Chapter 2
Some Continuous Distributions

In this chapter several basic properties of some useful univariate distributions will
be discussed. These properties will be useful for our characterization problems.

2.1 Beta Distribution

A random variable X is said to have a BE(m, n) distribution if its pdf f,, ,(x) is of
the following form.

K 1-x)"""0<x<1,m>0,n>0. (2.1.1)

mn
(m+n)2(m+n+ 1)
The moment generating function My, ,(t) is
M,,, o(t) = F(m, m + n, t), where

Mean = -2 and variance =
m+n

a(a+1)x_2

a
Fla,b,x)=1+ 2
(@b x) =1+ P x+ ) 2

The characteristic function ¢,, ,(t) =F(m, m +n, it)

The pdfs of BE(3, 3), BE(4, 6) and BE(4, 9) are given in Fig. 2.1.
If m = 1/2 and n = 1/2, then BE(1/2, 1.2) is the arcsine distribution.
If X is distributed as BE(m, n), then 1-x is distributed as BE(n, m).
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Fig. 2.1 BE(3, 3) Black, BE(4, 6) Red and BE(6, 9) Green

2.2 Cauchy Distribution

A random variable X is said to have a Cauchy (CA(y, o)) distribution with location
parameter u and scale parameter o if the pdf (f.(x, u, o)) is of the following form.
1

———————, —o<x<pu<o00,0>0. (2.1.2)
ﬂ0(1+()%)2)

fc (X’ ﬂ’ 6) =

The Fig. 2.2 gives the pdfs of CA(0, 1), CA(0, 2) and CA(0, 5).

Fig. 2.2 CA(O, 1) Black, CA(0, 2) Red and CA(0, 5) Green
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The mean of CA(u, o) does not exist. The median and the mode are equal to p.
The cdf F.(x, 4, o) is

F.(x,u,0) = ! +tan_l(ﬂ) (2.1.3)
2 o

If Xy, X5,..., X, are n independent CA(p, o), then S, = X; + X5 + « - - +X, is
distributed as CA(nu,no)..

If X; and X, are distributed as normal with mean = 0 and variance = 1, the X/Y
is distributed as CA(0, 1).

If X is CA(0, 1), then 2X/(1—X?) is distributed as CA(0, 1).

The pdf fo.(x, pt, o) of generalized Cauchy (GCA(u,0)) is given by

I'(n) 1
f LU, 0)= ,nN>1, —co<u<x<oo,0>0. (2.1.4
0ot 0)= A= D (1 (28 mepcrceoz0 (214

For n = 1, the mean does not exist.
For n > 1, the mean = y, the median = p and the odd moments are zero.
Forn > 1,

formeven,m<2n—1,m>1.

2.3 Chi-Squared Distribution

A random variable X is said to have a Chi-squared (CH(y, o,n)) distribution with
location parameter p and scale parameter o if the pdf (fen(X,p,0,n)) is of the
following form.

1 X — n_ x—
( /4)2 e~ &) n>1, —oco<pu<x<o0,06>0.

fo(X,4,0,n)= ——~ (——

ch( H ) o /zr(%) o
The parameter n is known as degrees of freedom.
For n > 1, Mean = yu+ no, and variance = 2nc3.
The moment generating function Mcy (t) is

1
MCH(t) =€”t(1 —26[)_n/2,t< —.
20

The Fig. 2.3 gives the pdfs of The CH(0, 1, 4), CH(0, 1, 10) and CH(0, 1, 20).
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Fig. 2.3 The CH(0, 1, 4)-Black, CH(0, 1, 10)-red and CH(0, 1, 20)-green

If X;,i=1, 2, ..., nare n independent CH(O, 1, n;). i = 1, 2, ..., n, random
variables then S; = X; + X5 4+ - - - +X|, then Sy is distributed as CH(O, 1, m),
where m = n; + n, + - - - +ng. If X is standard normal (N(O, 1)), then X2 is
distributed as CH(O, 1, 1).

2.4 Exponential Distribution

A random variable X is said to have a exponential (E(u, o)) distribution with
location parameter u and scale parameter o if the pdf (fe(x, u, 6)) is of the following
form.

1 x—p
Sfe(X,u,0) = —e~ &, —oo<pu<x<oo0.
c

The exponential distribution E(0, 1) is known as standard exponential.
The Fig. 2.4 gives the pdfs of E(0, 1), E(0, 2) and E(0, 5).
The cdf F.(x, y, o) is given by

k)

Fe(x,y,a)=1—e_(7, —o<p<x< 0.
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Fig. 2.4 E(0, 1) Black, E0, 2) Red and E(0, 5) Green

The moment generating function M(t)

M (t) = (1 —ot) e ™"
Mean = y + ¢ and Variance = ¢°.
If X;,i=1,2, ..., nare i.i.d. exponential with Fx)= 1 —e *°,x>0,6>0,
and S(n) = X; + X, + ...+ X, then pdf fg(,, (x) of S(n) is

1 n—1
7e—x/a' ()C/U)

,x>0,0>0.
o I'(n)

fym)(x) =

This is a gamma distribution with parameters n and o.

If X; and X, are independent exponential random variables with scale param-
eters o1 and o, then P(X; <X;)= 61‘1262.

If X;, i=1, 2, ..., n are n independent exponential random variable with
Fx)=1-e"%?,x>0,0>0. Let m(n) = min {Xy, ..., X,,} and

M(n) = max{Xy, ..., X,}, Fim) be the cdf of m(n) and F; be the cdf of M(n),
then

1 —Fm(x) =P(Xi >x, X3 >x, ... Xy >X)

— e—nx/o'

Fou)(x) =P(X; <x. X3 <X, ..., Xy <x)=(1—e )",
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Memoryless Property. P(X > s+tIX > t) P(X > s).

PX>s+1,X>t
P(X>1)
e—(s+l—2;4)/(7

P(X>s+t|X>t)= )

T e~ (t=u)/e
—e~(s—p/o

=P(X>s)

2.5 F-Distribution

A random variable X is said to have F distribution F(m, n) with numerator degree of
degrees of freedom m and numerator degrees of freedom n if its pdf fr (X, m, n) is
given by

F(WH—")(%)%X(’”_z)ﬂ

2
D(0(G) (14 207

fr(x,m,n) = x>0,m >0,n>0.

The cdf Fr(x, m, m) is given by

m n
Fr(x,m,n) =Luc (=, 7).

where = I,(a,b)= [;u’~"(1—u)"~'du is the incomplete beta function.
The Fig. 2.5 gives the pdfs of F(5, 5), F(10, 1)) and F(10, 20).

20 (m+n—2)

m(m—2)>(n—4)’ n>4.

m+n)
The characteristic function ¢, (m - n) = Fr(gU(% 1—%, —™it), where U(a, b, x)

Mean = .5, n > 2 and variance =

is the confluent hypergeometric function of the second kind.

If U, and U, are independently distributed as chi-squared distribution with m
and n degrees of freedom, then X = (n/m) (U,/U,) is distributed as F with cdf Fg
(m, n).

If X is distributed as Beta (m/2, n/2), then m(f’)_( % is distributed as F with cdf Fg

(m, n).
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Fig. 2.5 F(5, 5) Black, F(10, 10) Red and F(10, 20) Green

2.6 Gamma Distribution

A random variable X is said to have gamma distribution GA (a,b) if its pdf
fea(a, b, x) is of the following form.

1
feala,b,x) = Wx“_le_x/b,sz,a>O,b>O.
a

Mean = ab and variance = ab?.
The Fig. 2.6 give the pdfs of GA(2, 1), GA(5, 1) and GA(10, 1).
The moment generating function M(t) is

M(t)=(1-bt)"“ t<1/b.

The characteristic function ¢, (t)is ¢, (t) = (1 —ibr) ~“.

Ifa=1,b=1 then we GA(l, 1) is an exponential distribution and if a is a
positive integer, then GA(a, b) is an Erlang distribution.

If b = 1, then we call GA (a,b) as the standard gamma distribution.

If X; and X, are independent gamma random variables then the random vari-
ables X; + X, and ﬁ are mutually independent.

If X;, X5, .., X, are n independently distributed as GA(a, b), then S(n) =
Xi 4+ X5 + - - - +X, is distributed as GA(na, b).
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Fig. 2.6 GA(2, 1) Black, GA(S, 1) Red and GA(10, 1) Green

2.7 Gumbel Distribution

A random variable X is said to have Gumbel (GU(u, 6)) distribution with location
parameter u and scale parameter o if its pdf, f;, (x,u,0) is of the following form

1 * Xk

o -
fgu(x,y,a)=;e_76_e ,—oo<u<x<oo,0>0.

Gumbel distribution is also known as Type I extreme (maximum) value distri-
bution. The cdf Fy,(x, 4, 0) is of the following form

x—p

L, —oo<u<x<oo,0>0.

Fou(x,p,0)=e™¢
Mean = u+yo, where y is Euler’s constant.
Median = y —In(ln2)e.
. 2.2
Variance = £2-.
The Fig. 2.7 gives the pdfs of GU(0, 1/2), GU(0, 1) and GU(O, 2).
If X is distributed as E(0, 1), then u —olnX is distributed as GU(u, 0)).
If X is distributed as GU(O, 1), then ¥ =e~X is distributed as E(0, 1).
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Fig. 2.7 GU(0, 1/2) Black, GU(0, 1) Red and GU(0, 2) Green

2.8 Inverse Gaussian (Wald) Distribution

A random variable X is said to have Inverse Gaussian (IG(y, o)) distribution with
parameters u and A if its pdf

fig(x, p, 4) is of the following form

A
fig (X, 1, A)= (Zix3

J(x=k

Ye 5 (7), 0 < p<x< 00,2 0.

. 3
Mean = y and variance = ..

The Fig. 2.8 gives the pdfs of IG(1, 10), IG(1, 2) ans IG(1, 3).

PDF

Fig. 2.8 1G(1, 1) Black, 1G(1, 2) Red and 1G(1, 3) Green
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Fig. 2.9 LP(0, 1) Black, LP(0, 2) Red and LP(0, 3.5) Green

If X is distributed as IG (u, A) then oX is distributed as IG (ap. al).
If X is distributed as IGv (1,4), then X is known as Wald distribution.

2.9 Laplace Distribution

A random variable X is said to have Laplace (LP(u, o)) distribution with location
parameters u and scale parameter A if its pdf

fip(x,p,2) is of the following form

1 i
(X, fy A) = —e‘|Tﬂ|,oo<x</4<oo,o>0.
’ 2

o

Mean = i and variance = 26°.
The Fig. 2.9 gives the pdfs of LP(0, 1), LP(0, 2) and LP(0, 3.5).
The moment generating function is Myy(t) is

et

Mip(0) = T2
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The characteristic function ¢;,(t) is

et

Y

¢lp(t)

If X and Y are independent E(0, 1), then X-Y is LP(0, 1).
If Xis LP (u,0), then kX is LP (ky, ko).
If Xis LP(0, 1), then IXI is E(O, 1).

2.10 Logistic Distribution

A random variable X is said to have Logistic (LG(u, ¢)) distribution with location
parameters u and scale parameter A if its pdf

fig(x, 4, 0) is of the following form
1 -t
fig(x, p,0) = - ¢ =, — 00 <p<x<o00,0>0.

o(1+e )"

. 2.2
Mean = p and variance = 5.

Moment generating function Mjg () is

1
My (t) =" T (1 4+ 01)[ (1 —ot), 1< —.
c

Fig. 2.10 LG(0, 1/2) Black, LG(0, 1) Red and LG(0, 2) Green
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The characteristic function ¢, (#)is
pig(1) =" T (1 +ict)T(1 —io?).

The Fig. 2.10 gives the pdfs of LG(0, 1/2), LG(0, 1) and LB(0, 2).

Let X;,1=1, 2, ..., n are independent and identically distributed as LP(0, 1),
then Y = X;X,...X,, is distributed as LG(0, 1).

If X and Y are independent GU (u, o), then X — Y is LG(0, 1).

If X is LG((u, 0) then kX is LG (uk, ko).

If X and Y are independent and E(0, 1), then y—oIn(§) is LG (i, 0).

2.11 Lognormal Distribution

A random variable X is said to have Lognormal (LN(y, o)) distribution with
location parameters u and scale parameter o if its pdf

fin(X, u, 6) is of the following form
1 —i(Inta= sy

(X, ppy0)=—————e 2" ) x>0,>0,u>0,6>0.

xo+/(27)

o2
Mean = etz
Variance = (¢” — 1)+,
Moment generating function M, (z) is

n
t n2a?

My, (1) = Z,T:o;en” .

The characteristic function ¢,,(t)is

(it)" e
b (1) = ZT:()T"HH ?

The Fig. 2.11 gives the pdfs of LN(0, 1/2), LN(0, 1) and LN(0, 2).

If X is distributed as normal with location parameter x4 and scale parameter
o, then X is distributed as LN (y, 0).

If X is distributed as LN (u, ¢), then InX is distributed as normal with location
parameter y and scale parameter o.

If X, i=1, 2, ..., n are independent and identically distributed as LN
(4, 0), then Y = X;X,...X,, is distributed as LN (nu, c\/n).
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Fig. 2.11 LN(0, 1/2) Black, LN(0, 1) Red and LN(0, 2) Green

2.12 Normal Distribution

A random variable X is said to have normal (N(u, o)) distribution with location
parameters u and scale parameter o if its pdf

fa(x, u,0) is of the following form
1

1 x—p 2
ulxpu,0)= e_f(T) ,—o<pu<x<o0,6>0.
oV 2r

Mean =y and variance = 6°.

The moment generating function M, (t)is
(Tzfz
M, (t) ="+

The characteristic function ¢, () is

bo0) =€

The Fig. 2.12 gives the pdfs of N(0, 1/2), N(O, 1) and N(O, 2).

If X;is N (y;,0:),1 = 1,2, ..., n and X;’s are independent, then for any o;, i = 1,
2, o, T aiXi is NCEI g, /(e @20?)).

If X is normal and X = X; + X,, where X; and X, are independent, then both
X1 and X, are normal.
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Fig. 2.12 N(0, 0.5) Black, N0, 1) Red and N(0, 2) Green

2.13 Pareto Distribution

A random variable X is said to have Pareto (PA(a, pB)) distribution with parameters
a and B if its pdf f,,(x, «, B) is of the following form

pa’

fpa(X, 0, 8) = ﬁ+1,x>a>0,ﬂ>0.
X

_ ab_ : — @p
Mean = ﬂ_l,ﬁ>l and variance = (/)’—1)2(/}—2)'ﬂ>2'

The characteristic function ¢,,(¢) is given by

by (1) = p(—iat)'T(— B, - iaat).

The Fig. 2.13 gives the pdfs of PA(1, 1/2), PA(1, 1) and PA(1, 20).
If X, X,, ..., X, are n independent PA(a, p), then

24In(l=1X) §s distributed as CH(0, 1, n).
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Fig. 2.13 PA(0, 1/2) Black, PA(1, 1) Red and PA(1, 2) Green

2.14 Power Function Distribution

A random variable X is said to have power function (Po(a, f, 8)) if its pdff,.(c, B, 5)
is of the following form

) —
fpo(a’ﬁ’ 5) = m(;_z

Y7l —o<a<x<f<00,6>0

Mean = 5 d variance = 2=’
ean = a+ 527 (f —a) and variance = e

The Fig. 2.14 gives the pdfs of Po(0, 1, 3), Po(0, 1, 4) and Po(0, 1, 4).
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Fig. 2.14 Po(0, 1, 3) black, Po(0, 1, 4) red and Po(0, 1, 4) green
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If 5=1, then PO(a, $, 1) becomes a uniform (U(a, B)) with pdf f.(x, a, ) as

1
Fun(x,a,ﬁ)=—a, —co<a<pf<oo.

/)7_

2.15 Rayleigh Distribution

A random variable X is said to have Rayleigh (RA(u, 6)) with location parameter p
and scale parameter o if its pdf f..(x, W, 6) is of the following form

- 1

xX—p\2
fra(X, 1, 6) = S—e 2(7”),—oo<ﬂ<x<oo,a>0.
c

Mean = u + o+ /Z and variance = 45Z¢?;
H 2 2

Moment generating function M,,(t) is

ot [n ot
Mratz e’”(l + ote T E(erf(ﬁ) + 1))

The Fig. 2.15 gives the pdfs of RA(0, 1/2), RA(0, 1) and RA(O, 2).

1471
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Fig. 2.15 RA(0, 1/2) Black, RA (0, 1) Red and RA(0, 2) Green



2.16 Student’s t-Distribution 33

2.16 Student’s t-Distribution

A random variable X is said to have Students t-distribution ST(n)) with n degrees of
freedom, if its pdf f;; (x, n) is as follows.

1 1 X2
fst(x,n)zﬁm(l+;) D2 _so<t<oo,n>1.

Mean = 0 if n > 1 and is not defined for n = 1.

Variance = 15 ,n>2.
The Fig. 2.16 gives the pdf of ST(!), ST(4) and ST(16) (Fig. 2.16).
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Fig. 2.16 ST(1) Black, ST(4) Red and ST(16) Green

2.17 Weibull Distribution

A random variable is said to have Weibull WB(x, p, o, ) with location parameter 1,
scale parameter ¢ and shape parameter 9 if its pdf fwy(X, H, 6, 8) is of the following
form.

=TT —co<pu<x<00,6>0,8>0.

o x—
fwn(x. 1.0.8) = = (-

Mean = p+I'(1 + 1) and variance = 6*((I'l + 2) — (T'(1+ %))2)
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Fig. 2.17 WB(0, 1, 1) Black, WB(0, 1, 3) red and WB(O0, 1, 4) green

The Fig. 2.17 gives the pdfs of B(0, 1, 1), WB(0, 1, 3) and B(0, 1, 4).
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