
Chapter 2
Spinor Helicity Formalism

2.1 Introduction

In recent years, great advances in the study of scattering amplitudes [1–4] have been
made through the use of the “spinor helicity method,” which is at its core the fact
that there is a local isomorphism SO.1; 3/ D SU.2/L � SU.2/R. That the Lorentz
symmetry group is decomposable like this allows us to replace any four-vector
p� with a bispinor paPa D p��

�

aPa by contracting with the Pauli matrices.1 This is
especially convenient for null vectors since p2 D det paPa: if p2 D 0, then paPa is a
rank one matrix, meaning it can be written as an outer product of two (commuting)
spinors, paPa D sgn.p0/papPa.2

This notation is especially convenient for electromagnetism with massless matter,
and we will see that the helicities of the particles are nicely encoded in the use of
the two spinor types. We may also use the SU.2/ invariant tensors "ab and "PaPb to
form Lorentz-invariant bilinear forms; for paPa D papPa and qaPa D qaqPa, we define
the angle and square bracket spinors via:

hpqi � paqa D pa"abqb D �"bapaqb D �pbqb D �pa"
abqb D �hqpi (2.1.1)

Œpq	 � pPaqPa D pPa"
PaPbqPb D �"

PbPapPaqPb D �pPbqPb D �pPa"PaPbqPb D �Œqp	: (2.1.2)

We may also form Lorentz contractions3:

1The van der Waerden notation here assigns undotted indices to SU.2/L and dotted to SU.2/R .
2We will tend to use the same variable for the four-vector, the bispinor, and the spinors. Which is
meant should be clear from context.
3There are occasional notational discrepancies in the literature; here, we follow the a

a,
Pa

Pa

contraction convention, which is more common. Other common notations:

ka D jki D jkCi D u
C

.k/ D v
�

.k/; kPa D jk	 D jk�i D u
�

.k/ D v
C

.k/;
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30 2 Spinor Helicity Formalism

2p � q D ."abpaqb/."
PaPbpPaqPb/ D hqpiŒpq	 D hpqiŒqp	: (2.1.3)

Numerous other identities are listed in Appendix B.
A null four-vector should have three degrees of freedom (say, a normalization

scale and two angles in 3-space), as we can see from a component-wise expression

pa D
p

2p0
�

� sin �
2
e�i�

cos �
2

�

: (2.1.4)

For real momentum, pPa D .pa/
�, so that hpqi D Œpq	� and each is essentially the

square root of 2p � q, up to a phase. However, an extraordinary amount of additional
insight is gained from deforming p� to be complex and only enforcing its reality at
the end. In that case the angle and square spinors are independent.4

The last piece of translating from Lorentz to spinor notation involves the
polarization vectors of external photons. These can be fixed uniquely by demanding
that transversality ".k/ � k D 0 is maintained, that "�.k/ is a proper Lorentz four-
vector, that "�.k/ is dimensionless, and that gauge freedom is still present. If we shift
"�.k/ ! "�.k/ C �k� with � an arbitrary number, transversality and masslessness
require no change in the amplitude (this is essentially a consequence of the Ward
identity). We may then construct the helicity polarization vectors

"C
� .k/ D

qa��aPbkPb

p
2qaka

; "�
�.k/ D

qPa�
Pab
� kb

p
2qPakPa

) "�
aPa D

p
2

kaqPa

Œkq	
; "C

aPa D
p
2

qakPa

hqki
: (2.1.5)

Note the arbitrary reference spinor q: this is an indication of gauge freedom, and
shifting q ! q C �k recovers the desired properties. As we are free to choose the
reference momentum q independently for each polarization vector, it is convenient
to take one of the positive helicity momenta as reference for the negative helicity
polarizations, and vice versa.5

If we extend the Zwanziger formalism to include the magnetic polarization
vectors of (1.3.28), we may see that

"�
BaPa D i

p
2

�

kaqPa

Œkq	
C

kakPaŒqn	

Œkq	Œnk	

�

; "C
BaPa D �i

p
2

�

qakPa

hqki
C

kakPahnqi

hqkihkni

�

; (2.1.6)

ka D hkj D hk�j D u
�

.k/ D v
C

.k/; k
Pa D Œkj D hkCj D u

C

.k/ D v
�

.k/

4Or one can keep p� real and switch to spacetime signature .C;�;C;�/, in which case jpi and
jp	 are real and independent.
5This procedure has made calculating tree-level QCD helicity amplitudes more of a joy than a pain
[4].
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with

"˙
A � "˙

A D "˙
B � "˙

B D "˙
A � "˙

B D 0;

"˙
A � "�

B D �i; "˙
A � "�

A D "˙
B � "�

B D �1: (2.1.7)

For calculational ease, it is common to perform a BCFW ij-shift with a complex
reference momentum q�: [5]

pi ! pi.z/ D pi C qz; pj ! pj.z/ D pj � qz; z 2 R: (2.1.8)

Maintenance of transversality requires

"�
i .z/ D "C

j .z/ D q; "C
i .z/ D q� � zpj; "�

j .z/ D q� C zpi: (2.1.9)

It is a nontrivial fact that physical amplitudes remain finite even as z ! 1 (a strong
constraint on the form amplitudes may have), so in this sense even infinite gauge
transformations are permitted, reminiscent of supersymmetry where the gauge
group may be extended through complexification; here, U.1/R ! U.1/C, a non-
compact group [6].

In our spinor notation, we see that if we define

z D
hnqi

hqkihkni
; z D

Œnq	

Œqk	Œkn	
; (2.1.10)

the magnetic polarization vectors are

"C
B D �i."C C

p
2zk/; "�

B D i."�
A �

p
2zk/: (2.1.11)

Here we can see that the magnetic polarization bispinors of specific helicity are
essentially ˙i times the corresponding electric bispinors, up to a gauge transforma-
tion shift z or z.

2.2 Little Group Scaling

It is useful to observe that the bispinor paPa is invariant under the scaling

jpi ! tjpi; jp	 ! t�1jp	; (2.2.1)
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known as little group scaling.6 For real momenta, we require t to be a complex
phase, but for general momenta t can be any nonzero complex number. Because the
angle brackets correspond to helicity h D �1=2 particles and the square brackets to
h D C1=2 particles, we can see that under little group scaling, an arbitrary n-particle
amplitude as a function of the various spinors scales as

An
�

: : : ; ftijii; t
�1
i ji	; hig; : : :

�

D t�2hi
i An .: : : ; fjii; ji	; hig; : : : / : (2.2.2)

From the polarization vector forms discussed above, we see that this is true even for
spin one particles (it holds for spin 2 as well), and that the polarizations are invariant
under little group scaling of the reference spinor, as they must be.

The great utility of the spinor method is being able to bootstrap our way to more
complicated amplitudes from lower-point results, and it turns out that the 3-point
amplitude is completely fixed by little group scaling. To see why, we realize that to
impose momentum conservation7 p�1 C p�2 C p�3 D 0, we have [2]

h12iŒ21	 D 2p1 � p2 D .p1 C p2/
2 D p23 D 0; (2.2.3)

so either h12i D 0 or Œ12	 D 0. Permuting through the indices demonstrates that
if h12i and the other angle brackets are non-vanishing, then j1	 / j2	 / j3	.
Conversely, if Œ12	 and its permutations are non-vanishing, then j1i / j2i / j3i.
Consequently, a non-vanishing on-shell 3-point amplitude for massless particles can
only depend on angle or square brackets, never both. Also, such an amplitude is only
nonzero for complex momenta.8

To see that the 3-particle kinematics fixes the 3-point amplitudes completely,
consider the case where A3 depends only on angle brackets:

A3.1
h12h23h3 / D ch12ix12h23ix23h31ix31: (2.2.4)

Little group scaling forces

� 2h1 D x12 C x31; �2h2 D x12 C x23; �2h3 D x31 C x23; (2.2.5)

hence

A3.1
h12h23h3 / D ch12ih3�h1�h2h23ih2�h1�h3h31ih1�h2�h3 : (2.2.6)

6The little or isotropy group is the group of transformations that leave the momentum of an on-shell
particle fixed. For a massless particle in a frame where p� D .E; 0; 0;E/, we can see that the little
group is SO.2/ D U.1/. (Technically, it’s E.2/, the Euclidean group in two-dimensions, but for
angular momentum concerns we only worry about the rotational subgroup.)
7We will always take all particles outgoing for symmetry.
8Unless it is a constant, as in �3 theory, or in a .C;�;C;�/ spacetime signature.
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If we had used square brackets instead, we would arrive at

A3.1
h12h23h3 / D cŒ12	h1Ch2�h3 Œ23	h1Ch3�h2 Œ31	h2Ch3�h1 : (2.2.7)

To determine which version to use, we must also appeal to locality: the proper mass
dimension of a 3-point amplitude should be Œmass	1, and this should come from
positive momentum dimension. A term like AA @

� A would have negative momentum
mass dimension, coming as it does from a nonlocal Lagrangian.

2.3 Massive Spinor Helicities

The helicity method can also handle massive four-vectors at the expense of an extra
reference spinor. Any vector may be decomposed as [7]

p� D p�? C ˇq�; ˇ D
p2

2q � p?

(2.3.1)

where both p? and q are null and q � p? D q � p ¤ 0.9 These two massless vectors
may then undergo the usual spinor decomposition, giving us the massive bispinors

paPa D papPa C
p2

hpp0iŒp0p	
p0

ap0
Pa D jpiŒpj C

p2

hpp0iŒp0p	
jp0iŒp0j (2.3.2)

pPaa D pPapa C
p2

hpp0iŒp0p	
p0Pap0a D jp	hpj C

p2

hpp0iŒp0p	
jp0	hp0j: (2.3.3)

While these may not be written as outer products of separate spinors, we may
introduce a hybrid notation [9]

jI˙i D jii ˙
mi

Œii0	
ji0	; jI˙	 D ji	˙

mi

hii0i
ji0i (2.3.4)

ŒI˙j D Œij ˙
mi

hii0i
hi0j; hI˙j D hij ˙

mi

Œii0	
Œi0j (2.3.5)

to aid in the construction of amplitudes that involve massive spinors; their form
belies their relation to Dirac spinors, which are simply direct sums of massless
spinors.

9Boels [8] uses the “flat” notation p
?

D p[. When constructing spinors for massive vectors, we
will assign jii D .pi?/a and ji0i D .qi/a , etc. for notational ease.
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An industry has been built around bootstrapping higher n-point, loop, and dimen-
sional results from such humble beginnings. An amazing result is the Parke–Taylor
amplitude [10] for the n-point scattering of gluons (appropriately color-ordered) in
the Maximally Helicity Violating (MHV) channel:

An.1
C; : : : ; i�; : : : ; j�; : : : ; nC/ D

hiji4

h12ih23i : : : hn1i
; (2.3.6)

a result that would otherwise require over 10,000 terms of calculation in the
traditional Feynman diagram prescription for just n D 5. Other similar results, such
as the vanishing of all-alike or all-but-one alike helicities for tree-level n > 3

An.1
C; 2C; : : : ; nC/ D 0; An.1

C; : : : ; i�; : : : ; nC/ D 0; (2.3.7)

greatly ease the computations of many-gluon scattering amplitudes. Higher order
scattering and next-to-maximally-helicity-violating (or in general NKMHV) ampli-
tudes may be computed with the on-shell BCFW [5] recursion relations, both at tree
and loop levels, and exceptional simplifications take place in the supersymmetric
limit for planar (N ! 1) SU.N/ gauge theories [11]. Recently, deep connections
have been made between the analytic and local structures of amplitudes and
mathematical objects such as Grassmania and volumes of “amplitudhedra,” multi-
dimensional polytopes. Unitarity and locality themselves may even be emergent
phenomena from a more fundamental underlying geometry [12]. It is an exciting
field that will surely continue to produce more interesting connections in the coming
years.

With the advent of Dirac monopoles and dyons, it was realized that gauge
theories can quite consistently accommodate line singularities in the vector potential
and that monopoles modify the global structure of the electromagnetic gauge group
(namely, that it must be compact: U.1/). This can also be understood if the electric
charge operator Q were a generator of a non-Abelian compact gauge group that had
been spontaneously broken to U.1/EM. It is this idea that we turn to next.
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