
Chapter 2
Consensus of Homogeneous Multi-agent
Systems with Time Delays

2.1 Motivation

With the help of various analysis methods, including frequency-domain
analysis, Lyapunov method, properties of stochastic matrix theory, etc., delay effect
on consensus seeking multi-agent systems, especially for the homogeneous multi-
agent systems, has been extensively analyzed in the past decade. With nonnegligi-
ble communication delay, however, consensus results are mainly for the first-order,
second-order, and high-order multi-agent systems driven by stationary consensus
algorithms with diverse communication delays, dynamical consensus algorithm in
synchronously coupled form, etc. Besides, consensus problem with identical input
delay has also been extensively studied, but consensus analysis of multi-agent sys-
tems with diverse input delays only attracted a little attention.

Compared with synchronously coupled consensus algorithm, collective behaviors
of dynamical consensus algorithm in asynchronously coupled seemmore interesting
and complicated. Furthermore, consensus convergence subject to both input delay
and communication delay is still worth investigation, and the relationship between
communication delay and input delay needs intensive study.

2.2 Multiple First-Order Agents

Firstly, two first-order agents (1.15) with input delay are investigated

ẋi (t) = ui (t − T ), i = 1, 2, (2.1)

where T > 0 is the identical input delay of each agent. For the intercoupling agents
(2.1), asynchronously coupled consensus algorithm with communication delay is
given by
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u1(t) = κ(x2(t − τ) − x1(t)), (2.2)

u2(t) = κ(x1(t − τ) − x2(t)), (2.3)

where κ > 0, τ > 0 is the identical communication delay. With (2.2) and (2.3), the
closed-loop form of agents (2.1) is formulated as

ẋ1(t) = κ(x2(t − T − τ) − x1(t − T )), (2.4)

ẋ2(t) = κ(x1(t − T − τ) − x2(t − T )). (2.5)

Some results for two coupled agents (2.4) and (2.5) are listed firstly.

Theorem 2.1 ([1]) The coupled agents (2.4) and (2.5) without communication
delay, i.e., τ = 0, reach an asymptotic stationary consensus, i.e., limt→∞ x1(t) =
limt→∞ x2(t) = c, where c is a constant, if and only if

κ <
π

4T
. (2.6)

Theorem 2.2 ([2]) The coupled agents (2.4) and (2.5) converge to a stationary
consensus asymptotically, if

κ <
1

2T
. (2.7)

Remark 2.1 Evidently, communication delay-independent condition (2.7) in Theo-
rem 2.2 is relatively conservative, because the simulation results in [2] demonstrated
that consensus convergence of multi-agent systems with both communication delays
and input delays is dependent on the communication delays.

Now, we make further investigation on delay-dependent consensus criterion of
the coupled agents (2.4) and (2.5).

Theorem 2.3 If

κ <
π

2(2T + τ)
, (2.8)

the coupled agents (2.4) and (2.5) achieve an asymptotic stationary consensus.

Proof Let x̄(t) = x1(t) − x2(t), and we get

˙̄x(t) = −κ(x̄(t − T − τ) + x̄(t − T )). (2.9)

The characteristic equation of system (2.9) is given by 1 + g(s) = 0, where g(s) =
κ e−τ s+1

s e−T s . By computing, we obtain

g(jω) = κ
2 cos(ωτ

2 )

ω
e−j(ωT+ ωτ

2 + π
2 ).
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Thus, |g(jω)| = |κ 2 cos( ωτ
2 )

ω
|. When ω ∈ (0,+∞), g(jω) crosses the negative real

axis for the first time at ωc1 = π
2T+τ

. g(jω) crosses the negative real axis for the
kth time at ωck, k ≥ 2, and we get ωck > ωc1. Thus, if 2κ

ωc1
< 1, i.e., κ < π

2(2T+τ)
,

|g(jωck)| < 1 holds for k = 1, . . . ,+∞. Hence, g(jω) does not enclose the point
(−1, j0). Therefore, the system (2.9) is asymptotically stable, i.e., the coupled agents
(2.4) and (2.5) converge to a stationary consensus asymptotically. �

Remark 2.2 Obviously, the upper bound of κ in (2.8) is larger than that in (2.7) when
τ < τc with τc = T (π − 2). For the coupled agents (2.4) and (2.5), the control para-
meters can be designed by utilizing the conditions (2.7) and (2.8) comprehensively.
When 0 < τ < τc, the control parameter κ is designed based on Theorem 2.3, while
the control parameter κ is designed based on Theorem 2.2 when τ ≥ τc.

Example 2.1 Consider two coupled agents (2.4) and (2.5) with the input delay
T = 0.2 (s). From Theorem 2.1, two agents without communication delay reach an
asymptotic consensus if and only if κ < π

0.8 . When κ = π
0.8 , arbitrary positive com-

munication delay makes the agents’ states diverge (see Fig. 2.1). For the agents (2.4)
and (2.5) with both input and communication delays, we get κ < 2.5 from Theorem
2.2, and the asymptotic consensus convergence is independent of the communication
delay, i.e., consensus convergence is robust to arbitrary communication delay. Based
on the condition (2.8) in Theorem 2.3, upper bound of κ with different communica-
tion delay is obtained (see Fig. 2.2). When the communication delay increases, the
maximum value of κ decreases and converges to zero finally (see Fig. 2.2).Within the
bound of κ , two coupled agents converge to the stationary consensus asymptotically
(see Fig. 2.3). As mentioned in Remark 2.2, the design of the control parameter κ in
real engineering application is comprehensively completed according to Theorems
2.2 and 2.3. In Fig. 2.2, κ is designed from (2.8) when τ < τc = 0.2283 (s), while it
is designed based on (2.7) when τ ≥ τc.

Fig. 2.1 Divergence of
coupled first-order agents’
states

0 5 10 15 20 25
−150

−100

−50

0

50

100

150

Time/second

x i

x
1

x
2



16 2 Consensus of Homogeneous Multi-agent Systems with Time Delays

0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

3

3.5

4

Communication delay:τ/second

κ m
ax

Theorem 2.2
Theorem 2.3

Fig. 2.2 Upper bound of control parameter κ
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Fig. 2.3 Consensus convergence of coupled first-order agents

2.3 Multiple Second-Order Agents

Consensus algorithm (1.6) of second-order multi-agent systems is simply classified
into two types including stationary consensus algorithm with velocity stabilization
and dynamical consensus algorithm composed of the position and velocity consensus
coordination control parts.

http://dx.doi.org/10.1007/978-981-10-2492-4_1
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2.3.1 Stationary Consensus Algorithms with Time Delays

Second-order dynamic agents (1.5) with velocity damping part are modeled by [3]

ẋi (t) = vi (t),

v̇i (t) = −αi vi (t) + ui (t − Ti ), i ∈ I , (2.10)

where Ti > 0 is the input delay of agent i , respectively, and −αi vi with αi > 0
denotes the velocity damping term caused by the resistance, e.g., the friction.

For system (2.10), a simple consensus protocol is given by

ui (t) = κi
∑

j∈Ni

ai j (x j (t − τi j ) − xi (t)), (2.11)

where κi > 0, ai j > 0, j ∈ Ni , and τi j > 0 is the communication delay.
With (2.11), the closed-loop form of system (2.10) is

ẋi (t) = vi (t),

v̇i (t) = −αi vi (t) + κi
∑

j∈Ni

ai j (x j (t − Ti − τi j ) − xi (t − Ti )), i ∈ I . (2.12)

2.3.1.1 Consensus Convergence with Diverse Input Delays

Consensus seeking is analyzed for the multi-agent systems (2.12) only with diverse
input delays as follows

ẋi (t) = vi (t),

v̇i (t) = −αi vi (t) + κi
∑

j∈Ni

ai j (x j (t − Ti ) − xi (t − Ti )), i ∈ I . (2.13)

Before presenting consensus criteria for (2.13), some useful lemmas are listed as
follows.

Lemma 2.1 (Generalized Nyquist stability criterion [4]) Gr (s) ∈ R(s)N×N is
proper, where N is a positive integer, and the zeros of Δ(s) = det(I + Gr (s)) lie
on the open left half complex plane if and only if the number of counterclockwise
encirclements of (−1, j0) by the eigenloci of Gr (jω) as ω goes from −∞ to +∞ is
equivalent to the total number of right half-plane poles of Gr (s).

Lemma 2.2 ([5]) Let Q ∈ Cn×n, Q = Q� ≥ 0 and T = diag{ti , ti ∈ C}. Then

λ(QT ) ∈ ρ(Q)Co(0 ∪ {ti }),

http://dx.doi.org/10.1007/978-981-10-2492-4_1
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where λ(·) denotes matrix eigenvalue, ρ(·) denotes the matrix spectral radius, and
Co(·) denotes the convex hull.

Besides, we get the following lemma from Remark 4 and Claim 1 in [6].

Lemma 2.3 Assume that

(Tiαi − Tjα j )(Ti − Tj ) ≤ 0, ∀i, j ∈ I , i 	= j (2.14)

hold for the frequency response of a family of systems given by

Gi (jω) = Mi

s2 + jαiω
e−jTiω, i ∈ I ,

where Mi is the gain margin of transfer functionwi (s) = 1
s2+αi s

e−sTi . Then, δCo(0 ∪
{Gi (jω), i ∈ I }) does not contain the point (−1, j0) for any real number δ ∈ [0, 1)
and any ω ∈ (−∞,∞).

Theorem 2.4 Consider the agents (2.13) with a static interconnection topology
G = (V ,E , A) that is undirected (or bidirectional), symmetric (ai j = a ji ), and con-
nected. With (2.14), then, all the agents in system (2.13) asymptotically converge to
a stationary consensus, if

di <
Mi

2κi
,∀i ∈ I , (2.15)

where di = ∑
j∈Ni

ai j and Mi is the gain margin of transfer function wi (s) =
1

s2+αi s
e−sTi .

Proof The characteristic equation of system (2.13) about x = [x1, . . . , xn]T is
obtained as

det(diag{s2 + αi s, i ∈ I } + diag{κie−Ti s, i ∈ I }L) = 0.

Taking D(s) = det(diag{s2 + αi s, i ∈ I } + diag{κie−Ti s, i ∈ I }L), D(0) =
det(diag{02 + αi0, i ∈ I } + diag{κie−Ti0, i ∈ I }L)= det(diag{κi , i ∈ I }) det(L).
Since the interconnection topology G = (V ,E , A) is undirected and connected, it
follows from Lemma 1.1 that 0 is a simple eigenvalue of L , i.e., rank(L) = n − 1.
Hence, D(s) has only one zero at s = 0.

Let F (s) = det(I + diag{ κi
s2+αi s

e−Ti s, i ∈ I }L) with s 	= 0. From Lemma 2.1,

the zeros ofF (s) are on theopen left half complexplane, ifλ(diag{ κi
−ω2+jωαi

e−jωTi , i ∈
I }L) does not enclose the point (−1, j0) for ω ∈ R.

Based on the definition of Laplacian matrix, L = LT ≥ 0 holds for symmetric
weights (ai j = a ji ). It follows from Lemma 2.2 that

http://dx.doi.org/10.1007/978-981-10-2492-4_1
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λ

(
diag

{
κi

−ω2 + jαiω
e−jTiω

}
L

)

= λ

(
diag

{
Mi

−ω2 + jαiω
e−jTiω

}
diag

{√
κi M

−1
i

}
Ldiag

{√
κi M

−1
i

})

∈ ρ

(
diag

{√
κi M

−1
i

}
Ldiag

{√
κi M

−1
i

})
Co

(
0 ∪ Mi

−ω2 + jαiω
e−jTiω

)
.

In addition, the condition (2.15) yields

ρ

(
diag

{√
κi M

−1
i

}
Ldiag

{√
κi M

−1
i

})

= ρ
(
diag

{
κi M

−1
i

}
L
)

≤ max
i∈I

2κi di
Mi

< 1.

With the help of Lemma 2.3, thus, it is obvious that

(−1, 0) /∈ ρ

(
diag

{√
κi M

−1
i

}
Ldiag

{√
κi M

−1
i

})
Co

(
0 ∪ Mi

−ω2 + jαiω
e−jTiω

)
,

i.e., λ(diag{ κi
−ω2+jωαi

e−jωTi , i ∈ I }L) does not enclose the point (−1, j0) for ω ∈ R.
Hence, the zeros of F (s) all lie on the open left half complex plane.

Now, we have proved that D(s) has its zeros on the open left half complex plane
except for one zero at s = 0. Thus, we obtain from (2.13) that limt→∞ xi (t) = x∗

i , i ∈
I and limt→∞ vi (t) = 0,∀i ∈ I . In turn, we get L[x∗

1 , . . . , x
∗
n ]T = 0 from (2.13).

Since rank(L) = n − 1 and L[1, . . . , 1]T = 0 hold for the Laplacian matrix L of a
connected graph (or digraph), the roots of Lx∗ = 0 is expressed as x∗ = c[1, . . . , 1]T ,
where c is a constant. Theorem 2.4 is proved. �

Remark 2.3 From Lemma 2.3 and the proof of Theorem 2.4, consensus condition
(2.15) is strictly dependent on the precondition (2.14) and the symmetry of intercon-
nection topology.

Example 2.2 Consider a multi-agent network of six second-order dynamic agents
given by (2.13), and the topology in Fig. 2.4 is undirected and connected. The
symmetric weights are chosen as a12 = a21 = 0.2, a14 = a41 = 0.3, a23 = a32 =
0.5, a24 = a42 = 0.1, a35 = a53 = 0.2, a36 = a63 = 0.6, a45 = a54 = 0.4, and a56 =
a65 = 0.7. The agents’ input delays are as follows: T1 = 0.5 (s), T2 = 0.6 (s), T3 =
0.4 (s), T4 = 0.3 (s), T5 = 0.2 (s), and T6 = 0.25 (s). The agents’ damping coeffi-
cients are given by α1 = 1, α2 = 2

3 , α3 = 1.75, α4 = 2.5, α5 = 4.5, and α6 = 3.2.
Thus, the condition (2.14) holds for all the agents.
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Fig. 2.4 Undirected graph
with symmetric weights

Fig. 2.5 Consensus
convergence with input
delays
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By numerical computingwith the help ofMATLAB simulator, the gainmargins of
ωi (s) = e−sTi

s2+αi s
, i = 1, . . . , 6 are given byM1 � 2.15,M2 � 1.18,M3 � 4.81,M4 �

9.22, M5 � 25.29, and M6 � 14.24. According to the condition (2.15), the control
parameters κi satisfy: κ1 ∈ (0, 2.15), κ2 ∈ (0, 0.74), κ3 ∈ (0, 1.85), κ4 ∈ (0, 5.76),
κ5 ∈ (0, 9.73), andκ6 ∈ (0, 5.48), andwechooseκ1 = 2,κ2 = 0.7,κ3 = 0.3,κ4 = 2,
and κ5 = 3. Then, the agents in system (2.13) converge to a stationary consensus
asymptotically (see Fig. 2.5).

2.3.1.2 Consensus Convergence with Diverse Input
And Communication Delays

From the previous analysis, it is obvious that asymmetric connections and diverse
communication delays destroy the symmetry of frequency-domain Laplacianmatrix,
so Lemmas 2.2 and 2.3 cannot be applied in these cases. Fortunately, Gershgorin’s
disk theorem is an effective method for analyzing the consensus seeking of second-
order dynamic agents (2.12) with both heterogeneous input delays and communica-
tion delays under general directed topology.
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Theorem 2.5 Suppose that the interconnection topology G = (V ,E , A) of the
agents (2.12) has a spanning tree. If

di <
α2
i

2κi (1 + αi Ti )
, ∀i ∈ I , (2.16)

where di = ∑
j∈Ni

ai j , all the agents (2.12) reach a stationary consensus asymptot-
ically.

Proof The characteristic equation of system (2.12) on x = [x1, . . . , xn]T is described
as

det(diag{s2 + αi s, i ∈ I } + diag{κie−Ti s, i ∈ I }L(s)) = 0,

where L(s) = {li j (s)} ∈ Cn×n is defined by

li j (s) =
⎧
⎨

⎩

−ai je−τi j s, j ∈ Ni ;∑
j∈Ni

ai j , j = i;
0, otherwise,

and L(0) = L .
Let D̃(s) = det(diag{s2 + αi s, i ∈ I } + diag{κie−Ti s, i ∈ I }L(s)). Analogous

to the proof of Theorem 2.4, D̃(s) has only one zero at s = 0, since the topology
G = (V ,E , A) has a spanning tree.

With s 	= 0, define F̃ (s) = det(I + diag{ κi
s2+αi s

e−Ti s, i ∈ I }L(s)). It follows the
Gershgorin’s disk theorem that

λ

(
diag

{
κi

−ω2 + jαiω
e−jTiω, i ∈ I

}
L(s)

)

∈
⋃

i∈I

⎧
⎨

⎩ζ : ζ ∈ C, |ζ − κi (
∑

j∈Ni
ai j )

−ω2 + jαiω
e−jTiω| ≤

∑

j∈Ni

| κi ai j
−ω2 + jαiω

e−j(Ti+τi j )ω|
⎫
⎬

⎭

=
⋃

i∈I

{
ζ : ζ ∈ C, |ζ − κi di

−ω2 + jαiω
e−jTiω| ≤ | κi di

−ω2 + jαiω
e−jTiω|

}

holds for ω ∈ R. λ(diag{ κi
(jω)2+jωαi

e−jωTi , i ∈ I }L(jω)) does not enclose the point
(−1, j0) for ω ∈ R, as long as the point (−a, j0) with a ≥ 1 does not in the disk
{ζ : ζ ∈ C, |ζ − κi di

−ω2+jαiω
e−jTiω| ≤ | κi di

−ω2+jαiω
e−jTiω|} for allω ∈ R, i.e., | − a + j0 −

κi di
−ω2+jαiω

e−jTiω| > | κi di
−ω2+jαiω

e−jTiω| holds for allω ∈ R and a ≥ 1. By calculating, we
obtain
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| − a + j0 − κi di
−ω2 + jαiω

e−jTiω|2 − | κi di
−ω2 + jαiω

e−jTiω|2

= a

(
a − 2κi di

cos(ωTi ) + αi
sin(ωTi )

ω

ω2 + α2
i

)
.

Since cos(ωTi ) ≤ 1 and sin(ωTi )
ω

≤ Ti hold for ω ∈ R, we get from (2.16) that

2κi di
cos(ωTi ) + αi

sin(ωTi )
ω

ω2 + α2
i

≤ 2κi di (1 + αi Ti )

α2
i

< 1.

Thus, | − a + j0 − κi di
−ω2+jαiω

e−jTiω| > | κi di
−ω2+jαiω

e−jTiω| holds for allω ∈ R and a ≥ 1.

According to Lemma 2.1, the zeros of F̃ (s) all have negative real parts. Then, D̃(s)
has its zeros on the open left half complex plane except for a zero at s = 0. Similar
to the proof of Theorem 2.4, therefore, the system (2.12) converges to a stationary
consensus asymptotically. Theorem 2.5 is proved. �

Remark 2.4 By usingGershgorin’s disk theorem, a general decentralized frequency-
domain consensus condition has been obtained for the multi-agent systems with
agents’ dynamics modeled by strictly stable linear systems under diverse commu-
nication delays [7]. In fact, the system (2.12) can be expressed as a special case
of the system studied in [7]. However, the consensus condition (2.16) in Theorem
2.5 provides a concrete algebraic criterion for designing the consensus algorithm
conveniently.

Remark 2.5 Based on the inequality (24) in [8], the condition (2.15) in Theorem 2.4

satisfies 1
2κi M

−1
i

> αi
2κi Ti

>
α2
i

2κi (1+αi Ti )
, so the condition (2.16) in Theorem 2.5 is more

conservative than the condition (2.15) in Theorem 2.4.

Example 2.3 Investigate a directed interconnection topology composed of six agents
modeled by (2.12) (see Fig. 2.6). Obviously, the topology in Fig. 2.6 has a span-
ning tree. The weights of the directed edges are as follows: a15 = 0.3, a21 = 0.25,
a32 = 0.15, a36 = 0.6, a41 = 0.45, a54 = 0.1, a51 = 0.4, a56 = 0.5, and a63 = 0.15,
and the corresponding communication delays are as follows: τ15 = 0.1 (s), τ21 =
0.15 (s), τ32 = 0.15 (s), τ36 = 0.1 (s), τ41 = 0.15 (s), τ54 = 0.15 (s), τ51 = 0.1 (s),
τ56 = 0.05 (s), and τ63 = 0.15. The velocity damping coefficients of the agents

Fig. 2.6 Digraph composed
of six agents
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Fig. 2.7 Consensus
convergence with input and
communication delays

0 5 10 15 20 25 30 35 40
−2

−1

0

1

2

Time/second

x i

0 5 10 15 20 25 30 35 40
−2

0

2

4

Time/second

v i

are as follows: α1 = 1.5, α2 = 2, α3 = 1, α4 = 2, α5 = 3, and α6 = 3. Choos-
ing the control parameters: κ1 = 1.5, κ2 = 2, κ3 = 0.3, κ4 = 2, κ5 = 1.5, and
κ6 = 2.5, we obtain from the condition (2.16) that the constraints on the input delays
are as follows: T1 ∈ (0, 1) (s), T2 ∈ (0, 1.5) (s), T3 ∈ (0, 1.22) (s), T4 ∈ (0, 0.61) (s),
T5 ∈ (0, 0.67) (s), and T6 ∈ (0, 3.67). With T1 = 0.7 (s), T2 = 0.8 (s), T3 = 0.6 (s),
T4 = 0.2 (s), T5 = 0.6 (s), and T6 = 0.5 (s), the agents in the system (2.12) converge
to a stationary consensus asymptotically (see Fig. 2.7).

2.3.2 Dynamical Consensus Algorithms with Time Delays

Different from stationary consensus algorithms, collective behaviors caused by
dynamical consensus algorithm are quite distinct between the synchronously coupled
form and asynchronously coupled.

Two continuous-time second-order agents (1.5) are modeled by

ẋi (t) = vi (t),

v̇i (t) = ui (t), i = 1, 2, (2.17)

and the dynamical consensus algorithm is presented as

u1(t) = κ((x2(t) − x1(t)) + γ (v2(t) − v1(t))),

u2(t) = κ((x1(t) − x2(t)) + γ (v1(t) − v2(t))),

where κ > 0 and γ > 0.

http://dx.doi.org/10.1007/978-981-10-2492-4_1
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2.3.2.1 Consensus Convergence with Communication Delay

Asynchronously coupled form of the dynamical consensus algorithms with commu-
nication delay is expressed as

u1(t) = κ((x2(t − τ) − x1(t)) + γ (v2(t − τ) − v1(t))), (2.18)

u2(t) = κ((x1(t − τ) − x2(t)) + γ (v1(t − τ) − v2(t))), (2.19)

where τ > 0 is the communication delay.
Driven by (2.18) and (2.19), the second-order agents’ dynamics become

ẋ1(t) = v1(t),

v̇1(t) = κ((x2(t − τ) − x1(t)) + γ (v2(t − τ) − v1(t))), (2.20)

ẋ2(t) = v2(t),

v̇2(t) = κ((x1(t − τ) − x2(t)) + γ (v1(t − τ) − v2(t))). (2.21)

Proposition 2.1 Two coupled agents (2.20) and (2.21) achieve a stationary consen-
sus asymptotically, if and only if

2κ

ω2
c1

< 1, (2.22)

where ωc1 satisfies
ωc1τ

2
= arctan(γωc1), ωc1 > 0. (2.23)

Before proving Proposition 2.1, we give two useful lemmas firstly.

Lemma 2.4 The following equation

s2 + κ(γ s + 1)(1 + e−sτ ) = 0, (2.24)

where κ > 0, γ > 0 and τ > 0, has its roots lying on the open left half complex
plane, if and only if (2.22) holds.

Proof The Eq. (2.24) equals
1 + g(s) = 0,

where g(s) = κ(γ s+1)
s2 (1 + e−sτ ). Based on the Nyquist stability criterion, the roots

of (2.24) lie on the open left half complex plane, if and only if g(jω) does not enclose
the point (−1, j0) for ω ∈ R. By computing, we get

g(jω) = 2κ cos(ωτ
2 )
√

γ 2ω2 + 1

ω2
e−j(π+ ωτ

2 −arctan(γω))
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and

arg(g(jω)) =

⎧
⎪⎨

⎪⎩

−π − ωτ
2 + arctan(γω), 2nπ < ωτ

2 < 2nπ + π
2 ;

−ωτ
2 + arctan(γω), 2nπ + π

2 < ωτ
2 < 2nπ + 3π

2 ;
−π − ωτ

2 + arctan(γω), 2nπ + 3π
2 < ωτ

2 < 2(n + 1)π,

where n ≥ 0 is nonnegative integer.
For ω ∈ (0,+∞), g(jω) crosses the negative real axis for the first time at ωc1

satisfying
ωc1τ

2
= arctan(γωc1)

and
|g(jωc1)| = 2

κ

ω2
c1

.

g(jω) crosses the negative real axis for the second time at ωc2 satisfying

ωc2τ

2
= π + arctan(γωc2)

and
|g(jωc2)| = 2

κ

ω2
c2

.

Apparently, |g(jωc1)| > |g(jωc2)| for ωc1 < ωc2. In the same way, we obtain that
g(jω) crosses the negative real axis for the kth time at ωck and |g(jωck)| = 2 κ

ω2
ck
, i =

3, . . . ,∞. Thus, |g(jωc1)| > |g(jωck)|, k = 3, . . . ,∞.
Therefore, the roots of (2.24) are all on the open left half complex plane, if and

only if |g(jωc1)| < 1 that is equivalent to (2.22). Lemma 2.4 is proved. �

Lemma 2.5 The following equation

s2 + κ(γ s + 1)(1 − e−sτ ) = 0, (2.25)

where κ > 0, γ > 0 and τ > 0, has its roots lying on the open left half complex
plane except for one root at s = 0, if and only if

2κ

ω̂2
c1

< 1, (2.26)

where ω̂c1 satisfies
ω̂c1τ

2
= π

2
+ arctan(γ ω̂c1), ω̂c1 > 0.

Proof Referring to Taylor series expression of e−sτ at s = 0, we rewrite (2.25) as
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s(s + κ(γ s + 1)

(
τ −

∞∑

k=2

(
(−τ)ksk−1

k! )

))
= 0.

Obviously, the above equation has only one root at s = 0 with τ > 0.
Let f (s) = 1 + ĝ(s) for s 	= 0, and ĝ(s) = κ(γ s+1)

s2 (1 − e−sτ ). Then, we obtain

ĝ(jω) = 2κ sin(ωτ
2 )
√

γ 2ω2 + 1

−ω2
e−j( π

2 + ωτ
2 −arctan(γω)).

As the proof of Lemma 2.4, we can prove that the zeros of f (s) lie on the open left
half complex plane, if and only if (2.26) holds. Thus, the roots of (2.25) all lie on the
open left half complex plane except for one root at s = 0, if and only if (2.26) holds.
Lemma 2.5 is proved. �

To prove Proposition 2.1, we proceed in two steps.
Step 1. Let x̄(t) = x1(t) − x2(t) and v̄(t) = v1(t) − v2(t), and we get

˙̄x(t) = v̄(t),
˙̄v(t) = κ((−x̄(t − τ) − x̄(t)) + γ (−v̄(t − τ) − v̄(t))). (2.27)

The characteristic equation of (2.27) about x̄(t) is given by

s2 + κ(γ s + 1)(1 + e−sτ ) = 0.

FromLemma 2.4, the system (2.27) is asymptotically stable, i.e., limt→∞(x1(t) −
x2(t)) = 0 and limt→∞(v1(t) − v2(t)) = 0, if and only if (2.22) holds, which further
implies that the agents (2.20) and (2.21) achieve the position consensus and velocity
consensus asymptotically.

Step 2. Rewrite the coupled agents (2.20) and (2.21) in a multivariable form as
follows

ẋ(t) = v(t),

v̇(t) = −κγ v(t) − κx(t) + κγ

[
0 1
1 0

]
v(t − τ) + κ

[
0 1
1 0

]
x(t − τ),

where x = [x1, x2]T and v = [v1, v2]T , and the characteristic equation about x(t) is

det

([
s2 + κ(γ s + 1) −κ(γ s + 1)e−sτ

−κ(γ s + 1)e−sτ s2 + κ(γ s + 1)

])
= 0, (2.28)

which equals
s2 + κ(γ s + 1)(1 + e−sτ ) = 0; (2.29a)
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or
s2 + κ(γ s + 1)(1 − e−sτ ) = 0. (2.29b)

It follows from Lemma 2.4 that the roots of (2.29a) all lie on the open left complex
plane if and only if (2.22) holds. When (2.22) holds, in addition, the roots of (2.29b)
are on the open left half complex plane except for one root at s = 0 from Lemma
2.5.

Therefore, the roots of (2.28) are on the open left complex plane except for one
root at s = 0. From the proof in Step 1, in turn, we obtain that limt→∞ x1(t) =
limt→∞ x2(t) = c, where c is a constant and limt→∞ v1(t) = limt→∞ v2(t) = 0.

Hence, the agents (2.20) and (2.21) achieve a stationary consensus asymptotically.
Proposition 2.1 is proved. �

Remark 2.6 Necessary and sufficient conditions (2.22) and (2.23) in Proposition 2.1
are not convenient to gain the delay bound. From (2.23), we have τ = 2 arctan(γωc1)

ωc1
,

and the derivative of τ with respect to ωc1 is

dτ

dωc1
= 2

γωc1

1+γ 2ω2
c1

− arctan(γωc1)

ω2
c1

.

Let ψ(ωc1) = γωc1

1+γ 2ω2
c1

− arctan(γωc1) and

dψ(ωc1)

dωc1
= − 2γ 3ω2

c1

(1 + γ 2ω2
c1)

2
< 0

holds for ωc1 > 0, i.e., ψ(ωc1) is monotonously decreasing for ωc1 > 0. Since
ψ(0) = 0,ψ(ωc1) < 0 holds forωc1 > 0, i.e., dτ

dωc1
< 0 holds forωc1 > 0.According

to (2.23), then, τ decreases when ωc1 increases. The inequality (2.22) is equivalent
to

ωc1 >
√
2κ.

Thus, the largest value of τ is determined by the conditions (2.22) and (2.23). More-
over, a simple algebraic condition, which only depends on the control parameters and
the communication delay, provides alternative necessary and sufficient conditions in
Proposition 2.1 and is shown as follows.

Theorem 2.6 Two coupled agents (2.20) and (2.21) achieve a stationary consensus
asymptotically, if and only if

τ < 2
arctan(γ

√
2κ)√

2κ
. (2.30)

Remark 2.7 From (2.30) and the monotonicity analysis in Remark 2.6, it is obvious
that large γ or small κ should be chosen to tolerate larger communication delay.
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Remark 2.8 Evidently, the dynamical consensus algorithm in asynchronously cou-
pled form can drive the second-order agents (2.20) and (2.21) to achieve a stationary
consensus if the control parameters and communication delay satisfy some certain
consensus conditions.

Remark 2.9 Even though consensus seeking problem has been analyzed for the
second-order multi-agent systems with asynchronously coupled dynamical consen-
sus algorithm, the conditions aremuchmore conservative and the bound of communi-
cation delays cannot be easily calculated [9–11]. A simple case that two second-order
agents are coupled with each other is investigated, but we provide a sufficient and
necessary condition (2.30) in Theorem 2.6 to describe the exact relationship between
the consensus convergence and the communication delay. This facilitates us to derive
algebraic criterion for choosing the control parameters conveniently.

Example 2.4 Choose the control parameters κ = 0.5 and γ = 1 for two cou-
pled agents (2.20) and (2.21). By calculating from the condition (2.30), we get
τ ∈ (0, τmax)(s) with τmax = π

2 . When τ < τmax, e.g., τ = 0.4 (s), the two agents
reach a stationary consensus asymptotically (see Fig. 2.8). Two agents’ states oscil-
late with τ = τmax (see Fig. 2.9a) or diverge with τ > τmax (see Fig. 2.9b).

The curved surface in Fig. 2.10 shows the largest tolerable communication delay
τmax changing with respect to κ and γ , and the consensus-achieved area is below
the curved surface. Obviously, τmax increases when γ increases with some certain κ ,
while τmax decreases when κ increases by fixing γ .

2.3.2.2 Consensus Convergence with Input and Communication Delay

Next, we investigate two coupled agents (2.17) with both communication delay and
input delay as follows:

Fig. 2.8 Consensus
convergence of coupled
second-order agents
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Fig. 2.9 Instability of coupled second-order agents

Fig. 2.10 Bound of
communication delay τ
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ẋ1(t) = κ((x2(t − τ − T ) − x1(t − T )) + γ (v2(t − τ − T ) − v1(t − T ))),

(2.31)
ẋ2(t) = κ((x1(t − τ − T ) − x2(t − T )) + γ (v1(t − τ − T ) − v2(t − T ))),

(2.32)
where τ > 0 and T > 0 are the communication delay and input delay, respectively.

Based on Theorem 2 in [12], we gain the following consensus condition of the
coupled agents with only input delay.

Theorem 2.7 ([12]) The coupled agents (2.31) and (2.32) without communication
delay, i.e., τ = 0, reach a dynamical consensus asymptotically, if and only if

T <
arctan(γ

√
2κ2γ 2 + 2κ

√
κ2γ 4 + 1)

√
2κ2γ 2 + 2κ

√
κ2γ 4 + 1

. (2.33)
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Different from first-order agents, consensus convergence of second-order agents
(2.31) and (2.32) is dependent on the communication delay regardless of the value
of the control parameters and the input delay.

Then,we adopt the same analysismethod as in Proposition 2.1 to obtain consensus
criteria for two coupled agents (2.31) and (2.32).

Proposition 2.2 Two coupled agents (2.31) and (2.32) converge to a stationary
consensus asymptotically, if

2κ
√
1 + (γωc1)2

ω2
c1

< 1 (2.34)

holds, where ωc1 satisfies

ωc1T + ωc1τ

2
= arctan(γωc1), ωc1 > 0. (2.35)

Similarly, two useful lemmas are listed firstly.

Lemma 2.6 The roots of the following equation

s2 + κ(γ s + 1)(1 + e−sτ )e−sT = 0 (2.36)

where κ > 0, γ > 0, τ > 0 and T > 0, lie on the open left half complex plane, if
and only if (2.34) and (2.35) hold.

Proof Set ḡ(s) = κ(γ s+1)e−sT

s2 (1 + e−sτ ), and (2.36) is equivalent to 1 + ḡ(s) = 0.
For ω ∈ (0,+∞), ḡ( jω) crosses the negative real axis for the first time at ωc1

defined in (2.35), and for the kth time atωck > ωc1, k ≥ 2.By computing, |ḡ(jωck)| <
2κ

√
1+(γωc1)2

ω2
c1

, k = 1, . . . ,∞. Thus, ĝ( jω)withω ∈ (−∞,+∞) does not enclose the

point (−1, j0) if (2.34) holds. Lemma 2.6 is proved. �

Lemma 2.7 The roots of the following equation

s2 + κ(γ s + 1)(1 − e−sτ )e−sT = 0, (2.37)

where κ > 0, γ > 0, τ > 0 and T > 0, are on the open left half complex plane except
for one root at s = 0, if and only if

2κ
√
1 + (γ ω̃c1)2

ω̃2
c1

< 1, (2.38)

where ω̃c1 satisfies

ω̃c1T + ω̃c1τ

2
= π

2
+ arctan(γ ω̃c1), ω̃c1 > 0.
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Proof Analogous to the proof of Lemma 2.5, firstly, we can prove the Eq. (2.37) has
only one root at s = 0 with τ > 0.

Define g̃(s) = κ(γ s+1)e−sT

s2 (1 − e−sτ ) for s 	= 0, and the Eq. (2.37) is rewritten as
1 + g̃(s) = 0. Similar to the proof of Lemma 2.6, g̃(jω) with ω ∈ (−∞,+∞) does
not enclose the point (−1, j0), if (2.38) holds. Lemma 2.7 is proved. �

Now, we prove Proposition 2.2.
Reformulate the agents (2.31) and (2.32) in a multivariable form as

ẋ(t) = v(t),

v̇(t) = −κγ v(t − T ) + κγ

[
0 1
1 0

]
v(t − T − τ)

−κx(t − T ) + κ

[
0 1
1 0

]
x(t − T − τ), (2.39)

where x = [x1, x2]T and v = [v1, v2]T , and the characteristic equation about x(t) is
described as

det

([
s2 + κ(γ s + 1)e−sT −κ(γ s + 1)e−s(T+τ)

−κ(γ s + 1)e−s(T+τ) s2 + κ(γ s + 1)e−sT

])
= 0, (2.40)

which is equivalent to

s2 + κ(γ s + 1)(1 + e−sτ )e−sT = 0; (2.41a)

or
s2 + κ(γ s + 1)(1 − e−sτ )e−sT = 0. (2.41b)

Based on Lemmas 2.6 and 2.7, the roots of (2.40) are all on the open left half complex
plane except for one root at s = 0, i.e., limt→∞ x(t) = [c1, c2]T and limt→∞ v(t) = 0,
where c1 and c2 are two constants. Thus,

−
[
c1
c2

]
+
[
0 1
1 0

] [
c1
c2

]
= 0,

i.e., c1 = c2. Therefore, two coupled agents (2.31) and (2.32) achieve a stationary
consensus asymptotically if (2.34) holds. Proposition 2.2 is proved. �

Remark 2.10 Let E = T + τ
2 , (2.35) is equivalent to E = arctan(γωca)

ωc1
. Similar to the

discussion in Remark 2.6, we can get from the condition (2.35) that E increases
when ωc1 decreases. The condition (2.34) is rewritten as

ωc1 >

√
2κ2γ 2 + 2κ

√
κ2γ 4 + 1.
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Hence, the largest value of E is determined by the conditions (2.34) and (2.35). Then,
the conditions in Proposition 2.2 can be re-expressed.

Theorem 2.8 The coupled agents (2.31) and (2.32) reach a stationary consensus
asymptotically, if

T + τ

2
<

arctan(γ
√
2κ2γ 2 + 2κ

√
κ2γ 4 + 1)

√
2κ2γ 2 + 2κ

√
κ2γ 4 + 1

. (2.42)

Remark 2.11 Comparing the consensus condition (2.42) in Theorem 2.8 with (2.33)
in Theorem 2.7 yields the conclusion that the existence of communication delay
decreases the largest input delay that the system can tolerate.

2.4 Multiple Single-Input and Single-Output Linear Agents

2.4.1 Agents’ Dynamics Description

In this section, we investigate a general linear multi-agent system, which consists of
n identical single-input and single-output linear agents agentsmodeled by a strictly
proper transfer function G(s),

Yi (s) = G(s)Ui (s) = n(s)

d(s)
e−sTUi (s), i = 1, . . . , n,

n(s) = n0 + n1s + · · · + nms
m,

d(s) = d0 + d1s + · · · + dls
l , (2.43)

where Yi (s) and Ui (s) are the Laplace transforms of the output yi (t) and the input
ui (t), respectively, T > 0 is the identical input delay, n(s) and d(s) are polynomials
with real coefficients.

To avoid that the asymptotic consensus is reached only at the origin, the polyno-
mial d(s) usually has at least one root at the origin. Meanwhile, l > m guarantees
that G(s) is strictly proper. Thus, the same assumption on G(s) as that in [13] is
made as follows.

Assumption 2.1 The polynomial of d(s) has at least one root at the origin, l > m,
and n(s) and d(s) are coprime.

Definition 2.1 If the agents’ states under arbitrary initial values satisfy: limt→∞
(yi (t) − y j (t)) = 0,∀i, j ∈ I , we say that the agents (2.43) asymptotically con-
verge to the Output Consensus.
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For the agents (2.43), we adopt a simple output consensus algorithm as follows

ui (t) = κ

di

∑

j∈Ni

ai j (y j (t − τ) − yi (t)), (2.44)

where κ > 0, ai j > 0, j ∈ Ni , di = ∑
j∈Ni

ai j , and τ > 0 is the identical communi-
cation delay. It is worth noting that the algorithm (2.44) satisfies Assumption 1.1 in
the following consensus analysis.

With (2.44), the closed-loop form of system (2.43) is given by

Yi (s) = κn(s)e−sT

did(s)

∑

j∈Ni

ai j (Y j (s)e
−sτ − Yi (s)), (2.45)

which is rewritten as

Yi (s) = κn(s)e−sT

did(s)

⎛

⎝
∑

j∈Ni

ai j (Y j (s) − Yi (s))e
−sτ − di (1 − e−sτ )Yi (s)

⎞

⎠ , (2.46)

whose characteristic equation about y = [y1, . . . , yn]T is given by

det(d(s)I + κn(s)e−sT (D−1Le−sτ + (1 − e−sτ )I )) = 0. (2.47)

Take the nonsingular transforms for D−1L with the transform matrix given by

Q =

⎡

⎢⎢⎢⎣

1 0 · · · 0
−1 1 · · · 0
...

...
...

...

−1 0 · · · 1

⎤

⎥⎥⎥⎦ , Q−1 =

⎡

⎢⎢⎢⎣

1 0 · · · 0
1 1 · · · 0
...

...
...

...

1 0 · · · 1

⎤

⎥⎥⎥⎦ ,

and we get

QD−1LQ−1 =
[
0 pT

0 L̄

]
, (2.48)

where 0 = [0, 0, . . . , 0]T ∈ Rn−1,p = [ l12d1 , l13
d1

, . . . , l1n
d1

]T ∈ Rn−1, and L̄ is defined
as

L̄ =
⎡

⎢⎣

l22
d2

− l12
d1

l23
d2

− l13
d1

· · · l2n
d2

− l1n
d1

...
... · · · ...

ln2
dn

− l12
d1

ln3
dn

− l13
d1

· · · lnn
dn

− l1n
d1

⎤

⎥⎦ , (2.49)

where li j is the element of the Laplacian matrix L .

http://dx.doi.org/10.1007/978-981-10-2492-4_1
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From (2.48), therefore, the characteristic equation (2.47) equals

d(s) + κn(s)e−sT (1 − e−sτ ) = 0.

or
det(d(s)I + κn(s)e−sT (L̄e−sτ + (1 − e−sτ )I )) = 0. (2.50)

Besides, let ȳi = yi − y1, i = 2, . . . , n, and the dynamics of ȳi , i = 2, . . . , n are

Ȳi (s) = κ
n(s)e−sT

d(s)

⎛

⎝ 1

di

∑

j∈Ni

ai j (Ȳ j (s) − Ȳi (s)

⎞

⎠ e−sτ (2.51)

− 1

d1

∑

j∈N1

a1 j Ȳ j (s)e
−sτ − (1 − e−sτ )Ȳi (s)).

The consensus problem of system (2.45) turns to be the asymptotic stability problem
of system (2.51). Moreover, (2.50) is just the characteristic equation of system (2.51)
about ȳ = [ȳ2, . . . , ȳn]T .

Again, the characteristic equation (2.47) is equivalent to

d(s) + κn(s)e−sT (1 − e−sτ ) = 0. (2.52)

or
d(s) + κn(s)e−sT (λ̄ie

−sτ + (1 − e−sτ )) = 0, i = 2, . . . , n. (2.53)

where λ̄i , i = 2, . . . , n are the nonzero eigenvalues of D−1L .

Remark 2.12 Based on the above discussion, the roots of the (2.53) determine
whether the agents (2.45) could achieve an asymptotic consensus, while the root
distribution of (2.52) determines the final consensus behavior.

2.4.2 Delay-Dependent Consensus Criterion

Final consensus behavior of multi-agent systems (2.45) is analyzed firstly.

Proposition 2.3 The Eq. (2.52) just has one root at s = 0.

Proof Based on the Taylor series expression of e−sτ at s = 0, the Eq. (2.52) is
expressed as

d(s) + κn(s)e−sT

(
τ s −

∞∑

k=2

(−τ)ksk

k!

)
= 0, (2.54)
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which is rewritten as

s

(
d(s)

s
+ κn(s)e−sT

(
τ −

∞∑

k=2

(−τ)ksk−1

k!

))
= 0. (2.55)

Evidently, the Eq. (2.55) just has one root at s = 0. Proposition 2.3 is proved. �

Remark 2.13 Similar to the consensus analysis for second-order multiple agents in
Sect. 2.3.2, asynchronously coupled form changes the original consensus behavior
of the consensus algorithms without communication delays.

Consensus convergence criterion for the system (2.45) is presented as follows.

Proposition 2.4 Assume that the system (2.45) without communication delay con-
verges to a consensus asymptotically. Let

m̄i (s) = κĜ(s)(1 − λ̄i )

1 + κĜ(s)λ̄i

, i = 2, . . . , n, (2.56)

where Ĝ(s) = n(s)
d(s)e

−sT and λ̄i , i = 2, . . . , n are the nonzero eigenvalues of D−1L.
Then, all the agents (2.45) with both input delay and communication delay asymp-
totically converge to an asymptotic consensus, if

2|m̄i (jω) sin
(ωτ

2

)
| < 1 (2.57)

holds for i = 2, . . . , n.

Proof Under the assumption in Proposition 2.4, the system (2.45) without com-
munication delay achieve an asymptotic consensus, i.e., the roots of the following
equation

det(d(s)I + κn(s)e−sT L̄) = 0.

all lie on the open left half complex plane, so we obtain det(L̄) 	= 0, i.e., D−1L has
one zero eigenvalue and other eigenvalues all have positive real parts. Hence, the
roots of the following equation

1 + κĜ(s)λi = 0, i = 2, . . . , n,

all lie on the open left half complex plane.
Then, the Eq. (2.53) is reformulated as

1 + m̄i (s)(1 − e−sτ ) = 0, i = 2, . . . , n. (2.58)

Obviously, 1 − e−sτ and m̄i (s) = κĜ(s)(1−λi )

1+κĜ(s)λi
both have no poles in the open right

half complex plane from the assumption in Proposition 2.4.
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From (2.57), we obtain that

|m̄i (jω)(1 − e−jωτ )|
= 2|m̄i (jω) sin

(ωτ

2

)
|

< 1

holds for all ω ∈ R.
Therefore, 1 + m̄i (s)(1 − e−sτ ) = 0, i = 2, . . . , n is nonsingular for Re(s) ≥ 0,

i.e., the roots of the Eq. (2.58) all lie on the open left half complex plane. Hence, the
agents in the system (2.45) converge to a consensus asymptotically. �

Remark 2.14 Proposition 2.4 provides a consensus condition, but without pointing
out the final consensus behavior, which is determined by the roots of the Eq. (2.52).

Theorem 2.9 For the multi-agent systems (2.45) with both input delay and com-
munication delay, it is assumed that the agents (2.45) without communication delay
converge to a consensus asymptotically. Then, all the agents (2.45) asymptotically
converge to a stationary consensus asymptotically, i.e. limt→∞ yi (t) = c,∀i ∈ I ,
with c being a constant, if

2|m̄i (jω) sin
(ωτ

2

)
| < 1, i ∈ I (2.59)

hold, where m̄i (s) = κĜ(s)(1−λ̄i )

1+κĜ(s)λ̄i
, Ĝ(s) = n(s)

d(s)e
−sT and λ̄i , i ∈ I are defined as that

in Proposition 2.4.

Proof From the proof of Proposition 2.4, the assumption and condition (2.59) with
λ̄i , i = 2, . . . , n guarantee that the agents in (2.45) achieve an asymptotic consensus.
Next, we just need to determine the root distribution of the Eq. (2.51).

Reformulate the Eq. (2.52) as follows

1 + κĜ(s)(1 − e−sτ ) = 0. (2.60)

It is clear from the condition (2.59) with λ̄1 = 0 that the Eq. (2.60) has one root at
s = 0 and other roots all have negative real parts. Therefore, the agents in the system
(2.45) achieve a stationary consensus asymptotically. �

With maxω→∞ | ejωτ −1
jω | < τ , moreover, we provide the following consensus con-

ditions which are more conservative but easier to calculate the communication delay
bound.

Corollary 2.1 Suppose that the agents (2.45) without communication delay con-
verge to a consensus asymptotically. Then, all the agents (2.45) with both input
delay and communication delay asymptotically converge to a stationary consensus
asymptotically, if
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Fig. 2.11 A multi-agent
network composed of five
agents

Fig. 2.12 Consensus
convergence with
T = 0.5 (s) and τ = 0 (s)
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τ <
1

|ωm̄i (jω)| , i ∈ I (2.61)

hold, where m̄i (s), i ∈ I are the same as that in Theorem 2.9.

Example 2.5 A multi-agent system composed of five dynamic agents is investi-
gated, and the interconnection topology containing a spanning tree is shown in
Fig. 2.11. Agent’s dynamics are modeled by Yi (s)

Ui (s)
= s2+2s+1

s4+6s3+5s2+2s , which satis-
fies Assumption 2.1. Choose the control gain: κ = 1 and the coupling weights:
a14 = 0.5, a21 = 0.8, a23 = 0.6, a32 = 1.2, a42 = 0.2, a45 = 1.0, anda54 = 0.5.By
numerical computing, the multi-agent systems (2.45) without communication delay
converge to an asymptotic consensus when the input delay satisfies: T < 1.07(s) (see
Fig. 2.12with T = 0.5(s)). Choosing the input delay T = 0.5(s) for the system (2.45)
under both communication and input delays, we get τ < 1.1223(s) based on the con-
dition (2.61), i.e., the agents (2.45) reach a stationary consensus asymptotically if
τ < 1.1223(s) under T = 0.5(s) (see Fig. 2.13).
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Fig. 2.13 Consensus
convergence with
T = 0.5 (s) and τ = 0.8 (s)
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2.4.3 Application to Second-Order Multi-agent Systems

The main results in above subsection will be applied into second-order multi-agent
systems with input delay and communication delay.

For the second-order multi-agent system (1.14) with identical input delay Ti =
T > 0, i = 1, . . . , n, we adopt the following dynamical consensus algorithm in asyn-
chronously coupled form as follows

ui (t) = κ

di

∑

j∈Ni

ai j ((x j (t − τ) − xi (t)) + γ (v j (t − τ) − vi (t))), i ∈ I , (2.62)

where κ > 0 and γ > 0 are the control parameters, ai j > 0, j ∈ Ni , di = ∑
j∈Ni

ai j ,
and τ > 0 is the communication delay.

Driven by the algorithm (2.62), the closed-loop form of system (1.14) with Ti =
T > 0, i ∈ I is described as

ẋi (t) = vi (t),

v̇i (t) = κ

di

∑

j∈Ni

ai j ((x j (t − T − τ) − xi (t − T ))

+γ (v j (t − T − τ) − vi (t − T ))). (2.63)

Before presenting consensus criteria for system (2.63), sufficient and necessary
consensus condition for the system (2.63) without communication delay under gen-
eral directed graph is listed as follows.

Lemma 2.8 ([14]) Suppose that the multi-agent network (2.63) contains a spanning
tree and the following inequality

http://dx.doi.org/10.1007/978-981-10-2492-4_1
http://dx.doi.org/10.1007/978-981-10-2492-4_1
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κγ 2 > max
2≤i≤n

Im2(λ̄i )

Re(λ̄i )(Re2(λ̄i ) + Im2(λ̄i ))
(2.64)

holds,where λ̄i are the nonzero eigenvalues of D−1L , i = 2, . . . , n. Then, the second-
order agents (2.63) without communication delay reach a dynamical consensus
asymptotically if and only if

T < min
2≤i≤n

{
θi1

ωi1

}
, (2.65)

where θi1 ∈ [0, 2π) satisfies cos θi1 = κ
Re(λi )−Im(λi )ωi1γ

ω2
i1

and sin θi1 = κ

Re(λi )ωi1γ+Im(λi )

ω2
i1

, ωi1 =
√

||λi ||2κ2γ 2+κ
√

||λi ||4κ2γ 4+4||λi ||2
2 .

For the second-order multi-agent systems (2.63), the conditions (2.64) and (2.65)
of Lemma 2.8 replace the assumptions that the communication free delay system
can reach a consensus in Theorem 2.9, so we get the following corollary.

Corollary 2.2 Assume that the interconnection topology of the second-order multi-
agent network (2.63) has a spanning tree, and the conditions (2.64) and (2.65) hold.
Let

m̃(s) = κG̃(s)(1 − λ̄i )

1 + κG̃(s)λ̄i

, (2.66)

where G̃(s) = (γ s+1)e−sT

s2 , and λ̄i , i ∈ I are the nonzero eigenvalues of D−1L. Then,
all the agents in system (2.63) asymptotically converge to a stationary consensus, if

2|m̃i (jω) sin
(ωτ

2

)
| < 1, i ∈ I (2.67)

holds.

Proof Denote the output of second-order dynamic agent i as yi = xi + γ vi , and the
transfer function from the input to the output is

Yi (s)

Ui (s)
= γ s + 1

s2
e−sT ,

where Yi (s) and Ui (s) are the Laplace transforms of yi (t) and ui (t), respectively.
Then, the consensus algorithm (2.62) can be expressed as

ui (t) = κ

di

∑

j∈Ni

ai j (y j (t − τ) − yi (t)).

Hence, the second-order multi-agent system (2.63) is just a special case of the system
(2.46), so Corollary 2.2 can be proved in the same way as that of Theorem 2.9. �
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From Corollary 2.1, we can get the similar results for second-order multi-agent
systems, but we omit here to avoid the repetition.

Remark 2.15 According to Corollary 2.2, themulti-agent systems composed of dou-
ble integrators and high-order integrators can always be formulated as the special
cases of the multi-agent systems (2.43). Thus, results in Proposition 2.3, Proposition
2.4, Theorem 2.9 and Corollary 2.1 can also be applied into the consensus analysis
of high-order multi-agent systems.

Example 2.6 A symmetric and connected topology (see Fig. 2.14) is investigated
for a second-order multi-agent network with six agents described by (2.63), and
we choose the control parameters as κ = 1, γ = 0.5. For simplicity, all the coupling
weights of the edges are assumed to be 1.When communication delays are negligible
for the neighboring agents, we obtain from the conditions (2.64) and (2.65) of Lemma
2.8 that the agents in (2.63) without communication delay can achieve a dynamical
consensus asymptotically (see Fig. 2.15 with T = 0.2(s)) when T < 0.4402(s).

Moreover, we choose the input delay T = 0.2(s) for the second-order agents
(2.63) with both communication delay and input delay. From the condition (2.67) in
Corollary 2.2, the agents (2.63) converge to a stationary consensus asymptotically

Fig. 2.14 A multi-agent
network of six agents

Fig. 2.15 Consensus
convergence with
T = 0.2 (s) and τ = 0 (s)
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Fig. 2.16 Consensus
convergence with
T = 0.2 (s) and τ = 0.3 (s)
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Fig. 2.17 Trade-off between
input delay and
communication delay
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when τ < 0.74(s) (see Fig. 2.16). With given control parameters κ and γ , the largest
communication delay τ that the system (2.63) can tolerate decreases as the input
delay T increases according to the condition (2.67) (see Fig. 2.17), i.e., there is a
trade-off between the communication delay and the input delay.

2.5 Notes

Based on stability criteria in frequency-domain analysis, this chapter thoroughly
analyzes the delay effect on consensus convergence for the first-order, second-order,
and high-order homogeneous multi-agent systems. Different from the works aimed
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at general agents’ dynamics and usual interconnection topology [5, 7, 13], we focus
on simple agents’ dynamics and intercoupling structure in order to get relatively
conservative consensus conditions. The content of this chapter is mainly taken from
our paper [15–18], but some results are further improved.

Input delay does not change the original consensus behavior of multi-agent sys-
tems without time delay, but it definitely affects the consensus converging time and
whether the agents can reach an asymptotically consensus. Besides, communication
delay in synchronously coupled consensus algorithms has the same impact on the
consensus seeking as the input delay.

Specially, communication delay in asynchronously coupled consensus algorithms
has distinct impacts on stationary and dynamical consensus problems, respectively.
With proper control parameters and connected topology, stationary consensus algo-
rithms can drive the agents to achieve an asymptotic consensus without any relation-
ship with communication delay. But meanwhile, asymptotic consensus convergence
of dynamical consensus algorithms is always delay-dependent strictly, and the origi-
nal consensus behavior of the agents without communication delay must be changed
under asynchronously coupled form.
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