
Chapter 2
Mathematical Preliminaries

In this chapter, some basic mathematical tools, which will be used in the other
chapters of this book, are introduced.

Throughout this chapter, Ir denotes the r-dimensional identity matrix, and I
denotes an identity matrix with appropriate dimensions. The field of scalars denoted
by F is either the field of real numbers R or the field of complex numbers C. The
notation |·| denotes the absolute value of a real number, or the modulus of a com-
plex number. In addition, the symbol i is used to denote the imaginary unit, that is,
i = √−1. For two integersm ≤ n, I[m, n] is used to denote the set {m,m + 1, . . . , n}.

For matrices, the following symbols are used. A = [
aij
]
m×n

represents an m × n
matrix A whose entry in the i-th row j-th column position is aij. For a square matrix
A, tr (A) is used to denote its trace; in addition, it is denoted that

fA (s) = det(sI − A), and gA (s) = det(I − sA),

where det(·) represents the determinant of a matrix. For a general matrix A, Re(A)

and Im(A) denote the real and imaginary parts of A, respectively.
For partitioned matrices the similar symbol is also used. That is, A = [

Aij
]
m×n

represents a matrix A with m row partitions and n column partitions, whose block in
i-th row j-th column position is Aij.

It should be pointed out that all the aforementioned symbols are also valid through-
out this monograph.

2.1 Kronecker Products

In this section, we introduce the matrix operation of Kronecker products, a useful
notation that has several important applications. A direct application of Kronecker
products is to analyze/solve linear matrix equations, which will be seen at the end of
this section.
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36 2 Mathematical Preliminaries

Definition 2.1 Given A = [
aij
]
m1×n1

∈ F
m1×n1 and B = [

bij
]
m2×n2

∈ F
m2×n2 , the

Kronecker product of A and B is defined to be the partitioned matrix

A ⊗ B =

⎡

⎢⎢
⎣

a11B a12B · · · a1n1B
a21B a22B · · · a2n1B
· · · · · · · · ·
am1B am2B · · · am1n1B

⎤

⎥⎥
⎦ = [aijB

]
m1×n1

∈ F
m1m2×n1n2 . (2.1)

The Kronecker product is also called the direct product, or tensor product.
Similarly, the left Kronecker product of A = [aij

]
m1×n1

and B = [bij
]
m2×n2

can be
defined as

C =

⎡

⎢⎢
⎣

Ab11 Ab12 · · · Ab1n2
Ab21 Ab22 · · · Ab2n2
· · · · · · · · ·

Abm21 Abm22 · · · Abm2n2

⎤

⎥⎥
⎦ .

Obviously, the above defined matrix C satisfies C = B ⊗ A. This fact implies that it
is sufficient to only define the Kronecker product expressed in (2.1).

According to Definition 2.1, the following result can be readily obtained.

Lemma 2.1 For two matrices A and B with A in the partitioned form A = [Aij]m×n,
there holds

A ⊗ B = [Aij ⊗ B
]
m×n .

The next proposition provides some properties of the Kronecker product. The
results can follow immediately from the definition, and thus the proof is omitted.

Proposition 2.1 If the dimensions of the involved matrices A, B, and C, are com-
patible for the defined operations, then the following conclusions hold.

(1) For μ ∈ F, μ ⊗ A = A ⊗ μ = μA;
(2) For a, b ∈ F, (aA) ⊗ (bB) = (ab) (A ⊗ B);
(3) (A + B) ⊗ C = A ⊗ C + B ⊗ C, A ⊗ (B + C) = A ⊗ B + A ⊗ C;
(4) (A ⊗ B)T = AT ⊗ BT, (A ⊗ B)H = AH ⊗ BH;
(5) tr(A ⊗ B) = (trA) (trB);
(6) For two column vectors u and v, uT ⊗ v = vuT = v ⊗ uT.

The following proposition provides the associative property and distributive
property for the Kronecker product.
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Proposition 2.2 For thematrices with appropriate dimensions, the following results
hold.

(1) (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C);
(2) (A ⊗ B)(C ⊗ D) = AC ⊗ BD.

Proof (1) Let A = [aij
]
m×n ∈ F

m×n, B ∈ F
p×q, and C ∈ F

s×t . By using Lemma 2.1
and the 2nd item of Proposition 2.1, one has

(A ⊗ B) ⊗ C

=

⎡

⎢⎢
⎣

a11B a12B · · · a1nB
a21B a22B · · · a2nB
· · · · · · · · ·
am1B am2B · · · amnB

⎤

⎥⎥
⎦⊗ C

=

⎡

⎢⎢
⎣

(a11B) ⊗ C (a12B) ⊗ C · · · (a1nB) ⊗ C
(a21B) ⊗ C (a22B) ⊗ C · · · (a2nB) ⊗ C

· · · · · · · · ·
(am1B) ⊗ C (am2B) ⊗ C · · · (amnB) ⊗ C

⎤

⎥⎥
⎦

=

⎡

⎢⎢
⎣

a11 (B ⊗ C) a12 (B ⊗ C) · · · a1n (B ⊗ C)

a21 (B ⊗ C) a22 (B ⊗ C) · · · a2n (B ⊗ C)

· · · · · · · · ·
am1 (B ⊗ C) am2 (B ⊗ C) · · · amn (B ⊗ C)

⎤

⎥⎥
⎦

= A ⊗ (B ⊗ C) .

This is the first conclusion.
(2) Let A = [aij

]
m×n ∈ F

m×n, C = [cij
]
n×p ∈ F

n×p. Then, one has

(A ⊗ B)(C ⊗ D)

=

⎡

⎢⎢
⎣

a11B a12B · · · a1nB
a21B a22B · · · a2nB
· · · · · · · · ·
am1B am2B · · · amnB

⎤

⎥⎥
⎦

⎡

⎢⎢
⎣

c11D c12D · · · c1pD
c21D c22D · · · c2pD
· · · · · · · · ·
cn1D cn2D · · · cnpD

⎤

⎥⎥
⎦

=

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n∑

j=1

(
a1jB

) (
cj1D

) n∑

j=1

(
a1jB

) (
cj2D

) · · ·
n∑

j=1

(
a1jB

) (
cjpD

)

n∑

j=1

(
a2jB

) (
cj1D

) n∑

j=1

(
a2jB

) (
cj2D

) · · ·
n∑

j=1

(
a2jB

) (
cjpD

)

· · · · · · · · ·
n∑

j=1

(
amjB

) (
cj1D

) n∑

j=1

(
amjB

) (
cj2D

) · · ·
n∑

j=1

(
amjB

) (
cjpD

)

⎤

⎥⎥⎥⎥
⎥⎥⎥⎥
⎦
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=

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎣

(
n∑

j=1
a1jcj1

)

BD

(
n∑

j=1
a1jcj2

)

BD · · ·
(

n∑

j=1
a1jcjp

)

BD
(

n∑

j=1
a2jcj1

)

BD

(
n∑

j=1
a2jcj2

)

BD · · ·
(

n∑

j=1
a2jcjp

)

BD

· · · · · · · · ·(
n∑

j=1
amjcj1

)

BD

(
n∑

j=1
amjcj2

)

BD · · ·
(

n∑

j=1
amjcjp

)

BD

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎦

= (AC) ⊗ (BD) .

The proof is thus completed. �

By using Item (2) of Proposition 2.2, the following two conclusions can be
obtained.

Proposition 2.3 If U and V are two square unitary matrices, then U ⊗ V is also a
unitary matrix.

Proof Since U and V are unitary, then UUH = I , and VV H = I . By using Item (4)
of Proposition 2.1 and Item (2) of Proposition 2.2, one has

(U ⊗ V ) (U ⊗ V )H = (U ⊗ V )
(
UH ⊗ VH) = (UUH)⊗ (VVH)

= I ⊗ I = I .

This implies that U ⊗ V is a unitary matrix. The proof is thus completed. �

Proposition 2.4 For two nonsingular matrices A1 and A2, there holds

(A1 ⊗ A2)
−1 = A−1

1 ⊗ A−1
2 .

Proof Since A1 and A2 are nonsingular, then A1A
−1
1 = I , A2A

−1
2 = I . By using Item

(2) of Proposition 2.2, one has

(A1 ⊗ A2)
(
A−1
1 ⊗ A−1

2

)

= (A1A
−1
1

)⊗ (A2A
−1
2

)

= I ⊗ I

= I .

This implies that the conclusion is true. �

According to Proposition 2.4, the Kronecker product of two nonsingular matrices
is also nonsingular. With this fact, by further using Item (2) of Proposition 2.2 the
following result can be readily obtained.
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Proposition 2.5 Given two matrices A1 ∈ F
m×n and A2 ∈ F

s×t , there holds

rank(A1 ⊗ A2) = (rankA1) (rankA2) .

Proof Suppose that rankA1 = r1, and rankA2 = r2. Denote

�1 = diag(Ir1 , 0(m−r1)×(n−r1)), �2 = diag(Ir2 , 0(s−r2)×(t−r2)).

According to basic matrix theory, there exist nonsingular matrices Pi, Qi, i = 1, 2,
with appropriate dimensions such that Ai = Pi�iQi, i = 1, 2. By using Item (2) of
Proposition 2.2, one has

A1 ⊗ A2 = (P1�1Q1) ⊗ (P2�2Q2) (2.2)

= (P1 ⊗ P2) (�1 ⊗ �2) (Q1 ⊗ Q2) .

Since Pi,Qi, i = 1, 2, are all nonsingular, both (P1 ⊗ P2) and (Q1 ⊗ Q2) are nonsin-
gular according to Proposition 2.4. In addition, it is obvious that rank (�1 ⊗ �2) =
r1r2 by using the definition of Kronecker products. Combining these facts with (2.2),
gives

rank(A1 ⊗ A2) = rank(�1 ⊗ �2) = r1r2 = (rankA1) (rankA2) .

The proof is thus completed. �

At the end of this section, the operation of vectorization is considered for a matrix.
It will be seen that this operation is very closely related to the Kronecker product. For
a matrix A ∈ F

m×n, if it is written as A = [
a1 a2 · · · an

]
with aj ∈ F

m, j ∈ I[1, n],
then its vectorization is defined as

vec(A) =

⎡

⎢⎢
⎣

a1
a2
· · ·
an

⎤

⎥⎥
⎦ ∈ F

mn.

That is to say, vec (A) is the vector formed by “stacking” the columns of A into a
long vector. It is very obvious that the operation “vec” is linear:

vec(αA + βB) = αvec(A) + βvec(B),

for any A, B ∈ F
m×n and α, β ∈ F. The next result indicates a close relationship

between the operation of “vec” and the Kronecker product.

Proposition 2.6 If A ∈ F
m×n, B ∈ F

s×t , and X ∈ F
n×s, then

vec(AXB) = (BT ⊗ A)vec(X).



40 2 Mathematical Preliminaries

Proof For any matrix D ∈ F
s×t , it is written as

D = [d1 d2 · · · dt
]
,

with dj ∈ F
s, j ∈ I[1, t]. In addition, it is denoted that

dj = [d1j d2j · · · dsj
]T

.

With these notations, one has

vec(AXB) = vec
([
AXb1 AXb2 · · · AXbt

])

=

⎡

⎢⎢
⎣

AXb1
AXb2
· · ·
AXbt

⎤

⎥⎥
⎦

=

⎡

⎢⎢
⎣

b11Ax1 + b21Ax2 + · · · + bs1Axs
b12Ax1 + b22Ax2 + · · · + bs2Axs

· · ·
b1tAx1 + b2tAx2 + · · · + bstAxs

⎤

⎥⎥
⎦

=

⎡

⎢⎢
⎣

b11A b21A · · · bs1A
b12A b22A · · · bs2A
· · · · · · · · ·
b1tA b2tA · · · bstA

⎤

⎥⎥
⎦

⎡

⎢⎢
⎣

x1
x2
· · ·
xs

⎤

⎥⎥
⎦

= (BT ⊗ A)vec(X).

The conclusion is thus proven. �
The following result establishes a relation between vec

(
XT
)
and vec (X) for an

arbitrarily given matrix X.

Proposition 2.7 Let m, n be given positive integers. There is a unique matrix
P(m, n) ∈ F

mn×mn such that

vec
(
XT
) = P (m, n) vec(X) for all X ∈ F

m×n. (2.3)

This matrix P (m, n) depends only on the dimensions m and n, and is given by

P(m, n) =
m∑

i=1

n∑

j=1

Eij ⊗ ET
ij = [ET

ij

]
m×n

, (2.4)

where each Eij ∈ F
m×n has entry 1 in the i-th row j-th column position and all other

entries are zero. Moreover,

P (m, n) = [P (n,m)]T = [P (n,m)]−1 .
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Proof Let X = [
xij
] ∈ F

m×n, and Eij ∈ F
m×n be the unit matrix described in the

statement of the proposition. Notice that ET
ij XE

T
ij = xijET

ij for all i ∈ I[1,m] and
j ∈ I[1, n]. Thus,

XT =
m∑

i=1

n∑

j=1

xijE
T
ij =

m∑

i=1

n∑

j=1

ET
ij XE

T
ij .

Now use the identity for the vec of a threefoldmatrix product given in Proposition 2.6
to write

vec
(
XT
) =

m∑

i=1

n∑

j=1

vec
(
ET
ij XE

T
ij

) =
m∑

i=1

n∑

j=1

(
Eij ⊗ ET

ij

)
vec(X),

which verifies (2.3). Since
(
XT
)T = X and XT ∈ F

n×m, one has

vec(X) = P (n,m) vec
(
XT
) = P (n,m)P (m, n) vec(X),

so P (n,m) = [P (m, n)]−1. Finally, let εij denote the unit matrices in F
n×m, notice

that εij = ET
ji , and compute

P (n,m) =
n∑

i=1

m∑

j=1

εij ⊗ εTij =
n∑

i=1

m∑

j=1

ET
ji ⊗ Eji

=
m∑

i=1

n∑

j=1

(
Eij ⊗ ET

ij

)T = [P (m, n)]T .

The proof is thus completed. �

The matrix P(m, n) in the above proposition is known as a permutation matrix,
which is very useful in the field of algebra.

A direct application of Kronecker products is to investigate the following general
linear matrix equation

p∑

i=1

AiXBi = C, (2.5)

where Ai ∈ C
m×s, Bi ∈ C

t×n, i ∈ I[1, p], and C ∈ C
m×n are known matrices, and

X ∈ C
s×t is the unknown matrix. By using Proposition 2.6, the matrix equation (2.5)

can be reduced to a matrix-vector equation of the form Gx = c where G ∈ C
mn×st ,

and x ∈ C
st, c ∈ C

mn.
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Theorem 2.1 Given Ai ∈ C
m×s, Bi ∈ C

t×n, i ∈ I[1, p], and C ∈ C
m×n, a matrix

X ∈ C
s×t is a solution of thematrix equation (2.5) if and only if the vector x = vec (X)

is a solution of the equation
Gx = c,

with

G =
p∑

i=1

(
BT
i ⊗ Ai

)
, c = vec(C).

The conclusion of this theorem can be easily proven by using Proposition 2.6 and
the linearity of the operation of vec.

2.2 Leverrier Algorithms

For a matrix A ∈ C
n×n, the coefficients of its characteristic polynomial play an

important role in many applications, such as control theory and matrix algebra. It
is well known that the so-called Leverrier algorithm can be used to obtain these
coefficients in a successive manner. This is the following theorem.

Theorem 2.2 Given A ∈ C
n×n, denote

fA (s) = det(sI − A) = a0 + a1s + · · · + ans
n, an = 1, (2.6)

adj(sI − A) = R0 + R1s + · · · + Rn−1s
n−1.

Then, the coefficients ai, i ∈ I[0, n−1], and the coefficientmatrices Ri, i ∈ I[0, n−1],
can be obtained by the following iteration

{
an−i = − tr(Rn−iA)

i
Rn−i = Rn−i+1A + an−i+1I

, (2.7)

with the initial value Rn−1 = I.

In the rest of this section, the aim is to give a proof of Theorem 2.2. To this end,
some preliminaries are needed.

For the polynomial fA (s) in (2.6), the companion matrix is defined as

CA =

⎡

⎢⎢⎢⎢⎢
⎣

0 0 · · · 0 −a0
1 0 · · · 0 −a1
1 · · · 0 −a2

. . . · · ·
1 −an−1

⎤

⎥⎥⎥⎥⎥
⎦
, (2.8)
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whose characteristic polynomial is fA (s) in (2.6). For the companion matrix CA in
(2.8), one has the following two lemmas.

Lemma 2.2 For the companion matrix CA in (2.8) and an integer m less than n,
denote [

x1 x2 · · · xn
] = amC

m
A + am−1C

m−1
A + · · · + a0C

0
A.

Then,

x1 = [ a0 a1 · · · am 01×(n−m−1)
]T

,

xi+1 = CAxi, i ∈ I[1, n − 1].

Proof Let ei, be the i-th column of the identity matrix In. By simple calculations, it
is easily found that

CAei = ei+1, i ∈ I[1, n − 1],
CAen = [−a0 −a1 · · · −an−1

]T
.

With the above relations, one has

Ck
Aei = ei+k , k ∈ I[1, n − i], (2.9)

Cn−i+1
A ei = [−a0 −a1 · · · −an−1

]T
.

Thus, it can be derived from (2.9) that

x1 = (amCm
A + am−1C

m−1
A + · · · + a0C

0
A

)
e1

= amem+1 + am−1em + · · · + a0e1

= [a0 a1 · · · am 01×(n−m−1)
]T

,

and for i ∈ I[1, n − 1],

xi+1 = (amCm
A + am−1C

m−1
A + · · · + a0C

0
A

)
ei+1

= amC
m
A ei+1 + am−1C

m−1
A ei+1 + · · · + a0C

0
Aei+1

= amC
m+1
A ei + am−1C

m
A ei + · · · + a0C

1
Aei

= CA
(
amC

m
A + an−1C

m−1
A + · · · + a0C

0
A

)
ei

= CAxi.

The proof is thus completed. �
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Lemma 2.3 For the companion matrix CA in (2.8), the first (n − k) elements on the
principal diagonal of

Ek = Ck
A + an−1C

k−1
A + · · · + an−k+1CA, k ∈ I[1, n − 1] (2.10)

are 0, and the other k elements are −an−k .

Proof Let ei, i ∈ I[1, n], be the i-th column of the identity matrix In. For i ∈
I[1, n− k], the i-th element on the principal diagonal of Ek is eTi Ekei. Then, by using
(2.9) one has

eTi Ekei = eTi
(
Ck
Aei + an−1C

k−1
A ei + · · · + an−k+1CAei

)

= eTi (ei+k + an−1ei+k−1 + · · · + an−k+1ei+1) (2.11)

= 0.

To determine the remaining diagonal elements eTi Ekei of Ek , i ∈ I[n − k + 1, n],
the following Cayley-Hamilton identity for the companion matrix CA in (2.8) is
considered:

Cn
A + an−1C

n−1
A + · · · + a0In = 0,

which can be written as

EkC
n−k
A = −(an−kC

n−k
A + · · · + a1CA + a0In), (2.12)

where Ek is defined in (2.10). Let the matrix within parentheses on the right-hand
side in (2.12) have columns y1, y2, . . . , yn. Then by Lemma 2.2 one has

y1 = [a0 a1 · · · an−k 01×(k−1)
]T , (2.13)

yi+1 = CAyi, for i ∈ I[1, n − 1]. (2.14)

In addition, by using (2.9) it follows from (2.13) that for i ∈ I[1, n],

yi = Ci−1
A y1 = Ci−1

A (a0e1 + a1e2 + · · · + an−ken−k+1) (2.15)

= a0ei + a1ei+1 + · · · + an−ken−k+i.

Now denote the columns of Ek in (2.10) by z1, z2, . . . , zn. By a further application
of (2.9) it follows that the i-th column on the left-hand side of (2.12) is

EkC
n−k
A ei = Eken−k+i = zn−k+i, i ∈ I[1, k].

Equating the first k columns on either side of (2.12) therefore produces

zn−k+i = −yi, i ∈ I[1, k]. (2.16)
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It follows from (2.16) and (2.15) that for i ∈ I[1, k],

eTn−k+iEken−k+i

= eTn−k+izn−k+i = −eTn−k+iyi (2.17)

= −eTn−k+i (a0ei + a1ei+1 + · · · + an−ken−k+i)

= −an−k .

With (2.11) and (2.17), the proof is thus completed. �

With the previous lemmas as preliminary, now the proof of Theorem 2.2 can be
given.

The proof of Theorem 2.2: Obviously, the following identity holds

(sI − A) adj(sI − A) = Idet(sI − A).

With the notation in Theorem 2.2, the preceding expression gives

(sI − A)
(
R0 + R1s + · · · + Rn−1s

n−1
)

= a0I + a1Is + · · · + anIs
n.

Equating coefficients of sn−1, sn−2, . . . , s0, in this relation, one immediately obtains
the second expression in (2.7). In addition, by the iteration in the second expression
of (2.7) it can be derived that for k ∈ I[1, n],

Rn−k = Ak−1 + an−1A
k−2 + · · · + an−k+1I . (2.18)

On the other hand, let CA be in (2.8). Then, it is well-known that fA (s) = fCA (s).
Thus, if

fA (s) = (s − λ1) (s − λ2) · · · (s − λn) ,

then for an integer k ≥ 0 there holds

trAk = trCk =
n∑

i=1

λk
i .

With this relation, it follows from (2.18) and Lemma 2.3 that

−kan−k = trEk = tr
(
Ck
A + an−1C

k−1
A + · · · + an−k+1CA

)

= tr
(
Ak + an−1A

k−1 + · · · + an−k+1A
)

= tr(Rn−kA).

This gives the first expression in (2.7). The proof is thus completed.
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Remark 2.1 It is easily known from the proof that the Leverrier algorithm in (2.7)
can also be written as {

an−i = − tr(ARn−i)

i
Rn−i = ARn−i+1 + an−i+1I

,

with the initial value Rn−1 = I .

2.3 Generalized Leverrier Algorithms

In Sect. 2.2, the celebrated Leverrier algorithm is given. By using this algorithm, one
can obtain the determinant and the adjoint matrix of the polynomial matrix (sI − A),
whose leading coefficient matrix is the identity matrix. In this section, the aim is
to give an algorithm for computing the determinant and the adjoint matrix of the
general polynomial matrix (sM − A) forM,A ∈ C

n×n.
The polynomial matrix (sM − A) can be written as

(sM − A) = zI − (zI − sM + A) = zI − Â,

where
Â = zI − sM + A (2.19)

and z is a new pseudo variable, which does not affect (sM − A), since it can be
eliminated. Now it is clearly seen that the Leverrier algorithm in Sect. 2.2 can be
applied to compute the inverse of the matrix zI − Â. Denote

adj
(
zI − Â

)
= R (s) = zn−1R0(s)+ zn−2R1(s)+ · · ·+ zRn−2(s)+Rn−1(s), (2.20)

and

det
(
zI − Â

)
= q(s) = zn + q1(s)z

n−1 + q2(s)z
n−2 + · · · + qn(s). (2.21)

By using the Leverrier algorithm, one has

R0(s) = In, q1(s) = −tr
[
Â
]
,

R1(s) = ÂR0(s) + q1In, q2(s) = − 1
2 tr
[
ÂR1(s)

]
,

R2(s) = ÂR1(s) + q2In, q3(s) = − 1
3 tr
[
ÂR2(s)

]
,

· · · · · ·
Rn−1(s) = ÂRn−2(s) + qn−1In, qn(s) = − 1

n tr
[
ÂRn−1(s)

]
.

(2.22)
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ThematricesRi(s), i ∈ I[1, n−1], can also be computed by the following expression:

Ri(s) = Âi + q1(s)Â
i−1 + q2(s)Â

i−2 + · · · + qi(s)I. (2.23)

The matrices Ri(s), i ∈ I[1, n − 1], are no longer the coefficient matrices of the
powers of s, but depend on the variable s itself. This can be seen from (2.22), since
the matrix Â depends on s. As (2.20) is independent of z, in the following, for the
sake of simplicity, one can take z = 0. Therefore, the relations (2.19)–(2.21) can be
written as

Â = −Ms + A, (2.24)

adj
(
−Â
)

= R (s) = Rn−1(s), (2.25)

q(s) = qn(s). (2.26)

Note that there are an infinite number of forms of Â, and q(s), depending on the
specific value of the pseudo variable z. It is seen from (2.22) that the degree of the
polynomial matrix Ri(s), i ∈ I[0, n − 1], and of the polynomial qi(s), i ∈ I[1, n], is
at most equal to i. Hence, Ri(s) and qi(s) can be written as

Ri(s) =
i∑

k=0

Ri,ks
k , (2.27)

qi(s) =
i∑

k=0

qi,ks
k , (2.28)

where Ri,k and qi,k are the constant coefficient matrices and scalars of the power
s, respectively. It follows from (2.27) that, in order to obtain R(s) and q(s), it is
sufficient to iteratively compute the coefficient matrices Rn−1,k, and the coefficients
qn,k given by

R(s) = −adj
(
Â
)

= Rn−1(s) =
n−1∑

k=0

Rn−1,ks
k , (2.29)

q (s) = qn(s) =
n∑

k=0

qn,ks
k , (2.30)

in terms of Ri,k, qi,k .
Substituting (2.24) and (2.27) into the iterative relations Ri(s), i ∈ I[0, n − 1],

in (2.22), one can obtain the following general iterative relations by equating the
coefficients of the powers of s in the two sides of each equation:
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Ri+1,k =
⎧
⎨

⎩

−MRi,k−1 + qi+1,kIn,
ARi,k − MRi,k−1 + qi+1,kIn,
ARi,0 + qi+1,0In,

if k = i + 1,
if k ∈ I[1, i],
if k = 0,

(2.31)

and

qi+1,k =
⎧
⎨

⎩

1
i+1 tr

[
MRi,k−1

]
,

− 1
i+1 tr[ARi,k − MRi,k−1],

− 1
i+1 tr[ARi,0],

if k = i + 1,
if k ∈ I[1, i],
if k = 0.

(2.32)

The previous result can be summarized as the following theorem.

Theorem 2.3 Given matrices M,A ∈ C
n×n, denote

det(sM − A) = q (s) = qn,0 + qn,1s + · · · + qn,ns
n,

adj(sM − A) = R (s) = Rn−1,0 + Rn−1,1s + · · · + Rn−1,n−1s
n−1.

Then, the coefficients qn,i, i ∈ I[0, n], and the coefficient matrices Rn−1,i, i ∈ I[0, n−
1], can be obtained by the iteration (2.31)–(2.32).

The formulas (2.31) and (2.32) are readily reduced to the Leverrier algorithm in
the previous section if it is assumed that M = I . In this case Ri,k and qi,k for k �= 0
are reduced to zero.

In some applications, one may need the determinant and the adjoint matrix of
(I − sM) for a given matrix M. Obviously, they can be obtained by using the algo-
rithm in Theorem 2.3. Such a method is a bit complicated since the iteration is
2-dimensional. In fact, they can be obtained by the following result.

Theorem 2.4 Given a matrix M ∈ C
n×n, denote

det(I − sM) = qns
n + qn−1s

n−1 + · · · + q0, q0 = 1, (2.33)

adj(I − sM) = Rn−1s
n−1 + Rn−2s

n−2 + · · · + R0. (2.34)

Then, the coefficients qi, and the coefficient matrices Ri, i ∈ I[1, n − 1], can be
obtained by the iteration {

Ri = Ri−1M + qiI
qi = − tr(Ri−1M)

i

, (2.35)

with the initial value R0 = I.

Proof If (2.33) and (2.34) hold, it is easily known that

det(sI − M) = q0s
n + q1s

n−1 + · · · + qn,

adj(sI − M) = R0s
n−1 + R1s

n−2 + · · · + Rn−1.

By using the Leverrier algorithm in Theorem 2.2, the result is immediately
obtained. �
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The algorithms in Theorems 2.3 and 2.4 are called the generalized Leverrier
algorithms in this book.

2.4 Singular Value Decompositions

The singular value decomposition (SVD) is a very useful tool in matrix analysis
and numerical computation. Since it involves only unitary or orthogonal matrices,
its solution is regarded to be numerically very simple and reliable. Because of this
nice feature, the SVD has found many useful applications in signal processing and
statistics. In this book, the SVD will also be repeatedly used. This section is started
with the concept of singular values of matrices.

Definition 2.2 For a matrixM ∈ C
m×n, a positive real number σ is called a singular

value of M if there exist unit-length vectors u ∈ C
m and v ∈ C

n such that

Mv = σu,MHu = σv. (2.36)

The vectors u and v are called left-singular and right-singular vectors for σ , respec-
tively.

In this book, σmax (·) is used to denote the maximal singular value of a matrix.
In Definition 2.2, the length for a vector is its Euclidean length. For a vector a =[
a1 a2 · · · an

]T ∈ C
n, its Euclidean length is denoted by ‖a‖2. That is,

‖a‖2 =
√√√√

n∑

i=1

|ai|2.

For a matrixM ∈ C
m×n of rank r, if (2.36) holds, then one has

MHMv = MHσu = σMHu = σσv = σ 2v.

This implies that the square of a singular value of M is an eigenvalue of MHM. On
the other hand, it is obvious that MHM is Hermitian. Thus, MHM has r positive
eigenvalues, and admits an orthonormal basis of eigenvectors. If λ is a positive
eigenvalue of MHM, and η is the corresponding unit-length eigenvector, then one
has

MHMη = λη, ηHη = 1. (2.37)

Pre-multiplying by ηH both sides of the first expression in (2.37), gives

ηHMHMη = ληHη = λ,
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which implies that
‖Mη‖2 = √

λ,

and thus Mη√
λ
is of unit-length. It follows from (2.37) that

MHMη√
λ

= √
λη. (2.38)

In addition, it is obvious that

Mη = √
λ

(
Mη√

λ

)
. (2.39)

The expressions in (2.38) and (2.39) reveal that
√

λ is a singular value of the matrix
M, and Mη√

λ
and η are left-singular and right-singular vectors for

√
λ, respectively.

The preceding result can be summarized as the following lemma.

Lemma 2.4 For a matrix M ∈ C
m×n, a positive real number σ is a singular value

of M if and only if σ 2 is an eigenvalue of MHM. Moreover, if η is a unit-length
eigenvector of MHM for σ 2, then Mη

σ
and η are left-singular and right-singular

vectors of M for σ , respectively.

Similarly, the following result can also be easily obtained.

Lemma 2.5 For a matrix M ∈ C
m×n, a positive real number σ is a singular value

of M if and only if σ 2 is an eigenvalue of MMH. Moreover, if π is a unit-length
eigenvector of MMH for σ 2, then π and MHπ

σ
are left-singular and right-singular

vectors of M for σ , respectively.

Before proceeding, the following well-known result on Hermitian matrices is
needed.

Lemma 2.6 Given Q = QH ∈ C
n×n, there is a unitary matrix W ∈ C

n×n such that
WQWH is a diagonal matrix.

With the preceding preliminary, one can obtain the following theorem on singular
value decompositions.

Theorem 2.5 For a matrix M ∈ C
m×n with rank r, there exist two unitary matrices

U ∈ C
m×m and V ∈ C

n×n such that

M = U diag
(
σ1, σ2, · · · , σr , 0(m−r)×(n−r)

)
VH (2.40)

with σ1 ≥ σ2 ≥ · · · ≥ σr > 0.
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Proof It is obvious that MHM is nonnegative definite. In addition, rankMHM = r
since rankM = r. With these two facts, it can be known by Lemma 2.6 that there
exists a unitary matrix V ∈ C

n×n satisfying

VHMHMV = diag
(
λ1, λ2, . . . , λr , 0(n−r)×(n−r)

)
(2.41)

with λ1 ≥ λ2 ≥ · · · ≥ λr > 0. Denote

V = [η1 η2 · · · ηn
]
. (2.42)

It is obvious that λi, i ∈ I[1, r], are the eigenvalues of MHM, and ηi, i ∈ I[1, r],
are the corresponding unit-length eigenvectors. Denote σi = √

λi, i ∈ I[1, r]. Then,
by using Lemma 2.4 it can be obtained that ui = Mηi

σi
and ηi are left-singular and

right-singular vectors of M for σi, i ∈ I[1, r], respectively. Thus, one has

Mηi = σiui, i ∈ I[1, r], (2.43)

with ui = Mηi
σi

, i ∈ I[1, r]. The expression (2.43) can be compactly written as the
following matrix form:

M
[
η1 η2 · · · ηr

] = [u1 u2 · · · ur
]
diag (σ1, σ2, . . . , σr) . (2.44)

In addition, it is easily derived from (2.41) and (2.42) that

ηH
i M

HMηi = 0, for i ∈ I[r + 1, n],

which implies that
Mηi = 0, for i ∈ I[r + 1, n]. (2.45)

Moreover, since V in (2.42) is unitary, then ηH
i ηj = 0, for i �= j, i, j ∈ I[1, r]. With

this, it follows from (2.41) that for i �= j, i, j ∈ I[1, r],

uHi uj =
(
Mηi

σi

)H Mηj

σj
= ηH

i M
HMηj

σiσj

= ηH
i λjηj

σiσj
= 0.

That is, ui = Mηi
σi

, i ∈ I[1, r], are a group of orthogonal vectors. Thus, one can find
a group of vectors ui, i ∈ I[1,m], such that

U = [u1 u2 · · · um
]

is a unitary matrix. With this matrix U, it follows from (2.44) and (2.45) that
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U diag
(
σ1, σ2, . . . , σr , 0(m−r)×(n−r)

)

= [M [η1 η2 · · · ηr
]
0m×(n−r)

]

= [M [η1 η2 · · · ηr
]
M
[
ηr+1 ηr+2 · · · ηn

] ]

= M
[
η1 η2 · · · ηn

]

= MV .

This can be equivalently written as (2.40). �

The expression in (2.40) is called the singular value decomposition of the
matrixM.

Remark 2.2 The proof of Theorem 2.5 on the SVD can also be done by treating the
matrixMMH. The proof procedure is very similar.

At the end of this section, a property of left-singular and right-singular vectors
is given in the following lemma. The result can be easily obtained by using Lemma
2.4, and thus the proof is omitted.

Lemma 2.7 For a matrix M ∈ C
m×n, if u and v are left-singular and right-singular

vectors of M for the singular value σ , respectively, then

uHMv = σ .

2.5 Vector Norms and Operator Norms

In this section, some basic concepts and properties on norms are introduced.

2.5.1 Vector Norms

A vector norm is a measure of the size of a vector in a vector space. Norms may be
thought of as generalizations of the Euclidean length.

Definition 2.3 Given a vector space V over a field F, a norm on V is a function
‖·‖ : V → R with the following properties:

(1) Absolute homogeneity: ‖ax‖ = |a| ‖x‖, for all a ∈ F and all x ∈ V ;
(2) Triangle inequality: ‖x + y‖ ≤ ‖x‖ + ‖y‖, for all x, y ∈ V ;
(3) If ‖x‖ = 0, then x = 0.

A vector space V with a norm ‖·‖ is called a normed space, and denoted by
(V, ‖·‖), or briefly V .
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By the first axiom, one has ‖0‖ = 0 and ‖x‖ = ‖−x‖ for any x ∈ V . Thus, by
triangle inequality one has

‖0‖ = ‖x − x‖ ≤ ‖x‖ + ‖−x‖ = 2 ‖x‖ .

This implies that ‖x‖ ≥ 0 for any x ∈ V .
For an n-dimensional Euclidean space Cn, the intuitive notation of length of the

vector x = [ x1 x2 · · · xn
]T is captured by

‖x‖2 =
√√
√√

n∑

i=1

|xi|2,

which is the Euclidean norm onCn. This is perhaps the best known vector norm since
‖x − y‖2 measures the standard Euclidean distance between two points x, y ∈ C

n.

Lemma 2.8 For the n-dimensional complex vector space C
n, a norm of x =[

x1 x2 · · · xn
]T ∈ C

n can be defined as

‖x‖p =
(

n∑

i=1

|xi|p
) 1

p

, (2.46)

where p ≥ 1. The norm defined in (2.46) is called p-norm.

Proof For the case of p = 1, the conclusion can be easily proven. Next, let us show
that the properties of norms are valid for all p-norms with p > 1.

(1) For a ∈ C, x = [ x1 x2 · · · xn
]T ∈ C

n, one has

‖ax‖p =
(

n∑

i=1

|axi|p
) 1

p

=
(

n∑

i=1

|a|p |xi|p
) 1

p

=
(

|a|p
n∑

i=1

|xi|p
) 1

p

= |a|
(

n∑

i=1

|xi|p
) 1

p

= |a| ‖x‖p .

This implies that the function ‖·‖p in (2.46) satisfies the absolute homogeneity.
(2) It is easily checked that for fixed 0 < α < 1, there holds

ξα − αξ + α − 1 ≤ 0 (2.47)

for all ξ ≥ 0. Let

ξ = |a|
|b| , α = 1

p
, 1 − α = 1

q
.
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Thus, by using (2.47) one has

|a| 1
p

|b| 1
p

− 1

p

|a|
|b| ≤ 1

q
,

which can be equivalently written as

|a| 1
p |b| 1

q ≤ |a|
p

+ |b|
q
. (2.48)

The expression in (2.48) is the celebrated Young’s Inequality.
For two vectors x = [ x1 x2 · · · xn

]T
, y = [ y1 y2 · · · yn

]T ∈ C
n, and two scalars

p > 1 and q > 1 with 1
p + 1

q = 1, by using Young’s Inequality one has

(|xi|p) 1
p

⎛

⎝
n∑

j=1

∣∣xj
∣∣p
⎞

⎠

1
p

(|yi|q) 1
q

⎛

⎝
n∑

j=1

∣∣yj
∣∣q
⎞

⎠

1
q

≤ 1

p

|xi|p
n∑

j=1

∣∣xj
∣∣p

+ 1

q

|yi|q
n∑

j=1

∣∣yj
∣∣q
,

for i ∈ I[1, n]. Summing both sides of the preceding relations, it can be obtained that

n∑

i=1

(|xi|p) 1
p (|yi|q) 1

q

⎛

⎝
n∑

j=1

∣∣xj
∣∣p
⎞

⎠

1
p
⎛

⎝
n∑

j=1

∣∣yj
∣∣q
⎞

⎠

1
q

≤ 1

p
+ 1

q
= 1,

which is equivalent to

n∑

i=1

|xi| |yi| ≤
⎛

⎝
n∑

j=1

∣∣xj
∣∣p
⎞

⎠

1
p
⎛

⎝
n∑

j=1

∣∣yj
∣∣q
⎞

⎠

1
q

. (2.49)

The expression in (2.49) is the celebrated Hölder’s Inequality.
By using Hölder’s Inequality, for p > 1 one has

n∑

i=1

|xi + yi|p

=
n∑

i=1

|xi + yi| |xi + yi|p−1
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≤
n∑

i=1

|xi| |xi + yi|p−1 +
n∑

i=1

|yi| |xi + yi|p−1

≤
(

n∑

i=1

|xi|p
) 1

p
(

n∑

i=1

|xi + yi|q(p−1)

) 1
q

+
(

n∑

i=1

|yi|p
) 1

p
(

n∑

i=1

|xi + yi|q(p−1)

) 1
q

=
⎡

⎣

(
n∑

i=1

|xi|p
) 1

p

+
(

n∑

i=1

|yi|p
) 1

p

⎤

⎦

(
n∑

i=1

|xi + yi|q(p−1)

) 1
q

.

Since 1
p + 1

q = 1, then q (p − 1) = p. Thus, from the preceding relation one has

n∑

i=1

|xi + yi|p (2.50)

≤
⎡

⎣

(
n∑

i=1

|xi|p
) 1

p

+
(

n∑

i=1

|yi|p
) 1

p

⎤

⎦

(
n∑

i=1

|xi + yi|p
) 1

q

.

In view that 1 − 1
q = 1

p , it is easily obtained from (2.50) that

(
n∑

i=1

|xi + yi|p
) 1

p

≤
(

n∑

i=1

|xi|p
) 1

p

+
(

n∑

i=1

|yi|p
) 1

p

. (2.51)

This implies that the function ‖·‖p in (2.46) satisfies the triangle inequality.
(3) It is obvious that ‖0‖p = 0.
With the preceding facts, it can be concluded that the function ‖·‖p in (2.46) is a

norm of Cn. �

Remark 2.3 The expression in (2.51) is called Minkowski’s Inequality.

In the preceding lemma, if p tends to infinity, one can obtain the following infinity
norm of x = [ x1 x2 · · · xn

]T ∈ C
n

‖x‖∞ = max {|xi| , i ∈ I[1, n]} .

For the n-dimensional complex vector space C
n, the following norm of x ∈ C

n is
often used:

‖x‖M = xHMx,

where M ∈ C
n×n is a given positive definite matrix.

In addition, for the vector spaceCm×n in which an element is anm×n dimensional
matrix, the often used vector norm ofX = [xij

]
m×n ∈ C

m×n is the so-called Frobenius
norm:



56 2 Mathematical Preliminaries

‖X‖F =
√√√√

m∑

i=1

n∑

j=1

∣∣xij
∣∣2 = tr

(
XHX

)
.

2.5.2 Operator Norms

For two normed vector spaces (V , ‖·‖α) and
(
W , ‖·‖β

)
, let A be a linear operator

from V to W . The norm of the operator A is defined as

‖A ‖α→β = max
x �=0

{‖A x‖β

‖x‖α

}
.

If V = C
n and W = C

m, then the operator A can be represented by a matrix
A ∈ C

m×n. In this case, the preceding defined norm is called an operator norm of the
matrix A. That is, an operator norm of A is defined as

‖A‖α→β = max
x �=0

{‖Ax‖β

‖x‖α

}
. (2.52)

The norm ‖·‖α→β in (2.52) is called subordinate to the vector norms ‖·‖α and ‖·‖β .
In addition, the operator norm defined in (2.52) is referred to as α → β induced
norm; if α = β, it is referred to as α-induced norm, and is denoted by ‖·‖α . In (2.52),
if α, β are chosen to be real numbers greater than or equal to 1, the vector norms
‖·‖α and ‖·‖β in (2.52) represent the p-norms defined in (2.46).

Theorem 2.6 Let ‖·‖α be a norm in C
n, and ‖·‖β be a norm in C

m. In addition, let
‖·‖α→β be the operator norm defined in (2.52) for all matrices in C

m×n. Then, for
the matrices A,B ∈ C

m×n, and a vector x0 ∈ C
n, the following properties hold.

(1) If ‖A‖α→β = 0, then A = 0;
(2) ‖cA‖α→β = |c| ‖A‖α→β , for any c ∈ C;
(3) ‖A + B‖α→β ≤ ‖A‖α→β + ‖B‖α→β;
(4) ‖Ax0‖β ≤ ‖A‖α→β ‖x0‖α .

Proof (1) It is assumed that ‖A‖α→β = 0, but A �= 0.
Since A �= 0, then there exists a nonzero vector x0 such that Ax0 �= 0. Thus,

‖x0‖α > 0 and ‖Ax0‖β > 0. In this case, it can be obtained that

‖A‖α→β = max
x �=0

{‖Ax‖β

‖x‖α

}
≥ ‖Ax0‖β

‖x0‖α

> 0.

This contradicts ‖A‖α→β = 0. Therefore, A = 0.
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(2) By using definitions and properties of vector norms, one has

‖cA‖α→β = max
x �=0

{‖cAx‖β

‖x‖α

}
= max

x �=0

{ |c| ‖Ax‖β

‖x‖α

}

= |c|max
x �=0

{‖Ax‖β

‖x‖α

}
= |c| ‖A‖α→β .

(3) By using definitions and properties of vector norms, one has

‖A + B‖α→β = max
x �=0

{‖(A + B) x‖β

‖x‖α

}
≤ max

x �=0

{‖Ax‖β + ‖Bx‖β

‖x‖α

}

≤ max
x �=0

{‖Ax‖β

‖x‖α

}
+ max

x �=0

{‖Bx‖β

‖x‖α

}

= ‖A‖α→β + ‖B‖α→β .

(4) This conclusion can be easily derived from the definition of operator
norms. �

Let (Cn, ‖·‖α),
(
C

m, ‖·‖β

)
, and

(
C

l, ‖·‖γ

)
be three normed spaces. Then for any

A ∈ C
m×n and B ∈ C

l×m, there holds

‖BA‖α→γ ≤ ‖B‖β→γ ‖A‖α→β .

This conclusion can be easily obtained from the definition in (2.52). In fact, according
to (2.52) one has

‖BA‖α→γ = max
x �=0

{‖BAx‖γ

‖x‖α

}
= max

x �=0

{‖BAx‖γ

‖Ax‖β

‖Ax‖β

‖x‖α

}

≤ max
x �=0

{‖BAx‖γ

‖Ax‖β

}
max
x �=0

{‖Ax‖β

‖x‖α

}

= max
y �=0

{‖By‖γ

‖y‖β

}

‖A‖α→β

= ‖B‖β→γ ‖A‖α→β .

Next, several often used operator norms are introduced. These operator norms are
induced by p-norms for vectors, and can be calculated independent of the definition
(2.52). In each case, the matrix A is denoted by A = [

aij
]
m×n ∈ C

m×n. During the
interpretation, for a vector the notation ‖·‖p represents the p-norm defined in (2.46).

• 1-norm, or column sum norm:

‖A‖1 = max
j∈I[1,n]

{
m∑

i=1

∣∣aij
∣∣
}

.
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Write A in terms of its column as A = [a1 a2 · · · an
]
, then

‖A‖1 = max
j∈I[1,n]

∥∥aj
∥∥
1 .

Denote x = [ x1 x2 · · · xn
]T
. Then, one has

‖Ax‖1 = ‖x1a1 + x2a2 + · · · + xnan‖1
≤

n∑

j=1

∥∥xjaj
∥∥
1 =

n∑

j=1

∣∣xj
∣∣ ∥∥aj

∥∥
1

≤
⎛

⎝
n∑

j=1

∣∣xj
∣∣

⎞

⎠ max
k∈I[1,n]

{‖ak‖1} = ‖x‖1 ‖A‖1 .

It follows from this expression that

max
x �=0

‖Ax‖1
‖x‖1 ≤ ‖A‖1 . (2.53)

If the vector x is chosen to be x = ek (the k-th unit basic vector), then for any
k ∈ I[1, n] one has

max
x �=0

{‖Ax‖1
‖x‖1

}
≥ ‖1ak‖1 = ‖ak‖1 ,

and hence

max
x �=0

{‖Ax‖1
‖x‖1

}
≥ max

k∈I[1,n]
‖ak‖1 = ‖A‖1 . (2.54)

The relations (2.53) and (2.54) imply that the column norm is the 1-induced norm
‖·‖1.

• 2-norm, or maximal singular value norm:

‖A‖2 = σmax (A) . (2.55)

Let λ1 ≥ λ2 ≥ · · · ≥ λn be n eigenvalues of the matrix AHA. According to Lemma
2.4, σmax (A) = √

λ1. Let ξi be the unit-length eigenvector of AHA corresponding
to eigenvalue λi, i ∈ I[1, n]. Since AHA is Hermitian, then ξi, i ∈ I[1, n], form an
orthonormal basis of Cn. Let

x =
n∑

i=1

αiξi.
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Then, one has

‖x‖2 =
√√√√

n∑

i=1

|αi|2,

and

‖Ax‖2 =
√
xHAHAx =

√√√√
n∑

i=1

λi |αi|2

≤
√√√√

n∑

i=1

λ1 |αi|2 = √λ1

√√√√
n∑

i=1

|αi|2 = σmax (A) ‖x‖2 .

This relation implies that

max
x �=0

‖Ax‖2
‖x‖2 ≤ σmax (A) . (2.56)

On the other hand, if one chooses x = ξ1, then

max
x �=0

‖Ax‖2
‖x‖2 ≥ ‖Aξ1‖2

‖ξ1‖2
=
√

ξH
1 AHAξ1 =

√
λ1ξ

H
1 ξ1 = √λ1. (2.57)

The relations (2.56) and (2.57) imply that the maximal singular value norm is the
2-induced norm ‖·‖2.

• ∞-norm, or row sum norm:

‖A‖∞ = max
i∈I[1,m]

⎧
⎨

⎩

n∑

j=1

∣∣aij
∣∣

⎫
⎬

⎭
.

Denote x = [ x1 x2 · · · xn
]T
. One has

‖Ax‖∞ = max
i∈I[1,m]

{∣∣
∣∣∣

n∑

k=1

aikxk

∣∣
∣∣∣

}

≤ max
i∈I[1,m]

{
n∑

k=1

|aik| |xk|
}

≤ max
i∈I[1,m]

{(
n∑

k=1

|aik|
)

max
k∈I[1,n]

{|xk|}
}

=
[

max
i∈I[1,m]

{
n∑

k=1

|aik|
}]

·
[
max

k∈I[1,n]
{|xk|}

]
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= ‖A‖∞ ‖x‖∞ .

It follows from this expression that

max
x �=0

‖Ax‖∞
‖x‖∞

≤ ‖A‖∞ . (2.58)

In addition, it is assumed that

max
i∈I[1,m]

⎧
⎨

⎩

n∑

j=1

∣∣aij
∣∣

⎫
⎬

⎭
=

n∑

j=1

∣∣asj
∣∣

for some s ∈ I[1,m], and denote asj = ∣∣asj
∣∣ ei θj , j ∈ I[1, n]. Now, choose

z = [ e− i θ1 e− i θ2 · · · e− i θn
]T

,

then ‖z‖∞ = 1. With such a choice, one has

max
x �=0

‖Ax‖∞
‖x‖∞

≥ ‖Az‖∞
‖z‖∞

= ‖Az‖∞
1

(2.59)

=
n∑

j=1

∣∣asj
∣∣ = max

i∈I[1,m]

⎧
⎨

⎩

n∑

j=1

∣∣aij
∣∣

⎫
⎬

⎭
= ‖A‖∞ .

The relations (2.58) and (2.59) imply that the row norm is the operator norm ‖·‖∞.

Besides the preceding three operator norms, the norm ‖·‖1→2 is provided in the
next lemma.

Lemma 2.9 Given a matrix A = [a1 a2 · · · an
] ∈ C

m×n, there holds

‖A‖1→2 = max
x �=0

{‖Ax‖2
‖x‖1

}
= max

j∈I[1,n]
{∥∥aj

∥∥
2

}
,

where ‖·‖p is the p-norm of vectors defined in (2.46), p = 1, 2.

Proof Denote x = [ x1 x2 · · · xn
]T ∈ C

n. Then, by using properties of vector norms
one has

‖Ax‖2 = ‖x1a1 + x2a2 + · · · + xnan‖2
≤

n∑

j=1

∥∥xjaj
∥∥
2 =

n∑

j=1

∣∣xj
∣∣ ∥∥aj

∥∥
2
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≤
⎛

⎝
n∑

j=1

∣∣xj
∣∣

⎞

⎠ max
k∈I[1,n]

{‖ak‖2}

= ‖x‖1 max
k∈I[1,n]

{‖ak‖2} .

It follows from this expression that

max
x �=0

‖Ax‖2
‖x‖1 ≤ max

k∈I[1,n]
{‖ak‖2} . (2.60)

If the vector x is chosen to be x = ek (the k-th unit basic vector), then for any
k ∈ I[1, n] one has

max
x �=0

{‖Ax‖2
‖x‖1

}
≥ ‖1ak‖2

‖ek‖1 = ‖ak‖2 ,

and hence

max
x �=0

{‖Ax‖2
‖x‖1

}
≥ max

k∈I[1,n]
‖ak‖2 . (2.61)

The relations (2.60) and (2.61) imply the conclusion of this lemma. �

The following lemma is a result on the p → q induced norm of partitioned
matrices.

Lemma 2.10 Let A be a block partitioned matrix with A = [
Aij
]
m×n where the

dimensionality of Aij,i ∈ I [1,m] , j ∈ I [1, n], are compatible. Then for any p → q
induced norm with p, q ≥ 1 there holds:

‖A‖p→q ≤
∥∥
∥
[‖Aij‖p→q

]
m×n

∥∥
∥
p→q

.

Proof Let a vector x be partitioned consistently with A as

x = [ xT1 xT2 · · · xTn
]T

,

and note that
‖x‖p =

∥∥∥
[ ‖x1‖p ‖x2‖p · · · ‖xn‖p

]T
∥∥∥
p
.

Then, by using the preceding relation and Theorem 2.6 it can be obtained that
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∥∥
∥
[
Aij
]
m×n

∥∥
∥
p→q

= max
x �=0

⎧
⎪⎨

⎪⎩

∥∥∥
[
Aij
]
m×n x

∥∥∥
q

‖x‖p

⎫
⎪⎬

⎪⎭
= max

x �=0

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

‖x‖p

∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢⎢
⎣

∑n
j=1 A1jxj∑n
j=1 A2jxj

...∑n
j=1 Amjxj

⎤

⎥⎥⎥
⎦

∥∥
∥∥∥∥∥
∥∥
q

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

= max
x �=0

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

‖x‖p

∥∥∥
∥∥∥∥∥

⎡

⎢⎢
⎣

‖∑n
j=1 A1jxj‖q

‖∑n
j=1 A2jxj‖q
· · ·

‖∑n
j=1 Amjxj‖q

⎤

⎥⎥
⎦

∥∥∥
∥∥∥∥∥
q

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

≤ max
x �=0

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

‖x‖p

∥
∥∥∥∥∥∥
∥

⎡

⎢⎢
⎣

∑n
j=1 ‖A1j‖p→q‖xj‖p∑n
j=1 ‖A2j‖p→q‖xj‖p

· · ·∑n
j=1 ‖Amj‖p→q‖xj‖p

⎤

⎥⎥
⎦

∥
∥∥∥∥∥∥
∥
q

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

= max
x �=0

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

‖x‖p

∥∥∥∥
∥∥∥∥∥

⎡

⎢
⎢⎢
⎣

‖A11‖p→q ‖A12‖p→q · · · ‖A1n‖p→q

‖A21‖p→q ‖A22‖p→q · · · ‖A2n‖p→q
...

...
...

‖Am1‖p→q ‖Am2‖p→q · · · ‖Amn‖p→q

⎤

⎥
⎥⎥
⎦

⎡

⎢
⎢⎢
⎣

‖x1‖p
‖x2‖p

...

‖xn‖p

⎤

⎥
⎥⎥
⎦

∥∥∥∥
∥∥∥∥∥
q

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

≤
∥∥
∥
[‖Aij‖p→q

]
m×n

∥∥
∥
p→q

.

The proof is thus completed. �

In the preceding lemma, if q = p, the following corollary is readily obtained.

Corollary 2.1 [316] Let A be a block partitioned matrix with A = [
Aij
]
m×n where

the dimensionality of Aij,i ∈ I [1,m] , j ∈ I [1, n], are compatible. Then for any
p-induced norm with p ≥ 1 there holds:

‖A‖p ≤
∥∥∥
[‖Aij‖p

]
m×n

∥∥∥
p
.

The following lemma is on the 2-norm of the Kronecker product of two matrices.

Lemma 2.11 Given two matrices A and B, there holds

‖A ⊗ B‖2 = ‖A‖2 ‖B‖2 .

Proof Let A ∈ C
m×n and B ∈ C

p×q with rank A = r1 and rank B = r2. By carrying
out singular value decompositions for A and B, there exist unitary matrices Ui, Vi,
i = 1, 2, with appropriate dimensions such that

A = U1
1V1, B = U2
2V2,
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with


1 = diag
(
δ1, δ2, . . . , δr1 , 0(m−r1)×(n−r1)

)
, δ1 ≥ δ2 ≥ · · · ≥ δr1 > 0,


2 = diag
(
σ1, σ2, . . . , σr2 , 0(p−r2)×(q−r2)

)
, σ1 ≥ σ2 ≥ · · · ≥ σr2 > 0.

By Item (2) of Proposition 2.2, one has

A ⊗ B = (U1 ⊗ U2) (
1 ⊗ 
2) (V1 ⊗ V2) . (2.62)

By Proposition 2.3, it is known that bothU1⊗U2 and V1⊗V2 are unitary. Therefore, it
follows from (2.62) that the maximal singular value of A⊗B is δ1σ1. The conclusion
is immediately obtained from this fact and the expression (2.55). �

At the end of this subsection, a relation is given for 2-norms and Frobenius norms.

Lemma 2.12 For a matrix A, there holds

‖A‖2 ≤ ‖A‖F .

Proof LetA ∈ C
m×n with rank A = r. By carrying out singular value decompositions

for A, there exist unitary matrices U and V with appropriate dimensions such that

A = U
V ,

with

 = diag

(
σ1, σ2, . . . , σr , 0(m−r)×(n−r)

)
, σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

Thus, one has

‖A‖F =
√
tr
(
AAH

) =
√
tr
(
U
VV H
HUH

)

=
√
tr
(
U

HUH

) =
√
tr
(
UHU

H

)

=
√
tr
(


H

) =
√√√
√

r∑

i=1

σ 2
i ≥ σ1 = ‖A‖2 .

The proof is thus completed. �

2.6 A Real Representation of a Complex Matrix

Let A ∈ C
m×n, then A can be uniquely written as A = A1 +A2 i with A1, A2 ∈ R

m×n.
The real representation Aσ of the matrix A is defined as



64 2 Mathematical Preliminaries

Aσ =
[
A1 A2

A2 −A1

]
∈ R

2m×2n. (2.63)

In general, one often uses the following real representation for a complex matrix
A = A1 + A2 i with A1, A2 ∈ R

m×n

[
A1 −A2

A2 A1

]
,

which is different from the real representation defined in (2.63).
In the first subsection, some basic properties of the real representation defined in

(2.63) are given, and the proof of the result on the characteristic polynomial of the
real representation is provided in the second subsection.

2.6.1 Basic Properties

For an n × n complex matrix A, define Ai
σ = (Aσ )i, and

Pj =
[
Ij 0
0 −Ij

]
, Qj =

[
0 Ij
−Ij 0

]
, (2.64)

where Ij is the j× j identity matrix. The following lemma gives some basic properties
of the real representation defined in (2.63).

Lemma 2.13 (The properties of the real representation) In the following statements,
if the power indices k and l are negative, it is required that the involved matrices A
and B are nonsingular.

(1) If A, B ∈ C
m×n, a ∈ R, then

⎧
⎨

⎩

(A + B)σ = Aσ + Bσ

(aA)σ = aAσ

PmAσPn = (A)
σ

.

(2) If A ∈ C
m×n and B ∈ C

n×r , then

(AB)σ = AσPnBσ = Aσ (B)σPr .

(3) If A ∈ C
n×n, then A is nonsingular if and only if Aσ is nonsingular.

(4) If A ∈ C
n×n, and k is an integer, then A2k

σ = ((AA)k)σPn.

(5) If A ∈ C
m×n, then

QmAσQn = Aσ ,
((
AT
)
σ

)T = Aσ .
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(6) If A ∈ C
m×m, B ∈ C

n×n, C ∈ C
m×n, k and l are integers, then

Ak
σCσB

l
σ =

⎧
⎨

⎩

((
AA
)s (

ACB
) (
BB
)t)

σ
, k = 2s + 1, l = 2t + 1

((
AA
)s
C
(
BB
)t)

σ
, k = 2s, l = 2t

.

(7) Given three matrices A, B, and C with appropriate dimensions, there holds

(ABC)σ = Aσ

(
B
)
σ
Cσ .

Proof By direct calculation, it is easily known that Items (1), (2) and (5) hold. Also
Item (3) follows from (2) directly.

Now, let us show Item (4) by induction. The conclusion is obvious for k = 0.
When k = 1, by using Item (2) it is easily known that the conclusion holds.

It is assumed that the conclusion holds for k = i. That is, A2i
σ = ((AA)i)σPn. With

this assumption, by Item (2) one has

A2(i+1)
σ = (Aσ )2(i+1) = (Aσ )2i (Aσ )2 = (Aσ )2i

(
AA
)
σ
Pn

= ((AA)i)σPn
(
AA
)
σ
Pn = ((AA)iAA

)
σ
Pn

= ((AA)i+1)σPn.

This implies that the conclusion holds for k = i + 1. By induction, it is known that
the conclusion holds for integer k ≥ 0.

Next, the case with k < 0 is considered for Item (4). First, by using Item (2) it is
obtained that

Aσ = Pn
[(
A −1

)
σ

]−1
Pn

forA ∈ C
n×n. With this relation and Item (4) with k ≥ 0, for integer k < 0 one has

A2k
σ = (A−2k

σ

)−1 = [((AA)−k)σPn
]−1

= (Pn)
−1
[
((AA)−k)σ

]−1

= Pn

[[[
(AA)k

]−1
]

σ

]−1
PnPn

= [((AA)k
)
σ

]
Pn.

This is the conclusion. The preceding facts imply that Item (4) holds for all integer k.
Item (6) can be easily checked by using Item (4).
Finally, let us show Item (7). Let B ∈ C

n×m. By Item (2), one has

(ABC)σ = (AB)σ PmCσ = (A)σ
(
B
)
σ
PmPmCσ = (A)σ

(
B
)
σ
Cσ .

The lemma is thus proven. �
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Lemma 2.14 Given a matrix A ∈ C
n×n, if γ ∈ λ(Aσ ), then {±γ,±γ } ⊂ λ(Aσ ).

Proof Let
[
αT
1 αT

2

]T with αi ∈ C
n, i = 1, 2, be an eigenvector of Aσ corresponding

to the eigenvalue γ . That is,

Aσ

[
α1

α2

]
= γ

[
α1

α2

]
. (2.65)

By the definition of Aσ , the following relations can be easily obtained from (2.65)

Aσ

[
α2

−α1

]
= (−γ )

[
α2

−α1

]
,

Aσ

[
α1

α2

]
= γ

[
α1

α2

]
,

Aσ

[
α2

−α1

]
= (−γ )

[
α2

−α1

]
.

Thus, the proof is completed. �

The following lemma gives some results on the 2-norm and Frobenius norm of the
real representation defined in (2.63). From now on, ‖·‖ and ‖·‖2 are used to represent
the Frobenius norm and 2-norm for a given matrix, respectively.

Lemma 2.15 Given a complex matrix A, the following relations hold.

(1) ‖Aσ‖2 = 2 ‖A‖2;
(2) ‖Aσ‖2 = ‖A‖2.
Proof The conclusion of Item (1) can be easily obtained by the definitions of the
real representations and Frobenius norms.

Now, let us show the conclusion of Item (2).
Given a matrix A ∈ C

m×n with rank A = r, r ≤ min (m, n). Performing the
singular value decomposition for A ∈ C

m×n, gives

A = U
V , (2.66)

where U ∈ C
m×m and V ∈ C

n×n are two unitary matrices, and


 =
[

� 0
0 0(m−r)×(n−r)

]
∈ R

m×n
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is a real matrix with � = diag(σ1, σ2, · · · , σr), σi > 0, i ∈ I[1, r]. Let

ϒ1 =

⎡

⎢⎢
⎣

Ir 0 0 0
0 0 Im−r 0
0 Ir 0 0
0 0 0 Im−r

⎤

⎥⎥
⎦ , ϒ2 =

⎡

⎢⎢
⎣

Ir 0 0 0
0 0 −Ir 0
0 In−r 0 0
0 0 0 In−r

⎤

⎥⎥
⎦ ,


1 =
⎡

⎣
�

�

02(m−r)×2(n−r)

⎤

⎦ .

Then, by Lemma 2.13 one has from (2.66)

Aσ = (UσPm)
σ (PnVσ ) (2.67)

= (UσPm)ϒ1
1ϒ2 (PnVσ ) .

In addition, it is easily derived that

(UσPmϒ1) (UσPmϒ1)
H

= (UσPmϒ1)ϒH
1 P

H
m (Uσ )H (2.68)

= Uσ (Uσ )H .

Now let U = U1 + iU2 with U1, U2 ∈ R
m×m. Since U is a unitary matrix, then

UUH = (U1 + iU2)
(
UT

1 − iUT
2

)

= (U1U
T
1 + U2U

T
2

)+ i
(
U2U

T
1 − U1U

T
2

)

= I ,

which implies that

U1U
T
1 + U2U

T
2 = I, U2U

T
1 − U1U

T
2 = 0.

In view of the definition of the real representation, it follows from the preceding
relations that

Uσ (Uσ )H

=
[
U1 U2

U2 −U1

] [
UT

1 UT
2

UT
2 −UT

1

]

=
[
U1UT

1 + U2UT
2 U1UT

2 − U2UT
1

U2UT
1 − U1UT

2 U2UT
2 + U1UT

1

]

= I .
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It is known from this relation and (2.68) that UσPmϒ1 is a unitary matrix. Similarly,
it is easily shown that ϒ2PnVσ is also a unitary matrix. Therefore, the expression
in (2.67) gives a singular value decomposition for the real representation matrix
Aσ . In view of the definitions of 
 and 2-norm, the conclusion is immediately
obtained. �

The following theorem is concerned with the characteristic polynomial of the real
representation of a complex matrix.

Theorem 2.7 Let A ∈ C
n×n, then

fAσ
(s) = fAA(s

2) = fAA(s
2) ∈ R [s] .

Proof The proof is provided in Subsection 2.6.2. �
For a matrix A ∈ C

n×n, let

fA (s) = det(sI − A) =
n∑

i=0

ais
i.

It is easily known that

gA (s) = det(I − sA) =
n∑

i=0

an−is
i.

With this simple fact, the following result can be immediately obtained from
Theorem 2.7.

Theorem 2.8 Let A ∈ C
n×n, then

gAσ
(s) = gAA(s

2) = gAA(s
2) ∈ R [s] .

With the above two theorems, the following results can be readily derived by
using Item (4) of Lemma 2.13.

Lemma 2.16 Let A ∈ C
n×n and F ∈ C

p×p. Then

fAσ
(Fσ ) = (fAA(FF))σPp.

Lemma 2.17 Let A ∈ C
n×n and F ∈ C

p×p. Then

gAσ
(Fσ ) = (gAA(FF))σPp.

2.6.2 Proof of Theorem 2.7

This subsection is devoted to give a proof of Theorem 2.7.
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Lemma 2.18 [143] Let A ∈ C
m×n and B ∈ C

n×m with m ≤ n. Then, BA has the
same eigenvalues as AB, counting multiplicity, together with an additional n − m
eigenvalues equal to 0. That is,

fBA (s) = sn−mfAB(s).

Proof Consider the following two identities involvingblockmatrices inC(m+n)×(m+n):

[
AB 0
B 0

] [
I A
0 I

]
=
[
AB ABA
B BA

]
,

[
I A
0 I

] [
0 0
B BA

]
=
[
AB ABA
B BA

]
.

Since the block matrix [
I A
0 I

]
∈ C

(m+n)×(m+n)

is nonsingular (all its eigenvalues are 1), then one has

[
I A
0 I

]−1 [
AB 0
B 0

] [
I A
0 I

]
=
[
0 0
B BA

]
. (2.69)

That is, the two (m + n) × (m + n) matrices

C1 =
[
AB 0
B 0

]
and C2 =

[
0 0
B BA

]

are similar. The eigenvalues of C1 are the eigenvalues of AB together with n zeros.
The eigenvalues of C2 are the eigenvalues of BA together with m zeros. Since the
eigenvalues ofC1 andC2 are the sameby (2.69), includingmultiplicities, the assertion
of the theorem follows. �

The result in the preceding lemma is standard. According to this lemma, the
following result is readily obtained.

Lemma 2.19 Let A ∈ C
n×n, then fAA(s) = fAA(s) ∈ R [s].

Proof It is obvious from the preceding lemma that fAA(s) = fAA(s). Thus one has
λ(AA) = λ(AA).On the other hand, if γ ∈ λ(AA), and the corresponding eigenvector
chain is

{
vij, j ∈ I[1, pi], i ∈ I[1, q]}, then

AAvij = γ vij + vi,j−1, vi0 = 0.

By this relation, one has
AAvij = γ vij + vi,j−1,
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which implies that γ ∈ λ(AA), and
{
vij, j ∈ I[1, pi], i ∈ I[1, q]} is the eigenvector

chain corresponding to γ . Therefore, γ and γ has the same algebraic multiplicity.
With the preceding two aspects, it follows that fAA(s) = fAA(s) ∈ R [s] . �

Now let us give another real representation of a complex matrix. In order to
distinguish it from the real representation given in (2.63), it is called the first real
representation. The definition is given as follows.

Definition 2.4 For a complex matrix A = A1 + iA2, with Ai ∈ R
m×n, i = 1, 2, the

first real representation σ̄ is defined as

Aσ̄ =
[
A1 −A2

A2 A1

]
.

It should be pointed out that the so-called first real representation is the often used
one in the area of complex matrices. For A ∈ C

n×n, let

P =
[−iI iI

−I −I

]
,

then one has
P diag

(
A, A

)
P−1 = Aσ̄ .

Based on this relation, the following conclusion on the first real representation can
be obtained from basic matrix theory.

Lemma 2.20 Let A ∈ C
n×n. Then

fAσ̄
(s) = fAσ̄

(s) = fA(s)fA(s).

Lemma 2.21 Let A ∈ C
n×n. Then, there holds

(
AA
)
σ̄

= A2
σ .

Proof Let A = A1 + iA2, then

(
AA
)
σ̄

=
[

A2
1 + A2

2 A1A2 − A2A1

A2A1 − A1A2 A2
1 + A2

2

]
= (Aσ )2 . (2.70)

This implies that the conclusion is true. �
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Before giving the next lemmas, the following symbols are defined:

J1(λ, n) =

⎡

⎢
⎢⎢⎢
⎣

λ 1

λ
. . .

. . . 1
λ

⎤

⎥
⎥⎥⎥
⎦

∈ C
n×n,

J2(λ, n) =

⎡

⎢⎢⎢⎢
⎣

λ −1

λ
. . .

. . . −1
λ

⎤

⎥⎥⎥⎥
⎦

∈ C
n×n,

�(n) = diag((−1)0 , (−1)1 , . . . , (−1)n−1).

For these three matrices, the following two lemmas can be obtained by simple
computations.

Lemma 2.22 Given λ ∈ C, the following relation holds:

�(n)J1(λ, n) = J2(λ, n)�(n).

Lemma 2.23 (1) For 0 �= λ ∈ C, J21 (λ, n) is similar to J1(λ2, n).
(2) When n is odd, J21 (0, n) is similar to diag

(
J1(0, n+1

2 ), J1(0, n−1
2 )
)
. When n is

even, J21 (0, n) is similar to diag
(
J1(0, n

2 ), J1(0,
n
2 )
)
.

Based on the above lemmas, the following conclusion on the characteristic poly-
nomial of the square of a matrix can be obtained.

Lemma 2.24 For a given matrix A ∈ C
n×n, if

fA(s) =
n∏

i=1

(s − λi),

then

fA2(s) =
n∏

i=1

(s − λ2
i ).

Lemma 2.25 Given a matrix A ∈ C
n×n, if 0 �= γ ∈ λ(Aσ ), then−γ ∈ λ(Aσ ), and γ

and −γ have the same Jordan structure. In details, it is assumed that the eigenvalue
γ has p Jordan blocks with the orders qi, i ∈ I[1, p], the eigenvalue −γ has also p
Jordan blocks with the orders of qi, i ∈ I[1, p].
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Proof Let
[
αT
1ij αT

2ij

]T
, j ∈ I[1, qi], i ∈ I[1, p], be a group of eigenvector chains of

Aσ corresponding to the eigenvalue γ . Thus, one has

[
A1 A2

A2 −A1

] [
α1ij

α2ij

]
= γ

[
α1ij

α2ij

]
+
[

α1i,j−1

α2i,j−1

]
,

[
α1i,0

α2i,0

]
= 0, (2.71)

j ∈ I[1, qi], i ∈ I[1, p],

that is, {
A1α1ij + A2α2ij = γα1ij + α1i,j−1

A2α1ij − A1α2ij = γα2ij + α2i,j−1
.

Rearranging the above relations, one can obtain

{
A1(−α2ij) + A2α1ij = (−γ )(−α2ij) + α2i,j−1

A2(−α2ij) − A1α1ij = (−γ )α1ij − α1i,j−1
,

that is, [
A1 A2

A2 −A1

] [−α2ij

α1ij

]
= (−γ )

[−α2ij

α1ij

]
−
[−α2i,j−1

α1i,j−1

]
. (2.72)

Let

Vi =
[−α2i1 −α2i2 · · · −α2iqi

α1i1 α1i2 · · · α1iqi

]
, i ∈ I[1, p].

Then it follows from (2.72) that

AσVi = ViJ2(−γ, qi), i ∈ I[1, p].

In view of Lemma 2.22, one has

Aσ (Vi�(qi)) = ViJ2(−γ, qi)�(qi) = (Vi�(qi)) J1(−γ, qi), i ∈ I[1, p].

This implies the conclusion. �

With the above preliminaries, now the proof of Theorem 2.7 can be presented.
Proof of Theorem 2.7: According to Lemma 2.25, one can assume that

fAσ
(s) =

n∏

i=1

[s − (−λi)] (s − λi) =
n∏

i=1

(s2 − λ2
i ). (2.73)

By using Lemma 2.24, it is obtained that

fA2
σ
(s) =

n∏

i=1

[
s − (−λi)

2
] (
s − λ2

i

) =
n∏

i=1

(s − λ2
i )

2. (2.74)
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It follows from Lemmas 2.19, 2.20, and 2.21 that

fA2
σ
(s) = f(AA)σ̄

(s) = fAA(s)fAA(s) = f 2
AA

(s) = f 2
AA

(s). (2.75)

Combining (2.75) with (2.74), in view of Lemma 2.19 one has

fAA(s) = fAA(s) =
n∏

i=1

(s − λ2
i ) ∈ R [s] . (2.76)

The conclusion of Theorem 2.7 can be immediately obtained from (2.73) and (2.76).

2.7 Consimilarity

For complex matrices, besides similarity there is another equivalence relation, con-
similarity.

Definition 2.5 Two matrices A, B ∈ C
n×n are said to be consimilar if there exists a

nonsingular matrix S ∈ C
n×n such that A = SBS

−1
. If the matrix S can be taken to

be unitary, A and B are said to be unitarily consimilar.

If A = SBS
−1

and S = U is unitary, then A = SBS
−1 = UBUT; if S = R is a real

nonsingular matrix, then A = SBS
−1 = RBR−1. Thus, special cases of consimilarity

include congruence and ordinary similarity.
Analogously to the case of similarity, one may be concerned with the equivalence

classes containing triangular or diagonal representatives under consimilarity.

Definition 2.6 A matrix A ∈ C
n×n is said to be contriangularizable if there exists

a nonsingular S ∈ C
n×n such that S−1AS is upper triangular; it is said to be condi-

agonalizable if S can be chosen so that S−1AS is diagonal. It is said to be unitarily
contriangularizable or unitarily condiagonalizable if it can be reduced by consimi-
larity to the required form via a unitary matrix.

If A ∈ C
n×n is condiagonalizable and

S−1AS = � = diag(λ1, λ2, . . . , λn),

then AS = S�. If S = [
s1 s2 · · · sn

]
with each si ∈ C

n, this identity says that
Asi = λisi for i ∈ I[1, n]. This equation is similar to, but crucially different from,
the usual eigenvector-eigenvalue equation.

Definition 2.7 Let A ∈ C
n×n be given. A nonzero vector x ∈ C

n such that Ax = λx
for some λ ∈ C is said to be a coneigenvector of A; the scalar λ is a coneigenvalue
of A.
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The identity AS = S� with � diagonal says that every nonzero column of S is
a coneigenvector of A. Since the columns of S are independent if and only if S is
nonsingular, one can see that a matrix A ∈ C

n×n is condiagonalizable if and only if it
has n independent coneigenvectors. To this extent, the theory of condiagonalization
is entirely analogous to the theory of ordinary diagonalization.

But every matrix has at least one eigenvalue, and it has only finitely many distinct
eigenvalues; in this regard, the theory of coneigenvalues is rather different. If Ax =
λx, then for all θ ∈ R there holds

e−iθAx = A
(
eiθx
)

= e−iθλx = (e−2iθλ
) (
eiθx
)
,

which implies that e−2iθλ is a coneigenvalue ofA for any θ ∈ R ifλ is a coneigenvalue
ofA. This shows that a matrix may have infinitely many coneigenvalues. On the other
hand, if Ax = λx, then

AAx = A(Ax) = A
(
λx
) = λAx = λλx = |λ|2 x,

so a scalar λ is a coneigenvalue of A only if |λ|2 is an eigenvalue of AA. The example

A =
[
0 −1
1 0

]
,

for which AA = −I has no nonnegative eigenvalues, shows that there are matrices
that have no coneigenvalues at all. It is known, however, that if A ∈ C

n×n and n is
odd, then A must have at least one coneigenvalue, a result analogous to the fact that
every real matrix of odd order has at least one real eigenvalue.

Thus, in contrast to the theory of ordinary eigenvalues, amatrixmayhave infinitely
many distinct coneigenvalues or it may have no coneigenvalues at all. If a matrix has
a coneigenvalue, it is sometimes convenient to select from among the coneigenvalues
of equal modulus the unique nonnegative one as a representative.

The necessary condition just observed for the existence of a coneigenvalue is also
sufficient as stated below.

Proposition 2.8 Let A ∈ C
n×n, and let λ ≥ 0 be given. Then λ is an eigenvalue of

AA if and only if
√

λ is a coneigenvalue of A.

Proof If λ ≥ 0,
√

λ ≥ 0, and Ax = √
λx for some x �= 0, then

AAx = A(Ax) = A
(√

λx
)

= √
λAx = √

λ
√

λx = λx.

Conversely, if AAx = λx for some x �= 0, there are two possibilities:

(a) Ax and x are dependent; or
(b) Ax and x are independent.
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In the former case, there is some μ ∈ C such that Ax = μx, which says that μ is
a coneigenvalue of A. But then

λx = AAx = A(Ax) = A (μx) = μAx = μμx = |μ|2 x,

so |μ| = √
λ. Since e−2iθμ is a coneigenvalue associated with the coneigenvector

eiθx for any θ ∈ R, one can conclude that +√
λ is a coneigenvalue of A. Notice that

AA(Ax) = A
(
AAx

)
= A

(
λx
) = λ (Ax)

and AAx = λx, so if λ is a simple eigenvalue of AA, (a) must always be the case.
In the latter case (b) (which could occur if λ is a multiple eigenvalue of AA), the

vector
y = Ax + √

λx

is nonzero and is a coneigenvector corresponding to the coneigenvalue
√

λ since

Ay = AAx + √
λAx = λx + √

λAx = √
λ(Ax + √

λx) = √
λy. �

It has been seen that for each distinct nonnegative eigenvalue of AA there
corresponds a coneigenvector of A, a result analogous to the ordinary theory of
eigenvectors. The following result extends this analogy a bit further.

Proposition 2.9 Let A ∈ C
n×n be given, and let x1, x2, . . . , xk be coneigenvectors

of A with corresponding coneigenvalues λ1, λ2, . . . , λk. If |λi| �= ∣∣λj

∣∣ whenever
1 ≤ i, j ≤ k and i �= j, then {x1, . . . , xk} is an independent set.

Proof Each xi is an eigenvector of AA with associated eigenvalue |λi|2. The vectors
xi, i ∈ I[1, k], are independent because they are eigenvectors of the matrix AA and
their associated eigenvalues |λi|2 , i ∈ I[1, k] , are distinct by assumption. �

2.8 Real Linear Spaces and Real Linear Mappings

Let us first recall the concept of mapping. Let U and V be two nonempty sets of
elements. A rule T that assigns some unique element y ∈ V for each x ∈ U is called
a mapping of U into V , and it is denoted by T : U → V . If T assigns y ∈ V for
x ∈ U, then y is said to be the image of x under T , and is denoted by y = T � x.

Most readers are very familiar with the concept of linear spaces and linear
mappings. It is well-known that for a given A ∈ C

m×n, the mapping T : x �→ Ax is a
linear mapping. However, the simple mapping M : x �→ Ax is not a linear mapping
since

M � (cx) = cAx = c (M � x) �= c (M � x)
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for an arbitrarily given complex scalar c ∈ C. Thus, some conclusions on linear
spaces are not easy to be applied to the simple mappingM : x �→ Ax. Nevertheless,
the mapping M : x �→ Ax has some nice properties. For example, M � (cx) =
c (M � x) for any real scalar c ∈ R. This is the motivation to investigate real linear
spaces.

2.8.1 Real Linear Spaces

The concept of real linear spaces is first given as follows.

Definition 2.8 Let V be a set on which a closed binary operation (+) is defined. In
addition, let a binary operation (scalar multiplication) be defined from V × R to V .
The set V is said to be a real linear space if for any x, y, z ∈ V , and any α, β ∈ R,
the following axioms are satisfied:

A1. x + y is a unique vector of the set V ;
A2. x + y = y + x;
A3. (x + y) + z = x + (y + z);
A4. There is a vector 0 such that x + 0 = x;
A5. For every x ∈ V there exists a vector −x such that x + (−x) = 0.
S1. αx is a unique vector of the set V ;
S2. α (βx) = (αβ) x;
S3. α (x + y) = αx + αy;
S4. (α + β) x = αx + βx;
S5. 1x = x.

An element in a real linear space V is called a vector.
It is easily checked that the set Cn equipped with the ordinary vector addition is

both a linear space and a real linear space. Now, consider the following set

V0 =
{[

a
b

]∣∣∣
∣ a ∈ C, b ∈ R

}
. (2.77)

For this set, the addition is defined as follows

[
a1
b1

]
+
[
a2
b2

]
=
[
a1 + a2
b1 + b2

]
.

In addition, for α ∈ C the scalar multiplication is defined as follows

α

[
a
b

]
=
[

αa
αb

]
.
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It is obvious that the set V in (2.77) is not a linear space over C, since for x ∈ V , i x
may not belong to V . However, it is easily checked that the set V in (2.77) is a real
linear space by the axioms in Definition 2.8.

Let V be a real linear space, and consider a subset V0 of elements from V . The
operations of addition and scalar multiplication are defined for all elements of V
and, in particular, for those belonging to V0. If V0 is a real linear space with the same
addition and scalar multiplication, then V0 is said to be a real linear subspace of V .
However, it is not necessary to check whether a subset is a real linear subspace by
the axioms in Definition 2.8.

Theorem 2.9 Anonempty subset V0 of a real linear space V is a real linear subspace
of V if for every x, y ∈ V0, and any α ∈ R, there hold

(1) x + y ∈ V0;
(2) αx ∈ V0.

Example 2.1 The set V0 in (2.77) is a subset of C2. Previously, it has been checked
that V0 is a real linear space according to the definition of real linear spaces. However,
since V0 is a subset of C2, and C

2 is a real linear space, one can use the preceding
theorem to determine whether V0 is a real linear space. In fact, for the subset V0 in
(2.77) it is easily checked that x + y ∈ V0 and αx ∈ V0 for every x, y ∈ V0 and any
α ∈ R. Therefore, V0 is a real linear subspace of C2, and thus is a real linear space.

For real linear subspaces, the following conclusion can be proven easily.

Lemma 2.26 If Vi, i = 1, 2, are real linear subspaces of a real linear space V , then
the set V1 ∩ V2 is also a real linear subspace of V .

In a real linear space V , given a set of vectors {x1, x2, . . . , xk}, if a vector x can
be written as

x = α1x1 + α2x2 + · · · + αkxk

for some real scalars αi, i ∈ I[1, k], then x is called a real linear combination of
the vectors x1, x2, . . . , xk . A set of vectors {x1, x2, . . . , xk} is said to be real linearly
dependent if there exit real coefficients αi, i ∈ I[1, k], not all 0, such that

α1x1 + α2x2 + · · · + αkxk = 0.

A set of vectors that is not real linearly dependent is said to be real linearly indepen-
dent.

Example 2.2 In C
2, the set of

{[
1 + i 1

]T
,
[−2 −1 + i

]T}
is linearly dependent

over the field C of complex numbers since

− (1 − i)

[
1 + i
1

]
+
[ −2

−1 + i

]
= 0.

However, the set of
{[

1 + i 1
]T

,
[−2 −1 + i

]T}
is real linearly independent.
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Example 2.3 InCn, ei represents the vector whose i-th element is 1, and all the other
elements are zero. Obviously, ei and iei are linearly dependent since ei + i (iei) = 0.
However, if Cn is viewed as a real linear space with ordinary vector addition and
scalar multiplication, then the vectors ei and iei are real linearly independent.

Example 2.3 implies that the concept of linear dependence is closely relevant to
the scalar field. For the same vector sets, even if the definitions of addition and scalar
multiplication are identical, a set of vectors to be linearly dependent over some field
may be linearly independent over another field.

It can be easily verified that the set of all real linear combinations of the vectors
a1, a2, . . ., an belonging to a real linear space V generates a real linear subspace.
In order to distinguish from the notation of conventionally generated subspace, this
real linear subspace is denoted by RLspan {a1, a2, . . . , an}, that is,

RLspan {a1, a2, . . . , an} =
{

n∑

i=1

αiai

∣∣∣∣∣
αi ∈ R, i ∈ I[1, n]

}

.

Example 2.4 For a set S of complex vectors ai, i ∈ I[1, n], the linear subspace
generated by S (over complex field C) is denoted by

span {a1, a2, . . . , an} =
{

n∑

i=1

αiai

∣∣
∣∣∣

αi ∈ C, i ∈ I[1, n]
}

.

Let ei represent the n-dimensional vector whose i-th element is 1, and all the other
elements are 0, then

RLspan {e1, e2, . . . , en} = R
n,

span {e1, e2, . . . , en} = C
n,

RLspan {ie1, ie2, . . . , ien} = iRn = {iη | η ∈ R
n} ,

span {ie1, ie2, . . . , ien} = C
n.

Let V be a real linear space, a finite set of vectors

{a1, a2, . . . , an} (2.78)

is said to be a real basis of V if they are real linearly independent, and every vector
x ∈ V is a real linear combination of the vectors in (2.78):

x =
n∑

i=1

αiai, αi ∈ R, i ∈ I[1, n].
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In other words, the vectors in (2.78) form a real basis of V if

V = RLspan {a1, a2, . . . , an}

and no ai (i ∈ I[1, n]) can be discarded. In this case, the vectors in (2.78) are referred
to as real basis vectors of V .

Example 2.5 For Cn, it is well-known that the set {e1, e2, . . . , en} with ei defined
as in Example 2.4 is a basis of V if Cn is regarded as a linear space over field C.
However, {e1, e2, . . . , en} is not a real basis of Cn. One can choose the following set
of vectors as a real basis of Cn:

{e1, e2, . . . , en, ie1, ie2, . . . , ien} .

Example 2.6 Consider the set Pn of complex polynomials of s with degree less than
or equal to n. If the set Pn is viewed as a linear space over field C, it is well-known
that the set

{
1, s, s2, . . . , sn

}
is a basis of Pn. However, a real basis of Pn is

{
1, s, s2, . . . , sn, i, is, is2, . . . , isn

}
.

Example 2.7 Consider the set

V =
{[

x
y

] ∣∣
∣∣ x ∈ C

n, y ∈ R
n

}
.

It is easily verified that the set V with ordinary vector addition and scalar multipli-
cation is not a linear space over field C. However, the set V with ordinary vector
addition and scalar multiplication is a real linear space. The following set forms a
real basis of V :

{[
e1
0n

]
,

[
e2
0n

]
, . . . ,

[
en
0n

]
,

[
0n
e1

]
,

[
0n
e2

]
, . . . ,

[
0n
en

]
,

[
ie1
0n

]
,

[
ie2
0n

]
, . . . ,

[
ien
0n

]}
.

Similarly to normal linear spaces, a real basis necessarily consists of only finitely
many vectors. Accordingly, the real linear spaces they generate are said to be finite
dimensional. The following property holds for finite dimensional real linear spaces.

Proposition 2.10 Any vector of a finite dimensional real linear space can be
expressed uniquely as a real linear combination of the vectors of a fixed real basis.

Similarly to the case of normal linear spaces, there are concepts of coordi-
nates in real linear spaces. Let x belong to a real linear space V with a real basis
{a1, a2, . . . , an}. The column vector α = [

α1 α2 · · · αn
]T ∈ R

n such that the
decomposition



80 2 Mathematical Preliminaries

x =
n∑

i=1

αiai

holds is said to be the representationof xwith respect to the real basis {a1, a2, . . . , an}.
The real scalars α1, α2, . . ., αn, are referred to as the coordinates of x with respect to
the real basis {a1, a2, . . . , an}.
Example 2.8 Consider the real linear space

V =
{[

x
y

] ∣∣∣∣ x ∈ R, y ∈ C

}
,

with the ordinary vector addition and scalar multiplication. It is easily known that

{[
1
0

]
,

[
0
1

]
,

[
0
i

]}
(2.79)

forms a real linear basis. For any
[
x y
]T ∈ V , one has

[
x
y

]
= x

[
1
0

]
+ (Re y)

[
0
1

]
+ (Im y)

[
0
i

]
.

This relation implies that α = [
x Re y Im y

]T
is the representation of

[
x y
]T

with
respect to the real basis in (2.79).

Theorem 2.10 All real bases for a finite dimensional real linear space have the
same number of vectors.

The proof of this theorem is very analogous to the case of normal linear spaces,
and thus is omitted.

For a finite dimensional real linear space V , the number of vectors in a real basis
is a characteristic of the real linear space that is invariant under different choice of
real bases. In this book, this number is formally defined as the real dimension of the
real linear space V , and is denoted by rdimV . With this notation, one has

rdimC
n = 2n.

Remark 2.4 In this subsection, some concepts have been given for real linear spaces.
In fact, the so-called real linear space is only a special case of normal linear spaces.
Remember that the involved field is the field of real numbers. Nevertheless, it should
be pointed out that, in most textbooks on matrices or linear algebra, the set Cn is
only viewed as a linear space over the field of C.

In the next subsection, it will be seen that the theory on real linear spaces can be
conveniently applied to some complex mappings.
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2.8.2 Real Linear Mappings

Let us begin this subsection with the concept of image of a mapping. Let U and V
be two nonempty sets of elements, and T be a mapping of U into V . The image of
the mapping T is defined as

Image T = {y ∈ V | y = T � x, x ∈ U} .

In addition, if V has a zero element, the kernel of T is defined as follows:

Ker T = {x ∈ U | T � x = 0} .

Now, it is required that U and V are two real linear spaces. A mapping T : U → V
is real linear if for any two vectors x1, x2 ∈ U, and any real scalar α ∈ R, there hold

T � (x1 + x2) = T � x1 + T � x2,

T � (αx1) = α (T � x1) .

Example 2.9 Let U = C
m and V = C

n. Obviously, both U and V are linear spaces
over the field ofCwith the ordinary vector addition and scalar multiplication. More-
over, both U and V are also real linear spaces. Let A ∈ C

n×m. It is well-known that
the mapping T : U → V defined by T � x = Ax is linear. Moreover, this mapping
is also real linear.

Example 2.10 LetU = C
m and V = C

n. For a given matrix A ∈ C
n×m, the mapping

T : U → V defined by T � x = Ax, which is an antilinear mapping, is often
encountered in the context of consimilarity. For this mapping, there holds T�(αx) =
α (T � x). Generally, for an arbitrary complex number α, Aαx �= αAx. Therefore,
this mapping is not linear over the field of C. However, this mapping is real linear.

Example 2.11 Let U = C
m and V = C

n. For two given matrices M,M# ∈ C
n×m,

consider the mapping T : U → V defined by T � x = Mx + M#x. This mapping is
neither linear, nor antilinear over the field ofC. However, this mapping is real linear.

Example 2.12 Given two matrices A ∈ C
n×n and F ∈ C

p×p, consider the mapping
T : Cn×p → C

n×p defined by

T � X = AX − XF.

In this book, this mapping will be referred to as a con-Sylvester mapping. It is easily
checked that this mapping is real linear.

Next, the image and kernel of real linear mappings are investigated.

Theorem 2.11 Let U and V be two real linear spaces, and T be a real linear
mapping of U into V . Then, Image T is a real linear subspace of V .
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Proof Let y1, y2 ∈ Image T . Then, there are x1, x2 ∈ U such that yi = T � xi,
i = 1, 2. Since T is a real linear mapping, then for any α ∈ R

y1 + y2 = T � x1 + T � x2 = T � (x1 + x2) ;

αy1 = α (T � x1) = T � (αx1) .

Since U is a real linear space, then x1 + x2 ∈ U and αx1 ∈ U. Therefore, it follows
from the preceding two relations that y1 + y2 ∈ Image T , and αy1 ∈ Image T . By
Theorem 2.9, Image T is a real linear subspace of V . �

Theorem 2.12 Let U and V be two real linear spaces, and T be a real linear
mapping of U into V . Then, Ker T is a real linear subspace of U.

The proof of this theorem is very simple, and thus is omitted.

Theorem 2.13 Let U and V be two real linear spaces, and T be a real linear
mapping of U into V . Then,

rdim (Image T) + rdim (Ker T) = rdimU.

Proof Let r1 = rdim (Ker T), and r = rdimU. Then, there exist a set of real linearly
independent vector xi, i ∈ I[1, r1], such that

Ker T = RLspan
{
x1, x2, . . . , xr1

}
.

In this case, there exist additional vectors xr1+1, xr1+2, . . ., xr such that {x1, x2, . . . , xr}
is a real basis of U. Thus, one has

Image T =
{

T �
(

r∑

i=1

αixi

) ∣∣∣
∣∣

αi ∈ R, i ∈ I[1, r]
}

=
{

T �
(

r1∑

i=1

αixi

)

+ T �
(

r∑

i=r1+1

αixi

) ∣∣
∣∣∣

αi ∈ R, i ∈ I[1, r]
}

=
{(

r1∑

i=1

αi (T � xi)

)

+
(

r∑

i=r1+1

αi (T � xi)

) ∣∣∣
∣∣

αi ∈ R, i ∈ I[1, r]
}

=
{(

r∑

i=r1+1

αi (T � xi)

) ∣∣∣∣
∣

αi ∈ R, i ∈ I[r1 + 1, r]
}

.

Now, let us show that T � xi, i ∈ I[r1 + 1, r], are real linearly independent. Let βi,
i ∈ I[r1 + 1, r], be real scalars such that

r∑

i=r1+1

βi (T � xi) = 0.
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Since T is real linear, one has

T �
(

r∑

i=r1+1

βixi

)

= 0,

which implies that
r∑

i=r1+1

βixi ∈ Ker T .

Therefore, βi = 0, i ∈ I[r1 + 1, r]. With the preceding relations, one has

rdim (Image T) = r − r1.

The proof is thus completed. �

2.9 Real Inner Product Spaces

An inner product space is a vector space with an additional structure called an inner
product. This additional structure associates each pair of vectors in the space with
a scalar quantity known as the inner product of the vectors. For a general complex
vector space, the complex inner product is defined as follows.

Definition 2.9 A complex inner product space is a vector space V over the complex
field C together with an inner product, i.e., with a map

〈·, ·〉 : V × V → C

satisfying the following three axioms for all vectors x, y, z ∈ V , and all scalars a ∈ C.

(1) Conjugate symmetry: 〈x, y〉 = 〈y, x〉;
(2) Linearity in the first argument:

〈ax, y〉 = a 〈x, y〉 ;
〈x + y, z〉 = 〈x, z〉 + 〈y, z〉 ;

(3) Positive-definiteness: 〈x, x〉 > 0 for all x �= 0.

Two vectors u, v ∈ V are said to be orthogonal if 〈u, v〉 = 0.

In Definition 2.9, conjugate symmetry gives

〈x, ay〉 = 〈ay, x〉 = a 〈y, x〉 = a〈y, x〉 = a 〈x, y〉 ;
〈x, y + z〉 = 〈y + z, x〉 = 〈y, x〉 + 〈z, x〉 = 〈x, y〉 + 〈x, z〉 .
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An inner product space V with the inner product 〈·, ·〉 has a naturally defined
norm:

‖x‖ = √〈x, x〉, for any x ∈ V .

For an n-dimensional inner product space V with the inner product 〈·, ·〉, there exists
a special basis in which all the vectors are orthogonal and have unit norm. Such
a basis is called orthonormal. In details, a basis {ε1, ε2, . . . , εn} is orthonormal if〈
εi, εj

〉 = 0, for i �= j and 〈εi, εi〉 = ‖εi‖ = 1 for each i. In an n-dimensional complex
vector space Cn, the often encountered inner product is given by

〈x, y〉 = yHx

for any x, y ∈ C
n. For the matrix space Cm×n, one can equip it with the following

inner product:
〈X,Y〉 = tr

(
YHX

)

for any X, Y ∈ C
m×n.

For a real linear space, one can equip it with a real inner product.

Definition 2.10 [297] A real inner product space is a real linear space V equipped
with a real inner product, i.e., with a map

〈·, ·〉 : V × V → R

satisfying the following three axioms for all vectors x, y, z ∈ V , and all scalars a ∈ R.

(1) Symmetry: 〈x, y〉 = 〈y, x〉;
(2) Linearity in the first argument:

〈ax, y〉 = a 〈x, y〉 ;
〈x + y, z〉 = 〈x, z〉 + 〈y, z〉 ;

(3) Positive-definiteness: 〈x, x〉 > 0 for all x �= 0.

Two vectors u, v ∈ V are said to be orthogonal if 〈u, v〉 = 0.

The following theorem defines a real inner product on space Cn.

Theorem 2.14 In the real linear space Cn, a real inner product can be defined as

〈x, y〉 = Re
(
yHx
)

(2.80)

for x, y ∈ C
n. This real inner product space is denoted as (Cn, R, 〈·, ·〉).
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Proof (1) For x, y ∈ C
n, one has

〈x, y〉 = Re
(
yHx
) = Re

((
yHx
)T) = Re

(
xTy
)

= Re
(
xTy
)

= Re
(
xHy
)

= 〈y, x〉 .

(2) For a real number a, and x, y, z ∈ C
n, it is easily obtained that

〈ax, y〉 = Re
(
yH (ax)

) = Re
(
ayHx

)

= aRe
(
yHx
) = a 〈x, y〉 ,

〈x + y, z〉 = Re
[
zH (x + y)

]

= Re
(
zHx
)+ Re

(
zHy
)

= 〈x, z〉 + 〈y, z〉 .

(3) It is well-known that tr
(
xHx
) = ‖x‖2 > 0 for all x �= 0. Thus, 〈x, x〉 =

Re
[
tr
(
xHx
)]

> 0 for all x �= 0.
According to Definition 2.10, all the above arguments reveal that the space C

n

with the real inner product defined in (2.80) is a real inner product space. �

When thematrix spaceCm×n is viewed as a real linear space, the following theorem
provides a real inner product for this space.

Theorem 2.15 In the real linear spaceCm×n, a real inner product can be defined as

〈A,B〉 = Re
[
tr
(
AHB

)]
(2.81)

for A, B ∈ C
m×n. This real inner product space is denoted as

(
C

m×n, R, 〈·, ·〉).
Proof (1) For A, B ∈ C

m×n, according to the properties of the trace of a matrix
one has

〈A,B〉 = Re
[
tr
(
AHB

)] = Re
[
tr
(
BTA

)] = Re
[
tr
(
BTA

)]

= Re
[
tr
(
BTA

)]
= Re

[
tr
(
BHA

)]

= 〈B,A〉 .
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(2) For a real number a, and A, B, C ∈ C
m×n, it can be derived that

〈aA,B〉 = Re
[
tr
(
(aA)H B

)] = Re
[
tr
(
aAHB

)]

= Re
[
a tr
(
AHB

)] = aRe
[
tr
(
AHB

)]

= a 〈A,B〉 ,

〈A + B,C〉 = Re
[
tr
(
(A + B)H C

)]

= Re
[
tr
((
AH + BH

)
C
)]

= Re
[
tr
(
AHC

)]+ Re
[
tr
(
BHC

)]

= 〈A,C〉 + 〈B,C〉 .

(3) It is well-known that tr
(
AHA

)
> 0 for all A �= 0. Thus, 〈A,A〉 =

Re
[
tr
(
AHA

)]
> 0 for all A �= 0.

According to Definition 2.10, all the above arguments reveal that the space Cm×n

with the real inner product defined in (2.81) is a real inner product space. �

The real inner product space defined inTheorem2.14 is different from the complex
Hilbert space, and is a very interesting inner product space. In V = C

2, let

v1 =
[
1 + i
i

]
, v2 =

[
1
−i

]
.

By simple computations, one has vH1 v2 = −i, so Re
[
tr
(
vH1 v2

)] = 0. Thus, in the real
inner product space

(
C

2, R, 〈·, ·〉), the vectors v1 and v2 are orthogonal. However,
v1 and v2 are not orthogonal in Hilbert space. In space Cn, the symbol ei is used to
denote the vector whose i-th element is 1, and the other elements are zero. In the real
inner product space (Cn, R, 〈·, ·〉) with 〈·, ·〉 defined in (2.80), it is easily verified
that

ei, iei, i ∈ I[1, n],

are orthogonal. In addition, it is easily known that for any vector v ∈ C
n there must

exist 2n real numbers ai, i ∈ I[1, 2n], such that

v =
n∑

i=1

aiei +
n∑

i=1

an+iiei.

These facts reveal that ei, iei, i ∈ I[1, n], form a group of orthogonal real basis of
the real inner product space (Cn, R, 〈·, ·〉). So the real dimension of the real inner
product space (Cn, R, 〈·, ·〉) is 2n.

Similarly, it is easily verified that the real inner product space
(
C

m×n, R, 〈·, ·〉)
with 〈·, ·〉 defined in (2.81) is 2mn-dimensional. In general, the real linear space
C

m1×n1 × C
m2×n2 × · · · × C

mN×nN with the real inner product defined as
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〈(R1,R2, . . . ,RN ), (S1, S2, . . . , SN )〉 = Re

[
N∑

i=1

tr
(
RH
i Si
)
]

for (R1,R2, . . . ,RN ), (S1, S2, . . . , SN ) ∈ C
m1×n1 ×C

m2×n2 × · · ·×C
mN×nN , is of real

dimension 2
∑N

i=1
mini.

2.10 Optimization in Complex Domain

In this section, some results are introduced on the optimization of real-valued func-
tions with respect to complex variables. First, the partial derivative of a function with
respect to a complex variable is introduced.

Let z be a complex variable, and denote it as

z = x + iy, x, y ∈ R.

Then, the formal derivatives for z and its conjugate z are defined as, respectively

∂

∂z
= 1

2

(
∂

∂x
− i

∂

∂y

)
, (2.82)

∂

∂z
= 1

2

(
∂

∂x
+ i

∂

∂y

)
. (2.83)

With the definitions in (2.82) and (2.83), it is easily checked that

∂z

∂z
= ∂z

∂z
= 1, (2.84)

∂z

∂z
= ∂z

∂z
= 0. (2.85)

The expressions (2.84) and (2.85) describe a basic result in complex analysis: the
complex variable z and its conjugate z are independent when partial derivatives need
to be computed.

Let f (z, z) be a scalar function with complex variable z. In addition, the partial
derivatives of f (z, z) with respect to the real part x and the imaginary part y of z is
continuous. Thus, there hold

∂f (z, z)

∂z
= 1

2

(
∂f

∂x
− i

∂f

∂y

)
,

∂f (z, z)

∂z
= 1

2

(
∂f

∂x
+ i

∂f

∂y

)
.
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With these basic definitions, the gradient and conjugate gradient of a scalar func-
tion with respect to a vector are given.

Definition 2.11 Let ω = [
ω1 ω2 · · · ωn

]T ∈ C
n, and f (ω) be a complex-valued

scalar function of ω. Then the gradient of f (ω) with respect to ω is defined as

∂f (ω)

∂ω
= ∇ωf (ω) =

[
∂f (ω)

∂ω1

∂f (ω)

∂ω2
· · · ∂f (ω)

∂ωn

]T
.

In addition, the gradient of f (ω)with respect to the conjugateω of the vector variable
ω, which is also called the conjugate gradient of f (ω) with respect to ω, is defined as

∂f (ω)

∂ω
= ∇ωf (ω) =

[
∂f (ω)

∂ω1

∂f (ω)

∂ω2
· · · ∂f (ω)

∂ωn

]T
.

In the following, the definitions are given on the gradient and conjugate gradient
of a vector function with respect to a scalar.

Definition 2.12 Ifω ∈ C, and f (ω) = [ f1(ω) f2(ω) · · · fm(ω)
]T ∈ C

m is a complex-
valued vector function. Then, the gradient of f (ω) with respect to ω is defined as

∂f (ω)

∂ω
= ∇ωf (ω) = [ ∂f1(ω)

∂ω

∂f2(ω)

∂ω
· · · ∂fm(ω)

∂ω

]
,

and the conjugate gradient of f (ω) with respect to ω is defined as

∂f (ω)

∂ω
= ∇ωf (ω) = [ ∂f1(ω)

∂ω

∂f2(ω)

∂ω
· · · ∂fm(ω)

∂ω

]
.

Similarly to the preceding definitions, the gradient of a vector function with
respect to a vector can be defined. Let f (ω) = [

f1 (ω) f2 (ω) · · · fm (ω)
]T

is an

m-dimensional vector function of ω = [
ω1 ω2 · · · ωn

]T ∈ C
n, then the gradient of

f (ω) with respect to ω is defined as

∂f (ω)

∂ω
= ∇ωf (ω) = [ ∂f1(ω)

∂ω

∂f2(ω)

∂ω
· · · ∂fm(ω)

∂ω

]
,

which can be written as

∂f (ω)

∂ω
=

⎡

⎢⎢
⎢
⎣

∂f1(ω)

∂ω1

∂f2(ω)

∂ω1
· · · ∂fm(ω)

∂ω1
∂f1(ω)

∂ω2

∂f2(ω)

∂ω2
· · · ∂fm(ω)

∂ω2· · · · · · · · ·
∂f1(ω)

∂ωn

∂f2(ω)

∂ωn
· · · ∂fm(ω)

∂ωn

⎤

⎥⎥
⎥
⎦

.
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Similarly, the conjugate gradient of f (ω) with respect to ω is defined as

∂f (ω)

∂ω
= ∇ωf (ω) = [ ∂f1(ω)

∂ω

∂f2(ω)

∂ω
· · · ∂fm(ω)

∂ω

]
,

which can be expressed as

∂f (ω)

∂ω
=

⎡

⎢⎢⎢
⎣

∂f1(ω)

∂ω1

∂f2(ω)

∂ω1
· · · ∂fm(ω)

∂ω1
∂f1(ω)

∂ω2

∂f2(ω)

∂ω2
· · · ∂fm(ω)

∂ω2· · · · · · · · ·
∂f1(ω)

∂ωn

∂f2(ω)

∂ωn
· · · ∂fm(ω)

∂ωn

⎤

⎥⎥⎥
⎦

.

By the preceding definitions, some often-encountered formulae are given on gra-
dient and conjugate gradient.

(1) Given A ∈ C
n×n, for the quadratic function f (x) = xHAx with x ∈ C

n there
holds

∂f (x)

∂x
= ATx,

∂f (x)

∂x
= Ax.

(2) (The chain rule) If y(x) ∈ C
n is a complex vector-valued function of x ∈ C

n,
then

∂f (y(x))

∂x
= ∂y(x)

∂x

∂f (y)

∂y
.

(3) Given A ∈ C
n×m, for the function f (x) = Ax with respect to x ∈ C

n there holds

∂f (x)

∂x
= AT,

∂f (x)

∂x
= 0.

Let f (ω) be a complex-valued function with respect to ω = [
ω1 ω2 · · · ωn

]T ∈
C

n. The Hessian matrix H(f (ω)) of the function f (ω) is a square matrix of second-
order partial derivatives, and has the following form

H(f (ω)) =

⎡

⎢
⎢⎢
⎣

∂2f (ω)

∂ω1∂ω1

∂2f (ω)

∂ω1∂ω2
· · · ∂2f (ω)

∂ω1∂ωn
∂2f (ω)

∂ω2∂ω1

∂2f (ω)

∂ω2∂ω2
· · · ∂2f (ω)

∂ω2∂ωn· · · · · · · · ·
∂2f (ω)

∂ωn∂ω1

∂2f (ω)

∂ωn∂ω2
· · · ∂2f (ω)

∂ωn∂ωn

⎤

⎥
⎥⎥
⎦

.

It is easily seen that the transpose of the Hessian matrix of f (ω) is the gradient of the
conjugate gradient of the function f (ω). That is,

HT(f (ω)) = ∂f (ω)

∂ω∂ω
= ∂

∂ω

[
∂f (ω)

∂ω

]
.
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Due to this relation, the Hessian matrix will be denoted by ∇2
ωf (ω). Thus, one has

∇2
ωf (ω) =

[
∂2f (ω)

∂ω∂ω

]T
=
[

∂

∂ω

[
∂f (ω)

∂ω

]]T
=
[

∂f (ω)

∂ωi∂ωj

]

n×n

.

The Hessian matrix plays a vital role in the solution to minimization problems.
At the end of this section, a sufficient condition and a necessary condition are

provided for the local minimum point of a real-valued function f (ω).

Lemma 2.27 Let f (ω) be a real-valued function with respect to complex vector
variable ω ∈ C

n. Then, ω = ω0 is a strictly local minimum point of f (ω) if

∂f (ω)

∂ω

∣∣∣∣
ω=ω0

= 0,
∂2f (ω)

∂ω∂ω

∣∣∣∣
ω=ω0

> 0.

Lemma 2.28 Let f (ω) be a real-valued function with respect to complex vector
variable ω ∈ C

n. If ω = ω0 is a local minimum point of f (ω), then

∂f (ω)

∂ω

∣∣∣
∣
ω=ω0

= 0,
∂2f (ω)

∂ω∂ω

∣∣∣
∣
ω=ω0

≥ 0.

For a convex function f (ω) with respect to the complex vector ω, its arbitrary
local minimum point ω = ω0 is the global minimum point. If the convex function

f (ω) is differentiable, then the stationary point ω = ω0 satisfying
∂f (ω)

∂ω̄

∣∣∣
ω=ω0

= 0,

is the global minimum point.

2.11 Notes and References

In this chapter, some mathematical tools which will be used in the sequel chapters
of this book are introduced. The main materials in this chapter are well-known, and
can be found in some textbooks. Of course, there are some of the authors’ own
research results. These include the result on the characteristic polynomial of the real
representation of a complex matrix in Sect. 2.6, and the real inner product given in
Theorem 2.14.

In Sect. 2.1, the operation of Kronecker products for matrices is introduced. The
materials in Sect. 2.1 are mainly taken from [143, 172]. Some further properties on
Kronecker products can be found in literature and some textbooks. For example,
an identity on the determinant of the Kronecker product of two matrices was given
in [172]; eigenvalues of Kronecker products were also investigated in [172]. The
Kronecker product plays an important role in a variety of areas, such as, signal
processing, image processing and semidefinite programming. A new method for
estimating high dimensional covariance matrices was presented in [230] based on
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a Kronecker product series expansion of the true covariance matrix. In [207], the
application ofKronecker products in discrete unitary transformationswas introduced,
and some characteristics ofHadamard transformationswere derived in the framework
ofKronecker products.Abrief survey onKronecker products can be referred to [232].

In Sect. 2.2, the celebrated Leverrier algorithm is introduced. The proof of this
algorithm is taken from [10]. In this proof, an appropriate companion matrix is used.
Another proof was given in [144] by establishing a simple formula related to the
trace of the resolvent and the characteristic polynomial of a matrix. The Leverrier
algorithm is also called Leverrier-Faddeev algorithm, and has been widely applied.
In [137], it was used to solve Lyapunov and Sylvester matrix equations.

In Sect. 2.3, a generalization of the Leverrier algorithm is introduced. The gen-
eralized Leverrier algorithm for (sM − A) was given in [186] in order to calculate
the transfer function for a descriptor linear system. The further extension for this
algorithm was given in [174]. In fact, the result in Theorem 2.4 is a direct corollary
of the main result in [174]. In [305], this result was also obtained by directly using
the Leverrier algorithm. The content of this section is mainly taken from [186, 305].
It should be pointed out that the idea in [186] has been extended to obtain algorithms
for solving determinant of some general polynomial matrices [234].

In Sect. 2.4, the concepts of singular values and singular vectors are first intro-
duced, and then the well-known singular value decomposition (SVD) of a given
complex matrix is given. Up till now, it has been recognized that the process of
obtaining a singular value decomposition for a given matrix is numerically reliable.
In addition, the SVD is one of the most important tools in numerical linear algebra,
because it contains a lot of information about a matrix, including rank, distance to
singularity, column spaces, row spaces, and null spaces. Therefore, the SVD has
become a popular technique, and can be found in many textbooks [81, 143, 172].
Another feature of the SVD is that it involves only two unitary or orthogonal matri-
ces. This makes it a very favorable tool in many applications. For example, in [261]
the SVD was used to derive the I-controllablizability condition, and give a general
expression of I-controllablizing controller for square descriptor linear systems. Such
a method was generalized in [259, 260] to investigate the impulsive-mode control-
lablizability of nonsquare descriptor linear systems. In [112], the SVDwas also used
to solve the problem of dynamical order assignment of descriptor linear systems. In
[63], the robust pole assignment problem via output feedback was solved for linear
systems with the SVD as a tool. Besides, SVD techniques also play important roles
in image processing [7, 151].

In Sect. 2.5, the vector norms and operator norms formatrices are introduced. Vec-
tor norms are generalizations of ordinary length, and are used to measure the size of a
vector in vector spaces. In the first subsection of this section, an axiomatic definition
is first given for vector norms, and then the celebrated p-norms are introduced. These
materials can be found inmost textbooks onmatrix theory or numerical analysis [142,
172]. The proof on p-norms is also presented in this subsection. During the procedure
of the proof, the celebrated Young’s Inequality and Hölder’s Inequality are used. In
fact, the triangle inequality on p-norms is the celebratedMinkowski’s Inequality. For
more information on Hölder’s Inequality and Minkowski’s Inequality, one can refer
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to [184, 187]. In the second subsection of Sect. 2.5, operator norms of matrices are
introduced. The definition of operator norms is first given, and then some properties
of operator norms are established.Moreover, some often encountered operator norms
are introduced. The operator norm in this section can be found in [132]. It is worth
pointing out that the operator norm given in this section is different from that in most
textbooks on matrix theory, where the operator norm for a square matrix is defined
as [142, 172, 187]

‖A‖ = max
x �=0

{‖Ax‖
‖x‖

}
.

In this definition, the two vector norms are required to be identical. However, the
definition of operator norms in Sect. 2.5 does not have this requirement. In addition,
in Sect. 2.5 it is not required that the matrix A is square. On general operator norms
introduced in Sect. 2.5, one can refer to [62, 132, 209]. Table2.1 lists some p → q
induced norms for a matrix

A = [aij
]
m×n =

⎡

⎢⎢
⎣

aT1·
aT2·· · ·
aTm·

⎤

⎥⎥
⎦ = [a1 a2 · · · an

]
.

These results can be found in [62, 209]. In Table2.1, {−1, 1}n represents theCartesian
product of the set {−1, 1}. That is,

{−1, 1}n = {−1, 1} × {−1, 1} × · · · × {−1, 1}
=
{[

a1 a2 · · · an
]T∣∣∣ ai ∈ {−1, 1} , i ∈ I [1, n]

}
.

In Sect. 2.6, the concept of a real representation of complexmatrices is introduced,
and some properties of this real representation are given. The real representation in
Sect. 2.6 was firstly proposed by Jiang and Wei in [155] to solve the con-Kalman-
Yakubovich matrix equation X − AXB = C. In [258], it was used to give an explicit
solution of normal con-Sylvester matrix equations. This real representation was also
applied to investigate some other complex conjugate matrix equations [265, 281].
In addition, it was also used in [154] to investigate the consimilarity of complex
matrices. In Sect. 2.6, the results in Lemmas 2.13 and 2.14 are taken from [155].
The result of Lemma 2.15 is taken from [265]. The results of Theorems 2.7 and 2.8
were given in [258] and [280]. However, in Subsection2.6.2 an alternative proof for
Theorem 2.7 was provided.

In Sect. 2.7, the consimilarity of complex matrices is simply introduced. Themain
content of this section is taken from [142]. Besides similarity, consimilarity is another
equivalence relation between complex matrices. Consimilarity firstly appeared as
a change of basis for the matrix representation of semilinear transformations [20,
150]. In Sect. 2.7, the concepts of consimilarity, coneigenvalues and coneigenvectors
are given, and a relation between coneigenvalues and eigenvalues is established.
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Table 2.1 Some p → q induced norms

Norm Expression Norm Expression

‖A‖1→1

max
j∈I[1,n]

{
m∑

i=1

∣∣aij
∣∣
}

= max
j∈I[1,n]

{∥∥aj
∥∥
1

} ‖A‖∞→1 max
s∈{−1,1}n

{‖As‖1→1}

‖A‖1→2

max
j∈I[1,n]

{
m∑

i=1

∣
∣aij
∣
∣2
}

= max
j∈I[1,n]

{∥∥aj
∥
∥
2

} ‖A‖∞→2

max
i∈I[1,m]

⎧
⎨

⎩

n∑

j=1

∣
∣aij
∣
∣2
⎫
⎬

⎭

= max
i∈I[1,m] {‖ai·‖2}

‖A‖1→∞ max
i∈I[1,m], j∈I[1,n]

{∣∣aij
∣
∣} ‖A‖∞→∞

max
i∈I[1,m]

⎧
⎨

⎩

n∑

j=1

∣
∣aij
∣
∣

⎫
⎬

⎭

= max
i∈I[1,m] {‖ai·‖1}

‖A‖2→1 max
s∈{−1,1}m

{
σmax

(
sTA
)} ‖A‖2→2 σmax (A)

It can be seen that the theory of coneigenvalues is much more complicated than
that of eigenvalues. A matrix may have infinitely many distinct coneigenvalues or it
may have no coneigenvalues at all. There have been many results on consimilarity
available in literature. In [141], a criterion of consimilarity between A and B was
established by the similarity between AA and BB combined with the alternating-
product rank condition. Moreover, some canonical forms were given in [141] under
consimilarity.

Section2.8 first introduces the concept of real linear spaces, and then gives some
properties of real linear mappings. In fact, the concept of real linear spaces is only
a special case of normal linear spaces. However, in most books the entries of the
involved vector in a linear space over the field R are all real. In this section, the
real linear space is emphasized in order to deal with some special spaces. Some
concepts in normal linear spaces are specialized to the context of real linear spaces.
These concepts include real bases, real dimensions, and real linear dependence. In
the second subsection of this section, a result on the real dimensionality of image
and kernel of a real linear mapping is given. This result will be used in Sect. 6.1 to
investigate the solvability of the so-called normal con-Sylvester matrix equation.

In Sect. 2.9, the real inner product space is introduced. A real inner product for
the matrix space C

m×n is given, which will be used in Chap.5 to investigate finite
iterative algorithms for some complex conjugate matrix equations.

In Sect. 2.10, some basic results are introduced for complex optimization. The
definition of the derivative with respect to a complex variable is first given, and
then the concepts of gradient and conjugate gradient are presented. Based on these
preliminaries, someconditions forminimumpoint are given for a real-valued function
with respect to complex vector variables. The result in this section will be used in
Chap.12. The main content of this section is taken from [297].

http://dx.doi.org/10.1007/978-981-10-0637-1_6
http://dx.doi.org/10.1007/978-981-10-0637-1_5
http://dx.doi.org/10.1007/978-981-10-0637-1_12
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