Chapter 2

Conditions of Disturbances Rejection
for Discrete First, Second Order

and Repetitive Sliding Mode Controllers

Khadija Dehri, Majda Ltaief and Ahmed Said Nouri

Abstract Harmonic disturbance rejection is an important field of control theory
and applications. In this paper a discrete first and second order sliding mode control
for multivariable systems are investigated. The necessary conditions of harmonic
disturbances rejection using first and second order sliding mode control laws are
elaborated. In order to improve the performances of sliding mode control in peri-
odic disturbances rejection, a discrete repetitive sliding mode control is presented.
A necessary condition for the choice of the discontinuous terms in discrete repeti-
tive sliding mode control is then developed. The different proposed control strategies
have been tested on numerical simulation example. The obtained results are very sat-
isfactory in terms of compensation of periodic disturbances using discrete repetitive
sliding mode control.

Keywords Conditions of disturbances rejection * Discrete sliding mode control -
Second order sliding mode control - Repetitive sliding mode control - Multivariable
control systems * Rejection of periodic disturbances

2.1 Introduction

Due to the development and the progress of technology, many industrial processes
are became more complex (multivariable, non linear, with parameter uncertainties
and external disturbances, . . .). Then, the representation of such systems by an exact
mathematical model and the development of an adequate control law are extremely
difficult.
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To overcome this problem, various control strategies have been proposed in the
last two decades. Sliding Mode Control (SMC) as a Variable Structure System (VSS)
has been widely used in different engineering fields and carried out excellent per-
formances in many industrial applications (Lopez and Nouri 2006; Yu and Kaynak
2009). The SMC is known by its robustness against uncertainties and external distur-
bances. The main idea behind SMC is to use a discontinuous control input to drive
state trajectories towards desired sliding surface in finite time and maintain them
on it. Nevertheless, the main drawback of the sliding mode control is the chattering
phenomenon caused by the discontinuous part of the control law. The phenomenon
of chattering is a harmful phenomenon and it often leads to undesirable results.

Due to the development of computer and the use of digital control, discrete sliding
mode control (DSMC) has become more important research in many theoretical and
practical control systems (Gao et al. 1995; Bartoszewicz 1998; Stoica 2008). How-
ever, the properties of continuous SMC is not available in the case of DSMC because
of the finite sampling rate (Young et al. 1999). Then, the problem of chattering phe-
nomenon is more difficult in discrete sliding mode control. Several methods have
been proposed to reduce this problem. One solution is to replace the signum function
by a smoother function in the boundary layer such as the saturation function. Another
solution is to use a high order sliding mode control (HOSMC) (Mihoub et al. 2009;
Romdhane et al. 2015; Cavallo and Natale 2004).

Another problem of the DSMC is its sensitivity to external disturbances. In a
variety of industrial processes, these disturbances are, often, periodic signals (robotic,
rotating machine tools, active noise control ...). In electrical networks, non-linear
devices are the main source of harmonic disturbances. All power electronic converters
can generate harmonic disturbances by injecting harmonic currents in the power
system (Zhou and Wang 2003). Under the effect And turning fields, the couple
can cause mechanical vibration in rotating machinery. For example, in the hard
disk drives, the periodic disturbances are caused by the eccentricity on the track
at the frequency of rotation of the disk (Chang et al. 2006). In the robot-assisted
laparoscopic surgery of the digestive system, physiological movements caused by
breathing and heartbeat can be considered as a periodic disturbances (Ginhoux 2003),
etc.

In order to resolve this problem, several proposals have been made to modify
the discrete classical sliding mode control. Bartoszewicz et al. (Ginhoux 2003) pro-
posed a new non-switching reaching law for periodic review inventory systems.
In (Mihoub et al. 2011), a multimodel discrete second order sliding mode con-
trol for non stationary system was formulated. Young et al. (Young et al. 1999)
proposed a discrete sliding mode control with delayed disturbance compensator.
In (Yan et al. 2013), a discrete sliding mode control with decoupled perturba-
tion estimator based on computation time delay was developed. A discrete slid-
ing mode control with a nonlinear observer is designed to estimate non measurable
states and perturbation and applied to induction motors in (Castillo-Toledoa et al.
2008). Bandyopadhyay et al. (Bandyopadhyay and Fulwani 2009) proposed a non-
linear sliding surface and disturbance observer to design sliding mode control for
discrete multiple-input multiple-output linear systems with matched perturbations.
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In parallel a discrete adaptive sliding mode controller have been developed (Monsees
2002; Chan 1997).

Nevertheless, the use of disturbance observer can make control system more
complex. Another approach is to combine the sliding mode control with repetitive
control (Dehri et al. 2011, 2012a,b).

Repetitive control (RC) is one of the most common approach in dealing with the
periodic disturbance rejection (Arimoto et al. 1984; Xuan et al. 2013). It has been
investigated in the continuous and discrete time domain and in different engineering
areas (robots (Xuan et al. 2007; Fateha et al. 2013), hard disk drives (Chang et al.
2006), pulse width modulation inverters (Zhou and Wang 2003), etc.). The main idea
behind repetitive control is to remove errors that occur at the fundamental and har-
monics frequency of the periodic signal. This control is based on the Internal Model
Principle (IMP) (Francis and Wonham 1976) which consists in simply incorporating
the model of the disturbance into the controller configuration. A periodic signal can
be generated by a delay block with a positive feedback loop. However, the repetitive
control is confronted with several problems: such as the problem of stability and
the inability to take into account certain characteristics of processes (Doh and Ryoo
2006).

In order to resolve these problems, we have proposed to combine the repetitive
control with the sliding mode control for discrete multivariable systems (Dehri et al.
2011, 2012a,b).

This work focuses on the synthesis of a necessary condition to reject periodic
disturbances for multivariable systems using discrete first, second order and repetitive
sliding mode controllers.

This paper is organized as follows. The synthesis of a necessary condition for
rejection external disturbances using classical discrete multivariable sliding mode
control is presented in Sect.2.2. In Sect.2.3, a necessary condition for rejection
external disturbances in discrete second order sliding mode control for multivariable
systems is developed. A necessary condition for rejection periodic disturbances of
discrete repetitive sliding mode control is then proposed in Sect. 2.4. Section 2.5 gives
the simulation results of the discrete first, second order and repetitive sliding mode
controllers for a chemical reactor model subjected to periodic disturbances.

2.2 Conditions of Disturbances Rejection in Discrete
Multivariable Sliding Mode Control

Consider a linear multivariable discrete-time system:
x(k 4+ 1) = Ax(k) + Bu(k) (2.1)

where x(k) and u(k) are respectively the state and input vectors:
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x(k) = [x1(0) ... %) ]

wk) = [un (k) .. (k)]

A and B are respectively n x n and n x m known constant matrices. We suppose that
the matrix B is of full rank.
The sliding function is defined as:

S(k) = Cx(k) = [s1(k) -+~ (k)" 2.2

where C is an (m, n) matrix chosen using the pole assignment method (Chang and
Chen 2000).
The reaching law can be written as follows (Bartoszewicz 1998):

mysign(si (k))

masign(sz (k)

Stk+1)=®Sk) — (2.3)

My Sign(s, (k))
where @ (@ € N"*™) is a diagonal matrix such

0<®;,, <1, Vi=1...mandm; (m; €N)isapositive gain.
And sign is the signum function defined as:

. —1 sis; .
mgn(s,-(k)):[ | ss11 j,((llz)):(())’ ie[l...m]

Using the considered reaching law, the sliding mode control law can be expressed
as:

mysign(si (k))
u(k) = (CB)' [—CAx(k) + ®S(k)] — (CB)~! : 2.4)
my,sign(s, (k))

To study the robustness of the control law, we suppose that the system is subject to
external disturbances as follows:

x(k + 1) = Ax(k) + Bu(k) + f (k) 2.5)

where f (k) is the external disturbances vector.
Suppose the following matching condition is satisfied:
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d (k)
dy (k)
flo =Bd(k); dky=| . 2.6)
(k)
Then, the system (2.5) is equivalent to:
x(k + 1) = Ax(k) + Blu(k) + d(k)] 2.7

Conditions of Disturbances Rejection

By applying the sliding control law (2.4) to the system (2.5), the sliding functions
vector is given by:

Stk +1) = Cx(k + 1) = CAx(k) + CBu(k) + CBd (k)

msign(si(k))

myosign(sa (k))
— ®S(Kk) — :

+ CBd(k)
Msign (s (K))

A necessary and sufficient condition for the existence of a quasi sliding mode is
defined as (Sarpturk et al. 1987):

lsitk + DI < Isi(k)|], YVi=1l...m (2.8)
The previous condition is equivalent to:

(si(k + 1) — s;(k))sign(s;(k)) <0, Vi=1l...m
(si(k + 1) 4 s;(k))sign(s;(k)) >0, YVi=1...m

Suppose that:
d(k) = CBA(k) = [d(k) dy(k) ... du(k)]"

We have:
si(k + 1) = &; ;si(k) — mysign(s;(k)) + d;(k), Yi=1...m

Case s;(k) > 0:
In this case, the conditions of existence of a quasi-sliding mode are:

sitk +1) —s;(k) <0
sitk+ 1) +s;(k) >0

or
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silk 4+ 1) = 5i(k) = =(1 = @; )si (k) — m; + di (k)
then:
sitk 4+ 1) — si(k) = (@11 — Dsi(k) — m; +di(k) < 0= m; > (P — Dsi(k) + di(k)

‘We have: B
sitk +1) +si(k) = (1 + D, )si(k) — m; + d;i(k)

then:
sitk+ 1) + 5;(k) = (i + Dsi(k) — mj + di(k) > 0 = m; < (Py; + Dsi(k) + di(k)

Case s;(k) < O:
The conditions of existence of a quasi-sliding mode are:

sitk+1) —s;(k) >0
sitk +1)+s;(k) <0

” sitk 4 1) = si(k) = —(1 — ®; )s; (k) + m; + di(k)
then

sitk +1) = si(k) = (P — Dsi(k) +m; + di(k) > 0 = m; > —(®;; — Dsi(k) — di(k)
We have:

sitk + 1) +s5i(k) = (@i + Dsi(k) +m; + di(k) < 0= m; < —(®;; + Dsi(k) — di(k)

Theorem 1 The discrete sliding mode control law defined in (2.4) allows the rejec-
tion of the external disturbances if and only if the gains m; satisfy:

(@i — 1) [s; (k)| + di(k) sign(s;(k)) < m; < (®;; + 1) |s;(k)| + di(k) sign(s;(k))
(2.9)

According to this condition, it is noted that the rejection of external disturbances
is possible only if we know exactly these disturbances. If the disturbances are not
known, an estimation phase is required.

Also, the minimum quasi-sliding mode band 2u; depends on the maximum norm
of the disturbances:

2m,~
1 —&;;

2 >
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Consequently, if these disturbances are relatively important, a large amplitude oscil-
lations is appeared which can excite the high frequencies and damage the controlled
system.

To resolve this problem, the discrete second order sliding mode control is
described in the following paragraph.

2.3 Conditions of Disturbances Rejection in Discrete
Multivariable Second Order Sliding Mode Control

Discrete second order sliding mode control (2-DSMC) is a major approach being
used of higher order sliding mode control. It consists in force the the state to move
on the sliding surface and to keep it first derivative null.

There are some works, in literature, which used 2-DSMC for multiple-input
multiple-output (MIMO) systems because it is well known that the control problems
of MIMO systems are very difficult (Chang 2002; Romdhane et al. 2015; Monsees
2002; Dehri et al. 2011, 2012a,b; Chang and Chen 2000).

In the case of the multivariable second order sliding mode control, the sliding
functions vector is selected as follows (Mihoub et al. 2011):

o(k)y=Stk)+BStk — 1) =[o1(k) ... am(k)]T (2.10)

where § is an (m, m) diagonal matrix.
The equivalent control law is obtained if the following relation is verified:

ok+1)=o0(k)=0
Then, the expression of the equivalent control law can be calculated as:
(k) = (CB)™" [=BS (k) — CAx(k)]
The robustness is ensured by the addition of a discontinuous term u;,(k) such as:

m| sign(a; (k))
uais () = g (k — 1) — (CB)™'T, | misign(o:())

1, sign (o (6))
= ugi(k — 1) — (CB)~! [ m|sign(o1 (k) ... m,,sign(c,,(k)) ]T

with T, is the sampling time.
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The discrete second order sliding mode control is then expressed as:
u(k) = ueq(k) + ugis (k) (2.11)

Conditions of Disturbances Rejection

Using (2.5) and (2.11), the sliding functions vector S(k 4+ 1) can be written as:
Stk+1) =Cx(k+1) = —8S(k) + CBd(k) + CBug(k)

Based on the last relation and (2.10), the sliding functions vector o (k + 1) can be
written as:
ok+1)=o0(k)+ CB(d(k) —dk —1))
" 0 T
— [msign(o1 (%)) ... m,,sign(o,, (k) ]

A necessary and sufficient condition for the existence of a quasi sliding mode in the
case of discrete second order sliding mode control is defined as:

loi(k + )| < |oi(k)], Yi=1...m (2.12)
The previous inequality is equivalent to the following two inequalities:

(0i(k + 1) — oi(k))sign(o;(k)) <0
(0i(k + 1) + 0i(k))sign(o;(k)) > 0

Suppose that:
d(k) = CBd(k) — CBd(k — 1) = [ d, (k) dy (k) ... sz(k)]T

We have: B
oi(k + 1) = o;(k) — m;sign(o;(k)) + d;(k), Yi=1.m

Case o;(k) > 0:
The conditions of existence of a quasi-sliding mode becomes:

oitk+1)—o0;(k) <O
oi(k+1)+o0;k) >0

‘We have ~
oitk +1) — o;(k) = —m; + d;(k)

So:

oilk + 1) = 0i(k) = —m; +ditk) < 0= m;" > di(k)
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Using the following equality:
oi(k + 1) + 0;(k) = 203(k) — m; + d;(k)
‘We obtain:
oik + 1) + i(k) = 203(k) — m;" +di(k) > 0= m;" < 20;(k) + di(k)

Case o;(k) < 0:
The conditions of existence of a quasi-sliding mode are:

oik+1)—o0;k) >0
U,‘(k + 1) +O’,(k) <0

which yields
ok +1) —oi(k) = m; +d;(k) > 0= m;" > —d;(k)
oi(k + 1) 4 0;(k) = 20;(k) + m; + di(k) < 0= m; < —20;(k) — di(k)

Theorem 2 The discrete second order sliding mode control law defined in (2.11)
allows the rejection of the external disturbances if and only if the gains ml satisfy:

di(k) sign(oi(k)) < m; < 2|o;(k)| + d;(k) sign(o;(k)) (2.13)

‘We can conclude that the discrete second order sliding mode control is able to reduce
the chattering phenomenon and to reject constant disturbances without necessity of
estimating them by the integration of the discontinuous term.

Also, the minimum quasi-sliding mode band depends on the maximum norm of
the derivative of disturbances.

Conditions of Rejection of Periodic Disturbances

The disturbance vector is given as follows:

- N, -
> ayj cos(jwk) + by; sin(jwk)
j=0

Na
d(k)y = | > ajcos(jwk) + bjj sin(jwk) (2.14)
Jj=0

Na
> apj cos(jwk) + b,y sin(jwk)
L j=0 J
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The difference between d (k) and d(k — 1) can be majored as:

. -
> Jay] + |by]
j=0

Nd i
ld(k) —d(k — 1)| < wT, ZO |ag| + |by| | < WTodma
=

Ny i
> [ami| + |bu]
Lj=0 .

with dinax = Sup(d(k)) = [dl max - - - dmmax]T
The condition of periodic disturbances rejection in discrete second order sliding
mode control is formulated as:

~Wlhodimax < 1 < 2107(6)| + WTod;max (2.15)

The discrete sliding mode control can reject periodic disturbances if the period of
these disturbances is very high.

A solution for this problem was proposed in (Dehri et al. 2011, 2012a,b) by
combining the discrete sliding mode control and the repetitive control.

2.4 Conditions of Disturbances Rejection in Discrete
Multivariable Repetitive Sliding Mode Control

In the presence of periodic disturbances, the discrete multivariable first and second
order sliding mode control performances are decreased considerably. In order to
overcome these problems, we propose to use the discrete multivariable repetitive
sliding mode control.

We suppose that the disturbances vector d(k) is periodic with the period N:

dy (k) di(k —N)
d(k) = d,'&k) = d,'(k.—N) =d(k —N) (2.16)
(k) dn(k — N)

The difference between s(k + 1) and s(k + 1 — N) can be calculated as:
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[ CAx(l) + CBu(k) + CBd(k)
sk+ D) =stk+1-N) = [—CAx(k — N) — CBu(k — N) — CBd (k —N)}

Using the last relation and (2.3), the discrete repetitive sliding mode control law for
multivariable systems subjected to periodic disturbances can be expressed as:

u(k) = u(k — N) — (CB) "' CA(x(k) — x(k — N))
[ mysign(s; (k) ]
mysign(ss (k))

—(CB)™! 2.17)

m,-sign.(s,' (k))

| mnsign(sm(k))
+ (CB) Y (@sk) — stk + 1 —N))

Conditions of Disturbance Rejection

Replacing the control law by its expression (2.17), the sliding functions vector is
then given as follows:

Sk + 1) = Cx(k + 1) = CAx(k) + CBu(k) + CBd(k)
= CAx(k) + CBu(k — N) — CA(x(k) — x(k — N)) + @S(k) — S(k + 1 — N)

mysign(sy (k))
mysign(sz(k))

+ CBd(k)

My, sign(s,, (k))

mysign(sy (k)

mysign(sa (k)
= ®S(k) — :

+ CB(d(k) —d(k — N))
My Sign(sy (k)
A necessary and sufficient condition for the existence of a quasi sliding mode is

defined by (2.8).
Suppose that:

d(k) = CB(d(k) — d(k — N)) = [C_ll(k) d () ...d k) ]T
‘We have:

S,'(k + 1) = qj,” ,'Si(k) — misign(si(k)) + C_l(k), Vi=1...m



40 K. Dehri et al.

Case s;(k) > 0:
In this case, the conditions of existence of a quasi-sliding mode are:

sitk+1) —s;(k) <0
sitk+ 1) +s;(k) >0

then:

sitk +1) = s5i(k) = (Di,i — D)si(k) —m; +d (k) < 0= m; > (Pi; — Dsi(k) +d (k)
sitk + 1) + si(k) = (Di; + Dsi(k) —m; +d (k) > 0= m; < (D;; + D)si(k) +d (k)

Case s;(k) < O:
The conditions of existence of a quasi-sliding mode becomes

sitk+1) —s;(k) >0
sitk +1)+s;(k) <0

Which gives:
sitk + 1) = 5i(k) = (®ii — Dsi(k) +mi +d (k) > 0= m; > —(P;; — Dsi(k) —d (k)

sitk 4+ 1) +5;(k) = (@i i + D)si(k) +m; +d (k) <0=m < —(P;; + Dsi(k) —d (k)

Theorem 3 The discrete multivariable repetitive sliding mode control law defined
in (2.17) allows the rejection of the external disturbances if and only if the gains m;

satisfy:

(@ii — D lsi(k)| +d (k) sign(si(k)) < m; < (P + 1) |si(k)| +d (k) sign(si(k))
’ (2.18)
We remark that the discrete multivariable repetitive sliding mode control is able to
reject periodic disturbances without necessity of estimating them.

Also, the minimum quasi-sliding mode band depends on the maximum norm of
the difference of disturbances between instances k and k — N.

2.5 Simulation Results

Consider the mathematical model of a chemical reactor (Stoica 2008):

x(k + 1) = Ax(k) + Bu(k) + Bd (k)
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where:
0.9580 O 0 0 025 0
a_| 0 008 0o 0 | . 10250
- 0 0 09048 0 ’ - 0 0.5
0 0 0 0.9277 0 0.5
with
xy (k)
X2 (k) u (k) d (k)
k) = ; k) = ;o dk) =
= | ® [uz(k)} ® [dz(k)]
x4(k)

The periodic disturbances vector is chosen as:

dy(k) = 0.1+ 0.5sin (%) +0.2cos (3F) N
dz(k)—02+04sm(%)+03c05(%)’ -

The retained synthesis parameters are:
D =D 0.1 C— 286.7629 —282.7629 16.9876 —16.9876
L1 =22 = = ~ | —12.6797 12,6797 —96.1930 98.1930

The evolution of disturbances d; (k) and d;(k) is given in Fig.2.1.

In this section, three kinds of controllers are considered: the first order discrete
multivariable sliding mode control (DSMC), the second order discrete multivariable
sliding mode control (2-DSMC) and the discrete multivariable repetitive sliding mode
control (DRSMC).

Firstly, a first order discrete multivariable sliding mode control is used.

The simulation results are shown in Figs.2.2, 2.3 and 2.4. Figure2.2 gives the
evolutions of the states. Figure2.3 presents the evolutions of the control signals
u1 (k) and u, (k). The evolution of the sliding surfaces s (k) and s, (k) is illustrated
by Fig.2.4.

It can be noted that all the states and sliding functions track the origin with periodic
error due to the presence of external periodic disturbances. As a conclusion, the first
order DSMC is not able to reject effectively the considered periodic disturbances.

This is proved by Theorem 1. Indeed, the selected gains are not satisfied the
condition (2.9) without knowing perfectly the considered disturbances.

For classical discrete sliding mode control, it was noted:

e the presence of chattering phenomenon.
e the rejection of constant or harmonic disturbances is only possible when these
disturbances are known or estimated.
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Fig. 2.1 Evolutions of periodic disturbances dj (k) and d (k)

Secondly, in order to ameliorate the performance of the first order discrete multi-
variable sliding mode control, we use the discrete multivariable second order sliding
mode control.

The simulation results are shown in Figs.2.5, 2.6 and 2.7. The evolution of the
states is given in Fig.2.5. Figure2.6 shows the evolutions of the inputs u; (k) and
uy (k). The evolution of sliding surfaces is presented in Fig.2.7.

We observe that the presence of periodic disturbances can cause periodic errors
at sliding surfaces. Also, it can be seen that a minor periodic errors are obtained
using 2-DSMC as shown by comparing Figs.2.2 and 2.5. This is due to the ability
of discrete second order sliding mode control to reject constant terms of external
disturbances.

Thirdly, the discrete multivariable repetitive sliding mode control (2.17), which
is a combination between DSMC and repetitive approach, is used in order to reject
periodic disturbances.

The simulation results of the system with the considered control law are shown
in Figs.2.8, 2.9 and 2.10. Figure 2.8 gives the evolutions of the states x; (k), x»(k),
x3(k) and x4(k),. Figure2.9 presents the evolutions of the inputs u; (k) and u, (k).
The evolution of the sliding functions s; (k) and s, (k) is presented in Fig. 2.10. These
figures proves that a relatively satisfactory performances are recorded in terms of
rejecting periodic disturbances.
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Fig. 2.2 Evolutions of the states x (k), x2(k), x3(k) and x4 (k) (DSMC)
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Fig. 2.3 Evolutions of the control signals u (k) and u; (k) (DSMC)
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Fig. 2.4 Evolutions of the sliding functions s; (k) and 52 (k) (DSMC)
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Fig. 2.5 Evolutions of the states x (k), x2(k), x3(k) and x4 (k)(2-DSMC)
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Fig. 2.6 Evolutions of the control signals u; (k) and u; (k) (2-DSMC)

Fig. 2.7 Evolutions of the sliding functions o (k) and o2 (k) (2-DSMC)
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A comparison between the three kinds of sliding mode controllers: DSMC, 2-
DSMC and DRSMC, as shown by Figs.2.11 and 2.12, reveals that the use of DRSMC
strategy reduce effectively the periodic disturbances.

2.6 Conclusion

In this paper, the problem of rejecting external disturbances in the discrete sliding
mode control is studied. A solution to reject constant disturbances can be given
by the discrete multivariable second order sliding mode control. To reject periodic
disturbances, the discrete multivariable repetitive sliding mode control is proposed.
Also, a necessary conditions of disturbances rejection in first, second order and
repetitive sliding mode controllers has been developed for a discrete multivariable
systems.

The effectiveness of the multivariable repetitive sliding mode control was val-
idated through numerical simulation for a chemical reactor model. A comparison
between the results obtained by the three kinds of sliding mode controllers showed a
good rejection of periodic disturbances of the discrete multivariable repetitive sliding
mode control.
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