Chapter 2
Non-instantaneous Impulses in Differential
Equations with Caputo Fractional Derivatives

2.1 Statement of the Problem

Fractional calculus is the theory of integrals and derivatives of arbitrary non-integer
order, which unifies and generalizes the concepts of ordinary differentiation and
integration. For more details on geometric and physical interpretations of fractional
derivatives and for a general historical perspective we refer the reader to the
monographs [42, 45, 101] and the cited references therein.

Impulsive differential equations arise from real world problems to describe the
dynamics of processes in which sudden, discontinuous jumps occur. Such processes
are natural in biology, physics, engineering, etc.

As it is mentioned in the Introduction there are two popular types of impulses:

— instantaneous impulses—the duration of these changes is relatively short com-
pared to the overall duration of the whole process. For ordinary differential
equations with impulses we refer the reader to the monographs [79, 104]
and the cited references therein. There are also many recent contributions on
fractional differential equations with instantaneous impulses (see, for example,
[5,9, 32,49, 116, 117];

— non-instantaneous impulses—an impulsive action, which starts abruptly at a
fixed point and its action continues on a finite time interval. This kind of
impulse is observed in lasers, and in the intravenous introduction of drugs in
the bloodstream. E. Hernandez and D. O’Regan [56] introduced this new class
of abstract differential equations where the impulses are not instantaneous and
they investigated the existence of mild and classical solutions. For recent work
about fractional differential equations and non-instantaneous impulses we refer
the reader to [48, 84, 85, 97, 99, 100, 107, 122].

The main goal of this chapter is to introduce non-instantaneous impulses
in Caputo fractional differential equations. In the literature there are two main
approaches in the interpretation of solutions. Both approaches are discussed and
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74 2 Non-instantaneous Impulses in FrDE

their advantages/disadvantages are illustrated with examples. The existence of non-
instantaneous impulsive fractional differential equations and the corresponding
sufficient conditions are discussed using both approaches.

2.1.1 Preliminary Notes on Fractional Derivatives and
Equations

Fractional calculus generalizes the derivative and the integral of a function to a non-
integer order [68, 69, 82, 101]. In engineering, the fractional order ¢ is often less
than 1, so we restrict our attention to g € (0, 1).

The uniform formula of a fractional integral with g € (0, 1) is defined by

WD Im(t) = %q) / (t—5) " m(s)ds, t>19 (2.1)

where m(t) is an arbitrary integrable function, and I'(.) denotes the Gamma
function.
There are several definitions of fractional derivatives and fractional integrals.

1: The Riemann—Liouville (RL) fractional derivative of order g € (0, 1) of m(r) is
given by (see, for example, Section 1.4.1.1 [42], or [101])

RL
 Dim(t) =

t
1 d
_— t—s) ¢ ds, t>1.
ra [T =
1o

2: The Caputo fractional derivative of order ¢ € (0, 1) is defined by (see, for
example, Section 1.4.1.3 [42])

o DIm(t) = ﬁ / (t—9)"9m (s)ds, t> 1. (2.2)

Note the Caputo derivative of a constant is zero, whereas the Riemann-Liouville
derivative is f}LD‘f C = Cl(_’(_ltf)q)q. The properties of the Caputo derivative are quite
similar to those of ordinary derivatives. Also, the initial conditions of fractional
differential equations with the Caputo derivative have a clear physical meaning and
as a result the Caputo derivative is usually used in real applications.

If both the Caputo derivative and Riemann-Liouville derivative of m(r) exist (for
example, if m(t) is absolutely continuous function), then from (2.4.2) [68] we have
Fha[jgl]))"m(t) = KD m(t)—m(1)] = f)LD"m(t)—% holds (see Lemma 3.4
in .




2.1 Statement of the Problem 75

3: The Grunwald—Letnikov fractional derivative is given by (see, for example,
Section 1.4.1.2 [42])

1—1
5

1
GL . r
p Dim(r) = %1_{1(1) i E_O (=1 4Crm(t—rh), t=>t,

and the Grunwald—Letnikov fractional Dini derivative by

1—1,
[ h 0]

SLDY m(r) = lim sup - D (0 Comt—rh), 1= 1, (2.3)
h—0+ =0

where ,C, = w and [52] denotes the integer part of the fraction
=1 '
o,

Proposition 2.1.1 (Theorem 2.25 [45]) Let m € C'[ty, b]. Then, fort € (to, b]
gLqu(t) = ﬁLqu(t).
Also, according to Lemma 3.4 [45] we have

(t—19)7

¢ Dim(t) =K' Dm(r) — m(IO)F(l——q)'

4]

From the relation between the Caputo fractional derivative and the Grunwald—
Letnikov fractional derivative using (2.3) we define the Caputo fractional Dini
derivative as

Dym(n) = ED [m(t) — m(1o)], (2.4)
ie.

1
c nd — i —
WDym() = hhnig:l_p T [m(t) m(ty)

(2.5)

=1
(52

]
> (Gl =y = ) ) |
r=1

Proposition 2.1.2 (Lemma 6 [88]) Let g € (0, 1) and function m(t) is such that
both fractional derivative {Dm(t) and X“Dim(r) exist and M(0) > 0. Then

cD'm(t) < REDim(r).
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Definition 2.1.1 ([44]) We say m € Ci([ty, T], R") if m(¢) is differentiable (i.e.,
' (t) exists), the Caputo derivative § D'm(t) exists and satisfies (2.2) for t € [to, T).

Remark 2.1.1 Definition 2.1.1 could be extended to any interval I C R4.

Remark 2.1.2 [fm € Ci([ty, T],R"), then ,CODz_m(t) =, Dim().
The classical (with one parameter) and generalized (with two parameters) Mittag—
Leffler functions are defined by

e k 0 k

Z Z
E,(z) = ; m, E,,(2) = ; m (2.6)

Some properties of classical and generalized Mittag—Leffler functions are given in
the following Lemma:

Lemma 2.1.1 (Lemma 2 [121]) The classical and generalized Mittag—Leffler
functions are nonnegative and have the following properties:

(i). Forany A > 0andt € [0,T], T > 0 is a given constant,
E, (=t"A) <1, E . (—t'}) < !
T(@)
(ii). Forany A > Qandt,t, € [0,T]
E (—t]A) —> E,(—1i1) ast — 1,
E, (—t])) = E ,(—X) asty — 1
Or rather,
|Eo(—1{A) — E,(=50)| = O(It1 = o) asty — 1,
|Eqq(=t]2) = Egq(=50)| = O(It1 = 1o|") asty — 1;
(iii). Forany A >0, t1,t, € [0, T and t; < t,
E (—t]A) = E,(—1}), E, (—t]) = E; ,(—1}).
Lemma 2.1.2 ([21]) Let x € C4([ty, 00), R). Then for any t > 1, the inequality
¢ D (x(t)) < 2.x(t) ¢, Dx(1)

holds.
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2.1.2 Ordinary Differential Equations Versus Caputo
Fractional Differential Equations

We compare some properties of ordinary differential equations (ODE) and Caputo
fractional differential equations (FrDE). Following two equivalent approaches to
the solutions of the initial value problem of ordinary differential equations we will
present two approaches to the solutions of the initial value problem of Caputo
fractional differential equations.

1. Ordinary differential equations.
Consider the ODE

X () = f(t,x) fort>r, 2.7
with the initial condition
x(t) = Xo, (2.8)

where xy € R”".

Denote the solution of the initial value problem (IVP) for ODE (2.7), (2.8) by
x(t; T, Xp).

Now consider ODE (2.7) with different initial time 7; > T, i.e.

x(‘L’l) = fto, (29)

where 1y € R".

Denote the solution of the initial value problem (IVP) for ODE (2.7), (2.9) by
x(#; 71, Xo)-

We will assume that the ODE (2.7) has a unique solution for any given initial
value and initial point. Then x(¢; t, Xo) = x(¢; t1, Uip) for t > 7.

Remark 2.1.3 For the IVP for ODE (2.7), (2.9) note the right side part f(t,x) has
to be defined only for t > 1.

We can look at the solutions of both IVPs for ODE (2.7), (2.8) and (2.7), (2.9) in
two equivalent ways:

(Al for ODE.) Let ¢ € R" be an arbitrary and x(#; 7, c) be the solution of the
IVP for ODE (2.7), (2.8) with Xy = c. Choose the constant vector
¢ = c; such that x(71;7,c1) = Uy where uy € R” is initially
given. Then we call the function x(#; ,c;) a solution of the IVP
for ODE (2.7), (2.9) for t > t;. The solution x(f) = x(¢; 7, ¢;) of the
IVP for ODE (2.7), (2.9) will satisfy the integral equality
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x(t) = x(t:7,¢1) + /tf(s,x(s))ds

= iy — /Tlf(s,x(s; T,c1))ds + ftf(s,x(s; T,c1))ds, t> 1.
! ! (2.10)

(A2 for ODE.) Let i1y € R” be the same as in (Al for ODE). Denote by x(; t, itg)
the solution of the IVP for ODE (2.7), (2.9). The solution of IVP for
ODE (2.7), (2.9) will satisfy the following integral equality

t
x(t; T, ) = gy + / f(s,x(s; T, 1p))ds, t> 1. (2.11)
7

Remark 2.1.4 Note approach (Al for ODE) and approach (A2 for ODE) are
equivalent in the general case and give one and the same solution of the IVP for
ODE (2.7), (2.8).

1I. Caputo fractional differential equations.

Consider the Caputo fractional differential equation (FrDE)
Dix(t) = f(t,x) fort>1 (2.12)
with initial condition
x(t) = Xo, (2.13)

where x; € R".
The fractional Volterra integral equation corresponding to the IVP for
FrDE (2.12), (2.13) is given by

x(H) = xo + ﬁ ft(t — )7 (s, x(s))ds, t> t. (2.14)

Change the initial time to 7; > t and consider the FrDE (2.12) with the following
initial condition

)C(‘L’]) = I:t(], (215)

where iy € R”.

Both approaches to the solutions of ODE are equivalent. The case of fractional
derivatives is totally different. Now, based on the above presented both approaches
for ODE we will present two different approaches to the solution of the IVP for the
Caputo FrDE:
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(A1 for FrDE.) Let ¢ € R”" be an arbitrary and x(¢; 7, ¢) be the solution of the IVP
for FrDE (2.12), (2.13) with Xy = c¢. Choose the constant vector
¢ = cp such that x(t;;t,¢;) = Uy where gy € R”" is initially
given. Then we call the function x(¢; 7, ¢;) a solution of the IVP for
FrDE (2.12), (2.15) for t > 7;. Using (2.14) it follows the solution
x(t) = x(t; T, 1) of the IVP for FrDE (2.12), (2.15) will satisfy the
integral equality

x(t) =c1 + —/ (t— ) (s, x(s; 7, ¢1))ds, 1> 1.

I'(q)
(2.16)
Also, from the choice of ¢; and (2.14) it follows
1 o
uy = x(t1;t,¢1) =1 + —1_,( ) / (1 —s)"_]f(s,x(s; 7,c1))ds 2.17)
q) J:

and therefore, the solution of the IVP for the Caputo FrDE (2.12), (2.9) satisfies the
fractional integral equation

x(t) = up + m /t(t - s)q_lf(s, x(s;t,cy))ds .

- L] (t — )7 ' f(s,x(s;T,¢c1))ds for 1> 1.

L(g) Jz

(compare Eq. (2.18), g € (0, 1) with Eq. (2.10), ¢ = 1).

In the case f (¢, x) = h(t) the formula (2.18) is proved in Lemma 3.2 [120].

Note K. Diethelm (Section 6 [45]) pointed out that the problem consisting of
Eqgs. (2.12) and (2.9) is more closely related to a boundary value problem than to
an initial value problem. This is in contrast to the situation observed for first-order
ordinary differential equations (see I. Ordinary Differential Equations).

Remark 2.1.5 Note in Eq. (2.17) the right side part f(t, x) has to be defined for all
r>T.

Remark 2.1.6 Using (Al for FrDE) we keep one of the basic properties of ODEs,
namely, x(t; T, x(t1; T,¢)) = x(t; T, ¢) for t > 1.

(A2 for FrDE.) Let ity € R” be an arbitrary point and let x(z; 7, ity) be the solution
of the IVP for FrDE (2.12), (2.15). Using (2.14) the solution of IVP
for FrDE (2.12), (2.15) will satisfy the following integral equality

x(t) = up + %q) /t(t— $) (s, x(s))ds, t > 1. (2.19)

(Compare Eq. (2.19), g € (0, 1) with Eq. (2.11), g = 1).
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The fractional integral equation (2.19) is equivalent to the following Caputo
fractional differential equation

o Dix(t) = f(t,x) fort> 1 (2.20)

with initial condition (2.15).
t t
Note ¢ Dix(1) = Nl;_q)rfl(t—s)_qx'(s)ds % Nl;_q)rf(t—s)_qx'(s)ds =

Dx(1).
T

Therefore, the change of the initial time leads to a change in the Caputo fractional
derivative of the unknown function in the differential equation (compare (2.7)
with (2.20)).

Remark 2.1.7 Using (A2 for FrDE) we lose one of the basic properties of ODEs,
namely, x(t; t1, x(11; T, ¢)) # x(t; T, ¢) for t > 11 (compare with Remark 2.1.6).

Remark 2.1.8 In (A2 for FrDE) the right side part f(t,x) of the IVP (2.12), (2.9)
has to be defined only for t > 1| (compare with Remark 2.1.3 for ODEs and
Remark 2.1.5 for the approach (Al for FrDE)).

Remark 2.1.9 Differently than the ordinary case (q = 1) in the fractional case
(q € (0,1)) both approaches (Al for FrDE) and (A2 for FrDE) differ and in the
general case they give different solutions to the FrDE (2.12).

Example 2.1.2.1 Letn =1, 7y = 1 and

t€10,1]
11—t t>1

f(t.x) = h(t) =

Case 1. (Approach (Al for FrDE)). Consider the IVP for the FrDE

oDIx(t) = f(t,x) fort>1, x(1) =0. (2.21)

Using formula (2.17) we get

1
x(t) =0+ % (t — 8)4  h(s)ds — % (1 — ) 'h(s)ds

F(q)/(t—s)q_l(l—s)ds t>1.

Case 2. (Approach (A2 for FrDE)). Consider the IVP for the FrDE

(2.22)

DIx(r) = f(t.x) fort > 1, x(1) = 0. (2.23)
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The solution of IVP for FrDE (2.23) applying (2.19) is

x(t)—O—i—m/(t—s)q "1 —s)ds, t>1. (2.24)

In this particular case both solutions coincide.

Now let f(¢,x) = 1 —1t, t € [0, 1]. This will not change the solution obtained by
(A2 for FrDE).

The application of (A1l for FrDE) gives

_o_ b (] — L N
x() =0 @ ) (1 $)7 (1 —s)ds + F( ) (t ) (1 —s)ds, t>1,
(2.25)

and note (2.25) differs from (2.22).

Therefore, the definition of the function f (¢, x) to the left of the initial point has no
influence in (A2 for FrDE) (similar to the ODE situation) but it has a huge influence
in (A1l for FrDE).

|

Remark 2.1.10 Note (Al for FrDE) is similar in some sense to a boundary value
problem, whereas (A2 for FrDE) is close to the idea of initial value problems defined
and studied in the classical books [45, 101 ] (the initial time coincides with the lower
limit of the Caputo fractional derivative).

Example 2.1.2.2 Letn =1, f(t,x) = 1.
Using Eq. (2.14) we obtain the solution of IVP for FrDE (2.12), (2.13) given by

x(t; T, Xp) = Xo + qr(q)( 1’)
Approach (Al for FrDE): Using (2.18) we get the solution of IVP for
FrDE (2.12), (2.15), namely, x(¢; Ty, up) = g + —— qr(q) ((t ) — (1) — r)‘l), t> 1.

Since t < 77 could be zero, then x(t; 71, thp) = uy + qr(q) (t" — tl"), t>1.

Using (A2 for FrDE) the solution of IVP for FrDE (2.12), (2.15) (or the
equivalent (2.20), (2.9)) is x(t; Ty, up) = tp + qr(q)( r1> .
In this particular case both solutions differ.
O

Example 2.1.2.3 Letn = 1,f(¢t,x) = x, 71 > 0.

Using (2.14) we obtain the solution of IVP for FrDE (2.12), (2.13) given by
x(t; T, %) = X%oE,((t — v)?), t > 7, where E,(z) is the Mittag-Leffler function with
one parameter q.

Now we will apply both approaches to obtain the solution of the scalar linear
fractional differential equation.

(A1 for FrDE): Choose the constant ¢1 such that x(t1; 7, ¢1) = o, or c1E,((71 —

7)9) = iy. Therefore, ¢; = #O_t),,) Then from (2.17) we get the solution of IVP
q
for FrDE (2.12), (2.15) x(¢; 11, iig) = WE ((t—1)9).
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. . ~ ~ E (11
Since t < 11 we can choose T = 0 and obtain x(z; 71, ip) = U E"((Tq)).
CASS!

In this case integral equality (2.18) is reduced to

x(t) = uy + g )/ (t— 957 lclE (s9)ds

(2.26)
/0 (r1 — s)"_]clEq(s")ds for t > t.

_Tq)

Now (2.26) does not give us an explicit form of the solution.

(A2 for FrDE): the solution of IVP for FrDE (2.12), (2.9) (or the equiva-
lent (2.20), (2.9)) is x(¢; 71, tg) = UoE,((t — 71)9).

In this case the integral equality (2.19) is reduced to

x(t) = uy + m/ (t— )" x(s)ds, 1> 1 2.27)

which solution coincides with the solution obtained above by application of (A2 for
FrDE).

Solutions obtained by both approaches differ.

Consider the case g = 1, i.e., the scalar ODE X’ = x, x(t;) = izp which solution
is x(t) = npe". This solution coincides with the solutions obtained by (A1l for
FrDE) and (A2 for FrDE) for g = 1 (E,(z) = ¢ for g = 1).

|

Remark 2.1.11 Both approaches described above usually differ and give different
solutions in the general case.

2.1.3 Non-instantaneous Impulses in Caputo Fractional
Differential Equations

We start with the case of instantaneous impulses in Caputo fractional differential
equations. We will begin with a brief overview of its statements and later we will
compare it with the case of non-instantaneous impulses.

Case 1. Instantaneous impulses.

Let an increasing sequence of points {#;}72, be given such that 0 < #; < #i41,
i=1,2,..., limg_eo ty = 00.

Letfy € Ry, t # 1,k = 1,2,..., be a given arbitrary point. Without loss of
generality we will assume that 7y € [0, 1;).

Consider the IVP for Caputo impulsive fractional differential equation (IFrDE)
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WDIx(®) =f(@t,x) fort # 1, k=1,.
x(ty +0) = x(ty — 0) + Li(x(ty — 0)) fork=1,2,..., (2.28)
x(f0) = xo,

where xp € R", f : [tp,00) xR" - R, I : R" - R", (k=1,2,3,...).

LetJ C R4 and introduce
IPCU, R ={u:J—>R": ueCl((tx, tr+1] NJ,R"), k=0,1,...,
and lim = u(t; — 0) = u(ty), lim = u(t;y + 0) = u(t; + 0) < co}.
iy AN

Fractional derivatives can create different interpretations of the solutions of the
IVP for IFrDE (2.28). We will present the two main approaches.

(A1 for IFrDE.) We will use the following definition:

Definition 2.1.2 ([120]) A function x € IPC([ty, T],R"), T > ty,t < o0, is called
a solution of the IVP for the IFrDE (2.28) if

- x(t) = x(t) for t € (4, tix1] N [to, T] where x, € Ci([ty, tr+1], R"), k =
0,1,2,--- 1 41 = T, satisfies { DIxi(1) = f(t,x(2)) a.e. on (to, trt1) with
the restriction of x(ty) = xp—1(te) + L(—1(2)) (in the case k = 0 we have
x—1(to + lo(x-1(t)) = Xo;

— X([o) = Xp.

In the special case n = 1 and f(f, x) = h(¢) an implicit formula for the solution

of the IVP for IFrDE ((2.28) is obtained in [120] (Lemma 3.3):

k
x(t) = xo + Zli(x(t, 0)) + m/ (t— s)"_lh(s)ds fort € (t, ty41] N J.
B (2.29)

Example 2.1.3.1 Let us consider the IVP for IFrDE ((2.28) in the special case n =
1,1t = 0, and f(¢,x) = 1. Then according to Definition 2.1.2 the solution x(¢) =
xo(f) = xo + ﬁ on [0,1]. Let t € (;l,zz] Then x(f) = x;(f) where x;(f) =

c+ t € [0, 1], xl(t) = xo(t) = xo + t € [0,11] and x(¢;) = xo(t;) +

qF( )’ qr( )’
I (xo(1)), i.e., c + qF(q) =x+ ql"_l(q) + I (xo + m). Therefore,
XO-I-qu) IG(O,I]]
xo + 11 (xo + qr(q))+ qF(q) te(t,)]

X(50.30) = § %0+ 50 + i) + zr(q>
+hL(xo + 1y (xo + q[‘(q)) + qF(q)) t € (t, 13]

The solution satisfies the integral equation (2.29). O
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Example 2.1.3.2 Let us consider the IVP for IFrDE (2.28) in the special case n =
1, tp = 0, and f (¢, x) = x, i.e., formula (2.29) cannot be applied. Then according to
Definition 2.1.2 the solution x(f) = xo(f) = xoE,(¢?) on [0, #]. Let ¢ € (t1, 12]. Then
x(t) = x1(¢) where x1(t) = cE,(t9), t € [0, 1], x1(t) = xo(t) = x0E,(19), t € [0, 4]
and x; (1) = xo(t1) + 11 (xo(t1)), i.e., cE,(t]) = xoE,(t]) + I (xoE,(t])). Therefore,

XoE,(19) re©.n]
11 (xoEy (i}
(o+ 2y re o)
N(xoE,(t]
x(t;0,x0) = (xo + 1()2)(_;,‘](;1))
5 ((x +11(onq(t1)) )Eq(tg)>
+ E, (tz) )Eq(tq)’ 1€ (t2.13]

|
We define a mild solution of the IVP for IFrDE (2.28). Following Definition 2.5
[118] we introduce the following definition:

Definition 2.1.3 The function x(t; ty, xo) € IPC([to, T], R") is called a mild solution
of IVP for IFrDE (2.28) if it satisfies the following integral equation

(6 0,30) =50+ 1 / (= 57 £ (5. x(5: f0, X0))d
(2.30)
+ Z Ii(x(ti;to»xo))v [E[to,T].

Example 2.1.3.3 Consider the IVP for IFrDE (2.28) in the special case n = 1,
to = 0, f(t,x) = x, and I;(x) = axx, k = 1,..., a; = const. Then according to
Definition 2.1.3 the mild solution is

k
x(£:0,%0) = XoEg(t9) + Y axx(ti: 0, x0) E, (1 — 1)),
i=1 (2.31)
t e (tk,tk+1], k=0,1,2,....
Indeed, for t € [0, #1] it is obvious that the integral equation (2.31) is satisfied.

Let ¢ € (#1,1]. Then (£;0,x0) = x0E,(t?) + aix(t1; 0, x0)E,((t — t1)7). Denoting
m(t) = x(t; 0, x0) and using

xoEy(t7) = xo +on( ) /t(t— )1 E, (s7)ds,

Eo((t— 1)) = E,(0) + %q) / (1= ) E,((s — 1)) ds
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we get

xo + ay(f) + /t(t — 8) 'm(s)ds

1
I(q)

= xo + aym(ty) + m / (t—s)T l)coE (s?)ds

+$ " t(t —s)i! (onq(Sq) + aim(t)Eq((s — tl)q))ds

= X —i—xor( )/(t—s)q_lEq(s")ds

am() (1 + T) / (1 = 7 Ey((s — )"y

= x0Eq(t?) + aim(t))Eq ((t — 11)7) = m(2)
which proves the validity of (2.31) on (0, ,].
Similarly, we prove equality (2.31) holds on each interval (0,%], k= 1,2, ....
At the same time, the function m(f) = x(¢;0,xp) is not a solution of the IVP

for IFrDE (2.28) according to Definition 2.1.2. Indeed, for ¢ € (¢, t;] it has to be
satisfied

L Dm(0) = D7 (x0Ey (1) + aim(n) (= 1)) = X0Ey(t9) + aym(in) Ey(( — 1))

However § DYE,((t — 1)) # E,((t —t1)9). .

Remark 2.1.12 In the application of approach (Al for IFrDE) we should indicate
whether Definition 2.1.2 or Definition 2.1.3 is used.

(A2 for IFrDE.) We will use the following definition:
Definition 2.1.4 A function x € IPC([ty, T],R") is called a solution of the IVP

for the IFrDE (2.28) if for any t € (tx,tx+1], k = 0,1,-- : ty1 < T, the
equality ; Dx(t) = f(t,x(1)) holds with x(ty + 0) = x(tx — 0) + Li(x(tx — 0)), k =
1,2,..., ty € J and x(ty) = xo.

The solution of the IVP for the IFrDE (2.28) defined by Definition 2.1.4 is
satisfying the following integral equalities

xo + ﬁ fz; (t — $)77\f (s, x(s: 10, X0))ds
for t € [y, 11]
x(t: 10, %0) =  x(t = 03 0, x0) + Lt — 0 1o, x0)
el 55
for t € (tr, tre1] N[00, T], k=1,2,....
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or

x(t; 19, Xo) = Xo + T Z / (1 — )7 f (s, x(s: 10, X0))ds

0<tk<t

T / (1 — )7 (s, x(5: 0. x0))ds

+ Z LI (x(ty —0;l0,X0)), te [Io,T].

O<p <t

Example 2.1.3.4 Consider the IVP for IFrDE (2.28) with n = 1, f(t,x) =
I (x) = aix, a; = const # 0.

According to approach (A2 for [FrDE) and Definition 2.1.4 the solution is given
by

k
X(A2) (t; IQ,X()) = XO(E aqu((ti - ti—l)q))Eq((t - Z‘k)q) (2.32)

fort e (l‘k,tk_H], k=0,1,2,....

LetA = —1,q9 = 0.3,xp = 0.5. For a = 0.7 the solutions x(41)(; fo, 0.5) and
X(a2)(t; 10, 0.5) obtained by both approaches have similar behavior; for example both

solutions approach zero (see Figure 2.1). For a = 2 only the solution obtained
by (A2 for IFrDE) approaches zero, the other one is increasing without bound
(Figure 2.2). O
X
N
0.20+
0.151 IR
N — A2 for IFTDE
010\ eee_ --. Al for IFrDE
0.05 \'"" ______
! ! .ﬁ& --.-:_: t
1 2 3 4 5 6 7
Fig. 2.1 Graphs of solutions of IVP for the IFrDE (2.28) with A = —1, ¢ = 0.3,xy = 0.5,

a=0.7.
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Fig. 2.2 Graphs of solutions of IVP for the IFrDE (2.28) withA = —1,4 = 0.3,x0 = 0.5,a = 2.

Case I1. Non-instantaneous impulses.

In this book we will assume two increasing sequences of points {#;}7°, and {s;}2,
are given such that 0 < so < t; <s; < tiy1,i = 1,2,..., and limy— 1 = 00.

Let 1y € [0, s0) [J U2, [t sx) and T > tr < oo be given points and p = min{k :
T < s} (in case t = oo we denote p = 00).

Consider the initial value problem (IVP) for the nonlinear Caputo fractional
differential equation with non-instantaneous impulses (NIFrDE)

£ Dix(t) = £(¢6.) for 1 € o, TT 0 ([0, 0] G2, (1))
x(t) = ¢ (t, x(t), x(sp—1 — 0)) fort € [ty, T] N (s, tet1], k=0,1,2,...,
x([()) = Xp, (2.33)

where xo € R", f: 1 € [to, T] N ([o,so] nee, (tk,sk]> X R = R, ¢y : [s0, frg1] X
R" x R" — R" forall k : [tx, T] N [sk, te+1] #-
Definition 2.1.5 For NIFrDE (2.33) the intervals (s, ti+1], K = 0,1,2,... are

called intervals of non-instantaneous impulses and the corresponding functions
¢i(t, x,y) are called non-instantaneous impulsive functions.

Remark 2.1.13 Ifty = sp—1, k = 1,2,..., then the IVP for NIFrDE (2.33) reduces
to an IVP for impulsive fractional differential equations.
We introduce the following classes of functions

NPC([to. T R") = {u: [to.T] = R" : ue C([to, T] N ([o,so] U2, (tk,sk]>,R") :
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u(sy) = u(sy —0) = lim u(t) < oo, u(sy +0)
t Sk

= limu(t) < oo forall k : s; € [to, T]},

tJ,Yk
NPCi([ty, T, R") = {u : [to, T] = R" : u € NPC([tp, T], R"),
u € C([ty, s¢], R")) for all k : such that [t, s¢] C [to, T]} (2.34)

PC(lto, T, R") = {u: [19, T] = R" : w € NPC([to, T], R"),
u € C([to. T1/ s}, R},
PC/([to, T),R") = {u : [10, T - R" : u € NPC([to, T, R"), u € C'([to, T, R")}.

We give a brief description of the solution of IVP for NIFrDE (2.33) following
both approaches to the solutions of IVP for FrDE.

(Al for NIFrDE.) Let f(¢,x) be defined for t € [t),T], x € R". Following the
approach (A1 for IFrDE) and Definition 2.1.2 we introduce the
following definition:

Definition 2.1.6 A function x € PCi([ty, T],R") is called a solution of the IVP for
NIFDE (2.33) if

— x(t) = xx(¢t) fort € (t, s¢), k : si € [to, T], where x; € Ci([ty, s¢], R"), satisfies
W DIxi(t) = f(t, x(1)) a.e. on (to, sp) with the restriction of xi(tx) = Xi (), k > 1
(in the case k = 0 we have X (ty) = xo);

— x(t) = X (1) fort € (sg, 1],k @ trp1 € [t0, T], where X @ [si, tiv1] — R”?
satisfies Xi (1) = ¢p(t, Xk (1), x1.(sp)) for t € [si, trg1]s

— x(ty) = xo.

Following Definition 2.1.6 and the presentation (2.18) of the solution of the
Caputo FrDE (2.12) we obtain the solution x(%; fy, xo) of the IVP for NIFrDE (2.33):

Lett € (o, so]- Consider the solution xy(%; to, xo) of the IVP for FrDE (2.12), (2.13)
with T = £y, Xy = xo. Then we let x(z; 1y, x9) = xo(¢; o, Xo) and therefore,

x(t; 19, x0) = xo + m/ (t — )T (s, x(s: 10, X0))ds, t € (ty, So].

Let t € (so,1;]. Consider the function Xo(f) such that the equality Xo(r) =
do(t, Xo(1), x0(S0; o, X0)) holds for ¢ € [so,#;] and let x(¢; 1, x9) = Xo(¢) for ¢ €
(S(), tl]. Therefore, x(t; to, xo) = ¢0([, x(t; 1o, )C()), X(S() —0; 19, xo).

Lett € (71, s1] and ¢ € R” be an arbitrary. Consider the solution x; (z; f, ¢) of the
IVP for FrDE (2.12), (2.13) with t = #y, Xo = c¢. Choose the constant vector ¢ = ¢
such that x; (t;: %o, ¢1) = Xo(1), i-e., x1(t1: 2o, c1) = o(t1,x1(t1: 20, ¢1), Xo(So; f0, Xo).
Then we call the function x;(z; 9, c;) a solution of the IVP for FrDE (2.33) for
t € (11, s1]. Therefore, the solution x(¢) = x(t; ty, xo) of the IVP for NIFrDE (2.33)
satisfies the fractional integral equation
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%) = oty x(1). x(s0 — 0)) + m / (1 — )7 (s, x(5))ds

F( )/ (t1 — )T f (s, x(s))ds for t € (11,51].

Following the above arguments we obtain the solution of the IVP for
NIFrDE (2.33) satisfies the following algebraic—integral equalities

x(1) = x(t; 19, x0) =

X0 + Figy Jo (6 = )T (s, x(s))ds, ¢ € (10, 50]
o (t, x(1), x(s; — 0)), te (Setet1],k=0,1,2,..., 235
(2.35)
- l(tk»x(tk) x(sk—1 — 0))
m,) Skt = )77 (s, x(s))ds
F(q) fto(t — )T (s, x(s))ds, t € (tr.si], k=1,2,....

Remark 2.1.14 In the special case of f(t,x) = f(t) and ¢i(t,x,y) = gi(t) the
formula (2.35) is obtained in Lemma 2.7 [124]. In the special case ¢(t,x,y) =
gi(t, x) the formula (2.35) is obtained in Theorem 4.2 [122] and Section 9 [124].

Remark 2.1.15 The approach (Al for NIFrDE) is applied in [48, 116] for periodic
solutions, and in [49, 122, 124] for existence results.

(A2 for NIFrDE.) We will use the following definition:

Definition 2.1.7 A function x € NPC4([ty, T],R") is called a solution of the IVP
for NIFrDE (2.33) if

— x(t) = xx(t) fort € (ty, s¢), k : sk € [to, T], where x; € Ci([ty, s¢], R"), satisfies
wDIxi(t) = f(t,x(1), t € (t, sx] with the restriction of xi(tx) = X (1), k > 1
(in the case k = 0 we define xo(ty) = xo);

— x(t) = X (¢t) fort € (Sk,tk+1],k k41 € [To,T], where Xi, : [Sk»tk—i-l] — R”?
satisfies X (1) = ¢i(t, Xk (1), xx(sx)) for t € [y, tit1];

— x(ty) = xo.

Let T > 0 and consider the IVP for the system of Caputo fractional differential
equations (FrDE)
Dix = f(t,x) for t €[r,s,] with x(v) =X (2.36)

where p = min{k : 17 < s¢}, x € R". Assume (2.36) has a solution x(z) =
x(t;1,%) € Ci([r,sp],R"). Some sufficient conditions for global existence of
solutions of (2.36) are given in [30, 82].
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If x € Ci([z, 5] x R*, R") satisfies the IVP for FrDE (2.36), then it also satisfies
the fractional integral equation (see (2.8) in [44])

x(t) = X0 + % /t (t— ) (s, x(s))ds for 1€ [, s4]. (2.37)

Following Definition 2.1.7 the solution x(;ty,xp), t > ty, of the IVP for
NIFrDE (2.33) is given by

x(t‘t )C)_ Xk(t) forte(tk,sk],k=0,1,2,...,
ORI et Xe(0), Xe(si — 0)) for £ € (sp,tegt], k=0,1,2,...,

where

— Xo(?) is the solution of IVP for FrDE (2.36) for k = 0, t
Xo = Xo, and X, (¢) satisfies (2.37) on [fy, so];

— X1(¢) is the solution of IVP for FrDE (2.36) for k = 1, t = t;, ¢t € [t1,51],
Xo = (f)()(th()(l‘l),X()(So — 0)), and X; (l‘) satisfies (2.37) on [tl, Sl];

— X5(¢) is the solution of IVP for FrDE (2.36) for k = 2, 1 = £, t € [, 2],
Xo = ¢)1(I2,X1 (tz),Xl (S1 — O)), and Xz(t) satisfies (2.37) on [lz, SQ];

fo, t € [to, 50,

and so on.
Also, the solution x(f) = x(¢; tg, x0), t > to of the IVP for NIFrDE (2.33) satisfies
the following algebraic—integral equalities

x(t) = x(t; 1o, x0) =

X0+ gigy Ju (0 = )77 f (5, x(s))ds, 1 € (10, 0],
o (t, x(t), x(s;, — 0)), te€ (S tet1], k=0,1,2,...,
i1 (1, X(1), X(s5—1 — 0))
+10 St =97 (s, x(s))ds, 1€ (1], k=1,2,....
(2.38)

Remark 2.1.16 Note in the general case both approaches (Al for NIFrDE) and
(A2 for NIFrDE) as well as the presentations (2.35) and (2.38) of the solution of the
1IVP for NIFrDE (2.33) differ. In the study of the properties of the solutions of the
1IVP for NIFrDE (2.33) is important which point of view is applied.

Now we discuss the statement of problem (2.33) and the type of impulsive functions
with examples.

Example 2.1.3.5 Consider the IVP for NIFrDE (2.33) with f(¢,x) = G(¢), ty = 0,
and ¢y (2, x,y) = g(1), k=0,1,2,....
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Fig. 2.3 Graphs of solutions of IVP for the IFrDE (2.28) with t, = 2k, sy = 2k + 1, k =
0,1,2,...,4=0.3,f(t,x) = t and g(f) = /1, approach (A1 for NIFrDE).

Case 1.1. Approach (Al for NIFrDE). From formula (2.35) the solution is

x(1) = x(1:0,x) =

X0 + #q) fot(t —5)7 1 G(s)ds t € (0, s0]
gk(t) 1 e (Sk,l‘k+1],k=0,1,2,...,
g(t) — ﬁ St — 5)77 1 G(s)ds
+#q) fol(t—s)"_lG(s)ds, te (t, s, k=1,2,...,
(2.39)
i.e., the solution depends on the initial value xy only on the interval [0, s¢].
Case 1.2. Approach (A2 for NIFrDE). From formula (2.38) it follows as in Case
1.1 that the solution depends on the initial value xo only on the interval
[0, S()].

The special case of ty = 2k, sy, =2k + 1, k=0,1,2,...,¢g =0.3,G@) = ¢
and gi(t) = t the graphs of the solutions are given in Figure 2.3 for approach (Al
for NIFrDE) and in Figure 2.4 for approach (A2 for NIFrDE).

|

Example 2.1.3.6 Consider the IVP for NIFrDE (2.33) with f(t,x) = 1,t = 0 and
ot x,y) = gi(t), k=0,1,2,.... We obtain for (Al for NIFrDE).

gk(l) te (Sk,tk.H], k=0,1,2,3,...
x(£;0,x0) = § %o + ﬁ ) t € (0, o]
q
gk—1(t) + ﬁ te s, k=1,2,...,
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Fig. 2.4 Graphs of solutions of IVP for the IFrDE (2.28) with t, = 2k, sy = 2k + 1, k =
0,1,2,...,4=0.3,f(t,x) = t and g(f) = /1, approach (A2 for NIFtDE).

and for (A2 for NIFrDE):
Xo + qIE_(Eq) 1t e (O,S()]
)C(I;O,X()) = gk(l‘) 1 e (Sk—latk]» k=1,2,3,...
—1)4
gk(tk)+ (;]"2];)) re (tkvsk]v k: 1727--~7

This particular case shows the solution x(z; 0, xo) in both approaches depends on
the initial value only on the interval (0, so]. O

Example 2.1.3.7 Consider the IVP for NIFrDE (2.33) with f(¢,x) = G(¢), % = 0

and ¢ (t,x,y) = g(t,x), k = 1,2,.... Let, for example g;(¢t,x) = t + 2x, k =

1,2,.... Then on each intervals of non-instantaneous impulses the equality x(r) =

t + 2x(r) is satisfied, i.e., x(¢t) = —t.

Case 1.1. Approach (Al for NIFrDE). From formula (2.35) the solution is given
by

x(t) = x(;0,x) =

Xo + #q) [t =9)T'G(s)ds 1€ (0, 0]
—t tE(Sk,tk+]],k=0,1,2,...,
—t — L [l gyal
h— g 1o (e — 5)7' G(s)ds
+10 Jo@ =97 G(s)ds,  te (tsd, k=1,2,...,
(2.40)
i.e., the solution depends on the initial value xo only on the interval

[0, S()].
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Case 1.2. Approach (A2 for NIFrDE). From formula (2.38) we obtain for the
solution

x(1) = x(£;0,x9) =

X0+ g Jolt =977 Gls)ds 1 € (0.50]

—t Z‘E(Sk_l,tk],kZI,z,...,
i Ju (6= )77 Gs)ds, 1 € (1, se], k= 1,2,
(241)
As in Case 1.1 the solution depends on the initial value xy only on the
interval [0, so]. |

Example 2.1.3.8 Consider the IVP for NIFrDE (2.33) with f(t,x) = G(1), tp =
0 and the impulsive functions ¢(z, x,y) depend on their third argument, i.e., on
x(sr —0), k=1,2,....Let, for example ¢ (t,x,y) = ‘;, k=1,2,....

Case 1.1. Approach (Al for NIFrDE). From formula (2.35) the solution is given
by

x(t) = x(t;0,xp) =

X0 + i Jot = 9T Gs)ds € (0.50]
(s _O) t€ (s, tip1] k=0,1,2,...,
t (st — F(q) Jo5 (1 = 5)77 ' G(s)ds

+7ig Jo f—s)q 'G(s)ds, te(tnsl k=1,2,...,

i.e., the solution depends on the initial value x, for all # > 0.
In the special case G(f) = 1 we obtain for (Al for NIFrDE) the

solution
X0+ = qF(q) ) t € (0, so]
! (xo + T q)) t € (so, 1]
4
x(1:0.%0) = | 17" (%0 + qr(q)) + ;r(;l) te (1, s1]

SiTh

—1(+1
{ (tl (xo + qr(q)) + qr(q))) € (s1,0)]

The graphs of the solutions with #, = 2k, sy =2k + 1, k =0, 1,2, dots
and different initial values are given in Figure 2.5.

Case 1.2. Approach (A2 for NIFrDE). From formula (2.38) we obtain for the
solution
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Fig. 2.5 Graphs of solutions of IVP for the IFrDE (2.28) with t, = 2k, sy = 2k + 1, k =
0,1,2,...,g=0.3,f(t,x) = 1 and ¢y (t,x,y) = {, approach (A1 for NIFrDE).

x() = x(£;0,x9) =

X0 + #q) fot(t —$)77'G(s)ds t € (0, 5]
tilx(Sk_l —0) 1 e (Sk_l,tk],k= 1,2,...,
l‘k_lx(Sk_1 —-0)

+#q) ft;(t —5)'G(s)ds, t € (1, s¢], k=1,2,....

As in Case 1.1 the solution depends on the initial value x, for all # > 0.
The graphs of the solutions in the partial case G(¢) = 1, ty = 2k, s =
2k+1, k= 0,1, 2,... and different initial values are given in Figure 2.6.

Now the solution depends on the initial value x, for all # > 0. The same happens
with the application of (A2 for NIFrDE). |

Example 2.1.3.9 Consider the IVP for NIFrDE (2.33) with f(¢, x) = tan(¢), #p = 0,
tw=—%+kn,k=12,... andsy = § +km,k=0,1,2,.... Then the approach
(A1 for NIFrDE) is not applicable since the function f(#,x) is not continuous on
the whole interval [0, co) and the integral fol (t — 5)97 " tan(s)ds in Eq. (2.38) is not
convergent for all # > 0.

There is no problem with the direct application of Eq. (2.38) in approach (A2 for
NIFrDE) because the function f(z, x) is defined and continuous on [ J{2[#. s¢] and
the integrals fl; (t — 5)7" " tan(s)ds, t € (&, s;] are convergent. O

Remark 2.1.17 In the approach (Al for NIFrDE) the right side part f(t, x) of the
IVP for NIFrDE (2.33) has to be defined and integrable on the whole interval of
consideration.

In the approach (A2 for NIFrDE) the function f(t,x) has to be defined and
integrable only on UZ2 [k, si].
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Fig. 2.6 Graphs of solutions of IVP for the IFrDE (2.28) with t; = 2k, sy = 2k + 1, k =

0,1,2,..

.,q=0.3,f(t,x) = 1 and ¢ (t,x,y) = ; approach (A2 for NIFrDE).

Example 2.1.3.10 Consider the IVP for NIFrDE (2.33) with various types of non-
instantaneous impulsive functions.

Case 1.

Case 2.

Case 3.

Case 4.

Let ¢k(t,x,y) =aqx + by fort € [Sk—l s l‘k], (k=1,2,3,...) where ai, by
are constants.

If ap = 1, by = 0, then any function x(¢z) will satisfy the impulsive
condition x(r) = x(¢) for t € [sy—1, %], (k = 1,2,3,...) and obviously the
IVP for NIFrDE (2.33) will have an infinite number of solutions.

If g = 1, by # 0, then no function x(¢) will satisfy the impulsive
condition x(f) = x(¢) + b for t € [s—1, %], (k = 1,2,3,...) and obviously
the IVP for NIFrDE (2.33) will have no solution.

If a; # 1, by = 0, then the only function x(¢) that satisfies the impulsive
condition x(¢) = ax(t) for t € [si—1,%], (k = 1,2,3,...) is the zero
function, and therefore any solution of IVP for NIFrDE (2.33) will be zero
on (Sk—la tk], (k =1,2,3,.. )

If a; # 1, by # 0, then there will be a unique function x(¢) that satisfies
the impulsive condition x(f) = ax(t) + b for t € [sy—1, 4], (k =1,2,3,...)
and we can talk about uniqueness of the solution IVP for NIFrDE (2.33).
Let ¢1(t,x,y) = t+x+yfort € [so, #]. On the interval (so, #;] the solution
x(t) of IVP for NIFrDE (2.33) satisfies the equation x(¢) = ¢+ x(f) +x(so —
0) or x(so — 0) = —¢ which is not true in the general case. Therefore, the
IVP for NIFrDE (2.33) has no solution in both approaches (A1 for NIFrDE)
and (A2 for NIFrDE).

Let ¢1(t, x,y) = x*ty for t € [so, #]. On the interval (s, #;] the solution x(¢)
of IVP for NIFrDE (2.33) satisfies the equation x(1) = (x(t))2tx(so —-0)
which has two solutions x(f) = 0 and x(f) = ——. Therefore, the IVP

tx(so—0) *

for NIFrDE (2.33) has a nonunique solution in both approaches (A1l for
NIFrDE) and (A2 for NIFrDE).

Let ¢1(t,x,y) = yi/t— @ for t € [so,t1]. On the interval (sg, ]
the solution x(f) of IVP for NIFrDE (2.33) satisfies the equality x(r) =
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x(so—0){/t — "J“T“’ Therefore, in the application of the above approaches

we obtain a continuous solution on [sg, #;] which is not differentiable (i.e.,
which is not a Caputo fractional derivative).

|
Example 2.1.3.11 Consider the IVP for the scalar NIFrDE
owDIx(t) = Axfort € (tx, 5], k=0,1,2,...,
x(t) = ar()x(sxy — 0) for 1€ (sg, tr1], £ =0,1,2,..., (2.42)

x(to) = xo,

where xyp € R, A is a constant, a; € C([s¢, tr+1], R"), k= 1,2,....
We will use both approaches to obtain the solution. Using any of the two
approaches we obtain

_ )4
(1) = xoEq(A(t —19)7) for t € [to, 0], (2.43)
ao(H)xoE4(A(so — 19)?) for t € (so, 11].
(A1 for NIFrDE) In this case (2.35) reduces to the form
X()Eq (A(t —19)9) for ¢ € (19, so],
ao(t)onq(A(so — l‘o)q) fort € (S(), l‘l],
ar—1 (t)x(sg—1 — 0))
x(t) = -
—Aﬁq) o0 T — $)?71x(s)ds
+Aﬁ Jut =57 x(s)ds fort € (tr.si]. k=1.2,....
ak(t)x(sk — 0) fort € (Sk,tk_l], k=1,2,....
(2.44)

Now (2.1.3.11) does not give us the explicit form of the solution.

Now we will use the concept of the solution in (A1 for NIFrDE) and the solution
XoE4((t — v)?) of the IVP for FrDE (2.12), (2.13) with f (¢, x) = Ax.

On the interval [z, s1] the solution of the IVP for FrDE (2.12), (2.13) with Xy = c,
f(t,.x) = Axis cE4(A(t — t)?) with ¢ € R" being an arbitrary. Choose the constant
vector ¢ = ¢ such that ciE (A(ty — t0)?) = ao(t1)xoE,(A(so — t0)?). Then the
solution of the IVP for FrDE (2.48) is

E (A(so — 19)9)

x(t) = ao(fl)on @A —10)9)
q

E At —1)Y), telh,si]
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On the interval [t,, 5] the solution of the IVP for FrDE (2.12), (2.13) with Xy = ¢,
f(t,.x) = Axis cE4(A(t — to)7) with ¢ € R" being an arbitrary. Choose the constant
vector ¢ = ¢, such that

E (A(so — 10)7)

2 E (A(ty — 1)) = al(lz)ao(ll)on A —10)) E4(A(sy — 10)7).
q

Then the solution of the IVP for FrDE (2.33) is

E4(A(so — o)1) E4(A(s1 — 1)7)
Eq(A(ty — o)1) E4(A(t2 — 10)7)

x(t) = ao(t1)ai(t2)xo E (A(t = 10)?), t € [t2,59].

Inductively we get the solution of IVP for NIFrDE

xXoE4(A(t — 19)9) for ¢ € [to, s0],
ao(l))C()Eq(A(S() — lo)q) fort e (So, tl],
k— E (A(si—19)?
xo( 1=, ai(¢i+l)%>Eq(A(t —10)7)
fort e (Ik,Sk], k=1,2,...,
k— Eq(A(si—t0)?
ar(t)xo ( | a,«(t,-+1)—qu,i(,fi]f’,L)L))Eq(A(sk —1p)7)
fort e (Sk,[k+|], k=1,2,....

x(f) = (2.45)

(A2 for FrDE) From (2.38) we get the solution

XoE4(A(t — 19)9) for t € [to, so],
ao(xoE4(A(so — 10)?)  fort € (so, 1],
xo( [0 ai(tie) Eq(Alsi — fi)"))Eq(A(f —1)7)
fort € (ty, s, k=1,2,...,
ax(t)xo ( [Tizg ailtir) Ey(A(si — fi)q))Eq(A(Sk —1)?)
fort € (sg, k1], k=1,2,....

x(t) =

(2.46)

The solutions obtained by the two approaches differ.

In the special case ¢ = 1 both (2.45) and (2.46) coincide. Also they coincide
with (1.9) giving the solution of the linear scalar differential equation with non-
instantaneous impulses.

In the special case A = 0 applying any of the two approaches we obtain

X0 fort € [l(),So],
x(t; O,X()) = ank(t) Hf;é ai(tiy) fort € (Sk, tk+l]v k=0,1,2,..., 2.47)
x0 [12g @i(tig) fort e (tse], k=1,2,....
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IMPORTANT NOTE. In connection with the application of any of the above
approaches to NIFrDE and for it to be easy to distinguish which one is applied we
will use two different notations for the NIFrDE:

— in the application of approach (A1 for NIFrDE) we will use (2.33).
— in the application of approach (A2 for NIFrDE) we will use the equation (2.33)
written in form

,Cqux(t) =f(t,x)fort € (&, 5], k=0,1,...,
x(t) = ¢p(t, x(1), x(sy — 0)) fort e (sg,tr—1], k=0,1,2,..., (2.48)

x(to) = xo,

where xo € R, £ : Uioltis si] X R? — R, ¢y = [sg, tr1] X R? x R" — R,
k=0,1,2,3,...).

2.2 Existence Results for Caputo Fractional Differential
Equations with Non-instantaneous Impulses

In this section we consider the scalar case of IVP for NFrDE (2.33) (respec-
tively (2.48)) on a finite interval J = [0,7], T < oo is a fixed positive number,
ie,n=1l,and0 =t <so<h <---<tp<s8,=T.

We introduce Ulam type stability for Caputo fractional differential equations
with non-instantaneous impulses. Applying both approaches we prove existence and
Ulam-Hyers-Rassias stability results for (2.48) on a compact interval.

Since 1940, the Ulam type stability problem [113] was studied by many
researchers. We refer the reader to the monographs [66, 67].

Case I. Existence by the application of approach (A1 for NIFrDE)

In [122] the NIFrDE (2.33) is studied for the scalar case on finite interval when
the impulsive functions do not depend on the value of the solution before the
impulse, i.e., ¢ (t,x,y) = g (t,x), k= 1,2,...,m.

We will change the impulsive functions to ¢ (¢, x,y) = g (t,y), k= 1,2,...,m,
i.e., the impulsive functions will depend on the value of the unknown function before
the impulse and we will consider the scalar nonlinear Caputo non-instantaneous
impulsive fractional differential equation

fqux(t) = f(t,x) fort € (t,s¢], k=0,1,m,
x(t) = ge(t,x(sy — 0)) fort € (sg, tet+1], k=0,1,2,...,m—1, (2.49)
x(0) = xo,

where xo € R, f € C([0,7] x R,R), g&x € C([sx,tri+1] x R, R), (k =
0,1,2,3,....m—1).
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Let ¥ > 0, ¢ € PC(J,R;) and consider the fractional non-instantaneous
impulsive differential inequalities

WDy(@®) —ft, )| < @) fort € (tx, 5], k=0,1,...,m
|y() — gi(t, y(sx — 0))| < W fort e (sg,tr+1], k=0,1,2,...,m—1.

(2.50)

Definition 2.2.1 [122] NIFrDE (2.49) is generalized Ulam-Hyers-Rassias stable
with respect to the couple (¢, V) if there exists cf 4 4.4 > 0 such that for each solution
y € PC(J,R) of the inequalities (2.50) there exists a solution x € PC?(J, R) of the
NIFrDE (2.33) with [y(t) — x(t)| < ¢fq04(@ () + ), t€J.

Remark 2.2.1 A function y € PC(J,R) is a solution of the inequalities (2.50) iff
there is G € PC(J,R) and a sequence Gy, k = 1,2,...,m (which depend on y)
such that

(i) |IGO| <), ted, and |G| <V, k=1,2,....m;
(i) {,DIy(t) = f(t,y) + G(0), t € (t, 5], k=0,1,....m;
(iii) y(t) = gi(t,y(sx = 0)) + G, t€ (st,tin], £=0,1,2,....m— 1.

Theorem 2.2.1 Let the following conditions be satisfied:

1. The function f € C(J x R, R) and there exists a positive constant Ly such that
If(t,x) = f(t, )| < L¢lx — y| for eacht € J, x,y € R.

2. Forallk = 0,1,...,m — 1 the functions gi(t,x) € C([st, tr+1] X R,R) and
there exist constants Ly, such that |gi(t,x1) — gk(t,x2)| < Ly, |x1 — x2| for each
te [Sk,tk+1], x1,x € R,

3. The function y(t) satisfies the fractional non-instantaneous impulsive differential
inequalities (2.50) with the constant W > 0, and the function ¢ € C(J,R) that is
a nondecreasing function in \ Ji—[t;, s;] such that there exists a constant C, with

( /0 [(q)(s))ids)p < Cop(t) fortel.

Then there exists a unique solution yy(t) of the IVP for NIFrDE (2.48) with xo =
v(to) such that it satisfies the integral-algebraic equations

Xo + #q) f,(t)(t — )47 (s, yo(s5))ds, t € (0, s0]
g1, yo(sk — 0)), te(si,tin], k=0,1,...,m—1,
yo(t) = { k=1, yo(se—1 — 0))
—ﬁ o (1= )T f (s, yo(s))ds
s fot— 9T (s, y0(9)ds, 1€ (tosi]. k=1.2,....m.
2.51)
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and

1—=p
26, (1=p q—p
I(g) ( q9—p ) r +1

1-M

(@) =y @] = (p() + V) (2.52)

forall t € J provided that 0 < p < g < 1 where M = max{M, M} < 1, with

LiCp (1= NI ol oo
M, = max{L,, + (—) TP, k=0,1,2...,m} <1 (2.53)
* T(q \q—p Lo
and
L
M, = max{Ly, + T{l_l)(tz +shlk=1.2....m}<1. (2.54)

Proof Consider the space of piecewise continuous functions PC(J, R) endowed
with the generalized metric for any Hy, h; € PC(J, R) defined by

D(hy., hy) = inf{C1 + C2 € [0,00) : |h1(t) —h2(D)] = (C1 + C2)($(1) + W) forallz € J}

where

Cre{Cel0,00): |h(t) —ha(t)] < Co(¢) forall t € (t,s5], k=0,1,2,...,m}
C, e {Ce[0,00): |hi(si—0)—ha(si—0)| < CWforall k=0,1,...,m—1}.

It is easy to verify that (PC(J, R), D) is a complete generalized metric space.
Define the operator A : PC(J,R) — PC(J, R) by (compare with formula (2.35))

Yo+ T fo(t— )T f(s. x(s))ds. 1 € (0,.50]
gk(t, x(sx — 0)), t€ (setiqr], k=0,1,....m—1,
(Ax)(2) = § gk—1(tx, x(Sk—1 — 0))
1 —
_ﬁ o (= )17 f (s, x(s))ds
s Jye = )T (s, x(5)ds. 1€ (s, k=1.2.....m.

(2.55)
We will prove A is a strictly contractive on PC(J,R). From the definition of

(PC(J,R),d), for any g, h € PC(J,R) it is possible to find C;, C, > 0 such that

|g(l)—h(t)| < GV, tG(Sk,tk+1], k=0,1,...,m—1,

2.56
C](p(l),te(tk,sk], k=0,1,2,...,m. ( )

We will use induction to prove the claim.
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Case 1. Let t € [0, so]. Then we get

(A (@) — (A ()]

I/\

i [ =9 )~ s

TJ;) /O (1 — )7 [g(s) — h(s)|ds

< %(/0’(;_ s)“’:;dS)l_p(/ol(‘”(””l’ as).
LyCy (1 —py1=
=t (=)

q—p
Case 2. Lett € (sg, tr1], Kk =0,1,2,...,m— 1. Then we get

IA

(2.57)

sg "Cpp(t) < Crop(1).

[(Ag) (1) = (AW ()] = Ly [g(sk — 0) — h(si — 0)] < Ly, ¥

Case 3. Lett € [t,s¢], k= 1,2,...,m. Then we obtain

(A (@) — (AW)(D)] = m/ (= )T | (s5. 8(5)) —f (5. h(s))lds

—g)!
b [ 0= ) Gl

+ |gk—1(tr, g(sk—1 — 0)) — ga—1(tx, Asp—1 — 0))|

L:C 1— 1=, _ —
< (B (120 T i L+ e + .

From above, we have

[(Ag)(®) — (AR ()] = M(Cy + C2)(p(1) + V),

ie., d(Ag, Ah) < Md(g, h) for any g,h € PC(J,R).

Let go € PC(J, R). From the piecewise continuous properties of gy and Ago, the
boundedness of f, gx, go on J and ¢(.) + ¥ > 0 it follows there exists a constant
G € (0,00) such that [(Ago)(t) —go(t)| < Gi(p(t)+ W), t € J or d(Ago, go) < 0.

The Banach fixed point theorem guarantees that there exists a function yy €
PC(J,R) such that A"gy — yp in (PC(J,R),d) as n — oo and Ay, = Yo, that is,
yo satisfies Eq. (2.51) for ¢ € J.

Next, we check that {g € PC(J,R) : d(g,g0) < oo} = PC(J,R). For any
g € PC(J,R), since g and g, are bounded on J and min,e;(¢(f) + ¥) > 0, there
exists a constant C, € (0, 0o) such that |go () —g(1)| < Co(¢(2) + V), t € J. Hence,
we have D(go,g) < oo for all g € PC(J,R), that is, {g € PC(J,R) : D(g,go) <
oo} = PC(J,R). Thus, we conclude that y, is the unique piecewise continuous
function with property (2.51). According to condition 3 and Remark 2.2.1 it follows
that



102 2 Non-instantaneous Impulses in FrDE
2C, /1 —p\1—p
Dy, Ay) < —% (—p) TP 4 1.
L(g)\g—p
Summarizing, we get
1 e 4
(y Ay) _ o) +

D <
0wy = 5 = 1—M

’

which proves inequality (2.52) is true for ¢ € J. O

Remark 2.2.2 Note the condition M|,M, < 1 concerning constants M, M,
requires conditions on the impulsive points t, sy and on the Lipschitz constants.
Also this condition does not allow the result to be generalized to the infinite interval
[[Q, OO)

Example 2.2.1 We consider the scalar Caputo fractional differential equation with
non-instantaneous impulse given in [122] (but we will change the impulsive
condition on (1, 2]), i.e., consider

DOSx(t) = % fort e (0,1] U (2, 3]

) (L —0)| (2.58)
W=Graarwa—op et
x(0) = xo,

and the corresponding scalar Caputo fractional differential inequalities with non-
instantaneous impulse on (1, 2]

¢0.5 ly(@)|
OD y(l) — m‘ < €t fort e (O, 1] U (2,3]
ly(1 —0)] (2.59)
y(1) — ‘51 fort € (1,2], :
) B+ )1+ [y(1-0))
¥(0) = xo,
where xy € R.
In this particular case J = [0,3],¢g = 0.5, p = 3,60 =0 <5 =1 < t1 =
2<si=3=T.m=1f(tx) = 7 € C([O 3] x R,R) with Ly = } and

g1(t,x) = m € C([1,2].R) with L,, = 0.25. Denote ¢(f) = ¢, w =1
and C, = 1. Then [; ¥ds < ¢'.

Let M| = max{#; 3 9}4%(3% + 2%) + %}, M, = max{m(ﬁ + 2%)}.
Then M < 1.
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From Theorem 2.2.1 there exists a unique solution y((¢) of NIFrDE (2.58) such
that

%o+t Jot — 9705 e s for 7 € [0, 1],
[yo(1=0)|
B+ (1+]yo(1-0)])
yo(t) = for ¢ € (1,2], (2.60)
[yo(1=0)| 1 4 —0.5 _ol
7(1+0|)’0(1_0)|) 2+ r.5) -/0 (t |_ S)‘ 8+25+S2 ds
_r((l),sj Jo2=970 —S_ﬁgfi:sz ds forte (2,3]
with
-2
2 1
453641
[y(®) = yo ()| < %(et +1), te]0,3].

|
Case II. Existence by the application of approach (A2 for NIFrDE)
Consider the IVP for NIFrDE (2.48) with general impulsive functions
ot x,y) € C([s, trr1] X RxR,R), k=0,1,2,...,m— 1.
In our study we will use the following result for FrDE (2.12):

Lemma 2.2.1 (Theorem 3.1 [119]) Let the following conditions be satisfied:

1. The function f € C(I,R), I = [z, T]| and there exists a positive constant L such
that |f(t,x) —f(t,y)| < Llx—y|, t€l, x,y e R.
2. The function y € C'(I,R) satisfies the fractional differential equation

DIy —f.yO =@ (@), tel
where the function w € C(I,R) is such that

1
C(q)

with 0 < KL < 1.

/l(t— $)1  w(s)ds < Kw (1), t€l

Then there exists a unique function x(t) € C(I,R) such that

x(t) = y(r) + %q) /t(t — )T (s, x(s)ds, tel (2.61)

and

[y(®) —x(t)] < w(t) tel. (2.62)

1 -KL
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Now we give sufficient conditions for existence of the NIFrDE (2.48) by the
application of (A2 for NIFrDE) for the interpretation of the solution.

Let W, > 0, ¢ € C([sk, tk+1], R), k =0,1,...,m—1 and consider the fractional
non-instantaneous differential inequalities

5. DIy(1) —f(,9)] < (1) fort € (1, 5¢], k=0,1,...,m

[y(1) — (2, y(8), y(sx — 0))] < W fort e (s, tg+1], k=0,1,2,....m—1.
(2.63)

Remark 2.2.3 Note if y(t) is a solution of the fractional non-instantaneous differ-
ential inequalities (2.63), then it satisfies the integral—algebraic inequalities

9O = (1) + i (= 917 (s Y5 ds] = 1 [0 — ) guls)ds,
t e (tk,sk], k=0,1,2,....m
|y(t) — ¢k(t,y(t),y(sk — 0))| < Y, te (Sk»tk-i-l]v k=0,1,2,...,m—1.

Theorem 2.2.2 (By A2 for NIFrDE) Let the following conditions be satisfied:

1. The function f € C(Uj—,[tx, s] x R, R) and there exist positive constants L, =
Li(f) such that |f(t,x) — f(t,y)| < Li|x — y| for each t € [t, s¢], x,y € R, k =
0,1,...,m.

2. The functions ¢(t,x,y) € C([sp, rr1] X Rx R, R), k =0,1,2,...,m—1 are
such that for any t € [s, ti+1] and y € R there exists a unique solution x(t,y)
of the algebraic equation x = ¢i(t,x,y) and there exist constants Iy = Ii(¢r) €
0,1), k =0,1,2,...,m — 1 such that |¢r(t, x1,y1) — $r(t,x2,y2)| < L(|x1 —
X2| + |y1 —y2|) for each t € [si, tit1], X1, %2, y1, 2 € R, k=0,1,...,m— 1.

3. The functions ¢, € C([t,st],R), k = 0,1,..., m are nondecreasing functions
and there exist constants C, = Cy(gr) > 0, LiCy < 1, k =0,1,...,m such
that

1 t
o [ =9 w0 < . 1< s (2.64)
F(q) 174

Then for each solution y(t) € PC([ty,T],R) of the fractional differential
inequality (2.63) there exists a solution x € NPCi([ty,T],R of the IVP for
NIFrDE (2.48) with xy = y(to) such that

Fo(r), 1€ (10, 50],
FCC#%(’) + ﬁﬁ(‘yk—l + lk—LFk—l(Sk—l)),
te (te,se), k=1,2,....,m
ﬁ(wk n lka(sk)), te (ol k=0,1,2,....m—1.
(2.65)

ly(@) —x(0)] =
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where
Co
Fo(t) = ——@p(t) t € (20, o],
0(?) 1_COLO<,00() (%0, So]
and
Cr 1
Fr(z  E— — (WY + L Fre1 (k=) ),
k(1) = CL‘Pk()+1_lk_11_CkLk(k1+k1k1(Sk 1))

1 e (lk,Sk], k=1,2,....m

Proof We will use induction to prove the claim.

Let t € [ty, so]. According to Lemma 2.2.1 with 7 = #), T = s9, L = Ly, K = Cy
and w(f) = () there exists a solution xo(#) € C([ty, so] satisfying the integral
equality

xo(t) = x0 + m/ (t— )T (s, x0(s5))ds (2.66)
and the inequality
50 = 0] = = () = FolD). 1€ [, s .67)

Let ¢ € (so,#]. Consider the algebraic equation x = ¢y(t, x, xo(so — 0)) which
has a solution X((¢) and

[y(1) — %o(9)]
=< [y() = go(t, y(1), y(so — 0)| + [Po(t, y(2), y(so — 0)) — Po (2, Xo(2), X0 (s0 — 0))]
< W + bo(|y(t) — Xo ()| + [y(so — 0) — xo(so — 0)])

< Wy + lyly(t) = Xo()| + loFo(s0)
(2.68)
or

1
[y(®) = Xo(1)] < ﬁ(‘l‘o + loFo(So)), t € (so. t1]. (2.69)
—l

Let t € (#1,s1]. Define the function y(f) = y(¢) — y(t1) + ¢o(t1, Xo(t1), x0(s0)).
Then

1 DIy@) —f(@. 30 < [}, DIy(@) —f(t.y(O)] + [f (2. 5(2) = f (2. y(©)|
< @i1(0) + Li|y(@) —y(@)|.

(2.70)
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From Remark 2.2.3, condition 2, and inequalities (2.67), (2.69) we obtain

[Y(®) —y@| = |y(t1) — ¢o(t1, y(t1), y(so — 0))]
+ [@o(t1, y(t1), y(s0 — 0)) — do(t1, Xo(21), Xo(s0))|
< Wo + loly(t1) — Xo(t1)| + lo|y(so — 0) — x0(s0)]

s o 2.71)
<y )\ F I F
< 0+1—lo 0+(1 l)o(So)+oo(So)
1 ly
= Y F .
- 0+ - 0(s0)
From (2.70), (2.71) we get
L Ly
WO — A IO S 010 + T2V + T Folso). 2.72)

According to Lemma 22.1witht =4,T =51, L =L, K = Cy, y(t) = y(t), and
w(t) = ¢g1(f) + 1 lo Wy + Lll’ Fo(so) there exists a solution x;(f) € C([t1, s1], R)
satisfying the integral equatlon

x1(f) = @o(t1, Xo(t1), X0 (s0)) + %/ (t—5)"fi(s.x1(s))ds. t € (1, 51]

(2.73)
and
C Lyl
FO-101 = = (0 O+ T Yok T2 Falon)) 1€ (sl @74
Using inequalities (2.71) and (2.74) we get
y@® —x1 ()] < [y@) —x1 ()] + [y@) — y(1)]
C; Ly Lily 1 Iy
D — t v F )Y F
_]_C1L1(<P1()+1 I 0+] 0(50)) - 0+1—lo 0(s0)
(o] 1 1 ly 1
< g+ F
_1_C1L¢1()+ A —a 0+1—101—C1L1 0(so)
2.75)
i.e.
C 1 1
H)—x1(t)| < —— — V¥ I F
@) —xa®] =1 CL§01()+ ll—CL1(0+OO(SO))

=F(s), te ([1,S1].
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Following this inductive process we construct the function

xk(t), lG(lk,Sk],kZO,l,z,...,m

1) =
M=V 50, reonal k=0.1.2. . ..m—1

(2.76)

which is a solution of IVP for the NIFrDE (2.48) with xy = y(fy) and satis-
fies (2.65). O

Remark 2.2.4 Note in (2.65) for the solution in Theorem 2.2.2 the points ty, Sk
are not included (compare with (2.52) in Theorem 2.2.1). This allows the result
of Theorem 2.2.2 to be generalized to the infinite interval [ty, 00) for appropriate
values of the constants Ly, Iy, Cy (for example, I : [[o(1 — L) < Kl <
0o, T2 i < K2 < 00, Cr & [[2(1 — GiLi) < K3 < o0 and [[2
K4 < 00).

tO]C,

Example 2.2.2 Consider the IVP for NIFrDE (2.48) withn = 1,0 =ty < 59 =
l<tyi=2<s51=4<thb=5<s5=7<t3=9<s3=10,andg = 0.1, i.e.

¢ D™!x(r) = 0.2xtan(r) for 1 € (0,1] U (2,3] U (5,7] U (9, 10],

X0 = (x(t) +ox(sk — 0)) forre (1,2]U (3,5] U (7,9], 2.77)

x(0) = 1.

The function f(¢,x) = 0.2xtan(¢) is not defined and continuous on the whole
interval [0, 10]. Therefore the conditions of Theorem 2.2.1 are not satisfied for (2.77)
and approach (A1 for NIFrDE) and Theorem 2.2.1 does not guarantee the existence.

Consider f(¢,x) = 0.2xtan(z), t € [, sx], k = 0, 1,2, 3. Note the function f €
C([tx, si] xR, R), k = 0, 1,2, 3 and there exist positive constants Ly = 0.312,L; =
0.44,L, = 0.68,L; = 0.13, i.e., condition 1 of Theorem 2.2.2 is satisfied. Let
ot x,y) = ki2 (x+y), k=0,1,2. Then condition 2 of Theorem 2.2.2 is satisfied
with [, = m, k=0,1,2.

Consider the function y(f) = 1,¢ € [0, 10] which satisfies the inequalities (2.63)
with () = L, 1 € (5], k= 0,1,2,3 and ¥ = |Z5]. k = 0.1,2. Then,

F(q) ftk(t— 5)47lds = (’F’(*q)) Ly < Cropr(t), t € [t,sx] with C = (Skr ’k))q, k =
0,1,2,3. Thatis, Cy = 1.052, C; = 1.13, C, = 1.13, C5 = 1.13. Condition 3 of
Theorem 2.2.2 is satisfied.

According to Theorem 2.2.2 there exists a solution x(z) of the IVP for

NIFrDE (2.77) for which the inequality (2.65) holds. O
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2.3 Stability of Caputo Fractional Differential Equations
with Non-instantaneous Impulses

The question of stability is of interest in physical and biological systems, such as
the fractional Duffing oscillator [137], fractional predator-prey and rabies models
[22], etc. and stability theory of FDEs is widely applied to chaos and chaos
synchronization [87] because of its potential applications in control processing
and secure communication. There are several approaches in the literature to study
stability, one of which is the Lyapunov approach. As it is mentioned in [112] there
are several difficulties encountered when one applies the Lyapunov technique to
fractional differential equations.

2.3.1 Lyapunov Functions and Their Derivatives for Caputo
Fractional Differential Equations

One approach to study various stability properties of solutions of nonlinear Caputo
fractional differential equations is based on using Lyapunov like functions. A basic
question which arises is the definition of the derivative of the Lyapunov like function
along the given fractional equation. In this section we will give a brief overview of
fractional derivatives of Lyapunov functions.

I. Lyapunov functions for Caputo fractional differential equations.

We will give a brief overview of the applications of Lyapunov functions to
study stability properties of the solutions of nonlinear Caputo fractional differential
equations.

Consider the nonlinear Caputo fractional differential equation

wDIx(t) = f(t,x) fort> 1 (2.78)
with initial condition
x(t0) = Xo, (2.79)

where x~0 eR", 19 € R+.

Definition 2.3.1 LetJ = [19, T), T < o0, be a given interval, and A CR", 0 € A
be a given set. We will say that the function V(t,x) : J x A — Ry belongs to the
class A€(J, A) if V(t,x) is continuous on J x A and it is locally Lipschitzian with
respect to its second argument.

There are three types of derivatives of Lyapunov functions from the class
AC(J, A) used in the literature to study stability properties of solutions of Caputo
fractional differential equations:
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— Caputo fractional derivative of Lyapunov function — this derivative is given by

1 d
WD) = s / (t—s)_”%<V(s,x(s)))ds, t € [10,T)

(2.80)

where x(¢) is the solution of the studied IVP for the FrDE (2.78), (2.79) (see,
for example, [86, 89]). This type of derivative is applicable for continuously
differentiable Lyapunov functions.

— Dini fractional derivative of Lyapunov function- it is defined by (see, for
example, [81, 82]):

_ 1
D Vi(t,2) = limsup [V(l,x) —V(—hx— h‘ff(t,x)], t € [w, 7).

(2.81)
This definition is based on the definition of Dini derivative of the Lyapunov
function V(z, x) among the ordinary differential equation X’ = f (¢, x) given by

DV(t. x) = lim sup — [V(t, X) = V(t—h,x— (1, x)]. (2.82)
0 h

The operator defined by (2.81) has no memory. Also, it depends neither on
the fractional order g of the FrDE (2.78) nor on the initial time 7y which is very
important for fractional derivatives.

This type of derivative is applicable for continuous Lyapunov functions.

— Caputo fractional Dini derivative of Lyapunov function — this derivative is
defined by:

(78D V(2. x: 10, X0)

1

= lim sup — { V(t, x) — V(t9,X0)
ot N

(2.83)

=]
S Y qcr[vo — X~ W1, ) — V(ro,xm]} ,

r=1

fort € [t9,T), x € A

where there exists #; > 0 such that t — h € [r,s,), x — hif(t,x) € A for
0<h<h.

This definition is based on the definition of the Caputo fractional Dini
derivative of a function m(¢) given by (2.5).

This type of derivative is applicable for continuous Lyapunov functions.
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Formula (2.83) could be reduced to
(78D V(2. x: 10, X0)

(52
1
= limsup —{ V(t.x) = > (=) GV (= rhox — hf (1. x))

h—0t r=1

(t—w)*

— V(70, % O)ﬁ

fort € [19,T), x € A.
(2.84)

Note the Caputo fractional Dini derivative 52.78)D’_1|_V(t,x; 70, Xp) given

by (2.83) or its equivalent (2.84) depends significantly on both the fractional
order g and the initial data of the NIFrDE.

Example 2.3.1.1 Let V(t,x) = x?, with x € R.

Case 1. Caputo fractional derivative. Let x(t) be a solution of the IVP for the
FrDE (2.78), (2.79). Then ¢ DIV (t,x(1)) = ¢ D? (x(7))?. According to Lemma 2.1.2
we get ¢ D7 x(®)? <2 x(z) f(t, (x(0) Wthh easily allows for the application of
Caputo fractional derivative of the scalar quadratic function for studying stability
properties for the solutions of FrDE (2.78).

Case 2. Dini fractional derivative. From (2.81) we obtain

1
D Vi(t,x) = limsup [x — (x— KU (1, %) ] = 2 (1, %). (2.85)

In this case the formula (2.85) coincides with the corresponding Dini derivative
DV(t,x) = 2xf (¢, x) in the ordinary case ¢ = 1 obtained by (2.82) and it is easy to

apply.
Case 3. Caputo fractional Dini derivative. Use (2.83) and obtain

(t— 1)1

Qa8 DL VIt x: 70, %) = 2xf (t.%) + (xz ~ (%) ) L(l—gq)’

te(w,T), xeR.
(2.86)

Since often the object of investigation is the stability of zero solution, let tp =
0,xp = 0. Then {, 78)Dq V(t,x;0,0) = 2xf(t,x) + x* 1“(1 . This formula differs
from the Dini derivative DV (¢, x) obtained by (2.82) (¢ = 1) O

Example 2.3.1.2 Let V(¢t,x) = sin’(f) x?, with x € Rand 7 € (1, 7).
Case 1. Caputo fractional derivative. Let x(t) be a solution of the IVP for
the FrDE (2.78), (2.79). In this case the fractional derivative ¢ D7V(t,x(t)) =

¢ DY (sin2 (1) xz(t)) which is difficult to obtain.
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Case 2. Dini fractional derivative. From (2.81) we obtain
. Lr . ,
D(’;jg)V(t, x) = hI:l_f(l)lp W [ sin?(t) x> — sin®(t — h)(x — h7f(t, x))z]

= lim sup }%[ sin®(t) (x2 — (x— hif(t, x))2>

h—0
+ (sinz(t) — sin®(t — h)) (x — HIf(z, x))z] (2.87)
= 2x sin® (0f(t,x)

sin?(t) — sin®(t — h) ]

+ limsup 4!~ (xz — (= hf (s, x))z) .

h—0

= 2x sin*(H)f (¢, x).

In the integer case (¢ = 1) from (2.82) we obtain for the derivative of Lyapunov
I
function DV(t, x) = 2x sin*(t)f (¢, x) + x* (sin2 (t)) which differs significantly from
D 14 V (2, %).
Case 3. Caputo fractional Dini derivative. Use (2.83) and obtain

(28D V(1. x: 10, X0)

t—10 ]

= lim sup % %xz(sinzt) — Z (=1t 4Cr (x — hif(t, x))z(sinz(t —rh))

h—0t —1

 GPin? ()

= lim sup i % (sin*t) (x2 — (x — hif(z, x))2)
ot
5]
+ (= B 0) Y (= 1) (Cosin® (¢ — rh))
r=0
- Gsin ) £
(t— 1)1

x5O (1) + 22 1TeOLDq (sinzt) — (x0)2sin* (o) FTi—q)

(2.88)
Since often the object of investigation is the stability of zero solution, let 7 =

0,x9p = 0. Then from (2.88) the Caputo fractional Dini derivative is given by

6s DLV (1,x:0,0) = 2x sin®t f(t,x) + x* §D? (sinzt).
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This formula is similar to the obtained by Eq.(2.82) the Dini derivative in the
ordinary case (¢ = 1), i.e., to
/

DV(t,x) = 2x sin®(0)f (¢, x) + x° (sin2 (t))

|

II. Lyapunov functions for Caputo fractional differential equations with non-
instantaneous impulses

We now introduce the class A of Lyapunov-like functions which will be used
to investigate the stability of Caputo fractional differential equations with non-
instantaneous impulses.

Definition 2.3.2 Let J = [19,T), 0 < T < 00, be a given interval, and A C
R", 0 € A be a given set. We will say that the function V(t,x) : J x A — R4
belongs to the class A(J, A) if

1. The function V(t, x) is continuous on J /{s; € J} X A and it is locally Lipschitzian
with respect to its second argument;
2. For each sy € Int(J) and x € A there exist finite limits

V(s —0,x) = liTm V(t,x) < oo, and V(sx+0,x) = lim V(t,x) < oo
1Tk NSk

and the following equalities are valid
V(sy —0,x) = V(sy, x).

Remark 2.3.1 Note the quadratic Lyapunov function V(t,x) = x* belongs to the
class A(J, A) for any J and x € A.

Remark 2.3.2 Based on the idea of the non-instantaneous impulses in differential
equations and the fact that on each interval without impulses the unknown function
is defined by a differential equation, it is natural to consider the derivatives of the
Lyapunov functions only on the intervals without impulses.

2.3.1.1 Approach (A1l for NIFrDE) and Lyapunov Functions

Consider the IVP for NIFrDE (2.33).
Three types of derivatives of Lyapunov functions from the class A(J, A) can be
used:

— Caputo fractional derivative of Lyapunov function — ¢ D7V (¢, x()) where x(7)
is the unknown solution of the studied fractional differential equation (2.33). We
require the Lyapunov function be at least piecewise continuously differentiable
function on [z, T).
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— Dini fractional derivative of the function V(¢,x) € A(J, A), along trajectories
of solutions of the system FrDE (2.33) as follows

1
23 DLV(.) = limsup - [V(t X) = V(t — h,x — Kf(t, x)],
h—0 (289)

te Jﬂ ([O, s0) U2y (tk, Sk))-

where x € A, and for any k = 0,1,2,... and t € (1, s¢) N J there exists &, > 0
such that t — h € (t,sx) NJ, x — hif(t,x) € A for 0 < h < h; (in the case of
k = 0 we have the interval (0, s¢)).

— Caputo fractional Dini derivative of the function V(t,x) € A(J,A), T > 0,
along trajectories of solutions of the system FrDE (2.33) as follows:

(33D V(2. x: 10, X0)

1
= limsup —% V(t,x) — V(zo,x0)
ot N

= (2.90)
S Y iy qcr[vo — = W1, 2)) V(ro,xo>]} ,

r=1

for 1€ J() ((o, s0) U2, (tk,sk))
where x,xp € A, and there exists #; > O such thatt — h € J, x — hif(t,x) € A
forO < h < hy.
Example 2.3.1.3 Let V(¢,x) = x%, x € R. Consider the NIFrDE (2.33) with 7y =

1
to = 0,50 = 1,11 = 3,51 = 4, f(t,x) = —x, and ¢o(t,x,y) = y(t—2)3
for ¢ € [1,3]. Then using the approach (A1 for NIFrDE) on the interval [0, 4] the
solution of NIFrDE (2.33) is

XoE,(—19), t € (0,1],
x(t) = { %k, (—1)(;—2)§ re(1,3],

Xo gl (=), 1€ (3,4],
and
2
(x0Eg(=11))". re (1],

V(t.x() = (on (—1)(r— )%)2 re,3],

(xOE( EC DBy~ ﬂ)) te (3.4
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On (0, 3] the function V(¢, x(¢)) is continuous but its derivative at t = 2 is infinity.
Therefore the Caputo fractional derivative {D?V(t, x()) exists for t € [0, 1] but it
does not exist on [0, 4].

Note the application of both the Dini fractional derivative and the Caputo
fractional Dini derivative of the quadratic function do not cause problems because
they are continuous. O

If we use the direct Lyapunov method to study stability properties of the solutions
and the approach (A1 for NIFrDE) to the system of NIFrDE (2.48), then we need to
apply the fractional derivative of the Lyapunov function V(t, x), i.e., {DIV(t, x(t))
for t > 0 with the solution x(r) € CI(U,[t, s¢], R") of (2.48). This Caputo
fractional derivative might not exist.

2.3.1.2 Approach (A2 for NIFrDE) and Lyapunov Functions

Consider the IVP for NIFrDE (2.48).
Three types of derivatives of Lyapunov functions from the class A(J, A) could
be used:

— Caputo fractional derivative of Lyapunov function. In connection with the
interpretation (A2 for NIFrDE) we consider the following Caputo fractional
derivative of Lyapunov function ; DV (t,x(t)) for t € [t;, si] forall k : 7., s, € J.
Here x(f) is the unknown solution of the fractional differential equation (2.48).
We require the Lyapunov function be at least continuously differentiable function
on [ty,sx], k=0,1,2,... (in the case k = 0 we have the interval [0, so]).

— Dini fractional derivative of the function V(z,x) € A(J, A), along trajectories
of solutions of the system FrDE (2.48) defined by (2.89).

— Caputo fractional Dini derivative —let V(t,x) € A(JJ,A) and 7 €

JN ([O, 50) U2, [, sk)>, vo € A. Then we define

(62.33)Di V(t, x; T, y0)

1

= limsup — { V(t,x) — V(z,yo)
h—>0T ha

(2.91)

—t
Tl

— Z (=)t qC,[V(t — rh,x — hif(t,x)) — V(z, yo):|} ,

r=1

for teJN(z,s,], x€A

where p = inf{k : © < s;}, and there exists #; > O such thatt —h € J N (1, 5],
x—hif(t,x) € Afor0 < h < hy.
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The formula (2.91) could be reduced to

q .
fz.4x)D+ V(t, x;T,y0)

5]
1 .
= lim sup E { V([, .X') — Z(—]) +1 quV([ — rh,x - hqf(t,x)) (292)
h—0t =1
t—1) ¢
— V(r,yo)Q forteJN(z,s,), x € A.

ra-gq

Formulas (2.91) and (2.92) are introduced by Agarwal et al. [7] and used
for studying various stability properties of Caputo fractional differential equa-
tions [8, 10], Caputo fractional non-instantaneous impulsive differential equations
[13, 15, 16, 18], differential equations with random non-instantaneous impulses
[11, 12, 14, 17], for stability with respect to initial time difference for Caputo
fractional differential equations [20]. For a survey of the application of Lyapunov
functions to fractional equations see [9].

Remark 2.3.3 Note in the special case of sy = ti+1, k = 0,1,2,..., ie., the
case of instantaneous impulses the above formulas for the derivatives of Lyapunov
functions are applicable with slight changes (see [9]).

Example 2.3.1.4 Let V(z,x) = x?, x € R. Consider the NIFrDE (2.48) with 7, = 0,

1
sozlJl=3J1=4Jﬁw)=—&mﬂ@ﬁxy)=yQ—ZYfmteU3L
(k =1,2,3,...). Then using the approach (A2 for NIFrDE) on the interval [0, 4]
the solution of NIFrDE (2.48) is

XoE,(—19), t € (0,1],
1
3

x() = onq(—l)<t—2), re1,3],
XoEy(—1)E,(—(t — 3)7). t € (3.,4],
and
2
(onq(—zq)) : te(0,1],
2
V(t,x(0) = | (xE,(~D(t—2)")., te(1.3],
(nin(o-3)'Y.

(onq(—l)Eq(—(t— 3)q)) e (3,4].
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The function V(z, x(¢)) is continuous on (0, 4]. Then the Caputo fractional derivative
6DV (t,x(1)) exists for ¢+ € [0, 1] and §{D?V(z,x(7)) exists on the interval [3, 4]
(compare with Example 2.3.1.3).

The application of both the Dini fractional derivative and the Caputo fractional
Dini derivative of the quadratic function do not cause problems because they are
continuous and they do not depend on the solutions. O

Example 2.3.1.5 Let V € A(R4,R) be given by V(t,x) = m(f)g(x) where the
function m € C'((0,s0) U, (t, 1), R4), g : R" — Ry is a locally Lipschitz
function such that the limit lim,,_, y+ sup "Mjﬂmm exists for x € R".
First we apply the formula (2.89) to obtain the Dini fractional derivative of the

considered Lyapunov function. We obtain

e DLV = Tim sup - [m(0g(x) — m( — Wg(x— 1 (1.0)|

g(x) — glx — hf(z, x))
ha

—m(t—h
 (fm sup ™) (i suph e 0)

g(x) — glx — hf (1, x))
ha

= m(t) lim sup
h—0t

for te (lk,Sk), k=0,1,2,....
(2.93)

= m(1) limy,_, o+ sup

Note above in the case k = 0 we let tg = 0.

Note (, 48)273_ V (¢, x) does not depend on the order ¢ of the fractional differential
equation. The behavior of solutions of fractional differential equations depends
significantly on the order g. For example, let us consider the simple fractional
differential equation §Dx + x(tf) = 1, x(0) = 0 whose solution is given by
x(t) = t9E, 14+4(—t?). From Figure 2.7 it can be seen lim; .o x(f) = a where a
is different for different values of the order ¢ of fractional differential equation.

Consider the special case V(¢,x) = m(t)x*>. Then from (2.93) we obtain the Dini
fractional derivative

(2~48)ID[-1F V(t,x) = 2m(t)xf(¢t,x) for te (t,s;), k=0,1,2,.... (2.94)

Next we use (2.92) to obtain the Caputo fractional Dini derivative of the function
V(t,x) = m(t)g(x). Let T € [0,50) U2, [t, sx). Apply the equalities X-D91 =

(1—1)~1 (&)

0 and limy,_ o+ sup 3 (1) (Gl —rh) = prq(m(z)) 0 (2.92) and

obtain
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Fig. 2.7 Example 2.3.1.5. Graphs of solutions of §D%x + x(¢) = 1, x(0) = 0 for different g.
(.48 DLV (1, x: T, y0)
75
= lim sup l[m(t)g(x) + g(x — hif (¢, x)) Z -D" ,C.m(t— rh)]
w0t hd B o~
(r—7)1
—m(t)gvo) s
I'(l—gq)
oty tim sup £0 =86 =K 0.0)
h—0+ hd
) (2.95)
h
. g . b v _
+ lim g — Kf(1.2)) lim sup - Z(; (=1)" ,C, m(t rh)]
(r—7)
—m(t)gvo)
L'l —gq)
_ . g(x) — g(x — hf (1, %)) RL g
= m(t) hgr(?+ sup r +gx) 7D (m(t))
t— —-q
— @00 =2 for te(rs,),

ra-gq
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or

q .
fz,4x)D+ V(t, x;T,y0)

— o(x — hif(t,
= m(t) h£?+ sup 8) g(xhq f.x) + gx) ED? (m(t)) (2.96)
+ (g(x) — g(yo))m(r)%, for e (z,sp).

Note the Caputo fractional Dini derivative 52'48)D‘_1‘_ V(t, x; ty, xo) depends signifi-

cantly not only on the order g of the fractional differential equation but also on the
initial data (¢, xg).
In the special case g(x) = x> we obtain

Gag DL V(X T,y0) =

= 2um(D)f (1, %) + 2 fDq(m(t)) + (x2 - y%)m(r)(rt(_l—r_);()], (2.97)

for 1€ (1,5p).

If m(t) = 0, then we get
€2.48)D‘—]{— V(t,x;0,y0) = 2xm()f (¢, x) + x* SD‘] (m(t)), 2.98)

t € (1,sp).

The derivative of the Lyapunov function in the well-known case for first order
non-instantaneous impulsive differential equations (¢ = 1) is (see Section 1.3 and
Eq. (1.29))

DL V(1, %) = 2x m(1)f (¢, x) + xzdit [m(t)], 1€ (T.s)). (2.99)

Formulas (2.98) and (2.99) differ only by the type of derivatives. At the
same time, both (2.98) and (2.99) are totally different than (2.93). Therefore, the
Caputo fractional Dini derivative given by formula (2.92) seems to be the natural
generalization of the derivative of Lyapunov functions for ordinary differential
equations (with or without impulses) especially when approach (A2 for NIFrDE)
is applied. |
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Remark 2.3.4 Note that if in (2.91) (respectively (2.92)) instead of a point x € R"
we use the value y(t) of the functiony : ([O, $0) U2, (ks sk)) NJ — R": y(r) = yo,
then

. 1
Gag DLV y(1): T, x0) = hhm zlip p % V(t, (1) — V(z,y0)

(5]
= DG Ve o) - o) - Ve | e )
= (2.100)

Example 2.3.1.6 Consider the scalar case, i.e., let V(z, x) = x*> where x € R.
Initially, let T € ([O, 50) U2, [tk sk)) NJ and yg € R. Then we have from (2.91)

) . 1
22_48)D(-]|- V(t,x;t,y0) = limsup i |:(x2 - )’(2)) — (x — hf(z, x))z + @0)2]

h—0t
1 %]
— lim sup - [(x — Hf (1.2)* — @0)2] { > (—D;“c,.}
h—0t r=0

1
= limsup — |:h‘1f(t, x)(2x — hIf(, x))]

nsot N
(5]

~limsup - [ — WF(1.3)(2x = hf(1.5)) + X* — (yo)2i| { >t c,}

h—0t

r=0
(5]
= f(t.2) limsup(2x — h'f (z..x)) +f(t.x) lim sup { St c}
ot h=>0t 1=

5]
— = ) timsup o e |

h—01

(t—1)*

= 2 (1,0) — (* — (30)*) T'D4 1 = 24/ (1.%) — (& — (v0)° )F(l D

(2.101)
Now consider a scalar function y(f) : ([O, So] U2, (%, sk]) NJ — Rsuchthat y(t) =
yo where T € ([O, s0) U2, [t sk)) N J and yy € R. Then we have from (2.100)
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?2448)D3— V(t, y(1): T, x0)

= limsup [((y(r»z —32) — 00) — WL YO + (Yo)z]

h—0t
. 1 2 2 - r+l
—hmsupﬁ[(y(t)—hqf(z,ya))) ~ 60) ]{ S0 cr}
h—0t r=0
55
— £t y(0) lim sup(2x — KF (2, (1)) + £t y(0)) lim sup { 3 (—1);“(:,}
h—0+ h—0t =0
(551
2 24 1s 1 1[4
—(((®)* = (o) )hhrizlipﬁ% ;(—1) + (r)}
= 2y(1)f (1, (1)) — ((D)* = (0)*) F-D% 1
= 2Oy ®) — (60 — 00 =D r e s . (2.102)
ra—-gqg

|

2.3.2 Comparison Results for Caputo Fractional Differential
Equations with Non-instantaneous Impulses and
Lyapunov Functions

We will obtain some comparison results for NIFrDE (2.48) using the given above
definitions for a derivative of Lyapunov-like function.
We will use the followings sets:

K = {a € C[R4,R4] : ais strictly increasing and a(0) = 0},
SA) ={xeR":||x|]| <A}, A>0.

I. Comparison results for FrDE and Lyapunov functions

We will give some comparison results for the IVP for Caputo fractional
differential equations of the type
wDIx(t) = f(t,x(1)), 1€ [r, 10+ T] withx(zo) = Xo (2.103)
where tp > 0, T > 0,f € C([tg, 70 + T] x A, A), where A C R", 0 € A. These
results will be used to prove comparison results for NIFrDE (2.48).

We will use the three types of derivatives of Lyapunov functions to obtain some
comparison results.
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Lemma 2.3.1 (Fractional Comparison Principle) Let z,y € C([t, 10 + T] %
Q,R"), @ CR", z(v0) > y(t0) and § Dz(t) > § DIy(1) fort € [t0, To + T], where
q € (0,1).

Then z(t) > y(t) for t € [t, 10 + T].
Proof 1t follows that there exists a nonnegative function M(¢) : [to, 70 + 7] = R4+
such that

wD2(t) = M@) + 5 DIy(1). (2.104)
Taking a Laplace transform of (2.104) we obtain
s1Z(s) — 597 2(19) = M(s) + s9Y(s) — 57 'y(10), (2.105)

where M(s) = L{m(1)}.
There exists a constant C > 0 such that z(7g) + C = y(7p). Then from (2.105)
we get

s1Z(s) — 97 2(m0) = M(s) + s7Y(s) — 57 'x(mp) — 57 C. (2.106)
or
Z(s) = s IM(s) + Y(s) — s 'C. (2.107)
Apply the inverse Laplace transform to (2.107) and obtain
2(t) = o D7IM(1) + y(r) — C (2.108)

where tpyD~IM(t) is defined by (2.1).
It follows from m(¢) > 0 and (2.108) the inequality z(z) > y(1). |

Remark 2.3.5 The fractional comparison principle of Lemma 2.3.1 was proved in
Lemma 10 [88] if 9 = 0 and x(0) = y(0) and in Lemma 3.1. [109] if t9 = 0 and
x(0) > y(0).

Lemma 2.3.2 Let m € C([ty, T], R) and suppose that there exists t* € (ty, T], such
that m(t*) = 0 and m(t) < O for ty <t < t*. Then if the Caputo fractional Dini

derivative (2.5) of m exists at t*, then the inequality fODim(t*) > 0 holds.

Proof From (2.3) (note m(t*) =0, r—qg > O0forr=1,2,...,and 0 < g < 1) we
obtain
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[552)

GL g * . r *
D ) =1 — -1 ,C,m(t™ —rh
o Diym(:*) = limsup 7= ;( )" (Cr it — rh)
(=5

= m(t* )+11msupi Z( 1

h—0+

)rq(q—l)---(q—rJrl)

| m(t* — rh)
r!

ro]

—llmsup— Z 91 =9 (r—l q)<—m(t*—rh)>.

h—0+

Since all the terms of the above series are positive we obtain ;;Dim(t*) > 0.
From (2.4) and Remark 2.1.2 we get

m(to) (t* — t9) ™1
rd-gq
Now m(tg) < 0, t* > fp, ['(1 —g) > 0 and (2.109) completes the proof. O

Now we present a comparison result applying as a comparison equation the
following scalar Caputo fractional differential equation

¢Dim(*) = J"Dim(r*) — (2.109)

o Du(t) = g(t,u(r), t€ [, 0+ T). (2.110)

Note (2.110) with u(ty) = uy is called the initial value problem (2.110). We will
assume that the function g : [79, 790 + 7] x R — R is such that for any initial
data (g, ug) € [0, 70 + T] X R the scalar FrDE (2.110) has a solution u(¢; 7o, ug) €
C([t9, 70 + T],R). Also, we assume that for any compact subset I C [tp, 79 +
T] there exists a small enough number L; > 0 such that the corresponding FrDE
o Dlu(t) = g(t,u(r)) + n with n € (0, L;] has a solution u(#; 7o, up, ) € CI/(I N
[t0, To + T], R) where (tp, ug) € I x R. Note some existence results for (2.110) are
given in [30, 45, 82].

Lemma 2.3.3 (Caputo Fractional Dini Derivative)
Assume the following conditions are satisfied:

1. The function x*(t) = x(t; 19, x0) € Ci([t9, 10 + T], A), is a solution of the IVP
for the FrDE (2.103), where xy € A.

2. The function g € C([tp, to + T] x R4+, R).

3. The function V. € AC([ty, 1o + T], A) and the inequality

(CZI(B)D‘_ZFV(I,)C; 70, X0) < g(t, V(t,x)) for (t,x) € [tp, 70 + T] X A
holds.

4. The function u*(t) = u(t; 1o, ug) € C4([t0, 7o + T], R) is the maximal solution of
the IVP (2.110).
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Then the inequality V(ty, xo) < ug implies V(t,x*(t)) < u*(¢) fort € [19, 1o+ T].

Proof Let n > 0 be an arbitrary number and consider the initial value problem for
the scalar FrDE

owDu(t) = g(t,u(t)) +n, forte [to, 70+ T], u(wo) =uo+ 1, (2.111)

where 7 is enough small (i.e., 7 < L, 1+ 1] as described after (2.110)). The function
u(t, n) is a solution of the scalar fractional differential equation (2.111) iff it satisfies
the Volterra fractional integral equation (Lemma 6.2 [45])

u(t,n) = uo+rl+m/(t—s)q 1(g(s u(s, n))+77) s, t €[, 0+ T]
(2.112)

Let the function m(t) € C([to, To + T], R4) be m(r) = V(¢, x*(¢)). We now prove
that

m(t) < u(t,n) for t e [ty, 10+ TJ. (2.113)

Note that the inequality (2.113) holds for 1 = 7 since m(tp) = V(79,x0) < up <

u(to, n). Assume that inequality (2.113) is not true. Then there exists a point * €

(t0, 7o + T] such that m(t*) = u(t*,n), m(t) < u(t,n) fort € [19,1*). Now
Lemma 2.3.2 (applied to m(z) — u(z, n)) yields ‘T’ODZ_ (m(r*) —u(t*,n)) > 0, i.e.

Dim(r*) > g(t* u(t*, ) + n > g(t*, m(r™)). (2.114)

From condition 1 of Lemma 2.3.3 the function x*(¢) satisfies the following initial
value problem for the system FrDE

iODZ_x(t) = f(t,x(®)), x(r0) = x9, t€ [r0,70+ T]. (2.115)

Then for ¢ € (79, 70 + T) the equality

lim suphl[ (1) — xo — SO (), h)] = 11, (1))

h—0+
holds, where

(521

SEE . = Y ()G [x*(t— rh) — xo).
r=1

Therefore,

S (x* (1), h) = x*(t) — xo — hf (t,x* (1)) — A(h?)
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or
XM (t) — hif(t,x* (1)) = S (x* (1), h) + x0 + A(h?) (2.116)
with % — 0 as & — 0. Then for any ¢ € (1o, Tp + T] we obtain
[
m(0) = m(zo) = Y (=1 C [t rh) = m(x)]
r=1

= %V(t, x*(1)) — V(0. x0)
By

_ Z (_1)r+1 qu
r=1

=19
(7

+ > (=)
r=1

|:V(t —rh, x*(t) — K (t,x* (t)) — V(10, xo)] }

{ [V(t — rh, S (x* (1), h) + xo + A(h?)) — V(to,xo)i|
—[V(t — X (t — rh)) — V(ro,xo)]} . 2.117)
Since V is locally Lipschitzian in its second argument with a Lipschitz constant
L > 0 we obtain

=52

Z (=)t qc,{ V(t—rh, S (x*(1), h) + x0 + A(h?)) — V(t — rh,x*(t — rh))
r=1

(521

[l TO]
<Ll Y e Z( DG (x* =i =0
r=1

52

=21
= (et =M — ) ) LA Y,
r=1

r=1
(5] 5]
=L||(Z<—1>’“qcr)(2< DG (x (f—Jh)—xo))H
r=0 j=1
(52
+LAMK) Y LG
r=1

(2.118)
Using limy— oo er\;o(—l)r
limy, o+ [52] = oo we obtain

0, where N is a natural number, and
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[ 1—t ]

lim 1)" = 2.119
lim, Zj G (2.119)

Substitute (2.118) in (2.117), divide both sides by A9, take the limit as h — ot,
use (2.119) and Y02, ,C,2" = (1 + 2)7if |z| < 1, and we obtain for any ¢ €
(%0, 70 + T the inequality

I—l

;'ODim(t*) < c2103)D4 V(t,x*(t); T, x0) + L hm W hgr& Z q

t—10 r—ro

cr s Sere) (5 S oo

= Ga0pDE V(E,x*(1); 0. %0) < g(1, V(1. X*(l‘))) = g(t, m(1)).

(2.120)
Now (2.120) with ¢ = * contradicts (2.114). Therefore (2.113) holds.
We now show if 1, < 7y, then
u(t,m) < u(t,ny) for t € [t, T). (2.121)

Note that the inequality (2.121) holds for # = #,. Assume that inequality (2.121) is
not true. Then there exists a point * such that u(¢*, ;) = u(t*, n1) and u(z, ) <
u(t,n) for t € [to,t*). Now Lemma 2.3.2 (applied to u(z, ) — u(z, 1)) yields
¢ DY (u(t*, m2) — u(r*,m1))) > 0. However

DI (™, ) —u(r™, ) = gt u(r™, n2)) + m — [g(t*, u(r™, 1)) + 1]
=mnm—n <0,

a contradiction. Thus (2.121) is true.

Recall 0 < 1 < Ly p+1)- Now (2.113) and (2.121) guarantee that the family
of solutions {u(t,n)},t € [t9, 70 + T] of (2.111) is uniformly bounded, i.e., there
exists K > 0 with |u(z, n)| < K for (t,n) € [0, 70 + T] % [0, Ly rg+1])- Lt M =
sup{|g(t, x)| : (t,x) € [10, o+ T] x[—K, K]}. Take a decreasing sequence of positive
numbers {nj}j?’io, N0 =< Ly 1p+1]> Such that lim; o, 7; = 0 and consider the sequence
of functions u(z; n;). Now for t1, 1, € [t, 70 + T], 1 < t», we have

lu(ta, mj) — u(t, n))|
1

((tz - — (1 — S)qﬂ) (g(s, u(s, n;) + nj)ds (2.122)

HM 1]
qT'(9)

+ [ @ =9 Gt + ] = 22—
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Thus the family {u(t;n;)} is equicontinuous on [zg, 79 + T]. The Arzela-Ascoli

theorem guarantees that there exists a subsequence, {u(#;1;,)} and aw € C[ro, 1o +

T] with u(t; n;,) — win C[t, 19+ 7] as k — co. Take the limitin (2.112) as k — oo

and we see that w(r) satisfies the initial value problem (2.110) for ¢ € [zo, 7o + T

Now from (2.113) we have m(t) < w(t) < u*(t) on [z9, 1o + TJ. O
The result is true in the case of reversed inequalities:

Lemma 2.3.4 (Caputo Fractional Dini Derivative) Assume the following condi-
tions are satisfied:

1. The function x*(t) = x(t; 19, x0) € C1([t0, T0 + T], A), is a solution of the IVP
for the FrDE (2.103), where xo € A.

2. The function g € C([tg, 70 + T] x Ry, R).

3. The function V € A€([ty, 1o + T], A) and the inequality

(103 DL V(2 x: 10, X0) = g(1, V(1, %)) for (1,x) € [, 10+ T] x A

holds.

4. The function u*(t) = u(t; 1o, up) € C4([19, o + T], R) is the minimal solution of
the IVP (2.110).
Then the inequality V(ty, Xo) > ug implies V(t,x*(t)) > u*(¢) fort € 19, 19+ T.

Proof The proof of Lemma 2.3.4 is similar to the one of Lemma 2.3.3 with slight
changes and we omit it. O
If g(,x) = 0 in Lemma 2.3.3 we obtain the following result:

Corollary 2.3.1 Assume the following conditions are satisfied:

1. The function x*(t) = x(t;t9,x0), x* € Ci([ro, 70 + T, A), is a solution of the
FrDE (2.103) where A C R", 0 € A.

2. The function V € AC([t, 19 + T], A) and for any points t € [ty, 79 + T) and
X € A the inequality

22‘103)1)?1r V(t, x; 10, x0)V(t,x) <0

holds.
Then for t € [t9, T + T| the inequality V(t,x*(t)) < V(z9, x0) holds.

Proof The proof follows from the fact that the Caputo fractional differential
equation ¢ Dx(f) = O has a constant solution. Apply Lemma 2.3.3 with uy =
V(lo,)C()). O

In the case of a linear function g(¢, x) we obtain the following comparison result:

Corollary 2.3.2 Assume the following conditions are satisfied:

1. The function x*(t) = x(t; 19, x0) € CI([t9, 10 + T], A), is a solution of the IVP
for the FrDE (2.103), where xy € A.
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2. The function V € A([tg, 1o + T), A) and the inequality
103y DL V(. x: 10, x0) < —aV(t,x) for (1,x) € [0, 70+ T] x A

holds.

Then the inequality V(to, X0) < ug implies V(t,x*(t)) < ugE,(—(t — 10)?) holds
fort € [t9, 10 + T].

Proof The proof follows from Lemma 2.3.3 with g(¢, u) = —au and the fact that
the equation of the IVP for scalar FrDE (2.110) in this case is u(t) = uoE,(—(t —
‘L'())q). O

Remark 2.3.6 Some comparison results for Dini fractional derivative of the
Lyapunov functions are proved in [81].

Example 2.3.2.1 Letn = 1,79 =0, f(t,x) = tqm and V:Ry xR — Ry be
given by V(t,x) = x? as in Example 2.3.1.1. From (2. 88) we get

. 4
210D V(1 5:0,50) = 247 (1,0) + (2 = (10)?) o <0, 120,

rd-q
(2.123)
From Corollary 2.3.1 the inequality |x(z)| < |xo|, # > to, holds for any solution
of (2.103). O

The result of Lemma 2.3.3 is also true on the half line. The idea is to fix T > f
and once again we have (2.112) and (2.113). Take the limit in (2.112) as k — o0
and we see that limy_.o u(t; 1)) satisfies the initial value problem (2.110) for r €
[0, To + T]. We can do this argument for each T < oo. This yields the following
result.

Corollary 2.3.3 Assume the following conditions are satisfied:

1. The function x*(t) = x(t;10,%0), x* € Ci([rg,00),A), is a solution of the
FrDE (2.103) where A C R", 0 € A.

2. The function g € C([tp, 00) x R, R).

3. The function V. € AC([rg,00), A) and for any points t > 1o and x € A the
inequality

G103yDL V(. x) < g(t, V(1. x))

holds.
4. The function u*(t) = u(t; 1o, up), u* € C([tg, 00), R) is the maximal solution of
the initial value problem (2.110).

Then the inequality V(to, xo) < ug implies V(t,x*(t)) < u*(¢) fort > 1.
If the derivative of the Lyapunov function is negative, the following result is true.

Lemma 2.3.5 (Negative Caputo Fractional Dini Derivative) Let the following
conditions be satisfied:
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1. The function x*(t) = x(t;19,%0), x* € Ci([tg,00),A), is a solution of the
FrDE (2.103) where A C R", 0 € A, T > 0 is a given constant.

2. The function V. € A€([vy, 1o + T, A) is such that for any points t € [t, To + T},
x € A the inequality

f2.103)D?i-V(tvx; 70, %0) < —c(||x]])

holds where ¢ € K.
Then for t € [ty, 19 + T| the inequality

V(t,x* () = V(t0,x0) — T'(q )/(t—S)" Le(llx(s)I)ds (2.124)

holds.

Proof Define the function m(t) € C([tg, 70+ T], R+) by m(¢) = V(z,x*(¢)) and the
function p € C([ty, 70 + T], R4) by p(¢) = c(||x*(¥)]|). As in the proof of (2.120)
we have

oy = el O = —p@). 1€ [r0.70 + 71,

(2.125)
Let n > 0 be arbitrary. Consider the following initial value problem for the scalar
FrDE

¢ Dq m(t) S fZAl(B)Da- V(ta X3 ‘L’o,X()) .

70

iOun(t) =—pt), t>1, u(tn)=m(rn)+7n.

Its solution satisfies the following fractional integral equation

u(t) = m(tg) — m / (t— )" 'p(s)ds + n. (2.126)

We now prove that
m(t) < u(t), tew,0+T]. (2.127)
Assume the contrary and let t* € (zg, tp + T] be such that
m(t*) = u(t*), and m(t) < u(t) fort € [ry, ).
From Lemma 2.3.2 (applied to m(t) — u(t)) we obtain
o Dim(*) > ¢ Diu(™) = ¢ Du(™) = p(i*), (2.128)

and this contradicts (2.125). Therefore (2.127) is satisfied. From (2.126) and (2.127)
since > 0 is arbitrary we obtain (2.124). a
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II. Comparison results for NIFrDE and Lyapunov functions

Now we will prove some comparison results for non-instantaneous impulsive
Caputo fractional differential equations. Keeping in mind the discussions in Sec-
tion 2.4.1 about the two approaches to the solutions of NIFrDE (2.48) and the
derivatives of Lyapunov functions we will use approach (A2 for NIFrDE) and
both the Caputo fractional derivative and the Caputo fractional Dini derivative of
Lyapunov functions.

We will use the following condition:

(H2.3.2.1) The function ¢y : [sk, tr+1] X R" x R" — R”" is such that the equation
x = ¢(t,x,y) has a unique solution x = Y(z,y), t € [sk, tx+1] and Y €
C([Sk, tk+1] x R", Rn).

We will use as a comparison equation the following initial value problem for
scalar Caputo fractional differential equations with non-instantaneous impulses
(NIFrDE)

¢ Du = g (t,) for 1 € [10, T] ) ([o, so) U2, (t, sk])
u(r) = We(t.u(se — 0)) forr € [t0. T N (se.tyg1]. k=0.1,..., (2129

u(to) = uo

where u, uy € R, 1y € [0, So) Ulfil [tk, Sk), T > ty, g ([0, SQ] UIC:OZI (lk, Sk]) m[to, T] X
R— R, ¥: [Sk,tk+1] xR —>R, (ke {] : [lo, T] N (Sj,lj+1) 75 @}.

We also will use the corresponding IVP for the scalar Caputo fractional
differential equations (FrDE)

‘Dl = g(t,u) for ter,s,] with u(r) =ip (2.130)

where g e R, v >0, p={k: 7 < s¢).
We will use minimal/maximal solutions of the IVP for FrDE (2.130).

Definition 2.3.3 We say the function u*(t) € C?([t,s,). R) is a minimal/maximal
solution of the scalar IVP for FrDE (2.130) if it is a solution of (2.130) and for any
other solution u(t) € C([z,sp], R) of (2.130) the inequality u*(t) < (>)u(t), t €
[z, sp] holds.

We will use the following conditions:

(H2.3.2.2.) The function ¢ € C(J x R,R), J C [0,s0] J U2, [tx. 5¢] is such
that g(¢,0) = 0, ¢t € J and for any initial point (z,ip) : T € [f,sx) N J,
k=0,1,2,...,and iy € R the IVP for FrDE (2.130) has a maximal solution
u(t; T, ig) defined on [z, s¢] (in the case of k = 0 the interval [#, sy) is replaced
by [0, 50)).

(H2.3.2.3.) The function ¢ € C(J x R,R), J C [0,s0] | J U2, [tx. s¢] is such
that g(¢,0) = 0, ¢t € J and for any initial point (z,ip) : T € [f,sx) N J,
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k=0,1,2,...,and ity € R the IVP for FrDE (2.130) has a minimal solution
u(t; t, ip) defined on [z, s¢] (in the case of k = 0 the interval [#, s;) is replaced
by [Ov SO))'

(H2.3.2.4.) The function ¥, € C([sk, tx+1] X R, R), Wi (t,0) = 0 for ¢ € [y, ty+1]
and Wi (f, u) < Wi (t,v) foru < v, t € [sg, tyt1].

Definition 2.3.4 Let m be a natural number and T € (t,,, s,y] be a given number.
The function u*(t) will be called a maximal solution (minimal solution) of the IVP
for NIFrDE (2.129) on the interval [ty, T] if

— it is a solution of the IVP for NIDE (2.129) on [ty, T] (according to approach (A2
for NIFrDE));

— forany k = 0,1,2,...,m and any solution u(t) € C'([tx,s:],R) of IVP for
FrDE (2.130) with t = ty, ity = u*(ty) the inequalities

u (1) = (Sut) fort € [, 5] N [to, T}
andforanyk =0,1,2,...,m—1
Wit u™ (s — 0)) = ()Wt ulse)) fort € (sg, tit1]

hold.

Lemma 2.3.6 (Existence of a Maximal Solution of NIFrDE) Let 1, € [0, so),
T = s,] and:

1. Condition (H2.3.2.2.) be satisfied for J = Uj_(tx, si).
2. Condition (H2.3.2.4) be satisfied for allk = 0,1,2,...,m— 1.

Then there exists a maximal solution of IVP for NIFrDE (2.129) on the interval
[t0, T].

Proof We will use induction to prove the claim.

Let ¢ € [ty, so]. According to condition (H2.3.2.2) there exists a maximal solution
ug (t) of IVP for FrDE (2.130) with 7 = # and @ty = uo.

Let € (so,#]. According to condition (H2.3.2.4) for the function Wy(z, u) the
inequality Wo(t, uj(s0)) = Wo(t, u(so)) for t € (so, 1] holds where u(r) is any
solution of IVP for FrDE (2.130) with t = 1, ity = 1y which exists on [fy, so].

Letz € (¢, s1]. According to condition (H2.3.2.2) there exists a maximal solution
uj () of IVP for FrDE (2.130) with 7 = ¢ and @tg = Wo(t1, 15 (50)).

Let t € (s1,5]. According to condition (H2.3.2.4) for W, the inequality
Wiz, uf(s1)) = Wi(t,u(s;)) for t € (s1, 1] holds where u(r) is any solution of
IVP for FrDE (2.130) with 7 = t,, itg = Wo(t1, uj(s0)) = uj (t;) which exists on
[t1,51]-
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Following the same idea we construct the function

" uj (t) fort € (ty,s¢), k=0,1,2,...,m
u*(t;to, ug) =
‘-Dk(l, M?:(Sk —O)) fort e (Sk,lk+1], k=0,1,2,....m—1,

where u}(¢) is the maximal solution of the IVP for FrDE (2.130) on [t, 5]
with © = f# and ity = Wi (t, uj_, (sk—1)) (in the case k = 0 it is denoted
W_y(to, u* | (s—1)) = uo).
According to Definition 2.3.4 the function u*(¢; fy, up) is a maximal solution of
IVP for NIFrDE (2.129).
O

Lemma 2.3.7 (Existence of a Minimal Solution of NIFrDE) Let:

1. Condition (H2.3.2.3) be satisfied for J = Uy, (tx, st].
2. Condition (H2.3.2.4) be satisfied for allk = 0,1,2,...,m— 1.

Then there exists a minimal solution of IVP for NIFrDE (2.129) on the interval
[t07 sm]'

The proof of Lemma 2.3.7 is similar to the one of Lemma 2.3.6 and we omit it.

We will prove a comparison result for the IVP for NIFrDE (2.48) on the interval
[to, T]. Without loss of generality we can assume o € [0, so) and T = s,,,.

Lemma 2.3.8 (Lower Comparison Result for NIFrDE by Caputo Fractional
Dini Derivative) Let:

1. The function x*(t) = x(t;t9,x9) € NPCi([tg,T],A) is a solution of the
NIFrDE (2.48) where A C R", xg € A.

2. Foranyk =0,1,2,...,m— 1 the condition (H2.3.2.4) is satisfied.

3. The condition (H2.3.2.2) is satisfied for J = U7 (t, sk)-

4. The function u*(t) = u(t; ty,x0) € PCi([ty, T], R) is the maximal solution of the
IVP for scalar NIFrDE (2.129).

5. The function V € A([ty, T], A) and

(i) foranyk =0,1,2,...,mthe inequality
52_48)Dz_\/(t,x; tyo) < G(t, V(t,x)) for t € (t,st), X, 0 € A

holds;
(ii) foranyk =0,1,2,...,m— 1 the inequalities

V(tv v/k(t’x)) =< "Ijk(tv V(Sk _va)) fort € (skatk-l—l]» xX€A

hold.

Then the inequality V (ty, xo) < ug implies V(t,x*(t)) < u*(¢t) on [to, T).
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Proof Note the existence of the maximal solution u*(¢) follows from conditions
(H2.3.2.2), (H2.3.2.4) and Lemma 2.3.6.

We use induction to prove our result.

Let 7 € [ty, so]. The function x*(r) € C9([to, so], R"), satisfies the FrDE (2.103)
with 1y = #p and from Lemma 2.3.3 (with tp = #;, T = 59 — o) the inequality

V(t,x*(t)) < u*(f), t € [to,s0] (2.131)

holds.
Let ¢ € (so, #;]. From conditions 3, 5(ii) and inequality (2.131) for r = sy we get

V(t,x*(1) = V(t. Yo(t.x" (s — 0))) < W(t, V(so — 0,x"(s0 — 0)))

(2.132)
< W(t,u*(so —0)) = u*(1), 1€ (s0.1]

Let ¢ € (t;,s1]. Consider the function X; () = x*(¢) for t € (¢1,s1] and X, (#;) =
x*(t) = Yo(ty, x*(so — 0)). The function x(r) € C4([r, s1], R") and satisfies IVP
for FrDE (2.103) with 1y = #1, xo = x*(t;), and T = s7 — #,. Using condition 5(i)
for k = 1, Lemma 2.3.3 for the function X (¢) with 7o = #;, T = s; —; and (2.132)
for t = #; we obtain

V(t,x* (1) = V(. X51(1) <u™(r), 1€ (n,s1] (2.133)

Continue this process and an induction argument proves the claim of
Lemma 2.3.8 is true for ¢ € [ty, T. |
The claim of Lemma 2.3.8 is true in the case of reversed inequalities.

Lemma 2.3.9 (Upper Comparison Result for NIFrDE by Caputo Fractional
Dini Derivative) Let:

1. The function x*(t) = x(t;tp,x0) € NPCI([ty,T],A) is a solution of the
NIFrDE (2.48) where A C R", xo € A.

2. Foranyk =0,1,2,...,m— 1 the condition (H2.3.2.4) is satisfied.

3. The condition (H2.3.2.3) is satisfied for J = Uy, (tx, st.

4. The function u*(t) = u(t; ty, x0) € PC([ty, T], R)is the minimal solution of the
IVP for scalar NIFrDE (2.129).

5. The function V € A([ty, T], A) and

(i) foranyk =0,1,2,...,m the inequality

(02‘48)D1V(t, X;te, yo) > g(t, V(t,x)) for t € (tx,sk), x,y0 €A

holds;
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(ii) foranyk =0,1,2,...,m— 1 the inequalities
V(f, 1//k(t,x)) > ‘-Ijk(l, V(Sk —O,x)) fort € (Sk,lk+1], xeA

hold.
Then the inequality V (ty, xo) > ug implies V(t, x*(t)) > u*(¢t) on [to, T).

Proof Note the existence of the minimal solution u* () follows from conditions
(H2.3.2.3), (H2.3.2.4) and Lemma 2.3.7.

The proof of Lemma 2.3.9 is similar to the one of Lemma 2.3.8 with the
application of Lemma 2.3.4 instead of Lemma 2.3.3 and we omit it. |

Remark 2.3.7 The result of Lemma 2.3.8 could be extended to the interval [ty, o0)
if conditions are satisfied on this interval and Corollary 2.3.3 is applied instead of
Lemma 2.3.3.

Remark 2.3.8 The results of Lemma 2.3.8 will be similar with slight changes in
condition 5(ii) if the initial time t; is in an interval of non-instantaneous impulses,
ie., ty € U/?il(sk»tk—i-l]-

Lemma 2.3.10 (Caputo Fractional Dini Derivative) Let:

1. The condition (H2.3.2.1) is satisfied fork = 0,1,2,...,m— 1.

2. The function x*(t) = x(t;t9,x0) € NPCi([ty,T], A) is a solution of the
NIFrDE (2.48) where A C R", 0 € A, xp € A.

3. The function V. € A([ty, T], A) and

(i) foranyk =0,1,2,...,mandyy € A the inequality
(62_48)D‘_"_V(t, Xt v0) <0 for t € (th,s1), x €A (2.134)

holds;
(ii) foranyk =0,1,2,...,m— 1 the inequalities

V(t, Yi(t,x)) < V(sy —0,x) fort e (sg,txt1], x € A

hold.
Then the inequality V(t,x*(t)) < V(to, x0) holds on [to, T).

Proof The proof of Lemma 2.3.10 follows from Lemma 2.3.8 with G(t,u) = 0
and V(1) = u. |

Lemma 2.3.11 (Comparison Result for NIFrDE, Negative Generalized Caputo
Fractional Dini Derivative) Assume the following conditions are satisfied:

1. The condition (H2.3.2.1) is satisfied.
2. The function x*(t) = x(t;t9,x0) € NPCi([ty,T], A) is a solution of the
NIFrDE (2.48) where A C R", 0 € A, xy € A.
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3. The function V. € A([ty, T], A) and
(i) foranyk =0,1,2,...,mandyy € A the inequality

(62‘48)D1V(t,x, te, vo) < —c(||x|]), forte (t,sr), x € A

holds where ¢ € K;
(ii) foranyk =0,1,2,...,m— 1 the inequalities

V(t, Yi(t,x)) < V(sk —0,x) fort € (s, ti1], x €A

hold.
Then for t € [ty, T| the inequality

Vito. x0) — 75 [ (¢ — )7 e(||x*(9) ) ds.
t € [to, so]
Vito.x0) — iy (258 S5 = eIl )]s
V(e x* (1) < — Ji =5y (1l (5) s
1t e (tk,sk], k= 1,2,...,m
V(10 %0) = Fizy Yico J; (5 = )7 (| [x*(s)] s,
te (Sk,lk+1], k=0,1,....,.m—1

holds.

Proof Lett € [ty, s9]. The function x*(¢t) € C9([ty, so], A) and satisfies the IVP for
FrDE (2.103) for g = #9, T = so — tp. From Lemma 2.3.5 the inequality

V(t, X*([)) < V(l(),X()) — / (l— S)q_lC(H)C*(S)H)dS, t e [l(),S()] (2135)

1
I'(g)
holds.

Let ¢ € (so, #;]. From condition 3(ii) and (2.135) for ¢ = s, we get

V(t.x" (1) = V(t. Yo(t, x*(so — 0)))) = V(so — 0.x"(s0 — 0))

= V(s0.x* (5o — 0)) < V(tg, x0) — %q)/ O(s0 _s)q—lc(||x*(s)||)ds, t € (so, 1]
° (2.136)

Lett € (t;,s1]. Consider the function X; () = x*(¢) for t € (¢1,s1] and X, (t;) =
x*(t) = Yo(t, x*(so — 0)). The function x;(r) € C4([t, s1], R") and satisfies IVP
for FrDE (2.103) with tp = #1, xop = x*(#;) and T = s; — f;. Using condition 3(i),
Lemma 2.3.5 for the function X, (¢), and (2.136) for t = #; we obtain
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V(t,x*(t)) = V(t,% (1)

< V(1 + 0.5 (1)) — m / (1 — )7 e((x*(5) )ds

VG50 = 5 [ =9 el s .

< Vi)~ 5 / (50 — )7 (" (5) ) ds

A

-t [T Ol e sl

Let ¢t € (sq, t2]. From condition 3(ii) and (2.136) for t = 51 we obtain

V(t,x* (1)) = V(1,91 (t.x* (s1 — 0))) < V(s —0,x*(S1 —0)) = V(s1.x*(s1))

1 (%
< Vlio.30) = pios | 0 =) el @lDds - 7o

Continue this process and an induction argument proves the claim is true for
t € [ty, T]. |

f (51 — )T e(|lx* ()] ds.

2.3.3 Mittag—Leffler Stability for NIFrDE

Consider the IVP for the NIFrDE (2.48). In this section we will use approach (A2 for
NIFrDE) to the system of NIFrDE (2.48). We will extend the definition of Mittag-
Leffler stability to NIFrDE (2.48). Note the Mittag-Leffler stability is defined and
studied for fractional differential equations via Lyapunov functions in [88] and [89].

In Sections 2.3.3-2.3.6 we assume both sequences {f}72,, {Skjreg @ 0 < s <
te+1 < Sp+1, liMg— o0 = 00 are given.

Definition 2.3.5 The zero solution of NIFrDE (2.48) is called Mittag-Leffler stable
with respect to non-instantaneous impulses if there exist a constant B € (0, 1) and
positive constants a, b, M, (v such that for any initial time ty € [0, so] | U2, [#k. sk)
the inequalities

Mol P (T Ea(—putsi = 009 Eg(—puta = 1)) .
e [lk,Sk] k=0,1,.
Mol (1153 EnCnts:— ) Entnto — 109)) .

1t e (Sk,l‘k+1],k=0,1,....

x(1) <

hold, where x(t) = x(t; to, xo) is a solution of (2.48) and Eg(z) is the Mittag-Leffler
function with one parameter f.
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Remark 2.3.9 Note the parameter B of the Mittag-Leffler function could be
different than the fractional order q of the given NIFrDE (2.48).

Remark 2.3.10 [f the zero solution of NIFrDE (2.48) is Mittag-Leffler stable with
respect to non-instantaneous impulses, then because of the inequality Eg(—j(&2 —
ENP))Ep(— (€ — £2)P) < Eg(—pu(€ — €1)P)), & < & < & the inequality ||x(1)|| <
Mol (Eg(— (e = 10)"))", 1 = 1o holds,

Remark 2.3.11 As it is mentioned in [89] for fractional differential equations the
Mittag-Leffler stability implies asymptotic stability. The same is true with NIFrDE.
We will obtain some sufficient conditions for Mittag-Leffler stable with respect to
non-instantaneous impulses applying different types of the derivatives of Lyapunov
functions.

If we use the direct Lyapunov method to study stability properties of the solutions
and the approach (A1 for NIFrDE) to the system of NIFrDE (2.48), then we need to
apply the fractional derivative of the Lyapunov function V(t,x), i.e., DPV(t, x(1))
for + > 0 with the solution x(r) € C9(U2,[t. sk], R") of (2.48). This Caputo
fractional derivative might not exist. In connection with this we will use approach
(A2 for NIFrDE) to the system of NIFrDE (2.48).

2.3.3.1 Caputo Fractional Derivatives of Lyapunov Functions

We will use the following result for the IVP for FrDE (2.78) which is similar to
Theorem 5 in [88]:

Lemma 2.3.12 Let f(¢t,0) = O fort > O and let V(t,x) : R xD — R4, D C
R", 0 € D, be a continuously differentiable function and locally Lipschitz w.r.t. x,
V(t,0) =0, t € Ry and

(i)
o ||x]| < V(t,x) < as||x||’ fort> 1, x €D, (2.138)
(ii)
iDﬂV(t, x(1)) < —a3||x(@)||® fort € [x, Sp] (2.139)
where T € [t,,5,), p > 0 is an integer, B € (0,1), oy, 00,03,a,b are arbitrary
constants, and x(t) = x(t; T, Xo) € C([z, s,], D) is a solution of FrDE (2.78).

Then

V(t,x(1) < V(z,x(r))Eﬂ(—z‘f(t —of). relns] (2.140)
2
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and

~ ~ (6% o
e vl = Wl {2 (= = 0. £ @141
1 2

holds.

Proof The proof is similar to the proof of Theorem 5 in [88] with a slight
modification.

It follows from (2.138) and (2.139) that $DPV(t,x(r)) < —2V(1,x(1)), 1 €
[z, sp]. There exists a function M(¢) € C([z, s,], [0, 00)) such that

DBV(1,x(t)) + M(1) = —Zﬁva, x(1). tets,). (2.142)
2

Denote w(t) = V(t,x(t)), t € [t,s,], and taking the Laplace transform of (2.142) we
obtain

PW(s) — W(r)sP™! + M(s) = —;“73 W(s) (2.143)
2

with nonnegative constant W(t) = V(t,Xo) and W(s) = L{w(t)} = L{V(¢,x(?))}.

It follows that W(s) = % If X = 0, then W(r) = 0, the solution to
a

FrDE (2.78) is x(t) = 0. If Xy # 0, then W(t) > 0. Because V(z,x(¢)) is locally

Lipschitz with respect to x it follows from the fractional inequalities and an existence

theorem [101] and the inverse Laplace transform that the unique solution of (2.142)

is

W) = WO Ep(— (1= 0) = M) # [ =0 By 2= o))

Since (t—7)#~! > O and Eg 4 (—g—;(t —1)#) > 0iit follows that

w(t) < w(t)E (—Zi;(r — o)) = V(z.x(1)Ep (—Z‘Tz(z )
or
V(. x(0)) < ] |x(z0) || Ep (—Z—z(r — ). (2.144)

Inequality (2.144), x(7p) = Xo and condition (i) prove the claim. O

Remark 2.3.12 The fractional order B of the Caputo fractional derivative in
condition (ii) could be different than the fractional order q of Caputo fractional
derivative in the FrDE (2.78).
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We say condition (H2.3.3) is satisfied if:

(H2.3.3.1) The function f € C([0, so] Ug2, [t,sk] x R",R"), f(¢,0) = 0 for ¢ €
Ugl, [tk si] is such that for any initial point 60,5602 € [0,50) U2, [, s~k) x R”
the IVP for the system of FrDE (2.78) with 7y = f; has a solution x(¢; fy, Xo) €
Ci([to. sp]. R") where p = min{k : 7p < s;}.

(H2.3.3.2) The functions ¢ : [sk, tr+1] X R” x R" — R" are such that for any k =
0,1,2,... the equation x = ¢(z, x,y) has a unique solution x = ¥y (t,y), t €
[Sks 1]

(H2.3.3.3) The functions ¥ € C([sk, tx+1] X R*, R"), ¥(¢,0) = 0 for ¢ € [s, ty+1],
k=0,1,2,....

Remark 2.3.13 Condition (H2.3.3) guarantees the existence of a solution
x(t; to, xo) of NIFrDE (2.48) from C1(UR2,[t, sx], R") for any initial data (1, xo). If
conditions (H2.3.3.1) and (H2.3.3.3) are satisfied, then NIFrDE (2.48) has a zero
solution.

Theorem 2.3.1 Let the following conditions be satisfied:

1. Condition (H2.3.3) is satisfied.

2. The function V(t,x) : Ry x R" — Ry is a continuously differentiable function
on [0, 50] U2, [tx, st] x R" and locally Lipschitz w.r.t. x € R", V(1,0) = 0 for
t > 0 and such that

(i) arl|x||* < V(t,x) < a||x||*’ fort > 0, x € R", where oy, 3, a,b are
positive numbers, ay < 1;

(ii) for any v € [0,50) U2, [te, sx) and any solution x(t) € Ci([z,s,],R") of
FrDE (2.78) the inequality

DPV(1,x(1)) < —as|[x()||*” for 1€ (z, 5]

holds, where p = min{k : © < s}, B € (0, 1), a3 is a positive constant;
(iii) foranyk = 0,1,2,... the inequality

V(. Y1, %)) < aullx||” for t € (s, tita], x € R

holds where oy is a positive constant such that oy < ajy.

Then the zero solution of NIFrDE (2.48) is Mittag-Leffler stable with respect to
non-instantaneous impulses.

Proof Let 7y € [0,s0) U2, [f,sx) be an arbitrary initial time. Without loss

of generality we can assume fy € [0,sp). Consider the solution x(z;7y,xo) of

NIFrDE (2.48) with arbitrary given xo € R". We will prove the claim by induction.
Let ¢ € [ty, So]. According to Lemma 2.3.12 with T = %, and Xy = x, we have

(0% (07 o
|lx(t: 0. x0) || < ||xo||b§/—2Eﬁ<——3<r—to)ﬂ> < ||xo||b;/—2Eﬂ<—a3<r—to)ﬂ).
o (0% o
(2.145)
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Let ¢ € (so, t;].From inequality (2.145) for ¢t = sy — 0, conditions (i) and (iii) we
have

a1||x(t; l(),)C())Ha < V(l, x(t; lo,X())) = V(l, Wo([,x(S() —0; l(),X()))

b“ZEﬂ<——(r— 10)?)

< o] lx(so — 0; to, x0)||* < cua||x0]|”

< ||xol|*°a2Ep (—a3(t — 1)F)

(2.146)
or

o
||)C(t; t(),X())H = ||x0||b {/a—zEﬂ(—O@(S() —t())ﬂ), te (So,tl]. (2.147)

1
Let + € [t1,s1]. Since we use approach (A2 for NIFrDE) the function
Xi(t) = x(t;t9,x0), t € [t1,51] is a solution of the FrDE (2.78) with
T = t and Xy = x(t1;%,x0). From inequality (2.147) for t = 1t we get

[|%o|| < ||xo||b</:‘—fEﬂ(—ot3(s0—to)ﬁ). From conditions (i) and (ii) it follows

that “DﬁV(t X)) < —a||Xi()]|* < —"‘3V(t X, (¢)) for t € [t1,s1]. From
Lemma 2.3.12 and inequality (2.140) with = = 1, X = Xi(t1), o3 = Z’

and inequality V(t;, X1(t1) = V(t1,x(t; 0, x0)) = V(t1, Yo(t1,x(so — 0; 19, x0)) <
asl|x(so — 05 f9, x0)||* < a4||x0||"bszﬂ( a3(so — 19)?) we have

VX0 () < V(. X0 () Ep(——(t — 1)P)

( )2
< |Ixol|® a2 Ep (—a3(so — 10)P)Eg (—as(t — 11)P).

Using condition (i) we obtain

[1X1()]] < ||x0||b</jTTEﬁ(—a3(So —10)P)Eg(—az(t — 1)), t€[t1,s1],

or

(2%)
[1x(t: t0, x0)|| < ||x0||b</a—Eﬂ(—Ol3(So —10)P)Eg(—a3(r —1)P), 1€ [1,5].
1
Let ¢ € (sq, 12]. From conditions (i) and (iii) we have

ai|lx(r: 10, x0) || = V(1. x(2:10, x0)) = V(2. Y1 (¢, x(s1 — 0520, X0))

< aalx(s1 — 0519, x0) ||



140 2 Non-instantaneous Impulses in FrDE

or

Ittt 5011 = sl (52 B0 = 00D (o1 = 1)),

Following the above procedure we obtain the zero solution of NIFrDE (2.48) is
Mittag-Leffler stable with respect to non-instantaneous impulses with M = ¢/ Z—?
and u = 3. |

Remark 2.3.14 From the proof of Theorem 2.3.1 it follows that condition (iii) could
be replaced by
(iii*) forany k = 0,1,2, ... the inequality

V(t, Y (t,x)) < V(t,x) for t € (s, trt1], x € R?

holds.

Corollary 2.3.4 Let the conditions of Theorem 2.3.1 be satisfied with condition (ii)
replaced by

(ii*) for any t € [0,50) U2, [tx, sx) and any solution x(t) € Ci([z,s,], R") of
FrDE (2.78) the inequality

‘DPV(t,x(t)) < —a3V(t,x(1)) for t € (1,5,

holds, where p = min{k : © < s}, B € (0, 1), a3 is a positive constant.
Then the zero solution of NIFrDE (2.48) is Mittag-Leffler stable with respect to
non-instantaneous impulses.

Corollary 2.3.5 Let the conditions of Theorem 2.3.1 be satisfied with condition (ii)
replaced by

(ii**) for any © € [0,50) U2, [tx, sx) and any solution x(t) € Ci([z,s,], R") of
FrDE (2.78) the inequality

YDV (1, x(0) < —as| x| for 1 € (z,5,]

holds where p = min{k : T < s;}.
Then the zero solution of NIFrDE (2.48) is Mittag-Leffler stable with respect to
non-instantaneous impulses.

Proof This follows from Lemma 6 in [88], i.e., <DPM(t) < FLDIM(r) where
B € (0,1), M(z) > 0; note DP and XED{ are the Caputo fractional derivative and
the Riemann-Liouville fractional derivatives, respectively.
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2.3.3.2 Caputo Fractional Dini Derivatives of Lyapunov Functions

We will give some sufficient conditions for the Mittag-Leffler stability with respect
to non-instantaneous impulses of the zero solution of NIFrDE (2.48) by the
application of the Caputo fractional Dini derivatives.

Theorem 2.3.2 Let condition (H2.3.3) be satisfied and there exists a function
V(t,x) : Ry x R" — Ry locally Lipschitz w.r.t. x € R", V(t,0) = 0 fort > 0
and such that

(i) ayl|x||* < V(t,x) < as||x||®® for t > 0, x € R", where oy, a, a, b are positive
numbers, oy < 1;
(ii) for any t € [0, s50) U2, [tk, Sx) and Xy € R" the inequality

Gag DL V(X T, %) < —a3||x]| fort € (z,s5,),x € R

holds where p = min{k : T < s}, a3 is a positive constant;
(iii) foranyk =0,1,2,... the inequality

V(. Y1, x)) < oullx|| fort € (s tira], x € R

holds where oy is a positive constant such that oy < .

Then the zero solution of NIFrDE (2.48) is Mittag-Leffler stable with respect to
non-instantaneous impulses.

Proof Let 7y € [0,s0) U2, [t,sx) be an arbitrary initial time. Without loss
of generality we can assume #y € [0,sp). Consider the solution x(t;7y,xo) of
NIFrDE (2.48) with arbitrary given xo € R". We will prove the claim by induction.

Let ¢ € [to, so]. According to Corollary 2.3.2 with 7y = o, T = 59 — tg, @ = a3
and condition (i) we have

V(t, x(t:10.%0)) < V(to, X0)Eq(—a3(t — 10)?) < o |xol|’Eg(—at3(t — 19)).
(2.148)

From condition (i) and inequality (2.148) we get for 8 = ¢

o
||x(t; l(),)C(])“ < ||X0||b</a—2Eﬂ(—O[3(t — to)ﬁ), t e [l‘(), So]. (2.149)
1

Let 7 € (s¢, #1]. From inequality (2.149) for t = sy — 0, conditions (i) and (iii) we
have

o ||x(t; to, x0)[|* < V(t, x(t; 10, X0)) = V(¢, Yo(t, x(s0 — 0; 19, x0))

< a][x(so — 0: 9, X0)||* < ||x0||°2Ep (—at3(t — 1))
(2.150)
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or

s
e 0. 5011 = ol §f 22 Ep o0 = 00). € (.11 @.151)
1

Let ¢ € [f1, s1]. Since we use approach (A2 for NIFrDE) the function X;(f) =
x(t;to, x0), t € [t1,51] is a solution of the FrDE (2.78) with t = 1 and Xy =
x(tl;to,xo). From Corollary 2.3.2 with x*(t) =X (l), 0 = h, Xg = Xl(ll), T =
s1 —t1, and o = a3, condition (iii) and inequality (2.149) for t = 57 we get

V(t,X1() < V(11 X1 (t)Ep(—as(t — 11)P) = V(t1, x(t1; t0, %0)) Ep (—at3 (t — 11)P)
= V(t1, Yo(t1, x(s0 — 0; fo, X0)) Eg (—at3(t — 11))

o] [x(s0 — 0 o, X0)|[“Ep (—a3 (¢ — 11)”)

IA

IA

a az
gl xol| ba—lEﬂ(—%(So — 1)) Eg(—as(t — 1)F)

IA

||x0l| 0t Eg (—0t3 (s0 — 10)P ) Ep (—at3 (t — 11)P).
(2.152)
From inequality (2.152) and condition (i) we obtain

o
[1X1(0)]] < |Ixo]|” ¢ jEﬁ(—%(So —10)P)Eg(—as(t — 1)), t €[t s1],

or

(2%]
|2 20, x0) || < [[x0][” o, Es(—es(so —10)P)Eg(—as(t —1)F), 1€ [t s1].
1

Following the above procedure we obtain the zero solution of NIFrDE (2.48) is
Mittag-Leffler stable with respect to non-instantaneous impulses with M = ¢/ z—j
and 4 = 3. O

2.3.4 Stability, Uniform Stability, and Asymptotic
Stability of NFrDE

The goal of the section is to study the stability properties of NIFrDE (2.48). We will
use the approach (A2 for NIFrDE) and Lyapunov functions which derivatives will
be considered only on the intervals without impulses.

In the definition below we denote by x(z; ¢, xo) € NPC9([ty, 00), R") any solution
of (2.48).
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Definition 2.3.6 The zero solution of the IVP for NIFrDE (2.48) is said to be

* stable if for every € > 0 and ty € [0, so] |J U2, [tx, s) there exist § = (e, 1p) >
0 such that for any xo € R" the inequality ||xo|| < & implies ||x(t; to, x0)|| < € for
t =ty

¢ uniformly stable if for every € > 0 there exist 5 = 6(¢) > 0 such that for
any initial point ty € [0, so] |J U2, [te. sk) and any initial value xo € R" with
||xo|| < 8 the inequality ||x(t; to, x0)|| < € holds for t > ty;

e uniformly attractive if for B > 0 : for every € > 0 there exists T = T(e) > 0
such that for any initial point ty € [0, s0]|J U2, [t sx) and any initial value
xo € R" with ||xo|| < B the inequality ||x(t; ty, xo)|| < € holds fort >ty + T;

e uniformly asymptotically stable if the zero solution is uniformly stable and
uniformly attractive.

Remark 2.3.15 For any ty € [0, s0] \J U2, [tx. k) there exists p € {1,...} with
to € [t,,5p) or t € [0, s0]. Without loss of generality assume ty € [0, so).

Example 2.3.4.1 Consider the scalar NIFrDE (2.48) with f(f,x) = Ax, A < 0
and ¢ (t,x,y) = ar(@®)y, ax : [st.trir1] = R, k = 0,1,2,3,... are such that
SUP; sy 1] lar ()| < My, [172, M; < oo where My, > 0 are constants. From (2.46)
and the inequality 0 < E,(A(T — 7)?) < 1for T > 7 there exists a constant M > 0
such that

|x(t; 20, x0)| < M |xo| for t > 1. (2.153)
Inequality (2.153) guarantees that the zero solution of (2.48) in this particular case
is uniformly stable. |

Theorem 2.3.3 (Stability) Let the following conditions be satisfied:

1. Condition (H2.3.3) is satisfied.
2. There exists a function V € ARy, R") such that V(t,0) = 0 and

(i) forany for any t € [0,50) U2, [t, sx) and yo € R" the inequality
?2‘48)D3-V(t’ xT,5) <0 forte(r,s), xeR"

holds where p = min{k : © < s},
(ii) fork =0,1,2,3,... the inequality

V(t, Yi(t,x)) < V(s —0,x), xe€R", te (s, tit1]
holds;
(iii) b(||x|]) < V(t,x) fort € Ry, x € R", where b € K.
Then the zero solution of the NIFrDE (2.48) is stable.

Proof Lete > 0and 1y € [0, s0) U2, [%, sx) be arbitrary. Without loss of generality
we can assume ¢ € [0, sp).



144 2 Non-instantaneous Impulses in FrDE

Since V(#y,0) = 0 there exists §; = &;(fg,€) > 0 such that V(¢y,x) < b(¢)
for ||x|| < &;. Let xo € R" with ||xo|| < &;. Then V(#y,x9) < b(e¢). Consider the
solution x*(¢) = x(¢; to, xo) € PCi([tg, 0), R") of NIFrDE (2.48). From condition
2(i) it follows that

f2A48)DL—Ii-V(t’X*(t); IQ,X()) <0 fort e U]?io(tk,sk),

i.e., condition 3(i) of Lemma 2.3.10 with 7' = oo is satisfied.
From Lemma 2.3.10 applied to the solution x* (r) with T = oo (see Remark 2.3.7)
and condition 2(iii) we obtain

b)) = V(£,x* (1)) = V(to, x0) < b(e),

so the result follows. |
Theorem 2.3.4 (Uniform Stability) Let the following conditions be satisfied:

1. Condition (H2.3.3) is satisfied.
2. There exists a function V. € A(Ry,S(A)), A > 0 is given, such that

(i) forany v € [0,50) U, [t, sx) and yo € S(A) the inequality
52_48)D‘_1{_V(t,x; 7,0) <0  for te(z,s,), x€S(A)

holds where p = min{k : © < s;};
(ii) fork =0,1,2,3,... the inequality

V(l, wk(t,x)) < V(Sk -0, )C), X € S(l), re (Sk, lk+1]
holds;
(iii) b(||x]]) < V(t,x) < a(||x||) fort € Ry, x € S(A), where a,b € K.
Then the zero solution of NIFrDE (2.48) is uniformly stable.

Proof Let € € (0,A] and #y € [0,s0) U2, [t,sx) be arbitrary. Without loss of
generality we can assume ¢ € [0, s).

Let §; < min{e, b(¢)}. From a € K there exists §; = §(¢) > 0soif s < &5,
then a(s) < §;. Let 6 = min(e, ;). Choose the initial value x, € R” such that
||xo]] < &8 and let x*(t) = x(¢; to, x9) € PC?([ty, o0), R") be a solution of the IVP for
NIFrDE (2.48). We now prove that

"] <e, 1=1. (2.154)

Assume inequality (2.154) is not true and let * = inf{r > 1o : ||x*(?)|| > €}.
Then

[|x*()|] < € fort e [to,t*) and ||x*(*)|| = e. (2.155)
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Assume there exists a nonnegative integer m such that r* = s,,. If ||x*(s,, — 0)|| < ¢,
[|x* (s + 0)|| > €, then according to Lemma 2.3.10 for T = s, and A = S(A) we
obtain V(#,x*(f)) < V(to,xo) for t € [ty,s,]. Then from condition 2(iii) we get
b(e) < b(||x*(sm + 0)) = b(||pm(sm + 0,x* (s — ONI) < V(s + 0, Pu(sm +
0,x*(sm — 0))) = Vlsm — 0,3 (s, — 0)) = V(to,x0) = a(d) < & < b(e).
The obtained contradiction proves this case is not possible. If ||x*(s,, — 0)|| =
[|x*(£)|] < € and ||x* (s, + 0)]] > €, then we obtain again a contradiction with
the choice of ¢*.

Therefore, t* # s, k = 0,1,2,... and x(t) € S(A) for t € [ty,t*] and
[lx* ()] = €.

Then conditions 3(i) and 3(ii) of Lemma 2.3.10 are satisfied on [fy, #*]. From
Lemma 2.3.10 applied to the solution x*(¢) with T = ¢* and A = S(A) we get
V(t,x*(t)) < V(t,xo) on [y, t*]. Then applying condition 2 (iii) of Theorem 2.3.4
we obtain b(e) = b(||x*(*)]|) < V(*,x* (")) < V(tp,x0) < a(8) < & < b(e).
The contradiction proves (2.154) and therefore, the zero solution of NIFrDE (2.48)
is uniformly stable. |

Theorem 2.3.5 (Uniform Asymptotic Stability) Let the following conditions be
satisfied:

1. Condition (H2.3.3) is satisfied.
2. There exists a positive constant M < 0o such that Y .o (tix1 — 5i) < M.
3. There exists a function V. € ARy, R") such that

(i) forany v € [0,s0) U2, [t, sx) and yo € S(A) the inequality
52_48)D1V(t, x1,y) < —c(||x]])  for te(t,s,], x€SQA)

holds where p = min{k : © < s;}, A > 0is a given number, ¢ € K;
(ii) foranyk =0,1,2,3,... the inequality

V(t, Yi(t,x)) < V(s —0,x), 1€ (s, 1], x €SA)

holds;
(iii) b(||x|]) < V(t,x) < a(||x]]) fort € R4, x € R" where a,b € K.
Then the zero solution of NIFrDE (2.48) is uniformly asymptotically stable.

Proof From Theorem 2.3.4 the zero solution of the NIFrDE (2.48) is uniformly
stable. Therefore, for the number A there exists « = (1) € (0, A) such that for any
7o € [0, s0] U U2, [tx. sk+1) and Xy € R” the inequality ||Xo|| < o implies

|x(t: 70, %o)|| < A for 1> 7 (2.156)

where x(t; 79, Xo) is any solution of the NIFrDE (2.48) (with initial data (7, Xo)).
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Now we will prove that the zero solution of the fractional differential equa-
tions (2.48) is uniformly attractive. Consider the constant 8 € (0, «] such that
a(f) < b(a). Let € € (0,A] and 7y € [0, 0] |J U2, [tk, Sk+1) be arbitrary given
numbers (assume #, € [0, sp]).

Let the point xo € R”", ||xo|| < B and x*(¢) = x(¢; 1y, xo) be the solution of (2.48).
Then b(||x0]]) < a(||xo]]) < a(B) < b(w), i.e., ||x]| < o and according to (2.156)
the inequality

[lx* ()| <A for t >t (2.157)

holds, i.e., the solution x*(¢) € S(A) on [tg, 00).
Choose a constant y = y(¢) € (0,¢] such that a(y) < b(e). Let T >

a(er) 461;}(/4)) + M and m be a natural number such that ¢, < to + T < s,,. Note
T depends only on € but not on ). We now prove that

[|x*()|] <€ for t >ty +T. (2.158)

Assume
[|x*(1)|| > y foreveryt € [to, 1o + TJ. (2.159)
Then from Lemma 2.3.11 (applied to the interval [ty, 0 + T] and A = S(1)),

conditions 2 and 3 (ii) of Theorem 2.3.5, inequality a? + b? > (a + b)? fora,b > 0
and the choice of T we get

V(tg + T,x*(to + T))

1/ [
= Vo) — 5 (3 6= 9 el @lhds
i=0 Vi
to+T
# [ e T 9l @) l)ds)

to+T
< a(||xl]) — ()/) (Z (si — s)qflds + / (to + T — s)qflds)

I
<atw = S (o= + Y=+ (T )
i=1
c(y)
ale) = s (60 - ro>+Z(sl—t,)+(T+ro )’

()—%( Z(Iﬁ-l s,)+T) < a(a) - F(’(/))(—M+T)q<o.
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The above contradiction proves there exists t* € [ty, fo + T] such that ||x* (¢*)|| <
y. Let the natural number p be such that s, < * < Sp.

Case 1. Let t € [t*,s,).

If r, < t* < s,, then for t € [t*, 5,] the function x*(r) € CI([t*, s,], R") and from
Lemma 2.3.5 we get V(1,x*(1)) < V(i*,x* (")) — 15 [t =) Te([|x*(s)|])ds <
V(*, x* (%)).

If 5,1 < t* <1, then for ¢ € [t*,s,] the function x*(t) € PCI([t*, s,]. R") and
from Lemma 2.3.11 we get V (¢, x*()) < V(¢*, x*(t*)).

Case 2. Forany t > t*, t € (tt,s¢]. k=p+ 1,p+2..., from Lemma 2.3.11
for A = S(A) we obtain

V(X" (1) < V(" X" (7))

Sp k=1 Si
( / (5 — 9" el @IDds — S [ (5= 97 e(llx* () ds

i=p+171

" T(@
—/ (t—S)q_IC(IIX*(S)II)dS) S V@)

Case 3. Forany t > t*, t € (s, t], k = p,p+ 1,..., from Lemma 2.3.11 for
A = R" we obtain

V(t,x* (1))

<V ))—m / (5p — 97 (e () ds

k si
= 3 [ =9 el ©lds) = Vit ().

i=p+171hi
Therefore, for ¢ > * the following inequality is satisfied:
V(t,x*(t)) < V(*, x*(1")). (2.160)

Then for any ¢ > * applying (2.160), condition 3(iii) and inequality (2.157) we get
the inequalities

b(Ix" M) = V(5 x* () = V(" x* (") < a(|lx* ()] < aly) < ble).

Therefore, the inequality (2.158) holds for all # > #* (hence forz >ty + T). O

Remark 2.3.16 Ifthe initial time t, is in an interval of non-instantaneous impulses,
ie, ty € U (St tks1], then the results of Theorems 2.3.3, 2.3.4 and 2.3.5
will be similar with slight changes in Definition 2.3.6 and condition 2(ii) (Theo-
rems 2.3.3, 2.3.4) or condition 3(ii) (Theorem 2.3.5).
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When approach (A2 for NIFrDE) is applied, then the above sufficient conditions
are true if the Caputo fractional derivative is replaced by the Dini fractional
derivative defined by (2.89). We will set up only the results because the proofs are
similar to the proof of Theorems 2.3.3, 2.3.4 and 2.3.5.

Theorem 2.3.6 (Stability) Let the conditions of Theorem 2.3.3 be satisfied where
the condition 2(i) is replaced by

2.(i%) forallk = 0,1,2, ... the inequalities
(2,48)’DiV(t,x) <0 for te (Ik,Sk], xeR" (2.161)

hold (in the case of k = 0 we consider the interval (0, so] instead of (tx, si]).
Then the zero solution of the NIFrDE (2.48) is stable.

Theorem 2.3.7 (Uniform Stability) Ler the conditions of Theorem 2.3.4 be
satisfied where the condition 2(i) is replaced by

2.(i**%) forallk = 0,1,2,... the inequalities
(2'48)D1V(t,x) <0 for te (lk,Sk], X € S(/\) (2.162)

hold (in the case of k = 0 we consider the interval (0, so] instead of (ty, si]).
Then the zero solution of the IFrDE (2.48) is uniformly stable.

Example 2.3.4.2 Consider the scalar NIFrDE (2.48) with n = 1, f(t,x) = Ax,
A <0, and Yy (t,y) = ar(®)y, ax : [sr.tx+1] — R, k = 0,1,2,3,... are such
that supc(y, 1 ] lax(f)] < 1. Consider the quadratic Lyapunov function V(x) = x°.
We will apply the Dini fractional derivative of the quadratic Lyapunov function and
Theorem 2.3.7. Apply (2.85) and obtain (248D V(1,x) = 2Ax* < 0 forx € S(A
and all # > 0. Therefore, the inequality (2.162) holds.

2 2
Also, (wk(t, x)) = (ak(t)) x> < x* fort € [sg,tiy1], ie., condition (ii) of
Theorem 2.3.4 is satisfied.

From Theorem 2.3.7 the zero solution of the scalar NIFrDE (2.48) in this
particular case is uniformly stable. |

Example 2.3.4.3 Consider the scalar non-instantaneous impulsive Caputo frac-
tional differential equation

¢Dx = —a(O)x(1 + x*) for 1 € (tr, 5], k=0,1,2,...,
)C(I) = ck(t)x(sk — 0) for t € (Sk, lk+1], k=0,1,2,3,..., (2.163)
x(0) = xo

where x € R, a(t) € C(UZ,(t, sk],Ry), cr(®) € C(sk, tir1], [-1.1]), k =
0,1,2,...,5p=0.
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Consider the function V(¢,x) = x%. Then xf(t,x) = —a()x*(1 + x*) < 0.
2
Therefore, the inequality (2.162) holds. Also, (ck(t)x) = (ck(Hx)? < x? fort e
(sx. %], k=0,1,2,3,...,1i.e., condition (ii) of Theorem 2.3.4 is satisfied.
From Theorem 2.3.7 the trivial solution of NIFrDE (2.163) is uniformly
stable. O

In the case of more general Lyapunov functions we will apply its Caputo
fractional Dini derivative.

Example 2.3.4.4 Let the points #, = (4k + DNZ, s, = (dk— )2,k = 1,2,...,
to = 0. Consider the following initial value problem for the scalar non-instantaneous
impulsive Caputo fractional differential equation

WDix() = xf(1), te€(te,si), k=0,1,2,...,
x(t) = cr(Dx(spy —0), t€ s, trg1], k=0,1,2,..., (2.164)
x(0) = xo,

;f+«ﬁEz,1.5(*t2)
where x € R, q € (O, 1), Cr € C([Sk,tk+]],[—1,1]),f(t) = OSN%TU)’

k=0,1,2,....

Let V(t,x) = x*. Then x(xf(r)) = x*f(t). The sign of the function f(r) changes
for some g € (0, 1) (see Figure 2.9). Therefore, for ¢ = 0.1 (for example) (see
Figure 2.8) Theorem 2.3.7 and the quadratic Lyapunov function can be applied to
the NIFrDE (2.164). But for ¢ = 0.5, for example, the sign of f(¢) is changeable
and Theorem 2.3.7 and the quadratic Lyapunov function are not applicable to the
NIFrDE (2.164).

X
0.2
o’
-0.2 e T a05
-0.4 g0l
---q=0.8

0.6
—0.8

-1.0

Fig. 2.8 Example 2.3.4.4. Graphs of the function f () for various q.
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Fig. 2.9 Example 2.3.4.4. Graph of the function f () for ¢ = 0.1.

Let V(t,x) = (2 — sin(f))x>.
Then for the Dini fractional derivative given by (2.89), according to (2.94)
and (2.85) we get

216y DY V(8 x) = 2x7 (2 — sin())f (1).

The sign of both the function f(¢) and the derivative 52_164)D9F5V(t, x) is changeable.
Therefore, the application of fractional Dini derivative (2.89) does not give us a
conclusion about stability properties of NIFrDE (2.164).

Now apply Caputo fractional Dini derivative to the considered Lyapunov func-
tion. According to Eq.(2.97) and I"(0.5) = /7 we obtain

- 0. .
:2.164)D+5V(t’x’ T,%0)

(t _ 7:)—0.5

r.5)
(2.165)

= 2x%(2 — sin(t))f (2) + x* *ED"3(2 — sin(r)) — y3(2 — sin(?))

where © € [t;, sx), k = 0 is an arbitrary integer.

In the partial case T = 0 we get (C2.164)D(_)F5 V(t,x;0,y9) =

Also, for t € [si,tit1], & = 0,1,2,... we get V(t,cr(t)x) = (2 - sin(t))
(ck(Dx)? < (2—sin(t)))c2 < (2—sin(sk)))c2 = (2—sin((4k—l)%))x2 = V(sx—0,x),
i.e., condition 2(ii) of Theorem 2.3.3 is satisfied.

According to Theorem 2.3.3 the zero solution of (2.164) is stable. O

2.3.5 Practical Stability for NIFrDE

In [83] the authors pointed out that stability and even asymptotic stability themselves
are neither necessary nor sufficient to ensure practical stability. The desired state of
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a system may be mathematically unstable, but, however, the system may oscillate
sufficiently close to the desired state, and its performance is deemed acceptable.
Practical stability is neither weaker nor stronger than the usual stability and an
equilibrium can be stable in the usual sense, but not practically stable, and vice
versa.

First we define some types of practical stability of the zero solution of fractional
differential equations with non-instantaneous impulses. In the definition below
we will denote by x(t;%p;x9) € PCi([tg,00),R") any solution of the IVP for
NIFrDE (2.48).

In the definition below we assume the point #y € [0, so] | US, [#. Sk)-

Definition 2.3.7 Let positive constants A,A, A < A be given. The zero solution of
the system of NIFrDE (2.48) is said to be

(S1) practically stable with respect to (A,A) if there exists ty such that for any
xo € R" the inequality ||xo|| < A implies ||x(t; ty, x0)|| < A fort > ty;

(S2) uniformly practically stable with respect to (A,A) if (S1) holds for all t, €
[0, s0] U UR2, [tk s0);

(S3) practically quasi stable with respect to (A, A, T) if there exists ty such that for
any xo € R" the inequality ||xo|| < A implies ||x(t; to, x0)|| < Afort >ty + T,
where the positive constant T is given;

(S4) uniformly practically quasi stable with respect to (A, A, T) if (S3) holds for all
to € [0, s0] U U2, [tx, s1);

(S5) strongly practically stable with respect to (A, A, B, T) if there exists an initial
time to such that for any xo € R" the inequality ||xo|| < A implies ||x(t; to, x0)|| <
A fort > ty and ||x(t; 1y, x0)|| < B fort > ty + T, where the positive constants
B, T : B < A are given;

(S6) uniformly strongly practically stable with respect to (A, A, B, T) if (S5) holds
forall 1y € [0, so] |J UL, [, s1).

Example 2.3.5.1 Consider the scalar NIFrDE (2.48) with f(z,x) = Ax, A < 0,
¢r(t,x,¥) = ai(t)y and the functions a; : [s,ti+1] = R, £ = 0,1,2,3,... are
such that sup,cr,, . la(O] = My, [172, M; < oo where My > 0 are constants.
From (2.46) and the inequality 0 < E, (A(T — 7)?) < 1for T > t there exists a
constant M > 0 such that

|X(I; Io,.Xo)| < M|)C0| for t > 1. (2.166)

Inequality (2.166) guarantees that the zero solution of (2.48) is uniformly stable.
Also, if M < 1, then the zero solution of (2.48) is uniformly practically stable w.r.t.
any couple (1,A), A < A. However if M > 1, then the zero solution of (2.48) is not
practically stable w.r.t. the couple (A%,M ).

fA=-1,¢g=051=2ks =2k+1, k=0,1,..., a1(t) = 3, ar(t) =
1+ e_%, k=12,3,..., to = 0 the solution is given by

xXo(Ey(=1) (TT'2, @) E,(=(t — 2k)7) fort € [2k,2k + 1], k=0,1,2, ...
x(t) =
Xo(Ey(—=1) (T2, @) forre k—1,24], k=1,2,....
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Fig. 2.10 Example 2.3.5.1. Graphs of the solution of (2.48) for various initial values.

The graphs of the solution of (2.48) for various initial values x, are given in
Figure 2.10. It can be seen that the zero solution of (2.48) is not practically stable
w.r.t. the couple (0.5, 0.6) O

Definition 2.3.8 Let the positive constants A,A, A < A be given. The solution
x*() = x(t;t9,x0) € PCI([ty,00),R") of the system of NIFrDE (2.48) is
said to be

(S7) practically stable with respect to (A, A) if for any yo € R" the inequality ||yo —
xol| < A implies ||x(; to, o) — x*(@)|| < A for t > ty, where x(t; 1y, yo) is a
solution of the IVP for NIFrDE (2.48) with xo = Yo,

(S8) practically quasi stable with respect to (A, A, T) if for any yy € R" the inequality
[lyo—xo0|| < A implies ||x(t; ty, yo) —x*(2)|| < Afort > ty+ T, where the positive
constant T is given;

(S9) strongly practically stable with respect to (A, A, B, T) if for any yo € R" the
inequality ||yo — xo|| < A implies ||x(¢;to,v9) — x*(#)|| < A for t > ty and
[|x(2; to, yo) —x*(2)|| < Bfort > ty+ T, where the positive constants B,T, B < A
are given.

We obtain sufficient conditions for various types of practical stability of the
system NIFrDE (2.48). As a comparison equation we will use the IVP for the scalar
NIFrDE (2.129) with m = 00, T = o0 and limy_,oo #; = 00.

In this paper we will study the connection between the practical stability of the
system NIFrDE (2.48) and the practical stability of the scalar NIFrDE (2.129).

Example 2.3.5.2 Consider IVP for scalar NIFrDE (2.129) with G(¢, u)
0, t € UX, [tk s¢] and ¥y € C([sk, tr+1],R), k = 0,1,2,.... The solution is
given by
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Fig. 2.11 Example 2.3.5.2. Case 1.

uo for t € [to,so],

\I/()(t, u()) for t € (So,tl],
Wo(r1.up) for e (t1,s1],

Wy (t, Wo(t1,up)) for 1€ (s1, 1],
Uy (1, Wo(t1, up)) for 1€ (t2,50],

u(t; to, up) =

We will consider several cases.

Case 1. Suppose for all k = 0, 1,2... the inequalities | W, (¢, u)| < g« (¢)|u| hold
for t € [sg, trg1],u € R with g () € C([s, tk+1], [0, 1]). Then the zero solution
with G(t,u) = 0 is uniformly stable. Also, the zero solution with G(t,u) = 0
is uniformly practically stable w.r.t. any couple (A,A), A < A. If t, = 2k, s =
2k+1, k=0,1,2,..., W(t,u) = u(l — }) fort € 2k + 1,2k + 2],u € R for
allk = 0,1,2,... the graphs of solutions for various initial values x( are given in
Figure 2.11.

Case 2. Letty = 2k, sy =2k+ 1, k=0,1,2,... and W (r,u) = u(l + %) for
te2k+1,2k+2],u e Rforallk = 1,2,.... The graphs of solutions for various
initial values x( are given in Figure 2.12. In this case g;(f) = 1 + % € (1,2) and
the zero solution is not stable. Also, because lim,,— o ]_[;’:1 1+ 2%) = 00, the zero
solution is not practically stable w.r.t. any couple.

Case 3. Let tp = 2k, sy = 2k + 1,k = 0,1,2,... and ¥ (t,u) = u(l + 1),
W, (t,u) = u(l—}) fort € [2k+1,2k+2],u € Rforallk =0,1,2,....The graphs
of solutions for various initial values x, are given in Figure 2.13. In this case, the
zero solution is practically stable w.r.t. the couple (0.5, 1), but it is not practically
stable w.r.t. the couple (0.6, 1). The zero solution is practically quasi stable w.r.t.
(0.6, 1,5). The zero solution is strongly practically stable w.r.t. (0.5,1,0.4,10). O
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. 2.13 Example 2.3.5.2. Case 3.

Theorem 2.3.8 Let the following conditions be fulfilled:

1.
2.

3.

Condition (H2.3.3) is satisfied.

The functions ¥y, € C([sg,tir1] X R,R), (k = 0,1,2,...), are such that
‘-Ifk(l, O) = 0and \I»’k(l‘, Lt) < \I—’k(l‘, v)foru <v, te€ [Sk,tk+1].

The function G € C(URX[sk, trt-1] X R, R), G(z,0) = 0 and for any initial point
(to, up) € ([0 50) U2, [t sk)) X R the IVP for the scalar NIFrDE (2.129) with
m = o0 has a maximal solution u*(f) = u(t; ty, up) € PCI([tp, 00), R).

The zero solution of scalar NIFrDE (2.129) with m = oo is practically stable
w.r.t. (a(A), b(A)) (uniformly practically stable w.r.t. the couple (a(), b(A))),

where the constants A, A, 0 < A < A, a(A) < b(A) are given and the functions
a,belk.
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5. There exists a function V. € ARy, R") such that

(i) foranyk =0,1,2,... and yy € S(A) the inequality
52,48)Div(t! X3 tlu)’O) S g(t’ V(t’x))fbrt € (tkvsk)a X € S(A’)

holds;
(ii) foranyk = 0,1,2,... the inequality

V(t, i (t,x)) < Wi(t, V(sk — 0,x)) for t € (sg, tix1], x € S(A)

holds;
(iii) b(||x|[) = V(#,x) < a(||x]]) fort € R4, x e R"

Then the zero solution of the system of FrDE (2.48) is practically stable w.r.t. (A,A)
(uniformly practically stable w.r.t. ()L,A)).

Proof We will prove only the practical stability since the proof for uniform
practical stability is similar.

From condition 4 there exists a point #y such that the inequality |iy| < a(A)
implies

lu(t; ty, ip)| < b(A) for t > 1y, (2.167)

where u(t; ty, p) is the maximal solution of NIFrDE (2.129) with m = oo and
Uy = fto.

Choose a point xy € R" with ||xo|| < A and let x(r) = x(¢; to, x9) be a solution of
the IVP for NIFrDE (2.48) for the chosen xy and the above #y. Let uy = V (¢, xo).
According to condition 5(iif) and the choice of xy) we obtain uy < a(A). Therefore
the maximal solution u*(¢) = u(z; ty, up) of NIFrDE (2.129) with m = oo satisfies
inequality (2.167).

We now prove

[|x(2; t0, x0)|| < A fort > t,. (2.168)

Assume inequality (2.168) is not true and let t* = inf{t > 1ty : ||x(r)|| > A}. We
first show

[|x(©)|] <A fort € [to, ") and ||x(t*)|| = A. (2.169)
If t* # 1, k = 1,2,... orif * = 1, for some natural number p and ||x(z, —
0)|| = A, then (2.169) is true. If for a natural number p we have t* = ¢, and

[|x(z, — 0)|| < A, then according to Lemma 2.3.8 for T = 1, and A = S(A) we
obtain V(r,x(t)) < u*(¢) for t € [ty, t,,]. Then for all 7 € (z,, s,,] from condition 5(iii)
we getb([|x*(1)|[) < V(t,x(1)) = V(t, (1, x(1,—0))) < ¥, (¢, V(1,—0, x(1,—0))) <
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W, (t, u* (1, — 0)) = u* (7). Thus using (2.167) we obtain |[x*(1)|| < b~ (u*()) < A
for t € (t,, 5,], and this contradicts the choice of #*. Therefore, (2.169) holds.

Then, x(f) € S(A) on [fy,t*] and conditions (i) and (ii) of Lemma 2.3.8 are
satisfied on [fy, t*]. From Lemma 2.3.8 applied to the solution x(t) with T = ¢*
and A = S(A) we get V(t,x(¢)) < u*(¢) on [ty, *]. Then applying condition 5 (iii)
of Theorem 2.3.8 we obtain b(A) = b(||x(t*)|]) < V(¢*,x(t*)) < u*(t*)) < b(A).
The contradiction proves (2.168) and therefore, the zero solution of NIFrDE (2.48)
is practically stable w.r.t. (1, A). |

Theorem 2.3.9 Let the following conditions be fulfilled:

1. Conditions 1, 2, 3 of Theorem 2.3.8 are satisfied.

2. The zero solution of scalar NIFrDE (2.129) with m = oo is practically
quasi stable w.rt. (a(A),b(A),T) (uniformly practically quasi stable w.r.t.

(a(k),b(A),T)) where the positive constants T,A,A : A < A, a(A) < b(A)
are given and the functions a, b € K.
3. There exists a function V € ARy, R") such that

(i) foranyk =0,1,2,... and yy € S(A) the inequality
EZ.48)D(—I|- V(t, x;te, v0) < G(t, V(t,x)) fort € (t,s;), x € R"

holds;
(ii) foranyk =0,1,2,3,... the inequality

V(t, di(t.x)) < Wi(t, V(s — 0,x)) for t € (sg, ti], x € R”

holds;
(iii) b(||x]]) < V(t,x) < a(||x||) fort € Ry, x € R", where a, b are defined in
condition 2.

Then the zero solution of the system of NIFrDE (2.48) is practically quasi stable
w.rt. (A,A,T) (uniformly practically quasi stable w.r.t. (A, A, T)).

Proof We will prove only the practical quasi stability since the proof of the uniform
practical quasi stability is similar.

From condition 2 there exists a point #y such that the inequality |ig| < a(A)
implies

lu(t; to, thp)| < b(A) for t>1ty+ T, (2.170)

where u(t; 1y, lp) is the maximal solution of NIFrDE (2.129) with m = oo.

Choose a point xy € R” with ||xg|| < A and let x(¢; £y, xo) be a solution of the IVP
for NIFrDE (2.48) for the chosen xo and the above 7. Let uy = V(#, xo). According
to condition 3(iii) and the choice of x, we obtain u; < a(A) and therefore the
solution u(f; o, ug ) of (2.129) with m = oo satisfies (2.170).
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From Lemma 2.3.8 and Remark 2.3.7 applied to the solution x(#; 7y, xo) with A =
R" we get

V(t,x(t;19,x0)) < u(t;to,uy) for t > to. (2.171)

From condition 3(iii) and inequalities (2.170) with ity = uo and (2.171) we obtain
forany ¢t > 1+T the inequalities b(||x(z; 1y, x0)||) < V (¢, x(t; 19, x0)) < u(t; to, uy) <
b(A), i.e., the inequality

[|x(t; 10, x0)|| <A fort>1ty+T

holds. Thus, the zero solution of the system of NIFrDE (2.48) is practically quasi
stable w.r.t. (A,A, T). O

Theorem 2.3.10 Let the following conditions be fulfilled:

1. Conditions 1, 2, 3 of Theorem 2.3.8 are satisfied.
2. The zero solution of scalar NIFrDE (2.129) with m = oo is strongly practically

stable w.r.t. the quadruplet (a(A),b(A),B,T) (uniformly strongly practically

stable w.rt. (a(X),b(A), B, T)) where the positive constants T,A,A,B : B <

A <A, a(l) < b(A) are given and the functions a,b € K.
3. Condition 3 of Theorem 2.3.9 is satisfied,

Then the zero solution of the system of NIFrDE (2.48) is strongly practically stable
wrt. (A,A,B,T) (uniformly strongly practically stable w.r.t. (A, A, B, T)).

Proof The proof of Theorem 2.3.10 is similar to the one in Theorem 2.3.8, so we
omit it. O

Example 2.3.5.3 Lett; = 2k,s, =2k + 1fork =0,1,2,.... Consider a function
m € CUUR,(t, si], (0,00)) U C(URZo(sk, tr+1], Ry ), limys 1o m(t) = m(sg +
0) < 00, m(sk) = lim;_”k_o m(t), m(t) < m(sk) fort € [Sk, fk+1], k=0,1,2,...
and there exist positive constants K, M, K < M such that K < m(t) < M fort > 0.
Note, for example, the function m(f) = sinz(%t) + 0.5, t > 0 satisfies the above
conditions with K = 0.5, M = 1.5.

Consider the initial value problem for the non-instantaneous impulsive fractional
differential equation with a Caputo derivative for 0 < g < 1

—_ -q
5 Dx(n) = —0.5#0( CDIm(e) + m(t) _(lf(l ti)q) )
forr € (s, k=10,1,2,... @.172)

x(t) = ¢p(t,x(ty — 0)) fort e (s, tr+1], k=0,1,2,...,
x(0) = xo,
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where x, xg € R,

t—t) 14
%>’ te[tk,Sk],k=0,1,2,...,x€R,
-9

ft.x) = —o,5i( £Dm(s) + m(1) 0

m(t)

and

xy/1+1 fork=0,1€[0.1], xeR
¢k(t’x):
xy1 =1 fork=1,2,..., tre2k—1,2k], x e R.

Let V(t,x) = m(t)x*. Then V(1,0) = 0, b(|x|) < V(t,x) < a(|x|) with b(s) =
Ks?, a(s) = Ms?. For any x, € R we obtain

17DV (x5 11, x0) (2.173)

_ —-q
(=)™ _ 0

= 2um()f (t, %) + x* EDm(r) + (2 — x2)m(1) g =

fort € (tk,Sk), x e R.
Also, we obtain the inequalities

V0. 91(0.9) < m)(1+ D) = Y (Vi 9), 1€ (] x € R
and
V(t, ¢i(t,x)) < m(t)(1 — %)x2 =W (V(tg,x), k=0,1,2,..., t € (t, ), x€R

where

W(iox) = x(1+1), for k=0,r€[0,1], xeR
x(1—1), for k=1,2,...,1€2k—1,2k], x e R.

Therefore all the conditions in Theorems 2.3.8, 2.3.9, and 2.3.10 are satisfied
with G(r,x) = 0,fp = 0. Consider the comparison scalar NIFrDE (2.129),
m = oo, with G(t,x) = 0,fp = 0 where practical stability properties of the
zero solution were discussed in Example 2.3.5.2. This allows us to discuss practical
stability properties of the zero solution of the nonlinear NIFrDE (2.172). If m(t) =
sinz(%t) + 0.5, t > 0, the following conclusions for the nonlinear NIFrDE (2.172)
can be made:

— the zero solution of (2.172) is practically stable w.r.t. the couple (/ 05 \/% ), i.e.,

if |xo| < ,/%, then |x(z; 0, xp)| < \/; for ¢ > 0. It follows from Theorem 2.3.8

the practical stability of the zero solution of (2.129) with m = oo w.r.t. the couple
(0.5, 1);
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— the zero solution of (2.172) is practically stable w.r.t. (,/%, %,5), ie., if

lxo| < %,1—6, then |x(¢; 0, x0)| < \/; for t > 5. It follows from Theorem 2.3.9

the practical quasi stability of the zero solution of (2.129) with m = oo w.r.t.
(0.6,1,5);

— the zero solution of (2.172) is strongly practically stable w.r.t. (/%2 \/I,
,/%, 10), i.e., if |xo| < ,/%—S,then |x(; 0, x0)| < \/;fort > 0and |x(t; 0, xp)| <

% for r > 10. It follows from Theorem 2.3.10 the strong practical stability of
the zero solution of (2.129) with m = oo w.r.t. (0.5, 1,0.4, 10). O

2.3.6 Strict Stability of NIFrDE

The usual stability concepts do not give any information concerning the rate of
decay of the solutions, and hence are not strict concepts. As a result, strict stability
was defined and criteria for such notions was discussed (see, for example, [75, 77,
111]).

We will define strict stability for fractional equations following the idea for
ordinary differential equations (see, for example, [77]).

Definition 2.3.9 The zero solution of the system NIFrDE (2.48) is said to be

— strictly stable if for given €; > 0 and any ty € [0, so] |J U2, [tx, sx) there exists
81 = 81(ty, €1) > 0 such that for any initial point xy € R" the inequality ||xo|| <
8 implies ||x(t; to, x0)|| < €1, t > to, and for any 6, = 8,(ty,€1), 62 € (0,68]
there exists € = €,(ty,62), €2 € (0,68;] such that the inequality §; < ||xol
implies €, < ||x(¢; to, xo0)|| for t > to where x(t; ty, Xo) is a solution of the IVP for
the NIFrDE (2.48);

— uniformly strictly stable if for any given €, > 0 there exists §; = 8;(€1) > 0 such
that for any initial time ty € [0, so] \J U2, [tx. sx) and any initial point xo € R"
the inequality ||xo|| < &1 implies ||x(t;ty,x0)|| < €1, t > ty, and for any 8, €
(0, 81] there exists €; € (0,68;], €2 = €,(82), such that the inequality 6, < ||xo]|
implies €, < ||x(¢; to, xo0)|| for t > to where x(t; ty, Xo) is a solution of the IVP for
the NIFrDE (2.48).

Example 2.3.6.1 (Strict Stability of NIFrDE) Consider the following scalar IVP
for FIDE { Dix = 0, t > 19, x(f)) = xo with an arbitrary 7o € Ry. Its solution
x(t) = xp is uniformly strictly stable.

Now letty = 2k, sy =2k+1, k=0,1,2,... .

Consider the IVP for NIFrDE
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Fig. 2.14 Example 2.3.6.1. Graph of the impulsive functions [,

i=l1 21+1

€ Dix = 0 for 1 € U2, (2k, 2k + 1],
X(1) = Bt x(2%k—1—0)) for 1€ (k—1,24], k=1,2,..., (2.174)
x(0) = xo,

where x,xp € Rand Ex(¢t,x) = ar(t)x, ap : [2k—1,2k] > R, k= 1,2,.... Then
the solution of NIFrDE (2.174) is given by

xo for t€[0,1]
x() = { xoan1 () [T2) ags1 (2 +2) forte k4 1,2k +2], k=1,2,...
xOHj:pa2j+l(2j+2) fort e (2k,2k+1], k= 1,2,....

The type of the non-instantaneous impulsive functions E(t, x), i.e., a;(¢) has an
influence on the behavior of the solution of NIFrDE.

Case 1. Let (1) = ; +1 Then lim, oo [ /=) 577 +1 = 0 (see the graph of
IT= in Figure 2.14). Thus the zero solution of (2. 174) is asymptotically stable

i=1 21+l
(see Figure 2.15).

Case 2. Letay(t) = 1 + # fork =1,2,3,.... Then lim,— 00 [ [, (_2—1)1 #0
(see Figure 2.16). Thus the solution of (2.174) is not asymptotically stable but it is
strictly stable (see Figure 2.17). O

We will use the following set:

={ae K and lim a(s) = oo},

We will use the following type of a couple of Caputo fractional differential
equations with non-instantaneous impulses
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162 2 Non-instantaneous Impulses in FrDE

wDlu= g1 (tu), DT =g (1,v),
t € f10.00) () (10.50] |J U2 (e 51]).

u(t) = Ot u(ty —0)),  v(t) = Vi(t, v(1x — 0)), (2.175)
t € [tg.00) (\(sk. tesr). k=10.1.2,...

u(to) = uo, v(ty) = vo,

where u, v € R, 1 € [0, s0] | U2, [te. 5x)s &1, 82 = [0.50] U U2, (tx, sx] x R — R,
gj(l, 0) = 0,(] = 1,2), o, ¥, [Sivti—‘,-l] x R" — R”, Cbi(l‘, 0) =0, \IJ[(I, 0) =0,
i=0,1,2,3,...).

We will introduce the strict stability of the couple of Caputo fractional differential
equations as follows:

Definition 2.3.10 The zero solution of the couple of NIFrDE (2.175) is said to be

— strictly stable in couple if for given €; > 0 and ty € [0, so] |J U2, [tx, sx) there
exists §1 = 61(tg, €1) > 0 and for any 8, = 8,(ty, €1), 62 € (0,8;] there exists
€ = €(1y,82), € € (0,68,] such that the inequalities |uy| < 81 and §; < |vo|
imply |u(t;to, up)| < €1 and €, < |v(t;tg, vo)| for t > ty where the couple
of functions (u(t; to, Ug), v(t; ty, uo)) is a solution of the IVP for the couple of
NIFrDE (2.175).

— uniformly strictly stable in couple if for any given €; > 0 there exists §; =
81(€1) > 0 and for any 8, € (0, 8] there exists €, € (0,8;], €2 = €2(62), such
that for any initial time 1ty € [0, so] \J U2, [tx, sx) the inequalities |ug| < &, and
8y < |vo| imply |u(t; to, up)| < €1 and €, < |v(t;19,v9)| for t > ty where the
couple of functions (u(t; to, Ug), v(t; ty, uo)) is a solution of the IVP for the couple
of NIFrDE (2.175).

Remark 2.3.17 Note if the zero solution of the couple of NIFrDE (2.175) is strictly
stable, [v(t)| < |u(t)|,t > to, then according to Definition 2.3.10 the inequalities
8y < |vg| < ug| < 8 provide €, < [v(t)| < |u(t)| < €1 fort > ty, i.e., the solutions
remain in an appropriate tube.

Remark 2.3.18 If g(t,x) = g2(t,x), Vi (t,x) = O (t,x), k =1,2,... in(2.175),
then the strict stability (uniform strict stability) in a couple given by Defini-
tion 2.3.10 is reduced to a strict stability (uniform strict stability) of the zero solution
of a scalar NIFrDE defined by Definition 2.3.9.

Example 2.3.6.2 (Uniform Strict Stability in Couple) Let t, = 2k, s, = 2k + 1
fork = 0,1,2,.... Consider the couple of Caputo fractional differential equations
with non-instantaneous impulses
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oD% = Au, oD'v = —Buv,
te (2k,2k+1], k=0,1,2,...,

_ bk _ Ck
u(t) = 5 (A)u(tk -0, v(t) = E,(—B)

te(k+1,2k+2], k=0,1,2,...,
u(0) = uo, v(0) = v,

v(t; —0)), (2.176)

where u,v € R,A,B > 0, by : |bx| <1, ¢ : |cx| > 1 are given constants such that
[TZ0bi = Mand [[Zyc; = N> 0 with N < L.
The solution of (2.176) is given by

o u()(nj’.‘;g bj>Eq(A(t—2k)‘1) for 1€ (2k,2k + 1], k= 0,1,2, ...,
wo(TTizoby) for € (k+1.2+2], k=0,1.2,...

and

oo vo(r[_j.‘;g cj)Eq(—B(t—Zk)q) for e (2k,2k + 1], k=0,1,2, ...,
vo(TTzoe) for 1€ @k+1.2+2], k=0,1.2,...

where the Mittag-Leffler function (with one parameter) is defined by E,(z) =
S k
kgo r(q2+1)'

Let ¢, > 0 be arbitrary. Choose §; = m and let |ug] < &;. Then
from 1 < E,(A(t — 2k)?) < E,(A) for t € (2k,2k + 1] we obtain |u(r)| <
juol (T ) Eq(A) < €. For any & € (0,81] we choose & = &E,(-B)N <
8. Then for |vg| > &, using 1 > E,(—B(t — 2k)?) > E,(—B) we obtain
lv(®)| > |vo|(]_[j’f=1 c_,)Eq(—B) > ¢,. Therefore, the zero solution of the couple
of FrDE (2.176) is uniformly strictly stable in couple.

Note, for example, the above conclusion is true for by = l—zik, =1+ zl—k,M =
0.288, N = 2.38 (see Figure 2.18 for ¢ = 0.2, A = B = 1, and various initial
conditions).

The conclusion of Example 2.3.6.2 is true also for A = B = 0. O

We obtain sufficient conditions for strict stability of the system NIFrDE (2.48).

Theorem 2.3.11 (Strict Stability of NIFrDE) Let the following conditions be
satisfied:

1. Condition (H2.3.3) is satisfied

2. The functions g1,g2 € [0,s0]\JVUi_ nfty(te,si] satisfies the conditions
(H2.3.2.2) and (H2.3.2.3) respectively and the functions Oy, Wy € C([sk, trt1] X
R,R), (k = 0,1,2,...), ®(t,0) = 0, W (t,0) = O satisfies the condition
(H2.3.2.4).
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Fig. 2.18 Example 2.3.6.2. Graphs of solutions (u(), v(¢)) for various initial values.

3. There exists a function Vi € A(R4,R") such that V,(t,0) = 0 fort € Ry and
(i) foranyk =0,1,... and yy € R" the inequality

(62'48)D3_V1 (t,x; 11, y0) < g1(t, Vi(t,x)) fort € (t,s1), x € R"

holds;
(ii) foranyk =0,1,... the inequality

Vi(t, Y (t,x)) < Pi(t, Vi(sk — 0,x)) fort € (sg, txg1], x € R”

holds;
(iii) a(||x]]) < Vi(t,x) fort € Ry, x € R", where a € K.
4. There exists a function V, € A(R+,R") such that

(iv) foranyk =0,1,... and yo € R" the inequality
f2'48)Di Vo(t, x; tx, yo) = g2(t, Va(t, x)) fort € (4, s1), x € R"

holds;
(v) foranyk =0,1,... the inequality

Valt, Y, x)) = Wi(t, Va(sk — 0,x)) fort € (sk, ti41], x € R

hold;
(vi) c(||x|]) < Va(t,x) < b(||x||) fort € Ry, x € R", where b,c € M.
5. The zero solution of NIFrDE (2.175) is strictly stable in couple.

Then the zero solution of the system NIFrDE (2.48) is strictly stable.
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Proof Let e, > 0 and fy € [0,s0]|J U2, [, sx) be arbitrary. Without loss of
generality we assume fy € [0, so].

From condition 5 there exists §; = 8;(fy, €;) > 0 and for any &, € (0, §;] there
exists €, € (0, 6] such that |uy| < §; and |vy| > §, imply

lu(t; to, up)| < a(ey) for t > 1y, (2.177)
|v(t; ty, vo)| > €2 for t > tg, (2.178)

where the couple (u(r; to, uo), v(#: fo, o)) is a solution of (2.175).

Since V(ty, 0) = O there exists §3 = 85(fo, €1), 85 € (0, &;) such that V;(ty, x) <
8, for ||x|| < 8.

Choose xy € R" with ||xo|| < &3 and let x*(r) = x(¢; 1y, xo) be a solution of the
IVP for NIFrDE (2.48) for the initial data (fo, xo).

Let ug = Vi(tg,x0) and u*(t) = u(t;ty, up) be the maximal solution of the
first equations in the IVP for NIFrDE (2.175) with initial value uy. Note it exists
according to condition 2 and Lemma 2.3.6 with m = oco.

Then from the choice of §3 it follows |ug| = Vi(ty,x0) < &; and therefore
inequality (2.177) holds for u*(¢).

From conditions 2, 3(i), 3(ii) of Theorem 2.3.11 and Lemma 2.3.8 (with T = 00)
applied to the solutions x*(¢), u™* () the inequality

Vit x* (1) < u*(1), t > 19 (2.179)
holds. From condition 3(iii) and inequalities (2.177) for u*(¢) and (2.179) we obtain
a(llxX* ) = V(6,x* (1) < u™(1) < aler), t = 1.

Now let 64 € (0, 85] be an arbitrary number. Then there exists §5 € (0, §4] such
that ¢(84) > &5. According to condition 5 for 5 € (0, §;] there exists €3 € (0, 5]
such that |vg| > &5 implies

[v(t;t0, vo)| > €3, t> 1. (2.180)

Choose €4 > 0 such that €, < min{h~'(e3), 84}.

Assume that the initial value xy additionally satisfies the inequality ||xo|| > &4
and consider the minimal solution v*(t) = wv(t; 1y, vy) of the second equations
of (2.175) with the initial value vy = V,(t,x0) (it exists according to condition
2 and Lemma 2.3.7 with m = o0). From the choice of xy and condition 4(iv) it
follows that |vg| = Va(to,x0) > c(||xo]]) > c(84) > 85. Therefore, the function
v*(r) satisfies the inequality (2.180). From condition 4(vi) we obtain b(||x*(r)||) >
V(t,x*(1)) > v*(t) > €3,t > to. Therefore ||x*(1)|| > b~ (€3) > €4 for t > t,.

Since &4 is an arbitrary, from the above we have the strict stability of the zero
solution of NIFrDE (2.48). O
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Remark 2.3.19 [fall solutions of IVP for NIFrDE (2.48) satisfy ||x()|| < (=)||xol],
then the claim of Theorem 2.3.11 is true if the conditions 3, 4 are satisfied only for
points x, xg € R" such that ||x|| < (=)||xo]|-

Theorem 2.3.12 (Uniform Strict Stability of NIFrDE) Let the following condi-
tions be satisfied:

1. Conditions I and 2 of Theorem 2.3.11 are satisfied.
2. There exists a function Vi € A(R4+,R") such that

(i) foranyk =0,1,2,... and yy € B(A) the inequality
f2,4g)DiV1(l,x; k,y0) < g1(t, Vi(t,x)) fort e (t, ), x € B(A)

holds where A > 0 is a given number;
(ii) foranyk =0,1,2,... the inequality

Vi(t, gi(t, x)) < @(t, Vi(sk — 0,x)) fort € (sg, trt1], x € B(A)
holds;
(iii) a(||x|]) < Vi(t,x) < b(||x||) fort € Ry, x € R", where a,b € K.
3. Foreachn € (0, A) there exists a function V,, € A(Ry, R") such that
(iv) foranyk =0,1,2,... and yy € B(A) the inequality

52'48)Di Vit x5t y0) = g2(t, Vyy(t,x)) fort € [0, s0] U Up; (e, s1),
x€BQ), x| =1

holds;
(v) foranyk =0,1,2,... the inequality

Vi(t, (1, x)) = Wi (2, Vy(sk — 0,x)) fort € (s, k1], x € B(A), [Ix]| = 7
holds;
(vi) c(||x|]) < Vy(t,x) <d(||x]|) fort e Ry, x € R", whered,c € K

4. The zero solution of the couple of NIFrDE (2.175) is uniformly strict stable in
couple.

Then the zero solution of the system NIFrDE (2.48) is uniformly strictly stable.

Proof Lete; € (0, A] be an arbitrary number. From condition 4 there exists §; =
81(e1) > 0 and for any 8, € (0, 8] there exists €; € (0,6;] such that for any
1o € [0, so] |J U2, [te. i) the inequalities |ug| < &; and 8> < |vo| imply

lu(t;t0, u0)| < aler), t=1 (2.181)
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and
€ <|v(tito,v0)|, t>1 (2.182)

where the couple of functions (u(t; to, up), v(t; to, uo)) is a solution of the IVP for
NIFrDE (2.175).

Let §3 € (0, A) be such that b(63) < &;. Choose xy € R" with ||xg|| < 85 and
x*(t) = x(t; to, xo) be the solution of the IVP for NIFrDE (2.48) for the initial data
(t0, x0)-

Let ug = Vi(ty,x0) and u*(t) = u(t; ty, up) be the maximal solution of the first
equations in the IVP for NIFrDE (2.175) with initial value uy. Note it exists because
of Lemma 2.3.6 with m = oo. According to condition 2(iif) and the choice of xq
we obtain uy = Vi(f9,x0) < b(||x0|]) < b(63) < &;. Therefore the function u™*(¢)
satisfies (2.181).

Assume inequality

[|x*(H)|] < €1 fort >ty (2.183)

is not true. There are three cases to consider.
Case 1. There exists a point * > tg, * # s¢, k =0, 1,... such that

IIX*()]] < e fort € [to, %) and ||x*(*)]| = €. (2.184)

According to Lemma 2.3.8 for 7 = * and A = B(A) we obtain V; (¢, x*(r)) < u*(¢)
for ¢ € [ty, t*]. From condition 2(iii) and inequality (2.181) for u*(r) we get a(e;) =
a(||lx*()|) < Vi(t,x*(t*)) < u*(t*) < a(e;). We obtain a contradiction.

Case 2. There exists an integer k > 0 such that

[|x*(0)|| < e fort € [ty,sr) and [|x*(sx —0)|| = €. (2.185)

As in the Case 1 with t* = s; we obtain a contradiction.
Case 3. There exists an integer kK > 0 such that

[Ix*()]| < €1 fort e [ty,s;] and ||x*(sx + 0)|| > €. (2.186)

From Lemma 2.3.8 for T = s, and A = B(A) we obtain V,(t,x*(r)) < u*(¢) for
te [lo,Sk].
Then x*(s; + 0) = ¢ (sk, x*(sx — 0)) and according to conditions 2(ii) and 2(iii)
we get
a(er) < a(llx*(sx + 0)|) = a(|lge(sk. x" (s — 0)[])
< Vi(sk, dr(sp, X" (sx — 0)) < Wi(s, Vi(se — 0,x" (¢ — 0)) (2.187)

< Wi (se, u™ (s — 0)) = u™ (s + 0)) < aer).
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The contradictions above prove inequality (2.183) is true.

Let §4 € (0, 83] be an arbitrary number. Then there exists §s € (0, 4] such
that c(84) > Js. Let the initial value xo € R”" additionally satisfy ||xg|| > &4.
From condition 3(iv) for n = &4 there exists a function V,(,x) and V,(t, x0) >
c(||xol]) > ¢(84) > 8s. Let vg = V,(to, x0) and v*(f) = v(#; o, vo) be the minimal
solution of the second equations of the couple of NIFrDE (2.175) (it exists because
of Lemma 2.3.7 with m = 00). According to condition 4 there exists €5 € (0, 8]
such that |vg| > 85 implies the inequality (2.182) with €, = €3.

Choose €3 € (0,684] such that €3 < d~'(e}). Therefore, €5 < d~'(e}) <
d7'(85) = d7'(c(84)), and ¢(8s) < c(llxl) = Vylto,x0) = d(llxol)), ie.,
[[xo[| > €.

We will prove the inequality

X > €3, 1= 1. (2.188)

Assume (2.188) is not true. There are three cases to consider.
Case 1. There exists a point t* > t, t* # s,k =0, 1,... such that

[|x*()]| > €3 fort e [ty,t*) and ||x*(£*)|| = es. (2.189)

According to Lemma 2.3.9 for T = r*, V,, v* and A = {x : ||x]| > €3} we obtain
Vy (2, x*(t)) = v*(r) for t € [to, t*]. From condition 3(vi) and inequality (2.182) with
€ = € we getd(ez) = d(||x*(t*)|]) = V,(t,x* (%)) = v*(t*) > €] > d(e3). We
obtain a contradiction.

Case 2. There exists an integer kK > 0 such that

[|x*(®)|| > €3 fort € [ty,sx) and [|x*(sx — 0)]] = €. (2.190)

As in the Case 1 with r* = s; we obtain a contradiction.
Case 3. There exists an integer k > 0 such that

[|x*(0)|| > €3 fort € [ty,s] and ||x*(sx + 0)]| < e3. (2.191)

From Lemma 2.3.9 for T = s, V,, v* and A = {x : |[|x|| > €3} we obtain
Vy (2, x*(1)) = v*(2) for t € [to, s¢].
Then x*(s; + 0) = ¢p(sx, x*(sx — 0)) and according to conditions 3(v) and 3(vi)
we get
d(e3) > d(||x" (si + 0)[]) = d(|Ipr (s, x* (s — 0)[])
> Vi (se, P, x* (s — 0)) = Wk, Vyy(sx — 0, x™ (s — 0)) (2.192)
> Wi (51, v (sx — 0)) = v* (s +0)) > €5

The contradictions above prove inequality (2.188) is true. |
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Remark 2.3.20 Note in the case of FrDE if conditions 2 and 3 of Theorem 2.3.12
are satisfied with g;(t,x) = 0, i = 1,2, then the zero solution of FrDE is uniformly
strictly stable (see [7]).

In the case of non-instantaneous impulses the condition gi(t,x) =0, i = 1,2 is
not enough for strict stability (see Example 2.3.6.1).

Sufficient conditions for strict stability could be obtained in the case of one
Lyapunov function.

Theorem 2.3.13 Let the following conditions be fulfilled:

1. The conditions 1, 2 of Theorem 2.3.11 are satisfied and the inequalities g,(t, u) <
gi(t,u) fort € (19,00) (VU (tk,5%), u € R and Wi (t,u) < Di(t,u) fort €
(Sk,lk+1], uelk, k=1,2,... hold.

2. There exists a function V. € ARy, R") such that

(i) foranyk =0,1,2,... and yg € R" the inequality

(. V(t, %) < (DL V(. xit, y0) < g1, V(1. x))
fort e (t,s), x € R"

holds;
(ii) foranyk = 0,1,2,... the inequality

Wi (@, V(e — 0,x) < V(£ ¢ (1, %))
< Ok(t,V(ty — 0,x)) fort € (sg, tyt1], x € R"

holds;
(iii) a(||x]]) < V(t,x) < b(||x[|) fort € Ry, x € R", where a,b € M.

3. The zero solution of the couple of NIFrDE (2.175) is strictly stable (uniformly
strictly stable) in couple.

Then the zero solution of the system NIFrDE (2.48) is strictly stable (uniformly
strictly stable).

The result of Theorem 2.3.13 is a special case of Theorem 2.3.11 and Theo-
rem 2.3.12.

Example 2.3.6.3 (Uniform Strict Stability of NIFrDE) Let s = 0,5, =
2k, ty = 2k — 1 for k € Z. Consider the Caputo fractional differential equation
with non-instantaneous impulses

6Dx = 0, te (2k.2k+ 1], k€ Zy
x(t) = a (e —0), 1€ (k+1,2k+2], ke Z (2.193)
x(0) = xo, v(0) = vo,

wherex e R, aq, = /1 — %forkoddandak =,/1+ sz for k even.
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Fig. 2.19 Example 2.3.6.3. Graphs of solutions of (2.193) for various initial values x.

Note the IVP for NIFrDE (2.193) has a solution for which |x(¢)| < |xo|, t > o
(see Figure 2.19 for ¢ = 0.2 and various initial values).

Let Vi(t,x) = x%. Let |x| < |xo|. From Example 2.3.1.5. and (2.98) with m(¢) = 1
we obtain

(t—1n) -

2193y DEVI(E X 11, %) = (xz —yé)m =V

(2.194)

Also, for k odd we get (/1 — %x)2 <1+ zlk)-xz'

For k even we get (/1 + 3:x)? = (1 + 2 Vi (1, x).

Therefore condition 3 of Theorem 2.3.11 is satisfied.

Let Va(t,x) = (2 — Ej(—(t — tx)?))x* for t € (tg, tig1])- Let |x| < [xo|. From
Example 2.3.1.5, (2.98) with m(t) = 2 — E,(—(t — t)?), t € (tx,tet1), k =
0.1,2,... and REDIE,(—(t — 1)) = m — E,(—(t — 1)) we obtain

(.103y D% V(2. x:0, x0)

_ 2 qu((Z —E,(—(t— tk)q))) + (xz _ yé) 2—E)(—(tx — tk)q))%

_ 2 2 B 1 o
- ((f—fk)qr(l—q) (t— )T (1 — q) +Ey(=( fk)q))

1

2
— O T =g =

(2.195)
Also, for k odd we get (2 — E, (=) (/1 — %x)? = (1 — ) (2 — E,(—19))x*.
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For k even we get (2 — E,(—19)) (/1 + 2*5rx)% = (1 — 5)Va (2, x).

Therefore condition 4 of Theorem 2.3.11 is satisfied.

From Example 2.3.6.2 with A = B = 0 and Theorem 2.3.11 the zero solution
of (2.193) is strictly stable (see Figure 2.19). O

2.4 Iterative Techniques for Caputo Fractional Differential
Equations with Non-instantaneous Impulses

2.4.1 Monotone-Iterative Technique for Caputo Fractional
Differential Equations with Non-instantaneous Impulses

The monotone iterative technique combined with the method of lower and upper
solutions is applied to find the approximate solution of a scalar Caputo non-
instantaneous impulsive fractional differential equation on a finite interval. A
procedure for constructing two monotone functional sequences is given. The
elements of these sequences are solutions of suitably chosen initial value problems
for scalar linear non-instantaneous impulsive differential equations for which there
is an explicit formula. Also, the elements of these sequences are lower/upper
solutions of the problem. We prove that both sequences converge and their limits
are minimal and maximal solutions of the problem.

Let two increasing finite sequences of points {ti}fiol and {s,-}f;rol are given such
thattp = 0 < §; < tiy1 < siy+1,1 = 0,1,2,...,p,and T = s,41, p is a natural
number.

Consider the initial value problem (IVP) for the nonlinear non-instantaneous
impulsive fractional differential equation (NIFrDE)

oDIx(t) = f(t,x) fort € (t,s¢), k=0,1,...,p.p+ 1,
x(t) = ¢p(t, x(t), x(sy — 0)) fort e (sg,trt1], k=0,1,2,....p, (2.196)
x(0) = xo,
where x,x) € R, f : UZ:(I)[tk,sk] XR —=> R, ¢ : [stotiv1] xRxR - R, (k =
0,1,2,...,p).
Consider the IVP for the linear FrDE
Dlu(t) — Au(t) = h(t) fort e [r,b] with u(r) =a, (2.197)

where u € R, a,b, A, 7 : T < b are given constants, i € C([z, b], R. According to
Section 4.3.1 [68] the solution of (2.197) is given by

u(t) = akE,(A(t—1)9) + /r(t — s)q_lEq,q()L(t— s))h(s)ds, te (tr,b]. (2.198)
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We introduce the following classes of functions

NPC' = {u :[0,T] > R: ueC! (UZ:(I)[tk,sk],R) :

u(sy) = u(sy —0) = liTmu(t) < o0, U (s) = liTmu/(t) <00, k=0,1,2,....,p,
sk sk
(s +0) = limu(n) < 00, k=0.1.2.... ,p},
NSk
PCY([0, T]) = {u [0.7] > R : ue NPC', ue C(Ul_y (st tes1] R)}.

For any pair of functions v,w € PC' such that v(f) < w(¢) for ¢ € [0, T], we
define the sets
S(w,w) ={uePC : v(t) <u) <w), tel0,T]}
Qt,v,w) ={xeR: v(@t) <x<w()} fort € [t,s¢]}, k=0,1,....,p+1,
Art,v,w) ={xeR: v(t) <x<w()} fort e (s;,it1]}, k=0,1,...,p,
F(v,w)y ={xeR: vy —0) <x<w(—0)}, k=0,1,2...,p.

I. Lower and upper solutions of NIFrDE

Definition 2.4.1 We say that the function v(t) € PC' ([0, T]) is a minimal (maximal)
solution of the IVP for NIFrDE (2.196) if it is a solution of (2.196) and for any
solution u(t) € PC'([0, T)]) of (2.196) the inequality v(t) < u(t) (v(f) > u(t)) holds
on [0, T].

Applying Eq.(2.35) we will define lower and upper solutions of the IVP for
NIFrDE (2.196).

Definition 2.4.2 We say that the function v(t) € PC'([0,T]) is a lower (upper)
solution of the IVP for NIFrDE (2.196) if
oDIv(t) < (=)f(t,v) fort € (te, 5], k=0,1,2,....p+ 1,
v(t) < ()Pt v(1), v(sp —0)) forte (sp,trt1] k=0,1,2,...,p, (2.199)
v(0) = (=)xo.

or equivalently

Xo + #q) fot(t —$)T7f (s, v(s))ds, t € (0, 5o,
(>) ¢k(t,v(t),v(sk—0)), 1 e (Sk,tk+1],k=(),l,2,...,p
| 1t v(@), v(sk—1 — 0))
+ig Ju (=97 f (s, 0(s)ds, 1€ (tosi], k=1,2,....p+ 1.
(2.200)

v(t) <
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In the main result we will need some results concerning existence and a formula
for solutions of a scalar linear non-instantaneous impulsive fractional differential
equation of the type

oDlu(r) + Myu(t) = hi(r), fort e (tr,s¢], k=0,1,2,....,p+ 1,
u(t) = Kp(O)u(t) + Ly ()u(sy — 0) + yi(t), fort € (sk, te+1],
k=0,1,2,...,p,

(2.201)

u(0) = uo,

where u, uy € R.
The formula for the solution of (2.201) is given in the following Lemma.

Lemma 2.4.1 Let the functions K € C([sk, ti+1], R/{1}), Li, yx € C([sk, tit1], R),
k = 0,1,2,...,p, the functions h;, € C([t, s¢],R) and the constants M) € R,
k=0,1,2,...,p+ L.

Then the IVP for the scalar linear NIFrDE (2.201) has a unique solution u €
PC'([0, T] given by

X0Eq (—Mot?) + [t — )7 Eq o (=Mo(t — $)7)ho(s)ds

for t €0, so],

LOusi=0)+7(0) _
u(t) = ‘ l—kl(k(z) L2 for t € (i tr], k=0,1,2,....p,

Li—1 () u(sk—1—0)+yr—1(t)
1 1ijL1(lk) k= 1ok Eq(_Mk(t_lk)q)

+ [ (t = 817 Ey o (—Mi(t = )Ty (s)dis
for t€ti,si], k=1,2,...,p+ 1.

(2.202)

Proof The proof is by induction.

For ¢t € [0, so] formula (2.202) follows from (2.197) with t = 0, A = —M,,
b = sy, a = xo, h(t) = ho().

Let t € (11, s1]. Then the function satisfies the fractional differential equation
5 DMu(t) + Myu(t) = hi(t). Apply formula (2.197) witht = t;, A = =M, b = s,
h(t) = (1), a = Lo@utso=0%30(1) 41 g we obtain (2.1).

1—Ko(t1)
Following the above pr(l))cédure we obtain (2.202). O

Lemma 2.4.2 (Lemma 2.1 [102]) Let m € C'([0, T], R). If there exists t; € [0, T)
such that m(t) = 0 and m(t) < 0 on [0, 1], then {DYm(t;) > 0.

Remark 2.4.1 Note Lemma 2.4.2 is true if the interval is [t,T], © > 0 and the
lower limit of the fractional derivatives is 1.

Lemma 2.4.3 Letv € C!([r, T],R) be such that
‘DT(t) < —Mv(t) for te (r,T], v(r) <0 (2.203)

where M > 0, © > 0.
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Thenv(t) <0 fort € [z, T].

Proof The proof follows from Remark 2.4.1 and Lemma 2.4.2 applied to the
interval [z, T]. Indeed, consider two cases.

Case 1. Let inequality (2.203) be strict and v(r) < 0. Then if assume the
contrary, there exists t; € (t,T) such that v(r;) = 0, v(f) < O for r €
[t,71) and according to Lemma 2.4.2 we get $D?v(r;) > O which contradicts
inequality (2.203).

Case 2. Let at least one of inequality (2.203) and inequality v(r) < 0 be not
strict. For an arbitrary number € > 0 we define v.(f) = v(f) — €. Then v.(7) =
v(r) —€ < —e < 0and {D(t) = (DIv(t) — ¢D% = (Dv(f) < —Mvu(t) <
—M(v(t) — €) = —Muv,(t). From Case 1 we have the result. |

Later we use the following result for scalar linear non-instantaneous impulsive
fractional differential inequalities.

Lemma 2.4.4 Let the following conditions be fulfilled:

1. The functions K, € C([sk,t%+1].[0,1)), Ly € C([s,ti+1],R), &k =
0,1,2,...,p, and the constants M, e Ry, k=0,1,2,...,p+ L

2. The scalar function m € PC'([0, T]) satisfies the inequalities

oDIm(t) < —Mym(t) for t € (4, 5], k=0,1,2,....p+1,
m(t) < Li(tym(sy — 0) + K;(t)m(t) fort € (sg,tx+1], k=0,1,2,...,p,

m(0) < 0.
(2.204)
Then the inequality m(t) < 0 holds for t € [0, T).

Proof We will use induction to prove the result.

Let ¢ € [0, so]. Then the function m(t) € C'([0, 5], R) and satisfies the fractional
differential inequality {D/m(f) < —Mom(t) for t € [0,s0], m(0) < 0. Apply
Lemma 2.4.3 with t = 0, M = M, and obtain m(#) < 0 holds on ¢ € [0, s¢].

Lett € (s¢, t1]- Then from (2.204), condition 1 of Lemma 2.4.4 and the above we
getm(t) < 1£]K(1tzr)m(50 —0) < 0on (sg, ]

Let ¢ € (11, s1]. Consider the function m;(f) = m(t) for t € (t1, s1] and m;(t;) =
Lo(t1)m(sg — 0) + Ko(t)m(t; — 0) < 0. The function m1;(t) € C'([t;,s;].R) and
satisfies the fractional differential inequality ; D/m(f) < —Mm(t) for t € (t1,51].
Apply Corollary 2.4.3 with t = #;, M = M;, m(t) = m(t) and obtain m(t) < 0
holds on ¢ € [fq, s1].

Continue this process and an induction argument proves the result. |

As a corollary of Lemma 2.4.4 with p = oo and K; = 0 we obtain the following
result which will be used in Chapter 3:

Lemma 2.4.5 Let the following conditions be fulfilled:

1. Two increasing sequences of nonnegative points {Ti}72, and {sy}52, are given
withsy =Ty, Tr—1 < sx < T, k=1,2,... and limy_, oo {T}} = o0.
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2. The function m € C(UZ (s, Tiy1),R), m(Ty) = m(Ty — 0) = lim;r,m(t),
m(Ty + 0) = limypp,m(t) < 00 and for any t € (si, Try1) the Caputo fractional
Dini derivative of m exists at t and the inequalities

‘fOD‘_’Fm(t) < —am(t) forte€ (sg,Tiw1], k=0,1,2,...,
m(t) < bpm(Ty —0) for te (Ty,s], k=1,2,..., (2.205)
m(Ty) = 0,

hold, where a > 0 and by € [0,1),(k = 1,2,...) are given constants.

Then the function m(t) is nonpositive in [Ty, 00).
In the case of continuously differentiable function on the corresponding subin-
tervals the following result is true:

Lemma 2.4.6 Let the following conditions be fulfilled:

1. Condition 1 of Lemma 2.4.5 is satisfied.

2. The function m € C' (U (s, Tet1), R) are such that m(Ty) = m(Ty — 0) =
limyyr,m(t), m(Ty + 0) = limyr,m(t) < oo, m'(Ty) = m(T—0) = lim, 7,m' (1),
m'(Ty + 0) = limyg,m'(t) < oo and for any t # Ty the Caputo fractional
derivative of m exists at t and the inequalities

7,0m(t) < —am(t) fort € (s, Tit1), k=0,1,2,...,
m(t) < bym(Ty —0), for t€ (Ty,st], k=1,2,..., (2.206)

m(Ty) <0,

hold, where a > 0 and by € [0,1),(k = 1,2,...) are given constants.

Then the function m(t) is nonpositive in [Ty, 00).
The proof of Lemma 2.4.6 is similar to the one of Lemma 2.4.4 where instead of
Lemma 2.4.3 we apply Corollary 2.4 in [43].

Lemma 2.4.7 Let the scalar function m € PC'([0, T)) satisfy the inequalities

¢DIm(t) <0 for t € (tx,s¢), k=0,1,2,...,p+1,
m(t) <0 forte (s, ti+1), k=0,1,2,...,p, (2.207)
m(0) < 0.
Then the inequality m(t) < 0 holds for t € [0, T
The proof is similar to that in Lemma 2.4.4 so we omit it.
II. Monotone iterative technique to NIFrDE

We give an algorithm for constructing two monotonic sequences of successive
approximations.
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Theorem 2.4.1 Let the following conditions be fulfilled:

1. The functions v,w € PC'([0,T]) are lower and upper solutions of the IVP for
NIFrDE (2.196), respectively, and v(t) < w(t) fort € [0, T].

2. The function f € C(Uzi(l)[tk,sk],R) and there exist constants My > 0, k =
0,1,2,...,p+ 1 such that for any x,y € Q(t,v,w) : x <y the inequality

Jt.0) =ft.y) = =My(x —y). 1€ [tr. 5] (2.208)

holds.

3. The functions ¢ € C([sp,tix1] X R x R,R), k = 0,1,2,...,p, and there
exist functions Ly € C([sk, tr+1],[0,00)) and K; € C([s, tr+1],[0,1)), k =
0,1,2,...,p such that for any t € [sy, ty+1] and x1,x2 € Ap(t,v,w) : x1 < Xz,
v1,¥2 € Tk(v,w) : y1 < y, the inequality

it x1,31) — e (t, x2,¥2) < Ki()(x1 — x2) + Li(8) (y1 — y2) (2.209)

holds.

Then there exist two sequences of functions {v(")(t)}go and {w(”)(t)}g<> such
that:

a. The sequences are increasing and decreasing correspondingly, i.e.
v (@) < v @0y < W@ <w(@0) for[0,T), n=10,1,2,...;

b. The functions v, w® € PC'([0,T],R), n = 0,1,2,..., are lower and upper
solutions of the IVP for NIFrDE (2.196) in S(v, w) respectively;

¢. Both sequences converge on [0, T);

d. The limit’s functions V(t), W(t) of both sequences are the minimal and maximal
solutions of IVP for NIFrDE (2.196) in S(v, w), respectively.

e. IfIVP for NIFrDE has a unique solution u(t) € S(v,w), then V(t) = u(t) = W(r)
on [0,T].

Remark 2.4.2 Note if the function f(t,x) is nondecreasing w.r.t. its second argu-
ment x € Q(t,v,w) for any fixed t € [t,s:], Kk = 0,1,...,p + 1, then
inequality (2.208) is satisfied.

Remark 2.4.3 If the function ¢i(t,x,y), k = 0,1,2,...,p, satisfies inequal-
ity (2.209), then it is nondecreasing in both arguments x and y.

Proof For any arbitrary fixed function n € PC'([0, T]) we consider the IVP for the
scalar linear NIFrDE
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oDlu(r) + Myu(t) = (2, n(0), forre (e, s).k=0,1,2,....,p+ 1,
u(t) = L(®u(sy — 0) + K (u(t) + & (2. n(@), n(si — 0)),
fort e (Sk,lk+1],k =0, 1,2,...,p,

u(0) = xo,
(2.210)
where u € R, the functions ¥, € C([ty,s] X R,R), k = 0,1,2,...,p + 1 are
defined by

Yi(t,x) =f(t.x) + Myx, t€[tr,si]. xeR

and the functions & € C([s;, re1] X R%,R)), k=0,1,2,...,p are defined by

‘i:k([vx’y) = ¢k(tvxv y) _Lk(t)y_Kk(t)x! re [Skatk-i—l]’ X,y € R.

According to Lemma 2.4.1 for any fixed n € PC'([0, T]) the IVP for the linear
NIFrDE (2.210) has a unique solution x(¢;7) € PC'([0,T]) given by (2.1) with
hi(t) = Y (t,n(t)) fort € [t, 5], k=0,1,...,p+ 1 and

Ex(sk +0,n(sx +0), n(sx —0)), ift=s

yi(t) = )
ék(ts r)(t)’ n(Sk—O)), ift e (Sk,lk_;,_l].
Define the operator A : PC'([0,T]) — PC'([0,T]) by A(n) = x(t), where
n € PC'([0,T]) and x(¢) € PC'([0, T]) is the unique solution of IVP for the linear
NIFrDE (2.210) for the function 5. Then x(¢) is given by

X0Ey(=Mot?) + [ (t — $)97 Ey o (=Mo (1 — 5)?) (f(s, 1(s)) + Mon(s))ds
for ¢ € [0, s0],
Li(£)x(sx—0) +¢i (£.1(1) .0 (sk—0)) — Ly (1) n (5 —0) —Ki (£) n (1)

1=K (1)
x(t) = for t € (sg, tet1], K =0,1,2,....p,
Lie(t1)x(sk—=0) Fi (. m (1) .1 (5k—0)) —Lie (11) 0 (s —0) =Kk (k) 1 (tk)
k (2 )X (Sk k (2, (Tk nlﬁ(Kk(tk) & (1) (Sk k()0 (tk Eq(—Mk(l—tk)q)

+ f,; (t — $)77 Ey o (=M (2 — )7) (£ (5, n(5)) + Myn(s))ds,
fort € [ty,s¢], k=1,2,....,p+ 1.

The operator A has the following properties:

P1.If n € Q(v, w) is a lower (upper) solution of (2.196), then n(r) < (Z)u(t), t €
[0, T] where u = A(n).

P2.v < A(v) and w > A(w) in [0, T].

P3. The operator A is nondecreasing in S(v,w), i.e., for n, u € S(v,w) : n() <
u(t) for t € [0, T] the inequality A(n) < A(w) holds in [0, 7.
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P4. If n € Q(v,w) is a lower (upper) solution of (2.196), then also u = A(n) is a
lower (upper) solution of (2.196).
P5.1fn,u € Q(v,w) : n < p are a lower solution and a upper solution of (2.196)

respectively, then A(n) < A(w).

We now prove property (P1). Let n € Q(v, w) be a lower solution of (2.196) and
u(@) = A(n). Let m(r) = n(t) — u(t), t € [0, T]. Then m(0) < 0.
Forany t € (t,s¢], k =0,1,...,p + 1, the inequality

W Dim(t) = . DIn(t)— [ Du(t) < f(t, (1) + M (@) —f (2, n(t)) —Myn(t) = —Mm(1)

holds.
For any t € (s, tx+1], k = 0, 1,2, ..., p, the inequality
m(t) < ¢i(t, (1), n(sk — 0)) — L (D) pe (s — 0) — Kie(0) (1) — (2, (2), (s — 0))
+Li(t)n(sk — 0) + Ki(t)n(t)
= Li()m(sx — 0) + Ki()m(2)

holds.
Therefore, the function m(f) satisfies the inequalities (2.204). According to

Lemma 2.4.4 the function m(t) is nonpositive in [0, T, i.e., n < A(u).

Analogously it can be proved that the inequality w > A(w) holds.

The property (P2) follows immediately from (P1).

We now prove property (P3). Let n, u € S(v, w) be arbitrary functions such that
n() < () fort € [0,T)]. Let xV = A(n) and x® = A(u). Denote g(tf) =
(@) —xP (1), t € [0,7).

Forany t € (t,s¢], k =0,1,...,p + 1, applying condition 1 we obtain

xD7g(0)
= —MxV (@) + fit, (1) + Min(e) + Mx® (1) = fi(e, (1)) — Mipa(z)

= —Mig(t) + fi(t, n(0)) — fi(t, w(2)) + Mr(n(2) — (1)) < —Mig(1).
(2.211)

For any t € (sx,tx+1), K = 0,1,2,...,p, applying condition 2 we get the
inequality
g0 =xV(0) —xP()
= Li(1)g(sk — 0) + Ki(1)g(7)
+ ¢ (2. 0(1). (s = 0)) — iz, (1(2), 1 (s — 0)) (2.212)
— Le())(n(sk — 0) — p(se — 0)) — K1) (n(1) — pe(1))
= Li(1)g(s — 0) + Ki(1)g ().
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According to Lemma 2.4.4 the function g(¢) is nonpositive, i.e., A(n) < A(u).
We now prove property (P4). Let n € Q(v,w) be a lower solution of (2.196).
Consider the function m = A(7). According to (P1) the inequality m(t) > n(t)
holds on [0, T]. We will prove the function m is a lower solution of (2.196).
Forany t € (fy,s¢],k =0,1,...,p + 1, we obtain
o DIm(t) = —=Mm(1)(1) + fi(t, (1)) + Myn (1)
= fi(t, m(t)) — Mim(1) + fi(t, (1)) — fi(t, m(t)) + Min(r) ~ (2.213)
< fi(t. m(1)).

For any t € (sy, tr+1], k = 0,1,2,.. ., p, we get the inequality

m(t) = Li(f)ym(si — 0) + Ki()m(1) + ¢ (2, 1), n(se — 0))
= Le(@n (s — 0) — Ki(0)n(2)
= ¢ (t. m(1), m(sp — 0)) + Li(t) (m(si — 0) — n(sp — 0))
+ K (1) (m(2) = n(1))
+ ¢t n(1), n(sk — 0)) — P, m(2), m(s — 0))
< ¢ (t, m(t), m(sy — 0)).

(2.214)

Inequalities (2.213) and (2.214) show the function m(t) is a lower solution of IVP
for NIFrDE (2.196).

Similarly, if n € Q(v,w) is an upper solution of NIFrDE (2.196), then the
function m = A(#) is an upper solution of (2.196).

We now prove property (P5). Let n,u € 2(v,w) be a lower solution and a
upper solution of (2.196) respectively. Denote £ = A(n), ¢ = A(w) and m(r) =
&) —¢(t),t € [0, T). Then m(0) < 0.

Forany t € (t;,s¢),k=0,1,...,p + 1, applying condition 2 we obtain

W DIm(1) < =Mi& (1) + f (1, (1)) + Min(1) — Mig (1) — f (1, ju(2)) — My (1)

= —Mym(t) + fi(t. 1) — f (1, u(2)) + Min(t) — Mype(2)

< —M;m(r).
(2.215)
For any t € (s¢, ti+1], K = 0,1,2,...,p, applying condition 3 we get the
inequality
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m(t) < L(1)§€ (sk — 0) + Ki(1)§ (1) + ¢z, n(2), n(si — 0))
— Li())n(sk — 0) — Ki(1)n(2)
— Li(1)s (s — 0) — Ki(1)5 (1) — ¢ie(t, ju (1), pu(sc — 0))
+ Li() (s — 0) + Ki(£) (1)

= L(®)m(sy — 0) + Kp(H)m(t) — Lk(t)<77(5k —0) — sk — O)) (2.216)

— K0 (n) = n)
+ it (0. 15k = 0)) — (1, m(z), m(s = 0))
< LiOym(si = 0) + Ke(Oym(®).

According to Lemma 2.4.4 from inequalities (2.215) and (2.216) it follows that
m(t) <0on [0, T].
We define the sequences of functions {v™ (f) }o° and W (1) }o° by the recurrence
equalities
0@ =y, w©® =w,
D = A(v™), wi D = Aw™), n=0,1,2,....

Therefore, the functions v (r) and w' (f) for any n = 1,2, ... satisfy the initial
value problems

D™ (1) + M (1) = Yt 0"V (1))
fort e (tk,sk], k=0,1,2,....p+ 1,
V(1) = Liv™ (sx — 0) + Ko™ (1) + E(t, 0" V() v" V(s —0)) (2217
fort e (Sk,tk+1], k=0,1,2,...,p,
v™(0) = xo,
and
¢ DIw™ (1)) + Mw™ (1) = Y (e, w" D (1))
fort e (lk,Sk], i=0,12,....p+1,
w(1) = L()w™ (s — 0) + Ke(Ow™ (1) + & (1, w" (1), w" V(s — 0))
fort e (sk’tk-‘rl]’ i=0,1,2,... D,

w™(0) = xo,
(2.218)
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where
Vi(t,x) = f(t,x) + Mix, te€[t,si]. x€R
and
&t x,y) = it x,y) — L(t)y — Ki(D)x, t € [sg. tir1] X,y € R,

According to Lemma 2.4.1 the IVP for the linear NIFrDE (2.217) has a unique
solution v () € PC'([0, T]) given by

x0Eg(—Mot?) + [o(t — $) Egy(—Mo (1 — $)7) (f (s, v~V (5)) + Mov" =V (5))ds
for ¢ € [0, s0],

L) (0 (s —0) =0 =D (5—0)) — K1 (0@~ () 4 (1,01 (1),0 =D (5,—0))
1=K (1)

for t € (Sk,tk_i,_l], k=0,1,2,...,p,

L1 (0 (k-1 —=0) =0 (55— 1 =0)) —Ke—1 (1) v ™) (1) a1 (150"~ (1) 0"~V (511 —0))
1—Kj—1 (1)

v® (1) =

XEq (=M (t — t;)7)
+ Ji (6 = 9T Eg g (=Mt — )T (f (5. v V() + Mv @D (s)) s,
fOl‘tG[l‘k,Sk],k=l,2 ..... p+1.

2.219)

According to Lemma 2.4.1 the IVP for the linear NIFrDE (2.218) has a unique
solution w(¢) € PC'([0, T]) given by (2.219) where v and v~ are replaced
by w® and w”~ respectively.

Also, the IVP for the linear NIFrDE (2.217) is equivalent to the following
integral—algebraic equalities

xo + #q) fot(t _ S)q_l(f(s, v(”_l)(s)) + Mo(v(”_l)(s) _ v(")(s)))ds
for t € [0, so],
L (1) (0™ (st — 0) — v V(s — 0)) + Ki (1) (0" V(1) — 0™ (1))
+i(2, 0"V (1), vV (5 — 0))
for t € (sg, tet1], k=0,1,2,...,p,
Ei1 (0 (0™ (551 — 0) = v V(s — 0))
+ K1 (t) (0" (1) — v (1))
+ i1 (1, vV (1), v (5121 — 0))
+ﬁ fli (t—s)77! (f(s, v D (s)) + My (v D (s) — 0™ (s)))ds,
fort e[, s¢], k=1,2,...,p+ 1.

v (1) =

(2.220)
Similarly, the IVP for the linear NIFrDE (2.218) is equivalent to the integral—
algebraic equalities (2.220) where v™ and v®~V are replaced by w™ and w1V
respectively.
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According to (P4) the functions v () and w (¢) are lower and upper solutions
of IVP for NIFrDE (2.196) respectively and according to (P1), (P2), (P4), and (P5)
the following inequalities

VO < vV < <v@@) <w?@) < <wD (@) <wO(@), te]0,T]
(2.221)
hold.
We will prove the convergence of the sequence of functions {v™ (£)}5° on [0, T].
Let ¢ € [0, so]. Then any element v™ € C'([0, so], R) and according to (2.220)
we have

n _ 1 ! — n— n— n
v (1) = xo + W/O (t—s)? 1(f(s, v () + Mo (v (s) — 0" )(s))>ds.
(2.222)

The sequence of functions {v® (£)}5° being monotonic and bounded is uniformly
convergent on [0, s]. Let V}(f) = lim, 00 v (2), 1 € [0, s0]. According to (2.221)
the inequality

() < Vi) < w(1), t € [0, s0] (2.223)

holds. Take the limit in (2.222) and we obtain the Volterra fractional integral equa-
tion Vi(1) = x0 + 1 Jot = 9)Tf (s, Vi (s))ds. According to (2.12), (2.13), (2.14)
with © = 0, Xy = xo, the limit’s function V/(¢) is a solution of the IVP for the FrDE

(C)qul (l) Zf([, A (l)), te [0, S[)], Vi (0) = Xyp. (2.224)

Let t € (50,1 ]. Then any element v € C((so, ], R) and according to (2.220)
we have

V(1) = Lo() (v (s0 — 0) — v V(59 — 0)) + Ko() (v "V (1) — v (1))

+ do(2, vV (1), vV (50 — 0)).
(2.225)
From v (1) € PC'([0,T]), lim,y;, v (r) = v (s + 0) < oo exists. For any
n=1,2,... we define the functions

v® (59 4+ 0) for t = s,

5(r) =
v (1) for t € (so, 11].

Then 5™ € C([so, #1], R). The sequence of functions {7 (#)}3° being monotonic
and bounded is uniformly convergent on [sg, #;]. Let Vo(f) = lim, 00 0™ (1), t €
[So, t1]. According to (2.221) the inequality

v(t) < Va(t) < w(t), t € (so, 1] (2.226)

holds. Take the limit in (2.225) and obtain for ¢ € [z, 51],
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Va(t) = ¢o(t, Va(1), Vi(so — 0)), t € [so,11]. (2.227)

Let ¢ € [t1,s]. Then any element v € C'([t1,s;], R) and according to (2.220)
we have

V™) = Lo(1) (v (59 = 0) = vV (59 = 0)) + Ko(11) (v~ (11) — v ™ (11))

+ go(t1, vV (1), vV (50 — 0))
1 t
+ = [ (=97 (£ (6) + My (00 () — v (9)) )ds.
F(Q) n
(2.228)
The sequence of functions {v (£)}6° being monotonic and bounded is uniformly
convergent on [t1, s1]. Let V3(£) = lim,—00 v (2), € [t}, 51]. According to (2.221)
the inequality

v(t) = Va(1) = w(o), t € [11, 1] (2.229)

holds. Take the limit in (2.228) and obtain the fractional integral equation

Vat) = oltr. Va(t), Vi (s0 — 0)) + m / (1 — )7 F (5, Va(5))ds.

According to (2.12), (2.13), (2.14) with T = t1, Xo = ¢o(t1, Va(t1), V1(so — 0)), the
limit’s function V3(t) is a solution of the IVP for the FrDE

o DIV3(1) = f(t, V3(0), t€[t,s1],  Va(t) = ¢oltr, Va(t1), Vilso — 0)).
(2.230)
By induction we can construct limit functions Vy4,(¢) € C([sk, tr+1], R), k =
0.1,2,....p,and Vo1 (t) € C'([tx, 5x).R), k = 0,1,2, ..., p+1, which according
to (2.224), (2.227), and (2.230) satisfy correspondingly the equations

Var2(t) = di(t, Vo2 (), Va1 (sk = 0)), £ € [se, ti1], £=0,1,2,...,p,
(2.231)
and

2D (Va1 () = f(t, Va1 (1), 1 € 15, 51],

Var1(t) = di—1(te, Vo (tr), Vak—1(sk—1 — 0)), k=0,1,2,....,p+ 1,
(2.232)
where for k = 0 the initial value ¢,(0, Vy(0), V_;(so — 0)) is replaced by x in the
initial condition of (2.232).
Define the function V(t) € PC'([0, T],R) by

V2k+2([) for t € (Sk,l‘k+1],k =0,1,2,... D,

V() =
V2k+1(l‘) for t € [tk,Sk],k =0,1,2,... P+ 1.
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Similar to (2.223), (2.226), (2.229) it follows that V() € S(v,w). According to
Definition 2.1.7 the function V() is a solution of IVP for NIFrDE (2.196).

Similarly, using the sequence of successive approximations {w(” (O}° we
construct a function W(z) € S(v, w) which is a solution of IVP for NIFrDE (2.196).

We now prove that the functions V(f) and W(f) are minimal and maximal
solutions of IVP for NIFrDE (2.196) in S(v, w).

Let u € S(v,w) be a solution of IVP for NIFrDE (2.196). From inequali-
ties (2.221) it follows that there exists a natural number N such that v™) (1) < u(f) <
w™ (@) fort € [0, T). Let m(t) = vV (1) — u(z), t € [0, T].

Forany t € (t;,s¢),k =0,1,...,p + 1, we obtain

¢ DIm(t) = —M ™D (1) + fi(6, o™ (1)) + Mo ™ (1) — fi(2,u(2))
= —Mym(t) + fu(t.v™ (1) — filt. u(?))
< —Mn(t) + M(v™ () — u(?))
< —Mm(t).

For any t € (sy, tx+1], k = 0,1,2,.. ., p, we get the inequality

m(t) = L™ (s — 0) + K (o™ @) + i (6, 0™ (1), v™ (51 — 0))
— Li()v®™ (s — 0) — Ki ()™ (6) — e (t, u(t), u(si — 0))
= L) (0™ (s¢ — 0) — v (s — 0)) + K () (0P () — v ™ (1))
+ (1, v (1), v™ (51 — 0)) — i(¢, (1), u(si — 0))
= Li()ym(si — 0) + Ki(m(1) + Li(0) (u(si — 0) — v (s — 0))
+ K@) () = vV () + ¢, vV (0, v (51 = 0)) = Gi(t, u(), u(si = 0))
< L(®m(s — 0) + Ki()m(t) + Li(1) (u(si — 0) — v™ (s, — 0))
+Ki() (u(t) = v™(0)) + K (v ™ (1) — u(t)) + L — k(0™ (si — 0)—u(si — 0))
= L()m(sx — 0) + Ki()ym(1).
According to Lemma 2.4.4 the function m() is nonpositive, i.e., vV (¢) < u(t),
te[0,T].
Analogously the validity of inequality w¥*1(¢) > u(r) for t € [0,T] can be
proved.
The inequalities v (f) < u(t) < w™(f) fort € [0,T] andn = N,N + 1,...
prove Vo+1(f) < u(t) < Wyy(t) for t € [tr, 5],k = 0,1,2,...,p + 1, and
V2k+2(t) < u(t) < W2k+2(l) fort e [Sk, tk+1]7 k=0,1,2,... ,D.

Therefore, the functions V(¢) and W(¢) are minimal and maximal solutions of
IVP for NIFrDE (2.196) in S(v, w), respectively.
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Suppose the IVP for NIFrDE (2.196) has a unique solution u(f) € S(v, w). Then
from above it follows that V() = W(t) = u(r) for ¢t € [0, T].
O

Remark 2.4.4 The above procedure uses the approach established in [74] for
ordinary differential equations where the iterates are solutions of the linear initial
value problem. This poses a problem to compute the linear iterates since it involves
Mittag-Leffler functions.

2.4.2 Iterative Technique by Lower and Upper Solutions

In the monotone-iterative technique studied in the previous section the presence of
the Mittag-Leffler functions with one and two parameters in the explicit formula for
the successive approximations can cause some practical problems in applications.
In the partial case of monotonic right side parts of the studied equation another
iterative scheme for approximate solving is applied. This method is based also on
the application of lower and upper solutions.

In the case when the right-hand sides of the NIFrDE are monotonic then we can
apply another iterative technique which is easier to apply in practice.

Theorem 2.4.2 Let the following conditions be fulfilled:

1. The functions v,w € PC' ([0, T]) are lower and upper solutions of the IVP for
NIFrDE(2.196), respectively, and v(t) < w(t) fort € [0, T].

2. The functions f € C(U’,z:(l)[tk,sk],]R) and for any x,y € Qi(t,v,w) : x < yand
any fixed t € [ty, si] the inequality f(t, x) < f(t,y) holds.

3. The functions ¢ € C([sy, tx+1] X Rx R, R), k =0,1,2,...,p, and for any fixed
t e [Sk,l‘k+1] and x1,xy € Ak(l, U,W) 1X] = X2, V1,2 € Fk(U,W) VI =» the

inequality ¢i(t, x1,y1) < ¢r(t, x2,y2) holds.
Then there exists a sequence of functions {v" (t) }o° such that:

a. The sequences are defined by v\ (t) = v(t) and for n > 1

qu(v<">)(t) — F(t, 0" V@) fort € (s, k=0,1,....p+ 1,
v (1) = dp(t, vV (@), v V(s — 0)) fort € (sp.tir1), k=0,1,2,....p.

v™(0) = xo.
(2.233)

or by its equivalent form
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X0+ 1z Jo = )77 f (s, 0V (9)ds, 1 € [0, 0],

D6, 0"V (@), v (5 = 0), 1€ (s, 1], k=0,1,2,...,p,

G, 0D (1), vV (51 = 0) + iy i (0 = )77 (s, 0D (9))ds,
telt, s, k=1,2,....,p+ 1.

v (1) =

b. The sequence is increasing, i.e., v (t) < vtV () < w(t) for [0,T], n =
0,1,2,...;
c¢. The sequence converges on [0, T|;
d. The limit’s function V(t), is the minimal solution of IVP for NIFrDE (2.196) in
S(v, w).
Proof We will prove v () < vD(¢), t € [0,T]. Let m(t) = vO(r) — vV (7).
Then the function m(¢) satisfies inequalities (2.207) and according to Lemma 2.4.7,
m(t) < 0,1t € [0,T]. By a similar argument we can show that vV () < w(¥),
te€[0,T)].
Assume

v () < v () <w(r), 1€[0,T], n> 1. (2.234)

Let m(t) = v (¢) — vV (¢) € PC'([0, T]). Then by the increasing nature of the
functions f and ¢y it follows that

<Dim(7)
= ¢pa (n) —<pd (n+1)
oD (™) () — 5D (v V) (1) (2.235)
= [ 0" V(@) — £ 1,0 (1))
<0 fort € (tx,s¢], k=0,1,....,p+1,
and
m(r)
— U(n) (t) _ v(n-i-l) (t)
(2.236)

= ¢(t, 0" V@), vV (s — 0) — p(r, v (1), v (5 — 0))
<0 forte (sg,tit1], k=0,1,2,...,p.

According to Lemma 2.4.7, m(t) < 0, t € [0, T]. By induction we have that

VO <vW(@) < <) < .. w(t) (2.237)
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We will prove the convergence of the sequence of functions {v™ (#)}5° on [0, T].
Any element v™ e C'([0, so], R) and we have

WWo=xy+F%iAb—@W7@mW”@»w. (2.238)

The sequence of functions {v (£)}5° being monotonic and bounded is uniformly
convergent on [0, so]. Let V,(f) = lim, o0 v™ (), t € [0, so]. According to (2.237)
the inequality

v(t) < Vi(1) < w(1), t €0, s0] (2.239)
holds. Take the limit in (2.238) and obtain the Volterra fractional integral equation

vuo=m+f@ﬂW—ﬂ%V@w@muAmmm@uwzux@B%Qﬁ@mm
T = 0, Xp = X, the limit’s function V() is a solution of the IVP for the FrDE

DIVI(t) = f(, Vi(1), te]0,s0]. V1(0) = xo. (2.240)
Let ¢ € (so.#]. Then any element v € C((so,#;], R) and we have
V(1) = g (1, vV (1), v V(s — 0)) forr e (s, teg1], k=0,1,2,....p.

(2.241)

From v®(¢) € PCY([0,T]), lim,y,, v (t) = v®(so + 0) < oo exists. For any
n=1,2,... we define the functions

v® (5o + 0) for = s,

=) () —
() =
v (1) for t € (so,11].

Then 5™ € C([so, 1], R). The sequence of functions {7 (#)}3° being monotonic
and bounded is uniformly convergent on [sg, #;]. Let Vo(f) = lim, 00 0™ (7), t €
[S0, t1]- According to (2.237) the inequality
v(t) < Va(t) < w(t), t € (s0,1] (2.242)
holds. Take the limit in (2.225) and obtain for ¢ € [z, 51],
Va(t) = (1, Va(2), Vi(so — 0)), 1 € [s0,11]. (2.243)
The rest of the proof is similar to that in Theorem 2.4.1 and we omit it.

Theorem 2.4.3 Let the following conditions be fulfilled:

1. The functions v,w € PC'([0,T]) are lower and upper solutions of the IVP for
NIFrDE(2.196), respectively, and v(t) < w(t) fort € [0, T].
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2. The function f € C(Ui:(l)[tk,sk],R) and for any x,y € Qi(t,v,w) : x < yand
any t € [ty, s¢] the inequality f (¢, x) < f(t,y) holds.

3. The functions ¢ € C([sp, trr1] X R x R,R), k = 0,1,2,...,p, and for any
t e [Sk,l‘k+1] and x1,xy € Ak(l, U,W) 1X1 = X2, V1,2 € Fk(U,W) VI =» the
inequality ¢i(t, x1,y1) < ¢dr(t, x2,y2) holds.

Then there exists a sequence of functions {w™ () }o° such that:

a. The sequences are defined by w% (t) = w(t) and forn > 1

SD"(W(”))(I) = Ft, WD) fort € (s, k=0,1,....p+ 1,
w? (@) = e (t, WV (), W V(s — 0)) fort e (se.tex1]. k=0,1,2,....p,

w®(0) = xo,
(2.244)
or by its equivalent form

X+ g Jo @t =977 (s, w=V(s))ds, 1 € [0, 50],

o (2, W("_l)(l), W(n_l)(sk —0)), te (s, tit1], k=0,1,2,....,p,

it WD (1), w0 (55 = 0)) + 5 fo (2= 9)77 f (s, W=D (s))dls,
te [lk,Sk], k=1,2,...,p+ 1.

w® (1) =

b. The sequence is decreasing, i.e., w () < w"tD() < w(t) for [0,T], n =
0,1,2,...;

¢. The sequence converges on [0, T},

d. The limit’s function W(t) is the maximal solution of IVP for NIFrDE (2.196) in
S(v,w).

Proof The proof is similar to that in Theorem 2.4.2, so we omit it.
a
Now with an example we will illustrate the algorithm for approximately solving
a non-instantaneous impulsive differential equation.

Example 2.4.1 Let0 =% <50 =05<=075<s5=13=T,q=0.3.
Consider the following nonlinear NIFrDE

cD%3x(t) = f(t,x(1))) for t € (1, sx], k =0, 1,
x(1) = D72 4 t(x(sp — 0))> fort € (s, 11], (2.245)
x(0) =0,

where x € R and ¢ € [0,0.5] U [0.75, 1.3], and the function f(¢, x) is defined by

¥ +t(1—1), t€][0,0.5],

f.x) = 2(t—0.75°%7,  1e[0.75,1.3].
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Fig. 2.20 Example 2.4.1. Graph of the upper solution on the interval [0, 0.5].
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Fig. 2.21 Example 2.4.1. Graph of the upper solution on the interval of non-instantaneous impulse
[0.5,0.75].

The function v(t) = 0, ¢ € [0, T] is a lower solution of NIFrDE (see Definition 2.4.2
and inequalities (2.200)):

— the inequality 0 < 0 + ﬁ fot(t —5)7%75(1 — s)ds holds in [0, 0.5];
— the inequality 0 < ¢™2 + ¢ 0 holds for 7 € [0.5,0.75];
— the inequality 0 < ¢~2 holds in [0.75, 1.3].

The function w(z) = t is an upper solution (see Figure 2.23) because

— the inequality > 0 + ﬁj) Jo& —5)™7(s + s(1 — 5))ds holds in [0, 0.5] (see
Figure 2.20);

— the inequality ¢ > ¢'~2 4+ ¢ 0.52 holds for ¢ € [0.5,0.75] (see Figure 2.21);

— the inequality 7 > ¢"7>72 4 0.75 0.5” + 37 Jo75(t — 970757 (s — 0.75)%7ds
holds in [0.75, 1.3] (see Figure 2.22).
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Fig. 2.22 Example 2.4.1. Graph of the upper solution on the interval [0.75, 1.3].
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Fig. 2.23 Example 2.4.1. Graph of the upper solution on the interval [0, 1.3].

All conditions of Theorem 2.4.2 are satisfied. Therefore, there exists a minimal
solution of the IVP for NIFrDE (2.245) which is a limit of the successive

approximations v (f),n = 1,2,3, ...

, given by

v (1) =

_ D 2
s fi =) 0'7((1)( D(s)) +s(1—s))ds, t€[0,0.5],
=D (-2 (n—1) 2
e +t(v (0.5—0)) . 1€(0.5,0.75],

. 2
" V0792 4 75 (v(”—‘)(O.S - 0))

_ n— 2
+ 105 Jors =977 (0D (9) (s = 0.75)%7ds, 1 €[0.75,1.3],

ie.,v® (s) =0,
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Fig. 2.24 Example 2.4.1. Graphs of lower approximations on the interval [0, 1.3].

5 Jot—3)7%7s(1 —s)ds, t€][0,0.5],
v () = {2, 1€(0.5,0.75],
€2, 1€0.75,1.3].

ﬁ Jole— S)_0'7<(U(1)(S))2 +s(1— s))ds, t€10,0.5],
2 4 1(vD (0.5 - 0))’, 1€ (0.5,0.75],

v(2)(t) — . )
¢ 2 +0.7(vM(0.5-0))
+ a5 Jorst — )77 (s = 0.75)%7ds, 1 €[0.75,1.3].
_ 2
ﬁ fot(t— s) 0'7((1)(2)(5)) + s(1 —s))ds, t €[0,0.5],
2
o ev“’@—z+t((u<2)(o.5—0))2) . t€(05,0.75],
v() =
2 _ 2
e TH0T5 2 4 0.75((1)(2)(0,5 - 0))2)
i fors(t =977 (v2(9)* (s = 0.75)%7ds, 1€ [0.75.1.3].
The graphs of the lower approximations v™(f),n = 0,1,2,3 are given in

Figure 2.24. We see the sequence of lower approximations is increasing and staying
between the initial lower solution v(f) = 0 and the initial upper solution w(¢) = 1.



192 2 Non-instantaneous Impulses in FrDE

w
12F
10? — W
08F — W

[ - W
0.6F

i - W
04l .y
02F

Fig. 2.25 Example 2.4.1. Graphs of upper approximations on the interval [0, 1.3].

Similarly, applying Theorem 2.4.3 we construct upper successive approximations
by

wO(r) =1,

ﬁ fot(t —5)707(s? + s(1 —s))ds, t€[0,0.5],
w ()= 1e2 +10.5%, 1€ (0.50.75],

724075 0.57 + gy Joas(t =) 70752 (s = 0.75)7ds, 1€ [0.75,1.3].

ﬁ fo— s)_0'7((w(k)(s))2 +s(1— s))ds, t €[0,0.5],

P O=2 4 (Wb (0.5 —0))’, € (0.5,0.75],
w(k+')(t) —

07972 4 0.75(6®0 (0.5 — 0))°

+ro3 Jo75(t = )07 (WP (5))2(s — 0.75)%7ds, t € [0.75,1.3], k=1,2,....

The graphs of the upper approximations w™(¢),n = 0,1,2,3 are given in
Figure 2.25. We see the sequence of upper approximations is decreasing and staying
between the initial lower solution v(f) = 0 and the initial upper solution w(r) = t.

a
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