
Chapter 2
The Equation for the Stokesian Stream
Function and Its Solutions

Abstract This chapter presents and discusses the equation for the Stokesian stream
function. The equation emerges as the one non-zero component of the curl of the
two-dimensional momentum equation with the velocity components given as spa-
tial derivatives of the stream function. The stream function is defined such that its
derivatives yield a solenoidal velocity field. The analyses of the flows discussed in
Part I of this book are based on this function. In view of our search for analytical
solutions, we are restricted to laminar two-dimensional flow in simple geometries.
The equations of change therefore need no turbulence modelling, the concept of the
Stokesian stream function can be applied for representing the flow velocity, and the
boundary conditions are easy to formulate and implement analytically in the general
solutions. The fluids are treated as incompressible andNewtonian or linear viscoelas-
tic. The linear viscoelastic liquids exhibit a viscosity depending on frequency, but
not on shear rate. Furthermore, we restrict this analysis to flows without heat and
mass transfer, i.e. we solve the continuity and momentum equations and disregard
the influence of viscous dissipation on the energy budget of the flow.We are therefore
restricted to flow without viscous heating. Problems of heat and mass transfer are
the subjects of Part II of this book.

In the following we present the equations for the stream function for two-
dimensional flow problems, following the structure in [2]. We present the function in
Cartesian, cylindrical and spherical coordinates, which are geometrically most rele-
vant for many flow problems. The presentation is structured according to linearity,
time dependence and dependence of pressure on the spatial coordinates.

2.1 The Equation for the Stream Function in Cartesian
Coordinates

The equation for the Stokesian stream function emerges from themomentumequation
with the velocity formulated by means of the stream function. The pressure gradient,
if applicable, is eliminated from the vectorial formulation of the momentum equation
by taking the curl of the equation. The result is a scalar fourth-order partial differential
equation for the stream function. In cases of constant pressure throughout the flow
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26 2 The Equation for the Stokesian Stream Function and Its Solutions

field, we rewrite themomentum equation component in themain flow direction using
the stream function and obtain a third-order partial differential equation. The latter
applies to flows such as the flow along submerged flat plates, free submerged jets,
free shear layers, wakes, etc.

We take the main flow velocity component to be directed along the x axis of the
Cartesian (rectangular) coordinate system (x, y, z), assuming that the flowfield does
not depend on the coordinate z and the z velocity component w is zero. Therefore,
the velocity vector is (u, v, 0). The stream function ψr in Cartesian coordinates is
introduced by the definitions

u = ∂ψr

∂y
, v = −∂ψr

∂x
(2.1)

of the x and y velocity components. This definition ensures a solenoidal, i.e.
divergence-free, velocity field, so that the special formof the continuity equation (1.2)
for constant fluid density is automatically satisfied. Introducing this two-dimensional
velocity vector into the momentum equation (1.3), with the material law (1.8), and
taking the curl of the resulting equation to make the gradient fields of pressure and
body force potential disappear (all gradient fields are irrotational), we obtain the
fourth-order PDE [2]

∂

∂t

(∇2ψr
) + ∂(ψr ,∇2ψr )

∂(x, y)
= ν∇4ψr (2.2)

for the stream function ψr . In this and all the following corresponding equations
formulated in different coordinate systems, the Jacobian reads

∂( f, g)

∂(x, y)
=

∣
∣
∣
∣

∂ f/∂x ∂ f/∂y
∂g/∂x ∂g/∂y

∣
∣
∣
∣

. (2.3)

The nabla operator to the second and fourth powers in Cartesian coordinates reads

∇2 = ∂2

∂x2
+ ∂2

∂y2
, (2.4)

which is the Laplace operator in Cartesian coordinates, and

∇4 = ∂4

∂x4
+ 2

∂4

∂x2∂y2
+ ∂4

∂y4
, (2.5)

respectively.
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2.1 The Equation for the Stream Function in Cartesian Coordinates 27

2.1.1 Linear, Unsteady Flow

Analytical solutions of Eq. (2.2) are found for linear flow fields, where the Jacobian
is either negligible or vanishes exactly. The linearisation leads to the equation

(
−1

ν

∂

∂t
+ ∇2

)
∇2ψr = 0 . (2.6)

In his 1935 paper on the instability of a liquid jet immersed in an immiscible viscous
fluid, Tomotika used the following idea for determining the stream function in cylin-
drical coordinates, which we use here for the Cartesian case [3]: since the operators
−1/ν∂/∂t + ∇2 and ∇2 in Eq. (2.6) are commutative with each other, the stream
function may be composed of two parts as per ψr = ψr,1 +ψr,2, where ψr,1 and ψr,2

are solutions of the two partial differential equations

∇2ψr,1 = 0 (2.7)

and

− 1

ν

∂ψr,2

∂t
+ ∇2ψr,2 = 0 , (2.8)

respectively. The Eqs. (2.7) and (2.8) are solved by separation of variables, which
reveals the functionsψr,1 andψr,2 as products of eigenfunctions of the two operators
in the Cartesian coordinates and in time. We assume a wave-like solution in the
coordinate direction x of the main flow, i.e. a solution proportional to the function
exp(ikx), where k is the wavenumber 2π/λ and λ the wavelength of the spatially
periodic process. The eigenfunction in time is an exponential function of a non-
dimensional time −αt , where we interpret α as a complex angular frequency with a
damping rate as the real and an angular frequency as the imaginary parts. For ψr,1

we obtain
ψr,1 = (

C1e
ky + C2e

−ky
)
eikx−αt . (2.9)

For the function ψr,2 we obtain

ψr,2 = (
C ′
1e

k1 y + C ′
2e

−k1 y
)
eikx−αt , (2.10)

where k21 = k2 −α/ν. The stream function can therefore be written in a general form
as

ψr − ψr,0 = (
C1e

ky + C2e
−ky + C ′

1e
k1 y + C ′

2e
−k1 y

)
eikx−αt , (2.11)

where ψr,0 is a constant.
The special casewhere linearity ismaintained, but a constant transport velocityU0

in one coordinate direction—in the x direction, say—occurs, the partial differential
equation for the stream function (2.6) changes its form into
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[

−1

ν

(
∂

∂t
+U0

∂

∂x

)
+ ∇2

]

∇2ψr = 0 . (2.12)

The solution of the equation is obtained by the same means as for the previous
version. It reads

ψr − ψr,0 = (
C1e

ky + C2e
−ky + C ′

1e
ly + C ′

2e
−ly

)
eikx−αt , (2.13)

where l2 = k2+(−α+ ikU0)/ν. We will discuss applications of this stream function
to the stability analysis of plane liquid sheets in Chap.6.

For a spatially two-dimensional linear unsteady flow, with the flow velocity vary-
ing with the coordinate y, but not with x , in contrast, the differential equation for the
stream function reads

(
−1

ν

∂

∂t
+ ∂2

∂y2

)
∂2ψr

∂y2
= 0 . (2.14)

The solution of this equation is obtained along the same lines as the previous ones
and reads

ψr − ψr,0 = (
C1y + C2 + C ′

1e
iqy + C ′

2e
−iqy

)
e−αt , (2.15)

where we have defined q = (α/ν)1/2.
For the special case of constant pressure throughout the flow field, such as in plane

Couette flow, Eq. (2.14) reduces to

(
−1

ν

∂

∂t
+ ∂2

∂y2

)
∂ψr

∂y
= 0 , (2.16)

since pressure then needs no elimination from themomentumequations. This reduces
the order of the differential equation by one. For unsteady processes in such flow,
such as the start-up or fade-out of the flow treated as hydraulically developed in the
direction x of the motion, the stream function may be of the form

ψr = ψrs(y) + f (y)e−αt , (2.17)

where α is a real rate of change of the flow in time. The steady part ψrs(y) satisfies
the ordinary differential equation

d3ψrs

dy3
= 0 (2.18)

with the solution
ψrs = C1y

2 + C2y + C3 . (2.19)

http://dx.doi.org/10.1007/978-3-662-51423-8_6
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Substituting the formulation (2.17) of the stream function into Eq. (2.16), and
accounting for (2.18), we obtain the following ordinary differential equation for
the unknown function f (y):

α

ν
f ′ + f ′′′ = 0 . (2.20)

Integration yields the form
α

ν
f + f ′′ = C ′

1 (2.21)

with the constantC ′
1. The solution of this inhomogeneous ordinary differential equa-

tion is readily obtained as the sum of the general solution of the (harmonic) homo-
geneous form of the equation and the particular solution f p(y) = C = C ′

1ν/α of the
inhomogeneous equation. The final solution for the stream function reads

ψr − ψr,0 = C1y
2 + C2y +

+ [C3 cos qy + C4 sin qy + C] e−αt , (2.22)

where ψr,0 is a constant and q is defined as in the previous case.
For the special case of a constant pressure gradient in the flow field, such as in

plane Poiseuille flow, Eq. (2.14) becomes

(
−1

ν

∂

∂t
+ ∂2

∂y2

)
∂ψr

∂y
= C , (2.23)

where C represents the constant pressure gradient. The stream function has the same
structure as in (2.17). The steady part ψrs(y) satisfies the ordinary differential equa-
tion

d3ψrs

dy3
= C . (2.24)

The solution reads

ψrs = C

3
y3 + C2y

2 + C3y + C4 . (2.25)

Substituting the formulation (2.17) of the stream function into Eq. (2.23), and
accounting for (2.24), we obtain the following ordinary differential equation for
the unknown function f (y):

α

ν
f ′ + f ′′′ = 0 . (2.26)

Integration yields the form
α

ν
f + f ′′ = C ′

1 (2.27)

with the constant C ′
1. The solution of this inhomogeneous ordinary differential

equation is readily obtained as the sum of the general solution of the (harmonic)
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homogeneous form of the equation and the particular solution f p(y) = C = C ′
1ν/α

of the inhomogeneous equation. The final solution for the stream function reads

ψr − ψr,0 = C1y
3 + C2y

2 + C3y +
+ [C4 cos qy + C5 sin qy + C6] e

−αt , (2.28)

where ψr,0 is a constant and q is defined as in the previous case.
The details of the solutions of these equations depend on the evolution of the flow

with time, i.e. whether or not the flow is (periodically) time-dependent throughout
or converges to a steady form of the motion. We will go into the details of this in
Chap.3.

Self-similar, unsteady flow
Another behaviour of the flowmay arise in situationswhere nor a time neither a length
scale exists in the flow field. This is the case in flow fields along infinite structures
without any geometrical elements with length scales, e.g. along flat plates, without
imprinted flow time scale. The flow then behaves as self-similar and produces a time-
dependent length scale by diffusive propagation of momentum. The flow field may
then be a function of one Cartesian spatial coordinate (e.g. y) and time t combined in
one self-similar coordinate. Pressure may come out as constant throughout the flow
field, since the absence of a length scale of the flow field may include that pressure
does not vary along the contour. The stream function ψr of the flow and a ratio of
the spatial coordinate y and a power of a diffusive length scale, (νt)β , which forms
a self-similar coordinate ηr , may then be set as

ψr = Cs (νt)α fr (ηr ), ηr = Ds
y

(νt)β
. (2.29)

The coefficients Cs and Ds are introduced for dimensional reasons and for conve-
nience. Substituting the velocity component u in the main flow direction into the
momentum equation for this problem, which is a diffusion equation for the velocity
component u, we obtain

α (νt)α−β−1 f ′
r − β (νt)α−β−1

(
f ′′
r ηr + f ′

r

) = (νt)α−3β f ′′′
r D2

s . (2.30)

For the concept of self-similarity to work, we require that this equation is an ODE for
the function fr (ηr ). This is the case if and only if the dependency on time disappears,
i.e. if the exponents of (νt) on the two sides of the equation are the same. This
requirement leads to the value β = 1/2. The ODE for the function fr (ηr ) now reads

α f ′
r − 1

2

(
f ′′
r ηr + f ′

r

) = f ′′′
r D2

s . (2.31)

http://dx.doi.org/10.1007/978-3-662-51423-8_3
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Further conditions determining the exponent α in the stream function and the coeffi-
cient Ds in the self-similar coordinate depend on the details of the flow situation. We
will use Eq. (2.31) for analysing the flow of the First Stokesian Problem in Chap.3.

This kind of flow behaviour occurs in cylindrical and spherical flows at large dis-
tances from the cylindrical or spherical surfaces, if applicable, where the radius of the
surface has lost its influence on the flow field. Otherwise the radius of curvature acts
as a length scale and prevents self-similar behaviour. This behaviour is seen already
when transforming the equations of motion in cylindrical and spherical coordinates
into the self-similar forms.

2.1.2 Linear, Steady Flow

For linear steady flow problems in Cartesian coordinates, the equation determining
the stream function reads

∇4ψr = 0 . (2.32)

Equation (2.32) is the biharmonic equation. It is solved with the aim to find the
solution in terms of eigenfunctions of the differential operators involved. Separating
the stream function into one function of the coordinate x and one of the coordinate
y, and assuming the stream function to be wave-like in the x direction of the main
flow, we obtain the solution

ψr,sx = (
C1e

ky + C2e
−ky

) (
C3e

ikx + C4e
−ikx

)
. (2.33)

An alternative is to assume the solution to be wave-like in the y direction. Then the
roles of the coordinates are just interchanged, resulting in the solution

ψr,sy = (
C1e

kx + C2e
−kx

) (
C3e

iky + C4e
−iky

)
. (2.34)

A special case is a linear, steady, hydraulically developed flow field with the main
motion in the x direction. The flow field then does not depend on the x coordinate.
The stream function, therefore, also cannot depend on that coordinate. The reduced
form of Eq. (2.32) is the statement that the fourth-order derivative of the stream
function with respect to the coordinate y is zero. The solution of that equation is

ψr = C0 + C1y + C2y
2 + C3y

3 . (2.35)

Three of the four constants are determined by boundary conditions, while C0 is a
free reference value.

A special case is seen in flows with constant pressure in the flow field, such as
steady plane Couette flow. This kind of problems is characterised by the equation

∇2ψr = D , (2.36)

http://dx.doi.org/10.1007/978-3-662-51423-8_3
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where D is a constant. The order of this PDE for the stream function is lower than
(2.32), since elimination of the pressure from themomentum equation is not required
for its derivation and the form (2.36) was obtained by one integration already. The
form of the stream function corresponding to (2.35) in this case is therefore

ψr,p = D0 + D1y + D2y
2 . (2.37)

The values of all the integration constants in the above solutions depend on the
particular flow problem.Wewill go into the details of their determination in Chaps. 3
and 4.

2.1.3 Nonlinear, Steady Flow with Constant Pressure

Another class of flows accessible with analytical methods are boundary-layer flows
in simple geometries with constant pressure throughout, such as flows along flat
plates, free submerged jets, free shear layers, wakes, etc. The pressure is constant
in these flow fields, since, in the region far from the edge of the boundary layer, the
free-stream velocity does not depend on the coordinate in the main flow direction,
and the resultant constant pressure is imprinted on the boundary layer in the direction
transverse to the main flow. In the boundary layer, therefore, the pressure does not
depend on the coordinate transverse to the main flow direction as well. In these cases,
the pressure gradient disappears from the momentum equation in the boundary-layer
form identically. Therefore, after introduction of the stream function, there is no
need to take the curl of the momentum equation. In these cases, we obtain from the
momentum equation in the main flow direction x the PDE for the stream function in
Cartesian coordinates

∂ψr

∂y

∂2ψr

∂x∂y
− ∂ψr

∂x

∂2ψr

∂y2
= ν

∂3ψr

∂y3
. (2.38)

The stream function is composed of a mapping function of the spatial coordinate x
only and a function of a self-similar coordinate. The self-similar coordinate is a y
coordinate transverse to the main flow direction, normalised by the boundary-layer
thickness, which itself depends on the x position in the field. The corresponding
profiles of the normalised velocity component in the main flow direction x turn out
self-similar, i.e. they are determined by the self-similar function only. The reference
velocity for the normalisation may be the incoming free-stream velocity in that flow
direction. In jets, it is the maximum value of the x velocity, located in the symmetry
plane or on the symmetry axis of the jet. This self-similar behaviour of the flow may
be made use of for deriving analytical solutions of the differential equation (2.38).
For this purpose, we define the stream function with a self-similar function fr of
a self-similar coordinate ηr . We define the stream function ψr as the product of a
power xα of the coordinate in the main flow direction, which plays the role of the

http://dx.doi.org/10.1007/978-3-662-51423-8_3
http://dx.doi.org/10.1007/978-3-662-51423-8_4
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Fig. 2.1 Two examples of plane flow field geometries with boundary-layer type: a flow along a
plane submerged body, and b submerged plane free jet

mapping function, and the function fr (ηr ). The self-similar coordinate is defined as
proportional to the ratio of the coordinate y transverse to the main flow direction and
the width of the flow domain influenced by diffusive viscous momentum transport.
This width is assumed to be proportional to a power xβ of the coordinate in the
main flow direction, with a positive exponent β. So we assume that this flow domain
widens in the direction of the flow. Figure2.1 shows two examples of this flow field
geometry: (a) the flat-plate boundary-layer flow and (b) a plane submerged free jet.
The stream function and the self-similar coordinate have the forms

ψr = Cr x
α fr (ηr ), ηr = Dr

y

xβ
. (2.39)

In these definitions, the coefficients Cr and Dr are introduced for dimensional rea-
sons: Cr to allow the velocity u in the x-direction to be obtained as the derivative
∂ψr/∂y, and Dr to render the self-similar coordinate ηr non-dimensional. Substitut-
ing these definitions into Eq. (2.38), we obtain

(α − β) f ′2
r − α fr f

′′
r = ν

Dr

Cr
x1−α−β f ′′′

r . (2.40)
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For the concept of self-similarity to work we require that this equation is an ODE for
the function fr (ηr ). This is the case if and only if the dependency on the coordinate
x disppears, i.e. if the exponent of x equals zero. We therefore require that α+β = 1
and obtain the self-similar differential equation

(1 − 2β) f ′2
r − (1 − β) fr f

′′
r = ν

Dr

Cr
f ′′′
r . (2.41)

A second condition for the exponents α and β, and expressions relating Cr and Dr

to the flow situation, are found by adapting Eq. (2.41) to the respective flow. In order
to obtain the differential equation for the self-similar function fr in a form free of
coefficients, we may require that νDr/Cr = 1. Furthermore, the dimension of Dr

must be mβ−1 in order that ηr is non-dimensional. Since this adaptation determining
the final form of Eq. (2.41) and the solutions of the equation depend on the actual
flow situation, we will go into these details in Chap.5, where boundary-layer flows
are discussed.

2.2 The Equation for the Stream Function in Cylindrical
Coordinates

Polar cylindrical flow
The cylindrical coordinates (r, θ, z) are related to the Cartesian coordinates as per
x = r cos θ, y = r sin θ, z = z. For cylindrical flows in r, θ planes (normal to the
z axis), where the velocity vector is (ur , uθ , 0) (with zero z velocity component),
the stream function ψcz is introduced by the definitions of the r and θ velocity
components

ur = −1

r

∂ψcz

∂θ
, uθ = ∂ψcz

∂r
. (2.42)

Introducing this two-dimensional velocity vector into the momentum equation (1.3)
with the material law (1.8), and taking the curl of the resulting equation to make
the gradient fields of pressure and body force potential disappear, we obtain the
fourth-order PDE [2]

∂

∂t

(∇2ψcz
) + 1

r

∂(ψcz,∇2ψcz)

∂(r, θ)
= ν∇4ψcz (2.43)

for the stream function ψcz . The nabla operator squared reads

∇2 = 1

r

∂

∂r

(
r

∂

∂r

)
+ 1

r2
∂2

∂θ2
, (2.44)

http://dx.doi.org/10.1007/978-3-662-51423-8_5
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which is the Laplace operator in cylindrical coordinates for a scalar quantity inde-
pendent of the coordinate z.

2.2.1 Polar, Linear, Unsteady Flow

Analytical solutions of Eq. (2.43) are found for linear flow fields, where the Jacobian
is either negligible or vanishes exactly. The linearisation for cylindrical flows in the
r, θ plane leads to the equation

(
−1

ν

∂

∂t
+ ∇2

)
∇2ψcz = 0 . (2.45)

In solving this equation, we use the approach of Tomotika developed for the axisym-
metric cylindrical case for the polar cylindrical problem as well [3]. The stream
function may be composed of two parts as per ψcz = ψcz,1 + ψcz,2, where ψcz,1 and
ψcz,2 are solutions of the two PDEs

∇2ψcz,1 = 0 (2.46)

and

− 1

ν

∂ψcz,2

∂t
+ ∇2ψcz,2 = 0 , (2.47)

respectively. The two Eqs. (2.46) and (2.47) are solved by separation of variables,
which reveals the functions ψcz,1 and ψcz,2 as products of eigenfunctions of the two
operators in the two cylindrical coordinates and in time. For ψcz,1 we obtain the
solution

ψcz,1,m = (
C1r

m + C2r
−m

)
eimθ−αt , (2.48)

where m is a mode number and plays the role of a wave number in the direction
of the polar angle θ . The dependency of the flow on the polar angle θ and time t
is represented by the exponential function with an imaginary argument in θ and a
complex argument in t . The latter allows for periodic disturbances which are damped
or grow in time. For the function ψcz,2 we obtain the solution

ψcz,2,m = [

C ′
1 Jm(qr) + C ′

2Ym(qr)
]

eimθ−αt , (2.49)

where we have defined q = (α/ν)1/2. The functions Jm and Ym are Bessel functions
of the first and second kinds and order m. The stream function for mode m can
therefore be written as

ψcz,m − ψcz,m,0 = [

C1,mr
m + C2,mr

−m + C ′
1,m Jm(qr) + C ′

2,mYm(qr)
]

eimθ−αt ,

(2.50)
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where ψcz,m,0 is a constant. The general form of the stream function is a sum over
all the modes m. When applying the general description for the Stokesian stream
function to flows in special geometries, the values of the coefficients Ci,m are deter-
mined by initial and boundary conditions of the problem. Terms of the solution must
be discarded in regions of the flow field where they diverge by setting the related
coefficients Ci,m to zero. This is the case, e.g. for a flow field including the axis
r = 0, where the functions r−m and Y (qr) diverge. The actual need for discarding
terms, however, is seen only in the resulting equations for the corresponding velocity
components. We will go into the details of this in Chap.6.

2.2.2 Polar, Linear, Steady Flow

For linear steady flows in cylindrical coordinates, which do not depend on the coor-
dinate z, the equation determining the stream function reads

∇4ψcz = 0 , (2.51)

where ∇4 emerges by applying ∇2 in Eq. (2.44) to itself. The operator reads

∇4 = 1

r

∂

∂r

{

r
∂

∂r

[
1

r

∂

∂r

(
r

∂

∂r

)]}

+ 1

r

∂

∂r

[

r
∂

∂r

(
1

r2
∂2

∂θ2

)]

+

+ 1

r3
∂

∂r

(
r

∂3

∂r∂θ2

)
+ 1

r4
∂4

∂θ4
. (2.52)

Equation (2.51) is the biharmonic equation. Separation of the stream function ψcz

into a function f (r) of the radial coordinate r and a function of the polar angle θ ,
which is assumed to be periodic in the angular direction with a wave number m,
leads to the following ordinary differential equation for the radial dependency of the
stream function

r
d

dr

{

r
d

dr

[
1

r

d

dr

(
r f ′) − m2 f

r2

]}

− m2

[
1

r

d

dr

(
r f ′) − m2 f

r2

]

= 0 , (2.53)

where f ′ = d f/dr . This equation has the solution

f (r) = C1r
m + C2r

−m + C3r
m+2 + C4r

−m+2 , (2.54)

which, together with the periodic solution in the angular coordinate θ , yields the
stream function

ψczs,m − ψczs,m,0 = (
C1,mr

m + C2,mr
−m + C ′

1,mr
m+2 + C ′

2,mr
−m+2

)
eimθ . (2.55)

http://dx.doi.org/10.1007/978-3-662-51423-8_6
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In case of axial symmetry of the flow field, where the dependency of the field on
the polar angle θ vanishes and there is no component of a pressure gradient in that
direction, the value of the mode number m is zero and the highest order derivative is
the third. This leads to the differential equation for the stream function

r
d

dr

[
1

r

d

dr

(
r
dψczs,0

dr

)]

= 0 (2.56)

with the solution

ψczs,0 = C1

2
r2 + C2 ln r + C3 . (2.57)

The corresponding flow exhibits a velocity component in the angular direction θ

only, which depends only on the radial coordinate. The velocity component reads

uθ (r) = C1r + C2

r
. (2.58)

The integration constants C1 and C2 are determined by boundary conditions, as will
be detailed in Chap. 3 below.

2.2.3 Polar, Nonlinear, Steady Flow

Nonlinear steady flow in a cylindrical geometry, which does not depend on the axial
coordinate z, could be, e.g. the flow around a steady or steadily spinning cylinder.
Flows in that geometry which would allow the boundary-layer concept to be applied,
would require a high Reynolds number. Such flow, however, tends to separate from
the cylinder contour on its back side, with the location of separation depending on the
Reynolds number of the flow. The separation immediately makes the boundary-layer
concept break down, since the boundary-layer thickness cannot be taken as small as
compared to a length along the contour any more. A boundary-layer flow in such a
geometry would therefore be restricted to a region around the upstream stagnation
zone where, however, the boundary layer may still not be regarded as slender in the
sense of the boundary-layer approximation. Such flow is, therefore, not considered
in the present context.

Axisymmetric cylindrical flow
For cylindrical flows in (meridional) r, z planes which do not depend on the coordi-
nate θ , i.e. which are axially symmetric around the z axis of the flow field, where the
velocity vector is (ur , 0, uz) (with zero swirl component), the stream function ψcθ is
introduced by the definitions of the r and z velocity components

ur = −1

r

∂ψcθ

∂z
, uz = 1

r

∂ψcθ

∂r
. (2.59)

http://dx.doi.org/10.1007/978-3-662-51423-8_3
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Introducing this formulation of the velocity vector with uθ = 0 into the momentum
equation (1.3),with thematerial law (1.8), and taking the curl of the resulting equation
to make the gradient fields of the pressure and the body force potential disappear,
we obtain the fourth-order partial differential equation [2]

∂

∂t

(
E2
cθψcθ

) − 1

r

∂(ψcθ , E2
cθψcθ )

∂(r, z)
− 2

r2
∂ψcθ

∂z
E2
cθψcθ = νE4

cθψcθ (2.60)

for the stream function ψcθ . In this equation, the differential operator E2
cθ reads

E2
cθ = r

∂

∂r

(
1

r

∂

∂r

)
+ ∂2

∂z2
(2.61)

and the operator to the fourth power is

E4
cθ = r

∂

∂r

{
1

r

∂

∂r

[

r
∂

∂r

(
1

r

∂

∂r

)]}

+ 2r
∂

∂r

[
1

r

∂

∂r

(
∂2

∂z2

)]

+ ∂4

∂z4
. (2.62)

2.2.4 Axisymmetric, Linear, Unsteady Flow

Analytical solutions of Eq. (2.60) are found for linear flow fields, where the Jacobian
is either negligible or vanishes exactly and the product of E2

cθψcθ with the z derivative
of ψcθ is small of the same order. The linearisation for cylindrical flows in the r, z
plane leads to the equation

(
−1

ν

∂

∂t
+ E2

cθ

)
E2
cθψcθ = 0 . (2.63)

In his 1935 paper on the instability of a liquid jet immersed in an immiscible viscous
fluid,Tomotika used the following idea for the stream function [3]: since the operators
−1/ν∂/∂t + E2

cθ and E2
cθ in Eq. (2.63) are commutative with each other, the stream

function may be composed of two parts as per ψcθ = ψcθ,1 + ψcθ,2, where ψcθ,1 and
ψcθ,2 are solutions of the two partial differential equations

E2
cθψcθ,1 = 0 (2.64)

and

− 1

ν

∂ψcθ,2

∂t
+ E2

cθψcθ,2 = 0 , (2.65)

respectively. Equations (2.64) and (2.65) are solved by separation of variables, which
yields the functionsψcθ,1 andψcθ,2 as products of eigenfunctions of the two operators
in the radial and axial coordinates and in time. The operator in the radial coordinate

http://dx.doi.org/10.1007/978-3-662-51423-8_1
http://dx.doi.org/10.1007/978-3-662-51423-8_1
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yields as the related ordinary differential equation of the separated function, say,
f (r) a Bessel-type equation which, however, is of the form r2 f ′′ −r f ′ −k2r2 f = 0,
i.e. the first minus sign in the equation differs from the plus in the Bessel differential
equation. The solution of this equation has the formC1 r I1(kr)+C2 r K1(kr), where
I1 and K1 are modified Bessel functions of the first and second kinds, respectively
[1]. For ψcθ,1 we therefore obtain

ψcθ,1 = [C1r I1(kr) + C2r K1(kr)] e
ikz−αt + const1 . (2.66)

The quantity k = 2π/λ is the wave number of a spatially periodic variation of the
stream function with the wavelength λ in the direction of the axial coordinate z.
The dependency of the flow on the axial coordinate z and time t is represented by
the exponential function with an imaginary argument in z and a complex argument
in t . The latter therefore allows for damped or growing periodic disturbances, as
encountered in the temporal instability of cylindrical flows. For the function ψcθ,2

we obtain
ψcθ,2 = [C3r I1(lr) + C4r K1(lr)] e

ikz−αt + const2 , (2.67)

where l2 = k2 − α/ν. The stream function can therefore be written in a general
form as

ψcθ − ψcθ,0 = [C1r I1(kr) + C2r K1(kr) + C3r I1(lr) + C4r K1(lr)] · eikz−αt ,

(2.68)

where ψcθ,0 is a constant. When applying this Stokesian stream function in axially
symmetric cylindrical flows to special geometries, the values of the coefficientsCi are
determined by initial and boundary conditions of the problem. Terms of the solution
must be discarded in regions of the flow field where they diverge by setting the
related coefficients Ci to zero. This is the case, e.g. for the flow field of a jet at r = 0,
i.e. on its symmetry axis, where the modified Bessel functions of the second kind
diverge. Analogously, in the flow field of the medium in which the jet is immersed,
which may extend to infinity, the modified Bessel functions of the first kind must be
discarded, since they diverge for infinite values of their arguments. The actual need
for setting the related coefficients Ci to zero, however, is seen only in the resulting
equations for the corresponding velocity components. We will go into the details of
this in Chap.6.

A special case of the axisymmetric linear unsteadyflowmaybe independent on the
coordinate z in the main flow direction, which corresponds to a flow hydraulically
developed in the direction of its motion. The partial differential equation for the
stream function then simplifies to the form

[

−1

ν

∂

∂t
+ 1

r

∂

∂r

(
r

∂

∂r

)] (
1

r

∂ψcθ

∂r

)
= C , (2.69)

http://dx.doi.org/10.1007/978-3-662-51423-8_6
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where C may be a function of time or a constant, which may be zero as well. We
may be interested in a solution of this equation for the case of, e.g. a hydraulically
developed pulsating (C = C(t)) or starting (C = constant �= 0) / fading (C = 0)
pipe flow. The quantity C represents a pressure gradient driving the flow.

We first solve Eq. (2.69), for the case that C = C1 +Cte−αt . We seek for a stream
function of the form

ψcθ = ψcθs(r) + f (r)e−αt , (2.70)

which is composed of a steady and an unsteady part. The steady part ψcθs(r) of the
stream function satisfies the ODE

1

r

d

dr

[

r
d

dr

(
ψ ′

cθs

r

)]

= C1 , (2.71)

where the prime denotes the derivative with respect to the coordinate r . The solution
reads

ψcθs = C1r
4 + C2r

2

(
ln r − 1

2

)
+ C3r

2 + C4 . (2.72)

Substituting the formulation (2.70) of the stream function into Eq. (2.69), and using
(2.71) for the steady part, we obtain the following ODE for the unknown function
f (r):

α

ν

(
f ′

r

)
+ 1

r

d

dr

[

r
d

dr

(
f ′

r

)]

= Ct . (2.73)

Replacing the function f ′/r by a new function h(r), we obtain the equation

α

ν
h + 1

r

d

dr

(
rh′) = Ct , (2.74)

which we rewrite to obtain

r2h′′ + rh′ + α

ν
r2h = Ctr

2 . (2.75)

Defining a new variable ξ = qr with q = (α/ν)1/2 and substituting h(r) =: k(ξ),
we obtain

ξ 2k ′′ + ξk ′ + ξ 2k = Ctr
2 . (2.76)

This is an inhomogeneous form of a Bessel-type ordinary differential equation. The
solution of the homogeneous equation is composed of the two zero-order Bessel
functions of the first and second kinds, J0(ξ) and Y0(ξ). For the inhomogeneous
equation (2.76) we find a particular solution kp(r) with the ansatz that the solution
must be a constant, kp(r) = C , which satisfies the inhomogeneous equation, so that
the general solution of the differential equation (2.76), expressed in the function h(r)
reads
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h(r) = C1 J0(qr) + C2Y0(qr) + C3 . (2.77)

From this function we derive the function f (r) in the ansatz (2.70) as

f (r) = C1

∫

r J0(qr)dr + C2

∫

rY0(qr)dr + C3

2
r2 + C4 . (2.78)

The final form of the stream function for the pipe flow with an imposed time-
dependent pressure gradient driving the flow follows as

ψcθ − ψcθ,0 = C ′
1r

4 + C ′
2r

2 + C ′
3r

2 ln r +
+

[

C4

∫

r J0(qr)dr + C5

∫

rY0(qr)dr + C6r
2 + C7

]

e−αt , (2.79)

where ψcθ,0 is a constant.
The case of an impulsively started pipe flow corresponds to the imposition of a

constant pressure gradient driving the flow at some time instant t = 0. The quantityC
in Eq. (2.69) is then a non-zero constant. The stream function has again the structure
(2.70), since the flow converges to the steadyHagen–Poiseuille flow. The steady part
of the stream function is given by the same function (2.72) as above. The function
f (r) in the unsteady part is determined by the differential equation

α

ν

(
f ′

r

)
+ 1

r

d

dr

[

r
d

dr

(
f ′

r

)]

= 0 . (2.80)

Its solution derived along the same lines as above is

f (r) = C1

∫

r J0(qr)dr + C2

∫

rY0(qr)dr + C3 . (2.81)

The final form of the stream function for the starting pipe flow follows as

ψcθ − ψcθ,0 = C ′
1r

4 + C ′
2r

2 + C ′
3r

2 ln r +
+

[

C4

∫

r J0(qr)dr + C5

∫

rY0(qr)dr + C6

]

e−αt , (2.82)

where ψcθ,0 is a constant.
In the corresponding case of a fading pipe flow, the pressure gradient formerly

driving the flow is removed at some time instant t = 0. The quantity C in Eq. (2.69)
is then zero. A steady part of the stream function does not exist in this case, so that
the stream function consists of the unsteady part of (2.70) only. The function f (r)
is determined by the same differential equation as for the impulsively started flow,
with the same solution as there. The final form of the stream function for the fading
pipe flow therefore reads
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ψcθ − ψcθ,0 =
[

C4

∫

r J0(qr)dr + C5

∫

rY0(qr)dr + C6

]

e−αt , (2.83)

where ψcθ,0 is a constant.
These flows will be discussed in detail in Chap.3.

2.2.5 Axisymmetric, Linear, Steady Flow

For linear steady cylindrical flow problems which are swirl-free and independent
from the coordinate θ , i.e. which are axisymmetric, the equation determining the
stream function reads

E4
cθψcθ = 0 , (2.84)

where E4
cθ is given in Eq. (2.62). Separation of the stream functionψcθ into functions

of the radial coordinate r and the axial coordinate z, with the assumption that the
solution is periodic in the axial direction with a wavenumber k = 2π/λ, where λ is
the wavelength, leads to the following ODE for the function f (r) representing the
radial dependency of the stream function

r
d

dr

{
1

r

d

dr

[

r
d

dr

(
f ′

r

)]}

− 2k2r
d

dr

(
f ′

r

)
+ k4 f = 0 . (2.85)

In the equation, the prime denotes the derivative with respect to the radial coordinate.
This equation has the solution

f (r) = k2r2
[

C1 I0(kr) + C2

kr
I1(kr) + C3K0(kr) + C4

kr
K1(kr)

]

, (2.86)

which, together with the periodic function in the axial coordinate z, yields the stream
function

ψcθ − ψcθ,0 = k2r2
[

C1 I0(kr) + C2

kr
I1(kr) + C3K0(kr) + C4

kr
K1(kr)

]

eikz .

(2.87)

A special case is a linear steady flow field with the fluid motion in the z direction,
which is hydraulically developed and therefore does not depend on the z coordinate.
The stream function, therefore, cannot depend on that coordinate. The reduced form
of Eq. (2.84) is the statement that

d

dr

{
1

r

d

dr

[

r
d

dr

(
1

r

dψcθ

dr

)]}

= 0 . (2.88)
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The solution is

ψcθ = C1
r4

16
+ C2

r2

2

(
ln r − 1

2

)
+ C3

r2

2
+ C4 . (2.89)

Three of the four constants are determined by boundary conditions, while C4 is a
free reference value.

Since the values of all the integration constants in the above solutions depend
on the particular flow problem, we will go into the details of their determination in
Chap.3.

2.2.6 Axisymmetric, Nonlinear, Steady Flow with Constant
Pressure

Another class of flows accessible with analytical methods are boundary-layer flows
in simple geometries with constant pressure throughout, such as flows along bodies
of revolution, round submerged jets, etc. The pressure is constant in these flow fields,
since, in the region far from the edge of the boundary layer, the free-stream velocity
does not depend on the coordinate in the main flow direction, and the resultant
constant pressure is imprinted on the boundary layer in the direction transverse to
the main flow. In the boundary layer, therefore, the pressure does not depend on
the coordinate transverse to the main flow direction as well. In these cases, the
pressure gradient disappears from the momentum equation in the boundary-layer
form identically. Therefore, after introduction of the stream function, there is no
need to take the curl of the momentum equation. In these cases, we obtain from the
momentum equation in the main flow direction z the PDE for the stream function in
cylindrical coordinates

∂ψcθ

∂z

∂

∂r

(
1

r

∂ψcθ

∂r

)
− 1

r

∂ψcθ

∂r

∂2ψcθ

∂r∂z
= −ν

∂

∂r

[

r
∂

∂r

(
1

r

∂ψcθ

∂r

)]

. (2.90)

The stream function is composed of a mapping function of the spatial coordinate z
only and a universal function of a self-similar coordinate. The self-similar coordinate
is an r coordinate transverse to the main flow direction, normalised by the boundary-
layer thickness, which itself depends on the z position in the field. The corresponding
profiles of the normalised velocity component in the main flow direction z turn out
self-similar, i.e. they are determined by the self-similar function only. The reference
velocity for the normalisation may be the incoming free-stream velocity in that flow
direction. In jets, it is the maximum value of the z velocity, located on the symmetry
axis of the jet. This self-similar behaviour of the flowmay bemade use of for deriving
analytical solutions of the differential equation (2.90). For this purpose, we define
the stream function with a self-similar function fc of a self-similar coordinate ηc.
We define the stream function ψc as the product of a power zα of the coordinate

http://dx.doi.org/10.1007/978-3-662-51423-8_3
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Fig. 2.2 Two examples of cylindrical flow field geometries with boundary-layer type: a flow along
a submerged body of revolution, and b submerged round free jet

in the main flow direction, which plays the role of the mapping function, and the
function fc(ηc). The self-similar coordinate is defined as proportional to the ratio
of the coordinate r transverse to the main flow direction and the width of the flow
domain influenced by diffusive viscous momentum transport. This width is assumed
to be proportional to a power zβ of the coordinate in the main flow direction, with a
positive exponent β. Sowe assume that the flow domainwidens in the direction of the
flow. Figure2.2 shows two examples of this flow field geometry: (a) the boundary-
layer flow along a slender body of revolution and (b) a round submerged free jet.
The stream function and the self-similar coordinate have the forms

ψcθ = Ccz
α fc(ηc), ηc = Dc

r

zβ
. (2.91)

In these definitions, the coefficients Cc and Dc are introduced for dimensional rea-
sons: Cc to allow the velocity uz in the z direction to be obtained as the derivative
(1/r)∂ψcθ /∂r , and Dr to render the self-similar coordinate ηc non-dimensional.
Substituting these definitions into Eq. (2.90), we obtain

(α − 2β) f ′2
c − α fc f

′′
c + α

fc f ′
c

ηc
= ν

Cczα−1
ηc

[

ηc

(
f ′
c

ηc

)′]′
. (2.92)
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For the concept of self-similarity to work, we require that this equation is an ODE for
the function fc(ηc). This is the case if and only if the dependency on the coordinate
z disappears, i.e. if its exponent equals zero. We therefore require that α = 1 and
obtain the self-similar differential equation

(1 − 2β) f ′2
c − fc f

′′
c + fc f ′

c

ηc
= ν

Cc
ηc

[

ηc

(
f ′
c

ηc

)′]′
. (2.93)

A second condition for the exponents α and β, and expressions relating Cc and Dc

to the flow situation, are found by adapting Eq. (2.93) to the respective flow. In order
to obtain the differential equation for the self-similar function fc in a form free of
coefficients, we may require that Cc = ν, which is consistent with the requirement
that the dimension of Cc is m2/s. Furthermore, the dimension of Dc must be mβ−1

in order that ηc is non-dimensional. Since this adaptation determining the final form
of Eq. (2.93) and the solutions of the equation depend on the actual flow situation,
we will go into these details in Chap.5, where the related boundary-layer flows are
discussed.

2.3 The Equation for the Stream Function in Spherical
Coordinates

The spherical coordinates (r, θ, φ) are related to the Cartesian coordinates as per
x = r sin θ cosφ, y = r sin θ sin φ, z = r cos θ . For spherical flow fields where
the velocity vector is (ur , uθ , 0) (with zero swirl component), which are axially
symmetric around the z axis, the stream function ψs is introduced by the definitions
of the r and θ velocity components

ur = − 1

r2 sin θ

∂ψs

∂θ
, uθ = 1

r sin θ

∂ψs

∂r
(2.94)

Introducing this two-dimensional velocity vector into the momentum equation (1.3),
with the material law (1.8), and taking the curl of the resulting equation to make
the gradient fields of pressure and body force potential disappear, we obtain the
fourth-order partial differential equation [2]

∂

∂t

(
E2
s ψs

)+ 1

r2 sin θ

∂(ψs, E2
s ψs)

∂(r, θ)
− 2E2

s ψs

r2 sin2 θ

(
∂ψs

∂r
cos θ − 1

r

∂ψs

∂θ
sin θ

)
=νE4

s ψs

(2.95)
for the stream function ψs . The differential operator E2

s reads

E2
s = ∂2

∂r2
+ sin θ

r2
∂

∂θ

(
1

sin θ

∂

∂θ

)
. (2.96)
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2.3.1 Linear, Unsteady Flow

Analytical solutions of Eq. (2.95) are found for linear flow fields, where the Jacobian
is either negligible or vanishes exactly. The linearisation for spherical flows in the
r, θ plane leads to the equation

(
−1

ν

∂

∂t
+ E2

s

)
E2
s ψs = 0 . (2.97)

In solving this equation, we use the approach of Tomotika developed for the cylin-
drical case for the spherical problem as well [3]. The details are given in Sect. 2.2.4.
The stream function may be composed of two parts as per ψs = ψs,1 + ψs,2, where
ψs,1 and ψs,2 are solutions of the two partial differential equations

E2
s ψs,1 = 0 (2.98)

and

− 1

ν

∂ψs,2

∂t
+ E2

s ψs,2 = 0 , (2.99)

respectively. The two Eqs. (2.98) and (2.99) are solved by separation of variables,
which reveals the functions ψs,1 and ψs,2 as products of eigenfunctions of the two
operators in the radial and angular coordinates and in time. The dependencies on the
polar angle θ exhibit a modal structure. For ψs,1 of mode m we obtain

ψs,1,m = [

C1,mr
−m + C2,mr

m+1
] [

Am P
′
m(cos θ) + BmQ

′
m(cos θ)

]

sin2 θe−αt + C1 ,

(2.100)
where P ′

m(cos θ) and Q′
m(cos θ) are the first-order derivatives of the Legendre poly-

nomial (Legendre function of the first kind) Pm(cos θ) and the Legendre function of
the second kind Qm(cos θ) with respect to their arguments. The mode number m is
a natural number or zero. For the function ψs,2 of mode m we obtain

ψs,2,m = [

C ′
1,mqr jm(qr) + C ′

2,mqrym(qr)
] ·

· [Am P
′
m(cos θ) + BmQ

′
m(cos θ)

]

sin2 θe−αt + C2 , (2.101)

where jm and ym are spherical Bessel functions of the first and second kinds, respec-
tively. In their arguments we have defined

q = (α/ν)1/2 . (2.102)

The stream function can therefore be written in a general form as

ψs,m − ψs,m,0 = [

C1,mr
−m + C2,mr

m+1 + C ′
1,mqr jm(qr) + C ′

2,mqrym(qr)
] ·

· [Am P
′
m(cos θ) + BmQ

′
m(cos θ)

]

sin2 θe−αt , (2.103)
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where ψs,m,0 is a constant. The general form of the stream function is a sum over all
the modes m. When applying the general description for the Stokesian stream func-
tion to flows in special geometries, the values of the coefficients Ci,m are determined
by initial and boundary conditions of the problem. Terms of the solution must be
discarded in regions of the flow field where they diverge by setting the related coef-
ficients Ci,m to zero. This is the case, e.g. for a flow field including the origin r = 0
of the coordinate system, where the functions r−m and ym(qr) diverge. Furthermore,
the powers of the radial coordinate represented in the function (2.103) put limits to
allowable values of the mode number m which depend on the geometry. The actual
need for discarding terms, however, is seen only in the resulting equations for the
corresponding velocity components. We will go into the details of this in Chaps. 3
and 6.

2.3.2 Linear, Steady Flow

For linear steady flows in spherical coordinates independent on the coordinate φ, and
without a (swirl) velocity in this coordinate direction, the equation determining the
stream function reads

E4
s ψs = 0 . (2.104)

Given the form (2.96) of the operator E2
s , Eq. (2.104) reads

E4
s ψs = ∂2

∂r2

[
∂2ψs

∂r2
+ sin θ

r2
∂

∂θ

(
1

sin θ

∂ψs

∂θ

)]

+

+ sin θ

r2
∂

∂θ

[
1

sin θ

∂

∂θ

(
∂2ψs

∂r2
+ sin θ

r2
∂

∂θ

(
1

sin θ

∂ψs

∂θ

))]

= 0 . (2.105)

Seeking for a solution of this partial differential equation for ψs in the form of
eigenfunctions of the differential operators involved, we use the separation ansatz
defining ψs := f (r) g(θ). This enables the equation to be rewritten in the form

g f I V +
[
d2

dr2

(
f

r2

)
+ f ′′

r2

]

sin θ
d

dθ

(
g′(θ)

sin θ

)
+

+ f

r4
sin θ

d

dθ

[
1

sin θ

d

dθ

(
sin θ

d

dθ

(
g′(θ)

sin θ

))]

= 0 , (2.106)

where the primes denote derivatives with respect to the independent variables of
the functions. Denoting furthermore H(θ) := sin θd/dθ

(
g′(θ)/ sin θ

)
, (2.106)

becomes

r4
f I V

f
+ r4

f

[
d2

dr2

(
f

r2

)
+ f ′′

r2

]
H(θ)

g(θ)
+ sin θ

g(θ)

d

dθ

(
H ′(θ)

sin θ

)
= 0 . (2.107)
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A separable form of this equation is achieved if H(θ)/g(θ) is a constant, which we
denote −m(m + 1), where m may be a natural mode number or zero. This turns the
relation between g(θ) and H(θ) into a Legendre-type ODE with the solution

g(θ) = − [

Am P
′
m(cos θ) + BmQ

′
m(cos θ)

]

sin2 θ . (2.108)

This function turns the term (sin θ/g)d/dθ
(
H ′(θ)/ sin θ

)
into a constant with the

value m2(m + 1)2. Consequently, Eq. (2.107) becomes an Euler-type ODE for the
function f (r), which reads

r4 f I V −2m(m+1)r2 f ′′+4m(m+1)r f ′+m(m+1)(m−2)(m+3) f = 0 . (2.109)

Introducing the ansatz f (r) = Crk into Eq. (2.109) and determining the roots of the
resulting characteristic equation

k (k − 3) [(k − 1) (k − 2) − 2m (m + 1)] = −m (m + 1) (m − 2) (m + 3)
(2.110)

for the exponent k with a given mode number m, we find a linear combination
of powers of the radial coordinate r which constitutes the general solution of the
equation. The resulting stream functionψs for a givenmode numberm may therefore
be written in the form

ψs,m − ψs,m0 =
4

∑

i=1

Ci,mr
ki · [

Am P
′
m(cos θ) + BmQ

′
m(cos θ)

]

sin2 θ . (2.111)

The coefficientsCi,m and the values of the exponents ki are determined by the respec-
tive details of the flow. We will discuss this in further detail in Chap.6.

2.3.3 Nonlinear, Steady Flow with Constant Pressure

The class of boundary-layer flow with constant pressure throughout the flow field
does not exist for the spherical geometry, since the curvature of the body in all
directions always leads to a pressure gradient in the field. A boundary-layer flow
in such a geometry would therefore be restricted to a region around the upstream
stagnation zone where, however, the boundary layer may still not be regarded as
slender in the sense of the boundary-layer approximation. Such flow is, therefore,
not considered in the present context.
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