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Abstract. Classic quantum computer simulation will be a hotspot for
years until the realistic quantum computers are available. As an essen-
tial component of quantum computers, the effects of the basic quantum
gate and the equivalent relation are first briefly concluded in this paper.
Base on the general-purpose graphics processing units (GPGPU) envi-
ronment, the novel basic quantum gate simulation platform is achieved,
on which any arbitrary quantum algorithm can be simulated. Our plat-
form provides an user-friendly graphical interface for generating quantum
circuit and observing the transformation of probability amplitude. Whats
more, with the analyse of the combination of the existing universal quan-
tum gates, a new universal quantum gates including Controlled-Z (C-Z),
Hadamard (H), T is put forward. The proposed universal gates are con-
sidered to be more suitable for GPGPU, and it can be widely used to con-
struct the quantum teleportation circuit and Grover’s search algorithm.
The new quantum circuit of Grover’s search algorithm is conducted in
our novel simulation platform. Results of the experiments show that the
Grover’s search algorithm will acquire quadratic acceleration when solv-
ing the search problem, which reflects the validity of the proposed gates.

Keywords: Universal quantum gates - Quantum circuit - GPGPU -
Grover’s search algorithm

1 Introduction

Quantum computation has attracted much attention in the last three decades
[1] for its properties of the nature (superposition and entanglement of quantum
states) [2]. A wide range of classical counterpart applications, such as large factor
factorization, disordered database search [3] and quantum system simulation, are
accelerated with quantum method.

A number of domestic and foreign scholars are devoted themselves to
quantum gates realization. Ferrando-Soria et al. introduced two schemes for
implementing CNOT and viSW AP gates with supramolecular assemblies and
perform detailed simulations, to demonstrate how the gates would operate [4]. Hu
et al. proposed a set of universal quantum gates with topological bases through
the developed DDM technique [5]. The companies of Google, Microsoft and
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D-WAVE have announced the results of quantum computer research, but realis-
tic quantum computers have not been built yet. Before the utilization of quan-
tum computer, quantum simulation is a significant method to study quantum
computing theory. Many different quantum computation simulations, such as
Libquantum C, QuBit, jaQuzzi, have been designed till now [6]. Some of them
were developed to demonstrate the most known quantum algorithms but not
suitable for constructing an arbitrary quantum algorithms [7].

The quantum circuit model is the most widely used quantum computing
model, which provides a basic architecture for the physical implementation of
quantum computers. In the quantum computing theory of the circuit model,
the basic quantum gate library is found first, and then the universal quantum
computation is realized with the combination of these gates. The basic gate
library, which also called universal quantum gates, that all unitary operations on
arbitrarily many bits n can be expressed as compositions of these gates. In recent
years, scholars at home and abroad have found common combination of quantum
gates as follows: (1) All one-bit quantum gates plus CNOT, due to Barenco [§]
(2) Toffoli, Hadamard, and S, due to Kitaev [9] (3) CNOT, Hadamard, and T,
due to Boykin [10,11] (4) Toffoli plus any basis-changing single-qubit real gate;
Toffoli, Hadamard; Toffoli and S; CNOT and T; CNOT and S, due to [12] (5)
Hadamard, CNOT, S, and T, due to Kliuchnikov [13].

In this study, the novel basic quantum gate simulation platform is achieved
under the GPGPU environment, on which any arbitrary quantum algorithm
can be simulated. Furtherly, base on the existing universal quantum gates and
the equivalently substituted relation, a new strategy for general quantum gates
(C-Z, H, T) suitable for GPGPU cluster environment is designed. The search
problem is widely used in practice, such as [14,15]. In order to validate our
implementation, quantum teleportation [16] and Grover’s search algorithm [17]
are implemented on the proposed platform to demonstrate the validity of the
proposed quantum gates.

The remainder of the paper is organized as follows. In Sect. 2, we describe the
general form of the quantum gates and the form of the quantum circuit briefly.
In Sect. 3, the novel basic quantum simulation platform is achieved, and a new
universal quantum gates including C-Z, H, T was put forward, and experiments
are presented in Sect. 4. Finally, the conclusion is presented in Sect. 5.

2 Background

2.1 Qubit Gates

An elementary unit of quantum information is a quantum bit [2]. The difference

between bits and qubits is that a qubit can be in state other than 0, 1. It’s

also possible to form linear combinations of states, often called superpositions:

«|0) 4 3|1), the number o and § are complex numbers and |a|” +|3]> = 1. The
2" —1

superposition of n qubits is written as |p) = > «;|i), where |i) represents a
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specific computational basis state, and «; means the probability amplitude of
the relevant basis state.

The most useful single qubit gates include Hadamard, Pauli X, Pauli Y,
Pauli Z, Phase shift, S and T. Multiple qubit gates usually include CNOT, C-Z
and Toffoli. This section describes the effects of single quantum bit gates and
multi-quantum bit gates.

(1) Single qubit gates
A quantum transformation is operated on the coeflicient space of a quantum

register [13]. The initial state vector is |¢), and after unitary matrix operations
state vector is |¢'). More specifically, let us denote

|¢) = a(0...00) |0...00) + a(0...01) 0...01) + ... + a(1...1) |1...11)
‘¢’> =4(0...00) ]0...00) + @ (0...01) |0...01) + ... + a (1...1) |1...11)

In the case of H, for example, when H; is applied to the state vector |¢),
transforms the amplitudes according to

/

a(k---%0;%---%) =

/

a (k%1% %)= (@(s---%05% %) —a(x--- %1% -x%))

We use the * to indicate that the bits on the corresponding positions are
the same. It can be concluded that the H, X, Y, Phase shift gates act on the
quantum bits of n require additional space for exchanging amplitudes, and the
number of ground probabilities to be updated are 2. The gates of S, T, Z do
not extra space, the number of amplitudes that need to be updated is 27~ 1.

(2) Multiple qubit gates
Multiple qubit gate acting on two qubits is expressed as Uy, where j < k.
For example, letting C} denote a CNOT with control j and target k, the update

of the probability of each basic state will comply with the following formula, all

of other states at the input remain unchanged.
LR VA R NV R

’

*

a(k--ox L xeoeox sk

)
)
)

’
a

(
a/(*-n*()k*n-*lj*

(koL %055

(

)
)
)
)

(
[ R PR D
(

!
a (k- lpw-oklyn-on) =alk- - kO k- ljs-. o

It can be concluded that the CNOT gate acting on the quantum bits of n
requires additional space for exchanging amplitude, and the number of ground
probabilities to be updated are 2" ~'. The number of ground-state probabilities
of the controlled phase gate and Toffoli need to be updated is 2”2, and no extra
space is required.
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2.2 Circuit Model for Quantum Computation

In the framework of the quantum circuit model of quantum computation it is
assumed that a memory register containing n qubits can be prepared in an
arbitrary state. Quantum circuit consists of quantum gates and lines connecting
the gates and showing the evolution of qubit states, and it is to be read from left-
to-right [7]. In quantum computation, any unitary matrix can be decomposed
into a series of gate operations. A number of gates and their arrangement in the
circuit determine a quantum algorithm. Note that all quantum gates are usually
denoted with some symbols, for example, H is the Hadamard gate, e and symbol

@ connected with a vertical line represent the control and target qubits in the
CNOT.

3 Quantum Circuit Simulation Methods

3.1 The Quantum Simulation Platform Using GPGPU

In view of the fact that the simulation of quantum systems, such as quan-
tum computers, requires computational resources that grow exponentially with
the system size. Therefore, time and space overhead are important limited fac-
tors for multi-bit quantum computation simulation. GPGPU’s efficient parallel
computing power is well suitable for quantum simulation techniques to solve
time bottlenecks. On the basis of the effects of quantum gate, we achieved a
quantum simulation platform, including the basic gates mentioned in Sect. 2,
and the quantum fourier transform algorithm. The platform provides an user-
friendly graphical interface for generating quantum circuits and the simulation of
29-qubits quantum gates (Fig. 1).

yhave realized quantum gate as following:
1 QFT 2 Hadamard 3 CNOT 4 Pauli-X

5 Pauli-Y 6 Pauli-Z 7S 8 T 9 Toffoli
input:

input target bit:

There is 4 device beyond 1.0

Threads per block is : 512

(1 2.121320 +0.0000001) |0> (|00>)
(-0.707107 +0.0000001i) |1> (|01>)

( 4.949748 +0.0000001) |2> (|10>)
(-0.707107 +0.0000001) |3> (|11>)

Do you want to continue?(y/n or Y/N)

Fig. 1. Quantum simulation platform
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3.2 The Equivalence Relation Between Quantum Gates

(1) The relationship between CNOT and C-Z

1000 1000
1 (11 0100 | (1 (11 0100
<v§<1—1>®j> 0001 <¢2<1—1>®I)" o001 | W
0010 0010

According to Eq. (1), we can see that CNOT can be generated with C-Z plus
H gates, the circuit diagram is as Fig. 2.

Fig. 2. The relation between CNOT and Ctrolled-Z gate

(2) The relationship between S and T
According to the metrical form of S and T can be drawn S = T2, the circuit
diagram is as Fig. 3.

—— = ATHTF

Fig. 3. The relation between S and T gate

We use the GPGPU simulation platform to verify the correctness of Fig. 3.
Like show in Fig.4, the run time of S gate is 54654.55 (ms), and the run time of
two T gates is 26677.25 (ms). We can note that T gate is better suitable to run
on the GPGPU platform than the S gate. When we construct quantum circuits,
two T gates are generally used to replace S gates.

(3) The equivalent relation between other gates

Implementation of the Toffoli gate using H, S, CNOT and T gates as Fig. 5.
We also can use the commutation relations between CNOTs to simplify the
circuit, as Eqgs. 2-5. Letting C’JZ: denote a CNOT with control i and target j, Z;
denote a Pauli Z gate acting on the i qubit [18].

CiZ;i = Z;C; (2)
I ¥ali k i

cici=cici (4)

cici = cicicl (5)
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please input the width of qubit:
sizeof(_cudacomplex) is 8.000000 B

Width: 1 qubits (2 states, 0.000015 MB).

way to initialize the array of amplitude:

1 one matrix 2 input interactively 3 order matrix
initialize the array of amplitude(complex numbers)
Do you want to continue?(y/n or Y/N)

yhave realized quantum gate as following:
0 CZ 1 QFT 2 Hadamard 3 CNOT 4 Pauli-X
5 Pauli-Y 6 Pauli-Z 7S 8T 9 Toffoli
10 fourcnot 11 threecz

input:

input target bit:

There is 4 device beyond 1.0
threadsPerBlock is 512

( 1.000000 +0.000000i)|0> (]|0>)

( 0.000000 +1.0000001)|1> (|1>)

Do you want to continue?(y/n or Y/N)

nrun time is : 15039.38(ms)

(a) Implement S gate

irput:

irput target bit:

Trere is 4 device beyond 1.0
trreadsPerBlock 1s 512

( 1.006000 +0.000000i}|0> (]|0>)

( 0.707107 +0.7071071)|1> (|1>)

Dc you want to continue?(y/n or Y/N)

yrave realized quantun gate as following:
© CZ 1 QFT 2 Hadamard 3 CNOT 4 Pauli-X
5 Paull-Y 6 Paull-Z 7S 8T 9 Toffoll
1€ fourcnot 11 threecz

irput:

irput target bit:

Trere is 4 device beyond 1.0
trreadsPerBlock is 512

( 1.006000 +0.000000i}|0> (]0>)
(-0.006000 +1.0000001]|1> (|1>)

Dc you want to continue?(y/n or Y/N)

nrun time is : 10689.66(ms)

(b) Implement T gate

Fig. 4. The implement of S and T gates

Fig. 5. The quantum circuit of Toffoli gate

3.3 The Universal Gates

In the actual design, the specific universal quantum gates can be determined
according to the different quantum computers architecture and the physical real-
ization of quantum computers. The elementary quantum gates can be used to
construct an universal quantum gates, which are based on the complete, concise
and easy to use three principles. The existing universal quantum gates can be
listed as follows.

Table 1 shows that there are six kinds of universal quantum gates in currently,
basing on the relationship between CNOT and C-Z discussed in Sect. 3.2, we

Table 1. Universal quantum gates

Index | Item

Toffli, H
Toffoli, S
CNOT, S
CNOT, T
CNOT, H, T
CNOT, H, S

DO | W N~
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propose a new general quantum gates including H, C-Z and T. The new universal
quantum operators, can emulate any other operation.

Proof: First, it has defined that the H and T can approximate each single qubit
operation. This is in fact easily provable, since each single qubit operation cor-
responds to a rotation in 3D [11]. The H operation is a rotation around of 180
around the XZ axis, the T corresponds 45° rotation. According to Ref. [19], an
arbitrary unitary matrix on a d-dimensional Hilbert space may be written as a
product of single qubit and CNOT gates, since C-Z can replace CNOT, so the
universal gates we proposed can approximate any quantum operation.

The advantages of our new universal quantum gate can be outlined in two
properties. First, in accordance with the Sect. 3.2, T gate is fit for GPGPU plat-
form than S gate. Second, data distribution methods are discussed in Ref. [20].
An example of the simulation for 4-qubit CNOT in the case of N=5, M =3 is
presented in Fig.6(a). The size of each batch is 4, and all the coefficients are
divided into 4 batches. When the role of CNOT target bit is non-local qubit,
there needs data transfer between host and each device. While using C-Z instead
of CNOT, it greatly reducing the cost of communication on account of no data
transfer during kernel execution like Fig. 6(b).

Target Control )
qubit qubit Target Control
qubit qubit

0000 0000 | 0000 0000 ~+
0001 0001 -
0010 | === 1010 |™ 0001 | gy 000177
0011 0011~ 3 0010 0010~ ---.,
I % 0011 0011 - ’

0100 0100
0101 0101 0100
0110 | M= 010 0101

0110
0111 0111

0111
188(1) 1000 1000 4~
lo10 1001 1001 |
o) 1010 | === 1010 ™

1011 1011
1100 1100 1100 1100 3~
1101 1101 1101 1101
110 | === 110 1110 > L0~
1111 1111 1111 1111 -

(a)The data dependency graph of CNOT (b)The data dependency graph C-Z

Fig. 6. The data dependency graph
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4 Experiments and Evaluation

4.1 Implementation of Quantum Teleportation Algorithm

To demonstrate usage of the universal gates proposed in Sect. 3.3, let us con-
sider the quantum circuit shown in Fig. 7 that is used in quantum teleportation.
Quantum teleportation is a process by which we can transfer the state of a
system and can create replica of a state to another system. Quantum telepor-
tation is the transfer of an unknown quantum state from a sender to a receiver
by means of a shared bipartite entangled state and appropriate classical com-
munication [16]. A program is simulated with successful simulation which give
successful transfer of random qubit to output and which governs perfect commu-
nication between sender and receiver. The problem is to transmit an arbitrary
state |¢) = a|0) + 5 |1) of the top qubit to the bottom qubit.

i} [0)

— [0)
& v)

Fig. 7. Circuit implementing quantum teleportation

Input: {a,0,0,0,3,0,0,0}7 (a]0) + 1)) |00) =  [000) + 3|100)

We can easily see that the final state obtained is exactly the state shown in
the right-hand side of Fig. 8.

Output: {a, 3,0,0,0,0,0,0}7 «|000) + 8 [001) = |00) (a|0) + 3]1))

Base on the Sect. 3.3, we use the new universal quantum gates to construct
the circuit of quantum teleportation as Fig. 8. Implementing different circuits in
GPGPU simulation platform, we verified that the effect of the two circuit is the
same, and we propose a new quantum teleportation circuit only need two types
of gates can be achieved.

Fig. 8. New circuit implementing quantum teleportation
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4.2 Implemention of Grover’s Search Algorithm

Grover’s search algorithm can achieve quadratic acceleration on search applica-
tions over unstructured data. There have been a wide range of generalization
and applications of the algorithm, solving problems like pattern classifications
and weight decision problem [21,22]. Let us simply remind the reader of the
process of Grover’s search algorithm. This algorithm employs pure states of n
qubits which is initialized to the superposition of all computational basis state

2" 1
[) =1/v27x > [i). Then the Grover iteration can be divided into four stages
=0

which labeled as Oracle W1, R, W2, and the quantum circuit are illustrated in
Fig.9(a). Finally the measurement of the external system is followed.

o («/E)\Ilcmtion

S B L

PP G:
Initialization o L R L |”2>
P | Phase: i
‘ > ; o Oracle E }“,))ZI.‘?X) casure | 3> - i
e HER—— " ff] -
(177 Ja) — i} |
|2} ] 1

(a) Circuit frame of Grover’s search algorithm (b) Grover’s search algorithm(n=4)

Fig. 9. Quantum circuit implementing Grover’s search algorithm

Like Fig.9(b), we consider the case of 4-qubits circuit and let, for instance,
k=11 be a hidden number, quantum memory register contain five qubits with
las) is ancillary qubit [23]. Taking into account the binary expansion (1011) of
the munber 11, we can check that the function f(a) outputs 1 only if its input
la), is equal to the hidden integer (|a), = 1011 = |11),) and 0 otherwise.

To implement Grover’s algorithm, the multi-bit control gate and the multi-
bit control phase shift gate in Fig.9(b) need to be decomposed into one-qubit
and two-qubit quantum gates. We adopt a version of Feymans notation to denote
Ny(os) gate.

Theorem: For a unitary 2 x 2 matrix W, W = R.(a)Ry(0)R.(5), there exit
matrices A, B, and C such that ABC=1and Ao, Bo,C = W[8]. When W = o,

let A=V, B =V" C=L Quantum circuit of A4(c,) can be described as
Fig. 10, where V is shown in Eq. (6). The gates of V and V' can be constructed

by T2HT?.
1 1
V1+i@1)' ©)

The construction of the 4-bit gate A3(Z) as Fig.11, where ABC=1I, and
Ac,Bo,C = Z. A is shown in Eq.(7), B = AT, C=1. The gates of A and B
can be constructed by T2HT?Z.

= (3 "
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Fig. 10. Quantum circuit A4(oz)

Fig. 11. Quantum circuit A3(Z)

0.961
1 0.908

0.8
0.582
0.6
0.468
0.365
0.4
0.2 0.125
- 0.02
0 —
1 2 3 4 5 6

7

Probability

Iteration

Fig. 12. Probability distribution after Grover’s iterations

Base on quantum circuits described in Figs.9(b), 10 and 11, we apply
Grover’s search algorithm using the new universal quantum gates on the pro-
posed platform. Figure 12 shows that after an iterations a probability to get a
correct number k=11 is equal to 46.8%, while after the third Grover’s iteration
with probability 96.1%. However, at the six iteration, the probability decrease
to 2%. The best iteration times is nearest integer to 7/ (4 arcsin(1/v/N)), where
N = 2. For larger values of N this number is O(v/N). Grover’s algorithm pro-
vides a quadratic speed-up in solving the search problem in comparison with a
classical computer which requires O(N).

5 Conclusion and Future Work

In this work, we constructed an original basic quantum gate simulation platform,
which can simulate any arbitrary quantum algorithm. Further, a new universal
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quantum gates including C-Z, H, T is put forward. To our knowledge, the pro-
posed universal quantum gates is the first idea that uses the concept of C-Z to
construct universal quantum gates. Experimental results on quantum teleporta-
tion and Grover’s search algorithm circuits illustrate that the proposed universal
quantum gates more suitable for GPGPU. Moreover, as an example we detailed
description the Grover’s search algorithm and show that it gives a quadratic
speed-up in solving the search problem. In the future work, this work can be
used in the simulation of more quantum algorithms.
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