Chapter 2
Information Quantities and Parameter
Estimation in Classical Systems

Abstract For the study of quantum information theory, mathematical statistics, and
information geometry, which are mainly examined in a nonquantum context. This
chapter briefly summarizes the fundamentals of these topics from a unified viewpoint.
Since these topics are usually treated individually, this chapter will be useful even
for nonquantum applications.

2.1 Information Quantities in Classical Systems

When all the given density matrices py, . . ., p, commute, they may be simultaneously
diagonalized using a common orthonormal basis {u!, ..., u?} according to p; =
> oprilul Yl . pp =, puilut)(u']. In this case, it is sufficient to treat only
the diagonal elements, i.e., we discuss only the probability distributions py, ..., p,.
Henceforth we will refer to such cases as classical because they do not exhibit any
quantum properties. Let us now examine various information quantities with respect
to probability distributions.

2.1.1 Entropy

Before proceeding to the definition of information quantities, we prepare the notations
for basic probability theory. For a given probability distribution p = {p,}rc of the
real-valued random variable X, we define the expectation E, (X) as

E,(X) Z > ap.. 2.1)

xXeNR

When the number — log p, is regarded as a real-valued random variable, the
Shannon entropy is defined as the expectation of the real-valued random variable
under the probability distribution p, i.e.,'

'In this case, we consider 01og 0 to be 0 here.
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def
H(p) = > —pilogp.. 2.2)
xeR

It is often simply called entropy. That is, when P (§2) denotes the set of probability
distributions on the probability space §2, H is a real-valued function on P(£2).
Sometimes, we denote the probability distribution of a random variable X by Py.
In this case, we write the entropy of Px as H(X). For £2 = {0, 1}, the probability
distribution is written as (a, 1 — a) and the entropy is called a binary entropy, which
is given by h(a) g loga — (1 —a)log(1 — a).

When the number of elements of §2 is a finite number k, it is possible to choose
the distribution so that all probabilities p; have the same value. Such a probability
distribution p = (p;) is called a uniform distribution and is denoted by ppix . Itis
simplified to pp,x for simplicity. If it is necessary to denote the number of supports
k explicitly, we write ppix . As shown later, any distribution p on £2 satisfies the
relation

H(p) < logk = H(pmix,2)- (2.3)

The entropy H (Px y(x, y)) of the joint distribution Py y for two random variables
X and Y is denoted by H (X, Y). In particular, if ¥ can be expressed as f(X), where
f is a function, then®*'

HX,Y)=HX, f(X))=H(X). 2.4)

Given a conditional probability Pxy_, = {Pxy(x|y)}«, the entropy of X is given

by H(X|Y =y) = H (Px|y—y) when the random variable Y is known to be y. The
expectation of this entropy with respect to the probability distribution of Y is called
the conditional entropy denoted by H (X |Y). We may write it as

def

HXIY) E S Py (y)Pxyy (xly) log Py (x1y)

y X

Pxy(x,y)
=— ZPX,Y(X, y) log —xrin Y
= Py (y)

=— > Pxy(x,y)logPxy(x,y) + > Pyr(y) logPy(y)
y
=H(X,Y)—H(Y). (2.5)

The final equation in (2.5) is called chain rule. Using chain rule (2.5) and (2.4), we
have

H(X) = H(f(X)) + H(X|f(X)) = H(f(X)), (2.6)

which is called monotonicity.
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Applying (2.4) to the distribution Px|y—,, we have

HX, f(X,)|Y) = zPy(y)H(X, FX Y =y)

= > PyMHX|Y = y) = H(X|Y). 2.7)
y
Since (as will be shown later)
HX)+HY)—H(X,Y) >0, (2.8)
we have
H(X)> HX|Y). (2.9)

If Y takes values in {0, 1}, (2.9) is equivalent to the concavity of the entropy™**:

MNH(p)+ (L= NH(P) <HOp+(1=Np), 0 <VX <1. (2.10)

Exercises
2.1 Verify (2.4) if the variable Y can be written f(X) for a function f.
2.2 Verify that (2.9) and (2.10) are equivalent.

2.3 Given a distribution p = {p,} on {1, ..., k}. Assume that the maximum prob-
ability p, is larger than a. Verify that H(p) < h(a) + (1 — a) log(k — 1).

2.4 Define ps x pp(wa, wp) = pa(wa)pp(wp) in 24 x 2 for probability dis-
tributions p4 in §24, pp in §£2g. Show that

H(pa) + H(pp) = H(pa X pp). 2.11)

2.1.2 Relative Entropy

‘We now consider a quantity that expresses the closeness between two probability dis-
tributions p = {p;}ice and ¢ = {g;}ice. Itis called an information quantity because
our access to information is closely related to the difference between the distributions
reflecting the information of our interest. A typical example is the relative entropy>
D(pllq), which is defined as

2The term relative entropy is commonly used in statistical physics. In information theory, it is gen-
erally known as the Kullback-Leibler divergence, while in statistics it is known as the Kullback-
Leibler information.
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def
D(plg) = D pi log— (2.12)

e

This quantity is always no less than 0, and it is equal to O if and only if p =gq.
This can be shown by applying the logarithmic inequality®*® “logx < x — 1 for
x > 0"to (2.12):

0—D(pllg) = sz(——+1+log ) szO 0.

Note that the equality of logx < x — 1 holds only when x = 1. We may obtain (2.3)
by using the positivity of the relative entropy for the case ¢ = {1/k}.
Let us now consider possible information processes. For simplicity, we assume

that the probability space 2 is given as the set Ny &f {1, ..., k}. When an informa-

tion process converts a set Ny &f {1, ..., k} to another set N; deterministically, we
may denote the information processing by a function from N to N;. If it converts
probabilistically, it is denoted by a real-valued matrix {Q?} in which every element
Q; represents the probability of the output data j € N; when the input data are
i € Ni. This matrix Q = (QS.) satisfies lezl Q;. =1 for each i. Such a matrix Q
is called a stochastic transition matrix. In this notation, Q' expresses the distrib-
ution (Q', ..., Q};) on the output system with the input i. When the input signal is
generated according to the probability distribution p, the output signal is generated

according to the probability distribution Q(p); o fo:, Q’} pi. The stochastic tran-
sition matrix Q represents not only such probabilistic information processes but also
probabilistic fluctuations in the data due to noise. Furthermore, since it expresses the
probability distribution of the output system for each input signal, we can also use it
to model a channel transmitting information.

A fundamental property of a stochastic transition matrix Q is the inequality

D(pllg) = D(Q(p)IQ(g)), (2.13)

which is called an information-processing inequality. This property is often called
monotonicity.’ The inequality implies that the amount of information should not
increase via any information processing. This inequality will be proved for the general
case in Theorem 2.1. It may also be shown using a logarithmic inequality.

For example, consider the stochastic transition matrix Q = (Qj-) from Ny; to Ny,
where Q; is 1 wheni = j, j 4+ k and 0 otherwise. Given two probability distributions
p, P’ in N;, we define the probability distribution p for Ny as

Pi =Api, ik = (1 =Npi, 1<Vi<k

3In this book, monotonicity refers to only the monotonicity regarding the change in probability
distributions or density matrices.
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with areal number A € (0, 1). Similarly, we define g for two probability distributions
q,q' in Ni. Then,

D(pllg) = AD(plig) + (1 =N D(p'llg) -

Since Q(p)=Ap+ (A —XNp and Q(q) = \g + (1 — N)g’, the information-
processing inequality (2.13) yields the joint convexity of the relative entropy

AD(pllg) + (1 =ND(p'llg) = DAp+ (1= Np'lIAg + (1 = Ng'). (2.14)

Next, let us consider other information quantities that express the difference
between the two probability distributions p and ¢g. In order to express the amount
of information, these quantities should satisfy the property given by (2.13). This
property can be satisfied by constructing the information quantity in the following
manner. First, we define convex functions. When a function f satisfies

FOxi+ 0 =Mx) =AfD)+ A =N f(x2), 0=VA<1Vx, xeR,

it is called a convex function. For a probability distribution p = {p;}, a convex
function f satisfies Jensen’s inequality:

D opif) = f(z pm) : (2.15)

Theorem 2.1 (Csiszar [1]) Let f be a convex function. The information quantity
D¢(pllg) o >.aif (fqi) then satisfies the monotonicity condition

Dy(plig) = Dy (Q(P)1Q(q)). (2.16)

Henceforth, D (pllq) will be called an f-relative entropy.*

For example, for f(x) = x logx we obtain the relative entropy. For f(x) =1 —

Vx,
1
Dr(pla) =1 =D VoG =5 2 (Vo =va) . @17

Its square root is called the Hellinger distance and is denoted by d»(p, ¢). This satis-
fies the axioms of a distance™*"*. When f(x) a2 (1 —xMH92y (-1 < < 1),

Dy(plig) is equal to the a-divergence ( - p(lﬂ)/2 (- u)/2) according

4This quantity is more commonly used in information theory, where it is called f-divergence [1].
In this text, we prefer to use the term “relative entropy” for all relative-entropy-like quantities.
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to Amari and Nagaoka [2]. By applying inequality (2.16) to the concave func-

tion x — x* (0 <s < 1) and the convex function x — x* (s < 0), we obtain the
inequalities

D piTai <D 00 for0<s <1,
i J

D piTa = D 0(p); T Q(g); fors < 0.
i J

I—s s

Hence, the quantity ¢(s|p|q) o log(>"; p; *q;}) satisfies the monotonicity

o(slpllg) < ¢(s|Q(p)IIQ(g)) for0 <s <1,
oGsipllg) = o(s|Q(P)1Q(q)) fors < 0.

The relative entropy can be expressed as

¢'Olpllg) = —D(pllg), ¢'(1ipllg) = D(qllp). (2.18)

Since ¢(s|pllq) is a convex function of s>, the relative Rényi entropy [3]

e — ¢ 1 -
D (pl) _¢(SIf||q) __9Glpllg) : ¢Olplle) _ —;logZPil s

(2.19)

is monotone decreasing for s**'". More precise analyses for these quantities are
given in Exercises 3.45, 3.52, and 3.53.

We will abbreviate it to ¢(s) if it is not necessary to specify p and g explicitly.
Hence, we define the minimum and the maximum relative entropies as

Dinsx(pll) & — log max Z— Duin(pllg) & —log > 1. (2.20)
! i:pi>0

Hence, we obtain the relations®™ >!%21°

JAim Dy (plg) = Dumax(pllg),  lim Di—s(pllg) = Dmin(pllg), (2.21)
lim Dy—s(pllq) = D(plq). (2.22)

That is, Diax(p|lg) and Dyin(pllg) give the maximum and the minimum values of
Di_;(pllq), respectively.

Proof of Theorem 2.1 Since f is a convex function, Jensen’s inequality ensures that


http://dx.doi.org/10.1007/978-3-662-49725-8_3
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Q'qi ﬁ) Q'qi  p; _ > Opi
ZZ Q’qlf( ai f(ZZ Q'lqr ql) f(ZfQ?qﬂ '

Therefore,

(Z» Qi'Pi)
(Z Qg )
f

<¥30n sl (%)
—ZZQ aif ( ) Zq, () Dy (plg)-

DM@ =D.> 0 qnf
i

We consider the variational distance as another information quantity. It is defined
as

1
di(p.q) = 2 Ipi—ail. (2.23)
i

Itis the f-relative entropy when f (x) is chosen to be 1|1 — x|. However, it satisfies
the monotonicity property® >’

di(Q(p), Q(q)) = di(p.q). (2.24)

The variational distance, Hellinger distance, and relative entropy are related by the
following formulas:

1
di(p,q) = d3(p,q) > Ed%m 9, (2.25)

D(plig) = —210g(z JE«/E) >2d;(p, q) - (2.26)

The last inequality may be deduced from the logarithmic inequality. The combination
of (2.25) and (2.26) is called Pinsker inequality.

When a stochastic transition matrix Q = (Q;) satisfies Zi Q; = 1,1.e., its trans-
pose is also a stochastic transition matrix, the stochastic transition matrix Q = (Q;)
is called a double stochastic transition matrix. Now, we assume that the input
symbol i and the output symbol j take the values in 1,...,k; and 1,..., ko,
respectively. When the stochastic transition matrix Q = (in) is double stochastic,
we have ky = 3% 1=3"% S0 0l =31 3% gl =3 1=k. That

is, any double stochastic matrix is a square matrix.
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A stochastic transition square matrix Q is a double stochastic transition matrix
if and only if the output distribution Q(pmix) is a uniform distribution because
O(Pmix)j = Zi Q’]% = % The double stochastic transition matrix Q and the prob-
ability distribution p satisfy

logk — H(Q(p)) = D(Q(P) | Pmix.k) = D(pll pmix.k) = logk — H(p),

which implies that

H(Q(p)) = H(p) . (2.27)

Exercises

2.5 Show that

D(pallga) + D(pgllgs) = D(pa x pgllga X gp) (2.28)
for probability distributions p4, g4 in £24 and pg, gp in 2.

2.6 Show the logarithmic inequality, i.e., the inequality logx < x — 1, holds for
x > 0 and the equality holds only for x = 1.

2.7 Show that the f-relative entropy D(pllq) of a convex function f satisfies
Dy¢(plig) = f(1).

2.8 Prove (2.17).
2.9 Show that the variational distance satisfies the monotonicity condition (2.24).

2.10 Show that di(p,q) > dzz(p,q) by first proving the inequality |x — y| >
(WX =92

2.11 Show that d3(p, q) > 1d}(p, q) following the steps below.
(a) Prove

(Z"”‘ —q,-|)2 < (IZWE— JEIZ)(ZWEM@Z)

using the Schwarz inequality.
(b) Show that 3", |/p + Jail* < 4.
(¢) Show that dzz(p, q) > %dlz(p, q) using the above results.

2.12 Show thatd;(p, q) < Zx#x(] |px — q.| for any xo.

2.13 Show that D(pllg) = —2log (3>, /Pi/4i)-
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2.14 Verify that the Hellinger distance satisfies the axioms of a distance by following

the steps below.
(a) Prove the following for arbitrary vectors x and y

(Ul =+ 1y ID? = 120 + (e, y) + (v, 20) + 11y 117
(b) Prove the following for arbitrary vectors x and y:
Il + Iyl = llx + vl

(¢) Show the following for the three probability distributions p, g, and r:

e e

Note that this formula is equivalent to the axiom of a distance d>(p, q) < da(p,7r) +
d,(r, q) for the Hellinger distance.

2.15 Show (2.18).
2.16 Show that ¢(s|pllq) is convex for s.

2.17 Show that @ is (strictly) monotone increasing for s when f(0) = O and f(s)
is (strictly) convex for s.

2.18 Show that lim;_, o, D;_;(pllg) = Dmax(pllq) by following the steps below.
(a) Show that % log(Zf-‘:l a;bt) — logmax(by, ..., by) ast — oo fora;, b; > 0.
(b) Show the desired equation.

2.19 Show that limy .1 D1—5(pllg) = Dmin(pllq).

2.20 Show that

D = ixi —1 ie" 2.29
(Pllg) A:Qir.‘.?i‘@ew;” og > gie (229)

for two probability distributions p and g on {1, ..., k}.

2.1.3 Mutual Information

Given the joint probability distribution Py y of two random variables X and Y, the
marginal distributions Px and Py of Py y are defined as



34 2 Information Quantities and Parameter Estimation in Classical Systems

Py(0) = > Pyy(x.y) and Py(») E D Pyy(x.y).

y

Then, the conditional distribution is calculated as

Pxy(x,y)

Pyyy(xly) = Py ()

When Px(x) = Pxy(x|y), two random variables X and Y are independent. In this
case, the joint distribution Py y (x, y) is equal to the product of marginal distributions
Px x Py(x,y) := Px(x)Py(y). That is, the relative entropy D(Px y||Px x Py) is
equal to zero. We now introduce mutual information 7 (X : Y), which expresses how
different the joint distribution Px y (x, y) is from the product of marginal distributions
Px (x)Py(y). This quantity satisfies the following relation:

def Py y(x,y)
(X 1Y) < D(Px.y||IPxPy) ; xrylog g )

=HX)-HX|Y)=HY)-HY|X)=HX)+HY)-H(X,Y). (2.30)

Hence, inequality (2.8) may be obtained from the above formula and the positivity
of I(X :Y). Further, we can define a conditional mutual information in a manner
similar to that of the entropy. This quantity involves another random variable Z (in
addition to X and Y) and is defined as

IX:YIZ)ED P,I(X:Y|Z=2) 2.31)

Pxyiz(x, yl2)
Pxiz(x|2)Pyiz(ylz) —

= z Pxyz(x,y,2)log

X,y,2

’

where /(X : Y|Z = z) is the mutual information of X and Y assuming that Z = z
is known. By applying (2.5) and (2.30) to the case Z = z, we obtain

I(X:Y|Z)=HX|Z)+ HY|Z) — HXY|Z) = H(X|Z) — HX|YZ)
=—(HX)-HX|Z))+ (H(X) - H(X|YZ))
=—IX:2)+I1(X:YZ).

This equation is called the chain rule of mutual information, which may also be
written as

IX:YZ)=1(X:2)+1(X:Y|Z). (2.32)

Hence, it follows that
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IX:YZ)=1(X:2).
Note that (2.32) can be generalized as
IX:YZIU)=1(X:ZIU)+ [(X:Y|ZU). (2.33)

Next, we apply the above argument to the case where the information channel is
given by a stochastic transition matrix Q = (Q7) and the input distribution is given
by p. Let X and Y be, respectively, the random variables of the input system and
output system. That is, their joint distribution is given as Px y (x, y) = Q7 px. Then,
the mutual information 7 (X : Y) can be regarded as the amount of information trans-
mitted via channel Q when the input signal is generated with the distribution p. This
is called transmission information, and it is denoted by I (p, Q). Therefore, we can
define the transmission information by

def

I(p. Q) = H(Q(p)) — > pxH(QY). (2.34)
We will now discuss Fano’s inequality, which is given by the following theorem.

Theorem 2.2 (Fano [4]) Let X and Y be random variables that take values in the
same data set Ny = {1, ..., k}. Then, the following inequality holds:

H(X|Y) <P{X #Y}logk — 1)+ h(P{X #7Y}) (2.35)
<P{X # Y}logk +log2.

<} [ 0x =Y . Applying (2.5) to X and Z

Proof We define the random variable Z = 1X£Y

under the condition Y = y, we obtain

HX|Y =y) = HX, Z|Y = y)
=D PyyGINHXIZ=2,Y =y) + H(Z|Y = ).

The first equality follows from the fact that the random variable Z can be uniquely
obtained from X. Taking the expectation with respect to y, we get

HX|Y)=H(X|Z,Y)+ H(Z|Y) < HX|Z,Y) + H(Z)
=H(X|Z,Y) + h(P{X £ Y)). (2.36)

Applying (2.3), we have

HX|Y=y,Z=0)=0, HX|Y =y,Z=1) <log(k — 1).
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Therefore,

H(X|Y,Z) <P{X # Y}log(k — 1). (2.37)
Finally, combining (2.36) and (2.37), we obtain (2.35). |
Exercise

2.21 Show the chain rule of conditional mutual information (2.33) based on (2.32).

2.1.4 The Independent and Identical Condition and Rényi
Entropy

Given a probability distribution p = {p; }f.‘zl , we define the Rényi entropy H;_;(p)
of order 1 — s as

2 i) g > ) (2.38)

for a real number s in addition to the entropy H (p). We will abbreviate the quantity
1 (s|p) to ¥(s) when there is no risk of ambiguity. When 0 < s < 1, the quantity
1 (s) is a positive quantity that is larger when the probability distribution is closer
to the uniform distribution. When s < 0, the quantity ¥ (s) is a negative quantity
that is smaller when the probability distribution is closer to the uniform distribution.
Finally, when s = 0, the quantity (s) is equal to 0. The derivative ’'(0) of ¥ (s) at
s = 0isequal to H(p).

Hence, Rényi entropy H,_;(p) is always positive, and the limit lim,_, o H1—_;(p)
equals H (p). Further, since 1 (s) is convex, Rényi entropy H;_;(p) is monotone
increasing for s. In particular, Rényi entropy H_;(pmix k) 1S equal to log k. Hence,
Rényi entropy H)_,(p) expresses the amount of the uncertainty of the distribution
of p. We also define the minimum entropy H,,(p) and the maximum entropy
Hmax (P ) as

def def .
Hiin(p) = —logmax pi,  Hmax(p) = log {i|pi > O}I. (2.39)

Then, we obtain
SEI;noo Hl—x(p) = Hmin(p)v }1_1;1} Hl—x(p) = Hmax(p)- (2.40)

These give the minimum and the maximum of Rényi entropies H;_;(p).
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Now consider n data iy, ..., i, that are generated independently with the same
probability distribution p = { pi}le. The probability of obtaining a particular data
sequence i" = (i1, ..., i,) is given by p; - ---- pi,- This probability distribution is

called an n-fold independent and identical distribution (abbreviated as n-i.i.d.) and
denoted by p”". Then, we have i(s|p") = ny(s|p),i.e., H_;(p") = nH_;(p)***.
When a sufficiently large number n of data are generated according to the independent
and identical condition, the behavior of the distribution may be characterized by the
entropy and the Rényi entropy.

The probability of the likelihood being less than @ > 0 under the probability
distribution p, i.e., the probability that {p; < a}, is

s k
pipi <al=> pi< > (i) pi<Y pltat=eWtee (24))

. . 1 .
1pi=a 1:15% i=1
i

if 0 <s < 1. Accordingly,
pl‘l{pﬁx < efnR} < enminosssl(w(s)st). (242)

Conversely, the probability of the likelihood being greater than a, i.e., the proba-
bility that {p; > a}, is

s k
p{pl - a} < Z (pi) i < Zpil—sas — eu‘:(s)+sloga (243)
! i=1

iil>4
Pi

if s < 0. Similarly, we obtain
pn{p:ﬁ“ > e—nR} < e" min.,-so(z;‘;(s)—sR). (244)

The exponential decreasing rate (exponent) on the right-hand side (RHS) of (2.42)
is negative when R > H (p). Hence, the probability p"{p, < e} approaches 0
exponentially. This fact can be shown as follows. Choosing a small s; > 0, we have
H;_;, (p) — R < 0. Hence, we have

Min (Y(s) —sR) = min s(Hi—s(p) — R) < s1(Hi—,(p) —R) <0. (245

<s

Hence, we see that the exponent on the RHS of (2.42) is negative. Conversely, the
exponent on the RHS of (2.44) is negative when R < H(p), and the probability
p"{ph < e "R} approaches 0 exponentially. This can be verified from (2.45) by
choosing s, < 0 with a sufficiently small absolute value.

We may generalize this argument for the likelihood ¢, of a different probability

distribution ¢ as follows. Defining ﬁ(s) o log > . pig;*, we can show that
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Mgl < e—nR} < enminog(’tz)(s)—sR)’ (2.46)

Pl > e "RY < im0 =), (2.47)

The Rényi entropy H;_,(p) and the entropy H (p) express the concentration of
probability under independent and identical distributions with a sufficiently large
number of data. To investigate the concentration, let us consider the probability
P(p, L) of the most frequent L outcomes for a given probability distribution p =
(p:).> This can be written as

L
P(p.L)=)_p/, (2.48)
i=1

where pf are the elements of p; that are reordered according to size. Let us analyze
this by reexamining the set {p; > a}. The number of elements of the set |{p; > a}|
is evaluated as

k
o\ 1=
|{pi > a}| < z (&) ’ < Zpil—xaflJrs — ew(s)*(lfs)loga (249)
a
i=l

i:pi >a
when 0 < s < 1. By using (2.41) and defining b(s, R) &t w(ls)%f for R and 0 <
s < 1, we have

)(s)—sR
lpi > Y < e, plpr <0} <t

def . b(s) — : def
We choose sy = argming_,.; “=*¢ and define P¢(p,ef) = 1 — P(p,ef);
hence,
b(s0)—sgR . O(s)—s
P(p,ef) <o Tt = emimss M5 (2.50)
Applying this argument to the n-i.i.d p”, we have
Pe(p", e'F) < " TR = rmimaa M 2.51)

Now, we let R > H(p) and choose a sufficiently small number O < s; < 1. Then,
inequality (2.45) yields

. P(s) —sR . s(Hi—s(p) — R) _ si(Hi—5,(p) — R)
min ————— = min < <
0<s<l 11— 0<s<I 1—s 1 —s1

0.

SIf L is not an integer, we consider the largest integer that does not exceed L.
6argrnin05s51 f(s) returns the value of s that yields ming<s<1 f(s). argmax is similarly defined.
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Hence, the probability P¢(p", "®) approaches 0 exponentially. That implies that the
probabilities are almost concentrated on the most frequent "® elements because 1 —
Pc¢(p", e"®) equals the probability on the most frequent " ¥ elements. Since this holds
when R > H(p), most of the probabilities are concentrated on ¢"*(?) elements.
Therefore, this can be interpreted as meaning that the entropy H (p) asymptotically
expresses the degree of concentration. This will play an important role in problems
such as source coding, which will be discussed later.

On the other hand, when H(p) > R, P(p", ") approaches 0. To prove this, let
us consider the following inequality for an arbitrary subset A:

pPA <alA|+ p{p; > a}. (2.52)

We can prove this inequality by considering the set A= (AN{p; <ah)UAN
{p; > a}).Defining RY log |A] and a & 2GR and using (2.43), we obtain pA <
2 =" . Therefore,

L(x) JR

P(p, ) < 2emins=0 , (2.53)

and we obtain

L() xR

P(p", e"®) < 2¢mmim=0 (2.54)
We also note that in order to avoid P(p", ¢"®) — 0, werequire R > H (p) according

to the condition ming<q ”(i) SSR < 0.

Exercises
2.22 Show that ¢(s|pa X pp) = ¥ (s|pa) + ¢(s|pp).

2.23 Define the distribution p(x) := p(x)!~e~%®) and assume that a distribution
q satisfies H(q) = H(py). Show that D(py||p) < D(qllp) for s < 1 by following
steps below.

(a) Show that 1 D(qnps =53, g0 logg(x) — 3, q(x)log p(x) + £

(b) Show D(qllp) = D(llps) = D(pslip).
(¢) Show the desired 1nequahty

2.24 Show the equation

SR —1(s) .
sup ———— = min D 2.55
S ==, min, D(lp) (2.55)

following the steps below.

(a) Show that =t < 0 for R < H(p) and s € [0, 1].
(b) Show that both side of (2.55) are zero when R < H(p).
(¢) Show that
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H(py) = (1= )0/(s) + $(5), (2.56)
D(pyllp) = 51/(5) — (s). @.57)
(d) Show that
L= 90+ 96) = (1= 0'(6) <0, 2.58)
L) = 95) = 59/(5) > 0 (2:59)
fors € (0, 1).

(e) In the following, we consider the case R > H (p). Show that there uniquely exists
sg € (0, 1) such that H(p,,) = R.

(f) Show that
min D = D(ps, |l p)- 2.60
q:H(;)zR (qllp) (PselP) (2.60)
(g) Show that
min D = D(ps . 2.61
imin (qllp) (PsllP) (2.61)
(h) Show that
SRR — 1 (sg)
D(pyllp) = =——" (2.62)
— sz

(i) Show that

d sR—y(s) _ R+ (s = DY'(s) —9(s)

2.63
ds 1—s5 (1—1s)? (2.63)
(j) Show that
R — R —
s P(s) _ Sk ¢(SR)' (2.64)
0<s<1 1—s 1 —sg
(k) Show (2.55).
2.25 Show that
SR —Y(slp) .
e i D . 2.65
5210) T—s A (qlip) (2.65)

(a) Show that there uniquely exists sg < 0 such that H (ps,) = R.
(b) Show that
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min  D(qllp) = D(psllp).
q:H(q)=r

(¢) Show that

oD _ b |
q:IIJI(lr;?sR (@l p) (psellp)

(d) Show that

R —
D(ps,llp) = %

(e) Show that

SR —1(s) sgR —1(sg)
sup = )
<0 1—s 1— SR

(f) Show (2.65).

2.26 Assume that R < Hy,(p). Show that

—(s) .
svg) =5 —u ggl)l:OD(qllp) min (D)

2.27 Show that
—logmax p; < H,(p) < —logmin p;

for o > 0.

2.1.5 Conditional Rényi Entropy

41

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

2.71)

Next, we consider the conditional extension of Rényi entropy. For this purpose, we
focus on the following relation between the conditional entropy and the relative
entropy. For a given joint distribution Pxy on X x ), we have two characterization

for the conditional entropy®*>*

H(X|Y) = log|X| — D(Pxy || pmix.x X Py)

H(X|Y) = log|X| — Héin D(Pxy || pmix,.x x Q).
Y

(2.72)
(2.73)

Based on the above relations, we define two kinds of conditional Rényi entropies

for s € (—1, 00)\{0} as follows.



42 2 Information Quantities and Parameter Estimation in Classical Systems

d f
Hi(X|Y) S logm D145 (Pxy || pmix.x X Py)

=— Slog > Py () D Py (01 (2.74)
y x
H, (X|Y) € log | X| — min Dy, (Pxy | pmix.x X Q).
—rgax—;logZny(x Ny () (2.75)
Y

where Qy is an arbitrary distribution on ). In the case of s = 0, they are defined as
H(X|Y) because®< ¥

lim Hy,(X]Y) = lim Hf+Y(X|Y) = H(X|Y). (2.76)

According to the relations (2.40), conditional minimum entropies H;,(X|Y)
and H' (X1Y) and conditional maximum entropies H,x(X|Y) and H£m (X]Y)

mm
are defined as

Huin(X1Y) € 1im H 1, (X]Y), (XIY) = lim H (XIY), Q7D
§—>00

mm

Hopax (X1]Y) & lim1 H(X|Y), maX(X|Y) l1m H1T+S(X|Y). (2.78)
From the definition, we find the relation
Hy (X|Y) < H1+S(X|Y). (2.79)

Unfortunately, these two conditional Rényi entropies are not the same in gen-
eral. Thanks to the property of the relative Rényi entropy, we have the following
lemmaExc. 2.31 .

Lemma 2.1 The functions s — sH,.;(X|Y) and sH1+s(X|Y) are concave for

s € (—1,00). The functions s — H 3(X|Y) and H1+€(X|Y) are monotonically
decreasing.

Lemma 2.2 The quantity H1+v (X1Y) has the following form.

H (X|Y) = log|X| — Dy, (nyu Pt X P(Y””) (2.80)

1

A log > Py (y) (Z Px.y(x|y>'“') 2.81)
y X

I+s

1
= jslogZ(ZPxﬂx,yﬂ“) : (2.82)
y X
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1
. N4y T
W]’lere P§/1+6)(y) . (ZXPXY(XJ) )]V+ —.
2y X Pxy (x,y)!F) THs

Proof Substituting > Pxy (x, ) and Qy(y) ™ to f and g in the reverse Holder
inequality (A.27) with p = l—iy and g = —%, we obtain

o508 | X|= D15 (Pyy [l Pmix, x X Qy))

=> D Py, 'Oy ()
y X

1+s

1/(14s) s
Z(Z Pyy(x, y)“s) (Z Qy(y)s'l/s)
* y

y

v

1 I4s

Z (z Pxy(x, y)lﬂ)

y

for s € (0, oo]. Since the equality holds when Qy(y) = P§,1+S)(y), we obtain

1 I+s

e~ HLL(XIY) Z(Z Pyy(x, y)lﬂ) )
X

y

which implies (2.81) with s € (0, oo].
The same substitution to the Holder inequality (A.25) yields

I+s

1
T+s
s (log [ X]—=D145(Pxy || pmix. x X Qr)) < Z (Z Pyy (x, y)1+s)
x

y

for s € (—1, 0). Since the equality holds when Qy (y) = Pg,lﬂ)(y), we obtain (2.81)
with s € (—1,0).
Finally, (2.82) follows from a simple calculation. |

Taking the limits s — —1 and s — oo in Lemma 2.2, we obtain the following
lemmaExe. 2.30 .

Lemma 2.3 The quantities Hpin(X|Y), Hrjlm(XlY), Hpax (X|Y), and H} (X|Y)
are characterized as

Hpuin(X|Y) = —log  max Pxy—y(x), (2.83)
x,y:Py (y)>0
1 - _
H; (X]Y) = —log E Py (y) max Pxjy—y(x), (2.84)
X

y
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Hua (X1Y) = —log D Py () [{x[Pxjy=y(x) > 0}, (2.85)
y

(X1Y) = —log sanax {xIPxjy=y(x) > O}]. (2.86)

max

Further, as an inequality opposite to (2.79), we have

Lemma 2.4 ([5, Lemma 5]) For s € (—1, 1)\{0}, we have

Hips(X|Y) > H', (X|Y). (2.87)

Proof Next, we consider the case with s € (0, 1). Substituting Pxy(x, y) and
(P’](,yy(()‘V )) Porlt))s 1o f and ¢ in the Holder inequality (A.25) with p = L and g = ;
we obtain

e~ SH(XIY) ZZPXY(X y) (P);;y(zc )y))
1/(1—s) - Pyy(x. )Y
) Z Z - Z fabn (2.88)
y X

X'

1—s

. —sH', (X|V)
-3 (Zroare) =
y x

fors € (0, 1) because > P)ISY((X)V) E:E‘;

Next, we consider the case with s € (—1, 0). The same substitution to the reverse
Holder inequality (A.27) with p = 1/(1 —s) and g = ; yields

_ t
e—SHIL(XIY) 5, sHl,ﬂ (X]Y)
Pxr(x.y) P
because (3, “H6)" = Gigy) = 1. n

Now, we consider the meaning of two kinds of conditional Rényi entropies. For this
purpose, we discuss the case when Px»yx is the independent and identical distribution
of Pxy. Applying (2.42) and (2.44) to the distribution Px«y»_, and taking the average
with respect to y under the distribution Py», we have

Py {(x, )Py (x]y) < eF} < gnmin-iseso sR=Hi: (XIV)) (2.89)
Pyayn {(x, Y)[Pxonjyn (x]y) > e7"F} < g Mimzos(R=Hi (XIV) (2.90)
which gives an operational meaning of the conditional Rényi entropy H;1,(X|Y).

Similarly, applying (2.50) and (2.53) to the distribution Px.y.—, and taking the
average with respect to y under the distribution Py», we have
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Z Pyn () P(Pxnjyn—y, "Ry < enmin-1sico i (R=H{, (X]Y) (2.91)
>

> PP Prgyicy, ) < M0 S BHLOI 0.9
y

which gives an operational meaning of the conditional Rényi entropy HlT L (XIY).

These inequalities clarify the difference between two kinds of conditional Rényi
entropies.

Exercises

2.28 Show (2.72) and (2.73).
2.29 Show (2.76).

2.30 Show Lemma 2.3.

2.31 Show Lemma 2.1.

2.32 Show that the equality in (2.87) holds for areal s € (—1, 1)\{0} if and only if
Pxy(x, ) = g Pr(»).

2.2 Geometry of Probability Distribution Family

2.2.1 Inner Product for Random Variables and Fisher
Information

In Sect. 2.1, we introduced the mutual information /(X : Y) as a quantity that
expresses the correlation between two random variables X and Y. However, for
calculating this quantity, one must calculate the logarithm of each probability, which
is arather tedious calculation amount. We now introduce the covariance Cov, (X, Y)
as a quantity that expresses the correlation between two real-valued random variables
X and Y. Generally, calculations involving the covariance are less tedious than those
of mutual information. Given a probability distribution p in a probability space §2,
the covariance is defined as

Cov,(X. V) E D" (Xw) — E,(X)(Y @) — E, (V) pw). (2.93)
wes

If X and Y are independent, the covariance Cov, (X, Y) is equal to 0°***. Thus far
it has not been necessary to specify the probability distribution, and therefore we
had no difficulties in using notations such as H(X) and I (X : Y). However, since it
is important to emphasize the probability distribution treated in our discussion, we



46 2 Information Quantities and Parameter Estimation in Classical Systems

will use the above notation without their abbreviation. If X and Y are the same, the
covariance Cov, (X, Y) coincides with the variance V,(X) of X:

def
Covy(X.Y) = D (X(w) — E,(X))*p(w). (2.94)
wes
Given real-valued random variables X1, ..., X4, the matrix Cov, (X, X ;) iscalled a

covariance matrix. Now, starting from a given probability distribution p, we define
the inner product in the space of real-valued random variables as’

(A, B)? = > AW)BW)pw). (2.95)

Then, the covariance Cov,(X, Y) is equal to the above inner product between the
two real-valued random variables (X (w) — E, (X)) and (Y (w) — E,(Y)) with a zero
expectation. That is, the inner product (2.95) implies the correlation between the two
real-valued random variables with zero expectation in classical systems. This inner
product is also deeply related to statistical inference in another sense, as discussed
below.

When we observe n independent real-valued random variables X1, ..., X, iden-
tical to real-valued random variable X, the average value

Xndifxl—i-...—i-X,,

(2.96)
n
converges to the expectation E, (X) in probability. That is,
P'{IX" —E,(X)| >¢ =0, Ve>0, (2.97)

which is called the law of large numbers. Further, the distribution of the real-valued
random variable

V(X" —E(X)) (2.98)

goes to the Gaussian distribution with the variance V = V ,(X):

1 2
P = T 2.99
G,v(x) We (2.99)
ie.,
b
p'fa < V/n(X" —E,(X)) < b} —> / Pgy(x)dx, (2.100)

"The superscript (e) means “exponential.” This is because A corresponds to the exponential repre-
sentation, as discussed later.
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which is called the central limit theorem. Hence, the asymptotic behavior is almost
characterized by the expectation E(X) and the variance V(X).

For [ real-valued random variables X1, ..., X;, we can similarly define the real-
valued random variables X7, ..., X]. These converge to their expectation in proba-
bility. The distribution of the real-valued random variables

(Vn(X] = E,(X)), ..., v/n(X} = E,(X))) (2.10D)

converges the k-multirate Gaussian distribution and the covariance matrix V =
Cov, (X, X)):

. 1 B
Pov) & —— 0V (2.102)

Vv @2m)ldetV

Therefore, the asymptotic behavior is almost described by the expectation and the
covariance matrix.

Consider the set of probability distributions py parameterized by a single real
number . For example, we can parameterize a binomial distribution with the prob-
ability space {0, 1} by pp(0) = 0, py(1) = 1 — 6. When the set of probability distri-
butions is parameterized by a single parameter, it is called a probability distribu-

tion family and is represented by {py|6 € @ C R}. Based on a probability distribu-

. . L s def
tion family, we can define the logarithmic derivative as /y, (w) = % lo=g, =

Apot) , /Po,(w). Since it is a real-valued function of the probability space, it
=Y

df
can be regarded as a real-valued random variable. We can consider that this quan-
tity expresses the sensitivity of the probability distribution to the variations in the
parameter 6 around 6. The Fisher metric (Fisher information) is defined as the
variance of the logarithmic derivative /g,. Since the expectation of /5, with respect to
Do, 1s 0, the Fisher information can also be defined as

Jo = (g, 1)) . (2.103)
Therefore, this quantity represents the amount of variation in the probability distribu-
tion due to the variations in the parameter. Alternatively, it can indicate how much the
probability distribution family represents the information related to the parameter.
As discussed later, these ideas will be further refined from the viewpoint of statistical
inference. The Fisher information Jy may also be expressed as the limits of relative
entropy and Hellinger distance®™® 2%

Jo . d5(Po. Pose)
2ot T e 210
D . . D ¢
— im (PollPo+e) _ lim (Po+ ||P9). (2.105)

e—0 62 e—0 62
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The Fisher information Jy is also characterized by the limit of relative Rényi
entropyExe. 2.37 .

J — €
2 im M ) (2.106)
2 0 ers(l1—y)

Next, let us consider the probability distribution family {ps|0 € @ C R?} with
multiple parameters. For each parameter, we define the logarithmic derivative ly.; (w)
as

det Olog pp(w)  Opg(w)
lox(w) = S0k = —out Po(Ww).

We use the covariance matrix (lg, ly. )Efg) for the logarithmic derivatives ly.q, . . ., lp.q
instead of the Fisher information. This matrix is called the Fisher information
matrix and will be denoted by Jg = (Jg, ;). This matrix takes the role of the Fisher
information when there are multiple parameters; we discuss this in greater detail
below.

This inner product is closely related to the conditional expectation as follows.
Suppose that we observe only the subsystem £2;, although the total system is given
as §21 x £2,. Let us consider the real-valued random variable X of the total system.
We denote the random variable describing the outcome in the probability space §2;
by Z; for j =1, 2. Then, dependently of the distribution p of the total system, the
conditional expectation x,(X) of X is defined as a function of w; € §2; by

kp(X) (i) 1= D p(Zy =wnlZi = w)X (Wi, ws). (2.107)

WQE.QZ

Then, we define the inclusion map i from the set of real-valued random variables
on £2; to the set of real-valued random variables on §2; x §2,. That is, for a random
variable Y on £2;, the real-valued random variable i (Y) on £2, x §2; is defined as

i(Y)(wl, wz) = Y(wl), V(wl,W2) S .Ql X .QQ. (2108)

To see the relation with the above defined inner product, we focus on an arbitrary
real-valued random variable Y on £2;, which given as a function of Z;. Then, the
conditional expectation «,(X) of X satisfies

(Y, 5, (X)) =" p(Zi =w)Y 1) D p(Zy =wlZi =w)X (Wi, w))

wi Wr €S2y
=D Yw)X Wi, w)p(Zi =wi, Zy = w) = (i, (¥), X)¥. (2.109)

wi,W2

In fact, when a real-valued random variable x, (X) satisfies the condition (2.109) for
an arbitrary real-valued random variable Y on §2y, it is uniquely determined because
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the condition (2.109) guarantees that «,(X) is the image of X for the dual map of i
with respect to the inner product (¥, X )f,f). That is, when the linear space of random
variables on £2; is regarded as a subspace of the linear space of random variables on
£21 x §2, via the inclusion map i, the map x,(X) is the projection from the linear
space of random variables on £2; x £2; to the sub linear space of random variables on
£2;. So, we can regard the condition (2.109) as another definition of the conditional
expectation x,(X) of X. That is, the conditional expectation x,(X) of X is the real-
valued random variable describing the behavior of the random variable X of the total
system §2| X £2, in the subsystem £2;.

Generally, when we focus on a subspace 4l of real-valued random variables for an
arbitrary random variable X, we can define the conditional expectation s ,(X) € U
as

(Y, ky p (X)) = (¥, X)), vy ed. (2.110)

This implies that the map &y ,( ) is the projection from the space of all real-valued
random variables to the subspace 1 with respect to the inner product {, ).

Exercises

2.33 Show that Cov,(X, Y) = 0 for real-valued random variables X and Y if they
are independent.

2.34 Let Jy be the Fisher information of a probability distribution family {py|0 €
©®}. Let py be the n-fold independent and identical distribution of py. Show that the
Fisher information of the probability distribution family {p; |0 € @} at py is nJy.

2.35 Prove (2.104) using the second equality in (2.17), and noting that /1 + x =
1+ %x — %xz for small x.

2.36 Prove (2.105) following the steps below.
(a) Show the following approximation with the limit € — 0.

dlogpy(w) 1 d*log py(w) ,
do 2 d*9

log pytc(w) —log pp(w) =

(b) Prove the first equality in (2.105) using (a).
(¢) Show the following approximation with the limit e — O.

dl?e(w)6 n 1 d*py(w) 2
do 2 d?0 ’

Po+e(W) = po(w) +

(d) Prove the second equality in (2.105) using (a) and (c).

2.37 Prove (2.106) using the approximation (1 +x)* =1+ sx + @xz for
small x.
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2.2.2 Bregman Divergence

To discuss divergence from a more general viewpoint, we formulate Bregman diver-
gence based on a general strictly convex function y(6) on R. Assume that the strictly
convex function () is twice-differentiable. Then, we define the Bregman diver-
gence (canonical divergence) of ;(0) as

D*(0110) := 1/ (0)(0 — 0) — (@) + u(®)

(4
@ max 1/ @)@ — 0) — u(@) + () = / W(0)(@ — 0)do . (2.111)
(4 6

Here (a) can be derived as follows. Since the inside function of the maximum is
concave for 5, the maximum is realized when the derivative is zero, which implies
that 6 = 6. Hence, we obtain (a). In this case, the convex function p(6) is called the
potential of the Bregman divergence. Further, when 6 > 6, the above maximum is
replaced by max; ;. 7.

du

Since the function p is strictly convex, the correspondence 6 <> n = %5 is one-

to-one. Hence, the divergence D" (0]|0) can be expressed with the parameter 7. For
this purpose, we define the Legendre transform v of 1

v(n) & maxnd — (). 2.112)
]
Then, the function v is a convex function®***, and we can recover the functions p
and 6 as
d
§(6) = max 07 — v(ip), ="
7 dn

. . . . 2 .
Due to the inverse function theorem, the second derivative ( ZTZ of v is calculated to

a9 _ dn=t _ 2!

an — a0 T ao
In particular, when n = fl—g(@),

v(n) = On — (@) = D"(0110) — u(0), (2.113)
(@) = 0n —v(n) = D"(n]|0) — v(0). (2.114)

Using these relations, we can obtain
D"(0110) = D" (nlH) = 0(n — 7)) — v(n) + v(@H). (2.115)

That is, the Bregman divergence of y can be written by the Bregman divergence of
the Legendre transform of .
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Now, we extend Bregman to the multi-parametric case. Let u(f) be a twice-
differentiable and strictly convex function defined on a subset ® of the d-dimensional

real vector space RY. The Bregman divergence concerning the convex function s is
defined by

~ e N7 oy e 8
DI (B116) E > me(@)F — 6 — p@®) +pu(6). m(O) E 5 L. @116
k
This quantity has the following two characterizations:
_ O~ = _
D (0116) = méaxzk: w(ﬁ)(@ —6%) — () + () (2.117)

1 _ . 82
— k_ gky9) —
_/0 E (@F — %) (0 ej)aekaaf O+ @ —0edr.  (2.118)

k.j

Since the strict positivity of p implies the strict positivity of inside of the above
integral, D*(A]|A) is strictly positive unless § = 6. The strict positivity of s is
also guarantees that the correspondence 6% < 1 = (;)9k is one-to-one. Hence, the
Bregman divergence D/ (#||#) can be expressed with the parameter 7. For this pur-
pose, we define the Legendre transform v of

v = max 37 b — (). (2.119)
k

Then, the function v is a convex function®™**, and we can recover the functions
wand 6 as

ov
0) = o5, — v, OF = —. 2.120
11(9) mgxzk: ik — (i) 3y (2.120)

Due to the inverse function theorem, the second derivative matrix (%)k, jofv
< J

is calculated to (89 e = ((()—’L)k D (( ﬁkaej )k,;) ", which is the inverse of the
9? _0p
matrix ol

In particular, when 7, = %(9),
v = > mbk — p(®) = D (01|0) — p(0), (2.121)
X

() = > 64 — v = D (]0) — 1(0). (2.122)
k

Using these relations, we can characterize the Bregman divergence concerning the
convex function p by the Bregman divergence concerning the convex function v as
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D (@16) = D" (il = D 0 (g — i) — v(1) + v (i) (2.123)
k
1 _ _ 821/ _ _
= / 2O = @) (O) = ;D) 5= (@) + (10) = n(@))edr,
0 % kO
(2.124)

where (2.124) follows from (2.118) for the Bregman divergence with respect to v.

A subset £ of @ is called an exponential subfamily of & when there exist an
element§’ € ® and! independent vectors vy, ..., v; € R?suchthatE = {f € ©|0 =
0+ a'v;3Aa'.....d") € R'}. Asubset M of © is called a mixture subfamily
of ® when there exist a /-dimensional vector (by, ..., b;) and / independent vectors
Vi, ..., v € R? such that M = {f € O|b; = Z?:l v{n;(0)}. In particular, the set
of vectors {vy, ..., v} is called a generator of £ and M, respectively.

Now, we focus on two points 6’ = (9’1, e H/d) and 0" = (9”1, e 9//d). We
choose the exponential subfamily £ of ® whose natural parameters §'*!, ... ¢
are fixed to 0"/, ..., 0”¢, and the mixture subfamily M of ® whose expectation
parameters 7', ..., 7 are fixed to n(@)!,...,n(@). Let 0=@",..., éd) be an
element of the intersection of these two subfamily of ®. That is, 6/ = 0" for j=
[4+1,...,dandn;@) =n;@) forj=1,...,1

Then, since

07 —67) ifj>1+1

) ) 2.125
O =00y + @ —0"yifj <1, 2.125)

9/] _ 0//] — I
the definition (2.116) implies that

d
DIO'N6") = D 0" = 0" yni(0') — (@) + (")

j=1

d l
=D 0" = 0O — @) + @) + DO — 6"n;0) — u(6) + (8"
j=1 j=1

=D"(9'||6) + D*(0)6"). (2.126)

Using (2.126), we obtain the Pythagorean theorem [2] as follows.

Theorem 2.3 (Amari [6]) Given an element 6 € © and a mixture subfamily M of
O with the generator {v, ..., v}, we define 0* := argmin, D" (0'||0). Then, we
obtain the following two items as Fig. 2.1.

(1) Any element ' € M satisfies D" (0'||0) = D*(0'(|6*) + D*(6*||0).
(2) The element 0* is the unique element of the intersection of the mixture subfamily
M and the exponential subfamily € containing 0 with the generator {vy, . .., v;}.
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Fig. 2.1 Pythagorean P’
theorem
‘E
exponential
subfamily
- mixture subfamily
6" 14 »
= -m‘—‘"’—’/'

Proof Choose an element 0 in the intersection of the mixture subfamily M and
the exponential subfamily £ containing 6 with the generator {vy, ..., v;}. Now, we
choose additional vectors {vy1, .. ., vs} such that the set {vy, ..., vy} forms a basis.
Then, we introduce another coordinate a’ such that Zd al v$ = 6'. Now, we apply
the new coordinate a’ to the relation (2.126). Thus, any element 0’ € M satisfies
that D*(0')|0) = D*(0'||) + D”(9||9) Since D*(0'||f) > 0 except for 0" = 0, we
have ming g D*(0']|0) = D*(A]|0), which implies that 6* = 0,1.e., (2). Hence, we
obtain (1). |

We also have another version of the Pythagorean theorem as follows.

Theorem 2.4 (Amari [6]) Given an element §' € ©® and an exponential subfamily
& of © with the generator {vy, ..., v}, we define 0, := argmin,_c D*(¢'||0).

(1) Any element 0 € & satisfies D*(0'||0) = D*(0'||6,) + D" (6. |6).

(2) The element 0, is the unique element of the intersection of the exponential
subfamily € and the mixture subfamily containing 0’ with the generator {vy, ..., v;}.

Exercises
2.38 Show that v(n) is a convex function.

2.39 Solve Exercise 2.23 by using Theorem 2.3.

2.2.3 Exponential Family and Divergence

In Sect. 2.1, relative entropy D(p||q) is defined. In this subsection, we characterize
it as Bregman divergence.

Let p(w) be a probability distribution and X (w) be a real-valued random variable.
When the family {py|0 € ®} has the form

po(w) = p(w)e’X @10 (2.127)
1(6) & logz p(w)e’ @ (2.128)
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the logarithmic derivative at respective points equals the logarithmic derivative at a
fixed point with the addition of a constant. In this case, the family, X, and p(6) are
called an exponential family, the generator, and the cumulant generating function
of X, respectively. In particular, in an exponential family, the logarithmic derivative
does not depend on the point 6 except for constant differences. Hence, it is often called
the exponential (e) representation of the derivative. Therefore, we use the superscript
(e) in the inner product ( , )gf). The function (0) is often called a potential function
in the context of information geometry. Since the first derivative of 1(6) is calculated
as p/'(0) = (%e”(e))e’“w) = >, Po(w)X (w), the second derivative is as

2 2
1 (0) = (%eu(e)) o0 _ ((%eﬂw)) e#(f)))
2
:ZP@(W)X(W)Z _ (Z pe(w)X(W)) = ]9 > 0,

is the Fisher information. So, the cumulant generating function p(6) is a strictly
convex function. Therefore, the first derivative 1/ (0) = > pg(w) X (w) is monotone
increasing. That is, we may regard it as another parameter identifying the distribution
Py, and denote it by n. The original parameter 6 is called a natural parameter,
and the other parameter 7 is an expectation parameter. When the distribution is
parametrized by the expectation parameter 7, it is written as p,. Hence, we have
ﬁn(&) = Po.

For example, in the one-trial binomial distribution, the generator X is given as
X (i) = i, and the distribution py is given as po(i) = %, fori = 0, 1. Then, the cumu-
lant generating function y is calculated to be ©(6) = log % The distribution is writ-
ten as pg(0) = 1/(1 + e, po(l) = e‘g/(l + ¢%) in the natural parameter 6. Hence,
the binomial distribution is an exponential family. The expectation parameter is
n(®) = e?/(1 + ¢%). That is, the distribution is written as p, (1) =7, p,(0) =1 —1n
in the expectation parameter 7).

Since u(#) is twice-differentiable and strictly convex, we can consider the Breg-
man divergence of 1.(6). Then, the divergence D(p;|| pg) can be written by using the
Bregman divergence of () as follows.

D(p;llps) = D(p,yg)ll o)) = (0 — O)n(B) — (0 + ()

[4
=D"()0) = / J5(0 — 0)df = max(0 — O)n(@) — u@ + p@) .  (2.129)
0 0

where equations in (2.129) follow from (2.111). When 6 > 6, the above maximum
is replaced by max; ;. 5.

Next, we consider the multi-parameter case. Let X;(w), ..., Xy(w) be d real-
valued random variables. We can define a d-parameter exponential family

Po(@) = p@)eX KOO ) Llog D pw)eZ M (2.130)
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The parameters 6% are natural parameters, and the other parameters

def 8#

e (0) = D0k

= Po@)Xi(w) (2.131)

are expectation parameters. Since the second derivative c)ef(gzk is equal to the Fisher

information matrix Jy_ ;, the cumulant generating function (6 is a convex function.
Using (2.118), we obtain

1
D(pllps) = / DO =00 — 0) Ty gyt (2.132)
0 ki

similar to (2.129). Since the second derivative matrix (%)k ; of v appearing in

(2.124) is the inverse of the matrix the application of (2.124) yields that

d@k 09! ’

1 - - .
D(pglipe) = /O DO — (@) (0 0) — n;O)) (gD edr,  (2.133)
k,j

where 0(¢) is defined as n(6(t)) = 77(0_) + (77(9_) — n(#))t. Note that the inverse
matrix Je_(z]) is the Fisher information matrix with respect to the parameter 7.

In what follows, we consider the case where p is the uniform distribution pp;x-
Let the real-valued random variables X;(w), ..., X4(w) be a basis of the space
Ro(£2) of random variables that have expectation 0 under the uniform distribution
Pmix. We also choose the dual basis Y'(w), ..., Y*(w) of the space R(£2) satis-
fying > Y*(W)Xj(w) = 6? . Then, any distribution p can be parameterized by the
expectation parameter as

PW) = Proy(@) = prix(@) + D (O Y* )

i

because p — pmix can be regarded as an element of R (2).
From (2.123) and (2.120),

D(pill py) = D" (nlln) = Z —(le M) — v +v(n), (2.134)

v(n) = D(Pyll pmix) = —H(Py) + H(Pmix) (2.135)

because 1(0) = 0. The second derivative matrix of v is the inverse of the second
derivative matrix of p, i.e., the Fisher information matrix concerning the natural
parameter 6. That is, the second derivative matrix of v coincides with the Fisher
information matrix concerning the expectation parameter 7.

Now, for given distributions p and g, we consider the case when Y ! (w) = g (w) —
p(w). In this case, the distribution p; := (1 —t)p +tq (0 <t < 1) depends on the
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first expectation parameter 7;. Other expectation parameters 7, are constants for
the distribution p,. Hence, 1,(p;) — m1(py) =t —t' and n(p;) — e (py) = O for
k > 2. Thus, as a special case of (2.133), we have

1
D@M)=/-mm, (2.136)
0

where J; is the Fisher information for the parameter 7.

2.3 Estimation in Classical Systems

An important problem in mathematical statistics is the estimation of the parameter
6 from some given data w € §2 for a probability distribution that generates the data.
To solve this problem, a mapping 6 called an estimator from the probability space
£2 to the parameter space ® C R is required. The accuracy of the estimator is most
commonly evaluated by the mean square error, which is the expectation of the
square of the difference 6—0:

Vo) £ E,, (0 — 0, (2.137)

where 6 is the true parameter. Note that sometimes the mean square error is not the
same as the variance V,(X). The estimator

Es(0) £ E,, @) =0, VoecoO (2.138)

is called an unbiased estimator, and such estimators form an important class of
estimators. The mean square error of the unbiased estimator 6 satisfies the Cramér—
Rao inequality

\VIOEN /2. (2.139)

When an unbiased estimator attains the RHS of (2.139), it is called efficient. This
inequality can be proved from the relations

dBy(6 — 6o)
do

(0 —0).15,) = =1

=0,

and

A ~ N 2
(6= 60, 6= 00)) (1)) = |(@=0). 1)) | =1, (2.140)
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which follows from Schwarz’s inequality. The equality of (2.139) holds for every
value of 6 if and only if the probability distribution family is a one-parameter expo-
nential family (2.127) and the expectation parameter n(f) = > X (w)po(w) is to
be estimated. In this case, the efficient estimator for the expected parameter is given
as 7)(w) := X (w) (Exercise 2.40). Even in the estimation for an exponential family,
there is necessarily no estimator for the natural parameter ¢ in (2.127) such that the
equality of (2.139) holds for all 6.

Let n data w" = (wy, ..., w,) € 2" be generated with the n-i.i.d. of the proba-
bility distribution py. The estimator may then be given by the mapping 6" from 2"
to @ C R. In this case, the Fisher information of the probability distribution family
is nJp, and the unbiased estimator §" satisfies the Cramér—Rao inequality

1
Vo) > —J, "
n

However, in general, it is not necessary to restrict our estimator to unbiased estima-
tors. In fact, rare estimators satisfy such conditions for finite 7.

Therefore, in mathematical statistics, we often study problems in the asymptotic
limitn — oo rather than those with a finite number of data elements. For this purpose,
let us apply the asymptotic unbiasedness conditions

~ d ~
lim Ey(0,) =0, lim —Ey,)=1, Ve ® (2.141)
n—00 n—oo d0

to a sequence of estimators {é" }. Evaluating the accuracy with lim nVy (én), we have
the asymptotic Cramér—Rao inequality®:

limnVy(@,) = J; ", (2.142)

which is shown as follows. Based on a derivation similar to (2.139), we obtain

2

. d .«
nJoVo(0,) = EEH(GH) . (2.143)

Combination of (2.141) and (2.143) derives Inequality (2.142).
Now, we consider what estimator attains the lower bound of (2.142). The maxi-
mum likelihood estimator 6, j/; (W")

O (W) = argmax pli(w") (2.144)
0ec®

8This inequality still holds even if the asymptotic unbiasedness condition is replaced by another
weak condition. Indeed, it is a problem to choose a suitable condition to be assumed for the inequality
(2.142). For details, see van der Vaart [7].
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achieves this lower bound, and the limit of its mean squared error is equal to J(,_l
[7]. Indeed, in an exponential family with the expectation parameter, the maximum
likelihood estimator is equal to the efficient estimator®™***'. Hence, the maximum
likelihood estimator plays an important role in statistical inference.’

Indeed, we choose the mean square error as the criterion of estimation error
because (1) its mathematical treatment is easy and (2) in the i.i.d. case, the sample
mean can be characterized by a Gaussian distribution. Hence, we can expect that a
suitable estimator will also approach a Gaussian distribution asymptotically. That is,
we can expect that its asymptotic behavior will be characterizable by the variance. In
particular, the maximum likelihood estimator én w1 obeys the Gaussian distribution
asymptotically:

b
pila < nOpyr —0) < b} — / Pg/5,(x)dx, Ya,b.

Let us now consider the probability distribution family {pg|6 € @ C R?} with
multiple parameters. We focus on the Fisher information matrix Jy = (Jy, ), which
was defined at the eng of Sgct. 2.2.} , instead of the Fisher information. The estimator
is given by the map 0 = (9, ..., 6?) from the probability space £2 to the parameter
space ©®, similar to the one-parameter case. The unbiasedness conditions are

ELO) € E, 0 =06, Y9eO@, 1<Vk<d.

The error can be calculated using the mean square error matrix Vg (é) = (Vg’j (é)):

VI () LB, (6% — 057 — 07)).

Then, we obtain the multiparameter Cramér—Rao inequality

Vi) = J;". (2.145)

Proof of (2.145) For the proof, let us assume that any vectors |b) = (by, ..., bg)T €
C4 and |a) € C? satisfy

(bIVo(@)b)(alJgla) = |(bla)? . (2.140)

By substituting a = (J¢)~'b, inequality (2.146) becomes

(bIV (D)) = (b|(Js)~"|b)

9This is generally true for all probability distribution families, although some regularity conditions
must be imposed. For example, consider the case in which £2 consists of finite elements. These reg-
ularity conditions are satisfied when the first and second derivatives with respect to 6 are continuous.
Generally, the central limit theorem is used in the proof [7].
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since (J4)~! is a symmetric matrix. Therefore, we obtain (2.145) if (2.146) holds.
Now, we prove (2.146) as follows. Since

OB} (0) — 6}

%= —om

-, = <leo;k» @' - 96))(:) )

similarly to the proof of (2.139), the Schwarz inequality yields

d (e)
(bIV 4, (D)b) = <(Z(9k —~ oo)bk) (Z(ék —~ o{;)bk)>
k=1 Pay

. @ |?
(2L aar) (S0 - ) o
. | _ lalb)]
(e) - :
<(Zf=1 l9oikak) (Zk 1 loy: kak)> talJo,la)
P
|
Moreover, since the sequence of estimators {én = (9:1, e, 0:,{)} satisfies the asymp-
totic unbiasedness condition
. kop k . 9 i k
nlin;OEg(Hn) =6, nh im = —E (0 )y=10% VOeo, (2.147)
the asymptotic Cramér—Rao inequality for the multiparameter case
Vo((0.) = J;" (2.148)

holds if the limit V ({én H o lim, ., nVy (én) exists. Next, we prove (2.148). Defin-

ing A’ o = EX(6,), we have

nalJola)(b|V(0,)1b) = [(alA, |b)I?
instead of (2.146). We then obtain
(alJ5la){BIVo(B.))1b) = I(alb)I*.
from which (2.148) may be obtained in a manner similar to (2.145).
Similarly to the one-parameter case, the equality of (2.145) holds if and only if the
following conditions hold: (1) The probability distribution family is a multiparameter

exponential family. (2) The expectation parameter 7 is to be estimated. (3) The
estimator for 7 is given by

(W) = X (W) . (2.149)
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In this case, this estimator (2.149) equals the maximum likelihood estimator én, ML =
O pi- - -0 1) defined by (2.144)=24 e,

max Pn(W) = Px, )W) . (2.150)

A probability distribution family does not necessarily have such an estimator; how-
ever, a maximum likelihood estimator é,, umr can be defined by (2.144). This satisfies
the asymptotic unbiasedness property (2.147) in a similar way to (2.144), and it sat-
isfies the equality of (2.148). Moreover, it is known that the maximum likelihood
estimator én,ML satisfies [7]

Vo) = J;".

Note that this inequality holds independently of the choice of coordinate. Hence, for
a large amount of data, it is best to use the maximum likelihood estimator. Its mean
square error matrix is almost in inverse proportion to the number of observations
n. This coefficient of the optimal case is given by the Fisher information matrix.
Therefore, the Fisher information matrix can be considered to yield the best accuracy
of an estimator.

Indeed, usually any statistical decision with the given probability distribution fam-
ily {g,|y € I'} is based on the likelihood ratio log ¢, (w) — log g,/ (w). For example,
the maximum likelihood estimator depends only on the likelihood ratio. A proba-
bility distribution family {g. |y € I"} is called a curved exponential family when it
belongs to a larger multiparameter exponential family {pg|0 € @}, i.e., g, is given
as pg(y) with use of a function 0(). When py(w) is given by (2.130), the likelihood
ratio can be expressed by the relative entropy

log g, (w) — log g, (w) = log py(y)(w) — 1og pyy) (W)
= >0 = 0(7)) Xk (W) — pO) + uOH))
k

=" Xe @)@ = 06)") + p0)) — u®")
k

— (Z Xe(@)(0" = 0)") + pO() — u(e”))
k
=D(Pxwlgy) — D(Px(wllgy), (2.151)
where 0" is chosen as 1; (") = X;(w). That is, our estimation procedure can be

treated from the viewpoint of the relative entropy geometry.

Exercises

2.40 Show that the following two conditions are equivalent for a probability distri-
bution family {py|6 € R} and its estimator X by following the steps below.

(D There exists a parameter 7 such that the estimator X is an unbiased estimator for
the parameter 7 and the equality of (2.139) holds at all points.
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@ The probability distribution family {py|6 € R} is an exponential family, py(w)
is given by (2.127) using X, and the parameter to be estimated is the expectation
parameter 77(6).

(a) Show that the estimator X is an unbiased estimator of the expectation parameter
under the exponential family (2.127).

(b) Show that @ may be deduced from Q.

(c) For the exponential family (2.127), show that the natural parameter 6 is given as
a function of the expectation parameter n with the form 6 = fon Jydn'.

(d) Show that (6(n)) = fon 0 Jy dn'.

(e) Show that % = X —nif@is true.

(f) Show that %’ = J,(X —n)p, if @is true.
(g) Show that @ is true if @ is true.

2.41 Show equation (2.150) from (2.151).

2.42 Consider the probability distribution family { pg|6 € R} in the probability space
{1, ..., 1} and the stochastic transition matrix Q = (Qi.). Let the Fisher information
of pg, in the probability distribution family {py|6 € R} be Jp,. Let Jéo be the Fisher
information of Q(py,) in the probability distribution family {Q(ps)|0 € R}. Show
then that Jg, > J(,’O. This inequality is called the monotonicity of the Fisher infor-
mation. Similarly, define Jy,, J ;,0 for the multiple variable case, and show that the
matrix inequality Jg, > Jj, holds.

2.4 Type Method and Large Deviation Evaluation

In this section, we analyze the case of a sufficiently large number of data by using
the following two methods. The first method involves an analysis based on empirical
distributions, and it is called the type method. In the second method, we consider a
particular random variable and examine its exponential behavior.

2.4.1 Type Method and Sanov’s Theorem

Let n data be generated according to a probability distribution in a finite set of events
Ny ={1,...,d}. Then, we can perform the following analysis by examining the
empirical distribution of the data [8]. Let 7, be the set of empirical distributions
obtained from n observations. We call each element of this set a type. For each type
g € Ty, let the subset ;) C Nj; be a set of data with the empirical distribution q.
Since the probability p”(i) depends only on the type g for each i € T, we can
denote this probability by p"(q). Then, when the n data are generated according to
the probability distribution p”, the empirical distribution matches g € 7, with the

o1 def .
probability p" (77) (£ X;cq, p(0))-
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Theorem 2.5 Any type p € T, and any data i € T satisfy the following:
p"(T)) < p"(T}), (2.152)
ph) = e "H@+D@lp) (2.153)

Denoting the number of elements of T, and T} by |T,| and |T|, respectively, we
obtain the relations

n: d—1
Tl = ——— = 1+ D", (2.154)
g
1
m nH@) < |an| <@, (2.155)
1
o 1)d e DUlp) < pn(an) < e "Dw@lp) (2.156)

Proof Let p(i) = - and q (i) = n;/ Then,

d
Py =TT )"

i=1

d

n! -

——[[r®".
ni ng.: i1
d

n! o

) .n/|Hp(l)n‘~
g d’ =1

d
P @) =1 [ [ p@)"

i=1

Using the inequality™**

o gnem, (2.157)

we have

pn(Tn d d S n.—n;
(T H(—/.P(’) )<H(”i () )

i=1

d ni—n; 1 Zi’/:l(";_”ﬂ
ne -G -
. n

Therefore, inequality (2.152) holds. For i € Tq”, we have

P (@) —Hpm ' —Hpo) ()

H niog pi) () _ S a@log pi) — p—n(H@+D(qlp)

U

which implies (2.153).
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Each element g of T,, may be written as a d-dimensional vector. Each component of
the vector then assumes one of the following n + 1 values: 0, 1/n, ..., n/n. Since
Zl‘.izl q; = 1, the dth element is decided by the other d — 1 elements. Therefore,
inequality (2.154) follows from a combinatorial observation. Applying inequality
(2.153) to the case p = ¢, we have the relation p"(T;') = ¢~ |T"|. Since 1 =
quT,, p" (Tq”) > p" (Tq”) for p € T,, we obtain the inequality on the RHS of (2.155).
Conversely, inequality (2.152) yields that 1 =3 ., p"(T)) < 2> 7, P"(T)) =
e~ T2|T,|. Combining this relation with (2.154), we obtain the inequality on
the LHS of (2.155). Inequality (2.156) may be obtained by combining (2.153) and
(2.15%). |

We obtain Sanov’s Theorem using these inequalities.

Theorem 2.6 (Sanov [9]) The following holds for a subset R of distributions on
Nd.‘

n

G P min D@lp) = P Ugeren, T})

< (n+ D)% exp(—n inf D(q|p)).
geR

In particular, when the closure of the interior of R coincides with the closure of R,'°

. 1 n n .
lim ——log p" (Uyernr, Tq) = ;271; D(qllp)

n—oo n

in the limit n — oo.

Based on this theorem, we can analyze how different the true distribution is from
the empirical distribution. More precisely, the empirical distribution belongs to the
neighborhood of the true distribution with a sufficiently large probability, i.e., the
probability of its complementary event approaches 0 exponentially. This exponent is
then given by the relative entropy. The discussion of this exponent is called a large
deviation evaluation.

However, it is difficult to consider a quantum extension of Sanov’s theorem. This
is because we cannot necessarily take the common eigenvectors for plural densities.
That is, this problem must be treated independently of the choice of basis. One pos-
sible way to fulfill this requirement is the group representation method. If we use
this method, it is possible to treat the eigenvalues of density of the system instead
of the classical probabilities [10, 11]. Since eigenvalues do not identify the density
matrix, they cannot be regarded as the complete quantum extension of Sanov’s the-
orem. Indeed, a quantum extension is available if we focus only on two densities;
however, it should be regarded as the quantum extension of Stein’s lemma given in

10The set is called the interior of a set X when it consists of the elements of X without its boundary.
For example, for a one-dimensional set, the interior of [0, 0.5] U {0.7} is (0, 0.5) and the closure of
the interior is [0, 0.5]. Therefore, the condition is not satisfied in this case.
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Sect. 3.5. Since the data are not given without our operation in the quantum case, it
is impossible to directly extend Sanov’s theorem to the quantum case.

In fact, the advantage of using the type method is the universality in information
theory [8]. However, if we apply the type method to quantum systems independently
of the basis, the universality is not available in the quantum case. A group repre-
sentation method is very effective for a treatment independent of basis [10, 12-17].
Indeed, several universal protocols have been obtained by this method.

Exercise

2.43 Prove (2.157) by considering the cases n > m and n < m separately.

2.4.2 Cramér Theorem and Its Application to Estimation

Next, we consider the asymptotic behavior of a random variable in the case of inde-
pendent and identical trials of the probability distribution p.

For this purpose, we first introduce two fundamental inequalities®™**. The
Markov inequality states that for a real-valued random variable X where X > 0,

B pix = e (2.158)
C

Applying the Markov inequality to the variable | X — E,(X)|, we obtain the Cheby-
shev inequality:

V,(X)
PlIX —E,(X)| = a} < 2 (2.159)
Now, consider the real-valued random variable
def o 1
X" = -X;, 2.160
; . (2.160)
where X1, ..., X,, are n independent random variables that are identical to the real-

valued random variable X subject to the distribution p. When the variable X" obeys
the independent and identical distribution p” of p, the expectation of X" coincides
with the expectation E, (X). Let V,(X) be the variance of X. Then, its variance with
n observations equals V,(X)/n.

Applying Chebyshev’s inequality (2.159), we have

Vp(X)

PHUIX" = Ep(X)| = ¢ < 23
ne

for arbitrary e > 0. This inequality yields the (weak) law of large numbers
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P {IX" —E,(X)| = ¢} - 0, Ve >0. (2.161)

In general, if a sequence of pairs {(X", p,)} of a real-valued random variable and a
probability distribution satisfies

pullX" —x| > ¢} =0, Ve >0 (2.162)

for a real number x, then the real-valued random variable X" is said to converge in
probability to x.

Since the left-hand side (LHS) of (2.161) converges to O, the next focus is the
speed of this convergence. Usually, this convergence is exponential. The exponent
of this convergence is characterized by Cramér’s Theorem below.

Theorem 2.7 (Cramér [18]) Define the cumulant generating function p(60) &

log (3, p(W)e’ ). Then

1
lim ——log p"{X" > x} > Iglaé( Ox — (), (2.163)
—  n >
— 1
lim ——log p"{X" > x} < lim max (Hx’ - /,L(G)) , (2.164)
n x'—x4+0 >0
1
lim ——log p"{X" < x} > 1161218( (Ox — n(0)) (2.165)
~  n <
— 1
lim ——log p"{X" < x} < lim , max (0x" — 1(0)) . (2.166)
n x'—=>x— <

If we replace {X" > x} and {X" < x} with {X" > x} and {X" < x}, respectively,
the same inequalities hold.

When the probability space consists of finite elements, the function maxgso (fx—
p(0)) is continuous, i.e., limy_ 1o maxg=o (6x" — p(f)) = maxg=g (Ox — p(9)).
Hence, the equality of (2.163) holds. Conversely, if the probability space contains
an infinite number of elements as the set of real numbers R, we should treat the dif-
ference between the RHS and LHS more carefully. Further, the inequality of (2.163)
holds without limit, and is equivalent to (2.46) when we replace the real-valued
random variable X (w) with —log g(w). The same argument holds for (2.165).

Proof Inequality (2.165) is obtained by considering —X in (2.163). Therefore, we
prove only (2.163). Inequality (2.166) is also obtained by considering —X in (2.164).
Here we prove only inequality (2.163). Inequality (2.164) will be proved at the end
of this section.

For a real-valued random variable X with X (w) for each w,

Ep (") = Ep (H "’Mi) = (E,e")" = " (2.167)
i=1
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Using the Markov inequality (2.158), we obtain

o0

pHX" = xp=peN =™ s —— = "0 for6> 0. (2.168)
en X

Taking the logarithm of both sides, we have
1
——log p"{X" = x} = Ox — pu(0).
n

Let us take the maximum on the RHS with respect to # > 0 and then take the limit
on the LHS. We obtain inequality (2.163). |

This theorem can be extended to the non-i.i.d. case as the Girtner—Ellis theorem.

Theorem 2.8 (Girtner [19], Ellis [20]) Let { p,,} be a general sequence of the proba-
bilities with the real-valued random variables X,,. Define the camulant generating

functions (1 (0) &1 Llog (3, pn(w)e” X)) and 1(6) im0 112 (0) and the
set G & {u (0)|6}. Then

1

lim ——log pa{X, > x} > max (Ox — u(0)), (2.169)
n >

— 1

lim ——log p,{X,, > x} < _inf max (Ox — u(0)), (2.170)
n xeG:ix>x 6>0
1

lim ——log p,{X, < x} = max (Ox — pu(0)) , (2.171)
n <

— 1

lim ——log p,{X, <x} < 1an rglax (Ox — p(0)) . (2.172)
n xeG:x<x

If we replace {X,, > x} and {X,, < x} by {X,, > x} and {X,, < x}, respectively, the
same inequalities hold.

Inequalities (2.169) and (2.171) can be proved in a similar way to Theorem 2.7.
Next, we apply large deviation arguments to estimation theory. Our arguments will
focus not on the mean square error but on the decreasing rate of the probability that the
estimated parameter does not belong to the e-neighborhood of the true parameter. To
treat the accuracy of a sequence of estimators {é,,} with a one-parameter probability
distribution family {py|6 € R} from the viewpoint of a large deviation, we define

5166, tim —1og pj (16, — 01 > o) 2.173)
a(tf,). ) < tim w 2.174)
e—0

As an approximation, we have
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A~ L
Palld, — 0] > &) = e atOn0),

Hence, an estimator functions better when it has larger values of ﬁ({én}, 0, ¢) and
a({0,}, 0).

Theorem 2.9 (Bahadur [21-23]) Let a sequence of estimators {én} satisfy the weak
consistency condition

pi{l6,—0] > e} -0, Ve >0, VOeR. (2.175)

Then, it follows that

BB, 0.0 = inf  D(pulpa). (2.176)
Further, if
D(pgllpe) = élirr;, D(pjlipo), (2.177)
the following also holds:
A 1
a({b,},0) < EJa. (2.178)

If the probability space consists of finite elements, condition (2.177) holds.

Proof of Theorem 2.9 Inequality (2.178) is obtained by combining (2.176) with
(2.105). Inequality (2.176) may be derived from monotonicity (2.13) as follows.
From the consistency condition (2.175), the sequence a, o ol |én — 0] > €} sat-
isfies a, — 0. Assume that ¢’ &f |0 — @'| > €. Then, when |én — 0] <€ —e we
have |é,, — 0] > e. Hence, the other sequence b, & p;},{lén — 0] > ¢} > pz/{|§,, —
0'| < € — €} satisfies b, — 1 because of the consistency condition (2.175). Thus,
monotonicity (2.13) implies that

D(pylipg) = bu(logb, —logay) + (1 — by,)(log(l — by) — log(l — ax)).

Since nD(po |l po) = D(py |l py) follows from (2.28) and —(1 — b,) log(1 — a,) >

0, we have nD(py || ps) = —h(b,) — b, log a,, and therefore

D(po |l po) n h(by)
b, nb,

——loga, < (2.179)
n

As the convergence h(b,) — 0 follows from the convergence b, — 1, we have

B({6,}. 6. ¢) < D(pg || po).
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Considering infy.g_g| ~.., we obtain (2.176). In addition, this proof is valid even if
we replace {|0, — 0] > €} in (2.173) by {|6, — 0] > €}. [ ]

If no estimator satisfies the equalities in inequalities (2.176) and (2.178), these
inequalities are not sufficiently useful. The following proposition gives a sufficient
condition for the equalities of (2.176) and (2.178).

Proposition 2.1 Suppose that the probability distribution family (2.127) is exponen-
tial, and the parameter to be estimated is an expectation parameter. If a sequence of
estimators is given by X" (w") (see (2.160)), then the equality of (2.176) holds. The
equality of (2.178) also holds.

It is known that the maximum likelihood estimator é,,, mL satisfies (2.178) if the
probability distribution family satisfies some regularity conditions [23, 24].

Proof of Proposition 2.1 and (2.164) and (2.166) in Theorem 2.7 Now, we prove
Proposition 2.1 and its related formulas ((2.163) and (2.164) in Theorem 2.7)
as follows. Because (2.129) implies maxg>g(0’ — 8)(n(0) + ¢) — (u(0') — p(9)) =
D (Py(6)+ll Pys)), Proposition 2.1 follows from the inequalities

1
lim ——log py ¢ {X" (") > n(0) + €}
= max (6 — 0)(n(6) + €) — (u(0") — p()), (2.180)

im ! N n n . N n
lim - log pp (X" (") >n(0) + €} < lim D(py@yiellppo) — (2.181)
e —e+0

for the expectation parameter ) of the exponential family (2.127) and arbitrary e > O.
Whenx = n(@) + € = 77(5) > 0and f = 0, the formula (2.181) is the same as (2.164)
in Theorem 2.7 with replacing > by > in the LHS because D(py@)+ell Pne) =
én(é) — /,L(é) = maxy 977(5) — n(0). Since the LHS of (2.181) is not smaller than
the LHS of (2.164) in this correspondence, (2.181) yields (2.164). Considering — X
instead of X, (2.164) implies (2.166).

To show (2.180), we choose arbitrary € > ¢ and 6 such that 1/ (9) = n(0) + €.
Based on the proof of (2.163) in Theorem 2.7, since the expectation of ¢~ X" ("
under the distribution p}} is e"@=#® we can show that

1
- log py{X" (W") > n(0) + €}
> 9{%’7139(9’ — ) (n(0) + ) — (u(0") — p(d)), (2.182)

1
= log pj{X"(W") = 1(0) + ¢}

= max (6 = H)(n®) + ) = (u®) = () = D(Pyoy+ellPuoye) > 0. (2183)
Then, (2.182) implies (2.180).

Next, using (2.183), we show (2.181) as follows. According to a discussion similar
to the proof of (2.176) in Theorem 2.9, we have
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1 R D(pyy+ell Py h(b,
L iog iy (X7 @) > 7(0) + f < 2 Prxellbne) BG4y

n b, nb,
for ¢ > €, where b, & ﬁg(9)+€,{X"(w”) > n(#) + €}. From (2.183), b, — 1. Hence,
we obtain the last inequality in (2.181). |

Proof of (2.170) and (2.172) in Theorem 2.8 Finally, we will prove inequality (2.170)
in Theorem 2.8, i.e., we will prove that

Tim —% log p{X, (@) = x} < max (94'(6) — u()) (2.185)

for any @ satisfying ;/(f) > x. Inequality (2.172) can be shown in the same way.

Define the exponential family p,, (w) & P (w)e"0Xn =) - Similarly to (2.184),
we have

D(p, 5llpn.o) n h(by)
nb, nb,

1
- 10g pn,O{Xn(w) > x} <
n

)

where b, & p, 5{X,, (@) > x}. From (2.129), 22221220 — oy, o (041, (0) — 1(6)).
Hence, if we show that b, — 1, we obtain (2.185). To show that b, — 1, similarly
to (2.183), the inequality

—% log p,, 5{Xn(w) = ¥} = max(6 - 0)x — () + 11(9)

holds. Since the set of differentiable points of 1 is open and p’ is monotone increasing
and continuous in this set, there exists a point ¢’ in this set such that

0 <0, x<u@®.
Since p’ is monotone increasing, we obtain

max( — 0)x — 1(0) + () > (0" — O)x — (0 + ()

>('(0) — )0 —0) >0,
which implies that b, — 1. |
Exercises
2.44 Prove Markov’s inequality by using the inequality >, . pix; > ¢ > - pi-

2.45 Using Cramér’s theorem and (2.42) and (2.44), show the following equations
below. Show analogous formulas for (2.46), (2.47), (3.5), and (3.6).
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1
lim ——log p"{ph < e} = —rgin(w(s) —sR), (2.186)
n—oo n =s
1
lim ——log p"{ph > e¢"F} = —min(y(s) — sR). (2.187)
n—oo n s<0

2.46 Show that

1 — SR
lim — L log PC(p", "Ry = — min L&) 5K (2.188)

n—oo n 0<s<l 1 —s

by first proving (2.189) and then combining this with (2.55). The > part may be
obtained directly from (2.51)

PC(pn’ enR) > max (qun| _ enR)e—n(H([?)+H([7||q))
qu,,:\Tq"l >enk

e"H @) R o
= max (—d —e" )e—n( (P)+H(pll9))
qun:% >enR (}’l + 1)
d  nR
= max e_"D(”")(l _ e ) (2.189)
‘IETM?::(;Q S etk enH(q)
2.47 Show that
! — SR
lim — L log P(p", ") = —min L& =R 2.190)
n—oo n SSO 1 — s

by first proving (2.191) and then combining this with (2.55). The inequality > may
be obtained directly from (2.54)

n _nR R . e_nD(q”p)
q€T,:| T | <enk q

max «——.
qeTH(@<R (n+ 1)¢
2.48 Consider the case where 2, = {0, 1}, p,(0) =™, p,(1) =1—e7",
X,(0) =a, X,(1) = —b with a, b > 0. Show that ;1(6) = — min{(1 — 6)a, Ob} and
the following for —b < x < a:

b 1
M <a, lim —logp,{X, >x}=a.
n

Igféi(w —n(0) = ) Lim

It gives a counterexample of Gértner—Ellis Theorem in the nondifferentiable case.
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2.5 Continuity and Axiomatic Approach

In this section, we consider how to characterize the entropy H (p) by axioms. Indeed,
when a real-value function S satisfies several axiomatic rules, the function S must be
the entropy H (p) given in (2.2). Here, we consider the following five axioms for a
real-value function § for distribution, which is close to the axioms by Khinchin [25].

K1 (Normalization)
S(Pmix,f0,1}) = log2. (2.192)
K2 (Continuity) S is continuous on P ({0, 1}).
K3 (Nonnegativity) S is nonnegative.
K4 (Expandability) For any function f, we have
SPx) =SPrx)x). (2.193)

K5 (Chain rule) When Pyy is a joint distribution for X and Y, the marginal dis-
tribution Px and the conditional distribution Py|x . satisfies that

S(Pxy) = S(Px) + sz(x)S(an:x)- (2.194)

Here, we consider another set of axioms as follows.

A1l (Normalization)
S(Pmix,(0,1}) = log2. (2.195)
A2 (Weak additivity)
S(p") =nS(p) (2.196)
A3 (Monotonicity) For any function f, we have
S(Pyx) = S(Pyx))- (2.197)

A4 (Asymptotic continuity) Let p, and g, be distributions on the set {0, 1}".
When d, (p,, q,) — 0, we have

-
n

0. (2.198)

Then, the following theorem shows the uniqueness of a function satisfying one
of the above sets of axioms.
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Theorem 2.10 For a function S defined on the set of distributions, the following
three conditions are equivalent.

(1) S satisfies Axioms K1-KS.
(2) S satisfies Axioms A1-A4.

(3) S(p) =—2_; pilogpi.

Before proceeding to the proof of Theorem 2.10, we consider the asymptotic
convertibility for the independent and identical distribution.

Lemma 2.5 For a distribution p on §2 and an arbitrary real number € > 0, there
exists a sequence of maps f,, from 2" to 2, := {0, 1}\HP=an/10e2) gycp that d, (p" o
fnila pmix,ﬂ,,) — 0.

Lemma 2.6 For a distribution p on §2 and an arbitrary real number € > 0, there
exists a sequence of maps f, from $2 := {0, [J{HPFon/122] 15 QM sych that
dy(p", pmix.2, © [ ') = 0.

These two lemmas show that the entropy H (p) gives the asymptotic conversion
rate between the independent and identical distribution and the uniform distribu-
tion. Rényi entropy H4,(p) also satisfies Axioms K1-K4 and A1-A3. However,
it does not satisfies K5 (Chain rule) or A4 (Asymptotic continuity)®*>*>*, Indeed,
although the quantity e~ 2(P) satisfies A4 (Asymptotic continuity)®*>*' as well as A3
(Monotonicity), it does not satisfy A2 (Weak additivity). Only the information quan-
tity satisfying Axioms K1-K5 or A1-A4 gives the asymptotic conversion between
the independent and identical distribution and the uniform distribution. Hence, we
can conclude that K5 (Chain rule) and A4 (Asymptotic continuity) are crucial for
the asymptotic conversion.

Proof of Theorem 2.10 First, we show (1) = (2). A2 (Weak additivity) follows
from K5 (Chain rule). A3 (Monotonicity) follows from K3 (Nonnegativity), K4
(Expandability), and KS (Chain rule) by the same discussion as (2.6).

Now, we start to show A4 (Asymptotic continuity). Since the set P ({0, 1}) is
compact, due to K2 (Continuity), S is uniformly continuous on P ({0, 1}). So, there
exists the maximum value R := max,ep(o.1)) S(p). For any € > 0, we choose § > 0
such that |S(p) — S(g)| < € for any d;(p, ¢) < J. Consider two distributions P’}(”

and F’;n on the set {0, 1}" such that §, := 2d, (P’}(”,F;“) goes to zero as n — 00.

Then, we can choose a sufficiently large integer N such that 6, < % forn > N.
Here, X; denotes the random variable on the i-th set {0, 1} in {0, 1}" and X, :=

(X1, ..., X,). For any integer i < n, we have

Z‘ani—](xi_l) _ﬁr;',,l(xi—l) < 6p.

Xi-1

Also, for any value x; € {0, 1}, we have
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Z PnXm (xi-1) ’Pl;(ilxi—l:xz—] (xl/) o lSZ(iIXi—in—l (xl/)

Xi-1
= D IP L DPY o D) = Py 0P, ()
Xi-1
+ 3 [Ph i) = P ) [P e, (6D
Xi-1
<> [P% e — B e + [P (i) — B G|
55:’+ Oy = 26,. - (2.199)

We define the function Yy (x;—1) := [P |x,_ =y, , (x)) — 13’)1(1|X14=xi71 (x))]. Apply-
ing Markov inequality to the random variable Yu(Xi-1), from (2.199), we have the
inequality

R , 26,
Py (il PPy x e O — Py, oy GDI S 0D 21— 7 (2.200)

Let £2; be the setof x;_; = (x1, ...x;_1) satisfying the condition inside of the paren-
thesis in the LHS of (2.200). Then, K3 (Nonnegativity) implies that

ZPnXi—] (xiil)‘S(Pﬁi‘Xi—lzxi—l) - S(in‘xi—]:xi—l)‘

Xi-1
= Z PnXi—] (xifl)‘S(P;i\XHl:Xifl) - S(in‘xi—l=xi—l)‘

Xi_1€82

O P @ [SP ) — S P o)

x,’,1€QiF

= Z Py (xi_)e+ Z Py,  (xi-DR

x,»,leﬂ,' x,-,IE.Q,-”

On

56—}—2€R <e+e=2e. (2.201)

Also, K3 (Nonnegativity) implies that

>

Xi—1

—n €
=Py i Py i [R =0,k < S (2202)

Xi—1

On the other hand, K5 (Chain rule) implies that
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SPy) =D D Py (i D)SPy x, o, )- (2.203)

i=1 xi—;

Thus, we have

n

(a) —n —n
= Z Z‘PHX’-,I (xi—l)S(Pr)l(,|X,,1:x,-,1) - PXH (xi—l)S(PX,’IXH:xi—l)‘

i=1 xi—;

n
—
= Z Z‘ani—] (xi_l)S(P;l(i|Xi—l:xi—]) o P’)l(iq (xi_l)S(PXi‘Xi—]:xi—l)‘

i=1 xi

+ Pg/r—l (xi_l)S(Fr;(i‘Xi—]:xi—l) B F;!*l (xi_l)S(Fr;(/\X/q:xifl)‘

= Z Z P}i—l (xi_l)‘S(Pr;(z|Xz—l=xi—l) - S(ﬁi;(ilxl—lzxi—])‘

i=1 xi—

+[Ph i = Py )| SC o)

b) € €
< 2 — =n2 —),
_; e+2 n(e+2)

where (a) follows from (2.203), and (b) follows from (2.201) and (2.202). Hence,
A4 (Asymptotic continuity) holds.

Next, we show (2) = (3). For a distribution p and € > 0, according to Lemma
2.5, we choose a sequence of maps f,,. Al (Normalization) and A2 (Weak additiv-
ity) imply that S(pmix,2,) = L(H(p) —e)n/log2]log2. A2 (Weak additivity) and
(Monotonicity) imply that S(p" o fnfl) < S(p") < nS(p). By using these relations,
A4 (Asymptotic continuity) implies that H(p) — e < S(p). Since € is arbitrary, we
have H(p) < S(p). Similarly, using Lemma 2.6, we can show that H(p) > S(p).
Thus, we obtain H(p) = S(p).

Now, we show (3) = (1). K1 (Normalization), K2 (Continuity), and K3 (Non-
negativity) are oblivious from the definition (2.2). K4 (Expandability) and K5 (Chain
rule) follow from (2.4) and (2.5), respectively. |

To show Lemmas 2.5 and 2.6, we prepare another lemma as follows.

Lemma 2.7 (Han [26, Lemma 2.1.1.]) For any two distributions Px on X and Py
on Y, there exists a function f from X to Y such that

di(Psx), Py) < e 7 +max(Px(S(a + 7)), Py (T (a))), (2.204)
where

S(a) :=={x € X|Px(x) = e}, T(a):={yeVIPy(y) =e“}
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Proof We define a map f from X to ) as follows. We number all of elements of

T(a)as T(a) ={y1,.-., Yu}. So, we have
n=|T(a)| <e“. (2.205)
For this purpose, we define n disjoint subsets f~'(y1), ..., f~'(y,) as subsets of

X . First, we choose a subset f~'(y;) C S(a + ~) such that

> Px@=PrOD< D Px)+e .

xef~tm) xef~yn)

for any x’ € S(a + )\ f~'(y1). Next, we choose a subset f~'(y;) C S(a + )\
f’l(yl) such that

> Px() <Py(m) < D Pxx)+e .

xef~1(y2) xef~1(y)

We repeat this selection as long as possible. Let y; be the final element y whose
inverse set f~!(y) can be defined in this way.

Consider the case I = n. We reselect £ ~!(y,) to be (Ul'.:l] £~ (:)¢. Then, the set
f~1(y) is empty for y € T(a)°. Due to Exercise 2.12, we have

n—1

d\(Prix). Py) < D [Pron () =Pyl + D [Prao(y) — Py

i=1 yeT (a)*
n—1 @
<D T D P e +Pr(T @),
i=1 yeT (a)¢

where (a) follows from (2.205).
Next, we consider the case [ < n. We define f~!(y11) := X\(U'_, f~1(y))°.
Then, for y € {y1,...y+1}% f~'(y) is empty. Since

I+1

DPyon = D Px(),
i=1

xeS(a+7y)

we have

> P D Px(. (2.206)

Yy -y xeS(a+y)©

Hence, due to Exercise 2.12, we have
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I
d\(Psx), Py) < Z IProxy(vi) = Py (yi)l + Z [Prixy(y) — Py (y)]

i=1 yey vk
I
=D T+ D> Py(y)
i=l1 VeV, Yi1)
(@) ,
<e 4+ > Px(x)=e 7 +Px(Sa+7)),
xeS(a+y)©
where (a) follows from (2.205) and (2.2006). |

Now, using Lemma 2.7, we show Lemmas 2.5 and 2.6.

Proof of Lemma 2.5 We apply Lemma 2.7 to the case whena = (H(p) — ée)n, v =
n%, and Px and Py are p" and the uniform distribution ppmix o, on the set £2, =
{0, 1}LH(P=an/log2] " respectively. Then, Py (T (a)) = 0 and e~? — 0. Since RHS
of (2.44) goes to zero with R < H(p), we have Px (S(a + 7)) — 0. Therefore, we
obtain the desired argument. |

Proof of Lemma 2.6 We apply Lemma 2.7 to the case when a + v = (H(p) + €)n,
vy = n%, and Py and Px are p” and the uniform distribution ppix, e on the set 2, =
{0, 1}LH (P+on/log2] - respectively. Then, Px(S(a +v)¢) =0 and e™7 — 0. Since
RHS of (2.42) goes to zero with R > H(p), we have Py (T (a)°) — 0. Therefore,
we obtain the desired argument. |

Exercises

2.49 Show that the Rényi entropy H)i;(p) and the min entropy Hpyin(p) do not
satisfy A4 (Asymptotic continuity) for s > O as follows.
(a) Define the distribution py; . on {0, 1,...,d — 1} by

T4e ifi=0
Pa.c(i) = (2.207)
— 45 ifi > 0.

U=

Show that dy(pa.c, Pmix.a) = €.
(b) Show that Hpin(pa.) = logd — log(1 + de).

(¢) Assume that de — 00 as d — 0o. Show that Hmin(Pmixa)=Huin(pae) 1 4

log e
logd logd +

0(@) asd — oo.

(d) Show that Hy;(pa.) = logd — L log(1(1 + de)!* + £1(1 — A<)l+s),

H 5 (Pmix.a) —Hits (Pa.e) _
logd =1+

(e) Assume that ﬁ(de)”s — 00 as d — 00. Show that

14s) 1 — o) d
L 4 0((do)™ M oy as d — oo
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2.50 Show that the Rényi entropy H;_(p) and the max entropy Hp,x(p) do not
satisfy A4 (Asymptotic continuity) for s € (0, 1) as follows.
(a) Define the distribution p}, ,on {0, 1,...,d — 1} by

. 1—cifi=0
Pa (i) = l - ifi > 0. (2208)
Show that d; (p); ., pl; o) = €.

Hmax - _Hmax !
(b) Show that 2z Pniva) e Pao) _ 4 g ¢ < 0,

logd
(¢) Show that Hy_,(p}; ) = —1log((1 — &)'~* + (d — D)(35)').
. f — ¢ — s —s € 62 1—s
(d) Show that H‘*“(p“‘“'l‘;)gdH”“(p“) = Sllogsd d—1%" + 050 + O(ﬁ) as

e — 0.

2.51 Show that e=2#2(P) satisfies A4 (Asymptotic continuity) for s > 0 by showing
the following inequality. That is, show that the continuity of e ~>2(P) does not depend
on the cardinality of the supports of p and gq.

le™ ) _ o=@ < 24,(p, q). (2.209)

2.6 Large Deviation on Sphere

Next, we consider a probability distribution on the set of pure states. In quantum
information, if we have no information on the given system H = C, it is natural to
assume that the probability distribution is invariant with respect to the action of the
unitary group U(/) on the set of pure states. Such a distribution is unique and is called
the Haar measure, which is denoted by pi4,. Since the normalized vector is given as
|¢) € C! satisfying ||¢|| = 1, the distribution p4, is given as a distribution on the set
of pure states satisfying that

/ L (do) = / L (dU @) for U € U(l). (2.210)
B B

That is, the Haar measure is defined as the unique distribution satisfying (2.210).
When the pure state is regarded as an element of the 2/ — 1-dimensional sphere
§%'=1, the distribution 17, is given as a distribution on the 2/ — 1-dimensional sphere.
More generally, the Haar measure p1g» on n-dimensional sphere S” is given as the
distribution satisfying that

/ Lsn(dx) = / s (dgx) for g € O(n + 1). (2.211)
B B

The Haar measure has several useful properties. For example, the invariance guar-
antees that
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1
/Iqb) (Pluldo) = 71. (2.212)

Further, when H = C' is spanned by the basis {|e,~)}ﬁ=1, for n-th permutation 7, we
define the unitary U, on H®" as

UTF(|v17 ~--7vn>) = |U7T(1)a ~~-yvfr(n)>~ (2213)

Then, we define the n-th symmetric subspace Hy,, C H®" as the space spanned by
{3, Usler,....e1,e2, ..., 2, ... ¢,...,e))}. The dimension of M, is (" 1"),
and the invariance implies that

1
/ 1) (%" i (dp) = WPH“,, (2.214)
-1

where Py, , is the projection to H, ,. When a pure state p on H®" is invariant for U,
with an arbitrary n-th permutation 7, the pure state p is a state on H; ,. Hence, we
have

[ -1
ps( o ) / 16) (61" 3 (). (2.215)

Here, (""" is upper bounded by (n + 1)¢~".

In quantum information, we often consider the stochastic behavior of a function
of a pure state under the Haar measure p14¢. In order to discuss this issue, we need the
following preparation. First, we define the median of a real-valued random variable
X as

ot Med, (X) + Med,, (X)

Med, (X) & . (2.216)
Med, (X) & inf{r|p{x|x > r} < 1/2} (2.217)
Med,, (X) < sup(r|p{x|x <r} < 1/2}. (2.218)

The cumulative distribution function of the real-valued random variable X is defined
as

Fx p(a) = pi{x|x < a}, (2.219)

where p(£2) is defined for a subset S C £2 as

p(S) = p.. (2.220)

xeS

Then, we have the following lemma.
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Lemma 2.8 When given two real-valued randomvariables X and Y satisfies Fx , <
Fy,,, we have E,X > E,Y.

Then, we define the metric d(x, y) between two wave functions x and y in $%~!
as

d(x,y) :=cos”' Re(x, y) € [0, 7]. (2.221)
Then, for a wave function y € $2-1 we define the subset D(y, r) as

D(y,r) :=f{x € % 'd(x,y) <r}. (2.222)
Then, the probability psz-1(D(y,r)) depends only on r. For a given probability
p € (0, 1), we define r(p) as psa-1 (D(y, r(p))) = p.Foragiven subset 2 C S¥~!,
we define the subset £2, for ¢ > 0 as

Q.:={x eSS d(x,y) <€ 3y e 2). (2.223)

Then, we prepare the following fundamental lemma.

Lemma 2.9 ([27, Theorem 2.1]) For a given p € (0, 1) and € > 0, we have

min{,uszz_l (.QE)|/1,521—1 (.Q) = p} = [g2-1 (D(y, r(p))e), (2224)

where the set D(y, r(p)). is illustrated as Fig. 2.2.

Proof We give only an intuitive proof. First, we consider an infinitesimal € > 0. In
this case, it is enough to consider the boundary of £2 because the size of boundary

Fig. 2.2 Set D(y, r(p)). r(p)y
E

D(y,r(p)),
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of £2 is proportional to M le=0. We can intuitively find that the set D(y, r(p))
has the minimum boundary among the subsets §2 satisfying pg2-1(§£2) = p. That s,
we obtain dw”é E s = dﬂSz[*l(g:y'r(p))s) le=o0-

Next, for p’ > p and a subset £2 satisfying ps2-1(§2) = p, we define the function
(', $2) as psu-1(2¢(y.2)) = p'. Then, we have

df(p'.2) 1 1
dp’ o dpsa- I(Qf(p m+()| = duSzH(D(y,r(p))f(,,/YD()_,_”]))W)| ) (2.225)
T de le= de =0
which implies
f,2) < f(p'. DGy, r(p))). (2.226)

Hence, we obtain

ps-1 (82 Diyvr(p) = Hs2-1 (825 .2)) = ps-1 (DY, r(P)) £ (o, DG.r(p))-

|
Using the above lemma, we obtain the following lemma.
Lemma 2.10 ([27, Corollary 2.2]) When a subset 2 C §2-1 satisfies pigu-1(w) > %
we have
—e(-1)
JLs2-1 (2)>1—e /2 (2.227)

Proof Thanks to Lemma 2.9, since D(y, 5) = %, itis enough to show that D(y, 7).
=D(y,5+e)>1- ¢ 1=V /2 The size of the boundary of D(y, 6) is proportional
to sin? % § = cos? (9 — 3) for 6 € [0, 7]. Hence, choosing ¢ := § — Z, we have

T ff% cos?20'dy’
D(vg+e)="— (2.228)
where
111'=/gcos”_20’d9/=3 l_ll :F(l Z)F() 2[—312
- -z 2’2 r{ 21 -2 '
(2.229)
Since % > 1, we have

N2 =201 = 2] — 415, (2.230)
which implies /2] — 2I,_; > +/2I; = /2B (% = Tz'



2.6 Large Deviation on Sphere 81

2
For t € [0, 7], the inequality cost < e~ 2 holds. Using the parameter u :=

/1 — 16, we have

s FVi-1 — u
T [ cos? 2 0'd¢’ 1 fffm cos? J=du
1=D (v, 5 +¢) =2 =
2 I -1 Ly
L/ ( _L)zz—z BN/ =
e 20=0 du 2 wd
S‘ffvl—l - — Lm : “ < 6762(171)/2’
V2 V2
where the final inequality follows from Exercise 2.56. |

A real-valued continuous function f of $%~! can be regarded as a real-valued random
variable on SZ~!. Then, we define the set §2 ras

Q7= {x € 7 f(x) < Medgsa-1(f)}, (2.231)

where Medgx-1(f) is the abbreviation of the median Med {211 (f) under the Haar
measure g2 on SZ~!. Using Lemma 2.9, we obtain the inequality

s (7)) = 1—e €02, (2.232)

Now, we say that the function f is Lipschitz continuous with the Lipschitz constant
C,, with respect to the metric d in subset 2 C S~ when

) = FOI _

Co, Vx,yeSs2. 2.233
d,y) - T (2239)

In particular, when £2 = S%~!, we simply say that the function f is Lipschitz contin-
uous with the Lipschitz constant Cy with respect to the metric d, which is assumed
in the following. Since (£27) C {x € S £ (x) = Medga-1(f) + Coel, (2.232)
implies that

)

psa{x € S f(x) = Medg-1 (f) + Coe} < psa1 (2)F) <
(2.234)

Similarly, we can show that

—e2(1-1)

psa-1{x € S¥7 f(x) < Medgu1(f) — Coe} < (2.235)

Hence, we obtain

()

psa-i{x € S¥7 | f(x) = Medgu-1 (f)| = e} <e S , (2.236)
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which implies that the cumulative distribution function of the real-valued random
_x2-n

variable | f(x) — Medgu-1(f)| is less than F(x) :=1—e < .Now, we simplify

the expectation E,, ,,_, under the Haar measure ju52-1 on $* =" to Egx-1. Thus, Lemma

2.8 guarantees that

® dF(x)
Egu1] f(X) — Medg-1 ()| < x dx
0 dx
00 _ ()
=/ 2(1 zl)xze C(Z) d‘x:ﬂ L’
0 Ci 2VIi-1
where we used the relation in Exercise 2.55. Thus, we obtain
C() m
[Ese-1 f (X) = Medge-i(f)] < Eset| £ (X) = Medganr ()] < 22 /.
(2.237)

Finally, given positive numbers § and C;, we define the sets

2s.c, ::{x c S”"‘f(x) > Bo FOO+ 2 [T 4 Clé]

2VIi-1
Clx € 7! f(x) = Medga1 (f) + €16},

~ _ Co 71'
S 2-1|g _ %o
s, .—{x cs ‘Esz FOO =2 77 < @)
Co [ 7
<E521—1f(X)+70 m+C16}

S{x € S? " Medgu-1 (f) < f(x) < Medgu1(f) + C16}.

Then, we obtain the large deviation type bound with respect to the Haar measure on
the 2/ — 1-dimensional sphere as follows.

Theorem 2.11 When the function f(x) has the Lipschitz constant Cy on the subset
£25.¢,, we have

prs2-1(R25.0,) < e 70D/, (2.238)

Here, Cy is the Lipschitz constant for the whole set, and C| is the Lipschitz constant
for the specific subset £2; ¢, .

Next, we apply the Haar measure to construct a proper subset of S%~!. A subset
2 of §?~1 is called an € net of S?~! when for any element x € S*~!, there exists
an element y € S%~! such that d(x, y) < e.

Lemma 2.11 There exists an € net 2 of S¥~! whose cardinality is less than

“5;22’1:“; < /@I =Dr(E)* N




2.6 Large Deviation on Sphere 83

Proof We choose a subset £2 of §%~! satisfying the condition that d(x, y) > € for
any two distinct elements x, y € £2. We choose the subset §2 so that no subset £2’
strictly larger than £2 satisfies the required condition. Here, a set £2’ is called strictly
larger than £2 when £2’ contains £2 and there is at least an element of £2’ that is not
included in £2. A rigorous proof of the existence of such a subset can be given by
using Zorn’s lemma.

Hence, for any element x € S2-1 there exists an element y € §2=1 guch that
d(x,y) <e. That is, the set 2 is an € net of S§2=1. Due to the construction,
D(x,€/2) N D(y, €/2) = @ for any two distinct elements x, y € £2. Thus, |£2| g1
(D(x,€/2)) = > co isa-1(D(x, €/2)) < 1.Thatis, [2| < m.Theprob-
ability pgu-1(D(x, €/2)) is evaluated by using Exercise 2.57 as

€/2 €/2 in £ 20-2
psa1(D(x, €/2)) = / sin? =2 0d0/1,_, > / ( 2 9) dé/I_,
0 0 €/2

sin? =2 £ sin? 2 & ¢
_ 2 rp2i—1 €/2 __ 2 21—1
_W[e /RI—=DI]y" = W(E) QL= 1)1,

€ oin2l—2 ¢ s 220-1 €
_ 3 sin 5 s sin 1

QI-DI — /@I =D

where the relation £ > sin £ is used. |

2 2

Exercises

2.52 Show that [[|x){x| — |y){(¥[lli <2sine when d(x,y) =€ <7 and x,y €
SZlfl‘

2.53 Show that [[[x) (x| — [y)(¥]ll> < v2d(x, y).
2.54 Show that [[|x) — |y)]| < 2sin 452 < d(x, y).
2.55 Show that [;° 2cx2e~dx = 1 /%,

f%me’”zdu 2
2.56 Show L — < ¢=<0=D/2 whenu > 0and € > 0.

2.57 Show that
11
2l —-1B (l — 5 5) <JQ@l-Dm (2.239)

by following the steps below.

(a) Show the equation B(I — % %) =- 5(;11 %

(b) Show the inequality 3 log 52+ > 1 log(2/ — 1).

(¢) Show the inequality (2.239).
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2.7 Related Books

In this chapter, we treat several important topics in information science from the prob-
abilistic viewpoint. In Sect. 2.1, information quantities e.g., entropy, relative entropy,
mutual information, Rényi entropy, and conditional Rényi entropy are discussed. Its
discussion and its historical notes except for Rényi entropy and Conditional Rényi
entropy appear in Chap. 2 of Cover and Thomas [28]. Conditional Rényi entropy
is recently introduced and discussed by several papers [29-31] from various view-
points. This quantity will be investigated much more deeply in future.

Section 2.2 focuses on information geometry. Amari and Nagaoka [2] is a textbook
on this topic written by the pioneers in the field. Bregman divergence plays a central
role in this section. Although their book [2] contains the Bregman divergence, it
discusses information geometry from a more general viewpoint. Recent Amari’s
paper [6] focuses on the Bregman divergence and derives several important theorems
only from the structure of Bregman divergence. This section follows his derivation.

Section 2.3 briefly treats the estimation theory of probability distribution families.
Lehmann and Casella [32] is a good textbook covering all of estimation theory. For
a more in-depth discussion of its asymptotic aspect, see van der Vaart [7].

Section 2.4.1 reviews the type method. It has been formulated by Csiszar and
Koner [8]. Section 2.4.2 treats the large deviation theory including estimation theory.
Its details are given in Dembo and Zeitouni [33] and Bucklew [34]. In this book, we
give a proof of Cramér’s theorem and the Gartner—Ellis theorem. In fact, (2.163),
(2.165),(2.169), and (2.171) follow from Markov’s inequality. However, its opposite
parts are not simple. Many papers and books give their proof. In this book, we prove
these inequalities by combining the estimation of the exponential theory and the
Legendre transform. This proof seems to be the simplest of known proofs.

Section 2.5 explains how to derive the entropy from natural axioms. This section
addresses two sets of axioms. One is close to the axioms proposed by Khinchin [25].
The other is related to asymptotic continuity, and has not been given in anywhere.
The latter is related to the entropy measure discussed in Sect. 8.7.

Section 2.6 focuses on the Haar measure, which is a natural distribution on the
set of pure states. Milman and Schechtman [27] discusses the asymptotic behavior
of a function of the random variable subject to the Haar measure. Since this type
discussion attracts much attention in quantum information recently and is applied in
Sects. 8.13, 2.6 is devoted to this topic.

2.8 Solutions of Exercises

Exercise 2.1 When y = f(x), Pxy(x,y) = Px(x). Hence, H(X, f(X)) =
— Zx,y:y:f(x) Px y(x,y)log Px y(x,y) = — > Px(x)log Px(x) = H(X).

Exercise 2.2 Consider the case Py(1) = A\, Py(0) =1 — A\, Pxjy=1 = p, Pxjy=0 =

/

p .
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Exercise 2.3 The concavity of entropy guarantees that the maximum of H (p) under
the above condition is realized by the distribution (a, llc_T(f’ ey H), whose entropy
ish(a) + (1 —a)log(k — 1).

Exercise 2.4 H(pa x pp) =—2.,, ., PAwA)pp(wp) log(pa(wa) pp(ws)) =
=20, Paa)log pa(wa) — 2, pe(wp) log pp(ws) = H(pa) + H(pp).

Exercise2.5 D(pa x paliga x q8) = 2., ., Pa(Wa) pp(wp)(10g(pa(wa) pp(ws))
—log(qa(wa)gp(wp))) = 2., Pa(wa)(log pa(wa) —logga(wa))
+ 2., Pe(wp)(log pp(wp) —loggp(wp)) = D(pallga) + D(paligs)-

Exercise 2.6 Define f(x) := logx — (x — 1). Since f'(x) = % — 1, we find that the
maximum of f(x) is attained only when x = 1. Thatis, f(x) < f(1) =0.

Exercise 2.7 Apply a stochastic transition matrix of rank 1 to Theorem 2.1.
Exercise2.8 D ( = (11— /L) =1— g = VT
8Ds(pllg) = >, pi L) =1 -3, V/pigi=3 2 (VPi = Vai) -

Exercise 2.9 Use the fact that Zj > Qj.|p,~ —qi| > Zj 1> Q;(pi —qi)l-
Exercise 2.10 Consider the x > y and x < y cases separately.

Exercise 2.11

(@) Use |p; — qil = |/pi — /aill/Pi + /ail.
(b) Use p; +g;i > 2./pi/qi-

Exercise 2.12 We find that py, — gy, = — 2,2, (Px — qx). Thus, [py, — gy, | <

> et |Px — @il Hence, di(p,q) = 5Ipxy — x| + 5 2 IPx — @2l < 2y
|px - qx|~

Exercise 2.13 Assume that the datum i generates with the probability distribution p;.
Apply Jensen’s inequality to the random variable /g;/p; and the convex function
—logx.

Exercise 2.14

(a) Since Schwartz inequality implies that ||x]||[|y|| > (x, y) and ||x]||y] = (v, x),
we have

(el + 11D = el + (e 3) + () + 11%)
=2|lx Iyl = (x. ) = (v, x) 2 0.

(b)
(Ul 0yID* = el 4 e, v) 4 (vox) + Iy 12 =l + yII%.

(c) Substitute /p; — /r; and /r; — ,/q; into x and y in the inequality given in (b).
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> pl i (logg; — log pi)

Exercise 2.15 Check that ¢'(s|pllq) = =
> Di

Exercise 2.16 Check that ¢”(s|p|lg) =

Cpi g pl gl (log g; — log pi)? )—(Z pi g (logq; — log p))?
i) '

Next, use Schwarz’s inequality between two vectors 1 and (— log p; + log g;).

Exercise 2.17 For 0 < s < s’,wehave & f(s') = (1 — 2) f(0) + 2 f(s") = f((1 —
£)-0+4 % -5') = f(s), which implies that L2 > /& Similarly, for 0 > 5 > s/,

we have %5/) < @ Thus, @ is monotone increasing When f (s) is strictly convex

for s, the above inequalities < and > can be replaced by < and >. Hence, ! is) is
strictly monotone increasing

Exercise 2.18

(a) For simplicity, we denote max(by, ..., b;) by by. We choose a subset S C

{1, ..., k}suchthatby, = b; fori € Sandby, > b, fori ¢ S.Thus,%log(Zf.‘:l a;b})
=logbuy + +10g(X; s ai + X g5 ai(2)') — logby +
log(>";cgai) — logby ast — oo.

Exercise 2.19 >, p/qi =2, o pi *q] = 2ipo04 ass > 1.

Exercise 2.20 Solving the equation that the partial derivative equals zero on the RHS.
Then, we obtain \; = p;/g;. Substituting it into th RHS, we obtain the LHS.

Exercise 2.21 Apply the formula (2.32) to the conditional distribution Pyy zy=y.
Then, we have

IX:YZWU =u)=1(X: ZIU =u) + D Pz()I (X : Y|Z =z, U = u).

(2.240)

Taking the expectation for U, we obtain (2.33).

Exercise 2.22 ¢VC1Paxrp) = % pa(a) T pp(d)' ™ =3, pa@)' Y, pr(b)'
— V1P gUGsIpe)

Exercise 2.23
(b)

1
D(qllp) — I—_SD(qllps)

1
=2 4()(logg(x) —log p(x)) — 7— > q(x) logq(x)
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+ S awlog ) + 1 v
=——Zq(x>1ogq<x>+ v
~ o (s)
- 1— H( )+ s - 1— s)+_1 B
=- —Zps(xxl — ) log p(r) = T—1(s) + 7 w(”

=—5 Y p:(x)log p(x) + ¥(s) = D(psllp).

(¢) The desired inequality follows from the inequality%_s D(qllps) = 0fors < 1.

Exercise 2.24

(a) It follows from ¢ (s) > H(p) for s € [0, 1].

(b) The left hand side is zero when s = 0.

© () =—>, ps@logp(x), H(py) =—(1—s5)>, ps(x)log p(x) +(s),
and D(psllp) = 2., ps(x)log p(x) — 1(s).

(e) It follows from the relations %H(ps) <O0and H(p;) = H(p) < R.

(f) It follows from Exercise 2.23.

(g) It follows from (f) and the continuity of H(¢) and D(q|| p) for g.

(h)  Since  P'(sg) = (H(psp) — ¥(sr))/(1 = sr) = (R — (sr))/(1 — sg),

we Rh;l(ve) D(pspllp) = sr'(sr) — Y (sgr) = sr(R — ¥ (sg))/(1 — sg) — (sgr)
— SR l:szSR

(j) When s = sg, W = 0. Further, since 4 (R + (s — D1/'(s) — ¥(s))

=(S—1)¢/’(s)>0,M>Ofors>m and%ﬁ&?_w(”<0for

(1—s)
. R
s < sg. Hence, the maximum of 2 lf;(v)

(k) Combine (g), (h), and (j).

can be realized with s = sg.

Exercise 2.25

(a) See (e) of Exercise 2.24.

(b) It follows from Exercise 2.23.
(c) See (g) of Exercise 2.24.

(d) See (h) of Exercise 2.24.

(e) See (j) of Exercise 2.24.

(f) Combine (c), (d), and (e).

Exercise 2.26 j —bo) _ =DV _ ZHp) () Hence, the supremum  is
s 1—s (1-s) (1—s)

attained with s — —oo.
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Exercise 2.27 Since —logmax; p; < H,(p) = Hpin(p) < Ho(p) < Hmax(p), it
is enough to show Hp.x(p) < —logmin; p;. This inequality is equivalent with

min; p; < oy

Exercise 2.28 Equation (2.72) can be shown by a simple calculation. Equation (2.73)
is shown by the following way.

log | X] — Héin DPxy [l pmix.x x Qy) = H(X|Y) — Héin DPy||Qy). = H(X|Y).
Y Y

Exercise 2.29 Due to (2.74), we have
. d 5
lim Hico(XIY) = =2 3 Pr() 3 Priyay (0 oo = HIX|Y).
y x

Due to (2.74), we have

d
lim Hm (X]Y) = max -~ > Pyy (. )0y (1) =0
Y
X,y

=max— > Py (x, y)(ogPxy(x, y) — log Oy (y)) = H(X|Y).
X,y

Exercise 2.30 The second expression in (2.74) yields (2.83) and (2.85). (2.81) yields
(2.84) and (2.86).

Exercise2.31 The concavity of s — s H|,,(X|Y) canbe shown from the convexity of
s = Di1s(pllg)(Exercise 2.16). Since the function s = Djys(Pxy || pmix.x X QOy)
is convex, the function s — ming, Di4s(Pxy|l pmix,x X Qy) is also convex. Hence,

the function s > sH,' (X]Y) is concave. Similar to Exercise 2.17, we can show

1+s

that the functions s — H;,,(X|Y) and H! (X]Y) are monotonicallly decreasing.

1+s

Exercise 2.32 Due to the equality condition of Holder inequality, the equality in (2.88)
holds if and only if there exists a function c(y) such that Pxjy_, (x) = c(y)Pxy (x, y),
which implies that Pyy (x, )™/~ = ¢(y)Py(y). Hence, we obtain Pxy(x, y) =
c(y)~U=9/5Py (y)~(1=9)/5_ This condition is equivalent to Pxy (x, y) = ﬁPy ).

Exercise 2.33 We denote the marginal distributions of X and Y py and py respec-
tively. Then, Cov,(X,Y) = Zx’y px, VX -E,X)(Y —E,Y) = Zx,y px(x)
Py(NX —E,X)(Y —E,Y) =3, px(x)(X —E,X) >, Pr(»)(¥Y —E,Y) =0.

d IOg pe(w‘) dlog pp(wj) __

Exercise 2.34 For i # j, wehave 3 po(wi) - po(wy) ey
0.Hence, >, . pjwi,.. xn)(w)z
= Z ,,,,, pe(wl) - po(wy )(d1081m(w1)+9+10gp,,(wn))2

dl dl n
=Zwl b, Po(W1) - Pylw,) (OB . doEPun) )2
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dh J dl w;) d1 (w;
= S Do) po) T ()2 5 dlog e dloz )
= zwl W po(w1) -+ pa(wy) Zi=1(dl°gd”0"(“"))2

dl ;
=20 X, Polw) (HERED)2 = p

Exercise 2.35 Use the approximation
V@) = pa@ 1+ ly(w)e + 1 Lo 2,

Exercise 2.36

(a) It follows from the Taylor expansion of py..(w) for e.
2}’ p
(b) Since G = 52 po(w) — (52 py(w))’, we have
Z Po(w) e pe) “’gf'z‘“’) 2= pow)(—(2 / py(w))? + Lo /by (1))
==, Po() (D ) py(w))? = —Jp. Thus, D(pyll po-+e)

=2 Pe(w)ﬂogpe(w)—logpe+e(w))— > polw) (Heen@ ¢y
a? l%po(w) 2)

1

2

= —z Do (w)dlogpg(w) 1 Z Po (w)d logpg(vu) 2

= =13, po(w) BRI = L pe,

(d) D(P9+e||l79) = Z p0+5(W)(10g p9+6(w) 10g pe(w))

d 1 &2 dl 1 d’
=3 (Po(w) + WD 4 1 Ehl) 2y dlopa) 4 | dlogpy(@) 2

~ dlogﬁa(v«) ldzlogpe(w) &2 dpe(w) legPa(w)
=D, po(W)(FEF e+ 5 )+Z e e
=3, pe(au);“’jz’;““’ 2)+z ‘Ww)% ;! = Jyet — Lape = Lye.
Exercise 2.37 e?©1Polposd = > Po(W)' ™ ppre(w)*
Z pe(w)l A(p@(w)'i‘ dps(w) e+ 1 1 d(l;g(gw) 2)3
- 2
=3, Po()'~* pp(w)* (1 + f"’““’)p (W) e+ L LB ()1 2)s
=3 po@) (1 (L po() ! ;dgggw po(w) ™€) + 25l ()

Po(w) ')
=14+, po@)s (L5 pyw) e + 3 pylw) s Lo b, ()

+D Sy Pe(w)(dm(w))zpe(w) —2¢2
—1+~‘“ DS po(w) ! (2222 — | 4 5202y Thus, ¢(s|pyll pee) = log
(1 + s<s21> zJ):s(sznﬁzJ.

Exercise 2.38 For arbitrary 7 and 7', and a real number A € (0, 1), we choose ~§0
such that max; >, (A + (1 — )\)77,’{)0" — (@) =2, O+ (1 — /\)77,’()9’6 — u(0).
Hence,
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v+ (1= ) = D O + (1= M) — ()
k

=AD" by — @) + (1 =N D> b — )
k k

<Amax D nf* — (@) + (1= Nymax > — p(@) = M) + (1= V).
o Tk o %

Exercise 2.39 Choose the generator — log p(x). Then, the set { p;(x)} is an exponen-
tial family generated by — log p(x). The set {g|H (q) = H(py)} is a mixture family
generated by — log p(x). So, Theorem 2.3 directly solves Exercise 2.23.

Exercise 2.40

(a) Since n(0) = Z Po(w)X (w) X is an unbiased estimator.

(b)  Since £ log py(w) = 424 Tog py(w) = (59" 45 log pe(w) = (Jp) ™' 45
log py(w), the Flsher information for 0 is Jy(Jy)~ 2= =J, 1. Then, the lower bound
of the variance of unbiased estimator given by Cramer-Rao inequality is Jy. The

variance of X is also Jy.
(¢) Use =J.
do du

(d).Smce ﬁ = 1, we have fl_i; = Tyas = - Taking the integral, we obtain the
desired equation.
(e) Inequality (2.140) is derived by Schwartz inequality. Since (X —n,1;)}, | =1,

i=X-n

(f) Replace [, by %/pn. We obtain 7’;“ = J,(X —n)p,.
(g) Define 0 := fO' Jydn', and u(ﬁ(n)) = f(;’ Ty dn'.

‘% d”w;")) d" = nJ, (% ) b=y dy 1— n. The function log>"
)z (w)e?X @ also satisfies the same d1fferent1al equation. Due to the uniqueness of

the solution of the differential equation, we have 1(6(1)) = log > p,(w)e?*©.

Since L2 — %/Pn = (X —n) =X —-nlJy,, we have logp,="0

dn dn
X — 1u(0(n)). Hence, we have p, = e?X=+®,

the equality condition is

Exercise 2.41 Show that 1’”(‘“ = 0 if and only if n() = X (w).
Exercise 2.42 Combine (2.13) and (2.105).

Exercise 2.43 The case of n > m can be obtained fromn,n—1,...,m+1 > m.

The n < m case may be obtained from %, m% 11

17 atkl = n°
Exercise 244 E, X = > pix; > D o PiXi = €2 . Di-
Exercise 2.45 Apply Cramér’s theorem to the random variable log p;.

Exercise 2.46 Equation (2.189) implies that
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: 1 co.n _nR
lim ——log P°(p", e"")

n—oo n

1 1 d  nR
< lim —-log max e_"D(P‘f)<l — u)

n— 00 MH(q) nH(q)
n qun:;”_H)d S enk e

< min D .
= min (pllq)

Combing (2.55), we obtain the < part of (2.188).

Exercise 2.47
1 1 e~ "Pllp)
lim ——log P(p", e"®) < lim —~log max ———
n—>co p n—oco n - qeTy:H(Q<R (n 4+ 1)4

< min D .
= i (pllg)

Combing (2.65), we obtain the < part of (2.188).

Exercise 2.48 Since p,(0)e"’* + p,(1)e"’ " = ¢ 4 (1 — ¢ we
have p(f) = lim,_ %log(e’”ae"(’“ + (1 — e ™)y = _0p for 0 < ﬁ and

w(@) = —a(l —0) for 0 > a“ﬂ. Hence, we obtain p(0) = —min{(1 — 6)a, 6b}.

Since —b < x < a, we have maxg.o(xf — u(6)) = max(max$>9>o(x9 + 6b),
maxp= o (x0 + a(l — 0))) = max((x + b) 7%, a + (x — a) ;%) = max (2

a+b
a(x+b)) __ a(x+b)
a+b — a+tb

On the other hand, since @ > x > —b, lim, o 1 log p,{X, > x} = lim,_, o

<a.

log p,(0) = lim,,_, » % loge™* = a.
Exercise 2.49

(b) Since e~ fmin(Pa.) = % + ¢, we have Hoin(pa.c) = logd — log(1 + de).

(C) Since Hmin(pmix,d) - Hmin(pd,é) = IOg(l + dﬁ) = (IOgd + IOg 6) + O(i)v we
Hiin (Pmix.d) — Humin (Pa.e) __ log e 1

have E li)gd He =1+ logd + O (Froga)

(d) Since e~ *HwPid = (4 + ! +(d — 1)(5 — 7', we have Hiyg(pa.e)

= —{log((z + ' +(d = (g — 7'™) =logd — {log(;(1 +de)'*

45100~

(e) Since Hiy(Pmixa) — Hivs(pa) = 110g(5(1 +de)' ™ + (1 — Ao+ 4

0(d(de)~19) = Log(L(1 + de)' ™) + 0(d(de)~(1+9)) = — 1224 4 I 1o0(de) +

0(d(de)~ ) = logd + 2 log e+ O(d(de)~1+?), we have HizPos)=fe(pa)

logd
= 1+ T 4 0((do) ) as d — oo

Exercise 2.50

(b) Since the cardinality of p;’e is d, we have Hmax(p;l’e) = logd. Thus,

Hinax (P./mx,d)*Hmux (P;Lo)

ogd = 1fore > 0.
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(¢) Since =Cid =(1 -+ d-D(7)'*=1-1—s)e+(d—1)
e+ 0@ =1—(d— 1D+ 0(e),wehave Hi_(p}; ) = — 1 log((1 — &)'~*
+d - DG,

(d Since 1—e)' +@d—-D(F' =1-0—95e+d -1 +0()
=1—(d -1+ 0(), we have Hy_(py.) = —% log(1 — (d — 1)*¢' = +

s s 1—s s Hipy (P )= Hiss (o) —s
0(e) = =2(d — 1)°¢"=* + 0(e) + 0(*' ™). Thus, —* ”d’logd“ Pao) sllogd

e2(1=9)

(d—1)°€'™ + 0(5) + O(5r) as e — 0.

Exercise 2.51 We have

|E*Hz(17) _ esz(q)| — |g*Hz(17) —2c4dc?—e @ Lo d6‘2|

=D (pi =) — (@i — | =1 D (pi — a)(pi + qi — 20)]

<D 1pi —aillpi +ai — 2| < (Z|Pi _‘Ii|)miaX|Pi +4qi — 2c|

L 1

=2d,(p, q) max |pi +4qi — 2c|.

Since min, max; |p; + gi — 2c| < 1, we obtain |e~ (") — =20 < 24, (p, q),
which implies (2.209).

Exercise 2.52 It is enough to show that |[|x) (x| — |¥)(y|ll1 = 2 sin e when |[{x|y)| =

. . 10 . .
cos €. When the state |x) (x| is written as 00/ the other state |y)(y| is written as

( cos?0 cosfsind

. . . Hence,
cosfsinf sin’6 )

cosfsinf sin’6

cos*0 — 1 cos 0sin
) (x| = Iy){yl = (
Solving the characteristic equation, we obtain the eigenvalues =+ sin €. Thus, we have
[[126) (x| = [y) (Il = 2sine.

Exercise 2.53 It is enough to show the same case as Exercise 2.52. Since the eigen-
values of |x)(x| — |y)(y| are £sine, we have |||x)(x| — |y)(y|ll. = V2sin’ e =
\/Esin €.

Exercise 2.54 It is enough to show the same case as Exercise 2.52. Choose € as
d(x,y) = € Then, |x) — |y) = (1 - "O“). Thus |[[x) = |y) > = (1 = cose)? +

sin €
sin® € = 2(1 — cos €) = 4sin” £. The second inequality follows from sin § < £.

Exercise 2.55 Use the relation [;* x2e T dx = VES



2.8 Solutions of Exercises 93

Exercise 2.56 Since u, € > 0, we have (1 + e+/1 — 1)2 > u? + (e+/T — 1)%. Thus

fsﬁ e du f( e du fO%«/ITI—E«m e~ wteVI=17 g,
V2 ﬁ V2
T JI—1—e/1—1 _12 00,2
o= fo d P (a) Jo e du
NG N
—e €D Y 2m /4 _ 6762(171)/2

Sk

Exercise 2.57

@ Use Bk — 1. 1) = S5 Bk —1— L. hand BL. D) =

(b) Since log(1 4 x) is concave, we have log(1 + sz) > %log(l + x) Thus Zi;
log ;25 = 347 log(1 4 ) = 4 347 log(1 4 =hy) = £ 307 log K12 — ]
log 722 = Llog(2l — 1).

(¢) Due to (b), we have Zk 1log 2k1 < —110g(2l —1). Thus (2l — HB({ —
L <@ —Dr@l- )72 = @D
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