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Abstract. The objective of this work is to obtain a complete synchronization of
Hopfield Neural Networks (HNN) with a delay using a Field Programmable
Gate Array (FPGA) simulating in real-time a Natural Neural Networks (NNN).
This work is motivated by research in Neurosciences involving the implantation
of chips between the skull and the brain to prevent or ameliorate diseases such as
Parkinson’s, Epilepsy and Depression. Our contribution is the introduction of
new synchronization techniques based on the Qualitative Theory of Differential
Equations, Chaos Theory and Algebraic Topology substituting calculations
using the Lyapunov Stability Criterion (LSC). The presented technique does not
depend on the Neural Networks to be synchronized but also presents a lower
computational cost in comparison with previous works. The results show that
FPGAs are good platforms for such experiments.

Keywords: FPGA - Neurosciences * Synchronization - Neural Networks -
Chaos Theory

1 Introduction

The brain is a system composed of neurons arranged in a highly complex network. In
biological studies, it was observed that isolated neurons can emit signals irregularly,
but analyzing a network, the signals are synchronized over time [1]. Synchronization is
fundamental in certain stages of sleep, in addition to be related to some pathology such
as Parkinson’s disease [2]. In recent years, brain implants have emerged as an alter-
native to the usual medications for treating neurological diseases. Brain implants are
electronic devices connected directly to the brain, usually on the surface below the
skull. Implants aim to block, record or stimulate signals from networks of neurons or
even isolated neurons.

It is of scientific knowledge that diseases of cerebral origin originate by the defi-
ciency of the neurons in the sending and receiving signals. Epilepsy, Parkinson’s
disease, and depression problems are being treated with Deep Brain Stimulation [2]
which consists of the stimulation of isolated neurons or whole deficient regions.
Among the current deficiencies, we can highlight synchronization failures of the
neurons. Following research in Computational Neuroscience [3-5], information
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processing in the brain is modeled by chaotic systems, more precisely, by nonlinear
differential equations (Dynamical Systems).

In the study of the brain, the last decades show that it is necessary to introduce new
techniques as nonlinear dynamics, since nerve cell activities or pattern recognition can’t be
totally modeled by classical tools [5]. In addition, experiments show that small disturbances
in neural activities generate significant changes, the so-called “Butterfly Effect” [41].

In the last 25 years, techniques for Dynamic System Synchronization have been
developed [11-13]. Such synchronizations have also application in several areas of
computing, such as Cryptography and Signal Processing [15, 16]. On the other hand, to
simulate Natural Neural Networks (NNN) we use Artificial Neural Networks (ANN).
They are computational models inspired by the central nervous system of an animal
where they are widely applied in problems of a computational nature. ANNs has
evolved with robust techniques for solving machine learning problems, and pattern
recognition [17, 18]. Among the models of ANNs, we can cite the Hopfield Neural
Networks (HNN), which employs a principle called the storage of information in the
form of dynamically unstable attractors [18]. The information retrieval happens
through a dynamic process of updating the states of the neurons where the neuron to be
updated is chosen randomly. Both the ANNs and synchronization problems can use
parallel processing [18]. We are using a Field Programmable Gate Array (FPGAs).
They are truly parallel because different processing operations do not have to struggle
for the same resources. This allows users to create multiple specific task cores, possibly
processed in parallel using multiples cores from a same chip. Hardware execution
provides better performance and determinism compared to the vast majority of general
purpose processor-based solutions. FPGAs have applications in various areas of
computing such as Signal Processing, TV, Radio, Cellular Telephony, as well as in
Computational Neurosciences [23, 24, 32]. They are used in research as a prototyping
platform as well as for a final application [34, 36]. The main goal is to develop a
complete synchronization method between ANNs using Algebraic Topology, Chaos
Theory and Qualitative Theory of ODEs in FPGA reducing computational cost com-
pared to Lyapunov Stability Criterion (LSC) for a possible brain implant that syn-
chronizes signals from neurons. This paper is organized as follows. Section 2 describes
the brain and the behavior of neurons defining the concepts of synchronization, chaotic
synchronization and how they are present in the processing of the brain. In Sect. 3 the
dynamic systems as well as the strange attractors, essential for the understanding of the
dynamics of the neural signals and how the synchronization of these systems occurs,
are formally presented. In Sect. 4, HNNs will be formally defined, which will model
NNNs. In Sect. 5 Homotopies are defined, applications that deform a subset of topo-
logical spaces. In Sect. 6 the software and hardware experiment will be presented. In
the last Section, the conclusion is presented in addition to future work.

2 The Brain

The brain is the main component of the Central Nervous System located inside the
skull, divided into more than forty distinct areas, where each one performs a specific
activity. We can say that it is the most formidable carbon-based processor. It consists of
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approximately 86 billion neurons (i.g., nerve cells), where each one has 10,000 con-
nections called synapses [1]. Neurons are divided into sets known as Neural Networks.
Each neuron is responsible for processing and disseminating electrical signals, and they
control all activities of the organism. They consist of: (a) dendrites, that receive the
stimuli being the input terminals; (b) central body, which performs information pro-
cessing; (c) axons, transmits the stimuli, they are the output terminals.

2.1 Synchronization Between Neurons

Synchronization between neurons was observed in the works [6, 7]. In a healthy
nervous system, the firing of neurons is not performed randomly. Usually, there is a
low-frequency rhythm determining its activity. Studies show that synchronization plays
a key role in brain functions involving memory and movement. Understanding how
synchronizations occur is fundamental to understand the functioning of the brain and,
as a corollary we can identify and avoid cerebral origin pathologies [33]. These
pathologies are related to abnormal synchronization of neural firing. Hence, the need to
construct theoretical models so that such results can be used for the treatment of
diseases. In recent years, a new technique has brought interesting results. The implant
of small devices between the skull and the surface of the brain. For Parkinson’s disease
[2] the device electrodes trigger electrical stimuli to the region of the brain that has
symptoms of the disease. Neurology attests that chaotic behaviors are found in the
brain [5], both at the neurons and global activity levels. So, unique tools are needed to
understand the phenomena of the brain that are introduced in the next Section.

3 Dynamical Systems

Natural phenomena, even governed by simple equations have chaotic behavior. The
presence of variables at first negligible results in generating unpredictable behaviors in
the System. The Nonlinear Dynamic Systems, Chaos Theory, is composed of a range
of tools derived from areas of Mathematics and their generality allow it to be used in
the solution of problems of linear character [8].

At the end of the nineteenth-century, Poincare, in his works about celestial
mechanics it was realized that for some differential equations it was not possible to find
an understanding of the quantitative methods. Hence, Poincare introduced other
unconventional elements of mathematics to attack such problems as Algebra, Topology
and Differential Geometry [9]. Dynamic Systems are divided into two classes.
(a) Conservatives: Those who conserve energy, in other words, system energy is
constant. In practice, this measure will depend on the nature of the system (e.g.,
temperature, pressure, volume). (b) Dissipative: Those in which there is the loss of
energy through dissipative factors (e.g., temperature drop, volume decrease). The
biggest problem in Dynamic Systems theory is to understand its asymptotic behavior.
Along the interactions, it can be generated sets of complicated geometry and chaotic
behavior. They are named Strange Attractors.
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3.1 Strange Attractors

Arise after a considerable number of interactions in a Dynamic System. Considering
the effects produced, such attractors are extremely sensitive to the simplest variations in
the initial conditions of their development, as the interactions advance over time. Thus,
a certain pattern of disorder will be developed [9, 10]. The asymptotic behavior of a
Dynamic System can evolve to: (a) a fixed point. (e.g. f : [0,1] — [0, 1], f(x) = ax
with a<1); (b) a periodic attractor. (e.g., the behavior of a pendulum); (c) a strange
attractor. (e.g., Henon, Chua, Plikin, [10]).

3.2 Synchronization of Dynamic Systems

Occurs when two or more dissipative Dynamic Systems are coupled. Even if their
trajectories deviate exponentially, this phenomenon is obtained experimentally and
theoretically well studied [11-14]. We have two types of Chaotic Synchronization.
(a) Generalized Synchronization, which occurs when the oscillators are distinguished
as Master and Slave. (b) Phase Synchronization, that occurs with identical oscillators
where the phase difference is limited, but their amplitudes are not correlated. Formally,
(a) is defined as a function that varies with the time when applied to the Slave. It then
receives the topological characteristics of the Master. In other words: the Slave is
defined from the Master.

4 ANNs

They are computational dynamical systems inspired by the central nervous system of
an animal. They were first presented in 1943 in the studies of McCulloch and Pitts until
in 1949 Heeb published the article: ‘The Organization of Behavior’ [17], where he
proposed a law of organization for neurons. It has several applications in computing
such as processing and signals, speech recognition (e.g., images, speech) [18, 19], and
in recent years are mainly used to solve Convex Optimization problems. ANNs present
three types of learning: (a) Supervised, (b) Not Supervised, and, (c) By Reinforcement.
In (a) the training set is presented where outputs will converge to this set. Others
network such as (b), update their weights without a training set or any added rein-
forcement. Nonetheless, (c) has each entry reinforced to adjust the network outputs.

41 HNNs

First, we formulate the General Equation of the HNN. For this, we consider its synaptic
weights w;i, wp, . . ., wi,, which represent the conductances where n is the number of
neurons. Consider also u(¢),u(t),...,u,(t) the inputs (voltages). According to
Kirchhoff’s Current Law we have:

dVi(t)
dt

=S i) + m
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where R; is a Leak resistance, C; a leakage capacitance and v; is the field induced at the
input of the neuron’s Activation Function g; [18].

Later the time delay was introduced 7 > 0 in the above equation resulting in our
general form:

dvi(t) _ —vi(t) i ;
dt CiR; T2 i wigi(vi(t — 7)) + - 2

4.2 Synchronization of HNNs

This is a Methodology to develop HNN Synchronization of Chaotic Nature [18]. This
Methodology consists of taking an HNN in its general equation given by its matrix
form:

¢ (1) = —C(1) + Af(d(1)) + Bf ($(1 — 7)) +1 3)

By which we will call the Master System. Where ¢(z) is the Neural Network state
vector,

C= € R q; >0,
ay

A,B € R, f is the activation function satisfies the global Lipschitz Condiction i.e.:
1F(x) =f W)l < kllx =yl for allx,y € R", k>0 (4)

7 is the delay time, and [ is the input vector of the network. We will also take a System
with the same Equation corresponding, but with different initial conditions by which
we will call Slave System given by:

!

@ (1) = =Co(1) +Af(9(1)) + Bf (p(t — 7)) + 1+ U(1) (5)

where U (7) is the portion that over time will generate synchronization [9, 10, 39].
The complete synchronization error dynamics are defined as:

e =¢ ) —o) (6)
Master and Slave are synchronizable if:
lim_,||ef]| =0 (7)

In this work, we will synchronize two networks that do not use the U (¢) portion.
The discovery is an expensive task involving many equations and algebraic formula-
tions, and U(¢) depends on the dynamic system [20]. This simplified method will be
defined in the next Section, as well as the tool responsible for this simplification.
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5 Homotopy

Algebraic Topology is an area of Mathematics that has recently presented satisfactory
results in applications in Computing. Algebraic Topology presents valuable tools when
studying space deformations, symmetries, translations, for example [21].

Among the deformations, we highlight Homotopies. Transformations that deform
sub-sets of spaces continuously [22]. The main tool of this work.

Let be Q (Omega) a Topological Space [22] and I = [0, 1]. Two continuous
functions f and g are said Homotopic if there is a continuous function: H : Q x I — Q.
Such that H(x,0) =f(x) and H(x, 1) = g(x) for all x € Q. The H function is called
Homotopy between f and g.

In other words, for ¢ € [0, 1] sufficiently close to 1, f and g are identical.

Theorem 1: Let @ and V¥ differentiable dynamic systems synchronizable. There is a
Homotopy H such that: H(x, 0) = @ (x) and H(x,1) = ¥ (x), x € R".

Proof. Consider: k =17 € [1,00). Define:

H(x,k) = (1 —k)®(x) +k¥P(x),x € R (8)
We have:
H(x,0) = &(x)and H(x, 1) = ¥(x)
So:
lime oo [[D(x) — H(x, k)[| = [[@(x) — D(x)[| = 0 = lim_o || )
Q.E.D.

Corollary: Let ¢ and y HNNs defined by Eq. (3), synchronizable. There is a
Homotopy what synchronizes ¢ and .

Proof. Trivial.

Theorem 1 guarantees the use of the Eq. (8) in the synchronization implementation
justifying the absence of the term U(#) described in Sect. 4. This fact is responsible for
the lower complexity of the algorithm since the calculation of U (¢) involves many
algebraic operations [12—14, 37-39]. The Eq. (8) also ensures that we do not need to
have the same dynamic system.

6 The Experiment

In this work, as previously mentioned, the method was simplified generating lower
computational cost and execution time. Consider the HNN described by Eq. (10):
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!

¢ (1) = —Co(1) +Af (¢ (1)) + Bf (p(t — 1)) +1 (10)
1 00 -2 0 6 |
WhereC= |0 1 0|, A=|-4 1 —1],
00 1 6 —4 —1|
1 0 1 0]
f(x) =tanh(x), B=|0 -3 0|, I=1{0
0 0 0 0]

The solution of the system of ODEs in (10) has the solution a chaotic attractor
Asteriscus described in Fig. 1.

29055  -2.99

499 pgos 29945  -2.995

Fig. 1. Asteriscus attractor generated in the experiment

The system Master has the following initial conditions: (—3, 1, 3). Take system
Slave with the following initial conditions (4, —1, 5).

!

¢ (1) = =Co(1) +Af(9(1)) + Bf (p(t — 7)) +1 (11)

In the implementation, we used the software MATLAB-2014. For the generation of
the Master and the Slave was used the fourth-order Runge-Kutta Method and the
synchronization was executed through the Linear Homotopy defined in Eq. (8). Let’s
take the errors in each coordinate after the synchronization defined by:

€x = Xm — X5y €y = Ym — Vs, €z = Zm — s (12)
where (X1, Ym, zm) € Master and (xg, y5, z5) € Slave.
At this point are observed: (a) the systems to be synchronized need not necessarily
to have the same system of equations, but in some cases, the approximation (i.g.,
synchronization) is only continuous and not differentially continuous; (b) on the other
hand, in some cases, the only continuous approximation can be approximated to a
differentially continuous. These cases will be exposed in next works.
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6.1 Implementation

We adopted the number of interactions as a metric for the comparison between our
implementation and related works. Since the hardware is different, this presents a
straightforward comparison [39].

The experiment was run with an Intel Core 2 Duo processor, 4 GB of memory and
Windows 7 Operating System and MATLAB performed the processes of resolution of
the ODEs and synchronization in 5.6 x 107> s. The average time to obtain the com-
plete synchronization occurred in 3 interactions. Being an interaction equal to
1.2 x 10~* s the complete synchronization was obtained in 3.6 x 10™* s, where fol-
lowing [12-14, 37, 38] the systems are synchronized when the average error is less
than 0.5 units of measurement.

Considering the errors between the coordinates of system Master and Slave, the
graphs below present the performance of the experiment, where the complete syn-
chronization was tested using 500 interactions. The implementation by Homotopy
attests to its functionality. Over time, the error reaches a stationary stage, and by
Theorem 1, in the implementation of synchronization, we can adopt Homotopy by
replacing the calculations established by the LSC used in the state-of-the-art [13, 14,
37-39].

Figure 2 show in the first three graphs the synchronization on each axis between the
Master and the Slave and the last graph shows the synchronization error.

Comparing our method with other works, it was used the complexity and the
minimum number of interactions of each method to perform a full synchronization. All

a- X-Master |3 a-Y-Master
-v--X-slave 3 /\|-v-Y-slave

~o P : s s o 12 4 16 1520 “o 2 ; s s o 12 14 16 18 20
Interactions Interactions

L =-Z-Master
o ~v-Z-slave

-"-9‘—'-'E-='-9=:T;i>;3;ag.‘ﬁ-&i-'5‘”*0““6-:3—;{'}’:5‘»=V**‘4-

ey
~v-ez

\\‘::

. . p . . L B . . i . . . . . L L L

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Interactions Interactions

Fig. 2. On the three first graphs, it is presented the synchronization in the three axes x, y, z of
Master and Slave respectively till 20 interactions. On the last, we see the errors between the
Masters and the Slaves till 20 interactions.
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use the Runge-Kutta method for the solution of the equation system. It is defined the
total complexity of each method by:

TotalComplexity = n(Operations + RK)

Complexity = n x Operations

where n is the interaction number to the solution (Runge-Kutta). The Homotopy method
has a Complexity of 15n. Table 1 shows the latest results in Chaotic Synchronization
and the method involved. Homotopy was applied in each dynamic system of each work.
A quick calculation on the complexities of the methods shows that we have a reduced
number of operations compared to the others, in addition to a minimum number of
interactions for full synchronization (column ‘Time’ in Table 1) is smaller or equivalent.

Table 1. Comparison of results (state-of-the-art)

Ref | Method Complexity | Attractor | Time | Our time
[40] | LSC 22n Lorenz 4 4
[39] | Adaptive control 60n + n* HNN 5 5
[12] | Active disturbance rejection | 50n ODEs 5 4
[13] | LSC* (23 + k)n ** | Lorenz 5 4
[37] | Probability theory kn? N. network | 4 4

(*) LSC modified. (**) k >=1

6.2 Simulation in FPGA

The previous work shows that the FPGA implementation of the synchronizations of
dynamic systems generates satisfactory results [25-27], where the synchronization is
given by the LSC [26, 28]. In this work, as previously mentioned, the synchronization
is simplified, generating a lower computational cost and execution time. Table 2 rep-
resents the state-of-the-art on chaotic synchronization problems in FPGAs. The most
used attractors and the comparison with our work are presented. Unlike the previous
work, the main tool is to approach the problem in general through the Qualitative
Theory of ODEs (Algebraic Topology).

Table 2. Comparison of results (state-of-the-art)

Ref | Attractor FPGA | Qualitative theory
[29] | Lorenz Yes No
[30] | Chua Yes No
[31] | Neural network | Yes No
This | General Yes Yes

We chose to implement the chaotic synchronization on an FPGA as a demon-
stration of the concept. The tests consist of: (a) simple combinatory implementation of
the equations using hardware description language (i.e. SystemVerilog); (b) behavioral
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simulations using ModelSim®; (c) circuit synthesis using QuartuslI®; also, (d) pro-
gramming an Altera® DE4 FPGA board to extract data after the execution.

A simple combinatory implementation was preferred as it can takes advantage of the
parallel nature of FPGAs. For this reason, the calculation of each of the three dimensions
(i.e. x, y, z) of both Master and Slave networks is concurrent. Subsequently, these
outputs are operated together for the chaotic synchronization. An initial validation using
behavioral simulation was performed using ModelSim®. After, we developed and
compiled a synthesizable version with QuartusII®. Finally, the object code was
uploaded to a DE4 board and results extracted. Altera manufactured the board with a
Stratix I'V chip that has 182,400 Arithmetic LookUp Tables (ALUTSs). The circuit uses a
total of 10,378 ALUTSs, 139 Registers, 30 Digital Signal Processing (DSPs): 24 of 18bit
and 6 of 36bit. The circuit has a maximum frequency of operation at 165.62 MHz (as per
timing analysis performed by Quartusll). For better stability, the clock frequency was
reduced to 150 MHz for the final implementation and results from extraction. At this
frequency, the execution time to perform 500 iterations of synchronization was 6.7
microseconds. As the brain operates at a frequency that is an order of magnitude lower
[34, 35]. The implementation allows for a real-time application with a brain interface.
Nonetheless, it is 8.4 X 10 times faster than a MATLAB implementation.

Figure 3 shows in the first three graphs the synchronization on each axis. Syn-
chronization errors are displayed in the fourth graph. Note that the error reaches its
steady state (minimum value) in the second interaction.

a-Y-Master
——Y-slave

a-X-Master
——X-slave 2

- : L L L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Interactions Interactions
5 T T
. a-Z-Master ;
. +Z-slave 0 /::~B'~D—4z>ﬂ<&—o~»n—ﬂ~ﬁ~ﬁ—~n»f«ﬂ»a-~n—a»a<
/i
2] - //
| ot ¥ o ox
3 eyl 1
0 Y
-4 -v-ez| A
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2 .
) é lt é é wb 1‘2 1‘4 1‘5 1‘8 20 7o : é 1‘4 é é 1‘0 1‘2 1‘4 1‘6 1‘3 20
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Fig. 3. Our implementation using a FPGA. On three first graphs, it is presented the
synchronization in the three axes x, y, z of Master and Slave respectively. The last one present
the errors between the Master and the Slave.
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6.3 Comparison of Results (Hardware vs Software Implentation)

To compare the results of the implementations, software and hardware, due to the
change of scale and speed of processing and different metrics were used the Largest
Lyapunov Exponent (LLE) of each series (x, y, and z). The Lyapunov Exponents
describes the speed at which two near points move away or approach in the course of
time subjected to a dynamic system. These values defined in Eq. (13) represent a study
in the behavioral sense between the time series, due to their mathematical properties
being used for topological comparison among attractors. The LLE is a powerful tool
that unites analytical and topological analysis [5, 9, 10].
Let be ¢ : R" — R", differentiable. Define:

d¢”

Ax) =lim,_ + o In T

LLE = max{A(x), for allx € R"}

Table 3 shows the deviation of the LLEs of the implementations, where the
maximum deviation is 0.06. So, the implementation in hardware preserves the topo-
logical properties of the implementation in software making viable the application in
hardware.

Table 3. Comparison of results (LLE)

X-Master | Y-Master | Z-Master | X-Slave | Y-Slave | Z-Slave
MATLAB (LEE) | 1.69 1.32 1.91 1.39 1.38 1.91
FPGA (LEE) 1.67 1.38 1.89 1.42 1.38 1.89
ALEE 0.02 0.06 0.02 0.03 0.00 0.02

7 Conclusions

In this paper, it was proposed a methodology to perform the complete synchronization
between HNNs simulating NNNs in FPGA using Algebraic Topology tools. The
motivation originates in the study of implants in the human brain, with the objective of
treating neurological diseases caused by the synchronization deficiencies of the neu-
rons. The methodology is independent of dynamic systems and it has a lower com-
putational cost compared to the state-of-the-art. The application of Homotopy
presented satisfactory results, which were verified analytically and experimentally. The
results of numerical simulations indicate that the proposed methodology is efficient and
convenient for synchronization using FPGAs, where the topological and differential
properties of the software implementation were preserved, and the implementation
allows for a real-time application with a brain interface.

In future works, we will study simultaneous synchronizations in two or more neural
networks. Finally, the experiment confirms the possibility, in theory, that if a brain
implant is worked to perform the synchronization of neurons we have appropriate tools
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for this purpose. To generalize the method for any dynamic system, we first want to
analyze systems with high differentiation (second and third derivative) as well as
systems defined in larger dimensions. Finally, we want to implement other classes of
Homotopy following the implementations in FPGA.
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