Chapter 2
Linear Wave Equations

2.1 Expression of Solutions

In this section we consider the following Cauchy problem of linear wave equations:

Ou = F(t,x), (t,x) € R x IR", 2.1.1)
t=0:u=fx),u =gkx), €IR", (2.1.2)
where x = (xq, ..., Xx,),
0? 0? 0?
O=——— —---— — 2.1.3
o Oxi Ox? 1)

is the n—dimensional wave operator, and F, f and g are given functions with suitable
regularities.

According to the superposition principle and the Duhamel’s principle based on
this, to solve the Cauchy problem (2.1.1)—(2.1.2), it suffices to solve the Cauchy
problem of the following homogeneous wave equation:

Ou=0, (r,x) € R x R", (2.1.4)
t=0:u=0,u =gkx), x € R". (2.1.5)

Denote the solution of this problem by

u=S(t)g. (2.1.6)

Here
S():g— u,-), 2.1.7)
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18 2 Linear Wave Equations

being a linear operator whose specific properties reflect the nature of wave equations,
is the key object of study of this chapter.

If the solution of the Cauchy problem (2.1.4)—(2.1.5) is known, then it is easy to
know that the solution to the Cauchy problem

Ou =0, (¢t,x) € R x IR", (2.1.8)
t=0:u=f(x),u; =0, x € IR" 2.1.9)
can be expressed by
u= 0 S f); (2.1.10)
ot ' o

while, the solution to the Cauchy problem of the inhomogeneous wave equation:

Ou = F(t,x), (t,x)€ R x RR", 2.1.11)
t=0:u=0,u,=0, x e R" (2.1.12)

can be expressed, according to the Duhamel’s principle, by
t
u= / St —7)F(r,-)dr. (2.1.13)
0

Therefore, in general the solution to the Cauchy problem (2.1.1)—(2.1.2) of wave
equations can be represented uniformly by

u= %(S(ﬁf)-l—S(t)g%—/ St —1)F(t,-)dr. (2.1.14)
0

On the other hand, the solution to the Cauchy problem (2.1.4)—(2.1.5) can also
be obtained by solving the Cauchy problem of the forms (2.1.8)—(2.1.9) or (2.1.11)—
(2.1.12). In fact, if the solution v to the Cauchy problem

Ov=0, (t,x) € R x R", (2.1.15)
t=0:v=g9,v, =0, x € R" (2.1.16)
is already known, then
t
u :/ v(T, )dT (2.1.17)
0

is exactly the solution to the Cauchy problem (2.1.4)—(2.1.5). Moreover, it is easy to
show from (2.1.14) that the solution to the Cauchy problem
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Ou = g(x)é(1), (t,x) € IR x R", (2.1.18)
t=—1:u=0,u,=0, x € IR" (2.1.19)

is exactly the solution to the Cauchy problem (2.1.4)—(2.1.5), where ¢ is the Dirac
function.

2.1.1 Expression of Solutions Whenn < 3

When n = 1, as ¢t > 0, the solution to the Cauchy problem (2.1.4)—(2.1.5) of the
one-dimensional wave equation is given by the well-known d’ Alembert formula:

1 X+t
u(t,x) = 5/ g(y)dy. (2.1.20)

When n = 2, as t > 0, the solution to the Cauchy problem (2.1.4)—(2.1.5) of the
two-dimensional wave equation is given by the two-dimensional Poisson formula:

1 g(y)
u(t,x) = —/ —dy, (2.1.21)
27 Jiy—xi<t V2 =y —x|?

where x = (x1, x2), ¥y = (y1, y2), and

Iy — x| = V1 —x)2 4 (y2 — x2)2.

When n = 3, as t > 0, the solution to the Cauchy problem (2.1.4)—(2.1.5) of the
three-dimensional wave equation is given by the three-dimensional Poisson formula:

1
u(t,x) = — g(y)dSy, (2.1.22)
ATt Jy—xi=t

where x = (x1, x2, x3), y = (y1, ¥2, ¥3),

Iy —xI = V1 —x0)? + (2 — x2)> + (33 — x3)2,

and d .S, stands for the area element of the sphere |y — x| = ¢.

The derivation of formulas (2.1.20)—(2.1.22) can be found, say, in Gu Chaohao,
Li Tatsien et al. 1987.

We can find out from (2.1.20)—(2.1.22) that, when the space dimension n < 3,
the expressions of the solution # = u(z, x) to the Cauchy problem (2.1.4)—(2.1.5)
involve only g(x) itself but not its derivatives. Besides, when

g(x) >0, Vx € R", (2.1.23)
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we always have

u(t,x) >0, V(,x) € Ry x IR", (2.1.24)
where n = 1, 2 and 3. This property is called the positivity of the fundamental
solution (See Remark 2.2).

When n > 4, the fundamental solution does not have the positivity any longer.
This can be shown by the expression of solutions, which will be derived later soon.

2.1.2 Method of Spherical Means

Here and throughout this section, we always assume that n > 1.

For any given function ¥ (x) = 9 (xy, ..., x,), denote by
hx,r) = — / P(y)dS, (2.1.25)
Wyl ly—x|=r
the integral mean of ¢ on the sphere centered at x = (x, ..., x,) with radius r,

where w, stands for the area of the unit sphere S~ lin IR", d S, is the area element
of the sphere |y — x| = r, and w, 7"~ is the area of this sphere. The above formula
can be easily rewritten as

h(x,r) = wi o P(x + ré)dw, (2.1.26)

where dw is the area element of the unit sphere Sl and € = (&1,...,&).
From the above formula, it turns out that the function & (x, r) is well-defined not
only for » > 0 but also for r < 0, and is an even function of r.
If ) € C?, then it is obvious that & € C?, and
h(x,0) = 9(x), (2.1.27)

and since / is an even function of r, we have
Oh
—(x,0) =0. (2.1.28)
or

In addition, from (2.1.26) we have

m’(x D / wa,<x+r£)£,dw5
[§1=1



2.1 Expression of Solutions 21

1 " -
= D (x + H&dS,

n—1 ~
Wnl I€l=r

i=1

where 5 = r&, and d S stands for the area element of the sphere |£ | = r. Then, from
the Green’s formula we get

Oh(x,r) 1
o ol / AY(y)dy, (2.1.29)
r Wnl [y—x|<r
where
9? 9?
A=_——+ -+ = 2.1.30
8x12 oo Ox? ( )

is the n-D Laplacian operator.
Differentiating (2.1.29) once with respect to 7, and using (2.1.29) again, we obtain

O*h(x,r) n—1
o / AY(y)dy
r W™ Jyy—x|<r
n—1 / qu(y)ds\
Wnl ly—x|=r
. n- 1 Oh(x,r)
r or
P / AY(y)dS,. (2.1.31)
Wnl [y—x|=r

On the other hand, from (2.1.26) we have

1
Ah(x,r)y = — A (x +1r&)dw
Wn Jigl=1
1
= —]/ AY(y)dS,y, (2.1.32)
W™ Sy—xi=r

where A, stands for the Laplacian operator with respect to x (see (2.1.30)).
Combining (2.1.31)-(2.1.32) and noting (2.1.27)—(2.1.28), we obtain the
following

Lemma 2.1 Assume that y)(x) € C?, then its spherical mean function h(x, r) € C?,
and satisfies the following Darboux equation

O*h(x, —10h(x,
(xr)+n (x,7)

a2 p o = Lxhx.r) (2.1.33)
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and the initial condition

oh
r=0:h=1vx),— =0. (2.1.34)
or
In particular, taking
Plxr, ooy xn) = @(x1) (2.1.35)
as a function depending only on x| but not on x;, ..., X,, we can prove that its
spherical mean function has the expression
1
Wn—1 PN =]
erry == [ o = ) d 2.1.36)
n -1

where, w,_1 is taken to be 2 when n = 2, i.e., it is defined artificially that w; = 2,
and the same below. This coincides with the value of w, deduced by using (2.4.7) in
this chapter when n = 2.

In fact, from (2.1.26) we easily get

1
h(x,r): m ’(/J(x+y)dS
n Iyl=r
Lo Y(x + y)dy. (2.1.37)

War" =L Or Jyy)<r

Noticing (2.1.35), we have

Y(x +y)dy = / d(x1 + NdAdy,
[yl=r N2 <r2
where ¥y = (y2, ..., y»). Adopting polar coordinates to the variable y and denoting

p = |y|, the above formula can be rewritten as

P(x + y)dy

Iyl=r

— / 600 + N 2dAdp
A2 <r?

r NemY
:wn_l/ d/\/ d(x1 + N p"2dp,
—r 0
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then it is easy to show that

oo P(x + y)dy
or Jiyi<r

it / b0+ N2 = X' dA

1
wnflr""/ o1 +rw (1 — @)= dp.
-1

Thus, (2.1.36) follows from (2.1.37).
The spherical mean function i (x, r) given by (2.1.36) depends only on x; and 7,
then the corresponding Darboux equation (2.1.33) is reduced to

?h  n—10h 0*h

= 2.1.38
Or? + roOr  0xj ( )
moreover,
82]1 Wy— 1 ” n=3
i ‘ / ¢ (v + (1 — p®) = dp. (2.1.39)
X1 Wn —1
Taking x; = 0 in (2.1.38)—(2.1.39), we obtain
Lemma 2.2 Suppose that
Wn—1 ! 2,13
h(r) = " o(rp)(1 — p?) 7 du, (2.1.40)
n -1
then we have
-1 n— ! n=3
W)+ i () = / ¢ (rm (1 — i)' dp. (2.1.41)
r Wn —1

Now we apply the above results to solving the Cauchy problem of wave equations.
Suppose that v = v(t, x) is the solution to the Cauchy problem (2.1.15)—(2.1.16).
It is clear that v is an even function of 7. Let

w(x,r) = Wl /1 v(r — s
,r) = wy x)(1— p?) = dp. (2.1.42)
—1

n
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Regarding x as a parameter, from Lemma 2.2 and using equation (2.1.15), it yields

0? , —-10 ,
w(x,r) n n w(x,r)

or? r or
1
Wn— n=3
_ / v, ) (1 — ) dp
Wn -1
Wn—1 ! 2,13
= Ayv(rp, x)(1—p”) 2 du
Wn -1
= Acw(x,r),

i.e., w = w(x, r) satisfies the Darboux equation (2.1.33). Meanwhile, from (2.1.16),
and taking particularly ¢ = 1 (thus its spherical mean is 2 = 1) in (2.1.36), we have

1
w”*l/ (- Fdu=1, (2.1.43)
Wn -1
then it is clear that
ow
r=0:w=gx), — =0. (2.1.44)
or

Hence, it follows from Lemma 2.1 that
W

wx,r) = i/ g(x +rédwe. (2.1.45)
1€l=1

Combining (2.1.42) and (2.1.45) and noting that v is an even function of 7, we
obtain

an—l ! 2,13 1
vrp, x) (1 —p*) 2 dp=— gx +r&dwe. (2.1.46)
Wn 0 Wn Jigl=1

Equation (2.1.46) is an integral equation satisfied by the solution v = v(¢, x) to
the Cauchy (2.1.15)—(2.1.16). Therefore, the Cauchy problem (2.1.15)—(2.1.16) can

be solved through inversion of (2.1.46).
Applying in (2.1.46) the variable substitution

r=\/E’ ru:ﬁ, (2147)

and denoting

o@r,x) = i/ gx +r&duwe, (2.1.48)
[€1=1

Wn
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we obtain .
”"‘1/ YT (R e = 5 0S5 ). (2.1.49)
Wy 0 \/E
Ignoring for the time being the dependence with respect to x, and denoting
w(s) =57 Q(/5, x), x(o) = m (2.1.50)
Jo
Equation (2.1.49) can be rewritten as
Wn—1 ; n=3
/ x(@)(s — o) 7 do = w(s). (2.1.51)
n 0

Next we will solve the integral equation (2.1.51) so as to derive the expression of
solutions to the Cauchy problem of wave equations as n > 1.

2.1.3 Expression of Solutions When n(> 1) Is Odd

When n(> 1) is odd, ”—;3 is a nonnegative integer, by taking derivatives of order ”2;1
on both sides of (2.1.51), we can solve that
Wy d\"3
§) = ————|— w(s), 2.1.52
X(s) wn,l.@)!(ds) s) (2.152)

thus, noting (2.1.50), we have

’ n d % n=2
ij;x) == w(H), (a) ("7 Qs x)). (2.1.53)
-1 (7!

Taking s = 2 in the above formula, we get that the solution to the Cauchy problem
(2.1.15)—(2.1.16) is

n—1

ot x) = —— (12)2 "2Q(t. x)).

t
-3
Wp—1 - (”2 )'

(t,x) € Ry x IR". (2.1.54)

Using Theorem 2.5 in the appendix (Sect.2.4) of this chapter, namely,

(2.1.55)
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the above formula can also be written as

ﬁ iﬁ "%1 n—2
F(%)t(Ztat) 0, X)),

(t,x) € R x IR". (2.1.56)

v(t,x) =

Finally, using (2.1.17), we obtain the following

Theorem 2.1 When n(> 1) is odd, the solution to the Cauchy problem (2.1.4)-
(2.1.5) is

n=3

_ ﬁ lﬁ 2z n-2
u(t,x) = 2F(§) (21 (9t) "7 0(t, x)), (2.1.57)
where
O(t,x) = i/ g(x +t&)dwe. (2.1.58)
Wn JIgl=1

Taking particularly n = 3 in Theorem 2.1, and noting that w3 = 47 and F(%) =
/T, the three-dimensional Poisson formula (2.1.22) follows immediately.

2.1.4 Expression of Solutions When n(> 2) Is Even

When n(> 2) is even, to obtain the solution u = u(¢, x) to the Cauchy problem
(2.1.4)—(2.1.5), we can add an argument x,, artificially, and regard u as the solution
to the following Cauchy problem

Opqu =0, (2.1.59)
t=0:u=0,u =gk, (2.1.60)
where x = (x1,...,X,), and
H? O? 0?
O =—— — — -+ — —_— 2.1.61
T 0 ox? a2, (2161

is the (n + 1)-dimensional wave operator.
Applying Theorem 2.1 to the Cauchy (2.1.59)—(2.1.60), we get

VT (LONF g
2F(%)(ZI o) @0 ), (2.1.62)

u(t,x) =
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where

(t,x) =

/ gx1 +t&p, .o, x, FtE)dwe, (2.1.63)
g'=1

Wn41

and &' = (£, §up1) = (€1, -5 s Gnt1)-
Denote y' = (v, y,41). Itis clear that

— 1
o(t,x) = - / g(x + y)dSy
W11 S py)=t
1 0 /
= — (x + y)dy'
w,H_]t” ot y|<,g Yy

[ —DI'
= g(x + y)dypdy
Wy 1" 31 /<t/ WD !

= —/ V2 —|ylPg(x + y)dy
[yl=t

Wy 1" Ot
2 g(x +y) v
Wit " Jiy1=e /12 = [y
2
= I, (2.1.64)
Wt Jly—xj<t /12 — |y — x|?

Thus, using (2.4.7) in the appendix (Sect.2.4) of this chapter, namely,

Wil D)
o DD

JT, (2.1.65)

we obtain

Theorem 2.2 When n(> 2) is even, the solution to the Cauchy problem (2.1.4)—
(2.1.5) is

tx) = — (lg)nzzR(z ) (2.1.66)

HE= @ \ 2o ) -
where

R(t.x) = 9w (2.1.67)

ly—xl<t /12 = |y — |2

Taking particularly n = 2 in Theorem 2.2, and noting that w, = 2, the two-
dimensional Poisson formula (2.1.21) follows immediately.

Some of the results in Sects.2.1.2-2.1.4 can be found in Courant and Hilbert
(1989).
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2.2 Expression of Fundamental Solutions

The solution E = E(t, x) of the following Cauchy problem of wave equation

OE =0, (¢t,x) € Ry x IR", (2.2.1)
t=0:E=0,E =4d(x), xe R" (2.2.2)

in the sense of distributions, is called the fundamental solution of the wave operator.
In (2.2.2), §(x) is the Dirac function.

Obviously, when we find the fundamental solution £ = E(¢, x), the solution to
the Cauchy problem (2.1.4-2.1.5) can be expressed by

S(t)g = E(t,) % g, Vt >0, (2.2.3)

where * stands for the convolution of distributions.

Conversely, if there exists a distribution E such that (2.2.3) holds for any given
function g, then E must be the fundamental solution of the wave operator.

Now we derive the expression of the fundamental solution of the wave operator.

For any given a > 0, define the function

max(y, 0))% A
X4 () = (max(y, 0))* — | Tar Y = 0, (2.2.4)
Fa+1) 0, y < 0.

X% (y) is a continuous function of y, whose support is {y > 0}. It is easy to show
that, as a > 0 we have

d
EXT] ) = x5 0. (2.2.5)

Since one can keep differentiating a continuous function in the sense of distributions,
X% (¥) can be defined inductively for a < 0 in the category of distributions by using
the above formula. Hence, for any given real number a, the function x4 (y) with
support C {y > 0} can be defined. It is easy to know that x4 (y) is a homogeneous
function of degree a with respect to y, and

sing suppx < {y = 0}, (2.2.6)

where sing supp stands for the singular support of distributions.
In particular, we have

L) = ix‘ () =H(®) (2.2.7)
+ dy + 4 e
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where

1, > 0,
H(y)z[o o

is the Heaviside function. Then

d
X2 = Exim =45(y).

In addition, noticing that T'(3) = /7, it is easy to show that

-1 _i L . J%’ y >0,
X+ ()’)—dyX+(Y)— 0. y<o0.

29

(2.2.8)

(2.2.9)

(2.2.10)

Theorem 2.3 The fundamental solution of the n(> 1)-dimensional wave operator

is
1 _n=l
E(t,x) = —=x; > = x]).
22

Proof 1t suffices to verify (2.2.3).
When n = 1, from (2.2.11) and noting (2.2.7) we have

_1 2 2
Et, )xg= E/H(t —|x = y[Mg(y)dy

1
E/H(t —|x —yDg(y)dy

: /
= g(y)dy
2 ly—x|<t

1 X+t
== g(y)dy.
L

From D’ Alembert formula (2.1.20), it yields (2.2.3) asn = 1.

When n(> 2) is even, noting that due to (2.2.10) we have

g(y)

_1 1
X2 @@= Py xg=— ————dy,
i VT Jiyxizt V12— |x — y[?

then from Theorem 2.2 and noting (2.1.55) we have

S(t)g = i (1 0

w, D (%) \ 21 0r

)2 OG- 1) % g)

(2.2.11)
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VTt 2
= ——a X+ @ —[-[D=*g
w, D ()"

= l;(t7') *d,

i.e., (2.2.3) is satisfied when n(> 2) is even.
When n(> 3) is odd, noting that due to (2.2.9) we have

X —1 1P *g
=/&ﬂ—u—yﬂmw@

= /5((t +lx —yD@ —Ix = yD)g(y)dy

/ayu—u—ymmw@
1
=§L/Mrﬂx—ﬂwwwy

1

== g(y)dSy
2t Jjy—xi=t ’
tn—2

= / g(x + t&)dwr,
2 Jig=1

then from Theorem 2.1 and noting (2.1.55) we have

n—=3

_ AT Lo 1, 2
S(t)g = T (D) (275) G @ =1-19%9)

N

= 2 tz_ : 2 *
oD () X ( [-19) *g
=E(@, ) *g,

i.e., (2.2.3) is satisfied when n(> 3) is odd.
The proof of Theorem 2.3 is finished. (]

Remark 2.1 Noting (2.2.9) and (2.2.5), from Theorem 2.3 we easily know that: when
n(> 1) is odd, the support of the fundamental solution E (¢, x) is the characteristic
cone |x| =t.

Remark 2.2 From Theorem 2.3, it is easy to show that the fundamental solution of
the wave operator as n = 1 is

(2.2.12)



2.2 Expression of Fundamental Solutions 31

asn =2itis

1
——, |x| <1,
E(t,x) = /=l (2.2.13)
0, x| > 1,
where x = (x1, x»); while, as n = 3 itis
S(x] 1)

E(t, x) = : (2.2.14)

47|x|

where x = (x1, x2, x3). These coincide with the results shown by (2.1.20)—(2.1.22),
and indicate directly the positivity of fundamental solutions as n = 1, 2 and 3 shown
in Sect. 2.1.1.

2.3 Fourier Transform

The solution of the Cauchy problem to linear wave equations can also be obtained
by the Fourier transform.

Taking the Fourier transform in the Cauchy problem (2.1.4)—(2.1.5) with respect
to the argument x, we have

o (t, &) + €170, &) =0, (2.3.1)
t=0:4=0,0, = §), (2.3.2)

where # and ¢ stand for the Fourier transforms of u# and g, respectively. Regarding
& as a parameter and solving the above Cauchy problem of ordinary differential
equation, we immediately get

sin|<5|r)§(0 2.33)

u(t, &) =

Using (2.1.14), we obtain the following

Theorem 2.4 Suppose that u = u(t, x) is the solution of the Cauchy problem
(2.1.1)—(2.1.2), then the Fourier transform of u with respect to x is

sin(|§]t) .
| g(§)

F(r,&)dr. (2.3.4)

i(t, ) = cos(|€[N £(©) +

 sin(€](¢ — )
+/0 €]

Hereafter, we will utilize Theorem 2.4 to establish some estimates on solutions
to the Cauchy problem of wave equations.
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2.4 Appendix—The Area of Unit Sphere

It is known that I" function is defined by (see Chen and Yu 2010):
o0
I'(z) = / “le7'dt, Yz > 0.
0

We have
Fz+1)=2I(), Yz >0,
and when z is a positive integer,
Fz+1) =zl
Moreover

'l)=1and I' (%) = 7.

B function is defined by (see Chen and Yu 2010)

1
B(p,q)=/ xPN(1 = x)dx, ¥p,q >0,
0

and we have
_I'(»I'(g)

Blp.a) = Fp+q)

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

Taking x = ,uz in the following operations, and noting (2.4.6) and (2.4.4), when

n > 1 we have
1 2 n—3 1 2 n—=3
/(l—u)Tdu=2/ (1— 2% du
—1 0
1

- / x72(1—x)"T dx
0

(l n— 1)

= B -,

20 2

_ INEMNE=)
I'(%)

/Al

- T®

’
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then from (2.1.43) we obtain: when n > 1 we have

Wn NG
Wh—1 r'(3)

J7 (2.4.7)

This shows that {I"(5)w,} forms a geometric sequence with common ratio T
Hence, noticing that w, = 27, we have

[ (2)w, =77 (1w = 278
(z)wn—ﬂ' Wz) = 212,

then we obtain the following

Theorem 2.5 The area of the unit sphere S"~" in n(> 1)-dimensional space IR" is

[SIE

27
INCON

(2.4.8)

Wp =
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