
Chapter 2
Superstring Actions in AdS5 × S5 and
AdS4 ×CP

3 Spaces

Following the earlier construction of the covariant action for supersymmetric parti-
cles [1], the Green-Schwarz (GS) superstring action in flat space was proposed in [2]
and interpreted as a coset sigma-model ofWess-Zumino type by Henneaux andMez-
incescu in [3]. The action displays a local fermionic symmetry, called κ-symmetry,
which generalizes the one exhibited by massive and massless superparticles [4, 5].
Superstrings of the type IIB can be formulated on a generic supergravity background
with preservation of this gauge invariance [6].

Along the lines of the approach in [3], R.R.Metsaev andA.A. Tseytlin constructed
the covariant κ-symmetric action for type IIB superstring on AdS5 × S5 in [7, 8].
Given its central relevance in themain instance (1.1) of AdS/CFT, we devote Sect. 2.1
to review the sigma-model based on the supercoset PSU (2,2|4)

SO(1,4)×SO(5) .
The importance of constructing superstring theory for the lower-dimensional

duality (1.5) prompted the formulation of the OSp(4|6)
SO(1,3)×U (3) supercoset action on

the AdS4 × CP
3 background [9, 10]. However, some subtleties related to the κ-

symmetry transformations of this sigma-model will lead us in Sect. 2.2 to consider
the alternative formulation of the action proposed by Uvarov [11, 12].

2.1 Supercoset Construction of the String Action
in AdS5 × S5

This AdS5 × S5 background is a maximally supersymmetric solution [13] of the
type IIB supergravity equations of motion in ten-dimensions, together with the flat
Minkowski space R1,9 and the “plane-wave” background [14]. The presence of the
self-dual Ramond-Ramond (RR) five-form flux supporting this “vacuum” geometry
precludes the use of the Neveu-Schwarz-Ramond (NSR) approach [15, 16] to con-
struct the action. The Green-Schwarz formalism [2, 17] has proven to be a viable
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method when the RR fields are not vanishing, with the additional advantage of real-
izing supersymmetry manifestly in the ten-dimensional ambient space. For any type
II supergravity background, the formal expression of the superstring action exists
[6], but it is not very practical to explicitly find the action in terms of the coordi-
nate fields.1 For this reason, one is led to devise an alternative approach to write the
complete action on this space.

Amore advantageous route to the superstring action in the AdS5×S5 background
is tailored to the peculiar structure of the superisometry group PSU (2, 2|4), namely
the supersymmetric extension of the SU (2, 2) × SU (4) group which is locally iso-
morphic to the bosonic isometries SO(2, 4) × SO(6) of this product manifold.

The generalization to the curved AdS5 × S5 background has been developed in
[7, 8], prompted by the then-recent conjecture of the AdS/CFT correspondence [18],
and it is also conceptually very close to the construction of the GS action for strings
moving inR1,9 [3]. Taking inspiration from the flat-space counterpart, the superstring
action can be formulated as a type ofWess-Zumino-Witten (WZW)non-linear sigma-
model in two-dimensions with the supercoset PSU (2, 2|4)/(SO(1, 4) × SO(5)) as
target space.We recall that the bosonic reduction of this coset is precisely a represen-
tation of the AdS5 × S5 space, as the quotient of SO(2, 4) × SO(6) ⊂ PSU (2, 2|4)
over SO(1, 4) × SO(5), where the 10 bosonic degrees of freedom of the superstring
propagate. The additional 32 fermionic degrees of freedom, which would parame-
trize the two Majorana-Weyl fermions of 10d type IIB supergravity, are provided by
the corresponding anticommuting generators of PSU (2, 2|4).

The next section reviews the basic facts [19] about sigma-model actions on gen-
eral coset spaces, which will provide a natural way to include the couplings to the
background RR fields for the AdS5 × S5 case in question. This is also a general
strategy for constructing sigma-models in other integrable AdS/CFT systems.

Let us mention that the supercoset general construction naturally applies to the
string theory on AdS4×CP

3 [9, 10], AdS3×S3×S3×S1 and AdS3×S3×T 4 [20] and
also to the η-model [21, 22] and λ-model [23, 24], which are integrable deformations
of theMetsaev-Tseytlin supercoset actionnamedafter the correspondingdeformation
parameters. However, they will not be covered in what follows.

2.1.1 String Sigma-Model for Coset Spaces and κ-Symmetry

The construction of the Lagrangian makes use of a general description valid for any
homogeneous manifold expressed as coset space G/H , where G is the isometry
group of the Killing vectors on such manifold and H is the stabilizer subgroup.
The resulting sigma-model is based on the action of the supercoset G̃/H , where
G̃ is the supergroup embedding G as its even part. We denote the (super)algebras
associated toG, H and G̃ by g, h and g̃ respectively. In most of the relevant examples

1Indeed, given a bosonic background, one has to determine the exact expressions for the superviel-
beins, which is a difficult problem to solve in non-trivial cases.
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of AdS backgrounds, we restrict to a Lie superalgebra g̃ admitting an order-four
automorphism, which is a linear map � : g̃ → g̃ with

�([a, b]) = [�(a),�(b)] , a, b ∈ g̃ , �4 = id (2.1)

that decomposes g̃ into a direct sum of four graded subspaces

g̃ = g̃(0) ⊕ g̃(1) ⊕ g̃(2) ⊕ g̃(3) , (2.2)

where each of them is an eigenspace of �

�(g̃(k)) = i k g̃(k) . (2.3)

The grading is compatible with the supercommutator [g̃(k), g̃(m)] ⊂ g̃(k+m mod 4).
Note that g̃(0) is a subalgebra and the set of stationary points of �. In addition to the
Z2-grading implicit in the definition of superalgebra g—for which g̃(0), g̃(2) are even
and g̃(1), g̃(3) are odd subspaces—the automorphism endows g with the structure of
a Z4-graded algebra [25].

The description of the superstring action is given in terms of a coset representative
g(τ ,σ) ∈ G̃ defined on 2d worldsheet, spanned by the τ and σ coordinates. We such
g to build the g̃-valued one-form current

A ≡ −g−1dg = −(g−1∂τg)dτ − (g−1∂σg)dσ (2.4)

and split it as A = A(0) + A(1) + A(2) + A(3) according to the Z4-decomposition.
By construction the current is flat, namely it has vanishing two-form curvature
F ≡ d A − A ∧ A = 0. The current exhibits other important properties:

• it is invariant under the left group action g → hg of a constant h ∈ G̃,
• under the local right action g → gh with h(τ ,σ) ∈ H , it undergoes the “gauge”
transformation A → h−1Ah − h−1dh, which in components splits into

A(0) → h−1A(0)h − h−1dh , A(k) → h−1A(k)h , k = 1, 2, 3 . (2.5)

Having fixed the coset representatives g, the supercoset sigma-model action with
target superspace G̃/H is given by

S = −T

2

∫
dτdσL , L = √−ggαβstr

(
A(2)

α A(2)
β

)
+ κ εαβstr

(
A(1)

α A(3)
β

)
,

(2.6)
where the dimensionless quantity T is the string tension, α,β = 0, 1 are the world-
sheet indices, gαβ is the worldsheet metric with g ≡ det gαβ , the antisymmetric
symbol εαβ is defined by ε01 = 1 and we dropped the wedge operator between the
one-forms. The Lagrangian density is built by means of the supertrace operator (str)
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acting on a suitable matrix representation of the Z4-components of the current A(k)

in the algebra g̃.

• The first term in L is the usual kinetic term of a sigma-model. In addition to the
proper quadratic kinetic term, it also contains interactions, hence (2.6) has to be
regarded as a non-linear sigma-model.

• The second addend is a Wess-Zumino (WZ) type term. Although not directly
visible in this form, it can be written indeed as the integral of a closed three-form
over a 3d space M3 with the 2d worldsheet � = ∂M3 as boundary:

1

2

∫
�

str
(
A(1)A(3)

)
=

∫
M3

str
(
A(2)A(3)A(3) − A(2)A(1)A(1)

)
. (2.7)

The value of the real coefficient κ can be fixed by the requirement that the action
possesses the (κ-symmetry which we discuss below.

Physical motivations for the proposal (2.6) come from the special case when
fermionic supermatrix elements of A are set to zero: one can show that S reduces to
the standard Polaykov action for bosonic strings in the background G/H . It is also
important to observe that the action, although it depends on g ∈ G̃, it only explicitly
depends on the equivalence class of coset elements in G̃/H . This is a consequence
of the supertrace in (2.6) being insensible to the similarity transformations (2.5) of
the components A(k) with k = 1, 2, 3. Different parametrizations of the coset ele-
ment lead to equivalent Lagrangians that differ in the explicit dependence on the
coset degrees of freedom. This observation will motivate a preferred coset parame-
trization, accompanied by an appropriate gauge-fixing of the bosonic and fermionic
symmetries, to drastically simplify the sigma model.

The group of global symmetry of L, acting on the coset space by multiplication
from the left, is G̃. In fact, given a coset representative g ∈ G̃, the action of a constant
element g′ ∈ G̃ is the map

g(τ ,σ) → g
′
g(τ ,σ) ≡ g

′′
(τ ,σ)h(τ ,σ) , (2.8)

where the image of g is rewritten as the right action of a suitable local element h ∈ H
on the new coset representative g

′′
. Then the global G̃-invariance of the Lagrangian

L is a consequence of the local H -symmetry of the action that gauges away h(τ ,σ).
As already anticipated, the symmetry group of the action can be enhanced to

include κ-symmetry, a local fermionic symmetry first discovered for massive and
massless supersymmetric particles [4, 5] and then found in the GS superstring in
flat space [2]. It plays a crucial role for the consistency of the supercoset model,
ensuring that there is the correct number of physical fermionic degrees of freedom.
It is realized as a certain right local action of g

′
(τ ,σ) ≡ exp ε(τ ,σ) ∈ G̃, with

parameter ε ∈ g̃, on the coset element

g(τ ,σ) → g(τ ,σ)g
′
(τ ,σ) ≡ g

′′
(τ ,σ)h(τ ,σ), (2.9)
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where we needed a compensating element h(τ ,σ) ∈ H as done in (2.8) and g
′′
is

a new coset element. The fundamental difference with the case of global symmetry
analyzed above is the fact that invariance of the action under (2.9) is guaranteed only
for some parametrizations of the infinitesimal fermionic parameter ε ≡ ε(1) + ε(3) ∈
g̃. Given the variations of the four components of the current, one can prove that the
infinitesimal variation of the Lagrangian amounts to

δεL = δε(
√−ggαβ)str

(
A(2)

α A(2)
β

)
− 4str

(
Pαβ
+

[
A(1)

β , A(2)
α

]
ε(1) + Pαβ

−
[
A(3)

β , A(2)
α

]
ε(3)

)
,

(2.10)
where the two projector operators are

Pαβ
± =

√−ggαβ ± κ εαβ

2
. (2.11)

Finding those ε that make the variation vanish needs an ansatz appropriate to
the particular supercoset under investigation. Here we just want to point out that a
necessary requirement for the invariance under κ-symmetry of the supercoset sigma-
model for AdS5 × S5 is that the projectors (2.11) are orthogonal to each other
gβγP

αβ
+ Pγδ

− = 0, which is true only if the real parameter in the WZ term is either
κ = 1 or κ = −1.

Another crucial question for the consistency of the model is to understand the
number of independent parameters of ε, which equals the numbers of fermionic
degrees of freedom that can be gauged away by a κ-symmetry transformation. One
can show that it is always possible to reduce the 32 real degrees of freedom in the coset
element by a factor of one half. Therefore the gauge-fixed coset model involves 16
real physical fermions, which indeed coincides with the number of fermionic degrees
of freedom in the κ-symmetry gauge-fixed GS action in ten dimensions.

2.1.2 Classical Integrability of the Supercoset Model

Classical integrability is a bonus symmetry2 in all supercoset sigma-models with
Z4-grading. This property3 is equivalent to the statement that the Euler-Lagrange
equations ofmotion following from (2.6) can be cast into the zero-curvature condition

dL + L ∧ L = 0 (2.12)

for the one-parameter family of Lax connection (or Lax pair) one-forms L(τ ,σ, z),
functions of the fields of the theory and spanned by the spectral parameter z ∈ C.

2This does not obviously mean that integrability is not spoiled by quantum effects [26, 27].
3Most of the discussion here is tailored to Sect. 2.1.1. A primer on classical and quantum field
theories with emphasis on modern AdS/CFT applications can be found in [28].
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It is worth appreciating that (2.12) is a strong condition on the classical dynamics
of the model because it has to be satisfied for any value of z. There is, however, a
certain level of arbitrariness in constructing L , as reflected by the observation that
that gauge transformations

L → h−1Lh − h−1 dh (2.13)

leaves the vanishing of the “field strength” built out of L unaffected. Both the local
parameter h and the Lax connection are generically square matrices taking values in
the some non-abelian algebra.

The existence of a Lax connection is sufficient condition to write the integrals of
motion of the action. One can construct the monodromy matrix

T (z) ≡ P exp

(∫ 2π

0
dσLσ(τ ,σ, z)

)
(2.14)

as the path-ordered exponential of L parallel-transported along a closed path encir-
cling the spacelike direction of the worldsheet cylinder, where for definiteness we
assumed that all the quantities are periodic in σ ∈ [0, 2π). The flatness condition
(2.12) guarantees that (2.14) does not depend on the timeslice at fixed τ of such loop.
In other words, the monodromy matrix encapsulates the time-independent informa-
tion of the model. Practically, the Taylor expansion of T in the continuous spectral
parameter delivers the infinite number of local conserved charges.

The Lax pair formulation of integrability at our disposal is very convenient, but it
requires some effort to be set up for the supercoset sigma models with Z4-grading,
as pedagogically shown in [19]. One can start with an ansatz for the Lax connection
in terms of the components A(k) of the one-form current (2.4) and constrain it by
imposing the flatness condition (2.12). At the end the string equations of motion lead
to the zero-curvature condition for

Lα = A(0)
α + 1

2

(
z2 + 1

z2

)
A(2)

α − 1

2κ

(
z2 − 1

z2

)
γαβεβγ A(2)

γ + zA(1)
α + 1

z
A(3)

α .

(2.15)
An intriguing byproduct of integrability is that the zero-curvature condition for the
Lax connection (2.15) implies κ = ±1 in (2.6). This is exactly the same condition
that is found by imposing the κ-symmetry invariance of the sigma-model.

2.1.3 The AdS5 × S5 String Action in the AdS Light-Cone
Gauge

The formulation of a supercoset non-linear sigma-model on the curved AdS5 × S5

background space is a special case of (2.6). We recall that the bosonic part of the
supercoset where the string moves
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AdS5 × S5 = SO(2, 4)

SO(1, 4)
× SO(6)

SO(5)
. (2.16)

is the quotient between the isometry group G = SO(2, 4) × SO(6) and isotropy
group H = SO(1, 4) × SO(5) of AdS5 × S5. The group G is enlarged to G̃ =
PSU (2, 2|4) to endow the model with fermionic degrees of freedom.

The action constructed in [7] is the unique generalization of the flat-space GS
action [3] that meets the following conditions:

• the bosonic reduction of the action is the usual Polyakov action in AdS5 × S5,
• it is invariant under global PSU (2, 2|4) transformations and (local) κ-symmetry,
• it reduces to the type IIB GS action in flat space (after an appropriate rescaling of
fermionic variables) in the limit of infinite AdS5 and S5 radius,

• it has the general formof theGSaction corresponding to the AdS5×S5 supergravity
solution.

The form of the action (2.6) is convenient to make the symmetries of the model
apparent, but it is not amenable to direct sigma-model computations. The explicit
expansion in terms of the bosonic and fermionic degrees of freedom is generally
highly non-linear and dependent on the particular embedding of the coset element
g into PSU (2, 2|4) written in terms of a set of generators of the superalgebra
psu(2, 2|4).

Secondly, substantial simplifications occurwhenκ-symmetry is gauge-fixed. This
is achieved in the flat-space GS action by selecting a light-cone gauge [2, 29] for
which the action becomes at most quadratic in fermions. At variance with flat space,
two possible ways of imposing the light-cone gauge in AdS5 × S5 are available,
depending on the choice of a light-cone direction in the background geometry: we
can pick either a null geodesic wrapping a great circle of S5 or one lying entirely in
AdS5. The former is equivalent to expand near the pp-wave geometry [30–38] and it
is related to the ferromagnetic vacuum of the spin-chain picture for local operators in
N = 4SYM.However, it is also known to lead to a complicatednon-polynomial form
of the action that is not suitable for direct calculations in sigma-model perturbation
theory. On the other hand, the latter option was considered in [8] and is known to
produce a gauge-fixed form of the action with at most quartic powers of the physical
fermions. Since our eventual aim in the following chapters will be to quantize the
theory perturbatively around some particular vacua, in this section we will proceed
with the form of the AdS light-cone gauge that selects a massless geodesic entirely
in AdS5.

The AdS light-cone gauge is conveniently described in the Poincaré patch of
AdS5 (see 3.5 below), where the radial AdS coordinate is z = eφ and we define the
light-cone directions x± running in the AdS boundary and their transversal complex
coordinates x, x̄ :

http://dx.doi.org/10.1007/978-3-319-63420-3_3
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x± ≡ x3 ± x0√
2

, x = x1 + i x2√
2

, (2.17)

x̄ = x1 − i x2√
2

, xa = (x+, x−, x, x̄) , a = 1, 2, 3, 4 ,

The appropriate light-cone basis of psu(2, 2|4)4 corresponds to a set of generators
that respect the splitting of its even part into so(2, 4) ⊕ so(6). If we identity so(2, 4)
with the superconformal algebra in four dimensions, then this algebra comprises the
momenta Pa , the angular momenta Jab, the conformal boosts K μ and the dilatation
generator D, with the indicesa, b = +,−, x, x̄ being in the light-cone framenotation
of (2.17). In addition to this, we need to include the so(6) ∼ su(4) rotations J i j
(i, j = 1, . . . 4). The odd part of the superalgebra is spanned by 32 generators
spinors {Q±i , Q±

i , S±i , S±
i } labeled by upper (lower) index i = 1, . . . 4 transforming

in the (anti-)fundamental of the SU (4) R-symmetry. The super-Poincaré Q’s and
superconformal S’s account for the 32 Killing spinors preserved by the (maximally
supersymmetric) supergravity background of AdS5 × S5.

A natural choice for the coset representative is given by5

g = ex
a Pa+θ·Q eη·S ey

i
j J

j
i eφD , (2.18)

in terms of linear combinations yi j = i
2 y

A′
(γA′

)i j of the S
5 coordinates yA

′
involving

the SO(5)Dirac matrices γA′
(A′ = 1, . . . 5), in addition to the combinations θ ·Q ≡

θ− i Q+
i +θ−

i Q
+ i +θ+

i Q
− i +θ+ i Q−

i and η ·S ≡ η− i S+
i +η−

i S
+ i +η+

i S
− i +η+ i S−

i .
The 16 θ- and 16 η-variables are the Grassmann-odd partners of the 10 bosonic coor-
dinates x±, x, x̄,φ, yAA′ and all the supercoordinates are in correspondence with a
generator of the superalgebra. Raising and lowering SU (4) indices in the super-
charges correspond to take the operation of complex conjugation.

We impose the κ-symmetry light-cone gauge by setting to zero the half of the
fermions that have positive charges under the generator J+−, namely

θ+
i = θ+ i = η+

i = η+ i = 0 . (2.19)

The non-vanishing fermions θ−
i , θ− i , η−

i , η− i (we drop the minus label from
now on) are the 16 physical degrees for freedom and their number matches the
fermionic content of a gauge-fixed GS action in ten dimensions. The induced coor-
dinate parametrization of the one-form current (2.18) can be read off by projecting
the psu(2, 2|4)-invariant current A on the light-cone basis6:

4Commutation relation of the psu(2, 2|4) superalgebra and further details of derivation of the action
are given in the seminal paper [8].
5This form of the expression defining g goes under the name of Killing parametrization of the
superspace spanned by the supercoodinates (x,φ, y, θ, η). The action can be equivalently put in the
Wess-Zumino parametrization discussed in (2.33) below.
6We changed the sign of the current compared to (2.4).
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A = g−1dg ≡ Aa
P Pa + Aa

K Ka + ADD + 1

2
Aab Jab + Ai

j J
j
i + A−i

Q Q+
i + A−

Q i Q
+i

+ A+i
Q Q−

i + A+
Q i Q

−i + A−i
S S+

i + A−
S i S

+i + A+i
S S−

i + A+
S i S

−i ,

(2.20)

where the non-vanishing Cartan one-forms are

A+
P = eφdx+ , A−

P = eφ(dx− − i

2
θ̃i d̃θi − i

2
θ̃i ˜dθi ) ,

Ax
P = eφdx , Ax̄

P = eφdx̄ , AD = dφ ,

A−
K = e−φ

[1
4
(η̃2)2dx+ + i

2
η̃i d̃ηi + i

2
η̃i ˜dηi

]
,

Ai
j = (dUU−1)i j + i(η̃i η̃ j − 1

4
η̃2δij )dx

+ , (2.21)

A−i
Q = eφ/2(d̃θ

i + i η̃i dx) , A−
Qi = eφ/2(d̃θi − i η̃i d x̄) ,

A+i
Q = −ieφ/2η̃i dx+ , A+

Qi = ieφ/2η̃i dx
+ ,

A−i
S = e−φ/2(d̃η

i + i

2
η̃2η̃i dx+) , A−

Si = e−φ/2(d̃ηi − i

2
η̃2η̃i dx

+) .

We introduced the shorthand η̃2 ≡ η̃i η̃i , the fermions

θ̃i ≡ Ui
jθ

j , θ̃i ≡ θ j (U
−1) j i , (2.22)

˜dθi ≡ Ui
jdθ j , d̃θi ≡ dθ j (U

−1) j i , (2.23)

and similar ones for η, all obtained through the local unitary matrix

U ≡ cos
|y|
2

+ iγA′
nA

′
sin

|y|
2

, |y| ≡
√
yA′ yA′

, nA
′ ≡ yA

′

|y| . (2.24)

After a field-dependent rescaling ηi → √
2eφηi , ηi → √

2eφηi to have fermions
of homogeneous conformal dimension and the sign flip xa → −xa to change the
sign of the kinetic term, one eventually reaches a form of the Lagrangian (2.6) that
reads

S = T
∫

dτdσ L , (2.25)

L = √−ggμν
[
e2φ(∂μx

+∂νx
− + ∂μx∂ν x̄) + 1

2
∂μφ∂νφ + 1

2
GAB(y)Dμy

ADν y
B
]

+ i

2

√−ggμνe2φ∂μx
+[

θi∂νθi + θi∂νθi + ηi∂νηi + ηi∂νηi + ie2φ∂ν x
+(η2)2

]
(2.26)

−
{
εμνe2φ∂μx

+ηi
[
C ′
i j cos |y| + i(C ′γA′

)i j n
A′
sin |y|

]
(∂νθ j − i

√
2eφη j∂νx) + h.c.

}
.
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A few explanations of the objects in the Lagrangian follow in order. The S5 metric
has a factorized form in terms of the vielbien

GAB = eA
′

A eA
′

B , eA
′

A = sin |y|
|y| (δA

′
A − nAn

A′
) + nAn

A′
, (2.27)

and wemade a distinction between curvedA,B, . . ., and flat indices A′,B′, . . ., both
with range from 1 to 5, while μ, ν = 0, 1 denote the worldsheet indices. C ′ is the
constant charge conjugation matrix of the SO(5) Dirac matrix algebra generated by
γA′

. The differential DμyA is defined by

Dμy
A = ∂μy

A − 2iηi (V
A)i jη

j e2φ∂μx
+ , (2.28)

where (VA)i j are the components of the su(4)-valued Killing vectors of S5

(VA)i j∂yA = 1

4
(γA′B′

)i j [yA′
∂yB′ − yB

′
∂yA′ ]

+ i

2
(γA′

)i j

[
|y| cot |y|(δA′A − nA

′
nA) + nA

′
nA

]
∂yA , (2.29)

with δA
′A being the Kronecker delta symbol and yA = δA

A′ yA
′
, nA = δA

A′nA
′
, nA =

nA.
In (2.26) the kinetic term is proportional to the Weyl-invariant combination√−ggμν , while the Wess-Zumino term contains the antisymmetric symbol ε with

ε01 = 1. The formula shows also that in the light-cone κ-symmetry gauge-fixed
action, together with the choice of supercoodinates implicit in the supercoset para-
metrization (2.18), no fermionic interactions with powers higher than four appear,
as the action is quadratic in one half of them (θ) and quartic in the other one (η).

The gauge-fixed action can be expressed in a related form, in which the matrix
(2.24) can be either incorporated in the definition of a covariant derivative for fermi-
ons (Wess-Zumino parametrization) or eliminated through a change of coordinates
in S5 that manifestly realizes the SO(6) symmetry of its coordinates. We proceed
to present only the latter strategy, as it will lead to the from of the action needed in
Chap.7.

The Lagrangian can be put into a manifestly SU (4)-invariant form by combining
the yA

′
and the radial coordinate φ into an SO(6) vector zM (M = 1, . . . 6)

zA
′ = e−φ sin |y| nA′

, z6 = e−φ cos |y| , z ≡
√
zMzM = e−φ , (2.30)

in terms of which the metric appears in the “4+6 parametrization”

ds2AdS5×S5 = dxadxa + dzMdzM
z2

. (2.31)
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If we start again with (2.26) and use the identifications (γA′
)i j = i(ρA

′
)ilρ6l j and

C ′
i j = ρ6i j with the ρ-matrices in (F.2), we arrive to the final form of the AdS light-

cone gauge-fixed action

S = T
∫

dτdσ L (2.32)

L = √−ggμν z−2
[
∂μx

+∂ν x
− + ∂μx∂ν x̄ + 1

2
(∂μz

M + iηi (ρ
MN )i j z

Nη j z−2∂μx
+) (2.33)

× (∂ν z
M + iηi (ρ

MP )i j z
Pη j z−2∂ν x

+)
]

+ i

2

√−ggμν z−2∂μx
+[

θi∂νθi + θi∂νθi + ηi∂νηi

+ ηi∂νηi + i z−2∂ν x
+(η2)2

]
−

[
εμν z−3∂μx

+ηiρM
i j z

M
(
∂νθ j − i

√
2z−1η j∂νx

)
+ h.c.

]
.

2.2 The AdS4 × CP
3 String Action in the AdS Light-Cone

Gauge

The AdS4 × CP
3 space is another prominent example of AdS background in the

context of integrable systems in the gauge/gravity duality. The background, sup-
ported by with RR four-form flux through AdS4 and a RR two-form flux through a
CP1 ⊂ CP3, arises as a ten-dimensional solution of the IIA supergravity equations.
The crucial difference with AdS5 × S5 is the absence of maximal supersymmetry,
since AdS4 × CP

3 preserves only 24 out of 32 supersymmetries [39]. The Green-
Schwarz approach to find the superstring action suffers from an obstruction: although
the formal expression of the GS action is known for any type IIA supergravity back-
ground, it is was explicitly written up to quartic terms only [40], so the complete
form remains unknown for the AdS4 × CP

3 space.
The supercoset approach outlined in Sect. 2.1.1 provides a pragmatic strategy that

was pursued in [9, 10]. In fact, AdS4 × CP
3 is an homogeneous space

AdS4 × CP
3 = SO(2, 3)

SO(1, 3)
× SO(6)

U (3)
(2.34)

written as the quotient ofG = USp(2, 3)×SO(6), locally isomorphic to SO(2, 3)×
SO(6) and H = SO(1, 3) × U (3). Together with the observation that G is the
bosonic subgroup of the orthosymplectic group G̃ = OSp(4|6), the coset structure
of the space (2.34) hinted at the formulation of a sigma-model on the supercoset
OSp(4|6)/(SO(1, 3) × U (3)). The construction of the sigma-model parallels the
case of the AdS5 × S5 superstring in many aspects. It is again possible to define a
Z4-grading of osp(4|6) to decompose the zero-curvature current one-form (2.4) and
plug its components into (2.6) after an appropriate choice of the coset representative
g. The supercoset straightforwardly inherits the classical integrability—as a mean
to write the superstring equations of motion in a flat Lax connection (2.12)—found
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in [41] for the case of AdS5 × S5. The standard kinetic term is supplemented with a
Wess-Zumino term so that it was possible to establish κ-symmetry transformations
similar to the usual one in AdS5 × S5 [7].

On the other hand, there is a problem that did not exist in the other case since
here the background is not maximally supersymmetric. The superspace consists of
24 fermionic directions in correspondence with an equal number of supercharges
preserved by the background space. The other 8 fermionic coordinates, required to
match the total number of 32 degrees of freedom of the GS string, were argued to be
gauged away by half of the 16 parameters of κ-symmetry. In [10, 42] the supercoset
sigma-model was interpreted as equivalent to a partially κ-symmetry gauge-fixed
GS action in relation to these missing 8 coordinates associated to the odd osp(4|6)-
generators broken by the background.

For this interpretation to be correct, for a generic configuration where the string
motion occurs in both AdS4 and CP

3 the supercoset enjoys a (residual) κ-symmetry
of rank 8, namely capable of eliminating precisely 8 of the 24 fermionic degrees of
freedom in the supercoset to yield a totally κ-symmetry gauge-fixed action with only
16 physical fermionic degrees of freedom.

This consideration is not true for a string embedded purely in the AdS4 sector7 of
the background, in which case the rank of the (residual) κ-symmetry is enhanced to
12 and the supercoset actionwithκ-symmetry totally gauge-fixedwould have only 12
fermionic degrees of freedom [10, 42]. The supercoset formulation is not equivalent
to the GS action for these “singular” configurations: the implicit κ-symmetry gauge
choice puts the 8 broken fermions to zero in the supercoset action, and this turns out
to be incompatible in some string configurations.

The null cusp classical string studied in Chap.6 is an example of these singu-
lar backgrounds, being embedded only in the AdS4 part, and cannot be properly
described8 by the correct number of physical fermions within the supercoset for-
malism. In other words, the trouble of the semiclassically quantization of this string
would be a sudden change in the number of fermionic degrees of freedom (from 12 to
8) as soon as the classical solution is perturbed in CP3. Since the work in of Chap.6
will be the only instance of strings in the AdS4 ×CP

3 geometry, we will rather con-
centrate9 on an alternative non-coset form of the AdS4 ×CP

3 action—developed by
Uvarov in [11, 12]—that is capable of capturing the dynamics of all bosonic string
configurations.

7The same situation occurs when a string forms a worldsheet instanton in CP
3 [43].

8Despite this obstruction, one explicit calculation suggests that the supercoset action can be still
used for one-loop calculations for classical solutions that are point-like inCP3 [44]. This is possible
because a “regularization” parameter (non-vanishing angular momentum J ) is kept throughout the
calculation and the observable (one-loop string energy) admits a smooth limit when the classical
string becomes a singular configuration (J → 0).
9 Let us mention that an alternative κ-symmetry gauge-fixing was considered in [45], based on
the the complete AdS4 × CP

3 superspace with 32 fermionic directions [42] that allows to cover
regions of the space that are not reachable by the supercoset sigma model of [9, 10]. A different
(“superconformal”) realization of the κ-symmetry gauge-fixing was presented in [46].

http://dx.doi.org/10.1007/978-3-319-63420-3_6
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The starting point is the supersymmetricmembrane action [47] based on the super-
coset OSp(4|8)/
(SO(1, 3) × SO(7)) in the maximally supersymmetric background AdS4 × S7. The
string action is eventually obtained performing a double dimensional reduction to
AdS4 × CP

3 and choosing a κ-symmetry light-cone gauge for which both light-
like directions lie in AdS4. The result is an action that is a close counterpart of the
sigma-model action for type IIB superstrings in the AdS5 × S5 background [8, 48].

In the construction of [11, 12], the space AdS4 × S7 is seen as the bosonic coset

AdS4 × S7 = SO(2, 3)

SO(1, 3)
× SO(8)

SO(7)
(2.35)

which admits the supersymmetric extension OSp(4|8)/ (SO(1, 3) × SO(7)). The
latter includes 32 fermionic coordinates (called θ and η) associated to the each of
the (respectively super-Poincaré and superconformal) Grassmann-odd generators in
the algebra osp(4|8). An analogue of the AdS κ-symmetry light-cone gauge sets
to zero half of the fermionic coordinates, where the “half” corresponds to those 16
fermionic generators carrying negative charge under the SO(1, 1) generator M+−
from the Lorentz group of the 3d boundary of AdS4.

The output is an action including physical fermions up to the fourth power10 that
is able to capture the string dynamics in any submanifold of AdS4 × CP

3. As for
classical integrability, the standard Lax pair construction of [10, 41] does not clearly
carry over to this non-coset model. The zero-curvature Lax pair was built for any
string configuration in the full AdS4 × CP

3 superspace up to quadratic order in the
fermionic degrees of freedom [49].11

Here we will be mostly interested in presenting the final gauge-fixed string action.
The starting point is the metric of AdS4 × CP

3

ds2
AdS4×CP

3 = R2
CP

3

(
1

4
ds2AdS4 + ds2

CP
3

)
, (2.36)

where we factored out theCP3 radius RCP
3 , which can be then set to 1 for simplicity.

The factor of (1/2)2 accounts for the relative size of the radius of CP3 being twice
the one of AdS4. We parametrize AdS4 in Poincaré patch

ds2AdS4 = dw2 + dx+dx− + dx1dx1

w2
, x± ≡ x2 ± x0 , (2.37)

10This is a feature shared with the κ-symmetry light-cone gauge-fixed action in AdS5 × S5 action
(2.26).
11In [50] is was shown that the string is classically integrable up to quadratic order in fermions
before fixing κ-symmetry, for the full AdS4 × CP

3 and other AdS backgrounds relevant in the
AdS/CFT correspondence.
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wherew ≡ e2ϕ is the radial coordinate in AdS4 andwe pick two light-cone directions
x± in the three-dimensional boundary of AdS4. For the moment we do not specify
the CP3 coordinates zM (M = 1, . . . 6):

ds2
CP

3 = gMN dzMdzN . (2.38)

In addition to the embedding coordinates of AdS4 ×CP
3, the model has 16 physical

complex fermions: the 3+3ηa and θa (and their 3+3 conjugates η̄a and θ̄a) transform in
the fundamental (anti-fundamental) representation of SU (3) (a = 1, 2, 3) and stem
from those 24 supersymmetries of type IIA supergravity unbroken by the AdS4×CP

3

background, while the broken 8 supersymmetries bring the remaining 1+1 fermions
η4, θ4 and their 1+1 conjugates η4, θ4.

The κ-symmetry light-cone gauge-fixed Lagrangian [11, 12] reads

S = T

2

∫
dτ dσL ,

L = gi j
[e−4ϕ

4

(
∂i x

+∂ j x
− + ∂i x

1∂ j x
1
) + ∂iϕ∂ jϕ + gMN∂i z

M∂ j z
N

+ e−4ϕ (
∂i x

+� j + ∂i x
+∂ j z

MhM + e−4ϕB∂i x
+∂ j x

+) ]
(2.39)

− 2 εi j e−4ϕ
(
ωi∂ j x

+ + e−2ϕC∂i x
1∂ j x

+ + ∂i x
+∂ j z

M�M
)

.

Some brief explanations of the objects present in the Lagrangian are in order. The
string tension T was discussed around (1.9) and gi j (i, j = 0, 1) is the usual auxiliary
metric field in the Polyakov part of the action. The action exhibits highly non-linear
bosonic interactions with fermionic fields in the coefficients

�i = i
(
∂i θa θ̄a − θa∂i θ̄

a + ∂i θ4θ̄
4 − θ4∂i θ̄

4 + ∂iηa η̄a − ηa∂i η̄
a + ∂iη4η̄

4 − η4∂i η̄
4
)

, (2.40)

ωi = η̂a ∂̂i θ̄
a + ∂̂i θa ˆ̄ηa + 1

2

(
∂i θ4η̄

4 − ∂iη4θ̄
4 + η4∂i θ̄

4 − θ4∂i η̄
4
)

, (2.41)

B = 8
[
(η̂a ˆ̄ηa)2 + εabc ˆ̄ηa ˆ̄ηb ˆ̄ηc η̄4 + εabc η̂a η̂b η̂cη4 + 2η4η̄

4
(
η̂a ˆ̄ηa − θ4θ̄

4
)]

, (2.42)

C = 2 η̂a ˆ̄ηa + θ4θ̄
4 + η4η̄

4 , (2.43)

hM = 2
[
�a
M εabc ˆ̄ηb ˆ̄ηc − �aM εabc η̂b η̂c + 2

(
�aM ˆ̄ηa η̄4 − �a

M η̂aη4

)
+ 2

(
θ4θ̄

4 + η4η̄
4
)

�̃ a
a M

]
,

(2.44)

�M = 2 i
[
�aM ˆ̄ηa θ̄4 + �a

M η̂aθ4 +
(
θ4η̄

4 − η4θ̄
4
)

�̃ a
a M

]
. (2.45)

At variancewith [11, 12],we operated a field-dependent rescaling of the fermionic
fields

θa → √
2 θa θ4 → √

2 e−ϕθ4 ηa → √
2 e−2ϕηa η4 → √

2 e−ϕη4 (2.46)
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and similarly for their complex conjugates, inspired by the analogue one below (2.24)
for AdS5 × S5. The ηa and θa appear in fully contracted combinations in (2.40)–
(2.45). The manifest symmetry of the action is therefore only the SU (3) subgroup
of the SU (4) global symmetry of CP3 = SU (4)/U (3) that rotates the unbroken
fermions into themselves.12

The �a
M and �aM are the complex vielbein of CP

3 which satisfy ds2
CP

3 ≡
�a

M�aN dzM dzN , namely the components of the Cartan one-forms of SU (4)/U (3),
�a = �a

M dzM and �a = �aM dzM . In the Uvarov’s supercoset construction [11],
�̃ a

a is related to a one-form corresponding to the reduction direction coordinate
in S7 and its explicit expression can be found below in terms of the CP

3 coordi-
nates. The �a

M and �̃ a
a appear in [11] in a “dressed” supercoset representative for

OSp(4|6)/(SO(1, 3) ×U (3))) where the dressing incorporates the information on
the broken supersymmetries and the U (1) fiber direction.

Hatted variables in the Lagrangian are related to unhatted ones through a local
rotation depending on the CP3 coordinates

η̂a ≡ T b
a ηb + Tab η̄b , ˆ̄ηa ≡ T a

b η̄b + T ab ηb (2.47)

and similarly for the θ fermions, in the same spirit of the unitary inU matrices (2.24)
above.

We can now parametrize CP3 with with complex variables za (and their conju-
gates z̄a) transforming in the fundamental (anti-fundamental) of the symmetry group
SU (3) [51]. Then (2.38) can be expanded as

ds2
CP

3 = gab dz
a dzb + gab dz̄a d z̄b + 2 g b

a dza dz̄b , (2.48)

with coefficients13

gab = 1

4|z|4
(|z|2 − sin2 |z| + sin4 |z|) z̄a z̄b ,

gab = 1

4|z|4
(|z|2 − sin2 |z| + sin4 |z|) za zb , (2.49)

g b
a = sin2 |z|

2|z|2 δba + 1

4|z|4
(|z|2 − sin2 |z| − sin4 |z|) z̄a zb ,

where |z|2 ≡ za z̄a for short. We read off the one-forms

�a = �a
,b dz

b + �a,b dz̄b , �a = �a,b dz
b + �,b

a dz̄b , �̃ a
a = �̃ a

a ,b dz
b + �̃ a,b

a dz̄b ,

(2.50)

12The broken symmetry will remain visible, for instance, at the level of semiclassical fluctuations
around the light-like cusp in Sect. 6.2.
13They are related to the conventional Fubini-Study metric of CP3, see [12].

http://dx.doi.org/10.1007/978-3-319-63420-3_6
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from the vielbein of this metric

�a = dz̄a
sin |z|

|z| + z̄a
sin |z|(1−cos |z|)

2|z|3 (dzcz̄c − zcdz̄c) + z̄a
(

1
|z| − sin |z|

|z|2
)
d|z| ,(2.51)

�a = dza sin |z|
|z| + za sin |z|(1−cos |z|)

2|z|3 (zcdz̄c − dzcz̄c) + za
(

1
|z| − sin |z|

|z|2
)
d|z|(2.52)

and

�̃ a
a = i

sin2 |z|
|z|2

(
dza z̄a − za dz̄a

)
. (2.53)

The matrices (2.47) can be usefully incapsulated into a 6 × 6 unitary matrix
Tâ

b̂ [51]

Tâ
b̂ ≡

(
T b
a Tab

T ab T a
b

)
=

(
δba cos |z| + z̄a zb

1−cos |z|
|z|2 i εacb zc

sin |z|
|z|

−i εacb z̄c
sin |z|

|z| δab cos |z| + za z̄b
1−cos |z|

|z|2

)
.

(2.54)
In Sect. 6.1 we will be interested in Wick-rotating the gauge-fixed Lagrangian

(2.39) to Euclidean AdS4 and perform a diagrammatical computation at two loops.
One of the main motivations behind this analysis will be also to put the action in this
gauge to a stringent test at the quantum level, where the CP

3 geometry indirectly
manifests in more complicated structures (2.40)–(2.45) compared to the compact
form of the AdS5 × S5 supercoset action (2.33). Let us also remark that the action
(2.39) can be rewritten in a more compact form that resembles the Wess-Zumino
type parametrization of [8, 48] by the introduction of a covariant derivative for the
terms quadratic in fermions.14
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