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An Activated Elastic Bar: Effective Properties

2.1 Longitudinal Vibrations of Activated Elastic Bar

Consider an immovable elastic bar distributed along the z-axis; the
longitudinal wave propagation along the bar is governed by the second or-
der hyperbolic equation

(put)r — (kuz), = 0. (2.1)

Here, u = u(z,t) denotes a small horizontal displacement depending on z
and t, and p = p(z,t), k = k(z,t) denote, respectively, the (positive) linear
density and stiffness (Young modulus) of the bar.

We shall examine the wave propagation along the bar with variable mate-
rial parameters p and k. More specifically, we assume that this dependency is
characterized by the following features:

(i) both p and k are space and time dependent;

(ii) at each point (z,t) the pair (p, k) may take either the values (p1, k1) or
the values (p2, k2) (“materials 1 and 27);

(iii) these values are taken within alternating layers in the (z,t)-plane having
the slope dz/dt =V so chosen as to ensure a regular transmission of dy-
namic disturbances u(z,t) across the interface from one layer to another.
In other words, both kinematic and dynamic compatibility conditions
must be observed across the interface.

The spatio-temporal variability of both p and k£ may be achieved if we
attach (release) some portions of material to (from) the bar wherever and
whenever necessary. To illustrate how this operation affects the quantity of
motion and the elastic force, consider an infinitesimal material segment dz
carrying at time ¢ the mass pdz, with the absolute velocity u; of disturbance,
and quantity of motion puidz. Assume that over the time interval dt the
mass within the segment receives infinitesimal addition p;dtdz; before being
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Fig. 2.1. A moving interface

added, this mass is moving with constant absolute velocity V; and carrying
the quantity of motion p;Vpdtdz. The resultant quantity of motion of two
masses before addition is therefore (pu; + pVodt)dz.

After addition, the combined mass (p+p;dt)dz carries the disturbance with
absolute velocity u; 4+ ugdt and quantity of motion (p + prdt)(us + ugedt)dz.
The difference of these quantities after and before addition equals (with second
order terms neglected)

(pug + prug — peVo)dzdt.
By momentum conservation law, this should be equal to the increment of the
impulse of a resultant elastic force
(ku,).dzdt,
ie.,
pug = (kuy), — pe(ug — Vo). (2.2)
Remark 2.1.1. Equation (2.2) resembles the fundamental equation [5]

m—=F——(@w-V) (2.3)

governing the motion of a particle with variable mass moving at velocity v.
The difference between (2.2) and (2.3) is that, in the first of these equations,
we deal with the mass densities multiplied by their accelerations, as well as
with the densities of force applied to those masses, i.e., with the quantities
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calculated per unit volume. Unlike that, in (2.3), all symbols are related to
the individual material particles. By integrating equation (2.2) over a finite
volume, one may arrive at the equation of motion of the center of mass dis-
tributed over this volume.

The term—p;(u; — Vp) represents the density of a reactive force similar
to the second term at the rhs of (2.3). For V = 0, equation (2.2) reduces to
(2.1). If we replace (2.2) by an equivalent system

Ut = kuZ7 Uy = p(ut - %)7 (24)

then it will be easy to introduce the compatibility conditions on the interface
P separating two different materials 1 and 2. If V' denotes the absolute velocity
of the interface (Figure 2.1), then the balance of momenta on the interface
separating materials 1 and 2 on the (z,t)-plane is expressed by

V1t + V1, = vop + Vg, (2.5)

where V is the slope of the interface relative to the t-axis, and the subscripts
1, 2 are related to the sides of the interface occupied by materials 1 and 2
(Figure 2.1). One may say that (2.5) is equivalent to the continuity of v.

We must add to (2.4) another compatibility condition

Uty + Vg, = uop + Vg, (26)

expressing the continuity of a displacement across the interface. Any solution
of the system (2.4) satisfying equations (2.5), (2.6) will be called regular. The
analogy between equations (2.2) and (2.3) introduces a flying rocket as an
example of a dynamic material. A system of a rocket plus a reactive gaseous jet
is thermodynamically closed; its center of mass remains immovable in space.
But the rocket itself, treated separately, represents a dynamic material: its
inertia (mass) and stiffness depend on a position along the body of a rocket
as well as on time; this makes the flying rocket thermodynamically open.
Returning to equations (2.4), we characterize them as a hyperbolic system,
and caution should be taken to guarantee existence of a regular continuous
solution. The problem that arises may be illustrated if we consider, as an
example, the case of an immouvable interface: V = 0 (Figure 2.2).

In order to observe the compatibility conditions, we have to make sure that
there are precisely two characteristics of the system (2.4) that depart from the
interface. On an immovable interface, V' = 0, we have two characteristics, with
slopes +aq, on the left side occupied by material 1, and two characteristics,
with slopes Fas, on the right side occupied by material 2; here, a;, ¢ = 1,2,
denotes the phase velocity /k;/p; of waves in material i; we assume below,
without sacrificing generality, that as > a; > 0. Clearly, two out of the four
characteristics, specifically, those with slopes as and —a, depart from the
interface. We conclude that an immovable interface is admissible, i.e., it allows
for a desired regular solution.
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Consider now a mowving interface (V' # 0), with immovable materials 1
and 2 on opposite sides of it. Instead of Figure 2.2, we now refer to Figure 2.3
as illustration; in this one, the interface is making the angle tan~' V' with the
t-axis. Nothing dramatic happens (i.e., the solution remains regular) while |V|
is less than the least of the phase velocities: | V |< ay (Figure 2.3); if, how-
ever, | V| falls into the interval (a1, az), then the balance of characteristics
becomes violated: we have either three (Figure 2.4) or one (Figure 2.5) de-
parting characteristic. In the first case, we have non-uniqueness, in the second
case—non-existence of a continuous solution. Both cases will be called irreg-
ular. The balance will, however, be restored as | V' | becomes greater than
both of the phase velocities: | V' |> ag; this case is illustrated in Figure 2.6.
We conclude that the condition

(V2 —a?)(V? —a3) >0 (2.7)

is necessary for the existence of a regular solution. This condition imposes
substantial restriction on spatio-temporal material geometry; particularly, it
becomes violated for assemblages that are quite habitual in statics. An exam-
ple is given by a matrix structure in space-time illustrated in Figure 2.7. In
this figure, the matrix and the oval-shaped (shaded) inclusions are occupied
by two different materials. Along the oval interfaces, there will always be parts
where Ineq. (2.7) is violated. On the other hand, a rectangular microstructure
shown in Figure 5.1 is regular because (2.7) is satisfied on both horizontal and
vertical interfaces.

In the following sections we will calculate the effective parameters of a
regular elastic bar.

Remark 2.1.2. The difference between regular and irregular cases has been
extensively discussed in literature, starting with a celebrated paper [4] by
L.M. Gel'fand. The mismatch in the number of arriving and departing char-
acteristics has served as an argument for non-existence (non-uniqueness) of
weak solutions for linear hyperbolic systems with discontinuous coefficients.
On the other hand, the boundedness of energy is an argument often used for
the proof of existence. In the context of this book, there is no point to care
much about this argument since the energy gain is what is often desirable in
applications of dynamic materials. The reader will see illustrations of this in
Chapter 5.

The transport of disturbances across the irregular property interface can-
not be arranged unless such interface itself demonstrates irregularities like a
“toothlike shape” accompanied by formation of shocks, i.e., strong disconti-
nuities in u,v. The relevant analysis has been conducted in [7] for irregular
situations illustrated in Figures 2.4 and 2.5. This study has specifically con-
firmed that infinite energy should then be wasted to support the non-stop wave
propagation. For this reason, the standard homogenization technique based on
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the energy boundedness and, consequently, on G-convergence did not receive
extension to laminates with irregular property interfaces. A formal attempt
to carry out such extension undertaken in [8] does not seem to be workable
for structures other than regular laminates. There have been other attempts
to carry out dynamic homogenization for the wave equation with the space-
time variable coefficients. For example, in [2,3] there was considered homoge-
nization in the case of time-discontinuous coefficients with inertial parameter
bounded in BV (0,T; L>(£2)). The latter restriction is too strong even in
certain regular situations because it forbids some important material geome-
tries, such as a rectangular checkerboard assembled from two distinct ordinary
materials in space-time (see Chapter 5). Energy may be unbounded in this ex-
ample, and no standard homogenization becomes possible. Contrary to the el-
liptic case, homogenization based on the energy boundedness does not appear
to be in hyperbolic problems a single means for relaxation, i.e., for the release
of all resources hidden within a spatio-temporal material assembly. There are
conceptually different ways toward such release; some of them discussed in
Chapter 6.

For many purposes, especially for material optimization in dynamics, we
want as much freedom in spatio-temporal material geometry as possible. This
freedom, however, can be accompanied by some sacrifice, such as shocks and
an extensive energy flow from the external source into the system.

\ 2
1 2
a, /

Fig. 2.2. An immovable interface: V' = 0: two departing characteristics
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a,

Fig. 2.3. A moving interface: | V |< a1: two departing characteristics

Fig. 2.4. A moving interface: a1 < V < ag: three departing characteristics

Fig. 2.5. A moving interface: —as < V < —aj: one departing characteristic
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a,

Fig. 2.7. A matrix microstructure in space-time violating Ineq. (2.7)

2.2 The Effective Parameters of Regular Activated
Laminate

To determine them, we apply homogenization to the system (2.4) bearing in
mind compatibility conditions (2.5) and (2.6). The analysis will be simplified if
we assume that V5 = 0 and introduce, instead of (z,t), the Galilean coordinate

frame (¢, 7) specified by
C=z-Vt, 7=t (2.8)
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this co-moving frame (in which the interface stays immovable) is traveling
with velocity V in the positive z-direction.
By using obvious relations

0/0z=0/0¢, 0/0t=0/0T —VI/I(, (2.9)
we reduce the system (2.4) to the form
pur = pVue +ve, vy = kue + Vg,

on denoting

A=V?-d* a®=k/p, (2.10)
we rewrite this as
\%4 1 k \%4
u¢ = Ztr = p—AvT, v = R ur + F 0 (2.11)

Conditions (ii), (iii), Section 2.1, indicate that parameters p,k depend
on the argument z — Vi = (; we shall assume that these parameters are
periodic functions, with a unit period, of the fast variable & = (/§, § — 0.
Equation (2.11) will now be averaged over the unit period in &. Introduce the
symbol (-) = mq(-); + ma(-)2 for the arithmetic mean of (-), with materials
1 and 2 represented in a unit period with the volume fractions mq, mo >
0 (mi1+mg =1). We apply averaging to equation (2.11) bearing in mind that
the derivatives u,, v, are continuous across the interfaces (=const immovable
in a new frame; for this reason, they remain unaffected by averaging: (u,) =
ur, (v;) = v,. Preserving symbols u¢,u,,ve, v, for the averaged quantities
(ue), (ur), (ve), (vr), we arrive at the system

u¢ = BVu, — Cvr, ve = —Du, + BV,

where we introduced notation

() o) o) o

We now go back to z,t, with the reference to (2.8), (2.9); after some calcula-
tion, there appears the system

Up = PUz — Ui,  Vr = qUz + TU. (2.13)

The coefficients p, ¢, r are given by the formulae

2 2172
p:VZD—%, q:—V(D—ACB>, r:BCV - D, (2.14)
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with the symbol A defined as
a2

A direct calculation shows that

2. 2 1
_ajap 2 i _
4= A Ay [V <a2) 1} ’

B= (V)
- — V=R,
v am 7 (0)-G))
Here, we applied notation
() = ma(-)2 +ma()1, (2.16)

and an obvious symbol (see (2.10)) A; =V? —a?, i=1,2.

7
We shall also use parameters «, 3,60 defined by the formulae

a? V2 a% .
il
IBZBC"/:V<<%A>>:P1P2V¥E GZ,

o
97£7<%A - pet (2.17)
D <%> " kikapipo V2(%)_<%)' :

The symbols p, ¢, and r are linked with «, 5,8 through the following relations
(c.f. (2.14)):

_ V2—9a2 - V_eaﬂ _ 1_962 2.18
P=9v—a)y 17 "0V —_a) T 0BV —a) (2.18)

Parameter v/0 is interpreted as the wave impedance of the laminate: for a pure
material with properties p, k it becomes equal to 1/1/kp. Sometimes we will use
the symbol v =1/ V0 to designate the wave conductance . We now return to
equation (2.13). This system appeared as a result of homogenization applied
to (2.4); the relevant composite is a spatio-temporal laminate in (z,¢) of the
type illustrated in Figure 1.4. We wish to determine the effective parameters
of this laminate.
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Consider first the case V' = 0 when the laminate becomes spatial. Then
q =0, and p,r become
R S S Rt 1 Jk\
P—a—m— %>—<k ) ’T_Qa_<a2>_<p>' (2.19)

pa?

Because ¢ = 0, we conclude, by comparing (2.13) and (2.4), that parame-
ters p and r specified by (2.19), may be treated, respectively, as the effective
stiffness K and density P of a spatial laminate. When V' = 0, the matrix

‘p 4 (2.20)

q T

of the coefficients in (2.13) becomes diagonal, and its elements are then quali-
fied as effective constants. Another extreme case V = oo corresponds to what
we call a temporal laminate. In this case, the terms with ¢ in (2.13) also drop
out, and p,r become

= HL (2.21)
)

with a similar interpretation as the effective stiffness K and density P. The
matrix (2.20) also becomes diagonal in this case.

With V' being neither zero nor infinity, we diagonalize the matrix (2.20)
by introducing a new Galilean frame 7, 7, through the formulae

n=z—wt, 7=t (2.22)

The frame 7, 7 is moving along the z-axis with the velocity w specified below.
In a new frame, the system (2.13) takes on the form

vy = (p+2qw — rw2)u,7 — (¢ —wr)u,,
vy = (q — wr)uy + ru-. (2.23)

If we now define w as
w=gq/r, (2.24)

then equations (2.23) are reduced to
vy = (1/0r)uy, vy =ru,. (2.25)
Here, we used an easily checked relation (c.f. (2.18))

pr+q¢* =1/6. (2.26)
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The frame (2.22) with w specified by (2.24) with be called a proper frame.
The matrix (2.20) takes in this frame the diagonal form

6=1r=10

0 r

3

with the effective stiffness K and density P specified as
K=04%""' P=r. (2.27)

Notice that the product of these parameters equals 6~ 1:
KP=0"" (2.28)

this is consistent with the remark after equation (2.18).

The symbols p, ¢, » may be expressed directly through the material param-
eters p1, k1, p2, k2, the velocity V', and the volume fraction m;. After some
calculation in which we use (2.17), we arrive at the formulae:

=~ a1 (1) - G)]

. (5]
MAMA [ (1 1
vy 22l (3) - ()]
2 A1y 2 7. i
1-63 = Faa? {v —k(p ] (2.29)

Here, we used notation

- 1 1
F=WV2p-k |V -)-(-]]- 2.30
(v )[ <k> (pﬂ (230)
Referring to (2.18), we obtain the following expressions for p, g, , and 6 :

V2_ 1 VQ_%
_ (1 (%) _ (%)
p=hkap (k) Ve ok W
P
5(1) - (1 5(1) - (1
g = ~Viks - (&) _ Vklk?p('“) ()
V2p—k p va_k
2 _ k(1 2 _g(1
r=p1p2 ! k<—p> P2 ! k(—p)
V2p—k AR
vi-k
P P
6 — b, 2.31
P1P2<k> VQ_Q ( )
()
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These formulae show that the velocity w = ¢/r of a proper frame (2.20) is
not equal to V unless V = 0.

Remark 2.2.1. Note that in this chapter we are working within the Galilean
space-time concept represented through equations (2.8), (2.22). We will see in
the next chapter how to modify this assumption in a more rigorous relativistic
concept.

2.3 The Effective Parameters: Homogenization

To confirm the results of the previous section, we apply a standard homoge-
nization procedure [1] to the system (2.11). It is more convenient, however,
to work with an equivalent equation (2.1) in which the coefficients p and &
are defined as fast periodic functions of the argument £ = (z —Vt)/d, § — 0.
The period in € is taken equal to 1.

We look for solution to (2.1) represented in the form of a power series
over ¢:

u=ug(z,t,€) + duy(2,t,€) + 8%ua(z,t,€) + ... (2.32)

where u;, i =0,1,2,... are assumed 1-periodic in &.

The derivatives that participate in (2.1) should be recalculated by the rule
of differentiating composite functions:

d
—F =F -1
dZ (thag) z+6 57

%F(z,t,g) =F - Vi 'F. (2.33)

The subscripts in these formulae denote partial differentiation over the rele-
vant variables.
By virtue of (2.32), (2.33), we obtain

du

a = ug, + Ou1, + 52’LLQZ + ...+ 5_1(1605 + 5'LL1§ + 52u2§ + .. .),
du

E = ugs + dury + 52u2t + ... - V(S_l(uOg + 57115 + (521625 + .. .),

% (p(g)fl’;l) _ <p(€)(j;>t -Vt (P(f)f;;)g

= [p(&) (uor + Sury + 6*use + ...

— V5 p(&) (uog + dure + 6%uze + .. )]s

- V‘Sil[P(g)(UOt + Suyy + Pug +...)

— V& p(€)(uog + Sure + 0%uze + .. )¢ (2.34)
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= (rog)

appears as we formally apply z instead of ¢, k instead of p, and set V = —1
in (2.34).

By using these expansions in the lhs of (2.1), we express this one as a power
series over 0 and require that the coefficients of powers of d be set equal to
zero. This requirement, applied to the coefficient of the lowest power, 62,
means that

A similar expansion for

VZ(puog)e — (kuoe)e = 0. (2.35)

The similar conditions related to the coefficients of =1 and §° produce
the following equations:

—V(puoe)e =V (puor)e + V2 (pure)e — (kuog) - — (kuoz)e — (kue)e = 0, (2.36)

(puor)e — V(pure)s — V(puse)e + V2 (puae)e
= (kuoz): — (kuig): — (buiz)e — (Kuge)e = 0. (2.37)

We now consider the consequences of (2.35)—(2.37). Integration of (2.35)
reveals that
(V2p — k)uge = m(z,1).

Because ug should be 1-periodic in &, we get

1
dg
t P S —
m(z, )/0 Ve & =0,

ie,, m(z,t) = 0, since the integral equals a non-zero constant C' given by
(2.12). We conclude that, unless V2p — k = 0, g is independent of the fast
variable &: ug = uo(z,t).

Bearing this in mind and integrating (2.36), we arrive at the relation

—Vpuos — kug, + (Vp — k)uie = n(z,t),

or, equivalently,

\% k
Ul = i + P Uot + 5 U0z-
© VZip—k V2p—k VZp—k

We demand, as before, that u; be 1-periodic in ; this requirement defines n

as B
=~V Z o — s,
n C’U,Ot CUQ
with A, B, C given by (2.15) and (2.12). The expression for u;¢ now takes the
form

ue = Pugy + Quo, (2.38)
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with P, @ defined by

1% B 1 A

(P>/01Pd£<Q>/Ole§O.

We also mention the formulae

Note that

1
X = Uit — VUQf = —m(ks + VT),
1
where ¢ ¢
S = / (N, — M.)de, T = / (—pM, + kN.)d, (2.41)
0 0

with M, N defined as

M = Ut — VU1§ = uOt(]- - VP) - UOZVQ,

N = Uz + Ulg = UQtP + qu(l + Q) (242)
Equations (2.40)—(2.42) are produced by the same technique as equations
(2.38), (2.39).

By integrating (2.37) over the period 1 in £ and by using the 1-periodicity
of u; and ug, we arrive at the relation:

Vp B p A
((P)uot)e =V <V2p—k (P - C) ot + Vi —k (k - C) U02>t

Vk B k A
— ((k)uoz).— <V2p—k <PC> UOtJFm <k - C) U0z>z =0.

The symbol (-) has been defined in Section 2.2 as my(:); +ma(-)2. Bearing
in mind that ug = ug(z,t) and that p,k depend on £ alone, we rewrite the
last equation in the form:

B2V2 A A?
( C’V - D) uger — 2V (D — CB> Uzt — (VQD — C’) Uozz = 0.

In view of (2.14), this is reduced to

ruots + 2qUoz¢ — Puozz = 0,
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which is equivalent to the system (2.13).
Notice that

Ny — M, = upp P + qut(Q + VP) + 102V @,

and, because (P) = (Q) = 0, we have (N; — M,) = 0 identically.
Also,

—pM; + kN, = —puget(1 — VP) 4+ uoe(pVQ + kP) + kug..(1 + Q).

By direct inspection with reference to (2.12)-(2.15) and (2.39), we conclude
that

1
p=k1+Q) ¢=—5{pVQ+kP), r=(p(1-VP)),
and, by (2.13),
<_th + kNZ> = —TUott — 2qu02t + pugz, = 0. (243)

Now it is easy to see that S(0) = T'(0) = S(1) = T(1) = 0, and, as a
consequence,

2.4 The Effective Parameters: Floquet Theory

Because of a special assumption made about p, k as 1-periodic functions of
a single argument £ = (/J, the system (2.11) may be viewed as a linear
system with coefficients that are periodic in ¢ with period 6. We shall apply
the Floquet theory to this system to obtain its exact solution; the results of
Sections 2.2 and 2.3 follow from this solution in a low frequency asymptotic
limit. Calculations of this section are detailed in Appendix A.

We first eliminate the 7-variable by applying the Laplace transform:

i) = [ e Tuenar

Equation (2.11) then take on the form

5 —5 (ki ~ V1) =0, (2.44)

where a? is defined as k/p (see (2.10)).
Assume that ¢ > 0, and that material 1 occupies the intervals

(n—m)d <(¢<nd, n=0,1,2,..., (2.45)
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while material 2 is concentrated within supplementary intervals
nd < (< (n+mg)d, n=0,1,.... (2.46)

Here m, and mo denote, as before, the volume fractions of materials 1 and 2
in the period 4.
A general solution to the system (2.44) is given by

= A1e"CP(py, Q) + Aze"*  P(us, Q),
0= A1 Q 1, ) + A2e* Q12 €), (2.47)
with P(u1,(), ..., Q(us,¢) being d-periodic in ¢. In (2.47), A; and A denote

the coefficients to be determined by the boundary conditions, and pq, uo rep-
resent the Floquet characteristic exponents given by the formula (see (2.10))

S|

/11725 = V(ﬂl/al + 192/&2) + x. (248)

Here, the upper (lower) sign is related to p1(p2), and parameters ¥;, x are
defined as

0; = s0¢i, ¢i =mia;/(V?—a), i=1,2,
coshy = coshd}; coshids 4 osinhv)ysinhds,
o= (91 + 92)/2\/9102,

Clearly, 0 > 1. Consider the low frequency case | sd/a; |< 1; equation (2.49)
then specifies x approximately as

X = sé\/gzs% + 93 + 200102 (2.50)

By (2.7), the quantities ¢1, ¢o should be of the same sign; because o > 0,
the square root in (2.50) is real.
If s = iw with w real, then

coshx = coswdpy coswdps — o sin wgy sinwdps.

If the absolute value of the rhs of this equation exceeds 1, then the roots y
have non-zero real parts, and solution (2.47) contains exponentially increasing
terms.
This cannot happen in the low frequency approximation wd/a; < 1, and
the corresponding values of x, as well as u1, p2, are in this case imaginary.
The functions P(u, ) and Q(u, ¢) in (2.47) are given by the formulae

s
—|n- ((—nd) - <M* )(C*WS)
e ( V—a1> + Ee V+ta , C€ (2.45)

P(u, () = )

~(n- (¢—ns) *(#* )an)
Ge ( V—az) + He V+a , € (2.46)
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s s
—| n- (¢—nd) (H* 7)(4%5)
o O T AR G i) L] IR

Qu, ()= i

s
—|\r= (—nd) —(u— )(C—n5)
v2 | —Ge ( V*a2> +He V+az , C€(2.46)

The constants E, G, and H in these formulae are defined as solutions to
the system

- E+G+H=1,
E+(G-H)(y/m)=1
_Ee’l91 + Ge’192:FX + Heflb:FX — 67191, (251)

with upper (lower) sign related to p = pq(p2). For derivation of (2.51), see
Appendix A.

Both P(u,¢) and Q(u, () are d-periodic in (; these functions actually de-
pend on ¢ — nd, this argument falling into the ranges:

<C—n5 ¢—nd
1) )

—mi >

<0 for (2.45); 0< < mgy for (2.46).

In both cases, the difference ( — nd is of order 4. The functions @, v given by
(2.47) have the form of modulated waves; when s = iw and wd/a; < 1, then
eHS appears to be the long wave modulation factor, while P(u, (), Q(u,(¢)
represent the short wave carriers. By averaging @ and v over the period 9§,
we perform homogenization; this operation eliminates the short wave carriers
P, @, and detects the long wave envelopes <. These envelopes give birth to
the original u((,7) taking the form of d’Alembert waves f(¢ + *-7) in the
coordinate frame (¢, 7) linked with the laboratory frame (z,t) through (2.8).
In this latter frame, the waves take on the form f(z — (V' — —*-)t), with phase

1,2
velocities V' —

S
Hi,2”
In Appendix A, these velocities are calculated for s = iw, wd/a; < 1;

they are specified as

v, = Vfi:fVa%agﬁ (%> j <ill2) +ajas —
12 v2—k(ﬂ v2—k(

P

as before, the upper (lower) sign is related to py(us2).
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On the other hand, if we go back to equation (2.43) and look for its solution
f(z—wt), then the phase velocities vy 2 appear to be the roots of the equation

rv? —2qv —p = 0. (2.53)

Referring to (2.31), we conclude that vy o are identical with the expressions
given by (2.52).

2.5 The Effective Parameters: Discussion

Equation (2.27) define the effective parameters K, P of an activated laminate
n (z,t). Material properties k, p are assumed positive for both of the original
substances; as mentioned in Section 2.1, we set a3 > a?, i.e., ka/p2 > k1/p1.
Then it is easily checked that, apart from obvious inequalities

P\ = 217
P

k <]£> > 1, (2.54)

we have
k
ay S 5 S a%a
(3)
ai < 25 < a3 (2.55)
(+)
Also,

1 2
29

(5): (2.56)

From this point on, we shall distinguish between two possible situations:

=
IN
S

i
—

s}
=N
IN

Bl

(1) k2> ki, pa < pi; (2.57)
in the present discussion, this possibility will be referred to as the regular case;
(#4) either ko > ki, pa >p1, or ky <k, p2<p1 (2.58)

both of the latter possibilities will be termed irregular.
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Remark 2.5.1. In this context, the terms regular and irregular have meaning
different from that introduced in Section 2.1.

In a regular case, inequalities (2.56) are complemented by the following:

1 - (1
aj < - > K (p) < a3. (2.59)
o(1)

In irregular case, however, there exists the range of parameters p, k, and
myq, such that

S a‘la (260)

a2 <k <1> ) (2.61)

1, kb Bk
—ay = 5 o1 piplR) [k2p1 — (maky + maka)(mapa + map))

miky

= Ak — k1 Ap — mo Ak Ap) 2.62
p1,5<k‘> [pl 140 2 p] ( )

1
a3 —al = Lt (1 Ak — k1 Ap) > 0; (2.63)

P2 P1 B P1P2

here we applied notation A(-) = (-)2 — (-)1. The difference 1/p (%) —a? is

positive in the regular case when Ak > 0,Ap < 0; however, in irregular
case, when the signs of Ak and Ap are the same, this difference may become
negative. For example, if ko = 10, ps =9, k = p1 =1, then p1 Ak — k1 Ap—
meAkAp = 9 — 8 — T2mg, and this is < 0 if mg > 1/72. At the same time,
the difference ka/p2 — ki1/p1 is positive by (2.56), i.e., k/p increases as we go
from material 1 to material 2. Combined with AkAp > 0 (irregular case),
this means that the increase may be due to that in k£ and to the less intensive
increase (not a decrease) in p, or due to the decrease in p and the less intensive
decrease (not an increase) in k. The possibility for inequality (2.61) to hold is
illustrated quite similarly. We calculate the difference

_ /1 k k 1
k () - a% = ﬂ A [k‘gpl — (mlkg + m2k1>(m1p1 + mgpg)]
p p1p2 P2 P1pP2
= "2 15 Ak — k1 Ap — mi AkAp] ; (2.64)
P1P2

this difference is negative in a regular case, and may become positive in irregu-
lar case. Indeed, for an example cited above (k2 =10, p2 =9, k; = p; = 1),
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the difference becomes positive if m; > 1/72, i.e., mo < 71/72. We conclude
that, for this example, both inequalities (2.60), (2.61) hold once mq falls into
the range (1/72,71/72).
If, as assumed,
a3 > a3, (2.65)

then, for inequalities (2.60), (2.61) to hold, it is necessary that Ak and Ap
should both be non-zero. So the situation in which the original substances
differ in only one material constant can never maintain (2.60), (2.61).

On making these observations, we may discuss the formulae (2.27) for K
and P. Ineq. (2.7) outlines two admissible ranges for V2 : the slow range

VZ<ai, (2.66)

and the fast range
V%> a3. (2.67)

The last formula (2.17) shows that # > 0 for both ranges once k, p are
of the same sign for all participating materials. As to the values of r (see
(2.31)), they are always positive for the slow range (2.66), but may become
negative in the irregular case for the fast range (2.67). Indeed, for this range
the denominator V2p — k in (2.31) is positive by (2.55), while the numerator

V2 —k (%) may become negative for the fast range: to this end, the value
V2 should fall into the interval (a%, k (%)), as stated above (see (2.61)), this

interval may come into existence in the irregular case.

V= (/i) 0
V=

V=Kk@)

Fig. 2.8. Effective parameters K versus P with variable V' (case p (%) —k (%) >0)
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The plots of K versus P with V variable along the curves are given, re-
spectively, by Figure 2.8 (case ﬁ(%) —k (%) > 0), and Figure 2.9 (case

o %) —k (%) < 0). Both curves have parametric equations (with parameter

V) following from (2.27) and (2.31):

1)

2 (%) 2 7.(1
ke o VoG
ek (1) PVt

Only those parts of the curves are realizable that are consistent with the
admissible ranges V2 < a?, V2 > ay of V2 (see (2.7)); the relevant segments
are marked boldface in the figures.

The “averaged” d’Alembert waves, i.e., the low frequency envelopes in-
troduced in Section 2.4, propagate with the phase velocities v, 2 specified by
(2.52). By (2.53), the product of these velocities equals —p/r, or, with refer-

ence to (2.31),
_ V2o L
1 p(+
Vv = —p (k) a%agif)(. (2.68)
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Given the observations made earlier in this section, we conclude that vy
and vy should have opposite signs in a regular case. As to an irregular case,
the signs of v; and vy are the same if V2 is taken within the interval

,a? | for the slow range, (2.69)

]

L
(%)
and within the interval
- (1
(a%, k (p)) for the fast range. (2.70)

We have seen in (2.60) and (2.61) that such intervals may exist in irregular
case. For each of them, the homogenized waves propagate in the same direction
relative to a laboratory frame; this direction may be switched to opposite as
we go from V to —V. We thus arrive at what will be termed coordinated wave
propagation. The possibility of coordinated wave motion is peculiar to the
dynamic materials; this option does not arise if we apply conventional (static)
composites. The effects achieved through the use of this phenomenon may be
quite unusual as seen from the following example.

Assume that we have a laminate in space-time offering a coordinated wave
propagation with both low frequency waves traveling from left to right; we
shall term such material a right laminate. By switching V to —V/ the direction
of coordinated waves is also switched to opposite, so we obtain a left laminate.
Now consider the material arrangement produced by placing the left (right)
laminate to the left (right) of the point z = 0 (see Figure 2.10 representing
the relevant families of characteristics).

It is clear that an initial disturbance gives rise to two pairs of d’Alembert
waves propagating each in the relevant quadrant of the (z,¢)-plane along the
characteristics. The interior of the angle AOB in a (z, t)-plane then appears to
be a “shadow zone” free from any initially applied disturbance since they are
unable to enter this domain due to a special geometry of characteristics. By
controlling such geometry, we will selectively screen large domains in space-
time from the invasion of long wave dynamic disturbances. With ordinary
(static) composites, this screening effect is impossible.

Remark 2.5.2. The velocities vq o specified by (2.52) are the phase veloci-
ties of the envelopes e#¢ of the modulated waves that represent the Floquet
solutions of equation (2.44); these velocities are defined by (2.52) in a low fre-
quency limit w — 0. In this capacity, they represent the group velocities of the
low frequency waves propagating through an activated dynamic lamination.

When V' = 0 (a spatial laminate), the velocities become +v,,, where, by
(2.19),

= )70 = i (). 271)
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‘t

>z

0

Fig. 2.10. Screening effect produced by a shadow zone

When V' = oo (a temporal laminate), the velocities become %v;ep,p, where,
by (2.21),

e (1
ey = /0717 = s (7). (2.72)
Inequalities (2.56) now show that always

2 2
Usp S Qg > al

vtemp
For a regular case, as seen from (2.59),

2 2
D 2 ay, Utemp S a’27

whereas for an irregular case, (2.53) and (2.54) show that it is possible that

2 2 2
v P é ap, vtemp > a’2

Combining these inequalities, we conclude that, in a regular case, both vy,
and Vgem,p fall into the interval (a1, az), whereas in irregular case, they may
fall outside this interval: vy, may become less than ai, and viem,—greater
than as.

Remark 2.5.3. Consider a special case when the wave impedance V0 =
1/v/kp takes the same value for both materials; this case belongs with a reg-
ular range (2.57). The formula (2.52) for the effective velocities may then be
illustrated by the following elementary argument.

When 6; = 65, then, at each encounter with the interface separating two
adjacent materials in a laminate regular in the sense of Section 2.1., an incident
wave propagating through material 1 generates only one secondary wave, i.e.,
a transmitted wave traveling in material 2. The waves propagate through ¢th
material (i = 1,2) with velocity +a; — V measured in the frame (2.8) where
the interfaces stay immovable. An elementary calculation now specifies the
average velocity of waves passing through a unit period in £ in this frame:
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1 _ (V:Fal)(V:Fag) (2 73)
i;fl—v + ian;iv ta-V . .

On the other hand, when 6; = 05, then a direct inspection indicates that
equation (2.52) defines the difference v1 2 — V as
1 _

v —V = W(Via)(‘/q:al)(v:!:ag); (2.74)
this difference characterizes the effective velocities of waves measured in the
frame (2.8). We see that the values given by (2.73) and (2.74) are identical.

In a laboratory frame (z,t), the effective velocities take the values

(VFa)(V Fag) T ajas FV{a)
ta—-V ta-V

Particularly, for V' = 0 we obtain
Usp = +(a )71,

whereas for V = oo
Vtemp = i<a> .

These expressions are identical with those following from the formulae
(2.71) and (2.72) for v,p and viemp when we apply them to the case 6; = 6.

2.6 Balance of Energy in Longitudinal Wave
Propagation Through an Activated Elastic Bar

The differential equation (2.1) governing the wave propagation through an
immovable elastic bar represents an Euler equation generated by the action

density
1 ou\? 1 ou\?

This density defines components of the energy-momentum tensor W according
to the formulae

2 2
Wy = Ou 8721 - A= %p <8u> + %k <8u> — the energy density,

ot a(2y) ot 0z
ou 041 ou Ou .
Wy, = T (%) = fka 5 the energy flux density,
W = % 8???;) = p% % — the momentum density, (2.76)

2 2
W,, = ? agt — A= _%p (?) — %k (gu> — the momentum
z (E) t o flux density.

Q
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These components satisfy the equations

B B B dp [ Ou ok (ou\>
gt Wt g Wee = - [o"hf (m) m(a) 1 2.77)
o 0 B dp (du\? Ok [(Ou)\®

following directly from (2.1), (2.76).

At the lhs of equation (2.77) we have the rate of increase DE;“ of the
energy of a unit segment of the bar; this rate is calculated as the sum of the
local change ag?,, and the energy axg/;z that is brought into a unit segment

through its endpoints per unit time. The net increase 2 E;“ is equal to the

work

dp (Ou Ok (ou\”

l@t (at) ot (az> 1 ’ (2:79)
committed, per unit time, by an external agent against the wave u(z,t) to
produce the variable property pattern. Equation (2.77) thus expresses the en-
ergy balance in the system; the balance of momentum is reflected in equation
(2.78).

In this section, we shall see in detail how the energy-momentum balance
manifests itself through homogenization. To this end, we apply the analysis
of Section 2.3 in order to find an asymptotic form of equations (2.77), (2.78).

For reasons explained in Section 2.3, the derivatives 9/0t,0/0z entering
these equations should be replaced, respectively, by d/dt,d/dz, and these lat-
ter derivatives calculated by (2.33). We thus reduce (2.77), (2.78) to the fol-
lowing form:

Wir)e + Wio)s =V (Win)e + 67 (Wio)e
1
= 5V(S_l [pe(ue — VO ue)?® — ke(u. + 6 tue)?] (2.80)

(W) + (W ): =V (Wer)e + 01 (Wez)e
_ —55*1[,)5(% SV ug)? — ke(us + 6 ug)?]. (2.81)

Here, as in Section 2.3, we assume that u = u(z,t,£), p= p(§), k= k(&),
&= (z—Vt)/d, with ¢ being a small parameter; the symbols ()., (-);, (‘e
stand for the relevant partial derivatives. We now introduce an asymptotic
expansion (2.32) for u(z,t,£); as shown in Section 2.3, the function ug(z,t, &)
does not depend on &, and the derivatives ui¢, uge are given, respectively, by
(2.38) and (2.40).
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Bearing this in mind along with (2.34), we reduce the densities Wy and
W, to the form

1 1
Wiy = ip(UOt —Vuge)? + §k(u02 + upe)?

+ 0[p(uor — Vure) (urs — Viuge)
+ k(uos + uie)(uiz + u2e)] + .. -, (2.82)

W, = —k(uOt — Vulg)(uOZ + ulg) — (5](7[(160,5 — Vulg)(ulz =+ UQg)
—+ (qu + ulg)(ult - V’U,Qgﬂ + ... (283)

The expression for W,; is produced if we replace k by —p in (2.83); the ex-
pression for W, appears to be negative of Wi,.

In (2.82) and (2.83), the dots stand for terms of order §? and higher. We
drop such terms because we want to calculate both sides of (2.80) up to terms
of order §°. We also need the expansions

(ug — V5_1u5)2 = [ugt + duge + ... — V(S_l(éulg + (52qu 4+
= (uor — Vure)®
+ 20(uor — Vurg)(ure — Vuge) + .., (2.84)
(uy + 6 ug)? = (uoz + ure)? + 20(uos + ure)(ur, +uge) +... . (2.85)

Now as we apply (2.82)—(2.85) toward (2.80), the latter equation includes
terms of order 671, 6%, 6, etc. The coefficients of such terms taken on both
sides of (2.80) should be equal to each other. We are particularly interested
in the coefficients of 6° because they carry information about the energy
flows as we pass to the limit 6 — 0. The balance of ! terms yields the
equation

d |1 1 0
- Vvaf5 ip(um — V’ulg)z + ik(UOZ —+ u15)2 — ifk(um — Vulg)(u()z + ulg)
1 1
= §Vp§(u0t — Vu15)2 — §Vk§(’LL()Z + U1§)2, (2.86)

whereas the balance of §°-terms is expressed by
10

0
25 [p(uor — Vure)® + k(uos + u1e)?] — o= [k(uor — Vure) (uos + ure)]

0z
0
- Va—€ [p(uor — Vure)(uir — Vuge) + k(uoz + uie)(uiz + uge)]

0
~ % [k(uor — Vure)(uis + uge) + k(uos + uie)(urr — Vuoe)]

=V [pe(uor — Vurg)(ure — Viuge) — ke(uoz + uie) (uiz + uze)] -
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or

19, ., .0 )
—a%(kMY +ENX) = V(peMX — keNY). (2.87)

Referring to (2.38)—(2.41), we conclude, after some calculation, that both
(2.86) and (2.87) are identically satisfied.
To show this for equation (2.87), represent its lhs as ¢ + 1, where

1
¢ = 7g(pM2 +kN?) — Vﬁ(pMX +kNY')

20t o0&
and 9 9
=——(kMN) - — (kMY + kNX);
0=~ 5 (KMN) = (kMY + ENX);
with M, N, X|Y introduced by (2.40)—(2.42).
We have

¢ = pMM; + kNN, = V(pe MX + KcNY + pMe X + ENY + pM X¢ + kNY).

Because uge = 0, the terms in this expression that do not depend on p¢, k¢,
come from its first two members and from pM X¢+kNYe; by (2.40) and (2.41),
the sum of such terms equals

pV? pkV
— L( MM —|—I<;NN)——L[ MM, + kNN,
V2p—kp z z) — V2p_kp t t
kV
+ V(pMM, + kENN,) | + h [(MN); + V(MN).]. (2.88)

Similarly, the terms in 7 independent of p¢, k¢ are combined in the expression

kM

— k(MN). — V2 —k [PV (Ny = M) + (—pM¢ + kN.)] +
kN

+ 72, = BV = Mo) +V(=pMy + kN

After simple algebra this expression is reduced to the negative of (2.88), so
the sum ¢ + v does not include terms independent of p¢, k¢.

We now calculate terms with factors pe, ke in ¢ + ; by (2.41), their sum
equals V(pe MX — keNY'). A similar analysis applies to equation (2.81); for
this one, the analog of (2.87) is given by
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) 19, , )
Gr(PMN) = 55 (pM? + EN?) =V 2e(pMY + pN X)

—(%(pMX +kNY) = —(peMX — keNY) (2.89)
As before, the terms at the lhs of (2.89) independent of p¢, k¢ vanish. The
same holds to terms with factor p¢, as well as with factors k.

Before we discuss the specifics of such cancellations, it will be appropriate
to clarify the physical meaning of various terms participating in (2.87). The
first term at the lhs side of (2.87) expresses the local increase of the energy
density of a slow motion; by (2.82) and (2.42), this density is calculated as

Ty = 5 [pluor — Vuie)® + k(uos + uie)?]

— DN

1
= 5 (pPM? + kN?) = 2 [p(1 = VP)* + kP?] ug,

— [pPVQ(L = VP) — kP(1 + Q)uotuo-
+ % [PVZQ* + k(1 + Q)%] uf.. (2.90)

The second term reflects contribution due to the energy flux density of a slow
motion; by (2.83) and (2.42), this density is represented as

Ty = —k(uor — Vuge)(ups +uie) = —kMN = —k{P(1 — VP)u},
+[(1=VP)(1+ Q) — VPQluguo: — VQ(1 + Q)ug. }. (2.91)

The third term at the lhs of (2.87),

0
- V8—€ [p(uor — Vuag)(ure — Viuge) + k(uoz + wig) (urz + uge)]

0
= —Va—6 [PMX + kENY], (2.92)
represents the local increase of the energy density of a fast motion, and the
fourth term

T o [k(uor — Vure)(urz + uae) + k(uoz + wie)(ure — Vuge)]

= — = [k(MY + NX)| (2.93)

reflects contribution due to the energy flux density of such a motion. By the
last equation of Section 2.3 we conclude that the averaged values (over period
1) of the terms (2.92) and (2.93) responsible for a fast motion are both equal to
zero. As to the rhs of (2.87), it defines the work produced, per unit time, by an
external agent against the variable property pattern. This agent is responsible
for an external force working against elastic deformations.
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When we implement differentiation 9/9¢ in (2.92) and (2.93) and refer to
(2.42) and (2.40), there emerge terms with factors pe, k¢, as well as the terms
without such factors. The factored terms are counter-balanced by the rhs of
(2.87). The remaining (nonfactored) terms precisely match the expressions in
(2.87) generated by (2.88) and (2.91) combined.

All of those reductions occur termwise, with no averaging operation applied
whatsoever. The relevant (somewhat cumbersome) calculation is left to the
reader.

These observations show that the work of an external force produced over
a period is equal to the net increase of the energy of a slow motion.

2.7 Averaged and Effective Energy and Momentum

So far we never referred to the homogenized equation (2.43). This equation
appears to be an Euler equation produced by an effective action density

A= (T’UOt + 2quorug, — puéz). (2.94)

As in the beginning of Section 2.6, this function generates components of
an effective energy-momentum tensor W :

- or - 1

Wi = uoe Fuo - A= (TUOt + pud),

- oA

Wi = uge Ju = qugy — puotto:,

- oA

Wi = gy —— = rortios + qui,, (2.95)

8u0t

- oA _ 1
W, = ug, Dua. — A= —g(rugt —|—pu(2)z).

These components satisfy the system

0 0
=Wy + =— Wi, =0,

ot 0z
0 - 0 -
a Wzt + % sz - 07 (296)

following from (2.43).

Contrary to (2.77), (2.78), the system (2.96) has zero rhs because the
coefficients r, ¢, p in (2.43) are constant while the p, k in (2.1) are {-dependent.
Equation (2.96) therefore express conservation of both energy and momentum
for an effective motion governed by (2.43). We want to see how the system
(2.96) is linked with (2.77), (2.78). To this end, we first rewrite the expression
(2.94) for the effective action density in a more convenient form.
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Consider the expression
1 2 2 1 2 2
§[p(u0t —Vuie)® — k(uo: +uie)”] = i(pM — kN?). (2.97)
Referring to (2.42), we transform it to

L {uBilo(1 - VP — KP?] — 2ugu.[sVQ(L - VP) + KP(1+ Q)
L+ Q) - pVPQ7)

By direct inspection and with reference to (2.39), we get

2 2 1 B2 2
v AB
—[PVQ(l—VP)"‘k?P(l‘FQ)]—VQp_k<Cg—kﬂ>7

1 A?

Now, by averaging both sides of every equation over the period 1 in £ and
by referring to (2.12), (2.14), and (2.15), we write

(p(1 = VP)? —kP?) = BV D=r,
—(pVQ(1 —VP)+kP(14+Q)) =V (‘? - D) =q,
(k(1+Q)* - pV2Q* =V?D — %2 = p. (2.98)

Combining (2.95), (2.96), and (2.98), we finally obtain
1 2 oy _ L. o 2
§<PM —kN7) = i(TUOt + 2quottio: — pug;),

i.e., the effective action density (2.94). We now apply equation (2.95) to cal-
culate the components th,--- of the effective energy momentum tensor.

The component Wy may be interpreted as an effective energy density
represented in the laboratory frame. Given (2.98), this density takes on the
form

- 1 1
Wo = 5{p(L= VPP~ kP2)ad, + 31+ Q) — pV2Q2ud.  (2.99)
We now observe that an effective energy density Wy, is generally not equal

to the averaged energy density (Ty) of the slow motion calculated as (c.f.
(2.88))
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(Ti) = 2 (p(1 = VP)? + kP2, — (0VQ(1 — VP) — kP(1 + Q)ugrtios

_|_

DN = N =

(E(1+ Q)+ pV?Q*)ug, .
The difference between the two densities

Wi — (Ty) = —(kP*)u2, + (pVQ(1 — VP) — kP(1 + Q))uosuo.
— (pV2Q*ul, = (pV QMug. — kPNuoy)

vanishes when V = 0, i.e., for a static laminate.

This difference is non-zero because of a temporal activation. We therefore
expect that if we go to a co-moving coordinate frame (2.8) in which an inter-
face between layers in an activated composite remains immovable, then the
difference between W, and (T-+) evaluated for this system may vanish.

In the frame (2.8), the components of the energy-momentum tensor are
expressed by the formulae:

Wor =Wy + VWzta
WTC = Wtz + Vsz -V (th + VWzt) 3
W{T = Wzta
Wee = Woo = VI, (2.100)
An asymptotic expression for W, is produced, as mentioned above, if we
replace k by —p in (2.83). The term T; in this expression will be defined as
pMN; it takes the form (c.f. (2.91))
T. = pMN = p{P(1 = VP)ud, +[(1 = VP)(1+ Q) = VPQ)
uoruo, — VQ(1 + Q)ui, }; (2.101)

we may call it the momentum density of a slow motion.
Introduce the quantity similar to W,,:

Trr =Ty + Vg

by direct inspection, with reference to (2.12), (2.15). (2.39), (2.99), and
(2.100), we show that B
<TTT> = WTT'

By a similar argument, for the quantity
TTC = th + VTzz - V(ﬂt + Vth)a

we obtain
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The effective energy density (flux) thus appears to be the same as the averaged
energy density (flux) of a slow motion in a co-moving coordinate frame in
which the interface remains immovable. We could expect that if we noticed
that

0 0
. (th + VWzt) + 9 (Wtz + VWZZ) = 0;

ot 9z
because of (2.77), (2.78), and due to a supposed dependency of p and k on the
argument & = z — V't alone. The previous equation is rewritten in a co-moving

frame as
oW, n OWre
or oc

it shows that the energy is preserved in this frame.

The conservation of energy in a co-moving frame follows from the Noether’s
theorem applied to the variational principle of stationary action (2.75). For a
laminate, the material coefficients p and k depend in this frame on £ alone,
and do not depend on the new time variable 7.

Unlike this, the momentum equation (c.f.(2.78)) has non-zero rhs in a co-
moving frame, i.e., there is no conservation of momentum. Such conservation
holds in a different space-time frame; in this one, however, the energy is not
preserved.

We will now discuss the momentum equation taking the form (2.81) in a
laboratory frame. Following remarks made after Eqn. (2.83), we express the
balance of 6°-terms:

%pMN - %%(pMQ +EkN?) — Va%[p(MY + NX)] - a%(pMX +EkNY)
=—(peMX — keNY). (2.103)

0; (2.102)

As for the energy equation, we use the momentum density 7 of a slow motion
defined by (2.101), as well as the momentum flux density 7, of the same
motion defined as (see (2.88))

1
T,,=-Ty= fi(pMQ + EN?).

The third term at the lhs of (2.103) represents contribution due to the mo-
mentum density of a fast motion whereas the fourth term reflects a similar
contribution produced by the momentum flux density. The averaged (over pe-
riod 1) values of both terms are equal to zero, just as the averaged values for
similar terms in (2.87).

Desiring to arrive at the momentum equation similar to (2.102), we intro-
duce, instead of (2.8), the Galilean frame

n=z 6=t—Vlz (2.104)
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The material interface 6 = const becomes temporal in this frame. The trans-
formation formulae for the energy-momentum tensor are similar to (2.100);
they read

Woop = Wiy — V' Wi,

Woy = Wi,

Wye = W + VoW, -V (sz + V_IWtz) )
Wy =W, + VIW,,.

The momentum equation in this frame replaces that of (2.89) in the laboratory
frame. We get

W, W,
W Wy _ O [Wet 4+ V"W — VI (W + VW)

o0 o Ot
+3(W +V=w, )+V*19(W +V-w, ):Q(W + VW)
82 zz tz 8t zz tz 8t zt zz
0
+ a(wzz +V7iW,,) =o. (2.105)

This equation means conservation of momentum in the frame (2.104), just as
the equation (2.102) expresses conservation of energy in the frame (2.8).

These observations are related to exact values of energy and momentum; in
either selected frame, there is no simultaneous conservation of both quantities.
Contrary to that, their effective values (2.95) are both preserved, according to
equation (2.96), in any Galilean frame that is regular, i.e., consistent with Ineq,
(2.7). To show this, multiply both sides of (2.89) by V and add it termwise
to (2.87). After averaging the sum over the period 1 in & = (z — Vt)/e, we
arrive at

<[;(pM2+kN2)+pVMN] — {kMN+;V(pM2+kNY} >O;

(2.106)
here, we applied relations X (0) = X (1) = Y(0) = Y(1) = 0 mentioned at the
end of Section 2.3.

A simple algebra reduces the expression in the corner brackets to the form

(pM; — EN.)(M + VN) + (N, — M,)(kN + pV M).
Referring to equations (2.42) and (2.39), we show that
M+ VN = ug; + Vug.,

t

B A
EN 4+ pVM = up:V—= =
+p YotV & + ug c
i.e., these quantities are £-independent. For this reason, the averaging in
(2.106) becomes possible, and this equation takes the form
A

B
<th — sz>(u0t + VUOz) + <Nt - Mz> (UOtV5 + qua) =0.
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As shown at the end of Section 2.3, the factor (N; — M.,) identically vanishes.
We arrive at

(ruoee 4+ 2quoze — puozz)(uoe + Vugz) = 0,

which yields (2.43) because the interface is not a characteristic of this equation.
A direct calculation

(Wit)e + (Wiz) 2 = uor(Tuom + 2quose — puioss),

(Wzt)t + (sz)z = Upz (ruOtt + 2qu0zt - pquz)a

shows that equation (2.96) follow from (2.106). In other words, the effective
energy and momentum are both preserved in a laboratory frame.

2.8 Homogenization of Regular Activated Laminates:
Theoretical Motivation

As mentioned in Remark 2.1.2, homogenization is of limited significance for
the study of wave equation with variable coefficients. It does not work not
only for irregular geometries, but also for some regular situations, such as
the checkerboard formation in space-time discussed in Chapter 5. With this
background, a successful application of homogenization in Sections 2.2-2.7 to
spatio-temporal regular laminates appears to be noteworthy. Below in this
section, we explain the reasons for this exception.

The functions u,v in the homogenized system (2.13) are the weak limits
of sequences uy,v,, that appear in a standard homogenization scheme [1].
This scheme is known to work when the original fields demonstrate the weak
compactness, and this property is established as a consequence of Friedrichs
inequality. Such inequality follows from the boundedness of energy (or any
other positive definite quadratic functional of the derivatives playing the role
of energy). Fortunately, such functionals exist in the case of dynamic lami-
nates. For the case of slow laminates |V| < a1, this has been shown in [9]; for
the case of fast laminates |V| > as, the quadratic functional was introduced
in [6] and will be demonstrated below.

(i) Case of slow laminates
The wave equation (2.1) with coefficients p, k dependent on (z — Vt)/e is
transformed as shown in Section 2.2 to the new variables (2.8)

(=2z-Vt, 7=t
The Lagrangian

1 1 1 1
A= ipu% — gkuﬁ = 5pui — Vurue + 5(,ov2 - k)u? (2.107)
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does not explicitly depend on 7, and the laminate in the frame (2.8)

becomes static (immovable). By a standard technique we obtain the energy
equation

OWrr  OWre

or oc

where W.., W, are, respectively, the energy density and the energy flux
density in the frame (2.8), calculated as (see(2.95))
oA

_ _l a1 a2
WTT_UT@uT A—zpuT—i—Z(k pV 2 )ug, (2.108)

0,

oA
Wie =Ur5— = —qui — (k- pVQ)uTuC.
6u<
It is easy to check that W, . is continuous across the layers’ interfaces
¢ = const; this property together with (2.102) yields

(=00
(=00

d o)
- W‘r‘rdc = W‘r
dr /_ oo ¢

the rhs vanishes if the field disappears at z = Fo00. Therefore, the total
energy

.E(T>::J(ilt@27d<

measured in the frame (2.8) is preserved in time 7 : E(7) = Ey = const.
The constant Ej is positive by (2.108) because k — pV? > 0 for a slow
laminate. We conclude that there exists a positive constant u independent
of € such that -
Ey > l/ (u? + ud)dc.

[T
This means that there is a subsequence u,, weakly convergent to u, and
homogenization with respect to ( becomes possible.
Case of fast laminates
To discuss this case, apply the frame (2.104)

z
= 0=t——,
n=2z, v
with the Lagrangian expressed as
1 1 k 1
A= §puf — ikuﬁ = 5(p — W)ug + 7 uotn — §ku727

This expression does not depend explicitly upon 7, and the lamination in
coordinates (2.104) becomes purely temporal (dependent upon 6). By a
standard technique, we arrive at the momentum equation (2.105)

MW Wy

90 oy O
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with W, Wy, being, respectively, the momentum density and the mo-
mentum flux density in coordinates (2.104). We calculate them as

oL k k
Who = “n% = V“i +(p ﬁ)“f)“n,
1 k 1
Wy = fi(p - W)ug - iku%. (2.109)

From (2.105) and due to the continuity of W, across the interfaces § =
const, we obtain

0 = —c0

0

b

d 00
%/ W»,mda = W"79

the rhs vanishes if the field disappears at z = oo for fixed t.
The net momentum flux

M(n) = / W, d

in the frame (2.104) is therefore independent of n : M (n) = My = const.
This constant is negative because, by (2.109), pV? — k > 0 for a fast
laminate. We now conclude that there is a positive constant v independent
of e such that -
My < —1/ (ug +u2)df,
V]
or, since My < 0,
o0
/ (uj + ui)d@ < —vMj.
— 0o
This guarantees the existence of a subsequence u,,, weakly convergent to u,
and homogenization with respect to 6 becomes possible. The formulae in Sec-
tion 2.2 for the effective constants apply to both slow and fast laminates. We
conclude that weak compactness property substantial for justification of the
homogenization procedure holds with respect to the local fields dependent
on the fast variable (z — Vt)/e in both slow and fast laminates. A laminar
microstructure is in this context special because it supports, in appropriate
frames, the conservation laws for the original energy (momentum) expressed
by equations (2.102) and (2.105), respectively. For a general microstructure,
however, the energy-momentum tensor does not satisfy any visible conserva-
tion laws, and the homogenization procedure, in its standard version based on
weak compactness, cannot, generally speaking, be justified. As mentioned be-
fore, this statement will receive confirmation in Chapter 5 through the analysis
of a rectangular checkerboard structure in 1D-space and time: a disturbance
traveling through such a structure is able to demonstrate the exponential
growth of energy.
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