
Chapter 2
Component Modeling with State-Space
Method

2.1 Basic Knowledge About State-Space Modeling Method

A state-space representation, also known as the ‘time-domain approach’, is a
mathematical model of a physical system as a set of input, output, and state vari-
ables related to first-order differential equations. To abstract from the number of
inputs, outputs, and states, these variables are expressed as vectors. Additionally, if
the dynamical system is linear, time-invariant, and finite-dimensional, then the
differential and algebraic equations may be written in matrix form [1]. The
state-space representation provides a convenient and compact way to model and
analyze systems with multiple inputs and outputs. With p inputs and q outputs, we
can encode all the information about a system instead of q� p Laplace transforms.
Unlike the frequency-domain approach, the use of the state-space representation is
not limited to systems with linear components and zero initial conditions [2].

The most general state-space representation of a linear system with m inputs,
n outputs, and p state variables is written in the following form [3]:

_XðsÞ ¼ A � XðsÞþB � UðsÞ ð2:1Þ

YðsÞ ¼ C � XðsÞþD � UðsÞ ð2:2Þ

where

UðsÞ is input variable vector, UðsÞ ¼ u1ðsÞ; u2ðsÞ; . . .; umðsÞ½ �T ;
YðsÞ is output variable vector, YðsÞ ¼ y1ðsÞ; y2ðsÞ; � � � ; ynðsÞ½ �T ;
XðsÞ is state variable vector, XðsÞ ¼ x1ðsÞ; x2ðsÞ; � � � ; xpðsÞ

� �T
;

A is the state (or system) matrix, dim½A� ¼ p� p;
B is the input matrix, dim½B� ¼ p� m;
C is the output matrix, dim½C� ¼ n� p;
D is the feed-forward matrix, dim½D� ¼ n� m;
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The internal state variables are the smallest possible subset of system variables
that can represent the entire state of the system at any given time. The minimum
number of state variables required to represent a given system is usually equal to the
order of the system’s defining differential equation. If the system is represented in
transfer function form, the minimum number of state variables is equal to the
order of the transfer function’s denominator after it has been reduced to a proper
fraction [4].

In this chapter, the state-space method is firstly employed to develop dynamic
models of the main components in a general HVAC system including water-to-air
heat exchanger, refrigeration system, cooling tower, air-conditioned space, air duct,
water pipe, and valves (or dampers). Afterward, the method of component models’
integration is introduced and an example of HVAC system modeling based on the
component models is given.

2.2 Modeling for HVAC Components

2.2.1 Water-to-Air Heat Exchanger

Water-to-air heat exchanger is used for air cooling with or without accompanying
dehumidification. They work under dry conditions (without dehumidification) when
the external surface temperature is lower than the air dew-point temperature or
otherwise under wet conditions (with dehumidification). For general comfort con-
ditioning, cooling, and dehumidifying, the extended-surface (finned) heat exchan-
ger design is the most popular. In finned heat exchanger, the external surface of the
tubes is primary and the fin surface is secondary. The primary surface generally
consists of rows of round tubes or pipes that may be staggered or placed in line with
respect to the airflow. The inside surface of the tubes is usually smooth and plain,
but some heat exchanger designs have various forms of internal fins or turbulence
promoters to enhance the performance. The individual tube passes in a heat
exchanger are usually interconnected by return bends to form the serpentine
arrangement of multi-pass tube circuits [5]. Heat exchangers for water, aqueous
glycol, or halocarbon refrigerants usually have aluminum fins on copper tubes, or
copper fins on copper tubes, or aluminum fins on aluminum tubes. The outside
diameters of core tube are commonly 8, 10, 12.5, 16, 20, and 25 mm, with fins
spaced 1.4–6.4 apart. Tube spacing ranges from 15 to 75 mm, depending on the
width of individual fins and on the other performance considerations.

Figure 2.1 shows the physical map of a water-to-air heat exchanger which is
taken as the modeling object. The objective of the modeling is to study the dynamic
characteristics of the water-to-air heat exchanger when subjected to perturbations of
different inlet variables including entering air temperature and humidity, entering
water temperature, and flow rate of the two fluids.
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2.2.1.1 Model Development [6]

1) Assumptions and basic equations

Figure 2.2 shows the schematic diagram of water-to-air heat exchanger for
modeling. Further, the following assumptions are necessary to be made for the
convenience of modeling.

(1) Moisture air is treated as a mixture of ideal gases. The specific heat and
density of air are considered as constants in the process of heat and mass
transfer;

(2) Air-side heat transfer coefficient includes the additional thermal resistance due
to the presence of partially or completely wet extended surfaces;

(3) Under wet-condition mode, the air on the surface of coils and fins is con-
sidered as saturated state;

(4) Temperature and humidity of the air change linearly from the inlet to the outlet
of the heat exchanger. So does temperature of the water [7].

Thus, a series of equations can be established according to the law of energy and
mass conservation.

(1) Mass and energy equation for water passing through coils:

Gw;E ¼ Gw;L ¼ Gw ð2:3Þ

Fig. 2.1 Physical map of a water-to-air heat exchanger
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Fig. 2.2 Schematic diagram of water-to-air heat exchanger for modeling
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1
2
qwcwAwl

dðtw;L þ tw;EÞ
ds

¼ Gw;Ecwðtw;E � tw;LÞþ agwAi tg � tw;E þ tw;L
2

� �
ð2:4Þ

(2) Mass and energy equation for air passing through heat exchanger:

Ga;E ¼ Ga;L ¼ Ga ð2:5Þ

• Dry-condition process:

Wa;E ¼ Wa;L ð2:6aÞ

1
2
eaqacaAab

dðta;L þ ta;EÞ
ds

¼ Ga;Ecaðta;E � ta;LÞþ agaAo tm � ta;E þ ta;L
2

� �
ð2:6bÞ

• Wet-condition process:

1
2
eaqabAa

dðWa;L þWa;EÞ
ds

¼ Ga;EðWa;E �Wa;LÞþ kmAo Wgb �Wa;E þWa;L

2

� �
ð2:7aÞ

1
2
eaqabAa

dðha;L þ ha;EÞ
ds

¼ Ga;Eðha;E � ha;LÞþ agaAo tm � ta;E þ ta;L
2

� �
þ qrAokm Wgb �Wa;E þWa;L

2

� �

ð2:7bÞ

(3) Energy equation for coils and fins

• Dry-condition process:

Mgcg
dtg
ds

¼ agwAi
tw;E þ tw;L

2
� tg

� �
þ agaAo

ta;E þ ta;L
2

� tm
� �

ð2:8aÞ

• Wet-condition process:

Mgcg
dtg
ds

¼ agwAi
tw;E þ tw;L

2
� tg

� �
þ agaAo

ta;E þ ta;L
2

� tm
� �

þ qrAokm
Ww;E þWw;L

2
�Wgb

� �

ð2:8bÞ

In Eqs. (2.3) through (2.8), the symbol ‘G’ stands for flow rate, kg/s; ‘c’ for
mass specific heat, J/(kg °C); ‘A’ for area, m2; ‘h’ for enthalpy, J/kg; ‘l’ for length of
coiled tube, m; ‘b’ for width of heat exchanger, m; ‘t’ for temperature, °C; ‘W’ for
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air humidity, kg/(kg dry air); ‘M’ for mass, kg; ‘qr’ for latent heat of condensation
of water vapor, J/kg; ‘agw’ for heat transfer coefficient on the water side, W/(m2 °
C); ‘aga’ for heat transfer coefficient on the air side, W/(m2 °C); ‘km’ for mass
transfer coefficient, kg/ (m2/s); ‘s’ for time, s; ‘q’ for density, kg/m3; and ‘εa’ for air
volume ratio in heat exchanger. The subscript ‘a’ stands for air; ‘w’ for water; ‘g’
for shell wall of heat exchanger; ‘E’ for inlet; ‘L’ for outlet; ‘m’ fins of coil; ‘gb’ for
saturated air near external surface of heat exchanger; ‘o’ for air-side surface of heat
exchanger; and ‘i’ for water-side surface of heat exchanger.

2) Parameter determination and linearization

Two kinds of variables are considered in the equations: the fundamental and the
lumped. The fundamental variables include the temperature and humidity of inlet
and exit air (ta;E, Wa;E, ta;L, Wa;L), the temperature of inlet and exit water (tw;E, tw;L),
and the air and water flow rates (Ga and Gw). These variables can be considered as
the summation of initial value (ho) and a small increment (Dh):

h ¼ ho þDh ð2:9Þ

where h denotes, ta;E, Wa;E, ta;L, Wa;L, tw;E, tw;L, Ga, and Gw, respectively.
The lumped variables include the coefficients of heat and mass transfer between

fluids and heat exchanger (i.e., agw; aga and km), which are usually expressed as an
equation dependent on the fluid flow rate (Ga or ua,Gw or uw), respectively, as below:

Nuw ¼ C1Re
n1
w ð2:10Þ

Nua ¼ C2Re
n2
a ð2:11Þ

Nud ¼ C3Re
n3
a ð2:12Þ

where C1;C2;C3; n1; n2; n3 are empirical constants that can be determined with

experimental data; Nuw ¼ 2agwri
kw

; Rew ¼ 2uwri
mw

; Rea ¼ 2uard
ma

; Nud ¼ 2kmrd
qaDw;a

:

Rea ¼ 2uard
ma

¼ 2Gard
vaqaAa

; rd ¼ ðS�2riÞðe�dcÞ
ðS�2riÞþ ðe�dcÞ. The symbol ‘kw’ is heat conductivity coef-

ficient of water, W/ (m °C); ‘ri’ is inner radius of coil, m; ‘uw’ and ‘ua’ are velocities
of water and air, respectively, m/s; ‘mw’ and ‘ma’ are kinematic viscosity coefficients
of water and air, respectively, m2/s; ‘Dw;a’ is mass diffusivity of water vapor in the
air, m2/s; ‘S’ is finned tube center spacing of surface of heat exchanger, m; ‘e’ is fin
spacing of heat exchanger, m; and ‘dc’ is fin thickness of heat exchanger, m.

Thus, the lumped variables can be linearized by using the first-order Taylor
series:

r ¼ ro þ @r

@h0

� �
o
Dh0 ð2:13Þ
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where r stands for agw; aga and km, respectively; h
0 for ua (Ga) or uw (Gw); and D for

increment of variables.
The efficiency of sensible heat exchange, gs, is defined as follows:

gs ¼
tm � ta;E þ ta;L

2

� 	
tg � ta;E þ ta;L

2

� 	 ð2:14Þ

where tm is the average surface temperature of fins. gs is mainly related to the
structure of finned heat exchanger. For a specific water-to-air heat exchanger, gs can
be considered as a constant, normally as 0.7–0.8.

According to Eq. (2.14), tm can be expressed as follows:

tm ¼ gstg � ð1� gsÞ
ta;E þ ta;L

2
ð2:15Þ

The humidity of saturated air, Wgb, on the fins can be expressed by Eq. (2.16).

Wgb ¼ a1t
3
m þ a2t

2
m þ a3tm þ a4 ð2:16Þ

where the coefficients, a1; a2; a3 and a4, are obtained as 0.0008,−0.0190, 0.7287, and
1.6910, respectively, through data fitting of the thermodynamic properties of moist
air. The maximum relative error of Eq. (2.16) compared with the data in ASHRAE
Handbook [8] is less than 3.5 % when the temperature changes from 5 to 40 °C.

By using the first-order Taylor series, Eq. (2.16) can be converted into a linear
one as below:

Wgb ¼ ðWgbÞo þ 3a1t2m þ 2a2tm þ a3
� 	

oDtm ð2:17Þ

Let b1 ¼ 3a1t2m þ 2a2tm þ a3
� 	

o, Eq. (2.17) can be written as:

Wgb ¼ ðWgbÞo þ b1Dtm ð2:18Þ

The enthalpy of moisture air, ha, can be calculated by:

ha ¼ cata þð2501þ 1:84taÞ �Wa ð2:19Þ

Let b2 ¼ 2501þ 1:84tað Þ, Eq. (2.19) can be simplified as follows:

ha ¼ cata þ b2Wa ð2:20Þ

Since the value of 1:84ta is very small compared with 2501, b2 can be con-
sidered as a constant dependent on the initial air temperature.

The latent heat of condensation of water vapor (qr: J/kg) can be calculated by
Eq. (2.21).
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qr ¼ ð2501� 2:35taÞ � 103 ð2:21Þ

Since the air temperature (ta) changes in a small range, qr can be similarly equal
to a constant as well, i.e., qr = 2,441,250.

3) State-space representation

Through parameter linearization and removing the high-order item (product of
two increment items), Eqs. (2.3) through (2.8) can be transformed as follows:

For dry-condition process

Tw
dDtw;L
ds

¼ X1Dtw;L þX2Dtg þX3Dtw;E þX4DGw;E þ nDtw;L;dry ð2:22Þ

Ta
dDta;L
ds

¼ Ydry;1Dta;L þ Ydry;2Dtg þ Ydry;3Dta;E þ Ydry;4DGa;E þ nDta;L;dry ð2:23Þ

Tg
dDtg
ds

¼ Zdry;1Dtw;L þZdry;2Dta;L þ Zdry;3Dtg þ Zdry;4Dta;E

þ Zdry;5Dtw;E þZdry;6DGw;E þZdry;7DGa;E

ð2:24Þ

DGw;L ¼ DGw;E ð2:25Þ

DGa;L ¼ DGa;E ð2:26Þ

DWa;L ¼ DWa;E ð2:27Þ

For wet-condition process

Tw
dDtw;L
ds

¼ X1Dtw;L þX2Dtg þX3Dtw;E þX4DGw;E þ nDtw;L;wet ð2:28Þ

Ta
dDta;L
ds

¼ Ywet;1Dta;L þ Ywet;2DWa;L þ Ywet;3Dtg þ Ywet;4Dta;E

þ Ywet;5DGa;E þ Ywet;6DWa;E þ nDta;L;wet

ð2:29Þ

Tm
dDWa;L

ds
¼ Mwet;1Dta;L þMwet;2DWa;L þMwet;3Dtg þMwet;4Dta;E

þMwet;5DGa;E þMwet;6DWa;E þ nDWa;L;wet

ð2:30Þ

Tg
dDtg
ds

¼ Zwet;1Dtw;L þ Zwet;2Dta;L þ Zwet;4Dtg þ Zwet;5Dta;E þ Zwet;6Dtw;E

þ Zwet;7DGw;E þ Zwet;8DGa;E þ Zwet;9DWa;E

ð2:31Þ

DGw;L ¼ DGw;E ð2:32Þ
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DGa;L ¼ DGa;E ð2:33Þ

All coefficients in Eqs. (2.22) through (2.31) are listed in Table 2.1. Combining
Eqs. (2.22) through (2.33), the state-space equation for water-to-air heat exchanger
can be expressed by Eq. (2.34):

_xcoil ¼ Acoil � xcoil þBcoil � ucoil þ ncoil ð2:34Þ

And the corresponding output equation is written as follows:

ycoil ¼ Ccoil � xcoil þDcoil � ucoil ð2:35Þ

To transform into the standard form of state-space representation, Eq. (2.34) can
be written as follows:

_xcoil ¼ Acoilðxcoil þA�1
coilncoilÞþBcoilucoil ð2:36Þ

Let Xcoil ¼ xcoil þA�1
coilncoil, we have xcoil ¼ Xcoil � A�1

coilncoil. Thus, the standard
state-space model for water-to-air heat exchanger can be obtained as follows:

_Xcoil ¼ AcoilXcoil þBcoilucoil ð2:37Þ

ycoil ¼ ccoilXcoil þDcoilucoil � CcoilA
�1
coilncoil ð2:38Þ

For the dry-condition process:

xcoil ¼ ½Dtw;L;Dta;L;Dtg�T ; ycoil ¼ ½Dtw;L;DGw;L;Dta;L;DWa;L;DGa;L�T ;
ucoil ¼ ½Dtw;E;DGw;E;Dta;E;DWa;E;DGa;E�T ; n ¼ nDtw;L;dry ; nDta;L;dry ; 0

h iT
;

Acoil ¼

X1
Tw

0 X2
Tw

0 Ydry;1
Ta

Ydry;2
Ta

Zdry;1
Tg

Zdry;2
Tg

Zdry;3
Tg

2
664

3
775; Bcoil ¼

X3
Tw

X4
Tw

0 0 0

0 0 Ydry;3
Ta

0 Ydry;4
Ta

Zdry;5
Tg

Zdry;6
Tg

Zdry;4
Tg

0 Zdry;7
Tg

2
664

3
775;

Ccoil ¼

1 0 0

0 0 0

0 1 0

0 0 0

0 0 0

2
6666664

3
7777775
; Dcoil ¼

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 0 0 1

2
6666664

3
7777775
:
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Table 2.1 Coefficients in Eqs. (2.22) through (2.31)

Equation No. Coefficient expression

Eq. (2.22) Tw ¼ 1
2qwcwAwl;Xdry;1 ¼ �cwðGw;EÞo � Ai

2 ðagwÞo;
Xdry;2 ¼ AiðagwÞo;Xdry;3 ¼ cwðGw;EÞo � Ai

2 ðagwÞo;
Xdry;4 ¼ cwðtw;E � tw;LÞo þAi

@agw
@Gw;E

� �
o
tg � tw;L þ tw;E

2

� 	
o;

nDtw;L;dry ¼ � 1
2qwcwAwl

@Dtw;E
@s

Eq. (2.23) Ta ¼ 1
2 eaqacaAaba; Ydry;1 ¼ �caðGa;EÞ � Aogs

2 ðagaÞo;
Ydry;2 ¼ AogsðagaÞo; Ydry;3 ¼ caðGa;EÞo � Aogs

2 ðagaÞo;
Ydry;4 ¼ ca ta;E � ta;L

� 	
o þ

@aga
@Ga;E

� �
o
gsAo tg � ta;E þ ta;L

2

� 	
;

nDta;L;dry ¼ 1
2 eaqacaAab

@Dta;E
@s

Eq. (2.24) Tg ¼ cgMg; Zdry;1 ¼ Zdry;5 ¼ Ai
2 ðag;wÞo;

Zdry;2 ¼ Zdry;4 ¼ Aogs
2 ðagaÞo; Zdry;3 ¼ �AiðagwÞo � AogsðagaÞo;

Zdry;6 ¼ Zwet;7 ¼ Ai
2

@agw
@Gw;E

� �
o
ðtw;L þ tw;E � 2tgÞo;

Zdry;7 ¼ Aogs
2

@aga
@Ga;E

� �
o

1
2 ðta;L þ ta;EÞ � ðtgÞo
� �

:

Eq. (2.28) Tw ¼ 1
2qwcwAwl Xwet;1 ¼ �cwðGw;EÞo � Ai

2 ðagwÞo;
Xwet;2 ¼ AiðagwÞo; Xwet;3 ¼ cwðGw;EÞo � Ai

2 ðagwÞo;
Xwet;4 ¼ cwðtw;E � tw;LÞo þAi

@agw
@Gw;E

� �
o
tg � tw;L�tw;E

2

� 	
o;

nDtw;L;wet ¼ � 1
2 eaqwcwAw

@Dtw;E
@s :

Eq. (2.29) Ta ¼ 1
2 eaqacaAab;

Ywet;1 ¼ �caðGa;EÞ � Ao
2 ðagaÞogs þ b1ðqr � b2Þð1� gsÞðkmÞo
� �

;

Ywet;2 ¼ Ywet;6 ¼ Aoðb2�qrÞ
2 ðkmÞ;

Ywet;3 ¼ AogsðagaÞo þðqr � b2ÞAob1gsðkmÞo;
Ywet;4 ¼ caðGa;EÞo � Ao

2 2ðagaÞo � ðagaÞogs þ b1ðqr � b2Þð1� gsÞðkmÞo
� �

:

Ywet;5 ¼ caðta;E � ta;LÞo � Ao
2

@aga
@Ga;E

� �
o
gs þ b1ðqr � b2Þð1� gsÞ @km

@Ga;E

� �
o

h i
ðta;E þ ta;LÞo

þAoðtgÞo @aga
@Ga;E

� �
o
gs þ b1ðqr � b2Þgs @km

@Ga;E

� �
o

h i
þ Aoðb2�qrÞ

2
@km
@Ga;E

� �
ðWa;E þWa;LÞo;

nDtw;L;wet ¼ � 1
2 eaqaAaca

@Dta;E
@s :

Eq. (2.30) Tm ¼ 1
2 eaqaAab; Mwet;1 ¼ Mwet;4 ¼ � b1ð1�gsÞAo

2 ðkmÞo;
Mwet;2 ¼ �ðGa;EÞo � Ao

2 ðkmÞo; Mwet;3 ¼ b1gsAoðkmÞo;
Mwet;6 ¼ ðGa;EÞo � Ao

2 ðkmÞo;

Mwet;6 ¼
b1gsAoðtgÞo �

Ao

2
ðWa;E þWa;LÞo

� b1Aoð1� gsÞ
2

ðta;E þ ta;LÞo

2
664

3
775 @km

@Ga;E

� �
þðWa;E �Wa;LÞo;

nDta;L;wet ¼ � 1
2 eaqabAa

@DWa;E

@s :

Eq. (2.31) Tg ¼ cgMg; Zwet;1 ¼ Zwet;6 ¼ Ai
2 ðagwÞo;

Zwet;2 ¼ Zwet;5 ¼ Aogs
2 ðagaÞo þ 1

2b1ð1� gsÞqrAoðkmÞo;
Zwet;3 ¼ Zwet;9 ¼ Aoqr

2 ðkmÞo;
Zwet;4 ¼ �AiðagwÞo � AogsðagaÞo � qrb1gsAoðkmÞo;
Zwet;7 ¼ �Ai tg � tw;E þ tw;L

2

� 	
o

@agw
@Gw;E

� �
o
;

Zwet;8 ¼ gsAo
@aga
@Ga;E

� �
o

1
2 ðta;L þ ta;EÞo � ðtgÞo
� �

þAoqr
@km
@Ga;E

� �
o

1
2b1ð1� gsÞðta;E þ ta;LÞo � b1gsðtgÞo þ 1

2 ðWa;E þWa;LÞo
� �
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For the wet-condition process:

xcoil ¼ ½Dtw;L;Dta;L;DWa;L;Dtg�T ; ycoil ¼ ½Dtw;L;DGw;L;Dta;L;DWa;L;DGa;L�T ;
ucoil ¼ ½Dtw;E;DGw;E;Dta;E;DWa;E;DGa;E�T ; n ¼ nDtw;L;wet ; nDta;L;wet ; nDtg;wet ; 0

h iT
;

Acoil ¼

X1
Tw

0 0 X2
Tw

0 Ywet;1
Ta

Ywet;2
Ta

Ywet;3
Ta

0 Mwet;1

Tm
Mwet;2

Tm
Mwet;3

Tm
Zwet;1
Tg

Zwet;2
Tg

Zwet;3
Tg

Zwet;4
Tg

2
666664

3
777775; Bcoil ¼

X3
Tw

X4
Tw

0 0 0

0 0 Ywet;4
Ta

Ywet;6
Ta

Ywet;5
Ta

0 0 Mwet;4

Tm
Mwet;6

Tm
Mwet;5

Tm
Zwet;6
Tg

Zwet;7
Tg

Zwet;5
Tg

Zwet;9
Tg

Zwet;8
Tg

2
666664

3
777775

Ccoil ¼

1 0 0 0

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

2
6666664

3
7777775
; Dcoil ¼

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

2
6666664

3
7777775
:

In Eq. (2.34), the variables, Dtw;E;DGw;E;Dta;E;DWa;E and DGa;E, are input
perturbations, and the variables, Dtw;L;DGw;L;Dta;L;DWa;L and DGa;L, are the
response ones. The state variables are Dtw;L;Dta;L;Dtg for the dry-condition process
and Dtw;L;Dta;L;DWa;L;Dtg for the wet-condition process.

2.2.1.2 Model Validation

An experimental setup has been built for validating the state-space model of
water-to-air heat exchanger. The schematic diagram of the experimental setup is
shown in Fig. 2.3. A grid board is placed in the upstream of the test section to
reduce the influence of turbulence of inlet air on the test. A louvered mixer is placed
after the heat exchanger to guarantee a uniform temperature profile of outlet air. The
test instruments and relevant equipments in the experimental system are listed in
Table 2.2, and the detailed information of structure about the water-to-air heat
exchanger is given in Fig. 2.4 and Table 2.3.

Three experimental cases with the validation time of 1200 s are investigated to
verify the heat exchanger’s transient behaviors including the transient responses of
the exit air temperature and humidity as well as the exit water temperature subjected
to different sudden perturbations. These cases are as follows: ① Start up the chiller
at the beginning of the system’s running; ② the water flow rate has a sudden
increase of 0.058 kg/s during the system’s running; and ③ Stop the chiller at the
end of the system’s running. The initial conditions corresponding to these cases (see
Table 2.4), which are used for the model simulation, are obtained under the steady
state before the perturbations began to apply to the heat exchanger. During the
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Outside air duct

Water pump
Flowmeter
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Water-cooling chiller

Temperature sensor

Louvered mixer

Humidity sensor

Water-to-air heat exchanger

Grid board

Air damper Water valve

Centrifugal fan
Sites for the measurement of air flow rate 

Fig. 2.3 Schematic diagram of experimental setup for water-to-air heat exchanger model
validation

Table 2.2 Specific details about the apparatus in the experimental system

Items Properties or features

Temperature sensor Copper-constantan thermocouples: ±0.2 °C

Temperature and humidity
sensor

Type: HHC2-S; ±0.008 for air humidity ratio and ±0.1 °C for
air temperature

Digital anemometer Type: T425; precision: ±(0.03 + 5 %) m/s

Electromagnetic flowmeter Type: ETFM-20; precision: ±0.5 %

Water pump Type: 50T5WA-3; nominal water flow: 4.2 m3/h; power:
1.7 kW

Ventilator Type: KT40-2.5; nominal airflow rate: 2000 m3/h; power:
0.75 kW

Chiller Nominal cooling capacity: 6.0 kW; power: 2.0 kW

Inlet water

Outlet water

Fig. 2.4 Structure of the water-to-air heat exchanger
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simulation, the dew-point temperature of inlet air is compared with the heat
exchanger’s wall surface temperature to judge whether the wet-cooling model or
the dry-cooling model is used for the calculation.

The average error (AE) is used to evaluate the goodness of the calculated results
by the model compared with the experimental data during the transient response
process, which is defined by Eq. (2.39).

AEðAverage errorÞ ¼ 1
N

XN
i¼1

DYm;i � DYexp;i


 



DYexp;i


 

 � 100%

 !
ð2:39Þ

where DY stands for the variation of the response parameters comparing with the
initial value; the subscripts ‘m’ and ‘exp’ stand, respectively, for the model result
and the experimental ones; i denotes the ith calculated or experimental result at the
same time point; and N stands for the total number of the calculated or experimental
result during the transient response process.

(1) Experimental case I

For the experimental case I, only changes were made on inlet air temperature and
humidity as well as inlet water temperature of the water-to-air heat exchanger. As

Table 2.3 Structural information of the water-to-air heat exchanger

Length of the coil: l (m) 21.0 Area of windward side Aa

(m2)
0.175

Inner diameter of the coil: ri (m) 0.004 Length along airflow: b (m) 0.66

Inner surface area of the coil: Ai (m
2) 0.5287 Thickness of fin: dc (m) 0.0002

External surface area of the coil: Ao

(m2)
8.8065 Total mass: Mg (kg) 17.52

Mean specific heat: cg [J/(kg °C)] 625 Fin spacing e (m) 0.0024

Table 2.4 Initial conditions for model validation and simulation

Cases Case I Case II Case III

Initial conditions

ðta;EÞo (°C) 29.8 ± 0.1 28.3 ± 0.1 28.2 ± 0.1

ðta;LÞo (°C) 28.8 ± 0.1 21.3 ± 0.1 20.7 ± 0.1

ðWa;EÞo (g/kg dry air) 20.1 ± 0.2 18.7 ± 0.2 16.1 ± 0.2

ðWa;LÞo (g/kg dryair) 20.1 ± 0.2 17.0 ± 0.2 14.3 ± 0.2

ðGaÞo (kg/s) 0.2000 ± 0.01 0.2000 ± 0.01 0.2000 ± 0.01

ðtw;EÞo (°C) 28.2 ± 0.1 16.7 ± 0.1 15.7 ± 0.1

ðtw;LÞo (°C) 28.4 ± 0.1 18.9 ± 0.1 18.6 ± 0.1

ðGwÞo (kg/s) 0.2587 ± 0.005 0.2387 ± 0.005 0.1964 ± 0.005

ðtgÞo (°C) 29.3 ± 0.1 19.5 ± 0.1 18.9 ± 0.1

Note: Case I: Start-up the chiller; Case II: Gw " 0.058 kg/s; Case III: Stop the chiller
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shown in Fig. 2.5, the inlet air temperature increases gradually till to the steady
value; the inlet air humidity increases a little in the beginning (last for about 120 s)
and decreases afterward; and the inlet water temperature drops quickly in the first
180 s and then tends to be steady. The ultimate change of the inlet air temperature,
the inlet air humidity, and the inlet water temperature is about +2.1 °C,
−1.6 g/(kg dry air), and −12.3 °C, respectively. The flow rates of air and water
passing through the water-to-air heat exchanger were kept stable as much as pos-
sible during the experiment, and they are considered as zero in the model
simulation.

Figure 2.6 shows the comparisons of the model results with the experimental
data on transient responses of the exit air temperature, the exit air humidity, and the
exit water temperature for the case I, and the corresponding average error [AE,
calculated by Eq. (2.39)] is estimated as 8.7, 8.8, and 10.3 %, respectively. It is
reasonable to see that the exit air temperature and humidity will decrease when
subjected to a big decrease in the inlet water temperature while the other inlet
variables have small change. The exit water temperature decreases with the
decrease in the inlet one, and the ultimate change of the exit water temperature is
lower than that of the inlet one. This is because decreasing the inlet water tem-
perature will increase heat transfer quantity of the water-to-air heat exchanger.

(2) Experimental case II

For the experimental case II, the water flow rate had a sudden increase of
0.058 kg/s while the other inlet variables were kept unchanged. The comparisons
between model results and experimental data on transient responses of the exit
variables are given in Fig. 2.7. The model results are shown to have a good
agreement with the experimental data, and the average errors of the simulated
results for the case II are all less than 12 %. It is obvious that a larger water flow
rate will bring about a larger cooling and dehumidification capacity of the
water-to-air heat exchanger and cause the exit air temperature and humidity to

Fig. 2.5 Changes of inlet variables in the case I (measured data)
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Fig. 2.6 Responses of exit variables to the changes of inlet ones (case I)
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decrease. Meanwhile, the water flow rate affects as well the exit water temperature
of water-to-air heat exchanger. In this case, the exit water temperature gradually
decreased after the water flow rate had a sudden increase.

∇
∇

∇

Fig. 2.7 Responses of exit variables to a sudden increase in water flow rate by 0.058 kg/s (case II)
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(3) Experimental case III

In the case III, the inlet air temperature and humidity and the inlet water tem-
perature all gradually increase (see Fig. 2.8), while the water and the airflow rates
are kept unchanged. Figure 2.9 shows the calculated and experimental results on
the transient responses of exit variables to the changes of inlet variables under initial
conditions in the case III. Comparing with the experimental data, the average error
of the model results on the transient responses of the exit air temperature and
humidity as well as the exit water temperature is estimated as 14.2, 8.9, and 8.2 %,
respectively.

As seen from the three study cases (case I, case II, and case III), the simulation
errors compared with the experimental data are all less than 15 %, which indicates
that the dynamic model developed in this study is capable of predicting well-transient
performances of water-to-air heat exchanger under wet conditions.

2.2.2 Chiller

Vapor-compression packaged liquid chillers are often employed to provide chilled
media for space thermal environment control purposes in commercial and industrial
applications. As well known, the space-cooling load often changes and the
refrigeration system needs to operate in an unsteady manner and adjust its capacity
to guarantee an anticipated space thermal conditions. Usually, a refrigeration sys-
tem adjusts its capacity mainly through modulating compressor speed with input
frequency control. To obtain better control effect of the space thermal conditions,
we need to have the knowledge of the dynamic performance of the refrigeration
system under different conditions, and a dynamic model for refrigeration system is
very necessary for that objective.

Fig. 2.8 Changes of inlet variables in the case III (measured data)

44 2 Component Modeling with State-Space Method



Δ
Δ

Δ

Fig. 2.9 Responses of exit variables to the changes of inlet ones (case III)
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2.2.2.1 Model Development [9]

Basically, a conventional refrigeration system mainly consists of four key com-
ponents (i.e., compressor, condenser, expander, and evaporator) and other acces-
sories. Figure 2.10 shows the theoretical single-stage cycle used as a model for
actual vapor-compression chiller. Heat is added to the refrigerant from state ‘4’ to
state ‘1.’ The heat capacity of the refrigerant fluid is assumed to be constant in this
process. The refrigerant temperature is increased in process from state ‘1’ to state
‘2’. Process from state ‘2’ to state ‘3’ is a heat rejection process in which the
refrigerant temperature decreases linearly with heat transfer. The cycle ends with
expansion between states ‘3’ and ‘4.’

1) Assumptions and fundamental equations

For the convenience of modeling, some assumptions are necessary to be made as
below:

(1) The compression (from state ‘1’ to state ‘2’) is assumed to be a isentropic
process, and the expansion from state ‘3’ to state ‘4’ is considered to be
isenthalpic;

(2) Mass flow rate of refrigerant is uniform throughout the cycle;
(3) Mass of refrigerant in the condenser and evaporator is unchanged during the

dynamic response simulation;
(4) Working performance of the compressor is kept invariable during the dynamic

response simulation;
(5) Temperature of chilled liquid (passing through the evaporator) and cooling

liquid (passing through the condenser) change linearly from the inlet to the
outlet of the corresponding heat exchanger. And shell temperature of the heat

2

4

1

3

P 4

h

1

lgP

Pc 3 2
2'3'

1'

Condenser (Pc,tc)

Evaporator (Pk,tk)

Expansion 
   valve Compressor

Grm

cw,E, Gcw,E cw,L, Gcw,L

tew,L, Gew,L tew,E, Gew,E

Fig. 2.10 Schematic diagram for the working cycle of vapor-compression chiller

46 2 Component Modeling with State-Space Method



exchangers (i.e., the condenser and the evaporator) is represented by a lumped
parameter;

(6) Superheated temperature of gaseous refrigerant after evaporator and subcooled
temperature of liquid refrigerant after condenser are assumed to be constant
(equal to initial conditions) during the transient response simulation.

Based on the above assumptions, the fundamental equations can be established
according to the principle of energy and mass conservation.

Energy equation for refrigerant in the condenser

ccrMcr
dtc
ds

¼ Grmðhr;2 � hr;3Þþ acoAcoðtcg � tcÞ ð2:40Þ

Mass equation for cooling liquid passing through the condenser

Gcw;L ¼ Gcw;E ¼ Gcw ð2:41Þ

Energy equation for cooling liquid passing through the condenser

1
2
ccwMcw

dðtcw;L þ tcw;EÞ
ds

¼ ccwGcw;Eðtcw;E � tcw;LÞþ acwAcw tcg � tcw;E þ tcw;L
2

� �
ð2:42Þ

Energy equation for shell of the condenser

ccgMcg
dtcg
ds

¼ acoAcoðtc � tcgÞþ acwAcw
tcw;E þ tcw;L

2
� tcg

� �
ð2:43Þ

Energy equation for refrigerant in the evaporator

cerMer
dtk
ds

¼ Grmðhr;3 � hr;1Þþ aeoAeoðteg � tkÞ ð2:44Þ

Mass equation for chilled liquid passing through the evaporator

Gew;L ¼ Gew;E ¼ Gew ð2:45Þ

Energy equation for chilled liquid passing through the evaporator

1
2
cewMew

dðtew;L þ tew;EÞ
ds

¼ cewGew;Eðtew;E � tew;LÞþ aewAew teg � tew;E þ tew;L
2

� �
ð2:46Þ

Energy equation for shell of the evaporator

cegMeg
dteg
ds

¼ aeoAeoðtk � tegÞþ aewAew
tew;E þ tew;L

2
� teg

� �
ð2:47Þ
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Electric power of compressor

Ncom ¼ Grm

gcom

RrT1
js � 1

pc
pk

� �js�1
js �1

" #
¼ Grm

gcom

Rrðtk þDte;shr þ 273:15Þ
js � 1

fpðtcÞ
fpðtkÞ
� �js�1

js �1

" #

¼ GrmfNcomðtk; tcÞ
ð2:48Þ

Energy equation for refrigerant in the expansion process

hr;3 ¼ hr;4 ð2:49Þ

Cooling capacity of chiller

Qc ¼ Grmðhr;1 � hr;4Þ ¼ GrmðfhðtkÞ � fhðtcÞÞ
¼ GrmfQcðtk; tcÞ

ð2:50Þ

Coefficient of performance (COP) of chiller

COP ¼ Qc

Ncom
¼ fQCðtk; tcÞ

fNcomðtk; tcÞ
¼ fCOPðtk; tcÞ ð2:51Þ

In Eqs. (2.40) through (2.51), the symbol ‘G’ stands for flow rate, kg/s; ‘c’ for
mass specific heat, J/ (kg °C); ‘A’ for area, m2; ‘h’ for enthalpy, J/kg; ‘tc’ for
condensing temperature, °C; ‘tk’ for evaporating temperature, °C; ‘M’ for mass, kg;
‘a’ for heat transfer coefficient, W/(m2 °C); and ‘s’ for time, s. The subscript ‘cg’ for
shell wall of condenser; ‘eg’ for shell wall of evaporator; ‘co’ for refrigerant-side
surface of condenser; ‘cr’ for refrigerant in condenser; ‘cw’ for cooling liquid in
condenser; ‘cr’ for refrigerant in condenser; ‘eo’ for refrigerant-side surface of
evaporator; ‘er’ for refrigerant in evaporator; ‘ew’ for coolant liquid in evaporator;
‘er’ for refrigerant in evaporator; ‘rm’ for circulating refrigerant in refrigeration
system; ‘Ncom’ for power of compressor, W; ‘gcom’ for working efficient of com-
pressor; ‘Rr’ for gas constant of gaseous refrigerant, J/kg.K; ‘js’ for adiabatic
compression index of compressor; ‘T1’ for inlet temperature of compressor, K; ‘pc’
and ‘pk’ are pressure in condenser and evaporator, respectively, Pa; ‘△te,shr’ for
superheat degree of gaseous refrigerant, °C; ‘Qc’ for cooling capacity, W; and ‘f ’
denotes function.

2) Key parameters determination

(1) Heat transfer coefficients

Four coefficients of heat transfer are concerned in the model equations. They
include condensation heat transfer coefficient in condenser (aco), boiling heat
transfer coefficient in evaporator (aeo), convective heat transfer coefficient between
liquid coolant and condenser (acw), and that between cold carrier liquid and
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evaporator (aew). These coefficients can be usually modeled by Eqs. (2.52) through
(2.54), respectively [10] .

aco ¼ C1 tc � tcg
� 	n1 ð2:52Þ

aeo ¼ C2 teg � tk
� 	n2 ð2:53Þ

Nud ¼ C3Red
n3 ð2:54Þ

For condenser: Nud ¼ acwdci
kw

, Red ¼ ucwdci
mw

; For evaporator: Nud ¼ aewdei
kw

,

Red ¼ uewdei
mw

. C1;C2;C3; n1; n2; n3 are empirical coefficients determined by field test
data.

(2) Enthalpy calculation for refrigerant at key state in the refrigeration cycle

According to the diagram of refrigeration cycle (Fig. 2.19), the refrigerant often
exists in the form of superheated vapor at the states ‘1’ and ‘2’ and subcooled liquid
at states ‘3’ and ‘4’. For a real refrigerant, the state equations are often expressed by
semiempirical ones. The famous Martin-Hou equations are often used to calculate
the thermophysical properties of refrigerants [11, 12], based on which the enthalpy
of refrigerant at different states can be obtained.

The enthalpy of refrigerant in the gaseous state (hvapor, kJ/kg) can be calculated
by:

hvapor ¼ h0 þðpr;gvr;g � RrTr;gÞþ
X4
n¼1

cnTn
r;g

n
þ c5 ln Tr;g � c6

Tr;g
þ
X5
n¼2

An

ðn� 1Þðvr;g � bÞn�1

þ e�K1Tr;g=Tccð1þK1Tr;g=TccÞ �
X5
n¼2

Cn

ðn� 1Þðvr;g � bÞn�1

ð2:55Þ

The state equation for the gaseous refrigerant can be expressed as follows:

pr;g ¼ RrTr;g
vr;g � b

þ
X5
n¼2

An þBnTr;g þCne�K1Tr;g=Tcc

ðvr;g � bÞn ð2:56Þ

The saturated vapor pressure of refrigerant (pr;bg, kPa) can be computed by

ln pr;bg ¼ Aþ B
Tr;bg

þCTr;bg þDT2
r;bg þ

EðF � Tr;bgÞ
Tr;bg

lnðF � Tr;bgÞþGlnTr;bg

ð2:57Þ

The enthalpy of subcooled liquid refrigerant (hr;lDt, kJ/kg) can be calculated by
Eq. (2.58).
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hr;lDt ¼ hr;bl � pr;bl � patm
qr

ð2:58Þ

In Eq. (2.58), the heat of vaporization (qr, kJ/kg) can be obtained by the
Clausius-Clapeyron equation as follows:

qr ¼ Tr;qðvr;bl � vr;bgÞpr;q

� B
T2
r;q

þCþ 2DTr;q � EF
T2
r;q

� lnðF � Tr;qÞ � EF
Tr;q

� 1
F � Tr;q

þE � 1
F � Tr;q

þ G
Tr;q

" #

ð2:59Þ

The enthalpy of saturated liquid refrigerant (hr;bl, kJ/kg) is written as follows:

hr;bl ¼ hr;bg � qr ð2:60Þ

The density of saturated liquid refrigerant can be counted by Eq. (2.61).

qr;bl ¼ qcc þ
X6
n¼1

Dn 1� Tr;bl=Tcc
� 	n

3 ð2:61Þ

In Eqs. (2.55)–(2.61), h stands for enthalpy, kJ/kg; p for pressure, kPa; T for
temperature, K; q for density, kg/m3; v for specific volume, m3/kg; ho for reference
enthalpy, kJ/kg; Ro gas constant of gaseous refrigerant, kJ/kg.K; qr for vaporization
heat of refrigerant, kJ/kg; the subscript ‘r; bg’ for saturated gaseous refrigerant; the
subscript ‘r; bl’ for saturated liquid refrigerant; the subscript ‘r; q’ for gaseous
refrigerant; the subscript ‘r; lDt’ for subcooled liquid refrigerant; the subscript ‘atm’
for standard atmospheric pressure; and the subscript ‘cc’ for critical state; the rest
parameters including A, B, C, D, E, F, G, K1, b, c1 * c6, A2 * A5, B2 * B5, C2 *
C5, and D1 * D6 are undetermined coefficients.

The enthalpy of refrigerant at states ‘1’ (h1) and ‘2’ (h2) can be calculated by
using Eqs. (2.55) and (2.56) with respect to temperature and pressure. The pressure
at states ‘1’ (p1) and ‘2’ (p2) corresponds, respectively, to saturated evaporating
pressure and saturated condensation pressure. Known from Eq. (2.57), the saturated
evaporating pressure is dependent on the evaporating temperature (Tk), and the
saturated condensation one is dependent on the condensing temperature (Tc).
Assuming the influence of small perturbations on the superheated temperature of
vapor refrigerant is negligible, the variations of h1 and h2 are only dependent upon
Tk and Tc, respectively. The enthalpy of refrigerant at states ‘3’ (h3) and ‘4’ (h4) can
be computed by Eqs. (2.56), (2.58), (2.59), (2.60), and (2.61). Likewise, h3 and h4
are both dependent upon the condensing temperature (Tc).

(3) Adiabatic compression process index ( js)

The adiabatic compression process index for the real gaseous refrigerant can be
expressed by Eq. (2.63) [13].
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js ¼ Z

Zp � RrZ2
T

cr;p

ð2:62Þ

whereZp ¼ Z � p @Z
@p

� �
T
; ZT ¼ Zþ T @Z

@T

� 	
p. Z is the compressibility factor; the

subscripts ‘p’ and ‘T’ stand, respectively, for the isobaric process and isothermal
process. During the dynamic simulation, the adiabatic compression process index
(js) can be assumed to be constant.

3) State-space model formulation

Through parameter linearization, Eqs. (2.40) through (2.51) can be transformed
as follows:

Tcr
dDtc
ds

¼ Xcr;1Dtc þXcr;2Dtcg þXcr;3DGrm ð2:63Þ

Tcw
dDtcw;L
ds

¼ Xcw;1Dtcw;L þXcw;2Dtcg þXcw;3Dtcw;E þXcw;4DGcw;E þ nDtcw;L

ð2:64Þ

Tcg
dDtcg
ds

¼ Xcg;1Dtc þXcg;2Dtcw;L þXcg;3Dtcg þXcg;4Dtcw;E þXcg;5DGcw;E ð2:65Þ

Ter
dDtk
ds

¼ Xer;1Dtk þXer;2Dteg þXer;3DGrm ð2:66Þ

Tew
dDtew;L
ds

¼ Xew;1Dtew;L þXew;2Dteg þXew;3Dtew;E þXew;4DGew;E þ nDtew;L

ð2:67Þ

Teg
dDteg
ds

¼ Xe:g:;1Dtk þXe:g:;2Dtew;L þXe:g:;3Dteg þXe:g:;4Dtew;E þXe:g:;5DGew;E

ð2:68Þ

DGcw;L ¼ DGcw;E ¼ DGcw ð2:69Þ

DGew;L ¼ DGew;E ¼ DGew ð2:70Þ

DNcom ¼ XEw;1Dtc þXEw;2Dtk þXEw;3DGrm ð2:71Þ

DQc ¼ XQ;1Dtc þXQ;2Dtk þXQ;3DGrm ð2:72Þ

DCOP ¼ Xcop;1Dtc þXcop;2Dtk ð2:73Þ
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All coefficients in the above equations are listed in Table 2.5. Combining
Eqs. (2.63) through (2.73), the state-space equation for the vapor-compression
packaged liquid chiller can be expressed as follows:

D _xchiller ¼ Achiller � Dxchiller þBchiller � Duchiller þ n ð2:74Þ

Table 2.5 Coefficients in Eqs. (2.63) through (2.73)

Equation No. Coefficient expression

Eq. (2.63) Tcr ¼ ðccrMcrÞo;
Xcr;1 ¼ @hr;2

@tc

� �
o
� @hr;3

@tc

� �
o

h i
ðGrmÞo þAcoðtcg � tcÞo @aco

@tc

� �
o
�ðacoAcoÞo;

Xcr;2 ¼ Acoðtcg � tcÞo @aco
@tcg

� �
o
þðacoAcoÞo; Xcr;3 ¼ ðhr;2 � hr;3Þo

Eq. (2.64) Tcw ¼ cwMcw=2; Xcw;1 ¼ �cwðGcw;EÞo � AcwðacwÞo=2;
Xcw;2 ¼ AcwðacwÞo; Xcw;3 ¼ cwðGcw;EÞo � AcwðacwÞo=2;
Xcw;4 ¼ cwðtcw;E � tcw;LÞo þAcwðtcg � tcw;E þ tcw;L

2 Þo @acw
@Gcw;E

� �
o
;

nDtcw;L ¼ � 1
2 cwMcw

@Dtcw;E
@s

Eq. (2.65) Tcg ¼ ccgMcg; Xcg;1 ¼ Acoðtc � tcgÞo @aco
@tc

� �
o
þðacoAcoÞo;

Xcg;2 ¼ Xcg;4 ¼ AcwðacwÞ=2o;
Xcg;3 ¼ Acoðtc � tcgÞo @aco

@tcg

� �
o
�ðacwAcw þ acoAcoÞo;

Xcg;5 ¼ �Acwðtcg � tcw;E þ tcw;L
2 Þo @acw

@Gcw;E

� �
o

Eq. (2.66) Ter ¼ ðcerMerÞo; Xer;1 ¼ � @hr;1
@tk

� �
o
ðGrmÞo þAeoðteg � tkÞo @aeo

@tk

� �
o
�ðaeoAeoÞo;

Xer;2 ¼ Aeoðteg � tkÞo @aeo
@teg

� �
o
þðaeoAeoÞo; Xer;3 ¼ ðhr;4 � hr;1Þo;

Eq. (2.67) Tew ¼ cwMew=2; Xew;1 ¼ �cwðGew;EÞo � Aew
2 ðaewÞo;

Xew;2 ¼ AewðaewÞo; Xew;3 ¼ cwqwðGew;EÞo � Aew
2 ðaewÞo;

Xew;4 ¼ cwðtew;E � tew;LÞo þAewðteg � tew;E þ tew;L
2 Þo @aew

@Gew;E

� �
o
;

nDtew;L ¼ � 1
2 cwMew

@Dtew;E
@s

Eq. (2.68) Teg ¼ cegMeg; Xe:g:;1 ¼ Aeoðtk � tegÞo @aeo
@tk

� �
o
þðaeoAeoÞo;

Xe:g:;2 ¼ Xe:g:;4 ¼ Aew
2 ðaewÞo;

Xe:g:;3 ¼ Aeoðtk � tegÞo @aeo
@teg

� �
o
�ðaewAew þ aeoAeoÞo;

Xe:g:;5 ¼ �Aewðteg � tew;E þ tew;L
2 Þo @aew

@Gew;E

� �
o

Eq. (2.71) XEw;1 ¼ ðGrmÞo @fNwom ðtk ;tcÞ
@tc

� �
o
;

XEw;2 ¼ ðGrmÞo @fNcom ðtk ;tcÞ
@tk

� �
o
; XEw;3 ¼ fNcom ðtk; tcÞð Þo

Eq. (2.72) XQ;1 ¼ ðGrmÞo @fQc ðtk ;tcÞ
@tc

� �
o
; XQ;2 ¼ ðGrmÞo @fQc ðtk ;tcÞ

@tk

� �
o
;

XQ;3 ¼ fQc ðtk; tcÞð Þo
Eq. (2.73) Xcop;1 ¼ @fCOPðtk ;tcÞ

@tc

h i
o
; Xcop;2 ¼ @fCOPðtk ;tcÞ

@tk

h i
o
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Dychiller ¼ Cchiller � Dxchiller þDchiller � Duchiller ð2:75Þ

Let DXchiller ¼ Dxchiller þA�1
chillernchiller, then Eqs. (2.74) and (2.75) can be con-

verted into a standard state-space form as follows:

D _Xchiller ¼ AchillerDXchiller þBchillerDuchiller ð2:76Þ

Dychiller ¼ CchillerDXchiller þDchillerDuchiller � CchillerA
�1
chillernchiller ð2:77Þ

where

Dxchiller ¼ ½Dtc;Dtcw;L;Dtcg;Dtk;Dtew;L;Dteg�T ;
Dychiller ¼ ½Dtcw;L;DGcw;L;Dtew;L;DGew;L;DNcom;DQc;DCOP�T ;
Duchiller ¼ ½Dtcw;E;DGcw;E;Dtew;E;DGew;E;DGrm�T ;

n ¼ ½0; nDtcw;L ; 0; 0; nDtew;L ; 0�T ;

Achiller ¼

Xcr;1

Tcr
0 Xcr;2

Tcr
0 0 0

0 Xcw;1

Tcw
Xcw;2

Tcw
0 0 0

Xcg;1

Tcg
Xcg;2

Tcg
Xcg;3

Tcg
0 0 0

Xer;4

Ter
0 0 Xer;1

Ter
0 Xer;2

Ter

0 0 0 0 Xew;1

Tew
Xew;2

Tew

0 0 0 Xe:g:;1

Teg
Xe:g:;2

Teg
Xe:g:;3

Teg

2
6666666666664

3
7777777777775
;Bchiller ¼

0 0 0 0 Xcr;3

Tcr
Xcw;3

Tcw
Xcw;4

Tcw
0 0 0

Xcg;4

Tcg
Xcg;5

Tcg
0 0 0

0 0 0 0 Xer;3

Ter

0 0 Xew;3

Tew
Xew;4

Tew
0

0 0 Xe:g:;4

Teg
Xe:g:;5

Teg
0

2
6666666666664

3
7777777777775
;

Cchiller ¼

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

XEw;1 0 0 XEw;2 0 0

XQ;1 0 0 XQ;2 0 0

Xcop;1 0 0 Xcop;2 0 0

2
666666666664

3
777777777775
;Dchiller ¼

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 0 0 XEw;3

0 0 0 0 XQ;3

0 0 0 0 0

2
666666666664

3
777777777775
:

By solving the state-space model as in Eqs. (2.76) and (2.77), the response
characteristics of evaporating and condensing temperature (Dtk and Dtc), exit
coolant temperature of evaporator and condenser (Dtew;L and Dtcw;L), shell wall
temperature of evaporator and condenser (Dteg and Dtcg), input electric power
(DNcom), and cooling output (DQc) as well as COP of chiller can be obtained under
different initial conditions and perturbations.

2.2.2.2 Model Validation

(1) Experimental setup

An experimental refrigeration system has been built to validate the state-space
dynamic model of chiller, whose schematic diagram is shown in Fig. 2.11. The
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condenser and evaporator of the system are of plate-type heat exchanger, and the
main structural parameters are listed in Table 2.6. The system uses R-134a (which
is admitted to be environmentally friendly) as the working refrigerant. The model
coefficients for calculating the thermal properties of the refrigerant R-134a are
determined based on the REFPROP 7.01 (a popular calculation program for the
refrigerants), which are listed in Table 2.7 [14]. A kind of heat conduction oil is
employed as the coolant of the condenser and the cold carrier of the evaporator. The
thermal conductivity and the specific heat of the oil versus its temperature ranging
from −40 to +60 °C are shown in Fig. 2.12. The density and kinematics viscosity
of the heat conduction oil change very small within the temperature range of −40
to +60 °C, which is assumed to be constant (1084 kg/m3 and 6.5 × 10−6 m2/s,
respectively) in the dynamic response simulation.

The measurement parameters are mainly the refrigerant temperature and pressure
at key states of the refrigerant cycle, the inlet and exit coolant (or cold carrier)
temperature of the condenser (or the evaporator), the shell wall temperatures of the
condenser, and evaporator as well as the corresponding mass flow rate (see Fig. 2.11
for detail). The fluid temperatures are measured by Pt1000 sensors (measurement
precision: ±0.1 °C), and the shell wall temperatures are measured by

Compressor

Expansion valve 

TL
TH

Tc

Tv11 Tv2

RFM

P-17

PL

Pc

Pv1 Pv2

PH

Condenser Evaporator
P-30

P-31

P-33

P-34

TT2

T1

T3

T4

P-35

PP--3636 PP--3737

P-38

CFM

CFM

Fig. 2.11 Schematic diagram of experimental setup for the model validation of refrigeration
system. PH Compressor exhaust pressure sensor; PL Compressor inlet pressure sensor; Pv1
Expansion valve inlet pressure sensor; Pv2 Expansion valve outlet pressure sensor; Pc Condenser
outlet pressure sensor; TH Compressor exhaust temperature sensor; TL Compressor inlet
temperature sensor; Tv1 Expansion valve inlet temperature sensor; Tv2 Expansion valve outlet
temperature sensor; Tc Condenser outlet temperature sensor; T1 Condenser inlet coolant
temperature sensor; T2 Condenser outlet coolant temperature sensor; T3 Evaporator inlet cold
carrier temperature sensor; T4 Evaporator outlet cold carrier temperature sensor; RFM Refrigerant
flowmeter; CFM Coolant or cold carrier flowmeter
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Table 2.6 Basic information about structural parameters of condenser and evaporator in the
experimental chiller system

Structural parameters for the condenser

Equivalent diameter of channel
for coolant (m)

0.0008 Heat transfer area on the coolant
side (m2)

18.33

Heat transfer area on the
refrigerant side (m2)

12.15 Total cross-sectional area of
channel for coolant (m2)

0.006

Coolant volume in the
condenser (m3)

0.0085 Liquid refrigerant volume in the
condenser (m3)

0.0071

Mass of the condenser (kg) 10.86 Specific heat of the condenser
(J/(kg °C))

880

Structural parameters for the evaporator

Equivalent diameter of channel
for cold carrier (m)

0.0008 Heat transfer area on the cold carrier
side (m2)

8.87

Heat transfer area on the
refrigerant side (m2)

6.24 Total cross-sectional area of channel
for cold carrier (m2)

0.004

Cold carrier volume in the
evaporator (m3)

0.0038 Liquid refrigerant volume in the
evaporator (m3)

0.0025

Mass of the evaporator (kg) 5.42 Specific heat of the evaporator
(J/(kg °C))

880

Table 2.7 Model coefficients for the calculation of thermal properties of the refrigerant R-134a

A 24.8033908 c3 −0.00000202

A2 −0.1195051 c4 0

A3 0.00014478 c5 15.8217

A4 −0.000000105 D 0.0000225

A5 −6.95E−12 D1 819.6183

B −3980.408 D2 1023.582

B2 0.000113759 D3 −1156.757

B3 −0.0000000894 D4 789.7191

B4 0 D5 0

B5 1.27E−13 D6 0

b 0.000345547 E 0.1995548

C −0.02405332 F 374.8473

C2 −3.531592 G 0

C3 0.006469248 K1 5.475

C4 0 h0 (kJ/kg) 209.092133

C5 −2.05E−9 patm (kPa) 101.325

c1 −0.005257455 R (kJ/kg) 0.081488163

c2 0.00329657 Tc (K) 374.25

2.2 Modeling for HVAC Components 55



copper-constantan thermocouples (measurement precision: ±0.2 °C) which have a
direct contact with the exterior surface of the heat exchangers. The pressure sensors
are of AKS32 type (measurement precision: (20 ± 0.3 % full scale) Pa). The meter
for the measurement of refrigerant mass flow rate is of LSLW type (measurement
precision: 0.5 % of full scale) and that for the coolant and cold carrier mass flow rate
is of FVC one (measurement precision: 0.5 % of full scale). All the measured
parameters were collected automatically by the Keithley 2700 data acquisition
system connected with a computer, and the sampling interval was set as 2 s.

(2) Methods for experimental validation

In real situations, the exit cold carrier temperature of evaporator is the key
control parameter we care the most. Therefore, the state-space model of chiller is
experimentally validated mainly in terms of the transient responses of the exit cold
carrier temperature of evaporator under certain initial conditions and perturbations
that are chosen arbitrarily.

To begin with, the empirical constants in Eqs. (2.52)–(2.54) need to be deter-
mined through experiments by using the following equations:

Grmðh2 � h3Þ ¼ acoAcoðtc � tcgÞ ¼ C1Acoðtc � tcgÞn1 þ 1 ð2:78Þ

Grmðh4 � h1Þ ¼ aeoAeoðteg � tkÞ ¼ C2Aeoðteg � tkÞn2 þ 1 ð2:79Þ

ccwGcwðtcw;L � tcw;EÞ ¼ acwAcw tcg � tcw;L þ tcw;E
� 	

=2
� �

¼ Acw
C3kw
dci

tcg � tcw;L þ tcw;E
� 	

=2
� �

Red
n3 ð2:80Þ

Fig. 2.12 Thermal properties versus temperature of the cooling and cold carrier fluid
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As shown in Eqs. (2.78)–(2.80), the measured parameters include the temper-
ature and pressure of refrigerant at the key states (states ‘1,’ ‘2,’ ‘3,’ and ‘4’), the
inlet and exit coolant temperature of condenser (tcw;E; tcw;L), the inlet and exit cold
carrier temperature of evaporator (tew;E; tew;L), and the shell wall temperature of
condenser and evaporator (teg; tcg) as well as the mass flow rate of refrigerant,
coolant, and cold carrier (Grm, Gcw, Gew). All these parameters are measured under
different steady conditions in which Grm and Gcw ranges, respectively, from 0.05 to
0.30 kg/s and from 1.0 to 2.5 kg/s.

To obtain the empirical constants, C1;C2;C3; n1; n2 and n3, Eqs. (2.78)–(2.80)
can be written, respectively, as follows:

Ln Grmðh2 � h3Þ½ � ¼ LnðC1AcoÞþ ðn1 þ 1ÞLnðtc � tcgÞ ð2:81Þ

Ln Grmðh4 � h1Þ½ � ¼ LnðC2AeoÞþ ðn2 þ 1ÞLnðteg � tkÞ ð2:82Þ

Ln ccwGcwðtcw;L � tcw;EÞ
� � ¼ Ln Acw

C3kw
dci

tcg � tcw;L þ tcw;E
� 	

=2
� �� �

þ n3LnRed

ð2:83Þ

The constants, C1;C2;C3; n1; n2 and n3, can be determined, respectively,
according to the slope and intercept of the straight line of Ln Grmðh2 � h3Þ½ � versus
Lnðtc � tcgÞ, Ln Grmðh4 � h1Þ½ � versus Lnðteg � tkÞ and Ln ccwGcwðtcw;L � tcw;EÞ

� �
versus LnRed fitting to the experimental data. The results are listed as follows:
C1 = 2558; C2 = 3056; n1 = −0.25; n2 = 0.25; C3 = 0.05; n3 = 0.8.

Similarly, the average error (AE, Eq. (2.39)) is employed as well to evaluate the
validity of the model results compared with the experimental data during the
transient response process.

(3) Experimental results

Three experimental cases have been performed for the model validation. The
initial conditions of the three cases are listed in Table 2.8, which were measured
under the steady states before the input perturbations began. The perturbations
corresponding to the three experimental cases are shown in Fig. 2.13, respectively.
The perturbations on the inlet cold carrier temperature of evaporator were achieved
through adjusting the heat load simulated by an electric heating box, and that on the
inlet coolant temperature of condenser were done through changing the cooling
capacity of the cooling tower. The refrigerant mass flow rate is closely related to the
compressor rotation speed which can be adjusted by a compatible frequency
converter.

Figure 2.14 shows the comparisons of the theoretical simulations with the
experimental data on the transient responses of the exit cold carrier temperature of
evaporator under the perturbations of case I (see Fig. 2.13). It is easily understood
that the exit cold carrier temperature of evaporator will increase with the inlet cold
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carrier temperature rising. The experimental results manifest that the model can
predict well the transient responses of the exit cold carrier temperature of evaporator
(the average error (AE) is estimated about 6.4 %) under perturbations of the inlet
cold carrier temperature.

Figure 2.15 shows the calculated and experimental data on the transient
responses of the exit cold carrier temperature of evaporator under the perturbations
of case II (see Fig. 2.13). Clearly, the increase in the inlet coolant temperature of

Table 2.8 Initial conditions for model validation and simulation

Initial conditions Experimental cases

Case I Case II Case III

Evaporating temperature ðtkÞo (°C) 14.5 15.9 14.5

Inlet cold carrier temperature of evaporator ðtew;EÞo (°C) 24.8 24.8 25.4

Outlet cold carrier temperature of evaporator ðtew;LÞo (°C) 19.5 19.9 19.7

Shell wall temperature of evaporator ðtegÞo (°C) 22.5 22.9 22.6

Cold carrier flow rate of evaporator ðGewÞo (kg/s) 1.45 1.45 1.45

Condensing temperature ðtcÞo (°C) 36.3 50.1 48.2

Inlet coolant temperature of condenser ðtcw;EÞo (°C) 29.5 42.2 39.9

Outlet cold carrier temperature of condenser ðtcw;LÞo (°C) 37.2 49.7 49.4

Coolant flow rate of condenser ðGcwÞo (kg/s) 1.16 1.05 1.51

Shell wall temperature of condenser ðtcgÞo (°C) 33.9 42.5 40.9

Compressor inlet temperature ðtcom;EÞo (°C) 24.1 20.2 23.4

Compressor exhaust temperature ðtcom;LÞo (°C) 58.1 51.2 81.5

Refrigerant flow rate ðGrmÞo (kg/s) 0.116 0.17 0.26

Fig. 2.13 Perturbations for the experimental cases (measured data)
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condenser will cause the condensing temperature to rise and decrease the chiller’s
cooling capacity. As a result, the exit cold carrier temperature of evaporator will
increase. The average error (AE) of the model results compared with the experi-
mental data for the experimental case II is about 9.3 %, which also verifies the

Fig. 2.14 Responses of the exit cold carrier temperature of evaporator (Dtew;L) under the
perturbations of case I (calculated results vs. experimental data)

Fig. 2.15 Responses of the exit cold carrier temperature of evaporator (Dtew;L) under the
perturbations of case II (calculated results vs. experimental data)
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effectiveness of the model in predicting the transient responses of the exit cold
carrier temperature of evaporator under perturbations of the inlet coolant temper-
ature of condenser.

Figure 2.16 shows the calculated and experimental data on the transient
responses of the exit cold carrier temperature of evaporator under the perturbations
of case III (see Fig. 2.13). It is reasonable to see that the exit cold carrier tem-
perature of evaporator will decrease with the increase in the refrigerant flow rate
since the chiller’s output cooling capacity increases under such circumstance. The
average error (AE) of the model simulation in the experimental case III is about
4.5 %, which validates as well the goodness of the proposed model for predicting
the transient responses of the exit cold carrier temperature of evaporator under
perturbations of the refrigerant flow rate.

As seen from the experimental study cases illustrated above, the errors of model
simulation compared with the experimental data are all less than 10 %. Therefore,
we can safely conclude that the proposed state-space model is capable of studying
the transient response characteristics and dynamic performance of the vapor-
compression liquid refrigeration system under different ambient perturbations.

2.2.3 Cooling Tower

A HVAC (heating, ventilating, and air-conditioning) cooling tower is used to
dispose of (‘reject’) unwanted heat from a chiller. Water-cooled chillers are nor-
mally more energy efficient than air-cooled chillers due to heat rejection to tower

Fig. 2.16 Responses of the exit cold carrier temperature of evaporator (Dtew;L) under the
perturbations of case III (calculated results vs. experimental data)
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water at or near wet-bulb temperatures. With respect to the heat transfer mechanism
employed, the main types are as follows: ① dry-cooling towers operate by heat
transfer through a surface that separates the working fluid from ambient air, such as
in a tube to air heat exchanger, utilizing convective heat transfer. They do not use
evaporation; ② fluid coolers (or closed-circuit cooling towers) are hybrids that pass
the working fluid through a tube bundle, upon which clean water is sprayed and a
fan-induced draft applied;③ wet-cooling towers (or open-circuit cooling towers)
operate on the principle of evaporative cooling. Since the wet-cooling towers have
the highest heat transfer performance, and the warm water can be cooled to a
temperature lower than the ambient air dry-bulb temperature, the wet-cooling
towers are used in a HVAC system more frequently. To achieve better performance
(more cooling), a medium called ‘fill’ is used to increase the surface area and the
time of contact between the air and water flows to improve heat transfer.

There are two types of configurations for the wet-cooling tower, one is
cross-flow and the other is counterflow. Cross-flow is a design in which the airflow
is directed perpendicular to the water flow. Airflow enters one or more vertical faces
of the cooling tower to meet the fill material. Water flows (perpendicular to the air)
through the fill by gravity. The air continues through the fill and thus past the water
flow into an open plenum volume. Lastly, a fan forces the air out into the atmo-
sphere. In a counterflow design, the airflow is directly opposite to the water flow.
Airflow first enters an open area beneath the fill media and is then drawn up
vertically. The water is sprayed through pressurized nozzles near the top of the
tower and then flows downward through the fill, opposite to the airflow.
Advantages of the counterflow design include the following: ① Spray water dis-
tribution makes the tower more freeze-resistant and ② breakup of water in spray
makes heat transfer more efficient. In the following section, the counterflow
wet-cooling tower is taken as an example for the state-space modeling.

2.2.3.1 Model Development

1) Assumptions and fundamental equations

As shown in Fig. 2.17, a counterflow wet-cooling tower normally consists of
two sections: The upper is fill and the lower is sink. The main assumptions for
modeling are as follows:

(1) Moisture air is treated as a mixture of ideal gases;
(2) The exterior wall of the cooling tower is thermally adiabatic;
(3) The single-film theory is applied to the heat and mass transfer between the air

and the water film on the fill;
(4) Air temperature and humidity as well as water temperature change linearly

from inlet to outlet of the cooling tower, and they are, respectively, mean value
of inlet and outlet.
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By using the first law of energy and mass conservation, the following equations
can be obtained for the counterflow wet-cooling tower.

(1) Mass and energy equation for air passing through fill of cooling tower

Ga;E ¼ Ga;L ¼ Ga ð2:84Þ

1
2
qaeaAtaHt

dðha;E þ ha;LÞ
ds

¼ Ga;Eðha;E � ha;LÞþ awaAt
tw;E þ tw;L

2
� ta;E þ ta;L

2

� �
þ qrkmAt Wtb �Wa;E þWa;L

2

� �
ð2:85Þ

(2) Mass equation for air moisture

1
2
qaeaAtaHt

dðWa;L þWa;EÞ
ds

¼ Ga;EðWa;E �Wa;LÞþ kmAt Wtb �Wa;E þWa;L

2

� �
ð2:86Þ

(3) Mass and energy equation for water passing through fill of cooling tower

Gw;E ¼ Gw;L ¼ Gw ð2:87Þ

Fig. 2.17 Schematic diagram for counterflow wet-cooling tower

62 2 Component Modeling with State-Space Method



1
2
cwGw;E

Ht

uw

dðtw;L þ tw;EÞ
ds

¼ cwGw;Eðtw;E � tw;LÞþ awaAt
ta;E þ ta;L

2
� tw;Eþ tw;L

2

� �

þ qrkmAt
Wa;E þWa;L

2
�Wtb

� �
ð2:88Þ

(4) Mass equation for water in sink of cooling tower

Mw;pt
dt0w;L
ds

¼ Gw;Eðtw;L � t0w;LÞ ð2:89Þ

In Eqs. (2.84) through (2.89), the symbol ‘G’ stands for flow rate, kg/s; ‘ea’for
air volume ratio in cooling tower; ‘Ata’ for cross-sectional area of cooling tower,
m2; ‘At’ for surface area between air and water film in cooling tower, m2; ‘Ht’ for
height of cooling tower, m; ‘uw’ for falling velocity of water, m/s; ‘km’ for mass
transfer coefficient, kg/ (m2/s); and ‘awa’ for heat transfer coefficient between air and
water film in cooling tower, W/(m2 °C);

2) Key parameters

According to the single-film theory, the saturated humidity of air on the water
film surface of fill (Wtb) can be expressed by Eq. (2.90), a function dependent on the
average temperature of the water film.

Wtb � b1
tw;E þ tw;L

2
ð2:90Þ

The convective heat transfer coefficient (awa) and convective mass transfer
coefficient (km) can refer to the correlation equation of heat and mass transfer for
plate flow as follows [15]:

Nua ¼ awaHt

ka
¼ 0:648Re0:5a Pr1=3a ð2:91Þ

Shm ¼ kmHt

qaDw;a
¼ 0:648Re0:5a Sc1=3j ð2:92Þ

where Rea ¼ Htðua þ uwÞ
ma

; Ht is height of film in cooling tower, m; uw is mean gliding
speed of water film on the fill, which can be calculated by Eq. (2.93)

uw ¼ 1
Ht

ZHt

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2o þ 2gHt

q
dy ð2:93Þ
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where uo is spraying velocity at the spray nozzle, m/s. Please note that drag forces
of water film is neglected in Eq. (2.93).

3) State-space representation

Through linearization, Eqs. (2.84) through (2.89) can be written as follows:

Tt;ta
dDta;L
ds

¼ Xt;1Dta;L þXt;2DWa;L þXt;3Dtw;L þXt;4Dta;E

þXt;5Dtw;E þXt;6Wa;E þXt;7DGa;E þ nta;L

ð2:94Þ

Tt;wa
dDWa;L

ds
¼ Yt;1DWa;L þ Yt;2Dtw;L þ Yt;3Dtw;E þ Yt;4DWa;E þ Yt;5DGa;E þ nWa;L

ð2:95Þ

Tt;tw
dDtw;L
ds

¼ Zt;1Dta;L þ Zt;2DWa;L þ Zt;3Dtw;L þ Zt;4Dta;E

þ Zt;5Dtw;E þ Zt;6Wa;E þ Zt;7DGa;E þ Zt;8DGw;E þ ntw;L

ð2:96Þ

Mw;pt
dDt0w;L
ds

¼ Mt;1Dtw;L þMt;2Dt
0
w;L þMt;3DGw;E ð2:97Þ

DGa;L ¼ DGa;E ð2:98Þ

DGw;L ¼ DGw;E ð2:99Þ

The coefficients in Eqs. (2.94)–(2.97) are described in Table 2.9.
Choosing the variables, Dta;L;DWa;L;Dtw;L;Dt0w;L, in the differential term as state

ones, the variables, Dta;E;DWa;E, DGa;E;Dtw;E;DGw;E, as input ones, and the vari-
ables, Dta;L;DWa;L;DGa;L;Dt0w;L;DGw;L, as output ones, Eqs. (2.94)–(2.99) can be
expressed in the form of state-space representation as follows:

_xtower ¼ Atower � xtower þBtower � utower þ ntower ð2:100Þ

ytower ¼ Ctower � xtower þDtower � utower ð2:101Þ

Similarly, the standard state-space form can be deduced from Eqs. (2.100) and
(2.101) as follows:

_Xtower ¼ AtowerXtower þBtowerutower ð2:102Þ

ytower ¼ CtowerXtower þDtowerutower � CtowerA�1
towerntower ð2:103Þ
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where

Xtower ¼ xtower þA�1
towerntower;

xtower ¼ ½Dta;L;DWa;L;Dtw;L;Dt
0
w;L�T ;

ytower ¼ ½Dta;L;DWa;L;DGa;L;Dt
0
w;L;DGw;L�T ;

utower ¼ ½Dta;E;DWa;E;DGa;E;Dtw;E;DGw;E�T ;
ntower ¼ nta;L ; nWa;L

; ntw;L ; 0
h iT

;

Atower ¼

Xt;1

Tt;ta
Xt;2

Tt;ta
Xt;3

Tt;ta
0

0 Yt;1
Tt;wa

Yt;2
Tt;wa

0
Zt;1
Tt;tw

Zt;2
Tt;tw

Zt;3
Tt;tw

0

0 0 Mt;1

Mw;pt

Mt;2

Mw;pt

2
666664

3
777775;Btower;a ¼

Xt;4

Tt;ta
Xt;6

Tt;ta
Xt;7

Tt;ta
Xt;5

Tt;ta
Xt;8

Tt;ta

0 Yt;4
Tt;wa

Yt;5
Tt;wa

Yt;3
Tt;wa

Yt;6
Tt;wa

Zt;4
Tt;tw

Zt;6
Tt;tw

Zt;7
Tt;tw

Zt;5
Tt;tw

Zt;8
Tt;tw

0 0 0 0 Mt;3

Mw;pt

2
666664

3
777775;

Table 2.9 Coefficients in Eqs. (2.95)–(2.98)

Equation No. Coefficient expression

Eq. (2.94) Tt;ta ¼ 1
2 eacaqaAt;aHt ; Xt;1 ¼ �caðGa;EÞo � AtðawaÞo=2;

Xt;2 ¼ Xt;6 ¼ � Atðqr�b2Þ
2 ðkmÞo; Xt;3 ¼ Xt;5 ¼ At

2 ðawaÞo þ b1ðqr � b2ÞðkmÞo
� �

;
Xt;4 ¼ caðGa;EÞo � AtðawaÞo=2;
Xt;7 ¼ caðta;E � ta;LÞo þ

At

2
@awa
@Ga;E

� �
o
ðtw;L þ tw;E � ta;L � ta;EÞo

Atðqr � b2Þ
2

@km
@Ga;E

� �
o
½b1ðtw;E þ tw;LÞo � ðWa;E þWa;LÞo�

;

nta;L ¼ �Tt;ta
dDta;E
ds ;

Eq. (2.95) Tt;wa ¼ 1
2 eaqaAt;aHt ; Yt;1 ¼ �ðGa;EÞo � At

2 ðkmÞo;
Yt;2 ¼ Yt;3 ¼ Atb1

2 ðkmÞo; Yt;4 ¼ ðGa;EÞo � At
2 ðkmÞo;

Yt;5 ¼ ðWa;E �Wa;LÞo þ At
2

@km
@Ga;E

� �
o
½b1ðtw;L þ tw;EÞo � ðWa;E þWa;LÞo�;

nWa;L
¼ �Tt;wa

dDWa;E

ds

Eq. (2.96) Tt;tw ¼ 1
2 cw

Ht
uw
;

Zt;1 ¼ Zt;4 ¼ At
2ðGw;EÞo ðawaÞo; Zt;2 ¼ Zt;6 ¼ Atqr

2ðGw;EÞo ðkmÞo;
Zt;3 ¼ � 1

ðGw;EÞo
b1Atqr

2 ðkmÞo þ At
2 ðawaÞo

� �
� cw;

Zt;5 ¼ � 1
ðGw;EÞo

b1Atqr
2 ðkmÞo þ At

2 ðawaÞo
� �

þ cw;

Zt;7 ¼ 1
ðGw;EÞo

At

2
@awa
@Ga;E

� �
o
ðta;E þ ta;L � tw;E � tw;LÞo

þ qrAt

2
@km
@Ga;E

� �
o
½ðWa;E þWa;LÞo � b1ðtw;E þ tw;LÞo�

2
6664

3
7775;

Zt;8 ¼ � 1
2G2

w;E

ðawaÞoAt ðta;E þ ta;LÞo � ðtw;E þ tw;LÞo
� 	

þ qrðkmÞoAt ðWa;E þWa;LÞo � b1ðtw;E þ tw;LÞo
� 	

" #
;

ntw;L ¼ �Tt;tw
dDtw;E
ds ;

Eq. (2.97) Mt;1 ¼ �Mt;2 ¼ ðGw;EÞo; Mt;3 ¼ ðtw;L � t0w;LÞo;
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Ctower ¼

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

2
6666664

3
7777775
;Dtower ¼

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 1

2
6666664

3
7777775
:

2.2.3.2 Model Validation

(1) Experimental conditions

A counterflow wet-cooling tower was used for the model validation. The tower
is of 1.5 m in diameter and 2.0 m in height. The total surface area of its fill is
identified as 285.4 m2. The test parameters include the following: ①temperature
(±0.1 °C in absolute error) and humidity (±0.8 % in absolute error) of air inlet and
outlet of cooling tower; ② cross-sectional velocity of air passing through the tower
(±2 % of reading data); ③temperature (±0.1 °Cin absolute error) of water inlet
and outlet of cooling tower; and ④ water flow rate (±0.5 % of reading data)

Experiments were made on the transient responses of exit air temperature and
humidity of cooling tower and exit water temperature of fill and cooling tower when
subjected to different disturbances under various initial conditions as shown in
Table 2.10. Then, the experimental data were used for the model validation.

(2) Experimental results

For the experimental case I, the water flow rate had a sudden increase of
1.37 kg/s, while the other inlet variables were kept unchanged. The system matrixes

Table 2.10 Initial conditions for cooling tower model validation

Initial conditions Cases

Case I Case II Case III

Inlet air temperature ðta;EÞo (°C) 32.4 33.1 34.0

Exit air temperature ðta;LÞo (°C) 34.3 34.1 34.8

Inlet air humidity ðWa;EÞo (g/kg dryair) 18.5 19.4 22.4

Exit air humidity ðWa;LÞo (g/kg dryair) 20.4 21.4 23.8

Airflow rate ðGaÞo (kg/s) 12.62 12.62 12.62

Inlet water temperature ðtw;EÞo (°C) 40.8 38.8 38.2

Exit water temperature of fill ðtw;LÞo (°C) 34.5 33.2 32.7

Water flow rate ðGwÞo (kg/s) 3.31 3.31 3.31

Exit water temperature of tower ðt0w;LÞo (°C) 34.1 32.8 32.3

Mass of water in the sink of tower Msump (kg) 88.5 88.5 88.5

Perturbation for case 1: Gw increases 1.37 kg/s; perturbation for case II: Ga increases 5.60 kg/s;
perturbations for case III are shown in Fig. 2.38
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of cooling tower (Atower;Btower) under the initial conditions of experimental case I
for the model calculation are counted as follows:

Atower ¼

�12:0343 0:0251 2:4203 0

0:0000 �9:5964 0:0002 0:0000

0:5702 0:1313 �3:1097 0:0000

0:0000 0:0000 0:0374 �0:0374

2
6664

3
7775;

Btower ¼

7:1580 0:0251 �0:6777 2:4203 0:0000

0:0000 9:5959 �0:0013 0:0002 0:0000

0:5702 0:1313 �0:2615 1:7810 3:6122

0:0000 0:0000 0:0000 0:0000 0:0011

2
6664

3
7775:

Figure 2.18 compares experimental dada and model results on the transient
responses of exit air and water states under the initial conditions and perturbations
of case I. The results manifest that the exit air and water temperature of cooling
tower will rise as the water flow rate increases, while the impact of water flow rate
on the exit air humidity is very small. The response time of exit water temperature
of fill is much shorter than that of exit water temperature of tower (or tower’s sink),
and this is because the quantity of water in the sink is much larger than that in the
fill of tower (as well known, a larger mass results in a larger thermal inertia). For the
experimental case I, the average error (AE) of model results on the transient

(a) (b)

(c) (d)

Fig. 2.18 Thermal responses of cooling water tower under the initial conditions and perturbations
of case I (calculated results vs. experimental data). a Transient response of exit air temperature.
b Transient response of exit air humidity. c Transient response of exit water temperature of tower’s
fill. d Transient response of exit water temperature of tower’s sink
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response of exit air temperature, exit air humidity, and exit water temperature of fill
as well as that of cooling tower’s sink is estimated as about 11.6, 10.4, and 6.7 %,
respectively.

For the experimental case II, the airflow rate had a sudden increase of 5.60 kg/s
while the other inlet variables were kept unchanged. The corresponding system
matrixes of cooling tower (Atower;Btower) under the initial conditions of experimental
case II are calculated as follows:

Atower ¼

�18:0200 0:3440 8:1797 0:0000

0:0000 �9:5993 0:0023 0:0000

1:9699 1:8013 �5:6933 0:0000

0:0000 0:0000 0:0374 �0:0374

2
6664

3
7775;

Btower ¼

1:1722 0:3440 0:8738 8:1797 0:0000

0:0000 8:1797 0:0013 0:0023 0:0000

1:9699 1:8013 �1:4503 �0:8044 30:6488

0:0000 0:0000 0:0000 0:0000 0:0045

2
6664

3
7775:

The experimental and simulated results on the variations of response parameters
of the cooling tower under the initial conditions and perturbations of case II are
shown in Fig. 2.19. As shown in Fig. 2.19, the exit air temperature and the exit

(a) (b)

(c) (d)

Fig. 2.19 Thermal responses of cooling water tower under the initial conditions and perturbations
of case II (calculated results vs. experimental data). a Transient response of exit air temperature.
b Transient response of exit air humidity. c Transient response of exit water temperature of tower’s
fill. d Transient response of exit water temperature of tower’s sink
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water temperature of the cooling tower’s fill and sink tend to decrease as the airflow
rate has a step increase, while it is opposite for the exit air humidity. For the
experimental case II, the average error (AE) of model results on the transient
response of exit air temperature and exit water temperature of fill as well as that of
cooling tower’s sink is estimated as about 9.9, 8.2, 7.4, and 4.1 %, respectively.

To further validate the cooling tower’s model, the perturbation parameters
increase gradually under the initial conditions of experimental case III. The vari-
ations of the perturbation parameters are shown in Fig. 2.20, and the system
matrixes of the cooling tower corresponding to the initial conditions of experi-
mental case III are as follows:

Atower ¼

�16:4952 0:0079 4:1736 0:0000

0:0000 �10:9671 0:0001 0:0000

0:6516 0:0488 �7:1269 0:0000

0:0000 0:0000 0:0299 �0:0299

2
6664

3
7775;

Btower ¼

9:2031 0:0057 �0:8149 2:7824 0:0000

0:0000 13:7087 �0:0015 0:0038 0:0000

0:6516 0:0300 �0:2504 1; 9525 1:2299

0:0000 0:0000 0:0000 0:0000 0:0036

2
6664

3
7775:

Figure 2.21 compares the simulated results with the experimental data on the
transient responses of the concerned parameters under the initial conditions and
perturbations of experimental case III. The model results are shown to be of fairly
good consistency with the experimental data. The average error (AE) of model
results on the transient response of exit air temperature, exit air humidity, and exit
water temperature of fill as well as that of cooling tower’s sink is about 9.2, 17.2,
10.2, and 11.6 %, respectively.

Fig. 2.20 Variations of disturbance parameters for experimental case III
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(a)

(b)

(c)

(d)

Fig. 2.21 Thermal responses of cooling water tower under the initial conditions and perturbations
of case III (calculated results vs. experimental data). a Transient response of exit air temperature.
b Transient response of exit air humidity. c Transient response of exit water temperature of tower’s
fill. d Transient response of exit water temperature of tower’s sink
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2.2.4 Duct (Pipe) and Fan (Pump)

Air and water systems transmit and distribute cooling or heating energy through
duct and pipe work systems. They are important components of an air-conditioning
system, typically including air ducts, water pipes, fans, and pumps. For central
air-conditioning systems, the pipes and ducts are normally long, and the heat loss
due to the pipes and ducts cannot be neglected during the thermal simulations of the
whole air-conditioning system. Meanwhile, the transmission and distribution
components connect the air-conditioning equipments, e.g., water-to-air heat
exchanger, chiller, and cooling tower, which have been modeled in the state-space
form. For the convenience of system modeling, the transmission and distribution
components are required to be modeled in the state-space form.

2.2.4.1 Straight Air Duct Modeling

1) Assumptions and fundamental equations

Figure 2.22 shows the schematic diagram for straight air duct, and the main
assumptions for modeling are as follows:

• Moisture air is treated as a mixture of ideal gases;
• Thermophysical parameters of air on the transversal surface of duct adopt

lumped ones;
• Air temperature and humidity change linearly from inlet to outlet of the duct;
• External surface of duct’s thermal insulation is non-condensing as the cooling

air passes through the duct.

According to the first law of energy and mass conservation, the following
equations can be obtained for the straight air duct.

(1) Mass equation for moist air passing through straight air duct

Gda;L ¼ Gda;E ¼ Gda ð2:104Þ

Fig. 2.22 Schematic diagram for straight air duct

2.2 Modeling for HVAC Components 71



(2) Energy equation for moist air passing through straight air duct

• In the case of condensation on the interior surface of duct,

1
2
qaAdld

dðhda;L þ hda;EÞ
ds

¼ Gda;Eðhda;E � hda;LÞþ adaAda tdg � tda;E þ tda;L
2

� �
þ qrkmAda Wdb �Wda;E þWda;L

2

� �
ð2:105Þ

• In the case of non-condensation on the interior surface of duct,

1
2
qaAdld

dðhda;L þ hda;EÞ
ds

¼ Gda;Eðhda;E � hda;LÞþ adaAda tdg � tda;E þ tda;L
2

� �
ð2:106Þ

(3) Mass equation for air humidity passing through straight air duct

• In the case of condensation on the interior surface of duct,

1
2
qaAdld

dðWda;L þWda;EÞ
ds

¼ Gda;EðWda;E �Wda;LÞþ kmAda Wdb �Wda;E þWda;L

2

� �
ð2:107Þ

• In the case of non-condensation on the interior surface of duct,

Wda;L ¼ Wda;E ð2:108Þ

(4) Energy equation for duct wall

• In the case of condensation on the interior surface of duct,

cdgMdg
dtdg
ds

¼ ld
Rdg

ðtenv � tdgÞþ adaAdi
tda;E þ tda;L

2
� tdg

� �

þ qrkmAdi
Wda;E þWda;L

2
�Wdb

� � ð2:109Þ

• In the case of non-condensation on the interior surface of duct,

cdgMdg
dtdg
ds

¼ ld
Rdg

ðtenv � tdgÞþ adaAdi
tda;E þ tda;L

2
� tdg

� �
ð2:110Þ
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2) State-space representation

As illustrated in previous text, the saturated air humidity (Wdb) near the wet wall
surface of duct in the case of condensation can be approximately expressed by:

Wdb � b1tdg ð2:111Þ

where b1 is a constant coefficient.
Through linearization, Eqs. (2.104) through (2.110) can be converted as follows:
• In the case of condensation on the interior surface of duct,

Td;ta
dDtda;L
ds

¼ Xdwet;1Dtda;L þXdwet;2DWda;L þXdwet;3Dtdg þXdwet;4Dtda;E

þXdwet;5Wda;E þXdwet;6DGda;E þ nt;dweta

ð2:112Þ

Td;wa
dDWda;L

ds
¼ Ydwet;1DWda;L þ Ydwet;2Dtdg þ Ydwet;3DWda;E þ Ydwet;4DGda;E þ nw;dweta

ð2:113Þ

Td;dg
dDtdg
ds

¼ Zdwet;1Dtda;L þ Zdwet;2DWda;L þ Zdwet;3Dtdg þ Zdwet;4Dtda;E

þ Zdwet;5DWda;E þ Zdwet;6DGda;E

ð2:114Þ

DGda;L ¼ DGda;E ð2:115Þ

• In the case of non-condensation on the interior surface of duct,

Td;ta
dDtda;L
ds

¼ Xddry;1Dtda;L þXddry;2Dtdg þXddry;3Dtda;E þXddry;4DGda;E þ nt;ddrya

ð2:116Þ

Td;dg
dDtdg
ds

¼ Zddry;1Dtda;L þ Zddry;2Dtdg þ Zddry;3Dtda;E þ Zddry;4DGda;E ð2:117Þ

DWda;L ¼ DWda;E ð2:118Þ

DGda;L ¼ DGda;E ð2:119Þ

Coefficients in Eqs. (2.112) through (2.117) are listed in Table 2.11
Equations (2.112) through (2.119) can be expressed by the state-space repre-

sentation as follows:

_xzduct ¼ Azduct � xzduct þBzduct � uzduct þ nzduct ð2:120Þ

yzduct ¼ Czduct � xzduct þDzduct � uzduct ð2:121Þ
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The standard form of state-space equation corresponding to Eqs. (2.120) and
(2.121) is written as follows:

Xzduct
dot ¼ AzductXzduct þBzductuzduct ð2:122Þ

yzduct ¼ CzductXzduct þDzductuzduct � CzductA
�1
zductnzduct ð2:123Þ

where Xzduct ¼ xzduct þA�1
zductnzduct;

For the case of condensation on the interior surface of duct,

Table 2.11 Coefficients in Eqs. (2.112) through (2.117)

Equation No. Coefficient expression

Eq. (2.112) Td;ta ¼ 1
2qacaAdld; Xdwet;1 ¼ �caðGda;EÞo � Ada

2 ðadaÞo;
Xdwet;2 ¼ Xdwet;5 ¼ � qr�b2

2 AdaðkmÞo;
Xdwet;3 ¼ AdaðadaÞo þ b1ðqr � b2ÞAdaðkmÞo;
Xdwet;4 ¼ caðGda;EÞo � Ada

2 ðadaÞo;
Xdwet;6 ¼ caðtda;E � tda;LÞo þAda tdg � tda;E þ tda;L

2

h i
o

@ada
@Gda;E

� �
o

þAdaðqr � b2Þ b1tdg �
Wda;E þWda;L

2

� �
o

@km
@Gda;E

� �
o

nt;dweta ¼ �Td;ta
dDtda;E
ds

Eq. (2.113) Td;wa ¼ 1
2 qaAdld; Ydwet;1 ¼ �ðGda;EÞo � Ada

2 ðkmÞo;
Ydwet;2 ¼ b1AdaðkmÞo; Ydwet;3 ¼ ðGda;EÞo � Ada

2 ðkmÞo;
Ydwet;4 ¼ ðWda;E �Wda;LÞo

þAda b1tdg �
Wda;E þWda;L

2

� �
o

@km
@Gda;E

� �
o

;

nw;dweta ¼ �Td;wa
dDWda;E

ds

Eq. (2.114) Td;dg ¼ cdgMdg; Zdwet;1 ¼ Zdwet;4 ¼ Ada
2 ðadaÞo; Zdwet;2 ¼ Zdwet;5 ¼ Ada

2 qrðkmÞo;
Zdwet;3 ¼ �AdiðadaÞo � ld

Rdg
� qrb1AdaðkmÞo;

Zdwet;6 ¼ Adaqr
Wda;E þWda;L

2
� b1tdg

� �
o

@km
@Gda;E

� �
o

þAda
tda;E þ tda;L

2
� tdg

h i
o

@ada
@Gda;E

� �
o

Eq. (2.116) Td;ta ¼ 1
2qacaAdld; Xddry;1 ¼ �caðGda;EÞo � Ada

2 ðadaÞo;
Xddry;2 ¼ AdaðadaÞo; Xddry;3 ¼ caðGda;EÞo � Ada

2 ðadaÞo;
Xddry;4 ¼ caðtda;E � tda;LÞo

þAdi tdg � tda;E þ tda;L
2

h i
o

@ada
@Gda;E

� �
o

;

nt;ddrya ¼ �Td;ta
dDtda;E
ds

Eq. (2.117) Td;dg ¼ cdgMdg; Zddry;1 ¼ Zddry;3 ¼ Ada
2 ðadaÞo;

Zddry;2 ¼ �AdaðadaÞo � ld
Rdg
; Xtar;1 ¼ caðGa;i � Ga;lealÞo
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xzduct ¼ ½Dtda;L;DWda;L;Dtdg�T ; yzduct ¼ ½Dtda;L;DWda;L;DGda;L�T ;
uzduct ¼ ½Dtda;E;DWda;E;DGda;E�T ; nzduct ¼ ½nt;dweta; nw;dweta; 0�T ;

Azduct ¼

Xdwet;1

Td;ta
Xdwet;2

Td;ta
Xdwet;3

Td;ta

0 Ydwet;1
Td;wa

Ydwet;2
Td;wa

Zdwet;1
Td;dg

Zdwet;2
Td;dg

Zdwet;3
Td;dg

2
6664

3
7775;Bzduct ¼

Xdwet;4

Td;ta
Xdwet;5

Td;ta
Xdwet;6

Td;ta

0 Ydwet;3
Td;wa

Ydwet;4
Td;wa

Zdwet;4
Td;dg

Zdwet;5
Td;dg

Zdwet;6
Td;dg

2
6664

3
7775;

Czduct ¼
1 0 0

0 1 0

0 0 0

2
64

3
75;Dzduct ¼

0 0 0

0 0 0

0 0 1

2
64

3
75:

For the case of non-condensation on the interior surface of duct,

xzduct ¼ ½Dtda;L;Dtdg�T ; yzduct ¼ ½Dtda;L;DWda;L;DGda;L�T ;
uzduct ¼ ½Dtda;E;DWda;E;DGda;E�T ; nzduct ¼ ½nt;ddrya0�T ;

Azduct ¼
Xddry;1

Td;ta
Xddry;2

Td;ta
Zddry;1
Td;dg

Zddry;2
Td;dg

2
4

3
5;Bzduct ¼

Xddry;3

Td;ta
0 Xddry;4

Td;ta
Zddry;3
Td;dg

0 Zddry;4
Td;dg

2
4

3
5;Czduct ¼

1 0

0 0

0 0

2
64

3
75;Dzduct ¼

0 0 0

0 1 0

0 0 1

2
64

3
75:

3) Model validation

A straight air duct is used to validate the state-space model. The main physical
parameters of the duct are shown in Table 2.12. The test parameters include the
following: ① inlet and outlet air temperature and humidity (precision: ±0.1 °C in
temperature; ±0.8 % in relative humidity); ② duct wall temperature (preci-
sion: ±0.2 °C); ③ airflow rate (precision: ±2 % of reading data).

In most cases, water condensation is not allowed in the air duct. So, the
experiments were performed under the non-condensation situation. Initial condi-
tions for the model validation are as follows: The inlet and outlet air temperature are
29.3 and 29.5 °C, respectively; the inlet and outlet air humidity are both 20.3 g/
(kg dry air); the duct wall temperature is 30.0 °C; the airflow rate is 0.20 kg/s.

Figure 2.24 compares model results with the experimental data on the transient
responses of exit air temperature to perturbations as shown in Fig. 2.23. The
average error (AE) of straight air duct model in this case is estimated as about
13.8 %.

Table 2.12 Structural parameters of the experimental duct

Length of duct ld (m) 3.25 Width of duct Wd (m) 0.87

Height of duct Hd (m) 0.25 Specific heat of duct cdg (J/(kg°C)) 620

Density of duct material qd (kg/m3) 7800 Thickness of duct wall dd (m) 0.001
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2.2.4.2 Straight Water Pipe Modeling

1) Fundamental equations

The assumptions for the straight water pipe modeling are basically the same as
that for the straight air duct modeling. The schematic diagram for straight water
pipe is given in Fig. 2.25, and corresponding equations are obtained as follows:

(1) Mass equation for water passing through straight water pipe

Gzpw;L ¼ Gzpw;E ¼ Gzpw ð2:124Þ

Fig. 2.23 Perturbations of inlet air temperature and humidity (measured data)

Fig. 2.24 Transient response of exit air temperature to perturbations as shown in Fig. 2.23
(calculated results vs. experimental data)
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(2) Energy equation for water passing through straight water pipe

1
2
qwcwAplp

dðtpw;L þ tpw;EÞ
ds

¼ Gpw;Eðtpw;E
� tpw;LÞþ apwApi tpg � tpw;E þ tpw;L

2

� �
ð2:125Þ

(3) Energy equation for pipe wall

cpgMpg
dtpg
ds

¼ lp
Rpg

ðtenv � tpgÞþ apwApi
tpw;E þ tpw;L

2
� tpg

� �
ð2:126Þ

2) State-space representation

Through linearization, Eqs. (2.124) through (2.126) can be written as follows:

Tp;tw
dDtpw;L

ds
¼ Xp;1Dtpw;L þXp;2Dtpg þXp;3Dtpw;E þXp;4DGpw;E þ ntpw;L ð2:127Þ

Tp;pg
dDtpg
ds

¼ Yp;1Dtpw;L þ Yp;2Dtpg þ Yp;3Dtpw;E þ Yp;4DGpw;E ð2:128Þ

DGpw;L ¼ DGpw;E ð2:129Þ

Coefficients in Eqs. (2.127) and (2.128) are listed in Table 2.13.
Thus, the state-space model for the straight-through pipe can be expressed by

Eqs. (2.130) and (2.131).

_Xzpipe ¼ AzpipeXzpipe þBzpipeuzpipe ð2:130Þ

yzpipe ¼ CzpipeXzpipe þDzpipeuzpipe � CzpipeA
�1
zpipenzpipe ð2:131Þ

Fig. 2.25 Schematic diagram for straight water pipe
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where

Xzpipe ¼ xzpipe þA�1
zpipenzpipe; xzpipe ¼ ½Dtpw;L;Dtpg�T ;

yzpipe ¼ ½Dtpw;L;DGpw;L�T ; uzpipe ¼ ½Dtpw;E;DGpw;E�T ; nzpipe ¼ ½ntpw;L; 0�T ;

Azpipe ¼
Xp;1

Tp;tw
Xp;2

Tp;tw
Yp;1
Tp;pg

Yp;2
Tp;pg

2
4

3
5;Bzpipe ¼

Xp;3

Tp;tw
Xp;4

Tp;tw
Yp;3
Tp;pg

Yp;4
Tp;pg

2
4

3
5;Czpipe ¼

1 0

0 0

� �
;Dzpipe ¼

0 0

0 1

� �
:

3) Model validation

A straight water pipe is used for the model validation. The key physical infor-
mation on the experimental water pipe is given in Table 2.14.

The test parameters include the following: ① inlet and outlet water temperature
(precision: ±0.2 °C in temperature); ② pipe wall temperature (precision: ±0.2 °
C); and ③ water flow rate (precision: 0.2 level). Initial conditions for model val-
idation are as follows: the inlet and outlet water temperature are 26.2 and 27.4 °C,
respectively; the pipe wall temperature is 29.4 °C; and the water flow rate is
0.205 kg/s.

Figure 2.27 shows the experimental data and model results on the transient
response of exit water temperature to the perturbations of inlet water temperature as
shown in Fig. 2.26. The average error (AE) of model results compared with the
experimental data is estimated as 7.4 % in this case.

Table 2.13 Coefficients in Eqs. (2.127) and (2.128)

Equation No. Coefficient expression

Eq. (2.127) Tp;tw ¼ 1
2qwcwAplp; Xp;1 ¼ �ðGpw;EÞo � Api

2 ðapwÞo;
Xp;2 ¼ ApiðapwÞo; Xp;3 ¼ ðGpw;EÞo � Api

2 ðapwÞo;
Xp;4 ¼ ðtpw;E � tpw;LÞo þApi tpg � tpw;E þ tpw;L

2

� 	
o

@apw
@Gpw;E

� �
o
;

ntpw;L ¼ �Tp;tw
dtpw;E
ds

Eq. (2.128) Tp;pg ¼ cpgMpg;Yp;1 ¼ Yp;3 ¼ Api

2 ðapwÞo;Yp;2 ¼ �ApiðapwÞo � lp
Rpg
;

Yp;4 ¼ Api
tpw;E þ tpw;L

2 � tpg
� 	

o
@apw
@Gpw;E

� �
o

Table 2.14 Key physical information on the experimental water pipe

Length of water pipe lp (m) 7.0 Inner diameter of water pipe Dp

(m)
0.02

Specific heat of water pipe cpg (J/(kg °
C))

1569 Density of pipe material qpg
(kg/m3)

1083

Thickness of water pipe dp (m) 0.005
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2.2.4.3 Three-Way Duct/Pipe Modeling

Three-way ducts or pipes are important links in the air duct or water pipe system in
an air-conditioning system. Normally, the three-way duct or pipe has two types:
One is confluent flow and the other is split flow (see Figs. 2.28 and 2.29). Since it
takes very short time for fluid passing through the three-way duct or pipe, thermal
loss of fluid caused by the three-way duct or pipe can be neglected.

(1) Three-way air duct

For the confluent flow, the following equations come into existence:

Gda3;L ¼ Gda1;E þGda2;E ð2:132Þ

Gda3;LWda3;L ¼ Gda1;EWda1;E þGda2;EWda2;E ð2:133Þ

Fig. 2.26 Perturbations of inlet water temperature (measured data)

Fig. 2.27 Transient response of exit water temperature to perturbations as shown in Fig. 2.26
(calculated results vs. experimental data)
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Gda3;Ltda3;L ¼ Gda1;Etda1;E þGda2;Etda2;E ð2:134Þ

For the split flow, we have the following equations:

tda2;L ¼ tda1;E ð2:135Þ

Wda2;L ¼ Wda1;E ð2:136Þ

Gda2;L ¼ jaGda1;E ð2:137Þ

tda3;L ¼ tda1;E ð2:138Þ

Wda3;L ¼ Wda1;E ð2:139Þ

Gda3;L ¼ ð1� jaÞGda1;E ð2:140Þ

Then, the dynamic relationships between the inlet variables and the outlet ones
of the three-way air duct can be expressed by Eq. (2.141).

ysduct ¼ Dsduct � usduct ð2:141Þ

Fig. 2.28 Schematic diagram for three-way air duct

Fig. 2.29 Schematic diagram for three-way water pipe
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where for the confluent flow,

ysduct ¼ Dtda3;L;DWda3;L;DGda3;L
� �T

; usduct ¼ usduct;1; usduct;2
� �T

;

usduct;1 ¼ Dtda1;E;DWda1;E;DGda1;E
� �T

; usduct;2 ¼ Dtda2;E;DWda2;E;DGda2;E
� �T

;

Dsduct ¼ Dda1;E;Dda2;E
� �

;

Dda1;E ¼
ðGda1;EÞo
ðGda3;LÞo 0 ½ðtda1;EÞo�ðtda3;LÞo�

ðGda3;LÞo
0 ðGda1;EÞo

ðGda3;LÞo
½ðWda1;EÞo�ðWda3;LÞo�

ðGda3;LÞo
0 0 1

2
64

3
75;

Dda2;E ¼
ðGda2;EÞo
ðGda3;LÞo 0 ½ðtda2;EÞo�ðtda3;LÞo�

ðGda3;LÞo
0 ðGda2;EÞo

ðGda3;LÞo
½ðWda2;EÞo�ðWda3;LÞo�

ðGda3;LÞo
0 0 1

2
64

3
75;

and for the split flow,

ysduct ¼ ysduct;2; ysduct;3
� �T

; usduct ¼ Dtda1;E;DWda1;E;DGda1;E
� �T

;

ysduct;2 ¼ Dtda2;L;DWda2;L;DGda2;L
� �T

; ysduct;3 ¼ Dtda3;L;DWda3;L;DGda3;L
� �T

;

Dsduct ¼
Dfda12;E

Dfda13;E

" #
;Dfda12;E ¼

1 0 0

0 1 0

0 0 ja

2
64

3
75;Dfda13;E ¼

1 0 0

0 1 0

0 0 1� ja

2
64

3
75:

(2) Three-way water pipe

For the confluent flow, the following equations can be obtained:

Gpw3;L ¼ Gpw1;E þGpw2;E ð2:142Þ

Gpw3;Ltpw3;L ¼ Gpw1;Etpw1;E þGpw2;Etpw2;E ð2:143Þ

For the split flow, we have the following equations:

tpw2;L ¼ tpw1;E ð2:144Þ

Gpw2;L ¼ jwGpw1;E ð2:145Þ

tpw3;L ¼ tpw1;E ð2:146Þ

Gpw3;L ¼ ð1� jwÞGpw1;E ð2:147Þ
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Likewise, the dynamic relationships between the inlet variables and the outlet
ones of the three-way air duct can be expressed by:

yspipe ¼ Dspipe � uspipe ð2:148Þ

where
for the confluent flow,

yspipe ¼ ½Dtpw3;L;DGpw3;L�T ; uspipe ¼ Dtpw1;E;DGpw1;E;Dtpw2;E;DGpw2;E
� �T

;

Dspipe ¼
ðGpw1;EÞo
ðGpw3;LÞo

½ðtpw1;EÞo�ðtpw3;LÞo�
ðGpw3;LÞo

ðGpw2;EÞo
ðGpw3;LÞo

½ðtpw2;EÞo�ðtpw3;LÞo�
ðGpw3;LÞo

0 1 0 1

" #
;

and for the split flow,

yspipe ¼ Dtpw2;L;DGpw2;L;Dtpw3;L;DGpw3;L
� �T

; usduct ¼ Dtpw1;E;DGpw1;E
� �T

;

Dspipe ¼

1 0

0 jw
1 0

0 1� jw

2
6664

3
7775:

2.2.4.4 Fan and Pump

Fan and pump are key power equipments for fluid transportation in an
air-conditioning system. They are also the main control objects in a variable air
volume (VAV) or variable water volume (VWV) air-conditioning system. The fan
or pump is normally driven by an alternating current motor, as shown in Fig. 2.30.

Assuming that input electric voltage of motor be Um, and electric resistance and
inductance and rotary inertia of motor be Ra, La and Jm, respectively, we have the
following equations [16]:

(1) Angular speed equation

dhm
ds

¼ xm ð2:149Þ

where hm is angular displacement, rad; xm is angular velocity, rad/s.
(2) Voltage equation

La
dia
ds

¼ �Raia � Kvxm þUm ð2:150Þ

where ia is electric current, A; Kv is coefficient of counterpotential, V s/rad;
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(3) Moment equation

Jm
dxm

ds
¼ Kmia � Bmxm � Fl ð2:151Þ

where Jm is rotary inertia of motor, kg m2; Km is coefficient of torsion torque,
N m rad/A; Bm is equivalent friction coefficient, kg m2/s2; and Fl is load of
motor, kg m2 rad/s2.

The load of motor, Fl, is the function dependent on the outlet pressure of fan or
pump (Pf/p) and fluid flow rate (Gf/p) as follows:

Flxmgf=p ¼
Gf=pPf=p

qa=w
ð2:152Þ

Gf=p ¼ vf=p;Gvnqa=wd
2
f=pbf=pnm ð2:153Þ

Pf=p ¼ vf=p;Pv
2
nqa=wd

2
f=pn

2
m ð2:154Þ

Thus, Eq. (2.151) can be written as follows:

Jm
dxm

ds
¼ Kmia � Bmxm � eGePx2

m

ð2pÞ3gf=p
ð2:155Þ

where eG ¼ vf=p;Gvnqa=wd
2
f=pbf=p, eP ¼ vf=p;Pv

2
nqa=wd

2
f=p, xm ¼ 2pnm

(4) Power equation

Nm ¼ amUmia ð2:156Þ

where Nm is power of motor, W; am ¼ ffiffiffi
3

p
/m, um is power factor.

Through linearization, Eqs. (2.149), (2.150), (2.151), (2.153), and (2.156) can be
changed into incremental form as follows:

Fig. 2.30 Schematic diagram for fan/pump’s motor
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dDhm
ds

¼ Dxm ð2:157Þ

La
dDia
ds

¼ �RaDia � KvDxm þDUm ð2:158Þ

Jm
dDxm

ds
¼ KmDia � Bm þ 2eGePxm

ð2pÞ3gf=p

" #
o

Dxm ð2:159Þ

DGf=p ¼ ðeGÞo
2p

Dxm ð2:160Þ

DNm ¼ amðUmÞoDia þ amðiaÞoDUm ð2:161Þ

Assume that the inlet air conditions of fan equal to the outlet ones, i.e.,

Dtfan;L ¼ Dtfan;E ð2:162Þ

DWfan;L ¼ DWfan;E ð2:163Þ

DGfan;L ¼ DGfan;E ¼ DGf=p ¼ ðeGÞo
2p

Dxm ð2:164Þ

Choosing Dhm;Dxm and Dia as state-space variables, Dtfan;E;DWfan;E;DGfan;E

and DUm as input ones, and Dtfan;L;DWfan;L;DGfan;L and DNm as output ones, the
state-space model for fan is expressed by Eqs. (2.165) and (2.166)

_xfan ¼ Afan � xfan þBfan � ufan ð2:165Þ

yfan ¼ Cfan � xfan þDfan � ufan ð2:166Þ

where

xfan ¼ ½Dhm;Dia;Dxm�T ; yfan ¼ ½Dtfan;L;DWfan;L;DGfan;L;DN�T ;
ufan ¼ ½Dtfan;E;DWfan;E;DGfan;E;DUm�T ;

Afan ¼

0 0 1

0 � Ra
La

� Kv
La

0 Km
Jm

� Bm
Jm

þ 2eGePxm

ð2pÞ3Jmgf=p

� �
o

2
6664

3
7775;

Bfan ¼ ½Bfan;a;Bfan;U�;Cfan ¼
Cfan;a

Cfan;U

" #
;Dfan ¼

Dfan;a

Dfan;U

" #
;
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Bfan;a ¼
0 0 0

0 0 0

0 0 0

2
64

3
75;Bfan;U ¼

0

1=La

0

2
664

3
775;Cfan;a ¼

0 0 0

0 0 0

0 0 ðeGÞo=2p

2
64

3
75;

Cfan;U ¼ 0 amðUmÞo 0½ �;Dfan;a ¼
1 0 0 0

0 1 0 0

0 0 0 0

2
64

3
75;Dfan;U ¼ 0 0 0 amðiaÞo½ �:

Likewise, the state-space model for pump is written as follows:

_xpump ¼ Apump � xpump þBpump � upump ð2:167Þ

ypump ¼ Cpump � xpump þDpump � upump ð2:168Þ

where

xpump ¼ ½Dhm;Dia;Dxm�T ; ypump ¼ ½Dtpump;L;DGpump;L;DN�T ;
upump ¼ ½Dtpump;E;DGpump;E;DUm�T ;

Apump ¼

0 0 1

0 � Ra
La

� Kv
La

0 Km
Jm

� Bm
Jm

þ 2eGePxm

ð2pÞ3Jmgf=p

� �
o

2
6664

3
7775;

Bpump ¼ ½Bpump;w;Bpump;U�;Cpump ¼
Cpump;w

Cpump;U

" #
;Dpump ¼

Dpump;w

Dpump;U

" #
;

Bpump;w ¼
0 0

0 0

0 0

2
64

3
75;Bpump;U ¼

0

1=La

0

2
664

3
775;Cpump;w ¼ 0 0 0

0 0 ðeGÞo=2p
� �

;

Cpump;U ¼ 0 amðUmÞo 0½ �;Dpump;w ¼ 1 0 0

0 0 0

� �
;Dpump;U ¼ 0 0 amðiaÞo½ �:

2.2.5 Air-Conditioned Room Modeling

Although air-conditioned room itself is not part of an air-conditioning system, its
model is indispensable for the simulation or analysis of the air-conditioning system
because the ultimate objective of an air-conditioning system is to keep an antici-
pated thermal environment indoors. In this section, a state-space model for
air-conditioned room is established. The room model can be used to analyze
thermal response characteristics of air in a room.
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2.2.5.1 Model Development [17]

1) Assumptions

The following assumptions are made for the room model development:

① Room is separated into three typical zones, i.e., the air-supply, the work,
and the air-return zone, as shown in Fig. 2.31. Each air zone is fully mixed
and is described by one state.

② The surface temperature of each inner and external wall is all described with
a lumped value. The heat transfer from the external walls only affects the air
in the work zone, and there is no heat and mass transfer between the
air-supply and the air-return zones.

③ In the air-supply zone, light bulbs are the only heat sources defined by a
constant surface temperature during the transient response simulation. No
moisture sources exist in the air-supply zone.

④ In the work zone, the heat sources are mainly electrical appliances and people
indoors, and the moisture sources are evaporative water from the skin and
from the respiration of human indoors. The surface temperature of all the heat
sources is assumed to be constant during the dynamic response simulation.

⑤ There are no heat and moisture sources in the air-return zone.
⑥ The radiant heat transfer between walls and objects in the room is negli-

gible. The convective heat transfer coefficients between the walls or the heat
sources and the adjacent air are considered to be constant during the
dynamic response simulation.

2) Basic equations

Based on the above assumptions, the following equations for each indoor air
zone can be obtained according to the principle of energy and mass conservation.

(1) For the air-supply zone

qaVa;s
dha;s
ds

¼ Gaðha;i � ha;sÞþDQa;s ð2:169Þ

A
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A
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    zone

Air-supply 
    zone

  Inner walls

sllawrennIsllawrennI
Inner walls

Fig. 2.31 Schematic diagram for air-conditioned room
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qaVa;s
dWa;s

ds
¼ GaðWa;i �Wa;sÞ ð2:170Þ

criw;sqriwVriw;s
dtriw;s
ds

¼ ariw;sAriw;sðta;s � triw;sÞ ð2:171Þ

(2) For the work zone

qaVa;n
dha;n
ds

¼ Gaðha;s � ha;nÞþDQa;n ð2:172Þ

qaVa;n
dWa;n

ds
¼ GaðWa;s �Wa;nÞþDMWa;n ð2:173Þ

criw;nqriwVriw;n
dtriw;n
ds

¼ ariw;nAriw;nðta;n � triw;nÞ ð2:174Þ

crew;nqrewVrew;n
dtrew;n
ds

¼ arew;nArew;nðta;n � trew;nÞþ krewArew;n

drew
ðtrew;o � trew;nÞ

ð2:175Þ

(3) For the air-return zone

qaVa;r
dha;r
ds

¼ Gaðha;n � ha;rÞþDQa;r ð2:176Þ

qaVa;r
dWa;r

ds
¼ GaðWa;n �Wa;rÞ ð2:177Þ

criw;rqriwVriw;r
dtriw;r
ds

¼ ariw;rAriw;rðta;r � triw;rÞ ð2:178Þ

3) Key parameters

The enthalpy of air in different zones can be calculated by Eq. (2.179).

ha¼cata þ b2Wa ð2:179Þ

where b2 equals to 2:5� 106.
Energy gain rate of the air in the air-supply zone, DQa;s, consists of the following

three parts: (1) heat gain rate from the internal walls, DQa;s;1; (2) heat gain rate from
the adjacent air zone (the work zone), DQa;s;2; and (3) heat gain rate from the indoor
heat sources, DQa;s;3.
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DQa;s;1 ¼ ariw;sAriw;sðtriw;s � ta;sÞ ð2:180Þ

DQa;s;2 ¼ aas�anAas�anðta;n � ta;sÞ ð2:181Þ

DQa;s;3 ¼ arq;sArq;sðtrq;s � ta;sÞ ð2:182Þ

Energy gain rate of the air in the work zone, DQa;n, consists of the following four
parts:① heat gain rate from the internal and external walls, DQa;n;1;② heat gain rate
from the adjacent air zones, DQa;n;2; ③heat gain rate from the indoor heat sources,
DQa;n;3; and ④ heat gain rate due to the exhaled air from the occupants, DQa;n;4.

DQa;n;1 ¼ ariw;nAriw;nðtriw;n � ta;nÞþ arew;nArew;nðtrew;n � ta;nÞ ð2:183Þ

DQa;n;2 ¼ aas�anAas�anðta;s � ta;nÞþ aan�arAan�arðta;r � ta;nÞ ð2:184Þ

DQa;n;3 ¼
Xk
i¼1

arq;nA
ðiÞ
rq;n tðiÞrq;n � ta;n
� �h i

ð2:185Þ

DQa;n;4 ¼ Gresðhexhale � ha;nÞ ð2:186Þ

In the work zone, there are different kinds of indoor heat sources with different
surface temperatures. The superscript ‘i’ in Eq. (2.185) stands for the ith indoor
heat source. The enthalpy of the exhaled air, hexhale, is related to the temperature
(texhale) and humidity ratio (Wexhale) of the exhaled air. For typical indoor envi-
ronments (ta;n ¼ 25 �C), the exhaled temperature and humidity ratio are given in
terms of ambient conditions [8]:

texhale ¼ 32:6þ 0:066ta;n ð2:187Þ

Wexhale ¼ 0:02933þ 0:2Wa;n ð2:188Þ

Please note that the unit of Wa;n in Eq. (2.188) is kg/(kg dry air). The pulmonary
ventilation rate, Gres, is primarily a function of metabolic rate as follows [8]:

Gres ¼ CresEbodyA
ð1Þ
rq;n ð2:189Þ

where Cres is a proportionality constant (1:43� 10�6kg=J); Ebody is metabolic rate,

W/m2; and Að1Þ
rq;n is body surface area of occupant indoors (m2), which is calculated

by Eq. (2.190) [8].

Að1Þ
rq;n ¼ 0:202M0:425

body H
0:725
body ð2:190Þ

where Mbody and Hbody are the weight and the height of the occupant.
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Moisture gain rate of the air in the work zone, DMWa;n, is calculated by:

DMWa;n ¼ GresðWexhale �Wa;nÞ ¼ CresEbodyA
ð1Þ
rq;nð0:02933� 0:8Wa;nÞ ð2:191Þ

Energy gain rate of the air in the air-return zone, DQa;r, consists of two parts:
(1) heat gain rate from the internal walls, DQa;r;1; and (2) heat gain rate from the
adjacent air zone (the work zone), DQa;r;2.

DQa;r;1 ¼ ariw;rAriw;rðtriw;r � ta;rÞ ð2:192Þ

DQa;r;2 ¼ aan�arAan�arðta;n � ta;rÞ ð2:193Þ

The external surface temperature of external walls, trew;o, is affected by the
ambient air temperature and solar radiation intensity on the walls, which can be
calculated by:

trew;o ¼ ta;out þ aq;rewIsol=arew;o ð2:194Þ

The division of the room air volume into air zones (Va;s;Va;n;Va;r) can be
determined based on the airflow pattern and the steady-state temperature field
calculated with the CFD method [18, 19]. Meanwhile, the actual situations should
be fully considered in the division of the indoor air zones. Normally, the work zone
is less than 2.0 m in height.

The other critical parameters of the zonal model include the heat transfer
coefficients between the air and the internal surface of the room walls (ariw;s, ariw;n,
ariw;r),the indoor heat sources (arq;s, arq;n), and the heat transfer coefficients between
two adjacent air zones (aan�ar and aas�an). Basically, these heat transfer coefficients
are originally obtained from the relevant literature [20, 21] and need to be adjusted
according to the comparisons of the calculated results and the experimental data.

4) State-space representation

Through linearization, Eqs. (2.169)–(2.178) can be written as follows:

Ttas
dDta;s
ds

¼ Xtas;1Dta;s þXtas;2Dta;i þXtas;3Dtriw;s þXtas;4Dta;n þXtas;5DGa;i ð2:195Þ

Twas
dDWa;s

ds
¼ Xwas;1DWa;s þXwas;2DWa;i þXwas;3DGa;i ð2:196Þ

Ttriws
dDtriw;s
ds

¼ Xtriws;1Dta;s þXtriws;2Dtriw;s ð2:197Þ
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Ttan
dDta;n
ds

¼ Xtan;1Dta;s þXtan;2Dta;n þXtan;3Dtriw;n þXtan;4Dtrew;n

þXtan;5Dta;r þXtan;6DGa;i þ
Xk
i¼1

XðiÞ
tan;7DA

ðiÞ
rq;n

h i ð2:198Þ

Twan
dDWa;n

ds
¼ Xwan;1DWa;s þXwan;2DWa;n þXwan;3DGa;i þXwan;4DA

ð1Þ
rq;n ð2:199Þ

Ttriwn
dDtriw;n

ds
¼ Xtriwn;1Dta;n þXtriwn;2Dtriw;n ð2:200Þ

Ttrewn
dDtrew;n

ds
¼ Xtrewn;1Dta;n þXtrewn;2Dtrew;n þXtrewn;3Dta;out þXtrewn;4DIsol

ð2:201Þ

Ttar
dDta;r
ds

¼ Xtar;1Dta;n þXtar;2Dta;r þXtar;3Dtriw;r þXtar;4DGa;i ð2:202Þ

Twar
dDWa;r

ds
¼ Xwar;1DWa;n þXwar;2DWa;r þXwar;3DGa;i ð2:203Þ

Ttriwr
dDtriw;r
ds

¼ Xtriwr;1Dta;r þXtriwr;2Dtriw;r ð2:204Þ

The coefficients in Eqs. (2.195)–(2.204) are listed in Table 2.15.
Thus, the state-space model for air-conditioned room can be written as follows:

_xroom ¼ Aroom � xroom þBroom � uroom ð2:205Þ

yroom ¼ Croomxroom ð2:206Þ

where

,1 ,3 ,4

,1

,1 ,2

tan,1 tan tan,2 tan tan,3 tan tan,4 tan tan,5 tan

,1 ,2

,1

0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0

tas tas tas tas tas tas

was was

triws triws triws triws

wan wan wan wan
room

triwn triwn

X T X T X T

X T

X T X T

X T X T X T X T X T

X T X T
A

X T X
=

,2

,1 ,2

ta ,1 ta ta ,2 ta ta ,3 ta

,1 ,2

,1 ,2

0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

triwn triwn

trewn trewn trewn trewn

r r r r r r

war war war war

triwr triwr triwr triwr

T

X T X T

X T X T X T

X T X T

X T X T

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
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,2 ,5

,2 ,3

(1) (2) ( )
tan,6 tan tan,7 tan tan,7 tan tan,7 tan

an,3 an an,4 an

,3 ,4

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0

0 0 / 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0

tas tas tas tas

was was was was

i

w w w w
room

trewn trewn trewn trewn

ta

X T X T

X T X T

X T X T X T X T

X T X T
B

X T X T

X

=

,4

,3

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

r tar

war war

T

X T

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0

roomC

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

...

Table 2.15 Coefficients in Eqs. (2.195) through (2.204)

Equation No. Coefficient expression

Eq. (2.195) Ttas ¼ caqaVa;s; Xtas;1 ¼ �ðcaGa þ ariw;sAriw;s þ aas�anAas�an þ arq;sArq;sÞo;
Xtas;2 ¼ caðGaÞo; Xtas;3 ¼ ariw;sAriw;s; Xtas;4 ¼ aas�anAas�an;
Xtas;5 ¼ caðta;i � ta;sÞo

Eq. (2.196) Twas ¼ qaVa;s; Xwas;1 ¼ �ðGaÞo; Xwas;2 ¼ ðGaÞo;
Xwas;3 ¼ ðWa;i �Wa;sÞo

Eq. (2.197) Ttriws ¼ criw;sqriwVriw;s; Xtriws;1 ¼ ariw;sAriw;s; Xtriws;2 ¼ �ariw;sAriw;s

Eq. (2.198) Ttan ¼ caqaVa;n; Xtan;1 ¼ caðGaÞo þ aas�anAas�an;

Xtan;2 ¼ �
caðGaÞo þ 0:934caCresEbodyAð1Þ

rq;n þ ariw;nAriw;n

þ arew;nArew;n þ aas�anAas�an þ aan�arAan�ar þ
Xk

i¼1
arq;nðAðiÞ

rq;nÞo
h i

2
4

3
5;

Xtan;3 ¼ ariw;nAriw;n; Xtan;4 ¼ arew;nArew;n; Xtan;5 ¼ aan�arAan�ar ;

Xtan;6 ¼ caðta;s � ta;nÞo;XðiÞ
tan;7 ¼ arq;n tðiÞrq;n � ta;n

h i
o

Eq. (2.199) Twan ¼ qaVa;n;Xwan;1 ¼ ðGaÞo; Xwan;2 ¼ �0:8CresEbodyA
ð1Þ
rq;n � Ga

h i
o
;

Xwan;3 ¼ ðWa;s �Wa;nÞo;Xwan;4 ¼ CresEbodyð0:02933� 0:8Wa;nÞo
Eq. (2.200) Ttriwn ¼ criw;nqriwVriw;n; Xtriwn;1 ¼ ariw;nAriw;n; Xtriwn;2 ¼ �ariw;nAriw;n

Eq. (2.201) Ttrewn ¼ crew;nqrewVrew;n;Xtrewn;1 ¼ arew;nArew;n;
Xtrewn;2 ¼ �arew;nArew;n � krewArew;n=drew;Xtrewn;3 ¼ krewArew;n=drew;
Xtrewn;4 ¼ aq;rewkrewArew;n

�ðarew;odrewÞ
Eq. (2.202) Ttar ¼ caqaVa;r; Xtar;1 ¼ caðGaÞo þ aan�arAan�ar ;

Xtar;2 ¼ �½ariw;rAriw;r þ caðGaÞo þ aan�arAan�ar�;
Xtar;3 ¼ ariw;rAriw;r ;Xtar;4 ¼ caðta;n � ta;rÞo

Eq. (2.203) Twar ¼ qaVa;r ;Xtar;1 ¼ caðGaÞo þ aan�arAan�ar ;
Xwar;1 ¼ ðGaÞo; Xwar;2 ¼ �ðGaÞo; Xwar;3 ¼ ðWa;n �Wa;rÞo

Eq. (2.204) Ttriwr ¼ criw;rqriwV riw;r ; Xtriwr;1 ¼ ariw;rAriw;r ;Xtriwr;2 ¼ �ariw;rAriw;r
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The matrix Aroom in the state-space model contains different heat transfer coef-
ficients which are affected by airflow rate and turbulence.

2.2.5.2 Model Validation

(1) Experimental system and conditions

To validate the room model, experiments have been conducted in a full-size
air-conditioned room. The internal walls of the room are mainly made from bricks
and limestone with a thickness of 16.8 cm. The air-handling system consists of a
water-to-air surface heat exchanger, a ventilator, and air-supply/return ducts. Two
air-supply diffusers are located in the upper space of the room for a favorable air
distribution in the room. The supply air temperature can be controlled through
adjusting supply water temperature of the heat exchanger.

The state-space model is validated experimentally mainly in terms of transient
responses of air temperature in different zones and that of air humidity in the return
air zone to perturbations of supply air temperature and humidity. According to the
airflow patterns obtained by the standard k � e CFD model, the size of the
air-supply, the work, and the air-return zone is identified as 348� 270� 70,
348� 270� 180 cm, and 80� 270� 180 cm (length × width × height),

Fig. 2.32 Test room and detailed positions of temperature sensors
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respectively, as shown in Fig. 2.23. The internal surface area of walls corre-
sponding to the three zones is 13.72, 20.52, and 3.60 m2 respectively. The contact
area between the work zone and the air-supply zone and the air-return zone is
9.40 m2 and 4.90 m2, respectively. Figure 2.32 also shows detailed locations of
thermocouples (measurement precision: ±0.1 °C) in the room. The measured air
temperature of each zone is obtained through taking average value of all test points
in corresponding zone. A humidity sensor (measurement precision: ±0.8 % of the
humidity ratio) is placed in the air-return zone to observe the air humidity. The
supply airflow rate is measured with a hot-wire anemometer with a measurement
precision of ±0.015 m/s. Being one of the initial conditions, the internal surface
temperatures of the walls are measured by thermocouples (measurement preci-
sion: ±0.1 °C) embedded in the internal surface of the walls. The heat sources in
the air-supply zone are fluorescent lamps whose surface area is estimated as 0.3 m2.
In the work zone, there are two adults (total body surface area: 3.65 m2) and a
constant-temperature plate heater (surface area: 0.28 m2). An infrared thermometer
(measurement precision: ±0.2 °C) is used to measure surface temperature of the
indoor heat sources. The surface temperature was measured to be 39.6, 35.2, and
43.9 °C, respectively, for the lamps, the human bodies, and the plate heater during
the dynamic response experiments.

Two experimental cases have been investigated for a time period of 2400 s. The
initial conditions for the model validation (see Table 2.16) were obtained before the

Table 2.16 Initial conditions for the room model validation

Experimental cases Case I Case II

Parameters

Air-supply temperature ðta;iÞo (°C) 31.4 26.4

Air-supply humidity ðWa;iÞo (g/(kg dry air)) 20.3 18.1

Air temperature in the air-supply zone ðta;sÞo (°C) 32.1 28.0

Air humidity in the air-supply zone ðWa;sÞo (g/(kg dry air)) 20.3 18.1

Internal surface temperature of walls in the air-supply zone ðtriw;sÞo (°C) 32.7 30.2

Air temperature in the work zone ðta;nÞo (°C) 33.0 29.5

Air humidity in the work zone ðWa;nÞo (g/(kg dry air)) 20.5 18.3

Internal surface temperature of walls in the work zone ðtriw;nÞo (°C) 33.2 30.6

Air temperature in the air-return zone ðta;rÞo (°C) 33.1 29.9

Air humidity in the air-return zone ðWa;rÞo (g/(kg dry air)) 20.5 18.3

Internal surface temperature of walls in the air-return zone ðtriw;rÞo (°C) 33.6 31.1

Supply airflow rate ðGaÞo (kg/s) 0.15 0.20

Other parameters for the model calculation: ca = 1005 J/(kg °C); criw ¼ 1250 J= kg �Cð Þ;
qa ¼ 1:18 kg=m3; qriw ¼ 1800 kg=m3; driw ¼ 0:22 m
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response experiments began. All the values of air temperature and humidity as well
as wall surface temperatures were collected with a data acquisition system at a
sample interval of two seconds.

(2) Experimental results

Experimental case I

Figure 2.33 shows the variation of perturbation parameters in the experimental
case I, in which the supply air temperature and humidity ratio decrease till to steady
value. The calculated and experimental results on the transient response of indoor
air temperature and humidity in different air zones under the initial conditions of
case I are shown in Figs. 2.34 and 2.35. In the model calculation, the convective
heat transfer coefficients are taken as 9.2, 11.6 and 3.2 W/(m2.K), respectively, for
the room walls, the indoor heat sources, and the air layers between the adjacent
indoor air zones. As shown in Figs. 2.34 and 2.35, the calculated response curves of
the indoor air temperatures and humidity ratios are favorably consistent with the
experimental ones, and the average errors of the calculated results compared with
the experimental data are all lower than 10 % .

Experimental case II

Figure 2.36 shows the perturbations under the initial conditions of the case II, in
which the supply air temperature and humidity ratio increase. The corresponding
results on the response of the indoor air temperature and humidity in different air
zones are shown in Figs. 2.37 and 2.38. In this case, the heat transfer coefficients of
internal wall surface and indoor heat sources as well as the air layers between the
adjacent indoor air zones are adjusted, respectively, as 10.7, 12.3, and 3.6 W/
(m2 K) for the model calculations, which are a little larger than that in the case I due
to the higher supply airflow rate in the case II (0.20 kg/s). The average errors of the
calculated results compared with the experimental data are no more than 12 % for
the case II.

Fig. 2.33 Variation of perturbation parameters in the case I (measured data)
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Fig. 2.34 Dynamic responses of air temperature in different zones in the case I (calculation vs.
measurement)
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2.3 Modeling for HVAC System

2.3.1 Component Model Connection

HVAC system comprises of numerous components or subsystems. These compo-
nents or subsystems are generally connected in parallel or series, as shown in
Fig. 2.39.

In Fig. 2.39, the components S1 and S2 are expressed, respectively, by
Eqs. (2.207) and (2.208)

Fig. 2.35 Dynamic responses of air humidity in the air-return zone in the case I (calculation vs.
measurement)

Fig. 2.36 Variation of perturbation parameters in the case II (measured data)
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Fig. 2.37 Dynamic responses of air temperature in different zones in the case II (calculation vs.
measurement)
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Component S1:
_x1 ¼ A1x1 þB1u

y1 ¼ C1x1 þD1u1

(
ð2:207Þ

Component S2:
_x2 ¼ A2x2 þB2u2
y2 ¼ C2x2 þD2u2

(
ð2:208Þ

2.3.1.1 Parallel Connection

When the type of output parameters and dimensions of the two subsystems are
simultaneously homogeneous, the various parameters in the combined system
output vector y is equal to the sum of corresponding parameter values of output
vector y1 for subsystem S1 and output vector y2 for subsystem S2, i.e.,

½y� ¼ ½y1� þ ½y2� ð2:209Þ

In such case, the state-space equation of combined system in parallel connection
(Fig. 2.39a) is described as follows:

Fig. 2.38 Dynamic responses of air humidity in the air-return zone in the case II (calculation vs.
measurement)

y
u

u S

u1 S

y

y

S Su1u yyuy

(a) (b)

Fig. 2.39 Schematic diagram for the component model connection. a Parallel connection.
b Series connection
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_x1
_x2

" #
¼ A1 0

0 A2

� �
� x1

x2

" #
þ B1 0

0 B2

� �
� u1

u2

" #
ð2:209aÞ

y ¼ C1C2½ � � x1
x2

" #
þ D1D2½ � � u1

u2

" #
ð2:209bÞ

When the type of output parameters and dimensions of the two subsystems are
not simultaneously homogeneous (i.e., not similar), the combined system output
vector y is the union of output vectors y1 and y2 of subsystems S1 and S2,
respectively, i.e.,

½y� ¼ y1
y2

� �
ð2:210Þ

In such case, the state-space model of the parallel system (Fig. 2.39a) can be
obtained as follows:

_x1
_x2

" #
¼ A1 0

0 A2

� �
� x1

x2

" #
þ B1 0

0 B2

� �
� u1

u2

" #
ð2:211aÞ

½y� ¼ C1 0
0 C2

� �
� x1

x2

" #
þ D1 0

0 D2

� �
� u1

u2

" #
: ð2:211bÞ

2.3.1.2 Series Connection

The combined system in series connection (Fig. 2.39b) has input vector u ¼ u1 and
output vector y ¼ y2; and the output vector y1 of subsystem S1 is equal to the input
vector u2 of subsystem S2. Thus, we have

_x1 ¼ A1x1 þB1u1 ð2:212Þ

y1 ¼ C1x1 þD1u1 ð2:213Þ

_x2 ¼ A2x2 þB2u2 ¼ A2x2 þB2y1 ¼ A2x2 þB2C1x1 þB2D1u ð2:214Þ

y2 ¼ C2x2 þD2u2 ¼ C2x2 þD2y1 ¼ C2x2 þD2C1x1 þD2D1u ð2:215Þ

So, the combined system equation of series connection of S1 and S2 is as
follows:
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_x1
_x2

" #
¼ A1 0

B2C1 A2

� �
� x1

x2

" #
þ B1

B2D1

" #
� u ð2:215Þ

y ¼ D2C1 C2½ � � x1
x2

" #
þD2D1u ð2:216Þ

2.3.2 State-Space Representation for HVAC System

Taking a general HVAC system (see Fig. 2.40) for example, in order to make the
system be of hierarchy, the system can be divided into five subsystems: ① refrig-
eration system represented by Srefri; ② cooling coolant system represented by Sconw
which consists of cooling coolant pump, cooling tower, and pipes;③ chilled coolant
system represented by Schw which consists of chilled coolant pump and pipes; ④
air-handling system represented by Sahu which consists of surface heat exchanger
and supply air fan; ⑤ supply air system represented by Sair,s; and exhaust-return air
system represented by Sair,er. Based on the above principle of model connection, we
can get state-space model of the subsystems in the HVAC system.

2.3.2.1 Mathematical Dynamic Model of Cooling Coolant
System (Sconw)

_Xconw ¼ AconwXconw þBconwUconw ð2:217Þ

Yconw ¼ Czpipe;2xzpipe;2 þDzpipe;2Ctower;wxtower þR3utower;w ð2:218Þ

Fig. 2.40 Schematic diagram of a HVAC system
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where

Xconw ¼ ½xpump;1; xzpipe;1; xtower; xzpipe;2�T ;Uconw ¼ ½upump;w;1;DUm; utower;1; utower;w�T ;
Yconw ¼ yzpipe;2;

Aconw ¼

Apump;1 0 0 0

Bzpipe;1Cpump;w;1 Azpipe;1 0 0

Btower;wDzpipe;1Cpump;w;1 Btower;wCzpipe;1 Atower 0

0 0 Bzpipe;2Ctower;w Azpipe;2

2
6664

3
7775;

Uconw ¼

Bpump;w;1 Bpump;U;1 0 0

R1 0 0 0

0 0 Btower;a 0

0 0 0 R2

2
6664

3
7775;

R1 ¼
Xp;3

Tp;tw

� �
1

0

Yp;3
Tp;pg

� �
1

0

2
64

3
75;R2 ¼

0 Xp;4

Tp;tw

� �
2

0 Yp;4
Tp;pg

� �
2

2
64

3
75;R3 ¼

0 0

0 1

� �
:

2.3.2.2 Mathematical Dynamic Model of Chilled Coolant
System (Schw)

The chilled coolant system consists of water-to-air heat exchanger, pipes, and pump
which are in series connection. The state-space model for the chilled coolant system
(Schw) can be written as follows:

_Xchw ¼ AchwXchw þBchwUchw ð2:219Þ

Ychw ¼ Czpipe;4xzpipe;4 þDzpipe;4Ccoil;wxcoil þDzpipe;4R5Czpipe;3xzpipe;3
þDzpipe;4R5Dzpipe;3Cpump;w;2xpump;2

ð2:220Þ

where

Xchw ¼ ½xpump;2; xzpipe;3; xcoil; xzpipe;4�T ;Uchw ¼ ½upump;w;2;DUm�T ; Ychw ¼ yzpipe;4;

Achw ¼

Apump;2 0 0 0

Bzpipe;3Cpump;w;2 Azpipe;3 0 0

Bcoil;wDzpipe;3Cpump;w Bcoil;wCzpipe;3 Acoil 0

Bzpipe;4R5Dzpipe;3Cpump;w;2 Bzpipe;4R5Czpipe;3 Bzpipe;4Ccoil;w Azpipe;4

2
6664

3
7775;
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Bchw ¼

Bpump;w;2 Bpump;U;2

R4 0

0 0

0 0

2
6664

3
7775;R4 ¼

Xp;3

Tp;tw

� �
3

0

Yp;3
Tp;pg

� �
3

0

2
64

3
75;R5 ¼

0 0

0 1

� �
:

2.3.2.3 Mathematical Dynamic Model of Supply Air System (Sair;s)

_Xair;s ¼ Aair;sXair;s þBair;sUair;s ð2:221Þ

Yair;s ¼ Cair;sXair;s þDair;sUair;s ð2:222Þ

where

Xair;s ¼ ½xzduct;1; xzduct;2�T ; Yair;s ¼ ½ðysduct;2Þ1; yzduct;2�T ;Uair;s ¼ uzduct;1;

Aair;s ¼
Azduct;1 0

Bzduct;2ðCfda13;EÞ1Czduct;1 Azduct;2

� �
;Bair;s ¼

Bzduct;1

Bzduct;2ðCfda13;EÞ1Dzduct;1

� �
;

Cair;s ¼
ðCfda12;EÞCzduct;1 0

Dzduct;2ðCfda13;EÞ1Czduct;1 Czduct;2

� �
;Dair;s ¼

ðCfda12;EÞ1Dzduct;1

Dzduct;2ðCfda13;EÞ1Dzduct;1

� �
:

2.3.2.4 Mathematical Dynamic Model of Exhaust-Return
Air System (Sair,Er)

_Xair;er ¼ Aair;erXair;er þBair;erUair;er ð2:223Þ

Yair;er ¼ Cair;erXair;er þDair;erUair;er ð2:224Þ

where

Xair;er ¼ xzduct;3; Yair;er ¼ ½ðysduct;2Þ3; ðysduct;3Þ3�T ;Uair;er ¼ ðusductÞ2;
Aair;er ¼ Azduct;3;Bair;er ¼ Bzduct;3ðCsductÞ2;
Cair;er ¼ ½ðCfda12;EÞ3Czduct;3; ðCfda13;EÞ3Czduct;3�T ;
Cair;er ¼ ½ðCfda12;EÞ3Dzduct;3ðCsductÞ2; ðCfda13;EÞ3Dzduct;3ðCsductÞ2�T ;

ðusductÞ2 ¼ ½ðusduct;1Þ2; ðusduct;2Þ2�; ðCsductÞ2 ¼ ½ðCda1;EÞ2; ðCda2;EÞ2�:
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2.3.2.5 Mathematical Dynamic Model of Air-Handling System (Sahu)

_Xahu ¼ AahuXahu þBahuUahu ð2:225Þ

Yahu ¼ Ccoil;axcoil þR7Cfan;axfan þR7R6ðCsductÞ4ðusductÞ4 ð2:226Þ

where

Xahu ¼ ½xfan; xcoil�T ; Yahu ¼ ycoil;a;Uahu ¼ ½DUm; ucoil;w; ðusductÞ4�T ;
ðusductÞ4 ¼ ½ðusduct;1Þ4; ðusduct;2Þ4�; ðCsductÞ4 ¼ ½ðCda1;EÞ4; ðCda2;EÞ4�;

Aahu ¼
Afan 0

Bcoil;aCfan;a Acoil

� �
;Bahu ¼

Bfan;U 0 0

0 Bcoil;w Bcoil;aR6ðCsductÞ4

� �
;R6 ¼

1 0 0

0 1 0

0 0 0

2
64

3
75;

Under dry condition: R7 ¼
0 0 0
0 1 0
0 0 1

2
4

3
5; Under wet condition:

R7 ¼
0 0 0
0 0 0
0 0 1

2
4

3
5:

2.3.3 Case Study

2.3.3.1 System Model Description

On the basis of state-space models of components and connection principle, this
section gives an example on the system model integration. The system considered
in this study consists of a water-to-air surface heat exchanger, an outlet water pipe,
and an outlet air duct. According to the actual situation, the water outlet pipe and air
outlet duct are in parallel, and they are connected to the heat exchanger in series, as
shown in Fig. 2.41.

According to the state-space representation of component models in the previous
chapters, the state-space model of water-to-air surface heat exchanger can be rep-
resented by:

_Xcoil ¼ AcoilXcoil þBcoilucoil ð2:227Þ

Ycoil ¼ CcoilXcoil þDcoilucoil � CcoilA
�1
coilncoil ð2:228Þ
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The state-space model for water pipe can be represented by:

_Xzpipe ¼ AzpipeXzpipe þBzpipeuzpipe ð2:229Þ

Yzpipe ¼ CzpipeXzpipe þDzpipeuzpipe � CzpipeA
�1
zpipenzpipe ð2:230Þ

The state-space model of air duct can be written as follows:

_Xzduct ¼ AzductXzduct þBzductuzduct ð2:231Þ

Yzduct ¼ CzductXzduct þDzductuzduct � CzductA
�1
zductnzduct ð2:232Þ

To begin with, the state-space model of parallel connection of air duct and water
pipe are obtained as follows:

_Xduct&pipe ¼
_Xzpipe
_Xzduct

� �
¼ _Aduct&pipe

Xzpipe

Xzduct

� �
þ _Bduct&pipe

uzpipe
uzduct

� �
ð2:233Þ

Yduct&pipe ¼ Yzpipe
Yzduct

� �
¼ _Cduct&pipe

Xzpipe

Xzduct

� �
þ _Dduct&pipe

uzpipe
uzduct

� �
� fduct&pipe

ð2:234Þ

where

Aduct&pipe ¼ Azpipe 0
0 Azduct

� �
;Bduct&pipe ¼ Bzpipe 0

0 Bzduct

� �
;Cduct&pipe

¼ Czpipe 0
0 Czduct

� �
;Dduct&pipe ¼ Dzpipe 0

0 Dzduct

� �
; fduct&pipe

¼ CzpipeA�1
zpipenzpipe

CzductA�1
zductnzduct

� �
:

Then, the above state-space model in parallel is integrated with the water-to-air
heat exchanger in series, and we have:

Fig. 2.41 Multi-component system in this case study
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_Xsys ¼ AsysXsys þBsys _ucoil � nXsys ð2:235Þ

Ysys ¼ Yduct&pipe ¼ Csys _Xsys þDsys _ucoil � nYsys ð2:236Þ

where

Xsys ¼
Xcoil

Xduct&pipe

� �
;Asys ¼

Acoil 0

Bduct&pipeCcoil Aduct&pipe

� �
;Bsys ¼

Bcoil

Bduct&pipeDcoil

� �
;

Csys ¼ Dduct&pipeCcoil Cduct&pipe½ �;Dsys ¼ Dduct&pipeDcoil;

nXsys ¼
0

Bduct&pipeCcoilA�1
coilncoil

� �
; nYsys ¼ Dduct&pipeCcoilA

�1
coilncoil þ nduct&pipe;

For the convenience of calculation, the system model, i.e., Eqs. (2.235) and
(2.236), needs to be transformed into a standard form as follows:

_Xsys ¼ AsysXsys þBsysucoil ð2:237Þ

Ysys ¼ CsysXsys þDsysusys þ nsys ð2:238Þ

where Xsys ¼ Xsys � A�1
sysnXsys; nsys ¼ CsysA�1

sysfXsys � fYsys:

2.3.3.2 System Model Validation

An experimental air-conditioning system is built for the system model validation.
As shown in Fig. 2.42, the system mainly consists of a water-to-air surface heat
exchanger, a heat pump (for chilled or hot water supply), a circulating water pump,
fans, air ducts, and water pipes. The test instruments mainly include the temperature

Fig. 2.42 Schematic diagram for the experimental system
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sensors (measurement precision: ±0.1 °C), the water flow sensor (accuracy of
measurement: 0.5 magnitude), and the hotwire anemometer (accuracy of mea-
surement: ±2 % reading data).

The initial conditions (measured data) for the model validation are given in
Table 2.17. The perturbations of inlet variables of the system are shown in
Fig. 2.43. The experimental and calculated results of the change responses of the
system exit variables are plotted in Fig. 2.44. As shown in Fig. 2.44, the calculated
responses of the system exit variables under the perturbations of inlet variables have
a favorable agreement with the experimental ones. The average error of the model
calculation is estimated as 12.6, 22.2, and 9.5 %, respectively, for the response of
the exit air temperature, the exit air humidity, and the exit water temperature of the
system.

Table 2.17 Initial conditions for system model validation

Initial conditions of parameters Initial value

Inlet air temperature of surface heat exchanger, ðta;EÞo (°C) 28.8

Inlet air humidity of surface heat exchanger, ðWa;EÞo (g/kg) 20.0

Airflow rate, ðGaÞo (kg/s) 0.2002

Inlet water temperature of surface heat exchanger, ðtw;EÞo (°C) 29.1

Water flow rate, ðGwÞo (kg/s) 0.930

External wall temperature of plate and fin pipe, ðtgÞo (°C) 28.7

Wall temperature of air duct, ðtdgÞo (°C) 28.5

Exit air temperature of air duct, ðtda;LÞo (°C) 28.9

Exit air humidity of air duct, ðWda;LÞo (g/kg) 20.0

Wall temperature of water pipe, ðtpgÞo (°C) 29.4

Exit water temperature of water pipe, ðtpw;LÞo (°C) 27.5

Fig. 2.43 Perturbations of inlet variables of the AHU system
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Fig. 2.44 Responses of exit variables of the AHU system (experimental vs. calculated)
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