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Abstract. Analysis of transmission of intellectual capital as a specific types of
information requires consequently different models. The graph presentation
maybe in use but it needs more complicated structure including logical condi-
tions and multi connections between the same nodes. In the process of evalu-
ation of the role of each nodes of such graph the concepts of Shapley value and
taxonomy dendrite were used. The obtained results let to evaluate the role of
nodes not only as a separate element containing the intellectual capital but also
as an element of much bigger structure.
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1 Introduction

In this paper we deal with a specific types of information, i.e. intellectual capital by
preparing a model with so called non-fast transmission. The model shares the basic
assumption that each element of the system of non-fast transmission of knowledge
takes part in it to some extent. The article presents a way of measuring this participation
based on the Shapley value of cooperative game whose elements are the entities of
transmission, or vertices of the graph.

The concept of non-fast transmission of information (Mercik 2017) allows to
analyse the changes in the so-called intellectual capital (IC) of various participants
involved in the movement of intellectual capital between the participants of this pro-
cess. We assume that the IC transmission process takes place at various levels and with
varying intensity. We intend to present the situation associated with the transmission of
IC naturally in the form of a planar graph in which there is the possibility of multiple
connections between adjacent vertices. Moreover, we assume that this graph also
allows the mapping of the logical structure of transmission, in which continuation may
require an additional condition to be met (e.g. the need to implement two of the three
connections entering the node - the so-called OR condition). Similarly, there may be
conditions on the output of a given vertex e.g. only one transmission may start from it
(i.e. an EX-OR condition). So designed graph is calibrated using relevant transmission
units and will serve to form a matrix of distances between all vertices. Further, the
distance matrix will allow the creation of a taxonomic dendrite needed to determine the
likelihood of execution of specific coalitions of vertices. Using these probabilities we
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can determine the Shapley values for cooperative games with pre-coalitions, which in
turn will help to estimate the relative value of each node involved in the non-fast
transmission of knowledge.

The article is set up as follows. First introduction. The next section outlines the way
in which transmission of knowledge is modelled. The necessary preliminaries con-
nected with the game theoretical language of modelling and ways of calculating power
indices for a simple voting game together with taxonomy of object of a graph is
presented in the following section. The next section presents assessment of a con-
nection between vertices. This section describes a procedure to assessment of paths and
importance of nodes in a given communication graph. After that, the next section
presents transformation of a communication graph into taxonomy dendrite being an
equivalent of it. The last section presents an example of simple graph with logical
structure, its assessment, dendrite equivalent and evaluation of nodes in communication
graph. Some conclusions and suggestions for future research are presented at the end of
the paper.

2 Preliminaries

The model will use the following elements: a flat graph with a logical structure for the
entry and exit of vertices and the possibility of multiple binary relationships between
any two vertices; the definition of s-path, i.e. a path with the length s connecting any
two vertices, the term coalition formed from the elements of the set of vertices'
including a full coalition; and the Shapley value of payoffs for the coalition and the
elements of the coalition in a cooperative game in which the players are vertices.

A graph G is an ordered pair G = (N, U) wherein each u edge corresponds to at
least one pair of ordered vertices, (x,y) € N x N such that (x,u,y) € N x U x N.
A graph G has no so-called loops, by assumption. Because we assume that all the
vertices of the graph are involved in the transmission of intellectual capital, all possible
paths in the graph must be analysed. If a; > O there is connection between every two
nodes i and j and G represents the structure of existing relations by incidence matrix
A(G) = gy}, clearly.

For modelling transmission of intellectual capital we assume that it is enough to
know the set of nodes with the logical structure of connections and nodes, weights of
each node, w;, and connection p! e Following (Mercik 2017) the assessment, f;;, of a
connection between two vertices equals

1 = %ijWiiDj;, (1)

where: o;; —is initially equal to 1, » = 1,2, ... (representing multi connections between
any two nodes).

! Because, naturally, not all paths can be implemented (this is usually not a complete graph) we are
talking about the so-called pre-coalitions in the sense of (Owen 1977).
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Definition. Path s7; is a sequence of edges and vertices joining vertices i and j,
si; = {i, Uity « - - ulj,j} fork,1 #1,j, k #1,r =1,2,.... Each path can be interpreted as
a specific permutation of the vertices from the set of vertices that are on this path. This

fact is used in the process of determining the Shapley value for the cooperative game
formed by those vertices.

Definition (Mercik 2016). Let i and j be two neighbouring vertices connected at least by
one relationship {u] sr=12,.. .}. If their respective weights are w; and wj,
w;; = w;+w;. If i and j vertices are connected by at least one path, {s{J, r=1,2,...}
the weight of the relationship equals for k,1 € s;, k # i,] # j,wj = wy + Y, (k1) € s;
) i
k#1
Wi +wy; — > ks, Wk Moreover, Wy >w; +w; and can be different, for each path
ij
k#ij
s;;- It is possible that for every r = 1,2,... path s7; has the same weight w;;.

Definition. For different g, weight w; meets the inequality w; >q. The path s7; is
called a g-path and denoted by ?s;;. Changing parameter g allows for example to
analyse propagation of information among nodes.

For any non-zero value a;; € A(G) by replacing a; by w;; one can obtain a weighted
incidence matrix A,,(G).

Formally the cooperative game on the set of vertices N is described by a set of
vertices and the characteristic function v. The coalition is any subset of vertices
(cardN = 2V), including the grand coalition N made up of all the vertices. The char-
acteristic function of the game (N, v) is the real function v defined for the set of all
coalitions, interpreted so that for the coalition T size v(T) it is the amount that the
coalition T is able to achieve on its own.

With a fixed ordering, the contribution of a player to the game (N, v) is what he
brings to the coalition composed of all the players preceding him in this ordering. This
division is called the Shapley value (Shapley 1953) of the game v and is denoted by
¢@(v). The components of This vector’s components are Shapley values of individual
players (vertices) - their contributions in the division given by the Shapley value.
Formally, for any game (N, v) the Shapley value of the game ¢(v) is given by the

formula @(v) = (¢;(v), ..., on(v)),

v(Hai) = v(H A

n!

0:(v) = En(v(Hag) —v(HND) =S .
where I1 is the set of all permutations of the set N. E is the expected value, and with a
fixed permutation © € Il by H,; we denote the set of all those players who, in this
permutation, occur not later than the player i (i.e. Hy; = ! for 1,2, ..., n(i)).

In the definition of Shapley value, each coalition has the same probability of
realization. But this is not the case if we consider the vertices in the communication
graph as the players, i.e. the arithmetic mean (expected value) has to be replaced with
the weighted average using probabilities describing the likelihood of realisation of a
given coalition (path). For this purpose we use the weight w;; of a path connecting the
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vertices 7 and j in such a way that the greater the length of the path, the smaller is the
chance for the realization of this path. The relationship between the weight of the path
and the probability is inversely proportional. Thus, the probability assigned to the
coalition is estimated by the expression

min

—=, 3)

Wi j

where w?’f” means the smallest of weights w;; calculated for a given graph.

3 Estimating the Significance of a Communication Node
in the Graph

The proposed estimation of significance of the vertex is a result of the implementation
of the following steps:

Step 1. Marking all connections in the graph by assigning (formula 1) respective
values 7, to all i # j;i,j=1,...,N.

Step 2. Transformation of the graph shown in the matrix A, (G) into a dendrite
showing the shortest connections in terms of length of path s ;. We propose to
use this method known as Wroclaw taxonomy.

Step 3. On the basis of the dendrite the values v should be determined for the selected
coalitions of vertices.

Step 4. For each permutation of the set of vertices {1, 2, ..., N} calculate the value
¢(v) and then, using the weights determined by (3) calculate the ¢,(v) as a
weighted average according to Eq. (2).

The resulting value in the fourth step will describe the importance of a given vertex
of the graph of non-fast transmission of information. The value has all the good
qualities of the Shapley value and can be easily interpreted.

Note that the calculations in step 4 have a considerable computational complexity,
namely O(n!). They can be reduced to the value O(n2""!) by replacing the analysis of
all permutations with an analysis of all sets preceding a given vertex in permutations. It
is also possible to use approximate algorithms, e.g. those specified in http://powerslave.
val.utu.fi/.

4 Transformation of the Graph into Dendrite T

The Wroclaw Taxonomy Method (Florek et al. 1951) is based upon the idea of a
spanning tree which is an undirected, acyclic and connected graph. The use of Wroclaw
taxonomy guarantees that the connections (paths) in a dendrite achieved after te
transformation of the communication graph are shortest (so-called Riker’s postulate
Riker 1962). Using this method we build a graph, whose nodes are all subsets of the set
of the n analysed nodes — all the possible pre-coalitions. The edges of the graph are the
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distances between the respective vertices. The distances are found from the matrix D of
distances between nodes (formula 1).

The set of the nodes of the obtained dendrite contains all possible pre-coalitions,
whereas the set of edges contains the distances between them. The dendrite determines
the shortest possible dendrite ordering (acyclic complete graph). Using this minimum
ordering, we determine weights proportional to the probability of the formation of each
coalition.

In order to generate partial orderings it is necessary to find among the coalitions the
most probable coalition (a starting point of ordering). The choice of the most probable
coalition is set arbitrarily. From among all coalitions we select the one that is composed
of the smallest number of nodes (Riker 1962). If there is more than one such coalition,
we choose the one that has the greatest value of w;.

Assume that the selected most probable coalition is coalition K. Denote the cor-
responding node of the dendrite as W,;. The dendrite T has the property that for any of
its nodes there will be a path connecting it with W). Thus, for any coalition P, it is
possible to find the distance d between that coalition and coalition K. The distance is
the sum of the lengths of all edges connecting W, (the vertex corresponding to coalition
P) with W,. As the dendrite T determines the minimum ordering, the distance d be-
tween W, and W, is the minimum distance in terms of the similarity between the nodes
(it is not the minimum distance in the ordinary sense).

For a given coalition P, the distance d;; is related to the probability of the formation
of that coalition. The greater the distance d;;, the smaller the probability of the for-
mation of coalition P. The relation between the distance d and the probability of the
formation of coalition P is inversely proportional. Coalition distance, d;;, for {i,j} € E,
is defined as the length of the edge {i,j} of the spanning tree. The dendrite T is therefore
in general a nonlinear order over coalitions from the set of all coalitions. The sum of the
lengths of edges of spanning tree 7 is called the length of the order and the best order is
the one for which the length of the order is the least.

The described dendrite is therefore equivalent to communication graph. Its design
ensures its uniqueness, and its character enables application of game theory approach
and calculation of the power index for the games with precoalitions. Consequently, at a
given size of, for example, intellectual capital contained in the individual vertices, we
receive the assessment of their significance taking into account not only the size of the
capital but also the complexity of the structure in which this intellectual capital moves.

5 Example

Analyse the example in Fig. 1. In this graph we have four nodes. We also assume that
we are dealing with a directed graph, i.e. the graph with the lower number from a pair
of connected vertices is the source-vertex. Let the weights of vertices, w;, are
respectively: 2, 2, 4, 3. Figure 1 presents these values in the upper part of the vertex.

Suppose also that the vertices of the graph have different logical conditions on
inputs and outputs. Figure 1 the value in the lower part of the vertex on the left denotes
the number of connections which must be completed before the signal goes to another
vertex. Similarly, the value on the right side describes the number of connections
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Fig. 1. Various connections (represented by the different kinds of arrows: the dashed line - type
a; solid line - type b; the solid bold line - type c) between four objects with different logical
structure of entry and output of each node.

simultaneously activated from a given vertex. E.g. the input value of 0 means that the
given vertex is the source, and the input value of 2 means that the start of transmission
from a given vertex requires the completion of two different transmissions leading to it.

Calculations of the significance of the vertex start with determining the weights of
connections. For the graph in Fig. 1 we receive: wiy = 4;wi3 = 6;wp3 = 6; w34 = 7.

t;J(l) is weight of direct connections between each pair of vertices, where different
types of a, b or ¢ of relationships is marked by r = 1,2,3. If there is a connection
between two vertices, but it is not direct communication we calculate the value of the
path connecting them. Of course, for some vertices there are mixed connections, i.e.
direct and path connections («;; = 1).

A 12
4

Table 1. Distances between every pair of : 2 ‘: |“ 3 :
nodes from the example S p—

Nodes “

12| 3 4
1/o0[4]12 |33 AN
Nodes 519 12 |33 L ¢)
3 0|14 -

Fig. 2. Dendrite spinned over nodes from
the example
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Assuming respectively that p;:j, for a, b, c are 1, 2 and 3 one may find the following
direct attributes: 1}, =417, = 811, = 125115 = 12,13 = 12,15, = 18513, = 14;
Ba=208,=1

Calculated parameters lead to matrix of taxonomy distances and taxonomy dendrite
respectively (Table 1 and Fig. 2).

The achieved dendrite describing the taxonomical valuation allows to determine the
pre-coalitions and the likelihood of their realization. As we can see, the following
winning coalitions described by the value of the function v exist: v(1,2) =

max(tiz) —12, v(1,3,4) = max(t{&A) - max(tfﬁ) +max( gA) — 12421 =33,

v(1,2,3,4) = 45. The values thus obtained allow for the calculation of the contribution
individual vertices make to all permutations of vertices. Distances in Table 1 also allow
to determine the probability of a given permutation. Table 2 shows the calculated
values.

From Table 2 one may evaluate elements of the graph shown in Fig. 1. As shown,
the output proportion of knowledge between the nodes 0.18182; 0.18182; 0.36364;
0.27273 was adjusted by taking into account the structure and nature of connections
into the proportion corresponding to the Shapley values: 0.324677; 0.100063;
0.270942; 0.304318. In our opinion, the latter proportions better correspond to the
estimated role of each vertex in the flow of intellectual capital (knowledge) through this
graph.

6 Conclusions

The proposed a priori evaluation of the elements of graph representing the transmission
of intellectual capital via Shapley value may also be used for any other kind of
information transmission, not only the slow one.

The very essential logical structure of all transmissions was up to now evidently
omitted. This novel approach eliminate this gap.

In the future, the problem of summing such graphs into bigger unit should be
analysed. It seems that connection between two graphs by single or multi connections
looks relatively easy. The sum of two games where at least one player is common for
both of them needs more attention. Some ideas how to solve the problem can be found
in Malawski (2017).
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