Contents

List of figures

List of tables

Quick start

1 Introduction

1.1
1.2
1.3
1.4

Programming conventions . .
Naming conventions . . . . .

Library contributions and coverage . . . . . ... ... ... ... .. L

Summary .. ... .......

2 Iterative solutions and other tools

2.1
2.2
2.3
24
25
2.6
27
2.8
29
2.10
211

Polynomials and Taylor series

First-order Taylor series approximation . . . . . . ... ... ... .. ... .
Second-order Taylor series approximation . . . . ... ... ... ... . L o o o
Another second-order Taylor series approximation . . . . .. ... ... ... .. .. 0 L.
Convergence of second-ordermethods . . . . .. ... ... ... ... . oo
Taylor series for elementary functions . . . . . .. ... ... . L L L L

Continued fractions . . . . ..

Summation of continued fractions . . . . . . . . ... e

Asymptotic expansions . . . .
Series inversion . . ... ...
Summary .. ... .......

3 Polynomial approximations

3.1
3.2
3.3
34
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17

Computation of odd series . .
Computation of even series . .
Computation of general series

Limitations of Cody/Waite polynomials . . . .. ... ... .. ... ... ... .. ... .. ... ...

Polynomial fits with Maple . .

Polynomial fits with Mathematica . . . . . . ... ... ... ... .. ... . .

Exact polynomial coefficients .

Cody/Waite rational polynomials . . . . .. ... ... ... ... ... ... ... .
Chebyshev polynomial economization . . . ... ... ... .. ... ... ... .. .. ... ... ...
Evaluating Chebyshev polynomials . . . . . ... ... ... ... ... .. ... .. .. ... ... ...
Error compensation in Chebyshev fits. . . . . .. ... ... ... .. .. o oo

Improving Chebyshev fits . .
Chebyshev fits in rational form

Chebyshev fits with Mathematica . . . . .. ... ... ... ... ... .. .. ... .. .. ... ...,
Chebyshev fits for function representation . . . . .. ... ... ... ... o o

Extending the library . . . . .
Summary and further reading

XXV

Xxxi

XXXV

N Tl =N =

NeRNeRNe NN |

10
10
12
17
19
20
22

23
23
25
25
28
32
33
42
43
43
48
50
51
52
56
57
57
58

xiii



xiv Contents
4 Implementation issues 61
41 Errormagnification . . . .. .. ... 61
4.2 Machine representation and machineepsilon . . . ... ... ... ... ... .. 000 L 62
43 IEEE754arithmetic . . ... ... ... ... ... e 63
44 EvaluationorderinC . . . . . .. ... ... 64
45 Thevolatiletypequalifier . . ... ... ... ... .. ... .. . .. .. . 65
4.6 Rounding in floating-point arithmetic. . . . . .. ... ... ... ... . o o L Lo 66
47 Signedzero . . . . . ... 69
471 Detecting thesignofzero. . . . ... ... ... . ... 69

472 Signed-zeroconstants . . . . . . ... ... 69

473 Arctangentandsignedzero . . ... ... ... ... L 70

4.8 Floating-point zerodivide . . . ... ... ... ... ... 70
49  Floating-pointoverflow . . . . . ... ... 71
410 Integeroverflow . . . . . . . . .. 72
410.1 Preventingintegeroverflow . .. .. ... ... ... .. 74
410.1.1 Safeintegerabsolutevalue . . . .. ... ... ... ... ... .. .. . .. .. ... 74

410.1.2 Safeintegeraddition . ... ... ... ... ... . L 75

410.1.3 Safeintegerdivision. . . .. .. .. .. ... L o 75

410.1.4 Safeinteger multiplication . . . ... ... ... ... .. .. . o L oL 75

410.1.5 Safeintegernegation . .. ... ... .. ... ... ... 76

410.1.6 Safeintegerremainder . . ... ... .. ... ... ... oo 76

410.1.7 Safeintegersubtraction . . . .. .. ... ... L 76

4.10.1.8 Safe integer operations: a retrospective . . . . .. ... ..o Lo oL 77

411 Floating-pointunderflow . . . . . . . ... L 77
412 Subnormalnumbers . . . . . ... e 78
413 Floating-point inexactoperation . . . . . . .. ... ... L L L 79
414 Floating-point invalid operation . . . . . . .. ... ... .. . L L 79
415 RemarksonNaNtests. . . . ... ... ... .. .. . . 80
416 Ulps—unitsinthelastplace. . . . . .. ... ... ... .. L 81
417 Fused multiply-add . . . .. ... ... .. 85
418 Fused multiply-add and polynomials . . . . .. ... ... .. ... .. .. . L o 88
419 Significanceloss . . . . ... 89
420 Error handlingandreporting . . . . . .. ... ... ... 89
421 Interpretingerrorcodes . . . . . . . .. ... 93
422 C99changestoerrorreporting . . . . . . . .. ... 94
423 Errorreportingwiththreads . . . . ... ... ... ... . o L 95
424 Commentsonerrorreporting . . . .. .. .. ... ... L 95
425 Testing function implementations . . . . . .. ... ... .. L L L 96
4251 Taylor-seriesevaluation. . . . .. .. ... ... .. .. 97
4252 Argument purification . . . ... ... L L 97
4253 Addition-ruleevaluation . . . . .. ... . L L 98
4254 Relativeerrorcomputation . . . . ... ... 99

426 Extended data types on Hewlett-Packard HP-UXIA-64 . . ... ... .. ... ... ... ..... 100
427 Extensions for decimal arithmetic . . . . . ... .. ... .. . oL L oo 101
428 Furtherreading . . .. ... .. .. .. .. e 103
429 SUMMAIY . . . . . o e 104
5 The floating-point environment 105
51 IEEE 754 and programming languages . . . . . . . ... ... ... ... 105
52 IEEE754 and the mathewlibrary . . . . . . . . ... . o L 106
53 Exceptionsandtraps . . .. .. ... ... e 106
54  Access to exception flags and rounding control . . . . ... ... ... o Lo Lo 107
5.5 Theenvironmentaccess pragma . . . . . . . . . ... 110
5.6  Implementation of exception-flag and rounding-controlaccess . . . .. ... ... ... ... ..... 110



Contents

5.7
5.8
59

5.10
5.11

5.12
513

6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
6.10
6.11
6.12
6.13
6.14
6.15
6.16
6.17
6.18
6.19
6.20

7.1
7.2
7.3
74
7.5
7.6
7.7

5.6.1 Clearing exception flags: feclearexcept() . ... ... ... ... .. ... .. ... .. ...,
5.6.2  Getting the rounding direction: fegetround() . . . . .. ... ... ... ... L L.
5.6.3 Raising exception flags: feraiseexcept() . . ... ... ... ... .. ... .. ... ...
5.6.4  Setting the rounding direction: fesetround() . . ... ... ... . ... .. ... . ... ...
5.6.5 Testing exception flags: fetestexcept() . . . . . .. ... ... .. .. L L.
56.6 Commentsonthecorefive . . ... ... ... . ... . ... ... ... . ... . ... . ...
Using exception flags: simplecases . . . ... ... .. ... ... ...
Using rounding control . . . . . .. . ... ...
Additional exception flagaccess . . . . . . . ... L
59.1  Getting the environment: fegetenv() . . . . . . .. ... ... L L L
592  Setting the environment: fesetenv() . .. ... ... ... ... L L L o
59.3  Getting exception flags: fegetexceptflag() . . . . .. . ... ... .. ... ... ...
5.9.4  Setting exception flags: fesetexceptflag() . .. ... ... .. ........ . .........
59.5 Holding exception flags: feholdexcept() . . ... ... ... ... .. ... .. ... ......
59.6  Updating the environment: feupdateenv() . ... ... ... .. ... .. ... ... ...
59.7 Comments on the six functions . . . . ... ... ... .. ... .. .. o
Using exception flags: complexcase . . . . . ... ... ... ..
Access to precisioncontrol . . . .. ... L
5.11.1 Precision controlin hardware . . . . .. ... ... .. ... L L o
5112 Precision control and the AMD64 architecture . . . . . . ... ... ... ... .. ......
511.3 Precision control in the mathecw library . . . . .. ... ... ... ... oo oL
Using precisioncontrol . . . . . ... ... .. L
Summary . . ... e

Converting floating-point values to integers

Integer conversion in programming languages . . . . ... ... ... L L.
Programming issues for conversions tointegers . . . . . . ... .. ... o L L L
Hardware out-of-range conversions . . . . . . .. ... ... ..
Rounding modes and integer conversions . . . . .. ... ... ... L Lo
Extracting integral and fractional parts . . . . .. ... ... ... ... ... o
Truncation functions . . . . . . . ... L
Ceiling and floor functions . . . . . . ... ... ...
Floating-point rounding functions with fixed rounding . . . . .. ... ... ... ... .. ... ...
Floating-point rounding functions: currentrounding . . . . . ... ... ... ... .. 0L
Floating-point rounding functions without inexact exception . . . .. ... ... ... ... .. ...,
Integer rounding functions with fixedrounding . . . . ... ... ... oo L oo
Integer rounding functions with current rounding . . . ... ... ... oo oL oL
Remainder . . . .. .. .. . . ...
Why the remainder functionsarehard . . . ... ... ... ... .. .. o L
Computing fmod () . . . . . . .. ...
Computing remainder() . . . . .. e e e e e e e e
Computing remquo() . . . . . . . . e
Computing one remainder from theother . . . . ... ... ... ... .. ... .. .. ... .. ...
Computing the remainder in nonbinary bases . . . . . ... .. ... ... .. ... ... .. ...,
Summary . . ... e

Random numbers

Guidelines for random-number software . . . . ... .. ... ... L o L
Creating generatorseeds . . . . ... ... ... ... .. ... ...
Random floating-pointvalues . . . ... ... ... ... .. ... ...
Random integers from floating-point generator . . . . . .. .. ... ... ... ... ... . ...
Random integers from an integer generator . . . ... .. ... ... ... .. ... .. ...
Random integers in ascending order . . . . ... ... ... ... .. .. o oo
How random numbers are generated . . . . . . ... ... ... ... ... .. L
7.7.1  Linear congruential generators . . . . ... ... ... .. ... .. o

XV



Xvi

Contents

7.7.2  Deficiencies of congruential generators . . . . . ... ... . L L oL 170

7.7.3 ~ Computing congruential generators . . . ... ... ... ... ... ... ... ... ... ... 171

7.74  Faster congruential generators . . . . . ... ... ... o L L 174

7.7.5  Other generator algorithms . . . . ... ... ... .. ... .. .. o 176

776 Combined generators . . . . . ... .. ... ... 177

7.7.7  Cryptographic generators . . .. ... ... ... ... .. ... .. 178

7.8 Removing generatorbias . . . . . ... ... L L 178
7.9 Improving a poor random number generator . . .. ... ... ... L oL 178
710 Whylong periodsmatter . . . . . ... ... .. 179
7.11 Inversive congruential generators . . . . . ... ... ... L L 180
7.11.1 Digression: Euclid’s algorithm . . . . ... ... ... ... ... .. . L o o 180
711.1.1 Euclid’s algorithm for any integers . . . . . ... ... ... ... .. ... ..., 183

711.1.2 Division-free gcd algorithm . . . .. ... .. ... ... . o o oo 184

7.11.2 Another digression: the extended Euclid’s algorithm . . . . . ... .. ... ... .. .... 186

7.12 Inversive congruential generators, revisited . . . . ... ... L oL L o oo Lo 189
7.13 Distributions of randomnumbers . . . . .. ... L L L L Lo 189
713.1 Theuniform distribution . . . . ... ... ... . . o 189
7.13.2 The exponential distribution . . . . .. ... ... ... o oo oo 189
7133 Thelogarithmic distribution . . . . .. ... ... .. ... .. o 190
7134 Thenormal distribution . . . ... ... ... ... .. .. . 192
7.13.5 More on the normal distribution . . . . .. ... ... ... ... o oo Lo 194

7.14 Otherdistributions . . . ... ... ... . ... 195
7.14.1 Numerical demonstration of the Central Limit Theorem . . . . . . . ... ... ... ... ... 196

7.15 Testing random-number generators . . . . . . . ... ... L L Lo 196
7151 Thechi-squaretest. . . . . .. ... ... .. ... 197
7.15.2 Random-number generator testsuites . . . . ... ... ... L oL 200
7.15.3 Testing generators for nonuniform distributions . . . . ... ... ... o 0000 202

7.16 Applications of randomnumbers . . . .. ... ... L L L L 202
716.1 Monte Carloquadrature . . . ... ... ... .. ... ... 202
7162 Encryptionanddecryption . . . . . .. ... L o 203
7.16.2.1 Problems with cryptography . . . . . ... ... ... ... L L oo 203

7.16.2.2 A provably secure encryptionmethod . . . ... ... ... .o oL oL 204

7.16.2.3 Demonstration of aone-timepad . . .. ... ... ... ... ... . ... . 0. 204

7.16.2.4 Attacks on one-time-pad encryption . . ... ... ... ... L 207

7.16.2.5 Choice of keys and encryptionmethods . . . ... ...... ... ... ... ..., 207

7.16.2.6 Caveats about cryptography . . . .. .. .. .. ... .. ... L 208

7.17 The mathcw random number routines . . . . ... ... ... .. L 208
7.18 Summary, advice, and furtherreading . . . . . ... ... L L oL L o L 214
Roots 215
81 Squareroot . . . . ... 215
8.1.1 Considerations for rounding of the squareroot . . . . ... ... ... ... .......... 216

8.1.2  An algorithm for correct rounding of the squareroot . . . . . . ... ..... ... ... ..... 217

8.1.3  Variantiterations for the squareroot . ... .. ... ... ... .. ... .. ... ... 220

8.2 Hypotenuseand vectornorms . . . . . . .. ... 222
8.3 Hypotenuse byiteration . .. .. ... ... .. ... ... ... 227
8.4 Reciprocal squareroot. . . . . . . ... ... 233
84.1 Improved rounding of the reciprocal squareroot . . ... ... ... ... ... ... ..... 234

8.4.2  Almost-correct rounding of the reciprocal squareroot . . .. ... ... ............. 235

85 Cuberoot . ... .. ... 237
8.5.1 Improved rounding of thecuberoot . ... ... ... ... ... .. ... .. ... ... ... 237

8.5.2  Almost-correct rounding of the cuberoot . . . ... ... ... ... ... o o L L. 239

8.6 Rootsinhardware . . . ... ... ... . .. 240
8.7 Summary . ... .. 242



Contents

9

10

11

12

13

Argument reduction

9.1 Simpleargumentreduction. . . . . .. .. ... L
9.2  Exactargumentreduction . ... ... ... ..
9.3 Implementing exact argumentreduction . . . . ... ... ... L L L Lo
9.4  Testingargumentreduction . .. ... ... ... ... ... L
9.5  Retrospective on argumentreduction . . . . . ... ... L L L L o
Exponential and logarithm
10.1 Exponential functions . . . . ... ... L
10.2 Exponentialnearzero . . . . . . .. ... ...
10.3 Logarithm functions . . . . . . .. . ... ..
10.3.1 Computing logarithmsinabinarybase. . . . . ... ... ... ... ... ... .....
10.3.2 Computing logarithms ina decimalbase . . . . . . ... ... ... . ... ..........
104 Logarithmmnearone . . . . .. .. .. .. ... ...
10.5 Exponential and logarithm inhardware . . .. ... ... ... ... .. .. ... .. ... .. ..
10.6 Compound interestand annuities . . . . . . ... ... .. L L L o
10.7 Summary . . . ... e
Trigonometric functions
11.1 Sine and cosine properties . . . . . .. ...
112 Tangentproperties . . . . . . . . . . . ...
11.3 Argument conventionsand units . . . . ... ... L L L L o
114 Computing the cosineandsine . . .. ... ... ... ... ... .. .. .. ... .. .
11.5 Computingthetangent . . . . ... ... ... ...
11.6 Trigonometric functionsindegrees . . . . . ... ... ... ... .. .. L oo
11.7  Trigonometric functionsinunitsof r . . . . .. ... ... .. o oL o L o
11.7.1 Cosineandsineinunitsof 7t . . . . . . ... ... L oL oL
11.7.2 Cotangent and tangentinunitsof r . . . . .. ... ... ... oL oL L L
11.8 Computing the cosine and sine together . . . . .. ... ... . ... .. ... ... ... . ...
119 Inversesineand cosine . . .. . ... ... ... ... ...
11.10 Inversetangent . . . . . . . . . . .
11.11 Inverse tangent, taketwo . . . . . . . . .. .. ..
11.12 Trigonometric functionsinhardware . . . .. .. ... ... .. ... ... L o L oo
11.13 Testing trigonometric functions . . . . . ... ... .. L L L L
11.14 Retrospective on trigonometric functions . . . . . .. ... ... ... L o L o Lo
Hyperbolic functions
12.1 Hyperbolic functions . . . . . .. . ... ..
12.2  Improving the hyperbolic functions . . . . . . . ... ... ... ... ... ..
12.3 Computing the hyperbolic functions together . . . . ... ... ... ... ... ... .....
124 Inverse hyperbolic functions . . . . .. .. ... ... ...
12.5 Hyperbolic functionsinhardware . . . . . . ... ... ... L L L
12,6 Summary . . . ... e
Pair-precision arithmetic
13.1 Limitations of pair-precision arithmetic . . . . . ... .. ... ... .. . o o oo
13.2 Design of the pair-precision softwareinterface . . . . . ... ... ... ... .. ... ... 0 ..
13.3 Pair-precision initialization . . . . . . .. ... L L oL
13.4 Pair-precisionevaluation . . . .. ... ... .. L
13.5 Pair-precisionhighpart . . . . .. ... ... ...
13.6 Pair-precisionlow part . . .. ... ... .
13.7 Pair-precision Copy . . . . . . . .o e
13.8 Pair-precisionnegation . . . . . .. ... ... e
13.9 Pair-precisionabsolutevalue . . . . . .. ... ... L L

13.10 Pair-precision sum . . . . . . . . ...



xviii

14

15

Contents
13.11 Splitting numbers into pairsums . . . . . . ... .. 359
13.12 Premature overflow insplitting . . . . ... ... ... ... .. .. L L o 362
13.13 Pair-precision addition . . .. ... ... ... 365
13.14 Pair-precision subtraction . . . . . . ... ... . 367
13.15 Pair-precision cOmpariSOn . . . . . . . . . . .. ... 368
13.16 Pair-precision multiplication . . . . . .. ... ... .. L L 368
13.17 Pair-precision division . . .. .. ... ... 371
13.18 Pair-precisionsquare root . . . . . . . . ... .. e 373
13.19 Pair-precisioncuberoot . . . . . .. ... L 377
13.20 Accuracy of pair-precision arithmetic . . . . .. ... ... . o L o o 379
13.21 Pair-precisionvectorsum . . . . . . ... ... L. e 384
13.22 Exactvectorsums . . . .. .. ... 385
13.23 Pair-precisiondotproduct . . . . ... ... . 385
13.24 Pair-precision productsum . . . . . ... ... L L L 386
13.25 Pair-precision decimal arithmetic . . . ... ... ... ... ... o oo L 387
13.26 Fused multiply-add with pair precision. . . . . ... ... ... .. ... .. L o 388
13.27 Higher intermediate precisionandthe FMA . . . . .. ... ... .. ... .. ... .. ... .. ... 393
13.28 Fused multiply-add without pair precision . . . . . ... ... ... .. .. ... o 0o 395
13.29 Fused multiply-add with multiple precision . . . . . .. ... ... .. ... .. ... .. .. . ... 401
13.30 Fused multiply-add, Boldo/Melquiond style . . .. .. ... ... ... ... ... .. ... ... ... 403
13.31 Error correction in fused multiply-add . . . .. ... ... ... .. .. o oL 406
13.32 Retrospective on pair-precision arithmetic . . . ... ... ... ... ... o o oL oL 407
Power function 411
14.1 Why the power functionishard tocompute . . . . ... ... ... ... .. .. .. . .. 411
142 Special cases for the power function . . . . . .. ... .. ... L oL L 412
143 Integer pOwWers . . . . . . . . . . .. e 414
144 Integer powers, revisited . . . . . . ... ... L L 420
14.5 Outline of the power-function algorithm . . . . . .. .. ... ... ... ... ... . .. L. 421
146 Findingaandp . .. ... . ... e 423
147 Tablesearching . . . . . . . . . . . . . . 424
148 Computinglog,(8/a) . . . . . . . . . 426
149 Accuracy required forlog, (g/a) . . . . . . . . 429
14.10 Exactproducts . . . . . . ... 430
1411 Computingw, wyand wy . . . . . . .. L 433
1412 Computing 12 . . . . . . . 437
14.13 Thechoiceof g . . . . . . . . . . 438
14.14 Testing the power function . . . . . . ... ... ... .. 438
14.15 Retrospective on the power function . . . .. .. ... ... ... .. ... L L oo 440
Complex arithmetic primitives 441
15.1 Support macros and type definitions . . . . . . ... L L L o 442
152 Complexabsolutevalue. . . . . . . ... ... .. .. 443
15.3 Complexaddition . . . .. ... ... .. 445
154 Complexargument . . . . .. ... ... . 445
155 Complexconjugate . . . ... .. .. . ... 446
15.6 Complex conjugation symmetry . . . . . .. ... L 446
15.7 Complex conversion . . . . . . . . ... .. .. 448
15.8 Complex copy . . . . . . 448
159 Complex division: C99style . . . . . .. ... . . . 449
15.10 Complex division: Smithstyle . . . .. ... ... ... ... . ... ... 451
15.11 Complex division: Stewartstyle . . . . .. ... ... ... ... .. L 452
15.12 Complex division: Prieststyle . . . . .. ... .. ... ... .. ... 453
15.13 Complex division: avoiding subtractionloss . . . . . .. ... .. ... ... ... .. o L 0. 455
15.14 Compleximaginary part . . . . . . ... ... ... 456



Contents

16

17

18

15.15 Complex multiplication . . . . . . . ... ... .
15.16 Complex multiplication: error analysis . . . . . .. ... ... ... ... ... .. .. ... .. ...,
15.17 Complexnegation . . . . . . . . . .. . L
15.18 Complex projection . . . . . . . . . . .. ..
1519 Complexreal part . . . . . . .. ... .
15.20 Complexsubtraction . . ... ... ... ... ...
1521 Complexinfinity test . . . . . .. .. ... . L
1522 Complex NaNtest . . . . . . . .. . ..
1523 Summary . . .. ...
Quadratic equations
16.1 Solving quadraticequations . . . . .. ... ... ... L
16.2 Rootsensitivity . . . . . .. . ... .
16.3 Testing a quadratic-equationsolver . . . . ... ... ... ... ... L
164 SUMMATIY . . . . . . .. e
Elementary functions in complex arithmetic
17.1 Research on complex elementary functions. . . . . ... ... ... .. ... ... ... ... ...,
17.2 Principal values . . . . .. . ... ..
173 Branchcuts . . . . .. ...
174 Software problems with negativezeros . . . . . . ... ... .. ... ... o
17.5 Complex elementary functiontree . . . . . . .. ... ... ... L L L
17.6 Series for complex functions . . . . ... ... L L
17.7 Complexsquare root . . . . . . . . . . ...
178 Complexcuberoot. . . . . . . .. . L
179 Complexexponential . . . . ... ... .. ...
17.10 Complex exponential near zero . . . . .. . ... . ... ...
17.11 Complexlogarithm . . . . . .. .. ... . .
17.12 Complexlogarithmnearone . . . . .. ... ... ... .. ... ..
1713 CompleX POWET . . . . . o o oot
17.14 Complex trigonometric functions . . . .. . ... ... ... ... L L o
17.15 Complex inverse trigonometric functions. . . . . .. ... ... ... .. L L oL L
17.16 Complex hyperbolic functions . . . .. ... ... ... ... .. .. ... ..
17.17 Complex inverse hyperbolic functions . . . ... ... .. ... ... ... .. ... .. ... .. ...,
1718 SUMmMaAry . . . . . .o
The Greek functions: gamma, psi, and zeta
18.1 Gamma and log-gamma functions . . . . . . ... ... .. L L
18.1.1 Outline of the algorithm for tgamma() . . ... ... ... ... ... ... .. .........
18.1.1.1 Asymptoticexpansions . . . . .. .. .. ...
18.1.1.2 Recurrence-relationaccuracy . . . . . . .. .. ... ...
18.1.1.3 Sumsof rationalnumbers . ... ... ... ... .. L o
18.1.1.4 Avoiding catastrophicoverflow . .. ... ... ... ... ... .. .. .. ...
18.1.2 Gamma functionaccuracy . . . . . .. .. ... ...
18.1.3 Computation of 77/ sIN(7TX) . . . . . . L. e
18.1.4 Why lgamma(x) is hard to compute accurately . . . . .. ... ... .. ... ... .. ...
18.1.5 Outline of the algorithm for lgamma() . .. .. ... .. ... ... ... ... .....
18.1.6 Log-gamma functionaccuracy . . . . . . ... ...
182 Thepsi() and psiln() functions . . . . . . . . . . . . . . . . e
18.2.1 Psifunctionpolesandzeros . .. ... ... ... ... ... L
18.2.2 Recurrence relations for psi functions . . . . . . ... ... o o L oL Lo
18.2.3 DPsi functions with negative arguments . . . . . ... ... .. L L L.
18.2.4 Psifunctions with argument multiples . . . . .. ... ... ... o 0 oL oL
18.2.5 Taylor-series expansions of psifunctions . . . . . ... ... ... ... o o oL
18.2.6 Asymptotic expansion of the psifunction . . .. ... ... ... .. ... ... . L.

Xix



XX

19

20

Contents

1827 Psifunctionon [0,1] . . . . . . . 543
18.2.8 Outline of the algorithm forpsi() . . . . . . ... ... . . L o 543
1829 Computing 71/tan(7rx) . . . . . . .. 545
18.2.10 Outline of the algorithm for psiln() . . ... ... ... .. ... . ... ... .. ... .... 546

18.3 Polygamma functions . . . . . . .. ... 547
18.3.1 Applications of polygamma functions . . . . ... ... ... ... o oL 555
18.3.2 Computing the polygamma functions . . . . ... ... .. ... ... ... . ... .. ... 556
18.3.3 Retrospective on the polygamma functions . . . .. ... ..................... 558

184 Incomplete gammafunctions. . . . . .. .. ... L L 560
18.5 A Swiss diversion: Bernoulliand Euler . . . . . ... ... ... ... ... .. .. . o L L. 568
18.5.1 Bernoullinumbersrevisited . . .. ... .. ... . L L o 574

18.6  An Italian excursion: Fibonaccinumbers . . . . . .. ... ... ... L o L oo 575
18.7 A German gem: the Riemann zeta function . . ... ... .. ... ... ... .. ... ... . ..., 579
18.7.1 Computing the Riemann zeta function . . . . . ... ... ... ... ... .. ... ..... 583
18.7.2 Greek relatives of the Riemann zeta function . . ... ... ... . ... ... ... .... 587

18.8 Furtherreading . .. .. ... .. . . . ... 590
189 Summary . . . . ... 591
Error and probability functions 593
19.1 Errorfunctions . . . . . .. ... .. 593
19.1.1 Properties of theerror functions . . . . . ... ... .. ... ... L L o Lo 593
19.1.2 Computing theerror functions . . . . . . . ... ... ... ... L oo o 595

19.2  Scaled complementary error function . . . . . . ... L Lo L L 598
19.3 Inverseerror functions . . .. ... ... .. ... 600
19.3.1 Properties of the inverse error functions . . . . ... ... ... ... ... . L 601
19.3.2 Historical algorithms for the inverse error functions . . . . ... ..... ... ... .... 603
19.3.3 Computing the inverse error functions . . . . . ... ... ... ... ... . .. L. 605

19.4 Normal distribution functions and inverses . . . .. ... ... ... ... .. ... .. .. ... 610
195 Summary . . . ... 617
Elliptic integral functions 619
20.1 The arithmetic-geometricmean . . . ... ... ... ... ... ... L 619
20.2 Elliptic integral functions of the firstkind . . . .. ... ... ... ... ... . 00 L. 624
20.3 Elliptic integral functions of thesecond kind . . . . . ... .. ... .. ... .. .. L o L 627
20.4 Elliptic integral functions of the third kind . . . . . .. ... ... ... .. ... .. ... ... .. 630
205 Computing K(m)and K'(m) . . . ... e 631
20.6 Computing E(m) and E' (1) . . . . .« oo 637
20.7 Historical algorithms for ellipticintegrals . . . . ... ... ... ... . ... .......... 643
20.8 Auxiliary functions for ellipticintegrals . . . . .. .. ... ... ... .. L o o oo 645
20.9 Computing the elliptic auxiliary functions . . . . ... ... . ... ... . ... . . oo L 648
20.10 Historical elliptic functions . . . . . . . ... .. ... . L 650
20.11 Elliptic functionsinsoftware . . . . . . . . . . . ... .. 652
20.12 Applications of elliptic auxiliary functions . . . . . . ... ... ... ... ... o Lo L 653
20.13 Elementary functions from elliptic auxiliary functions . . . . . ... ... ... ... ... .. ..... 654
20.14 Computing elementary functions via Rc(X, 1) . . . .« o oo v it i i e 655
20.15 Jacobian elliptic functions . . . . . . . .. ... L 657
20.15.1 Properties of Jacobian elliptic functions . . . . . . ... ... ... .. . o oL oL 659
20.15.2 Computing Jacobian elliptic functions . . . . . ... ... .. ... . ... . .0 oL 661
20.16 Inverses of Jacobian elliptic functions . . . . . ... ... ... .. L o L o 664
20.17 Themodulusand thenome . . . . ... ... ... ... . .. ... .. ... 668
20.18 Jacobian theta functions . . . . . . . . . . L 673
20.19 Logarithmic derivatives of the Jacobian theta functions . . .. ... ... ... ... . ......... 675
20.20 Neville theta functions . . . . . . ... ... . . . L 678
20.21 Jacobian Eta, Theta, and Zeta functions . . . . . . . . . . . . . . . . e 679

20.22 Weierstrass elliptic functions . . . . . . .. ... .. L L L 682



Contents

21

22

23

20.23 Weierstrass functions by duplication . . . .. ... ... ... .. L L o Lo
20.24 Complete elliptic functions, revisited . . . . . . . ... ... L L L
2025 SUMMATY . . . o oo o
Bessel functions
21.1 Cylindrical Bessel functions . . . . .. .. ... ... L
21.2 Behaviorof J,(x) and Y, (x) . . . . . .
21.3 Propertiesof [,(z) and Y, (2) . . . . o o oo
214 Experiments with recurrences for Jo(x) . . . . . . . .
215 Computing Jo(x) and J1(x) . . . . . o
216 Computing Ju(X) -« o o o o e
217 Computing Yo(x) and Y1(X) . . . . .
21.8 Computing Y, (X) . . .o oo
21.9 Improving Besselcodenearzeros . . . .. .. ... ... . .. ...
21.10 Properties of I, (z) and Ky, (2) . . - o o o o o it
21.11 Computing Ip(x) and [i(X) . . . . . . e
21.12 Computing Ko(x) and K1 (X) . . . . oo
21.13 Computing I,(x) and K, (X) . . . . . oo
21.14 Properties of spherical Bessel functions . . . . .. ... ... . ... ... 0 o Lo o
21.15 Computing j,(x) and y,(X) . . . . . . o e
21.16 Improving ji(x) and y1(x) . . . . ...
21.17 Modified spherical Bessel functions . . . . .. ... ... .. ... .. L Lo
21.17.1 Computing ip(X) . . . . . oo
21.17.2 Computing isg(X) . . . o o o
21.17.3 Computing i1(X) . . . . . o
21.174 Computing isi(X) . . . . . o
21.175 Computing i, (X) . . . . . . oo
21.17.6 Computing is,(X) . . . . it e
21.17.7 Computing k,(x) and ks,(x) . . . . . . . ..
21.18 Software for Bessel-functionsequences . . . . . . . ... ... L L L Lo
21.19 Retrospective on Bessel functions . . . .. .. ... ... L L o o
Testing the library
221 Testing tgamma() and lgamma() . . . . . . . . . ...
222 Testing psi() and psiln() . . . . . . . .. e
223 Testingerf() anderfc() . . ... ... .
22.4 Testing cylindrical Bessel functions . . . . .. ... ... ... .. ... oo
22.5 Testing exponent/significand manipulation . . . . ... ... ... ... o oo oo
22.6 Testinginlineassemblycode . . . ... ... ... ... ...
22.7 TestingwithMaple . .. ... ... ...
22.8 Testing floating-point arithmetic . . . . . . ... .. ... L oL L o
22.9 The Berkeley Elementary Functions TestSuite . . . . . ... ... ... ... ... ..........
22.10 The AT&T floating-pointtestpackage . . . . . . .. .. ... ... ... ... .. ... .. ... ...
2211 The Antwerp testsuite . . . . . . ... ... .. . ...
2212 SUMMATIY . . . o o e
Pair-precision elementary functions
23.1 Pair-precisioninteger power . . . . . . ... ..
23.2 Pair-precision machineepsilon . . . . . .. ... .. L L o
23.3 Pair-precision exponential . . . . ... ... L
234 Pair-precisionlogarithm . . . .. ... .. L
23.5 Pair-precision logarithmnearone . . . . ... ... ... ... L L Lo
23.6 Pair-precision exponentialnearzero. . . . . . ... ... Lo
23.7 Pair-precision base-nexponentials . . . . . ... ... Lo L L

23.8 Pair-precision trigonometric functions . . . ... ... L oL L o Lo

XX1



Xxxii Contents

23.9 Pair-precision inverse trigonometric functions . . . . ... ... L L L Lo oL 801
23.10 Pair-precision hyperbolic functions . . . . .. ... ... ... .. .. o L 804
23.11 Pair-precision inverse hyperbolic functions . . . . .. ... ... ... ... . o o Lo L 808
2312 SUMMATY . . . . . . 808
24 Accuracy of the Cody/Waite algorithms 811
25 Improving upon the Cody/Waite algorithms 823
251 TheBell Labslibraries . . . . . . . . . . ... . 823
252 The Cepheslibrary . . . . . .. .. .. . . e 823
253 TheSunlibraries . . . . . . . ... 824
254 Mathematical functionson EPIC . . . . . . .. ... ... . L 824
255 TheGNUlibraries . . . . . . . . . . e 825
25.6 TheFrenchlibraries . . . . . ... ... . ... . .. 825
257 TheNISTeffort . . . . . .. . . . 826
25.8 Commercial mathematical libraries . . . . ... ... ... ... ... .. L 826
259 Mathematical libraries for decimal arithmetic . . . . . ... ... ... ... .. ... .. ... .. ... 826
25.10 Mathematical library research publications . . . . . .. ... ... ... .. .. ... .. .. . .. ... 826
25.11 Books on computing mathematical functions . . . ... ... ... ... ... . .. L. 827
2512 SUMMATY . . . . .. 828
26 Floating-point output 829
26.1 Output character string designissues . . . . .. ... ... ... ... . L L o o 830
26.2 Exactoutputconversion . . .. ... ... .. ... e 831
26.3 Hexadecimal floating-pointoutput . . . ... ... .. ... ... . ... L o 832
26.3.1 Hexadecimal floating-point output requirements . . . . .. ... ... ... .. ... ... ... 832
26.3.2 Remarks on hexadecimal floating-pointoutput . . . . ... ... ... ... ... ... 833
26.3.3 Hexadecimal floating-point output-conversioncode . . . . ... ... ... .. ... ... ... 834
26.3.4 Conversion to UPPercase . . . . . . . . . ...t 848
26.3.5 Determining rounding direction . . . . .. . ... ... L L L L o 848

264 Octal floating-pointoutput . . . . . ... ... ... L 850
26.5 Binary floating-pointoutput . . . . ... ... L L 851
26.6 Decimal floating-pointoutput . . . .. ... .. ... 851
26.6.1 The decimal-conversion program interface . . . . . .. ... ... ... ... .. ... ... 853
26.6.2 Fastpowersoften . ... ... ... .. ... ... ... 855
26.6.3 Preliminaryscaling . . . .. ... ... ... .. 856
26.6.4 Support for %g-style conversion . . . ... ... oL L 857
26.6.5 Buffersizes . . . .. ... ... e 858
26.6.6 Specialcases . . .. ... ... 858
26.6.7 Scaling and rounding adjustment . . . . ... ... L L L L L L 859
26.6.8 Digitgeneration . . . ... ... ... L 860
26.6.9 Completing decimal output conversion . . . ... ... ... .. ... ... .. ... .. ... 861
26.6.10 Computing the minimum desirable precision . . . . ... ... ... ... .. ... ....... 864
26.6.11 Coding fastpowersoften . ... ... ... ... .. ... ... 864

26.7 Accuracy of outputconversion. . . . . . ... 865
26.8 Output conversiontoageneralbase . ... .. ... ... ... ... .. .. . oo 865
26.9 Output conversionof Infinity . . . .. .. ... ... L L o 866
26.10 Output conversionof NaN . . . . . . . . ... . 866
26.11 Number-to-string conversion. . . . . . .. .. ... .. . 867
26.12 Theprintf() family . . . . . .. ... e 867
26.12.1 Dangersof printf() . . .. . .. . . . . ... 868
26.12.2 Variable argumentlists . . . . . ... ... ... L 870
26.12.3 Implementing the printf() family . ... ... ... ... ... .. .. ... .. ... .. ... 871
26.12.4 Output conversionspecifiers . . . . . .. ... ... L o L 873

2613 SUMMATY . . . . . o 878



Contents

27 Floating-point input

271 Binary floating-pointinput . . . . . . ... L L L
2711 Signinputconversion . . . . . .. .. ...
2712 Prefixstringmatching . . . . . . ... ... L
2713 Infinity inputconversion . . . . . .. ... L
2714 NaNinputconversion . . ... ... ... ... .. .. ... ...
27.1.5 Powerinputconversion . . . .. ... ... ... e
27.1.6 Floating-point suffix conversion . . . . . ... ... ... .. L L L
27.1.7 Integer suffix conversion . . ... ... ... ... ...
27.1.8 Inputroundingadjustment. . . . ... .. ... .. L L

27.2  Octal floating-pointinput . . . . . ... .. .. L

27.3 Hexadecimal floating-pointinput . . . . ... ... ... ..o L o

274 Decimal floating-pointinput . . . . ... ... L o

275 Based-numberinput. . . . . ... ...

27.6 General floating-pointinput . . . ... ... .. ... L L

27.7 Thescanf() family . .. ... .. ... . ..
27.7.1 Implementing the scanf() family . . . .. ... ... ... ... . ... o o L.
27.7.2  Whitespace and ordinary characters . . ... ... ... . ... ... .. .. ... .. ...
27.7.3 Inputconversionspecifiers . . . . . .. ... L L L
27.74 Retrospective on the scanf() family . .. .. ... ... ... ... .. ... . . . 0 L.

27.8 SUMMAIY . . . o o oottt

A Ada interface

Al Building the Adainterface . . . . .. ... ... . .. ...

A2 Programming the Adainterface . . . ... ... ... ... ... L L L

A3 Usingthe Adainterface . . . . . . ... ... ...

B C# interface

B1 C#ontheCLlvirtualmachine . . . ... ... ... ... ... .. . .. ..

B.2 BuildingtheC#interface . . . . . ... ... .. . ..

B.3 Programming the C#interface . . . . . .. ... ... .. ...

B4 UsingtheC#interface . . . . . . . . . . ... . e

C C++ interface

C1 Buildingthe C++interface . . . . . . . ... .. .. L

C.2 Programming the C++interface . . . . ... ... ... .. .. ... L L

C3 UsingtheCH++interface . . . . . . . . . .. . .

D Decimal arithmetic

D.1 Why we need decimal floating-point arithmetic . . . . ... ... .. ... ... .0 0L

D.2  Decimal floating-point arithmetic designissues . . . . ... ... . ... . ... . ... . ... ..

D.3 How decimal and binary arithmetic differ . . ... .. ... . ... ... ... . ... . ... . ...

D.4 Initialization of decimal floating-pointstorage . . . . . . ... .. ... ... .. ... oL

D.5 The<decfloat.h>headerfile . ... ... ... ... . ... ... . ... . ... . ...

D.6 Roundingindecimal arithmetic . . . . . ... ... ... ... . L L

D.7 Exact scaling in decimal arithmetic . . . . ... ... ... .. ... . o L o

E Errata in the Cody/Waite book

F Fortran interface
F1 Building the Fortraninterface . . . . ... ... ... ... .. ... .. .. . .. ..
F2  Programming the Fortraninterface . . .. .. ... ... ... ... ... .. .. ... .. .. . .. ...
E3  Using the Fortraninterface . . . . . . ... ... .. ... . .. ...

XX1ii

879
879
885
886
887
887
889
890
892
893
894
895
895
899
900
901
902
904
905
909
910

911
911
912
915

917
917
918
920
922

923
923
924
925

927
927
928
931
935
936
936
937

939



XXiv Contents
H Historical floating-point architectures 947
H1 CDCfamily . . . ... . 949
H2 Crayfamily . . . .. ... e 952
H.3 DECPDP-10 . . . .. e 953
H.4 DECPDP-11and VAX . . . . . . . 956
H.5 General Electric 600 series . . . . . . . . . . .. . 958
H6 IBMfamily . .. ... ... e 959
H.61 IBM7030Stretch . . . . . ... ... . 959

H.6.2 IBMandFortran . . . . . . ... ... . 961

H.6.3 IBMSystem/360 . . . . . .. . . .. 963

H.7 Lawrence Livermore S-1 MarkIIA . . . . . . .. ... . . . 965
H.8 Unusual floating-point systems . . . . .. ... ... ... .. ... 966
H.9 Historical retrospective . . . . . . . . . ... .. 967

I Integer arithmetic 969
I1  Memory addressing and integers . . . . . .. ... ... L 971

12  Representations of signedintegers. . . . . .. ... ... ... .. L L L 971
121  Sign-magnitude representation . . . ... ... ... ... ... L o Lo 971

[2.2  One’s-complement representation . . . . . ... ... ... ... .. ... .. .. 972

[2.3  Two's-complement representation. . . . . ... ... .. ... .. L L 972

124  Excess-mrepresentation . . .. .. .. ... ... ... ... L o 974

[25 Rangesofintegers . . . . ... ... ... ... ... 974

I3 Paritytesting . . . . . . . . . .. 975

L4 Signtesting . . . .. . ... .. 975

L5  Arithmeticexceptions . . . . . . . .. . ... 975

L6  Notations for binarynumbers . . . . . .. ... .. L L 977

L7 Summary . .. ... 978

J Java interface 979
J.1  Building the Javainterface . . . .. ... ... . .. .. 979

J2 Programming the JavaMathCWclass . . . . . ... .. ... ... .. ... ... . .. ... ... ... 980

J.3  Programming the JavaCinterface . . . . . . ... ... ... ... ... 982

J4  UsingtheJavainterface . . . . . . . .. . ... . .. 985

L Letter notation 987
P Pascal interface 989
P1  Building the Pascalinterface . . . . . ... ... .. ... . ... 989

P2  Programming the Pascal MathCWmodule . . . . . .. ... ... .. ... .. ... .. ... ..... 990

P3  Using the Pascal moduleinterface . . . . ... ... .. ... ... ... . ... . . 993

P4  Pascal and numeric programming . . . . . ... ... 994
Bibliography 995
Author/editor index 1039
Function and macro index 1049
Subject index 1065

Colophon 1115



2 Springer
http://www.springer.com/978-3-319-64109-6

The Mathematical-Function Computation Handbook
Programming Using the MathCW Portable Software
Library

Beebe, M.H.F.

2017, X0, 1115 p., Hardcower

ISEN: 978-3-319-64109-6



	Contents



