Chapter 2
Basic Tools of Riemannian Geometry

In this chapter, omitting proofs we collect some material such as fundamental iden-
tities concerning Riemannian manifolds equipped with metric structures, and our
choice of material presented is made for the applications to Carleman estimates and
inverse problems in the succeeding chapters, in particular in Chaps.3, 4 and 6. In
these chapters, we will use the identities mainly for systematic calculations. As for
details, we refer to monographs, for example, Jost [66].

2.1 Manifolds

The concept of a manifold is a bit complicated, but its definitions starts with the
notion of a coordinate chart.

Definition 2.1 Let M be a topological space. Then a pair (U, ¢) is called a chart
(coordinate system), if
p:U— pU) CR"

is a homeomorphism from an open subset U of M onto an open set ¢ (U) in R”. The
coordinate functions on U are defined as x; : U — R, so that

p(a) = (xi(a), ..., x,(a)), aelU
and 7 is called the dimension of the coordinate system.

Definition 2.2 A topological space M is called Hausdorff if for every two distinct
points a;, a; € M there are open sets Uy, U, C M such that

a € Uy, ap € Uy, U10U2=®.
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We now want to consider the case where M is covered by charts and satisfies some
consistency conditions.

Definition 2.3 An n-dimensional atlas on a topological space M is defined as a
collection of charts {(U,, ¢a)}.e; such that:

e Mis covered by {Un}es;
e ©,(U,NUg)isopeninR" forall o, B € I;
e the map
¥ o 99(:1 : QO(Y(U(J N Uﬁ’) - @ﬂ(U(w N US)

is differentiable for all o, 5 € 1.

Definition 2.4 Two atlases {(U,, ©,)} and {(Vg, 1/)}3)} are called to be compatible
if their union is an atlas.

The set of atlases compatible with a given atlas can be ordered by inclusion. The
maximal element is called the complete atlas.
We define a manifold:

Definition 2.5 An n-dimensional differentiable manifold M is defined as a
Hausdorff space M with a complete atlas.

Example 2.1

1. R”" and any finite-dimensional vector space are differentiable manifolds.
2. An open subset of a differentiable manifold is a differentiable manifold.

Definition 2.6 A differentiable n-dimensional manifold with boundary is called a
Hausdorff space together with an open cover {U,, } and homeomorphisms ¢, : U, —
ﬁa such that each ﬁa is an open set in R := {x € R"; x, > 0} and ¢ o <p;1 :
pa(Ua NUg) —> (U, N Up) is a differentiable map if U, N Ug is nonempty.

If M is a manifold with boundary, then we say that x is a boundary point if ¢(x) €
{x € R"; x, = 0} for some chart ¢, and an interior pointif p(x) € {x € R"; x,, > 0}
for some chart ¢. By M and M™, respectively, we denote the set of the boundary
points and the set of all the interior points of M.

Letm € Norm = oc.

In this book we deal with C™-manifolds, which means that pgo
The functions

I"are C"™-maps.

Pa(x) = (x1(x), ..., X, (x)) € R

are called local coordinates on U,. When there is no danger of misunderstanding,
we also write x = (xy, ..., X,), identifying a point x € M with its representation in
some local coordinates. All manifolds in this book are assumed to be compact and
connected.
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2.2 C™-Functions and Tangent Vectors

In this section we introduce the notion of the tangent space 7,M of a differentiable
manifold M at a point a € M. This is a vector space of the same dimensions as M.

Definition 2.7 A function f : M — R is said to be C™ if for every chart
{(Ua, Pa)}ae; 0n M, the function f o ¢ ' : 0o (U,) — Ris of C™ for any « € 1.
The set of all C"-functions on the manifolds M is denoted by C""(M).

Definition 2.8 Let M be a differentiable manifold and @ € M be a point on M. A
tangent vector at point a € M is defined as a map X, : C"(M) — R such that

e X, is R-linear:

Xa(fl+f2)=Xa(fl)+Xa(f2)v Xa()‘fl):)\xa(fl)

forall A € Rand fi, f, € C"(M).
e X, satisfies the Leibniz rule

Xa(fif2) = Xa(f1) fr(a) + fila)Xa(fr) forall fi, fo € C"(M).

The set of all tangent vectors at a € M is denoted by 7,M and is called the tangent
space at a.

We see that 7,M is a vector space of dimensions n. In a given coordinate system

(x1,...,x,), every vector X, € T,M can be written as
n
X, = ZXW&. (2.1)
i=1

Henceforth when we fix local coordinates, we can identify X, € T,M with
Xats ..., Xan) € R™.

Definition 2.9 Let f : M — R be a C™-function. Then for each a € M, the
differential of f is defined by the linear map

dfe(X,) = Xo(f), df, : T,M — R
for all X, € T,M.
Definition 2.10 Let M be differentiable manifold. We set

™ = U .M,
xeM

and we call TM the tangent bundle of M.
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Next let us introduce the notion of vector field on manifolds, which assigns an
element of TM to every point on M.

Definition 2.11 Let X : M — TM be a map. For each f € C" (M), we define a
function X f by
X)) :=X@feR, aeM.

Here we note that X (@) € TM andso X (a) f € R foreach f € C"(M). We say that
X eC"M, TM)if Xf € C" (M) for each f € C™(M) and call X a vector field of
class C™.

In a local coordinates system (xi, ..., x,), any C”-vector field can be uniquely
written as
n
X => X0,
i=1

where X; : M — R is a real C"-function, and X; is called the components of X.
Note that X is differentiable if X;, 1 < i < n, are differentiable.

Definition 2.12 Let X, Y € C™(M, TM) be vector fields on a manifold M. Then
the Lie bracket [ X, Y] is defined as the vector field

n

[X.Y]= D (X;0;Y —Y;0;X;) 0. X=> X0, Y= Y0
i=1 j=1

ij=1
We say that the vector fields X and ¥ commute if [X, Y] = 0.

Lemma 2.1 The Lie bracket [-, -] is bilinear over R. For any differentiable function
f we have

(X, Y1/ =XX()—YX().
Furthermore, the Jacobi identity
(X, Y], Z1+ (1Y, Z], X1+ [[Z, X], Y] =0

holds for any three vector fields X, Y, Z.

n n
Proof In local coordinates, writing X = Z X;0;and Y = Z Y;0;, we have

i=1 i=1
[X.Y1f = D> (X;0;Y; = Y;0,X:) 0, [,
ij=1

and this is linear in f, X, Y. This implies the first claim. The Jacobi identity follows
by direct computation.
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2.3 Riemannian Metric

In this section we introduce the notion of a Riemannian manifold (M, g). The metric
g provides us with an inner product on each tangent space and thus can be used to
measure the length of curves on the manifold. It defines a distance function and turns
the manifold into a metric space in a natural way.

Definition 2.13 Let M be a C"-manifold. A Riemannian metric g on M is defined
as a map which associates to any C™-vector fields X and ¥ on M a C™-function
g2(X,Y) on M such that

gX1+ X5, V) =g(X1,Y) + (X2, Y), gX, Y, +1p) =g(X, Y1)+ (X, 12),
g(fX.Y) = fg(X,¥) =g(X, fY), gX,Y)=g(,X),
for all real-valued C™-functions f and vector fields X, X, X», Y, Yy, Y», and
g(X, X) >0 whenever X # 0.

A Riemannian manifold (M, g) is defined as a manifold M with metric g.

In local coordinates, g is given by a positive definite and symmetric C"™-matrix
function g = (gji)1<jk<n:

gjk = 2(0), ).

Definition 2.14 For x € M, the inner product (X, Y) and the norm | X| for X, Y €
T:M are defined by

(X,Y)g = (X,Y) Z 2 XY
Jj.k=1

and
X = 1X] == (X, X),?

for X = i}(,-&- and Y = iY,a,
i=1

i=l

Later for a vector field in the form of Vyu, we simply write |Vqu| in place of
|Vgit|g.

‘We write also
(X, Y) =g(X,Y).

Let (M, g) be a Riemannian manifold. It is easy to see that the coefficients g;; of
the metric g have the following properties:
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1. Forall i, j the function g;; is of C" on M.
2. The matrix (g;;(x)) is symmetric for any x € M.
3. The matrix (g;;(x)) is positive definite for any x € M.

Henceforth (g"/ (x)) denotes the inverse matrix to (g;; (x)).

2.4 Connection

In local coordinates, we set
1 — .
I} = 2 > &) (Digjp + 0jgip — Opgix) » 1 <ijk<n. (22
p=1

We call Fl’]‘ the Christoffel symbols in a coordinate system under consideration.
Next we set

V¥ = D X, [0,y + D 1LY, | o (2.3)
£, p=1 q=1

This is called the Levi-Civita connection.
Then we can prove [66].

Theorem 2.1 (The fundamental theorem of Riemannian geometry)
Z((X,Y) =(VzX,Y)+(X,VzY) forall X,Y,Z € C"(M, TM) (2.4)
and

2AVxY, Z) =X (Y, Z)) - Z((X,Y) + Y ((Z, X))
—(X, [V, Z) +(Z, (X, Y]) + (Y, [Z,X]), X,Y,ZeC"M, TM). (2.5)

Here and henceforth we note that X f is defined in Definition 2.11 for a vector
field X and f € C" (M), and (Y, Z), |Y|§ e C™(M) for vector fields Y and Z.

2.5 Laplace-Beltrami Operator and Hessian
on Riemannian Manifolds

In local coordinates, we define

(Vef)j =D 2"0if. (2.6)
i=1
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Then we set V, f = Z(ng)jaj. We can identify
j=1

Vof = ((Ve1serey (Vo)) 2.7)

Definition 2.15 We define the divergence div, X of a vector field X by

n n ) 1 n
dive X = > [0x: + D Iix; =—Zai( dethi) (2.8)
— = J/detg =

for X = er‘lzl X,-&-.

We note that div X is a real-valued function. If f € C'(M) and X € C'(M, TM),
then
divg (FX) = (Vo f, X) + fdivg X. (2.9)

Definition 2.16 Let (M, g) be a Riemannian manifold. The Laplace-Beltrami oper-
ator is given by
Agf =divg(Vef), f € C*M).

In local coordinates, Ay is given by

Ay = ! ia, (\/detggjk(’?k). (2.10)

det oy

7

Here (g/*) is the inverse of the matrix of the metric g.
Let ) and f be C2- functions on M. Applying (2.9) with X = V1, we obtain

dive(fVe)) = fA) + (Ve f, Vo1)). (2.11)

Definition 2.17 For any f € C*(M), we call V; f = Vg(V, f) the Hessian of the
function f.

Then, in local coordinates, the Hessian of f € C 2(M) with respect to the metric
g is given by

V(X X) =D X (Z(&-(vgf)z)gz,- +> (vgf>kge,r,§;) X; (212

i,j=1 =1 k.t=1

for X = 3" | X;0;. Here we recall that
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n
(Vef)e=Dg0f. =1.....n,
i=1

and I} are the Christoffel symbols defined by (2.2).
In the succeeding chapters, we use the following lemma.

Lemma 2.2 (i) Let z and v € C*(M). The following identity holds:

1
(Vaz, Vg ((Vaz, Vo)) = V31 (Vgz, Vez) + E<vg¢, Ve (IVezl?)).

(ii)

(Vgu, Vyv) = Z g (Ouu)Ov
ko=

foru,v e C'(M).
Proof Applying (2.4) with Z = X = V,z and Y = V1), we obtain
(Vgz, Vg (<ng’ ng)) = Vgz ((ng, Vgl/’))
= <VngVng ng> + <ngv Vngvg¢>
= ngw (VgZ9 VgZ) + ngz (VgZ, ng) N
Here we have used that (see [66], p. 145 (3.3.48))

Vef(X,Y)=(VxVef.Y), feC'M), X,Y e C'(M, TM).

Moreover
(Veth, Vq (WgZ'z)) = V¥ ((ng, ng>)
= <vawvg27 VgZ> + <VgZ, vadfng)
=2V;7 (Vez, Vot)) .
Hence

1
(Vez, Vg ((ng’ ng)) = Véi/J (ng, VgZ) + EWgw’ Ve (Ing|2)).

This completes the proof of (i).
n

n n
(i) Since ngjgjp = Opps (Vo) = ng@am and (Vgv); = Zg-ipapv, we
Jj=1 =1 p=1

directly calculate:

(Vgu, Vov) = Z 21 (Vgu) (Vgv)
k=1
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n

Z Z 212 e/ (Opu)0,v

kj=1¢p=1
= > (X’ ) @,
kep=1 \ j=1

Z 5kpgkl(a(i”)apv = z gke(agu)akv.

k.0, p=1 k=1

Thus the proof of (ii) is complete.

2.6 Green’s Formula

The metric tensor g induces a Riemannian volume form, which is an n-form defined
locally by
dx = (det g)l/2 dxy---dx,.

We denote by L?>(M) the completion of C*(M) with respect to the usual inner
product

(1, ey = (fi-2) = /M H) fr)ydx,  fi, fr € LXM),

where f|, f» are real-valued. For complex-valued functions f, f>, we set
(fie 1) = [ fico TG
M

where f, denotes the complex conjugate but in this book we mainly discuss real-
valued functions.
The Sobolev space H' (M) is the completion of C*°(M) with respect to the norm

I 1l oy

”f”%-]l(M) = (fs f) + (ngv ng)

The normal derivative is

Ou = (Vou - v) 1= Z gﬂ‘ujaku,
k=1

where v = (vy,---1v,)T is the unit outward normal vector to OM in the

n
sense of E ij- =1.
j=1
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In terms of Viu defined by (2.6) and (2.7), we can write
Oypu = (Vgu - v)

in local coordinates.
Here we show convenient relations for u € C'(M) satisfying u|sy = 0, which
are used later:

O = iy O, Veu = Onwg™'v,

[V, ul? = (Vgu, Vu) & W)(a u)?,
(Vou, ng e W) ——(0,u)0,7) ondOMforu,p € C'(M)such that u|gy = 0.

(H,Vqu) = & W)(H v)O,u on OM for a vector field H.
(2.13)

Here we set
ovu = (Vu - v).
In particular, we see that there exists a constant C > 0, which is independent of
choices of u, such that
C0,u(x)| < |Veux)| < Clou(x)], x € oM

if u = 0 on OM.
Proof of (2.13). By u|sm = 0, we have Vu = (Oyu)v on OM. Therefore

(Vew)i = D@0 = g @Oywre = @Oy (@ 'vyi,  i=1,---,n,
k=1 k=1
so that the second equality of (2.13) is proved. Next

Opu = (Vgu - v) = @Oy) D (g v)ivi = @Oyu) (g 'v - v),

i=1

which proves the first equality of (2.13). Since Z gij gk =94 jk» we have

i=I

n n
Vel = D g1 (Vaw)i(Vauw)j = D gijg* Oyvwmeg’ @Onuw,
ij=1 ik i=1

— (81\/1/{)2 Z Vlegjl = (8Nu)2(g_11/ . V),

Jil=1
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which proves the third equality by the first equality. We have

(Vaut, Vat) = D gij(Vau)i(Ve)); = D~ gy g (Onwymig (1))

i,j=1 ijk =1

= > @Onw;e () = @yu)d,,

jil=1

which proves the fourth equality by the first. Finally

n n
(H,Veu) = > i;(Veu) H; = Oyu) Y. gijg viH;

i,j=1 i,j,k=1

n 1
= (Oyu) ;u,H, = m(H - 1)Oyu.

Thus the proof of (2.13) is complete.

If X is a vector field, then the divergence formula reads

/dingdxz/ (X,v)ds,
M oM

where OM is the boundary of M and ds is the area element on OM.
For f € H'(M), Green’s formula reads

/(ding)fdx:—/(X,ng)dx—i—/ (X,v)fds.
M M

oM

Thenfor f € H'M) and w € H 2(M), we have Green’s formula:

/ (Aqw) fdx = —/ (Vow, Vo f) dx +/ (Oyw) fds.
M M oM

We conclude this chapter with a lemma which is used in Chap. 3.

Lemma 2.3 Let (M, g) be a C™ -Riemannian manifold with compact boundary OM.
Then there exists a C"~'-vector field N such that

Nx)=vx), x€dM, and INx)|<1, xeM,

where v is the unit outward normal vector to OM.

Proof Since OM is of C™, for every x, € OM there exist, using a chart, an open
neighborhood V of x, in R" and a function § € C™ (V) such that
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Vof(x) #0, xeV, 0(x)=0, xeVNIM.
Replacing 8 by —0 if needed, we can assume that
(v (xy) - Vg 0(xy)) > 0.

Then the function i : V — R” given by

—12

px) = [ D (Vo003 Vl(x), xeV,

j=1
is of C"~!. We show that s =rvonV NOM. In fact, since # = 0 on V N OM, we
have

Vo 0(x) = (Vo0 - v)v + (Vo0 - T)T = (0,0)v,

which implies that ji, V,0, and v are parallel to each other on V N M. This
together with |p| = |v| = 1 shows that 4 = v on V N OM.

Since OM is compact, it can be covered by a finite number of neighborhoods
Vi, ..., V4. Each of them plays the role of V in the earlier reasoning. By p;, i =
1, ..., g denoting the corresponding functions of V;, we have

OMCV,U---UV,

and
wi=v on V,NoM, i=1,...,q.

Fix an open set V; such that
M C V()UV1U-~'UVq, and Vo NOM =0,

and define p : Vo — R" by pg(x) = 01in Vj. Let ¢y, .. ., 1), be a smooth partition
of unity corresponding to the covering Vy, ..., V, of M:

Y € CP(V), and 0<4 <1, i=0,1,....q,

and
w()—}—d)]—{—ﬁ-ﬂ}q:l on M.

It is obvious that
q
N = Zwiui
i=0

is the required vector field.
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