
Table of Contents

Preface to the English Edition v

Preface to the German Edition vii

Introduction 1

I The Natural Numbers 9
1. The Peano Axioms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2. Divisibility and Prime Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3. The Fundamental Theorem of Arithmetic . . . . . . . . . . . . . . . . . . . . . . . 22
4. Greatest Common Divisor, Least Common Multiple . . . . . . . . . . . . . 25
5. Division with Remainder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
A. Prime Numbers: Facts and Conjectures . . . . . . . . . . . . . . . . . . . . . . . . . 32

II The Integers 45
1. Semigroups and Monoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2. Groups and Subgroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3. Group Homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4. Cosets and Normal Subgroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5. Quotient Groups and the Homomorphism Theorem . . . . . . . . . . . . . 63
6. Construction of Groups from Regular Semigroups . . . . . . . . . . . . . . . 68
7. The Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
B. RSA Encryption: An Application of Number Theory . . . . . . . . . . . . . 77

III The Rational Numbers 93
1. The Integers and Divisibility Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
2. Rings and Subrings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
3. Ring Homomorphisms, Ideals, and Quotient Rings . . . . . . . . . . . . . . 102
4. Fields and Skew Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5. Construction of Fields from Integral Domains . . . . . . . . . . . . . . . . . . . 112
6. The Rational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
7. Unique Factorization Domains, Principal Ideal Domains, and

Euclidean Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
C. Rational Solutions of Equations: A First Glimpse . . . . . . . . . . . . . . . . 129

IV The Real Numbers 141
1. Decimal Representation of Rational Numbers . . . . . . . . . . . . . . . . . . . 141
2. Construction of the Real Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
3. The Decimal Expansion of a Real Number . . . . . . . . . . . . . . . . . . . . . . 155



x Table of Contents

4. Equivalent Characterizations of Completeness . . . . . . . . . . . . . . . . . . 159
5. The Real Numbers and the Real Number Line . . . . . . . . . . . . . . . . . . . 164
6. The Axiomatic Point of View . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
D. The p-adic Numbers: Another Completion ofQ . . . . . . . . . . . . . . . . . 171

V The Complex Numbers 183
1. The Complex Numbers as a Real Vector Space . . . . . . . . . . . . . . . . . . . 183
2. Complex Numbers of Modulus 1 and the Special Orthogonal

Group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
3. The Fundamental Theorem of Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 191
4. Algebraic and Transcendental Numbers . . . . . . . . . . . . . . . . . . . . . . . . 193
5. The Transcendence of e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
E. Zeros of Polynomials: The Search for Solution Formulas . . . . . . . . . . 204

VI Hamilton’s Quaternions 219
1. Hamilton’s Quaternions as a Real Vector Space . . . . . . . . . . . . . . . . . . 219
2. Quaternions of Modulus 1 and the Special Unitary Group . . . . . . . . 223
3. Quaternions of Modulus 1 and the Special Orthogonal Group . . . . 227
F. Extensions of Number Systems: What Comes after the

Quaternions? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

Solutions to Exercises 247

Selected Literature 279

Index 283



http://www.springer.com/978-3-319-69427-6


	Table of Contents



