y ′
r , Z

′
r ) − f ′(r,Yr , Z ′

r )

Ur
1{Ur �=0}.

For 0 ≤ i ≤ d, we consider the vector Z (i)
r whose last d − i components are those

of Z ′
r and the first i components are those of Zr . For 1 ≤ i ≤ d, we set

bir = f ′ (r,Yr , Z (i−1)
r

) − f ′ (r,Yr , Z (i)
r

)
V i
r

1{V i
r �=0}.

Importantly, as f ′ is Lipschitz, the two processes are bounded and progressively
measurable. We then observe that

Ut = ζ +
∫ T

t
(arUr + Vrbr + cr ) dr −

∫ T

t
Vr dWr ,

where cr = f ′(r,Yr , Zr ) − f (r,Yr , Zr ). By assumption, we have ζ ≥ 0 and cr ≥ 0.
Using the formula given in Proposition2.1, we have, for all t ∈ [0, T ],

Ut = Γt
−1

E

[
ζΓT +

∫ T

t
crΓr dr

∣∣∣ Ft

]
,

with, for 0 ≤ r ≤ T ,

Γr = exp
{ ∫ r

0
budWu − 1

2

∫ r

0
|bu |2 du +

∫ r

0
au du

}
.

Following Remark2.1, we get that Ut ≥ 0, which proves the first statement of the
theorem.
Moreover, if U0 = 0 then we have

0 = E

[
ζΓT +

∫ T

0
crΓr dr

]
,

and the randomvariable is non-negative. Then, it is equal to zeroP a.s., which implies
ζ = 0 and cr = 0, concluding the proof of the theorem. �


2.1.2 Application to Non-linear Pricing

In this section, we study an application of BSDEs in Mathematical Finance, namely
the pricing of European contingent claims. We first present the framework of the
linear pricing rule in a perfect market and the corresponding linear BSDE. We then
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introduce some imperfection in the market and show that the option price is still
given by a BSDE but with a non-linear Lipschitz driver [25].

2.1.2.1 Super-Replication in a Perfect Market

The market, in its simplest setting, is consists of two assets: a non-risky asset (bank
account) delivering an interest rate r , which is a deterministic quantity, and a risky
asset (a stock) whose price at any time t is given by St . The stochastic process S has
the following Black–Scholes type dynamics:

St = S0 +
∫ t

0
r Ssds +

∫ t

0
SsσsdWs , S0 ∈ (0,∞).

The random coefficient σ is essentially bounded and satisfies σs ≥ ε > 0 for all
s ∈ [0, T ]. The fact that the drift is r S implies that the dynamics of asset price is
already written under the risk neutral probability.

We study the price of a contingent claim that has maturity T and random payoff
ξ , with ξ belonging to L2(FT ). The goal is to construct an asset portfolio that will
perfectly replicate the random payoff ξ . In our setting, a portfolio is described by a
stochastic process (α, φ) where

• α is the amount of money in the bank account;
• φ is the amount invested in the risky asset.

At time t , its value is given by

Vt = αt + φt . (2.4)

On an infinitesimal time interval dt , the variation in value of the bank account is
given by αt rdt and the variation in value due to the risky asset is given by

φt

St
dSt (due

to price change). The stochastic process (α, β) is a strategy that controls the value of
the portfolio, but not all strategies can be used. For modelling purposes, one restricts
the set of strategies to self-financing strategies, i.e. strategies such that the change in
value of the portfolio is given by

dVt = rαtdt + φt

St
dSt . (2.5)

In other words, the change in value of the portfolio is only due to a change in value
of the assets. We then compute, using (2.4), that

Vt = V0 +
∫ t

0
rVsds +

∫ t

0
φsσsdWs .
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We observe that the value of V only depends on φ and V0. We also need to impose

some technical conditions on φ and we will assume that E
[∫ t

0 |φs |2ds
]

< ∞ so that

the stochastic integral is a martingale.
The super-replication problem is to find a strategy that will hedge the terminal

payoff with the minimal initial cost

p := inf G0 with G0 = {v ∈ R|∃φ ∈ H 2 , V v,φ
T ≥g(ST )} . (2.6)

Proposition 2.2 Consider (Y ,Z ), the solution to the following linear BSDE

Yt = ξ −
∫ T

t
rYsds −

∫ T

t
ZsdWs . (2.7)

Then the super-replication price is a replication price and is given by p := Y0. The
replication strategy is φ∗ = Z

σ
.

Proof 1. The existence and uniqueness of the solution to (2.7) has already been
discussed above. It is straightforwardly seen that Yt = VY0,φ

∗
t for all t ∈ [0, T ]

and then that VY0,φ
∗

T = ξ . This proves that Y0 ≥ p and that G0 is non-empty.
2. Now, let v ∈ G0 and φ ∈ H 2 such that V v,φ

T ≥ ξ . A simple application of Itô’s
Formula shows that (e−r t V v,φ

t )t∈[0,T ] is a martingale. In particular, we have that

v = E

[
e−rT V v,φ

T

]
≥ E

[
e−rT ξ

] = Y0,

the last equality coming from (2.3). This yields that for all v ∈ G0, v ≥ Y0. The
proof is then concluded by taking the infimum on G0. �


Remark 2.2 The price at any date t ∈ [0, T ] is given by Yt = E
[
er(T−t)ξ |Ft

]
.

2.1.2.2 A Non-linear Market

We now consider a case of market imperfection: We work with two different rates
for borrowing (R) and lending (r) with R > r .

We want to price a European contingent claim in this market following a hedging
strategy. The main difference now is that the cash dynamics is given by

dαt = rαt1{αt≥0}dt + Rαt1{αt<0}dt
= (rαt + (r − R)[αt ]−)dt . (2.8)
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The self-financing condition (2.5) rewrites in this context as

dVt = (rαt + (r − R)[αt ]−)dt + φtσtdWt .

Recalling that Vt = αt + φt , we then compute

dVt = {rVt + (r − R)[Vt − φt ]−} dt + φtσtdWt .

The super hedging problem is still given by (2.6), only the dynamics of V has
changed.

Theorem 2.3 Let (Y, Z) be the solution to the following non-linear BSDE

Ys = ξ −
∫ T

s

{
rYt + (r − R)[Yt − Zt

σt
]−

}
dt −

∫ T

s
ZtdWt . (2.9)

Then the super-replication price is a replication price and is given by p := Y0.
The replication strategy is φ∗ = Z

σ
.

Proof 1. From the dynamics of V , we observe that Yt = VY0,φ
∗

t for all t ∈ [0, T ]
and then that VY0,φ

∗
T = ξ . This proves that Y0 ≥ p and that G0 is non-empty.

2. Now, let v ∈ G0 and φ ∈ H 2 such that V v,φ
T ≥ ξ . We can interpret (V v,φ

t )t∈[0,T ]
as a BSDE with terminal condition V v,φ

T and the same driver as (2.9). Then a
direct application of the Comparison Theorem2.2 leads to v = V v,φ

0 ≥ Y0. The
proof is concluded by taking the infimum on G0. �


The link between mathematical finance and BSDE theory is very fruitful, see e.g.
[25]. For example, recently, Crepey [16, 17] has studied counterparty risk in the
framework of BSDEs.

2.1.3 Applications to Stochastic Control

We illustrate in this section how BSDEs can be used to solve stochastic control prob-
lems. We present here a direct approach and we refer to Sect. 2.3.1 for a variational
approach related to the stochastic maximum principle.

Let us consider an R-valued process X which is given under P as the solution of
the following differential equation:

dXt = σ(Xt )dWt , (2.10)

where σ : R → R is a Lipschitz function satisfying Λ ≥ σ(x) ≥ 1
Λ
for some Λ > 0

and W is a one-dimensional standard Brownian Motion.
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We denote by U the set of progressively measurable processes α with values in
a compact interval U . For a given α ∈ U ⊂ R, we define

W α
t = Wt −

∫ t

0
σ−1(Xt )b(Xt , αt )dt ,

where b : R2 → R is a Lipschitz function with bounded support. Applying Gir-
sanov’sTheorem,we thus have thatW α is aBrownianMotion under a newprobability
P

α (which is absolutely continuous with respect to P). The dynamics of X under Pα

reads as

dXt = b(Xt , αt )dt + σ(Xt )dW
α
t . (2.11)

The control problem is classically given by the following optimisation

min
α∈U

J (α) with J (α) := E
P

α

[
g(XT ) +

∫ T

0
h(Xs, αs)ds

]
, (2.12)

where g : R → R and h : R2 → R are Lipschitz functions.
Let us assume that

a∗(x, z) := argmina∈U H(x, z, a) where H(x, z, a) := h(x, a) + zσ−1(x)b(x, a) (2.13)

is well defined as a Lipschitz continuous function of (x, z). Let us then introduce

H∗(x, z) := h(x, a∗(x, z)) + b(x, a∗(x, z))z . (2.14)

The function H above is called the Hamiltonian of the system, and H∗ is its optimal
value. We then have the following result.

Theorem 2.4 In the above setting, the control problem (2.12) has a solution Y ∗
0

given by the initial value of the following BSDE

Y ∗
t = g(XT ) +

∫ T

t
H∗(Xs, Z

∗
s )ds −

∫ T

t
Z∗
s dWs , (2.15)

and an optimal control is α∗
t = a∗(Xt , Z∗

t ), t ∈ [0, T ].
Proof In this restrictive setting, H∗ is Lipschitz continuous and (2.15) has a unique
solution. For α ∈ U , we consider the solution (Y α, Zα) of the following BSDE

Y α
t = g(XT ) +

∫ T

t
h(Xs, αs)ds −

∫ T

t
Zα
s dW

α
s , (2.16)

observing that Y α
0 = J (α). Then, rewriting the above dynamics under P, we obtain
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Y α
t = g(XT ) +

∫ T

t
H(Xs, Z

α
s , αs)ds −

∫ T

t
Zα
s dWs . (2.17)

We now use the Comparison Theorem2.2, recalling the definition of H∗ in (2.14),
to obtain that

Y α
0 ≥ Y ∗

0 = Y α∗
,

which concludes the proof. �

This—by now classical—approach to solving stochastic control problems using

BSDEs can be extended to various settings, in particular for non-zero sum games
[28], where the existence of the representing BSDE is quite difficult to obtain.

2.1.4 Extensions

The theory of BSDEs is rich and powerful. It has attracted a lot of interest in the
past 25 years. In this section, we report briefly on some extensions to the Lipschitz
setting and the basic shape of Eq. (2.1). Note that we still present the case of Brownian
filtrations but, of course, BSDEs have been studied in relation to jump processes as
well, see e.g. [2]. Nor are we going to delve into the study of second-order BSDEs
[48]. As already remarked, BSDE theory is still an active field of research and we
do not aim to be exhaustive in the list we give below.

2.1.4.1 Constrained BSDEs

For modelling purposes, the processes Y and Z sometimes need to be constrained to
belong to some possibly random sets. Generally, Eq. (2.1) no longer holds and one
has to add a finite variation process as part of the solution, which then reads as

Yt = ξ +
∫ T

t
f (s,Ys, Zs)ds −

∫ T

t
ZsdWs +

∫ T

t
dKs , 0 ≤ t ≤ T . (2.18)

The solution is now a triple (Y, Z , K ) and, obviously, some other conditions are
needed to guarantee uniqueness, depending on the applications.

Reflected BSDEs (RBSDEs)

In the one-dimensional setting, RBSDEs are linked, in their simplest form, to optimal
stopping problems and the pricing of American options in non-linear markets [24].
If the exercise price of the option is given by a process (Lt )0≤t≤T , then (Yt )0≤t≤T ,
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representing the option price, has to satisfy Yt ≥ Lt for all 0 ≤ t ≤ T . Thus, Y is
forced to belong to the random set [L ,∞). The process K , which forces Y above
S, is a continuous increasing process in this setting. Uniqueness for K is obtained
thanks to the condition

∫ T
0 (Yt − Lt )dKt = 0: This simply states that K is active only

when Y touches the boundary L .
It is also possible to add an upper obstacle U for Y leading to doubly reflected

BSDEs [18]. In this case, Y is forced to belong to [L ,U ] and the main applications
are Dynkin games and the pricing of Game options, which are callable American
Options, e.g. convertible bonds.

More generally, in the multi-dimensional setting, Y can be constrained to a closed
convex domain D , possibly random. The question is then the direction of reflection
at the boundary of the convex domain. The case of normal reflection is treated in full
generality in [27]. The case of oblique reflection is more involved, see [14] and the
references therein for an account of RBSDEs linked to optimal switching problems.

BSDEs with Constraints on Z

BSDEs with constraints on the Z -process have been introduced in [19]. The minimal
solution to (2.18) is found such that Z ∈ D . In this case, BSDEs are linked to the
pricing of European Options when some investment constraints are present on the
market.

2.1.4.2 The Non-lipschitz Setting

The Lipschitz setting has been extended in various ways, but then existence and
uniqueness results are much more difficult to obtain, when available. The first exten-
sion concerns coefficients with the monotonic property in y only, see [20], where
the case of random terminal time is also treated. Let us mention the application to
stochastic homogenisation [40]. The notion of generalised BSDEs has been intro-
duced in [45], where the driver involves integration with respect to a finite variation
process. This allows us to represent solutions of non-linear PDEs with generalised
Neumann boundary condition. See Sect. 2.2.2 for an account of the link between
PDEs and FBSDEs.

An important generalisation for applications comes from the introduction of
quadratic growth in the component Z . This has been introduced for utility max-
imisation problems in [30, 47] and recently to principal-agent problems [23]. The
one-dimensional case (for Y ) is now well understood, see e.g. [30, 32]. The article
[49] is the first to give an existence and uniqueness result for multi-dimensional
BSDEs with quadratic growth. The general case is known to be difficult [26] albeit
with recent progress [29, 50].
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BSDEs with only continuous coefficients but with linear growth are considered
in a multi-dimensional setting in [28] with an important application to non-zero sum
games.

2.1.4.3 McKean–Vlasov FBSDEs

Recently, BSDEs have been introduced to study large population stochastic control
problems. These are control problems of the type (2.11) and (2.12) but involving
many interacting agents. A classical example is the following. Consider N agents,
whose personal state is given by (for player i)

dXi
t = b(Xi

t , μ
n
t , α

i
t )dt + σdWi

t ,

(Wi ) are independent Brownianmotions,μn
t = 1

n

∑
i δXi

t
is the statistical distribution

of the system, and αi the control of the player. The cost to minimise for each player
(given here for player i) is

J i (α) = E

[
g(Xi

T , μn
T ) +

∫ T

0
f (t, Xi

t , μ
n
t , α

i
t )dt

]
.

Note that the players interact via μn only. Games with a large number of player are
difficult to solve. The hope here is to obtain an asymptotic (N → ∞) description of
the equilibrium, hopefully “easier” to handle.

The notion of equilibrium is then fundamental as it yields to different limiting
equations. Individualistic, i.e. Nash-like, equilibria were first considered by Lasry
and Lions [35], who coined them Mean Field Games. They were introduced at
the same time by Caines, Huang and Malhamé [31]. Cooperative equilibrium leads
to the control of McKean–Vlasov SDEs [11]. For a comparison between the two
approaches, we mention [12]. The probabilistic approach to studying such problems
has been developed by Carmona and Delarue [6, 10, 11], see the references therein
for early works, and leads to the study of the following system

{
Xt = ξ + ∫ t

0 b(Xs,Ys, Zs,P(Xs ,Ys ,))ds + ∫ t
0 σ(Xs,Ys,P(Xs ,Ys ,))dWs,

Yt = g(XT ,PXT ) + ∫ T
t f (Xs,Ys, Zs,P(Xs ,Ys ,))ds − ∫ T

t ZsdWs .

The main peculiarity, besides the coupling between the two equations, is the fact
that the coefficients depend upon the law of the solution. These McKean–Vlasov
FBSDEs have been linked to some non-linear PDEs written on the Wassertein space
[8, 13]. Let us mention finally that the very difficult question of the convergence of
the controlled particle system to the mean-field limit has been studied recently in [5].
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2.2 Markovian BSDEs

We present in this section an important class of BSDEs for practical applications,
namely the class of Markovian BSDEs. The main reference is [42]. A key point of
our study will be the numerical approximation of such BSDEs, which will be studied
in detail in Chap.4.

2.2.1 First Definition and Markov Property

In this section, we consider the situation where all the randomness in the coefficients
of the BSDEs (driver and terminal condition) comes from the value of a forward
SDEs. In this special setting, the solution (Y, Z) can be linked to the solution of a
parabolic PDE, as discussed below in Sect. 2.2.2. We first introduce some definitions
and describe the Markovian property of the BSDE in this framework. In particular,
we study the solution (X,Y, Z) to the following system

{
Xt = X0 + ∫ t

0 b(Xs)ds + ∫ t
0 σ(Xs)dWs,

Yt = g(XT ) + ∫ T
t f (Xs,Ys, Zs)ds − ∫ T

t ZsdWs,
(2.19)

where X0 ∈ R
n and we assume that the coefficient functions satisfy

- (HL): b : Rn → R
n , σ : Rn → R

n×d , g : Rn → R
k , f : Rn × R

k × R
k×d → R

d

are L-Lipschitz continuous functions for some constant L > 0.
In the above system, X is called the forward component and (Y, Z) the backward

component. The existence and uniqueness of a strong solution to the forward SDE
satisfied by X is quite classical in this Lipschitz setting, see e.g. [33]. It satisfies, for
all p ≥ 1,

E

[
sup

t∈[0,T ]
|Xt |p

]
< ∞ . (2.20)

For the backward component, one can apply Theorem2.1, observing that

E

[
|g(XT )|2 +

∫ T

0
| f (Xs, 0, 0)|2ds

]
< +∞ ,

from the integrability property of X given in (2.20).
This discussion leads us to the following result.

Corollary 2.1 Under (HL), there exists a unique solution (X,Y, Z) ∈ S 2
c × S 2

c ×
H 2 to Eq. (2.19).

http://dx.doi.org/10.1007/978-3-319-63115-8_4
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At this stage, it is important to notice that the solution of the backward component
does not appear in the coefficients of the forward SDE: This system is generally
coined a “decoupled” FBSDE. We will see in Sect. 2.3 a more involved setting.

In order to describe the Markovian property of (Y, Z) rigorously, we introduce
the flow of the above system, i.e. we consider (2.19) with (t, x) ∈ [0, T ] × R

n as the
initial condition instead of (0, X0). We thus define

{
Xt,x
s = x + ∫ s

t b(Xt,x
r )dr + ∫ s

t σ(Xt,x
r )dWr ,

Y t,x
s = g(Xt,x

T ) + ∫ T
s f (Xt,x

r ,Y t,x
r , Zt,x

r )dr − ∫ T
s Z t,x

r dWr .
(2.21)

For t ≤ u, we denote by F t
u the augmentation of the filtration σ

(
Wr − Wt , t ≤

r ≤ u
)
andweobserve that

{(
Xt,x
u ,Y t,x

u ,
)}

t≤u≤T is adapted to thefiltration
{
F t

u

}
t≤u≤T .

We can work with a version of
{
Zt,x
u

}
t≤u≤T

adapted to
{
F t

u

}
t≤u≤T

.

In particular, Y t,x
t is deterministic and this leads naturally to the following

definition.

Definition 2.1 For all (t, x) ∈ [0, T ] × R
n , we set u(t, x) := Y t,x

t .

Let us quote the following basic but key property for u [42].

Proposition 2.3 Under (HL), the following holds, for all x, y in Rn, t, t ′ in [0, T ],

|u(t, x) − u(t ′, y)| ≤ Λ(|x − y| + (1 + |x |)√|t − t ′|) ,

for some positive constant Λ depending only on L and T .

The main result of this section is the following. We skip its proof as we prove
below a similar result in a more complicated setting, see Proposition2.9.

Proposition 2.4 Let t ∈ [0, T ] and θ be a square integrable random variable inde-
pendent of W . Then, P a.s.,

∀s ∈ [t, T ], Y t,θ
s = u

(
s, Xt,θ

s

)
.

In particular, for the system (2.19), we have Yt = u(t, Xt ), t ∈ [0, T ]. Note that in
the case f = 0, the previous equality expresses simply the Markov property of the
process X .

2.2.2 The Link with PDEs

In this section, we characterise u as the (unique) solution of a parabolic PDE. This
result is often referred to as a non-linear Feynman–Kac formula.
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Let us consider the following PDE:

{
∂t v(t, x) + L v(t, x) + f (x, v(t, x), ∂x v(t, x)σ (t, x)) = 0, (t, x) ∈ [0, T [×R

n,

v(T, ·) = g,
(2.22)

where L is the Dynkin operator associated to the diffusion X , namely,

L ϕ(x) = ∂xϕ(x)b(x) + 1

2
Tr

[
∂2
xxϕσσ †

]
(x) ,

for ϕ a C 2-function.

Proposition 2.5 Assume that the PDE (2.22) has a solution v, belonging to C 1,2([0, T ] × R
n
)
, and such that (t, x) ∈ [0, T ] × R

n, |∇v(t, x)| ≤ C (1 + |x |q).
Then for all (t, x) ∈ [0, T ] × R

n, the solution of the BSDE (2.21),{
Y t,x
r , Zt,x

r

}
t≤r≤T , is given by

{
v
(
r, Xt,x

r

)
, ∂x vσ

(
r, Xt,x

r

)}
t≤r≤T . In particular, we

have u(t, x) = Y t,x
t = v(t, x).

Proof This follows directly from the application of Itô’s formula to t �→ v(t, Xt ). �

There is a reciprocal result which is slightly more difficult to obtain, as we do not

a priori have a better regularity property for u than the one given in Proposition2.3.
One can assume more regularity conditions to prove that u is a classical solution of
(2.22), see e.g. [42, Theorem 3.2]. In the Lipschitz setting, one has to use a weaker
notion of solution. When Y is one-dimensional, a natural notion to consider is that
of a viscosity solution, see e.g. [15].

Definition 2.2 Let v be a continuous function on [0, T ] × R
n satisfying v(T, x) =

g(x). The function v is a sub-solution (resp. super-solution) in the viscosity sense to
the PDE (2.22) if, for all functions ϕ belonging C 1,2

([0, T ] × R
n
)
, we have,

−∂tϕ(t, x) − L ϕ(t, x) − f (t, x, u(t, x), ∂xϕσ(t, x)) ≤ 0, (resp. ≥ 0),

for all points (t, x) ∈]0, T [×R
n at which v − ϕ has a local maximum (resp. local

minimum): The function v is a viscosity solution if it is a viscosity sub- and super-
solution.

For a presentation of viscosity solution theory, we refer to the seminal paper [15].

Remark 2.3 In the above definition, one can assume that themaximum(orminimum)
is 0, simply by replacing ϕ by ϕ − ϕ(t, x) + u(t, x).

Theorem 2.5 The function u(t, x) := Y t,x
t is a viscosity solution of the PDE (2.3).

Proof We already know that u is continuous and satisfies u(T, ·) = g. We show that
u is a sub-solution (the proof of the super-solution property follows from similar
arguments).
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Let ϕ in C 1,2 such that u − ϕ has at (t0, x0) a local maximum (0 < t0 < T ) equal to
0. We want to show that

∂tϕ(t0, x0) + L ϕ(t0, x0) + f
(
x0, u(t0, x0), ∂xϕσ(t0, x0)

) ≥ 0.

We will assume that there exists a δ > 0 such that

∂tϕ(t0, x0) + L ϕ(t0, x0) + f
(
x0, u(t0, x0), ∂xϕσ(t0, x0)

) = −δ < 0

and work toward a contradiction. The function u − ϕ has a local maximum at (t0, x0)
equal to 0. By continuity there exists 0 < α ≤ T − t0 such that t0 ≤ t ≤ t0 + α and
|x − x0| ≤ α,

u(t, x) ≤ ϕ(t, x) and ∂tϕ(t, x) + L ϕ(t, x) + f
(
t, x, u(t, x), ∂xϕσ(t, x)

) ≤ −δ/2.

Let us consider the stopping time τ = inf
{
u ≥ t0 ; ∣∣Xt0,x0

u − x0
∣∣ > α

} ∧ t0 + α.
Since Xt0,x0 is a continuous process, we have

∣∣Xt0,x0
τ − x0

∣∣ ≤ α.
We apply Itô’s formula toϕ(r, Xt0,x0

r ) between u ∧ τ and (t0 + α) ∧ τ = τ and obtain
for t0 ≤ u ≤ t0 + α,

ϕ
(
u ∧ τ, Xt0,x0

u∧τ

) = ϕ
(
τ, Xt0,x0

τ

) −
∫ τ

u∧τ

{∂tϕ + L ϕ} (
r, Xt0,x0

r

)
dr

−
∫ τ

u∧τ

∂xϕσ
(
r, Xt0,x0

r

)
dWr ;

defining for t0 ≤ u ≤ t0 + α, Y ′
u = ϕ

(
u ∧ τ, Xt0,x0

u∧τ

)
and Z ′

u = 1{u≤τ }∂xϕσ
(
r, Xt0,x0

r

)
,

the previous equality reads, for t0 ≤ u ≤ t0 + α,

Y ′
u = ϕ

(
τ, Xt0,x0

τ

) +
∫ t0+α

u
−1{r≤τ }

{
ϕ′ + L ϕ

} (
r, Xt0,x0

r

)
dr −

∫ t0+α

u
Z ′
r dWr .

Similarly, we set for t0 ≤ u ≤ t0 + α, Yu = Y t0,x0
u∧τ and Zu = 1{u≤τ }Zt0,x0

u , then

Yu = Yt0+α +
∫ t0+α

u
1{r≤τ } f

(
r, Xt0,x0

r , Yr , Zr
)
dr −

∫ t0+α

u
Zr dWr , t0 ≤ u ≤ t0 + α.

The Markov property, see Proposition2.4, implies that P a.s. for all t0 ≤ r ≤ t0 +
α, Y t0,x0

r = u(r, Xt0,x0
r ) and thus Yt0+α = Y t0,x0

τ = u(τ, Xt0,x0
τ ). The previous equality

reads as

Yu = u
(
τ, Xt0,x0

τ

) +
∫ t0+α

u
1r≤τ f

(
r, Xt0,x0

r , u
(
r, Xt0,x0

r

)
, Zr

)
dr −

∫ t0+α

u
Zr dWr ,



28 2 Introduction to Forward-Backward Stochastic Differential Equations

for t0 ≤ u ≤ t0 + α. We now apply the Comparison Theorem, see Theorem2.2, to(
Y ′
u, Z

′
u

)
u and (Yu, Zu)u . From the definition of τ , we have u

(
τ, Xt0,x0

τ

) ≤ ϕ
(
τ, Xt0,x0

τ

)
and

1{r≤τ } f
(
r, Xt0,x0

r , u(r, Xt0,x0
r ), Z ′

r

) = 1r≤τ f
(
r, Xt0,x0

r , u(r, Xt0,x0
r ), ∂xϕσ(r, Xt0,x0

r )
)

≤ −1{r≤τ }
{
ϕ′ + L ϕ

} (
r, Xt0,x0

r

)
.

Moreover,

E

[∫ t0+α

t0

−1r≤τ

(
ϕ′ + L ϕ + f

) (
r, Xt0,x0

r , u(r, Xt0,x0
r ), ∂xϕσ(r, Xt0,x0

r )
)
dr

]

≥
E[τ − t0] δ/2 > 0.

Indeed, δ > 0 and τ > t0 since |Xt0,x0
t0 − x0| = 0 < α. We thus apply the strict ver-

sion of the Comparison Theorem, see Theorem2.2, to obtain u(t0, x0) = Yt0 < Y ′
t0 =

ϕ(t0, x0). This is absurd since u(t0, x0) = ϕ(t0, x0). �

It turns out that u is the unique viscosity solution (in the class of functions with

polynomial growth) of (2.3), see [39].
In the Markovian setting, the solution to the BSDE (2.19) appears as “stochastic

characteristics” for the parabolic PDE (2.22). This representation of the solution u
allows one to design probabilistic numerical methods for the approximation of the
PDE. This point will be discussed in Chap. 4.

2.3 Coupled Forward-Backward SDEs

For the purpose of our application to carbon emissions markets, we need to study a
more complicated form of Forward-Backward SDEs, namely:

{
Xt = X0 + ∫ t

0 b(Xs,Ys, Zs)ds + ∫ t
0 σ(Xs,Ys)dWs,

Yt = g(XT ) + ∫ T
t f (Xs,Ys, Zs)ds − ∫ T

t ZsdWs .
(2.23)

Compared to (2.19), we observe that the solution of the backward component appears
in the coefficients of the forward component, which renders the question of existence
and uniqueness much more intricate.

This section will present some results from the theory of fully coupled BSDEs
(2.23). Classical references on the subject are [1, 21, 36, 44] and [38], see the
references therein as well.

We first present, as a motivation, an application of (2.23) to a stochastic control
problem of the type presented in Sect. 2.1.3.

http://dx.doi.org/10.1007/978-3-319-63115-8_4
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2.3.1 The Pontryagin Approach to Stochastic Control
Problems

We present the stochastic maximum principle for a convex optimisation problem. It
contains as a special case linear-quadratic optimisation problems, see [3, 4] and [38].

In the one-dimensional setting, we consider the following control process

Xα
t = x +

∫ t

0
(aXα

s + bαs)ds + Wt , (2.24)

where the control α ∈ H 2. The cost functional is given by

J (α) = E

[∫ T

0
[h(Xα

s ) + |αs |2]ds + g(Xα
T )

]
(2.25)

where g : R → R and h : R → R are C 2 convex functions with bounded second
derivatives. The optimisation problem is then

inf
α∈H 2

J (α) .

Remark 2.4 We observe that α �→ J (α) is strictly convex and J (α) → +∞ when
|α| → +∞. Fromconvex analysis results, one can show that there is a unique solution
to this optimisation problem.

In order to study the solvability of the problem,we compute theGâteaux derivative
of the functional α �→ J (α).

Lemma 2.1 Let α, v ∈ H 2. Then

lim
ε→0

1

ε
(J (α + εv) − J (α)) = E

[∫ T

0
[h′(Xα

s )Xs + αsvs]ds + g′(Xα
T )XT

]
,

where Xt = ∫ t
0 (aXs + bvs)ds and g′ (resp. h′) stands for the first derivative of g

(resp. h).

Proof We compute

1

ε
(J (α + εv) − J (u)) =1

ε
E

[∫ T

0

([h(Xα+εv
s ) − h(Xα

s )] + {(αs + εvs)
2 − α2

s }
)
ds

]

+ 1

ε
E

[
g(Xα+εv

T ) − g(Xα
T )

]
.
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We observe that

1

ε
E

[|Xα+εv
T |2 − |Xα

T |2] = E

[
δεX

Xα+εv
T + Xα

T

2

]
,

with δεX := 1
ε
(Xα+εv − Xα). Identifying the dynamics, we have that δεX = X . We

then compute

E (ε) := 1

ε
E

[
g(Xα+εv

T ) − g(Xα
T ) − XT g

′(Xα
T )

]

= E

[
XT

∫ 1

0
[g′(Xα

t + ελXT ) − g′(Xα
T )]dλ

]
≤ CεE

[|XT |2] .

We conclude that limε↓0 E (ε) = 0. �

We reformulate the result of the previous lemma in a more efficient way by

introducing the adjoint equation

dYt = −[aYt + h′(Xα
t )]dt + ZtdWt and YT = g′(Xα

T ) ,

which is a linear BSDE.

Lemma 2.2 Let α, v ∈ H 2. Then,

lim
ε→0

1

ε
(J (α + εv) − J (α)) = E

[∫ T

0
{bYs + αs}vsds

]
.

Proof Applying the product rule, we compute

E
[
g′(Xα

T )XT
] = E[YTXT ] = E

[∫ t

0
[bYsvs − Xsh

′(Xα
s )]ds

]
.

�

Proposition 2.6 (Necessary condition) If α is an optimal control, then

E

[∫ T

0
(bYs + αs)vsds

]
= 0 , ∀v ∈ H 2 .

It is then given by αs = −bYs, where Y satisfies the following optimality system

{
dYt = −[aYt + h′(Xt )]dt + ZtdWt and YT = g′(XT ) ,

dXt = (aXt − b2Yt )dt + dWt and X0 = x .
(2.26)

Proof This is a direct application of Lemma2.2, noticing that J (α + εv) − J (α) ≥ 0
if u is an optimum. �
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Proposition 2.7 Let Ŷ be a solution to (2.26), we set α̂ = −bŶ . Then α̂ is a solution
to the minimisation problem.

Proof By convexity of x �→ g(x), for any control α, we have

E

[
g(Xα

T ) − g(X α̂
T )

]
≥ E

[
g′(X α̂

T )(Xu
T − X α̂

T )
]

= E

[
ŶT (Xα

T − X α̂
T )

]
.

Applying the product rule, we compute

E

[
ŶT (Xα

T − X α̂
T )

]
= E

[∫ T

0
{bŶs(αs − α̂s) − h′(X α̂

s )(Xα
s − X α̂

s )}ds
]

.

We also observe that

E

[∫ T

0
{(h(Xα

s ) + |αs |2) − (h(X α̂
s ) + |α̂s |2)}ds

]

≥

E

[∫ T

0
{h′(X α̂

s )(Xα
s − X α̂

s ) + (αs − α̂s)α̂s}ds
]

.

Summing the two previous inequalities, we get

J (α) − J (α̂) ≥ 0 ,

which concludes the proof by arbitrariness of α. �

Remark 2.5 From Remark2.4, one obtains existence and uniqueness of solutions to
(2.26), a fully coupled FBSDE.

2.3.2 Well-Posedness of FBSDEs in Small Time Duration

We start with an example of non-solvable FBSDEs, which is a special case of Propo-
sition3.1, Chap. 1 in [38].

Example 2.1 We consider the following system of FBSDEs

{
dYt = −Xtdt + ZtdWt and YT = −XT ,

dXt = Ytdt + σ(Xt )dWt and X0 = x ,
(2.27)

where T = 3π
4 and σ is a Lipschitz function.

If x �= 0, there is no solution to the above equation in S 2 × S 2 × H 2.

http://dx.doi.org/10.1007/978-3-319-63115-8_3
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Proof Indeed, assume there is one. Then, we observe that x(t) := E[Xt ] and y(t) :=
E[Yt ] satisfy the system of ODEs:

{
dy(t) = −x(t)dt and y(T ) = −x(T ) ,

dx(t) = y(t)dt and x(0) = x .
(2.28)

The proof then follows fromdirect computations: firstwe have that x(t) = x cos(t) +
μ sin(t), for μ ∈ R, and in particular x(T ) = −x

√
2/2 + μ

√
2/2. Also, we get

y(t) = −x sin(t) + μ cos(t) and y(T ) = −x
√
2/2 − μ

√
2/2. From this we observe

that y(T ) + x(T ) = −x
√
2, which allows us to conclude the proof. �


The difficulty encountered above can be overcome by assuming a small coupling
between the backward and forward equation, see [44], or similarly working with a
small terminal time T , as described in the next section.

2.3.2.1 Existence and Uniqueness

For this section, we simply assume that the functions b, f , σ , g are L-Lipschitz
continuous. The most restrictive assumption comes from the fact that we can no
longer consider arbitrary terminal time.

Theorem 2.6 For all T ≤ T ∗ := γ (L), there exists a unique solution to the follow-
ing Forward-Backward SDE:

{
Xt = θ + ∫ t

0 b(Xs,Ys, Zs)ds + ∫ t
0 σ(Xs,Ys)dWs,

Yt = g(XT ) + ∫ T
t f (Xs,Ys, Zs)ds − ∫ T

t ZsdWs,
(2.29)

where θ is a square integrable random variable independent of W .

Proof For the reader’s convenience, for a process Θ ∈ S 2
c × S 2

c × H 2 we define

‖Θ‖2 = ‖Θ1‖S 2 + ‖Θ2‖S 2 + ‖Θ3‖H 2 .

Weconsider the functionΦ : S 2 → S 2 mapping a processΓ to the first component
X of (X,Y, Z), the solution to

Xt = ξ +
∫ t

0
b(Xs,Ys, Zs)ds +

∫ t

0
σ(Xs,Ys)dWs, (2.30)

Yt = g(ΓT ) +
∫ T

t
f (Γs,Ys, Zs)ds −

∫ t

0
ZsdWs, (2.31)

which is well defined, by using Corollary2.1.
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We now show that for T small enough, Φ is a contraction.
1. Consider two processes Γ , Γ ′ and Θ = (X,Y, Z), Θ ′ = (X ′,Y ′, Z ′) the asso-
ciated solution to (2.30)–(2.31). We define δΓ = Γ − Γ ′, δX = X − X ′, δY =
Y − Y ′, δZ = Z − Z ′, δΘ = Θ − Θ ′ and δb = b(Θ) − b(Θ ′), δσ = σ(X,Y ) −
σ(X ′,Y ′), δ f = f (Γ,Y, Z) − f (Γ ′,Y ′, Z ′), δg = g(Γ ) − g(Γ ′).
Applying Itôs formula to t �→ |δXt |2, we get

|δXt |2 = 2
∫ t

0
δXsδbsds + 2

∫ t

0
δXsδσsdWs +

∫ t

0
|δσs |2ds. (2.32)

We compute

E

[∫ T

0
|δXsδbs |ds

]
≤ CLE

[∫ T

0
(|δXs |2 + |δYs |2)ds +

∫ T

0
δXsδZsds

]
(2.33)

and using Young’s inequality,

E

[∫ T

0
δXsδZsds

]
≤ 1√

T
E

[∫ T

0
|δXs |2ds

]
+ √

TE

[∫ T

0
|δZs |2ds

]
.

Inserting the previous inequality into (2.33), we obtain

E

[∫ T

0
|δXsδbs |ds

]
≤ CL

√
T

(
E

[
sup
s

|δXs |2 +
∫ T

0
|δZs |2ds

]
+ sup

s
E

[|δYs |2]
)

.

(2.34)

We also easily get

E

[∫ T

0
|δσs |2ds

]
≤ CLT

(
E

[
sup
s

|δXs |2
]

+ sup
s

E
[|δYs |2]

)
. (2.35)

Now we compute, using the Burkholder–Davis–Gundy inequality,

E

[
sup
t

|
∫ t

0
δXsδσsdWs |

]
≤ CE

[
|
∫ t

0
|δXsδσs |2ds| 1

2

]

≤ 1

2
E

[
sup
s

|δXs |2
]

+ CLE

[∫ T

0
|δYs |2ds

]
. (2.36)

Combining (2.34)–(2.36) with (2.32), we get

E

[
sup
s

|δXs |2
]

≤ CL

√
T

1
2 − CL

√
T

(
sup
s

E
[|δYs |2] + E

[∫ T

0
|δZs |2ds

])
, (2.37)

for T small enough.
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2. Applying Itô’s formula to t �→ |δYt |2, we get

|δYt |2 +
∫ T

t
|δZs |2ds = |δgT |2 + 2

∫ T

t
δYsδ fsds + 2

∫ T

t
δYsδZsdWs .

Applying the Burkholder–Davis–Gundy inequality, we compute

E

[
sup

t∈[0,T ]
|
∫ t

0
δYsδZsdWs |

]
≤ CE

[
|
∫ t

0
(δYsδZs)

2ds| 1
2

]

≤ CE

[
sup
s∈[0,t]

|δYs |
(∫ t

0
|δZs |2ds

) 1
2

]

≤ C

(
E

[
sup
s∈[0,t]

|δYs |2
]

+ E

[∫ t

0
|δZs |2ds

])
< ∞,

where we use the Cauchy–Schwarz inequality for the last step. Observing, moreover,
that

2δYsδ fs ≤ CL(|δYs |2 + |δΓs |2) + 1

2
|δZs |2 ,

we get

sup
t
E

[|δYt |2] + 1

2
E

[∫ T

0
|δZs |2ds

]
≤ CLE

[
sup
s

|δΓs |2
]

+ CLT sup
s

E
[|δYs |2] .

This leads to

sup
s

E

[
|δYs |2

]
≤ CL

1 − CLT
E

[
sup
s

|δΓs |2
]

and E

[∫ T

0
|δZs |2ds

]
≤ CLE

[
sup
s

|δΓs |2
]

,

(2.38)

for T small enough.
The proof is concluded by inserting (2.38) into (2.37). �


2.3.2.2 The Decoupling Field and a Quasilinear PDE

As in the decoupled case, we consider for all (t, x) ∈ [0, T ] × R
d , the system

{
Xt,x
s = x + ∫ s

t b(Xt,x
r ,Y t,x

r , Zt,x
r )dr + ∫ s

t σ(Xt,x
r ,Y t,x

r )dWr ,

Y t,x
s = g(Xt,x

T ) + ∫ T
s f (Xt,x

r ,Y t,x
r , Zt,x

r )dr − ∫ T
s Z t,x

r dWr ,
(2.39)

which has a unique solution, from Theorem2.6, as soon as T ≤ T ∗. We observe that
Y t,x
t is a deterministic quantity which leads us naturally to the following definition
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Definition 2.3 (decoupling field) For (t, x) ∈ [0, T ] × R
n , we set u(t, x) := Y t,x

t .

Using similar arguments as in the proof of Theorem2.6, one proves the following
properties for the decoupling field.

Proposition 2.8 (basic properties)For T ≤ T ∗ andall (t, t ′, x, x ′) ∈ [0, T ]2 × R
2n,

|u(t, x)| ≤ C(1 + |x |) and |u(t, x) − u(t ′, x ′)|≤C
(
|x − x ′| + (1 + |x |)|t − t ′| 1

2

)
.

We now prove the key property of the decoupling field, which explicitly describes
Y as a function of X : Y t,x

s = u(s, Xt,x
s ), t ≤ s ≤ T . We will see later that, whenever

u is smooth, Zt,x
s = ∂xuσ(Xt,x

s , u(s, Xt,x
s )). Thus, the same property as in the case

of Markovian BSDEs presented in Sect. 2.2 holds true in this coupled setting. Note
that the function u could then be used in the coefficient of Xt,x instead of (Y, Z): In
this sense, it decouples the backward and forward equations.

Proposition 2.9 We have that P a.s. for all s ≤ T

Y t,θ
s = u(s, Xt,θ

s ) ,

where θ is a square integrable random variable independent of W .

Proof The proof follows the proof of Corollary 1.5 in [21].

1. We first show that u(t, θ) = Y t,θ
t . Indeed, we compute, for ε > 0,

E
[
1|θ−x |<ε|u(t, θ) − Y t,θ

t |2] ≤ 2E
[
1|θ−x |<ε(|θ − x |2 + |Y t,x

t − Y t,θ
t |2)]

≤ CLE
[
1|θ−x |<ε|θ − x |2]

from the above results.

We then have

E
[|u(t, θ) − Y t,θ

t |2] ≤ CLE

[∑
k∈Z

1{|θ−k/N |< 1
N }|θ − k/N |2

]

≤ CL/N
2 ,

which concludes the proof of this step.
2. Consider the following FBSDE

{
Xv = Xt,θ

s + ∫ v
s b(Θr )dr + ∫ v

t σ(Xr ,Yr )ds ,

Yv = g(XT ) + ∫ T
v f (Θr )dr − ∫ T

v ZrdWs ,
(2.40)

for t ≤ s ≤ T . We conclude the proof by observing that Θ t,θ is a solution on
[s, T ] to the above FBSDEs, leading to u(s, Xt,θ

s ) = Y t,θ
s , by the previous step.
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�

If the function u is smooth enough—which can be proven if the coefficients are

themselves smooth enough [21]—then it is a solution to the quasilinear PDE

{
∂t v + b(·, v, ∂x vσ(·, v))∂x v + 1

2Tr[∂2
xxvσ(·, v)σ (·, v)†] + f (·, v, ∂x vσ) = 0 ,

v(T, ·) = g(·) .

(2.41)

In the following proposition, we show the converse result.

Proposition 2.10 Assume that v is a classical bounded solution to (2.41) with
bounded first and second derivatives. Then, for t ≤ s ≤ T , Y t,θ

s = v(s, Xs,ξ
s ) and

Zs = ∂xv(s, Xs,θ
s )σ (Xs,θ

s , v(s, Xs,θ
s )), where Θ t,θ := (Xt,θ ,Y t,θ , Zt,θ ) is a solution

to

{
Xt,θ
s = θ + ∫ s

t b(Θ t,θ
s )ds + ∫ s

t σ(Xt,θ
s ,Y t,θ

s )dWs ,

Y t,θ
s = g(Xt,θ

T ) + ∫ T
t f (Θ t,θ

s )ds − ∫ T
t Z t,θ

s dWs .
(2.42)

If, moreover, σ is bounded, then uniqueness holds for the FBSDE.

Proof 1. Existence: We first consider Xt,θ to be the solution of

Xt,θ
s = ξ +

∫ s

t
b(Xt,θ

r , v(r, Xt,θ
r ), ∂xv(r, X

t,θ
r )σ (Xt,θ

r , v(r, Xt,θ
r )))dr

+
∫ s

t
σ(Xt,θ

r , v(r, Xt,θ
r ))dWr .

By the property of the function v, it has a unique solution. To conclude the proof,
one only has to apply Ito’s formula to s �→ v(s, Xt,θ

s ) and identify the term.
2. Uniqueness when σ is bounded. Consider any other solution (X,Y, Z) to (2.42).

Define Ȳs = v(s, Xs) and Z̄s = ∂xv(s, Xs)σ (Xs, Ȳs). Applying Itô’s formula,
we obtain

Ȳt = g(XT ) −
∫ T

t
(∂t v(s, Xs) + b(Xs,Ys, Zs)∂xv(s, Xs)

+ 1

2
σ(Xs,Ys)

2∂2
xxv(s, Xs))ds −

∫ T

t
Z̃sdWs ,

with Z̃s = ∂xv(s, Xs)σ (Xs,Ys). This leads to

Ȳt = g(XT ) +
∫ T

t
( f (Xs, Ȳs, Z̃s) + Rs)ds −

∫ T

t
Z̃sdWs ,
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with

Rs = ( f (Xs , Ȳs , Z̄s) − f (Xs , Ȳs , Z̃s)) + {b(Xs , Ȳs , Z̄s) − b(Xs , Ys , Zs)}∂x v(s, Xs)

+ 1

2
{σ(Xs , Ȳs)

2 − σ(Xs , Ys)
2}∂2xx v(s, Xs)).

We first compute, using the property of σ , v, f , that

|Rs | ≤ C(|Ȳs − Ys | + |Z̄s − Z̃s | + |Z̃s − Zs |)
≤ C(|Ȳs − Ys | + |Z̃s − Zs |).

For the last inequality we observe that

|∂xv(s, Xs)σ (Xs, Ȳs) − ∂xv(s, Xs)σ (Xs,Ys)| ≤ |Ȳs − Ys | .

We then apply Itô’s formula to t �→ |δYt |2 with δY = Ȳ − Y and use classical
arguments to obtain that Y = Ȳ and Z = Z̃ = Z̄ .

Then X and Xt,θ satisfy the same SDE, concluding the proof of this step. �


2.3.3 Existence and Uniqueness for Arbitrary Terminal Time

The question of existence and uniqueness of solutions to coupled Forward-Backward
SDEs for an arbitrary time duration is difficult. In the Lipschitz setting, one has to
assume some structural conditions on the coefficients to hope to prove such results.
There are various methods that can be used to obtain them and they are complemen-
tary. The main ones are the four step scheme [36], the method of continuation [46,
51] and more recently a method based on characteristic BSDEs [37]. The last two
allow us to work in non-Markovian settings. It is now well understood that a key
object used to obtain the existence and uniqueness of solutions to FBSDEs is the
decoupling field u and in particular the possibility of proving a uniform Lipschitz
property in its spatial variable.

As clearly stated in the following chapters, in this book we need to work with
Markovian FBSDEs, so we will focus on this class of coupled equations only. In this
case, one can profit from the link between the decoupling field and the quasilinear
PDE introduced above. The main method then to obtain existence and uniqueness is
related to the four step scheme. In the sequel, we present a variation on this method,
detailed in [21], which is certainly the main result in the non-degenerate diffusion
coefficient case. We conclude the chapter with the presentation of an extension to
the case of degenerate diffusion, which turns out to be the most important one for
our application to carbon emission pricing, see Chap. 3.

http://dx.doi.org/10.1007/978-3-319-63115-8_3
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2.3.3.1 Non-degenerate Diffusion Coefficient

In this section, we present the existence and uniqueness result for FBSDEs obtained
by Delarue in [21, Theorem 2.6] for an arbitrary terminal time.

As already pointed out in Example2.1, one needs to assume further conditions on
the coefficient to obtain such result. The first key assumption is the non-degeneracy
condition on the diffusion coefficient σ :

∀υ ∈ R
d , υ†σσ †(x, y)υ ≥ λ|υ|2 , (2.43)

for some λ > 0. We also impose a boundedness assumption,

{ | f (x, y, z)| + |b(x, y, z)| + |σ(x, y)| ≤ Λ(1 + |y| + |z|) ,

|g(x)| ≤ Λ,
(2.44)

typically ruling out Example2.1. The main result reads as follows.

Theorem 2.7 Under (HL) and conditions (2.43)–(2.44), there exists a unique solu-
tion to (2.23) for all terminal times T .

The proof of this theorem is quite involved, see [21]. Let us simply describe the
strategy to obtain such a result. A natural scheme to go from a small time to an
arbitrary time duration is the following:

• One first works on the interval [T − δ1, T ], where δ1 ≤ γ (L) is given by The-
orem2.6 and from which follows the existence and uniqueness of a solution
(X,Y, Z) and of a decoupling field u.

• One then works on the interval [T − (δ1 + δ2), T − δ1] for some δ2 to be deter-
mined. The terminal condition is no longer given by g, but by u(T − δ1, ·), whose
Lipschitz constant is denoted by C1

L (and it is not L any more!). We can apply the
result of the previous section and then we get that δ2 must satisfy δ2 ≤ γ (C1

L).• We can obtain by induction a sequence of (δn) and consider existence and unique-
ness on [T − ∑n

k=1 δk, T ], etc. The problem is that the δn may become smaller
and smaller, not reaching 0 at the limit, i.e. failing to obtain a solution on [0, T ].

The key to making the above scheme work is then to control the Lipschitz constant
of u, uniformly in time. This is done using gradient estimates on the quasilinear
PDE satisfied by u in a smooth setting. This difficult estimate can be obtained by an
analytical argument, see [34], or by a probabilistic approach, see [22]. The Lipschitz
case is then obtained by a regularisation argument.

2.3.3.2 FBSDEs with Singular Coefficients

In this final section, we would like to address the existence and uniqueness of solu-
tions to FBSDEs (2.23)when the coefficient σ is possibly degenerate and the terminal



2.3 Coupled Forward-Backward SDEs 39

condition is non-Lipschitz. The need for such an extension comes from the appli-
cation to carbon emissions markets, as mentioned in [9]. However, it is outside the
scope of this book to give a complete account of this difficult problem. To fix our
ideas, we consider the following system

⎧⎨
⎩
dX1

t = b1(X1
t )dt + σ 1(X1

t )dWt ,

dX2
t = b2(X1

t ,Yt )dt ,
dYt = ZtdWt ,

(2.45)

where X = (X1, X2) is the forward component with a degenerate diffusion coeffi-
cient and the backward part is linear, f being set to 0. This system is studied in detail
in [7] and is related to the one used in Chap.3. The terminal condition g is assumed
here to be a non-decreasing bounded function.

With this model, to obtain existence and uniqueness for an arbitrary terminal time,
some specific conditions on the drift coefficient b2 are required. One needs to impose
that b2 is strictly increasing and satisfies, for �1, �2 two positive constants,

�1|y − y′|2 ≤ (y − y′)[b2(x, y) − b2(x, y′)] ≤ �2|y − y′|2 , y, y′ ∈ R
2 . (2.46)

As explained in [7], the behavior of the system at the terminal condition is quite
peculiar. This comes from both the degeneracy of the diffusion coefficient and the
irregularity of the terminal condition. In particular, if σ 1(x) ≥ ε > 0, the law of X2

T
exhibits Dirac masses. Moreover, the authors prove that the Markovian structure is
lost at time T (YT is no longer a function of X2

T ). This means we should relax the
terminal condition requirement. The general result reads as follows.

Theorem 2.8 (Theorem 2.2 in [7]) Let (HL) and condition (2.46) hold. Then there
exists a unique process (X,Y, Z) ∈ S 2

c × S 2
c × H 2 satisfying (2.45) with the ter-

minal condition

P{g−(X2
T ) ≤ YT ≤ g+(X2

T )} = 1 ,

where g− (resp. g+) is the left continuous (resp. right continuous) version of g.

Remark 2.6 One way to prove this theorem is to first “regularise” the solution of
the above system by adding some noise in the component X2 and by smoothing the
terminal condition. In this context, the existence and uniqueness will follow from
the results of the previous section. Then, delicate arguments [7] have to be used to
retrieve a solution of (2.46) by letting the noise go to zero and by removing the
smoothing on the terminal condition.

http://dx.doi.org/10.1007/978-3-319-63115-8_3
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