
Chapter 2
Some Continuous Distributions

In this chapter several basic properties of some useful univariate distributions will
be discussed. These properties will be useful for our characterization problems.

2.1 Beta Distribution

A random variable X is said to have a BE(m, n) distribution if its pdf fm, n(x) is of
the following form.

fm ⋅ nðXÞ= 1
B m, nð Þ x

m− 1ð1− xÞn− 1, 0 < x< 1,m>0, n > 0. ð2:1:1Þ

Mean = m
m+ n and variance = mn

ðm+ nÞ2ðm+ n+1Þ.

The moment generating function Mm, n(t) is
Mm, n(t) = F(m, m + n, t), where

F a, b, xð Þ=1+
a
b
x+

aða+1Þ
bðb+1Þ

x2

2!
+⋯

The characteristic function ϕm.nðtÞ=F m,m+n, itð Þ
The pdfs of BE(3, 3), BE(4, 6) and BE(4, 9) are given in Fig. 2.1.
If m = 1/2 and n = 1/2, then BE(1/2, 1.2) is the arcsine distribution.
If X is distributed as BE(m, n), then 1-x is distributed as BE(n, m).
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2.2 Cauchy Distribution

A random variable X is said to have a Cauchy ðCAðμ, σÞÞ distribution with location
parameter μ and scale parameter σ if the pdf ðfcðx, μ, σÞ) is of the following form.

fcðx, μ, σÞ= 1

πσð1+ x− μ
σ

� �2Þ , −∞< x< μ<∞, σ >0. ð2:1:2Þ

The Fig. 2.2 gives the pdfs of CA(0, 1), CA(0, 2) and CA(0, 5).
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Fig. 2.1 BE(3, 3) Black, BE(4, 6) Red and BE(6, 9) Green

-10 -8 -6 -4 -2 0 2 4 6 8 10

0.1

0.2

0.3

0.4

x

PDF

Fig. 2.2 CA(0, 1) Black, CA(0, 2) Red and CA(0, 5) Green
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The mean of CAðμ, σÞ does not exist. The median and the mode are equal to µ.
The cdf Fcðx, μ, σÞ is

Fcðx, μ, σÞ= 1
2
+ tan− 1ðx− μ

σ
Þ ð2:1:3Þ

If X1, X2,…, Xn are n independent CAðμ, σÞ, then Sn = X1 + X2 + ⋅ ⋅ ⋅ +Xn is
distributed as CAðnμ, nσÞ..

If X1 and X2 are distributed as normal with mean = 0 and variance = 1, the X/Y
is distributed as CA(0, 1).

If X is CA(0, 1), then 2X ̸ð1−X2Þ is distributed as CA(0, 1).
The pdf fgcðx, μ, σÞ of generalized Cauchy ðGCAðμ, σÞÞ is given by

fgcðx, μ, σÞ= ΓðnÞ
σ
p
πΓðn− 1

2Þ
1

ð1+ x− μ
σ

� �2Þn , n≥ 1, −∞< μ< x<∞, σ >0. ð2:1:4Þ

For n = 1, the mean does not exist.
For n > 1, the mean = µ, the median = µ and the odd moments are zero.
For n > 1,

EðXmÞ = Γðm+1
2 ÞΓðn− m+1

2 Þ
Γð1mÞΓðn− 1

mÞ
for m even,m< 2n− 1,m>1.

2.3 Chi-Squared Distribution

A random variable X is said to have a Chi-squared ðCHðμ, σ, nÞÞ distribution with
location parameter μ and scale parameter σ if the pdf ðfchðx, μ, σ, nÞÞ is of the
following form.

fchðx, μ, σ, nÞ= 1
2n ̸2Γðn2Þ

ðx− μ

σ
Þn2− 1e− ðx− μ

2σ Þ, n > 1, −∞< μ< x<∞, σ >0.

The parameter n is known as degrees of freedom.
For n > 1, Mean = μ+ nσ, and variance=2nσ2.
The moment generating function MCH (t) is

MCHðtÞ= eμtð1− 2σtÞ− n ̸2, t <
1
2σ

.

The Fig. 2.3 gives the pdfs of The CH(0, 1, 4), CH(0, 1, 10) and CH(0, 1, 20).

2.2 Cauchy Distribution 19



If Xi, i = 1, 2, …, n are n independent CH(0, 1, ni). i = 1, 2, …, n, random
variables then Sk = X1 + X2 + ⋅ ⋅ ⋅ +Xk, then Sk is distributed as CH(0, 1, m),
where m = n1 + n2 + ⋅ ⋅ ⋅ +nK. If X is standard normal (N(0, 1)), then X2 is
distributed as CH(0, 1, 1).

2.4 Exponential Distribution

A random variable X is said to have a exponential ðEðμ, σÞÞ distribution with
location parameter μ and scale parameter σ if the pdf ðfeðx, μ, σÞÞ is of the following
form.

feðx, μ, σÞ= 1
σ
e− ðx− μ

σ Þ, −∞< μ< x<∞.

The exponential distribution E(0, 1) is known as standard exponential.
The Fig. 2.4 gives the pdfs of E(0, 1), E(0, 2) and E(0, 5).
The cdf Feðx, μ, σÞ is given by

Fe x, μ, σð Þ=1− e− ðx− μ
σ Þ, −∞< μ< x<∞.
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Fig. 2.3 The CH(0, 1, 4)-Black, CH(0, 1, 10)-red and CH(0, 1, 20)-green
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The moment generating function Mex(t)

MexðtÞ= ð1− σtÞ− 1e− μt

Mean = μ+ σ and Variance = σ2.
If Xi, i = 1, 2, …, n are i.i.d. exponential with F(x) = 1 − e− x ̸σ , x≥ 0, σ >0,
and S(n) = X1 + X2 + …+ Xn, then pdf fS(n) (x) of S(n) is

fSðnÞðxÞ= 1
σ
e− x ̸σ ðx ̸σÞn− 1

ΓðnÞ , x≥ 0, σ >0.

This is a gamma distribution with parameters n and σ.
If X1 and X2 are independent exponential random variables with scale param-

eters σ1 and σ2, then P X1 <X2ð Þ= σ2
σ1 + σ2

.
If Xi, i = 1, 2, …, n are n independent exponential random variable with

F(x) = 1− e− x ̸σ , x≥ 0, σ >0. Let m(n) = min {X1, …, Xn} and
M(n) = max{X1, …, Xn}, F(m) be the cdf of m(n) and F(M) be the cdf of M(n),

then

1−FðmÞ xð Þ=P X1 > x, X2 > x, . . .Xn > xð Þ
= e− nx ̸σ

FðMÞðxÞ=P X1 < x.X2 < x, . . . , Xn < xð Þ= ð1− e− x ̸σÞn.
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Fig. 2.4 E(0, 1) Black, E(0, 2) Red and E(0, 5) Green

2.4 Exponential Distribution 21



Memoryless Property. P(X > s+t|X > t) P(X > s).

P X> s+ tjX> tð Þ= PðX > s+ t,X > t
PðX > tÞ Þ

=
e− ðs+ t− 2μÞ ̸σ

e− ðt− μÞ ̸σ

= e− ðs− μÞ ̸σ

=PðX > sÞ

2.5 F-Distribution

A random variable X is said to have F distribution F(m, n) with numerator degree of
degrees of freedom m and numerator degrees of freedom n if its pdf fF (x, m, n) is
given by

fF x,m, nð Þ= Γðm+ n
2 ÞðmnÞ

m
2xðm− 2Þ ̸2

Γðm2ÞΓðn2Þð1+ mx
n Þðm+ nÞ ̸2 , x > 0,m > 0, n> 0.

The cdf FF(x, m, m) is given by

FF x, m, nð Þ= I mx
m+ n

ðm
2
,
n
2
Þ,

where = Ixða, bÞ=
R x
0 u

a− 1ð1− uÞb− 1du is the incomplete beta function.
The Fig. 2.5 gives the pdfs of F(5, 5), F(10, 1)) and F(10, 20).

Mean = n
n− 2, n > 2 and variance = 2n2ðm+ n− 2Þ

mðm− 2Þ2ðn− 4Þ, n > 4.

The characteristic functionϕF m ⋅ nð Þ = Γðm+ nÞ
2

Γ n
2ð Þ Uð

m
2 , 1−

n
2 , −

m
n itÞ, whereU(a, b, x)

is the confluent hypergeometric function of the second kind.
If U1 and U2 are independently distributed as chi-squared distribution with m

and n degrees of freedom, then X = (n/m) (U1/U2) is distributed as F with cdf FF
(m, n).

If X is distributed as Beta (m/2, n/2), then nX
mð1−XÞ is distributed as F with cdf FF

(m, n).
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2.6 Gamma Distribution

A random variable X is said to have gamma distribution GA ða, bÞ if its pdf
fgaða, b, xÞ is of the following form.

fgaða, b, xÞ= 1
ΓðaÞba x

a− 1e− x ̸b, x≥ 0, a>0, b>0.

Mean = ab and variance = ab2.
The Fig. 2.6 give the pdfs of GA(2, 1), GA(5, 1) and GA(10, 1).
The moment generating function M(t) is

MðtÞ= ð1− btÞ− a, t < 1 ̸b.

The characteristic function ϕga tð Þis ϕga tð Þ= ð1− ibtÞ− a.
If a = 1, b = 1 then we GA(1, 1) is an exponential distribution and if a is a

positive integer, then GA(a, b) is an Erlang distribution.
If b = 1, then we call GA ða, bÞ as the standard gamma distribution.
If X1 and X2 are independent gamma random variables then the random vari-

ables X1 + X2 and X1
X1 +X2

are mutually independent.
If X1, X2, .., Xn are n independently distributed as GA(a, b), then S(n) =

X1 + X2 + ⋅ ⋅ ⋅ +Xn is distributed as GA(na, b).
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Fig. 2.5 F(5, 5) Black, F(10, 10) Red and F(10, 20) Green
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2.7 Gumbel Distribution

A random variable X is said to have Gumbel ðGUðμ, σÞÞ distribution with location
parameter µ and scale parameter σ if its pdf, fig ðx, μ, σÞ is of the following form

fguðx, μ, σÞ= 1
σ
e−

x− μ
σ e− e−

x− μ
σ , −∞< μ< x<∞, σ >0.

Gumbel distribution is also known as Type I extreme (maximum) value distri-
bution. The cdf Fguðx, μ, σÞ is of the following form

Fguðx, μ, σÞ= e− e−
x− μ
σ , −∞< μ< x<∞, σ >0.

Mean = μ+ γσ, where γ is Euler’s constant.
Median = μ− lnðln2Þσ.
Variance = π2σ2

6 .
The Fig. 2.7 gives the pdfs of GU(0, 1/2), GU(0, 1) and GU(0, 2).
If X is distributed as E(0, 1), then μ− σlnX is distributed as GUðμ, σÞÞ.
If X is distributed as GU(0, 1), then Y = e−X is distributed as E(0, 1).
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Fig. 2.6 GA(2, 1) Black, GA(5, 1) Red and GA(10, 1) Green
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2.8 Inverse Gaussian (Wald) Distribution

A random variable X is said to have Inverse Gaussian ðIGðμ, σÞÞ distribution with
parameters µ and λ if its pdf

figðx, μ, λÞ is of the following form

figðx, μ, λÞ= ð λ

2λx3
Þ12e− λ

2x
x− μ
μ Þ2ð Þ, 0 < μ< x<∞, λ>0.

Mean = μ and variance = μ3

λ .
The Fig. 2.8 gives the pdfs of IG(1, 10), IG(1, 2) ans IG(1, 3).
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Fig. 2.7 GU(0, 1/2) Black, GU(0, 1) Red and GU(0, 2) Green
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Fig. 2.8 IG(1, 1) Black, IG(1, 2) Red and IG(1, 3) Green
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If X is distributed as IG ðμ, λÞ then αX is distributed as IG ðαμ. αλÞ.
If X is distributed as IGv ð1, λÞ, then X is known as Wald distribution.

2.9 Laplace Distribution

A random variable X is said to have Laplace ðLPðμ, σÞÞ distribution with location
parameters µ and scale parameter λ if its pdf

flpðx, μ, λÞ is of the following form

flpðx, μ, λÞ= 1
2σ

e−
x− μ
σj j,∞< x< μ<∞, σ >0.

Mean= μ and variance = 2σ2.
The Fig. 2.9 gives the pdfs of LP(0, 1), LP(0, 2) and LP(0, 3.5).
The moment generating function is Mlp(t) is

MlpðtÞ= eμt

1− σ2t2
.
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Fig. 2.9 LP(0, 1) Black, LP(0, 2) Red and LP(0, 3.5) Green
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The characteristic function ϕlp tð Þ is

ϕlp tð Þ= eiμt

1+ σ2t2
.

If X and Y are independent E(0, 1), then X-Y is LP(0, 1).
If X is LP ðμ, σÞ, then kX is LP ðkμ, kσÞ.
If X is LP(0, 1), then |X| is E(0, 1).

2.10 Logistic Distribution

A random variable X is said to have Logistic ðLGðμ, σÞÞ distribution with location
parameters µ and scale parameter λ if its pdf

flgðx, μ, σÞ is of the following form

flgðx, μ, σÞ= 1
σ

e−
x− μ
σ

ð1+ e−
x− μ
σ Þ2 , −∞< μ< x<∞, σ >0.

Mean = µ and variance = π2σ2

3 .
Moment generating function Mlg (t) is

MlgðtÞ= eμtΓ 1+ σtð ÞΓ 1− σtð Þ, t< 1
σ
.
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Fig. 2.10 LG(0, 1/2) Black, LG(0, 1) Red and LG(0, 2) Green
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The characteristic function ϕlg tð Þis

ϕlg tð Þ= eiμtΓ 1+ iσtð ÞΓ 1− iσtð Þ.

The Fig. 2.10 gives the pdfs of LG(0, 1/2), LG(0, 1) and LB(0, 2).
Let Xi,, i = 1, 2, …, n are independent and identically distributed as LP(0, 1),

then Y = X1X2…Xn is distributed as LG(0, 1).
If X and Y are independent GU ðμ, σÞ, then X − Y is LG(0, 1).
If X is LG(ðμ, σÞ then kX is LG μk, kσð Þ.
If X and Y are independent and E(0, 1), then μ− σ lnðXYÞ is LG ðμ, σÞ.

2.11 Lognormal Distribution

A random variable X is said to have Lognormal ðLNðμ, σÞÞ distribution with
location parameters µ and scale parameter σ if its pdf

flnðx, μ, σÞ is of the following form

flnðx, μ, σÞ= 1
xσ
pð2πÞ e

− 1
2ðlnðx− μÞ

σ Þ2 , x>0, > 0, μ>0, σ >0.

Mean = eμ+
σ2
2

Variance = ðeσ2 − 1Þe2μ+ σ2 .
Moment generating function Mln tð Þ is

MlnðtÞ= ∑∞
n=0

tn

n!
enμ+

n2σ2
2 .

The characteristic function ϕln tð Þis

ϕlnðtÞ= ∑∞
n=0

ðitÞn
n!

enμ+
n2σ2
2

The Fig. 2.11 gives the pdfs of LN(0, 1/2), LN(0, 1) and LN(0, 2).
If X is distributed as normal with location parameter μ and scale parameter

σ, then eX is distributed as LN ðμ, σÞ.
If X is distributed as LN ðμ, σÞ, then ln X is distributed as normal with location

parameter μ and scale parameter σ.
If Xi, i = 1, 2, …, n are independent and identically distributed as LN

ðμ, σÞ, then Y = X1X2…Xn is distributed as LN ðnμ, σpnÞ.
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2.12 Normal Distribution

A random variable X is said to have normal ðNðμ, σÞÞ distribution with location
parameters µ and scale parameter σ if its pdf

fnðx, μ, σÞ is of the following form

fnðx, μ, σÞ= 1

σ
ffiffiffiffiffi
2π

p e−
1
2

x− μ
σð Þ2 , −∞< μ< x<∞, σ >0.

Mean= μ and variance= σ2.

Themoment generating functionMn tð Þis

Mn tð Þ= eμt+
σ2 t2
2 .

The characteristic function ϕn tð Þ is

ϕn tð Þ= eiμt−
σ2 t2
2 .

The Fig. 2.12 gives the pdfs of N(0, 1/2), N(0, 1) and N(0, 2).
If Xi is N ðμi, σiÞ, i = 1, 2, …, n and Xi’s are independent, then for any αi, i = 1,

2, …, n, ∑n
i=1 αiXi is N(∑n

i=1 αiμI,
pð∑n

i=1 α
2
i σ

2
i ÞÞ.

If X is normal and X = X1 + X2, where X1 and X2 are independent, then both
X1 and X2 are normal.
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Fig. 2.11 LN(0, 1/2) Black, LN(0, 1) Red and LN(0, 2) Green
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2.13 Pareto Distribution

A random variable X is said to have Pareto (PA(α, β)) distribution with parameters
α and β if its pdf fpa(x, α, β) is of the following form

fpaðx, α, βÞ= βαβ

xβ+1 , x> α>0, β>0.

Mean= αβ
β− 1 , β>1 and variance = α2β

ðβ− 1Þ2ðβ− 2Þ . β>2.

The characteristic function ϕpaðtÞ is given by

ϕpaðtÞ= βð− iαtÞβΓð− β, − iαtÞ.

The Fig. 2.13 gives the pdfs of PA(1, 1/2), PA(1, 1) and PA(1, 20).
If X1, X2, …, Xn are n independent PA(α, β), then

2β lnð∏n
i=1 Xi

αn Þ is distributed as CH(0, 1, n).
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Fig. 2.12 N(0, 0.5) Black, N(0, 1) Red and N(0, 2) Green
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2.14 Power Function Distribution

A random variable X is said to have power function (Po(α, β, δ)) if its pdf fpo(α, β, δ)
is of the following form

fpoðα, β, δÞ= δ

β− α
ðx− α

β− α
Þδ− 1, −∞< α< x< β<∞, δ>0

Mean = α+ δ
δ+1 β− αð Þ and variance = δðβ− αÞ2

ðδ+1Þ2ðδ+2Þ.

The Fig. 2.14 gives the pdfs of Po(0, 1, 3), Po(0, 1, 4) and Po(0, 1, 4).
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Fig. 2.13 PA(0, 1/2) Black, PA(1, 1) Red and PA(1, 2) Green
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Fig. 2.14 Po(0, 1, 3) black, Po(0, 1, 4) red and Po(0, 1, 4) green
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If δ=1, then PO α, β, 1ð Þ becomes a uniform (U(α, β)) with pdf fun(x, α, β) as

Funðx, α, βÞ= 1
β− α

, −∞< α< β<∞.

2.15 Rayleigh Distribution

A random variable X is said to have Rayleigh (RA(µ, σ)) with location parameter μ
and scale parameter σ if its pdf fra(x, µ, σ) is of the following form

fra x, μ, σð Þ= x− μ

σ2
e−

1
2ðx− μ

σ Þ2 , −∞< μ< x<∞, σ >0.

Mean = μ+ σ
ffiffi
π
2

p
and variance = 4− π

2 σ2;
Moment generating function Mra(t) is

Mrat = eμtð1+ σte−
σ2t2

2

ffiffiffi
π

2

r
ðerfð σtffiffiffi

2
p Þ+1ÞÞ

The Fig. 2.15 gives the pdfs of RA(0, 1/2), RA(0, 1) and RA(0, 2).
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Fig. 2.15 RA(0, 1/2) Black, RA (0, 1) Red and RA(0, 2) Green
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2.16 Student’s t-Distribution

A random variable X is said to have Students t-distribution ST(n)) with n degrees of
freedom, if its pdf fst (x, n) is as follows.

fst x, nð Þ= 1ffiffiffi
n

p 1
Bðn ̸2, 1 ̸2Þ ð1+

x2

n
Þ− ðn+1Þ ̸2, −∞< t<∞, n≥ 1.

Mean = 0 if n > 1 and is not defined for n = 1.
Variance = n

n− 2 , n>2.
The Fig. 2.16 gives the pdf of ST(!), ST(4) and ST(16) (Fig. 2.16).

2.17 Weibull Distribution

A random variable is said to have Weibull WB(x, µ, σ, δ) with location parameter µ,
scale parameter σ and shape parameter δ if its pdf fWb(x, μ, σ, δ) is of the following
form.

fWbðx, μ, σ, δÞ= δ

σ
ðx− μ

σ
Þδ− 1e− ðx− μ

σ Þδ , −∞< μ< x<∞, σ >0, δ>0.

Mean = μ+Γð1+ 1
δÞ and variance = σ2ððΓ1+ 2

δÞ− ðΓð1+ 1
δÞÞ2Þ.
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Fig. 2.16 ST(1) Black, ST(4) Red and ST(16) Green
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The Fig. 2.17 gives the pdfs of B(0, 1, 1), WB(0, 1, 3) and B(0, 1, 4).
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Fig. 2.17 WB(0, 1, 1) Black, WB(0, 1, 3) red and WB(0, 1, 4) green
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