Chapter 2
Sparse Representations

2.1 Introduction

Sparse representations intend to represent signals with as few as possible significant
coefficients. This is important for many applications, like for instance compression.

Consider for example the signal cos(5 ) along 7 min. For computer storage this
signal could be saved as a file with hundreds of bytes, if one takes samples and save
them. On the other hand, this signal can be represented with a text file such [C 5 7m]
with just 4 bytes. Obviously, this last representation is more economical in terms of
symbols. In many cases, it is possible to obtain this economy by choosing adequate
bases combined with dictionaries.

When using wavelets it is frequently noticed that a great compression rate can
be obtained, with almost unnoticeable loss of information. Supposing that the signal
comes from a sensor, it would be very convenient to have the sensor yielding already
compressed information. This is called ‘compressed sensing’.

Almost immediately, the topics already mentioned lead to inverse problems
(related to reconstruction). In the recent times, some interesting methods have been
proposed for their solution.

Due to pressing demands from digital devices and networked systems consumers,
a lot of interest is being paid to finding sparsest representations. This turns out to
be a not-so-standard optimization problem. It also suggests that some space should
be devoted, in our book, to mathematical optimization. Since it would be too long
for this chapter, an appendix has been included with selected optimization topics,
leaving for our present chapter some specific aspects of optimization related to sparse
representations.

In the next pages the reader will find numerous references to key publications,
which may well serve for a fruitful diving into the various aspects of sparse repre-
sentations. In the end, what is behind the scene is a new look to sampling [18, 34,
42, 68, 160].
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2.2 Sparse Solutions

This section considers a general problem, with a well-known mathematical
expression:
Ax =D (2.1)

The target is to obtain sparse solutions.

First of all, looking at the m x n matrix A and the corresponding system of linear
equations, there are three cases: m > n,m =n,andm < n.

The case of more equations than unknowns is typical of statistics and regression
problems.

On the other hand, the undetermined system is the basic scenario considered in
compressive sensing (which will be studied in more detail in the next section).

Usually, in order to get sparse solutions, the question is stated in an optimization
framework.

A matrix or a vector is said to be sparse if it has only a few (compared to the total
size) non-zero entries. Of course, one needs to formalize this initial concept.

In the case of a vector, its /0 norm, [|x||y, is simply the number of non-zero entries
in the vector.

Continuing with vectors, the / Inorm, ||x||;, is the sum of the absolute value of the
entries in a vector. The /2 norm of a vector is its Euclidean length:

n 1/2
2
x5 = (Z x| ) :
i=1

From the point of view of sparsity, [0 is the most appropriate norm, while /2 says
almost nothing. On the other hand, from the point of view of mathematical analysis,
finding the sparsest solution is an optimization problem and in this context, the /2
norm is a well know terrain while /0 is unusual.

As we shall see, our efforts will concentrate on using the / Inorm, which is linked
to sparsity and is easier for mathematical work.

The main focus of this section is put on methods for solving sparsity optimization
problems. The basic literature is [3, 27, 76, 177].

2.2.1 The Central Problem

Consider the problem of finding a sparse n x 1 vector x such that:
Ax =b 2.2)

where the m x 1 vector b and the m x n matrix A, are given.
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Recall that in the case of regression problems, with m > n, this is an
overdetermined system that usually has no solution. But one could be interested
on establishing a model, based on the following problem:

minimize ||Ax — b||3

In general this minimization would not enforce sparsity. Some suitable terms
should be added, as we shall see.

In the case of undetermined system, with m < n, there would be in principle
infinite candidate solutions. A typical proposal is to choose the solution with the
minimum /2 norm, so the problem is:

minimize ||x||§, subjectto Ax = b

Using Lagrange multipliers, and taking derivatives, it is possible to analytically
get the solution:
x = (ATA) AT D (2.3)

Again, in general this solution would be not sparse. The problem should be stated
with other terms.

But, why it would be interesting to obtain sparse solutions?

If you are trying to establish a model in a regression problem, a sparse solution will
reveal the pertinent variables as those with non-zero values. This helps to identify
and select the correct variables (in the specialized literature variable selection, or
feature selection, is a frequently cited issue).

When dealing with signals, it is sometimes desired to transform a set of mea-
surements b into a sparse vector x. Later on, the vector x could be used to exactly
reproduce b, or, in certain applications it would be sufficient with an approximate
recovery. You may remember from past chapters, that this was frequently the case
with wavelets, where most information was contained in large entries of x, while other
entries were negligible. Then, it would make sense to consider an approximation of
the form:

I[Ax —b| <¢ 2.4)
where some of the entries of x were set to zero. This is a sparse approximation.
Another case of interest is the design of digital filters with a minimum number of
non-zero coefficients, [17].

2.2.1.1 Basic Approaches

Suppose that it is an undetermined system, with infinite candidate solutions. One
wants the sparsest solution:
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e In formal terms, the problem of sparsest representation can be written as follows:

minimize |x|,, subjectto Ax = b

e There is a method, called ‘Basis Pursuit’ (BP), which replaces /0 with /1, so now
the problem is:

minimize ||x||;, subjectto Ax = b

Under certain conditions BP will find a sparse solution or even the sparsest one.
Another method, called the ‘Lasso’, states the following problem:

minimize ||[AX — b||§, subject to ||x||; < ¢

This method can be used in the regression context, and for undetermined systems

to find sparse approximations. Like BP, under certain conditions it will find the
sparsest solution.

2.2.1.2 Some Mathematical Concepts and Facts

Just in the phrases above, the term “norm” has been taken with somewhat excessive
license. A function || - || is called a norm if:

(@ || x|l = 0if and only if x = 0.
®) I Ax || = |A| ||x]| for all A andx
©) [Ix +yll < x|l + |ly]l for all x and y (triangle inequality)

If only (b) and (c) hold the function is called a semi-norm.
If only (a) and (b) hold the function is called a quasi-norm.

The functions already taken as measures have the form:

Ixll, = O 1| 2.5)
i=1

If 1 < p < oo this function is a norm. However, if 0 < p < 1 this function is a
quasi-norm.

Ix|lo is the limit as p — 0. It is neither a norm or a quasi-norm.
As regards sparsity, a pertinent definition is the following:
A vector X is s-sparse if at most s of its entries are nonzero.

Suppose you have obtained a solution x for A x = b with a few nonzero entries.

Then you may ask yourself if it is the sparsest solution. Here, it becomes relevant to
consider the following definition:
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The ‘spark’ of a matrix A is the smallest number of columns of A that are
linearly-dependent.

According with this definition, the vectors in the null space of the matrix (i.e.
Ax = 0) must satisfy: ||x||y > spark(A).

Now, there is a theorem that establishes the following: if Ax = b has a solution x
obeying ||x||y < spark(A) /2, this solution is necessarily the sparsest possible [76].

2.2.2 Norms and Sparsity

Specialists on sparse representations do speak of norms that promote sparsity. This
is an interesting aspect, which can be illustrated with some plots.

Suppose that the matrix A isa 1 x 2 matrix. Then, the solutions of
Ax = b form aline L on the 2D plane.

Consider the following ball of radius r:

B,(r) ={x| [Ix]l, < r} (2.6)

Then the solution that minimizes the norm Ip is obtained at the intersection of the
ball and the line L.

Figure 2.1 shows three cases, corresponding to the intersection of the line and the
balls B>, By, and B,. Notice that the intersection of the line L with the vertical axis
gives a sparsest solution (only one nonzero entry).

The left hand plot, (a), in Fig.2.1 makes clear that quasi-norms with 0 < p < 1
promote sparsity. The central plot, (b), shows that usually /1 promote sparsity (unless
L was parallel to a border of Bj). Finally, the right hand plot shows that /2 do not
promote sparsity.

This simple example can be generalized to problems with more dimensions.

There are other functions that promote sparsity, like for instance 1 — exp(|x|), or
log(1 + |x]), or |x[/(1 + [x]) [76].

N /D
INZERR NP

Fig. 2.1 The line L and, a the ball By, b the ball By, ¢ the ball B,
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2.2.3 Solving Sparsity Optimization Problems

There are several ways for solving the sparsity optimization problems. The BP
problem can be tackled with linear programming. The Lasso problem can be treated
with quadratic programming, but there is a better approach. In certain scenarios it
would be more appropriate to use first order methods.

Let us enter into specific details.

2.2.3.1 Basis Pursuit
The basic basis pursuit problem,
minimize ||x|,, subjectto Ax = b

can be expressed as a Linear Programming (LP) problem (see appendix on optimiza-
tion), as it is detailed in [53]. The main steps are the following:

e First, notice that ||x||; = |x1| + |x2| + -+ + [x,|. One could use a set of auxiliary
variables 71, 5, ..., t, to obtain an equivalent problem:

minimize (t; + H, + ...+ 1),

subject to |x1| < #1; |[x2| <tfr; ...;|xy| <t, and AX = b

e Next, each inequality can be expressed as two inequalities; for example, |x;| < #;
is equivalent to: x; < t;, x; > —t;. Then, the problem can be expressed in the
following compact form:

minimize (t; + tH + ...+ t,),
subject to:
Ix —It<0
Ix +1t>0
Ax=b (2.7)
This last formulation corresponds to a LP format.
Another way for obtaining an LP expression is to use a 4+/— split, so each com-

ponent x; is represented as follows:

Xi = pi — N (2.8)
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with:

—Xi ifx,- <0

o Xi ifxi >0
pi 0 else

|0 else and n; =

Then: x|, =p+n

With these changes, the problem now would be:
minimize p + n, subjectto A(p—n) = b; p,n >0

which is LP.

The reader would find in [53] programs in MATLAB for basis pursuit, using the
linprog( ) function.

Of course, other methods, like for instance interior-point methods, can also be
applied to solve this problem.

2.2.3.2 Lasso

The Lasso approach can be expressed in two equivalent forms:

e penalized form:

minimize (| Ax — b3 + A [x];) (2.9)

e constraint form:
minimize ||Ax — bllg, subject to ||x]|; < ¢

It sometimes happens that different types of problems lead to similar equations. In
the case of Lasso, it appears at least in two contexts: statistics and signal processing.

In statistics, one finds that certain regression problems [156] can be treated with
a Lasso approach. For example, the basic regression method (least squares) con-
sists in minimizing ||AX — b||§ (where A and b are given); however, it has been
noticed in practical applications, that this approach may have numerical difficulties
or unsatisfactory results (like for instance, overfitting). By adding penalty terms, both
regularization and suitable fitting could be obtained.

‘ridge regularization’ substitutes the minimization of ||Ax — b||§ with the mini-
mization of (|| Ax — b||3 + A [|x[13). A [2 penalty is added.

The ridge regularization is obviously related to the Tikhonov regularization. Even-
tually, the ridge regularization was introduced by a most cited article [101], in 1970;
while the work of Tikhonov, which started in the 1940s, was widely know after the
publication in 1977 of his first book in English.
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One of the good effects of ridge regularization is a certain shrinking of the solution
components. According with [166], higher values of A force these components to be
more similar to each other.

In 1996, Tibshirani [176] introduced the method ‘Least Absolute Shrinkage and
Selection Operator’ (LASSO). A 1 penalty is added (2.9).

There are analysis of large data and data mining scenarios where it is important,
as said before, to assess which variables are more important, more influential. The
[1 penalty has the advantage of promoting sparsity. Contrary to the /2 penalty, the /1
penalty leads to solutions with many zero components, and this helps to determine
the relevant variables. This is a main reason of Lasso popularity.

As we shall see in the next sections, the /1 penalty (and the /1 norm) plays an
important role both in compressed sensing and image processing. In other contexts
[156], /1 is used for robust statistics in order to obtain results insensitive to outliers
[187], and for maximum likelihood estimates in case of Laplacian residuals.

It is also shown, in an appendix of [187], that the two formulations:

. . 2
min |[b — Ax|l; + ¢y [Ix[l; and min [[b — Ax|l; + c2 [Ix[l,

are equivalent.
With respect to analytical solutions, recall that the least squares problem in unde-
termined systems has the following solution:

x = (ATA)'ATb (2.10)
The solution for the ridge regularization would be:
x = ATA+ XD 'ATD (2.11)

In the case of Lasso, finding the solution is more involved, and many methods have
been proposed. Indeed, it can be treated as a Quadratic Programming (QP) problem
(see appendix on optimization). In fact, Tibshirani proposed two ways of stating the
Lasso as QP [166, 176], much in the line described above for expressing the basis
pursuit as LP. Concretely, one of the proposed ways uses a +/— split, and so the
Lasso is expressed as follows:

minimize (||A (p —n) —b|| + A(p +n)), subjectto p, n >0

which is a QP problem.

Nowadays there are better algorithms to solve Lasso problems. A popular one
is LARS (‘Least Order Regression’), which was introduced in 2004 [75]. It is a
stepwise iterative algorithm that starts with ¢ = O (constraint form), and detects the
most influential variables as ¢ increases. Figure 2.2 shows an example of the paths
of the solutions when c¢ increases: for small values of ¢ there is only one non-zero
component of X, when c¢ reaches a certain value a second non-zero component rises,
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Fig. 2.2 An example of the
solution paths obtained with
LARS 300
200
100
0 4
-100

500 1000 1500 2000 C

then for larger ¢ a third non-zero component rises, and so on. Notice that components
with negative values can also appear. The next paragraphs intend now to introduce
LARS in more detail.

Let us follow the scheme of [75] in order to explain LARS. A first point is that
the LARS algorithm relates to the ‘Forward Selection’ (FS) algorithm described in
[185] (1980). The FS algorithm applies the following steps:

Set all variables to zero
Find the column A ; of matrix A most correlated with b. Based on A ; perform a
simple linear regression to obtain x;. Then, a residue is obtained:

l‘j:Aij—b (212)

¢ Find the column A most correlated to r; and perform a linear regression to obtain
Xi, obtain a new residue:

ry = Akxk —TI; (213)

Repeat until a stop criterion is reached (for instance in terms of the statistical
characteristics of the residual).

(The correlation of a column A; with a residual r; can be computed as |AiT ).

Once a final solution x was built, a model 4t = A x is obtained that can be used
for several purposes.

Along the process, a series of components, x;, X, Xk, X; ,..., were selected. At the
time of implementing this kind of algorithm it is usual to maintain a set, called the
active set, which includes the indexes of the selected components:
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J ={i,j, k 1.} = {ji} (2.14)
Likewise, one can assemble the selected columns A; into a matrix:
Ay = {A, Aj, A AL (2.15)

These notations will be useful when describing LARS.

The FS algorithm is not in general recommended; in [75] words: it is an aggressive
technique that can be too much greedy. However, there is a cautious version, called
‘Forward Stagewise’, which can be more acceptable. It also starts with all variables
set to zero and with r = b, and then it repeats many times the following:

Find the A ; most correlated with r
0 = ”ysign(AJTr)

Xj < x; +9

r << r —J0A;

where the learning rate -y is small.

In[75] an example was studied with 10 columns of data from 442 diabetes patients.
Using forward stagewise, a solution path figure (like Fig. 2.2) was obtained, after 6000
stagewise steps. The article remarks that the cautious nature of the algorithm, with
many small steps, implies considerable computational effort. One of the benefits of
LARS is that it would require much less steps.

Like the others, the LARS algorithm begins with x =0, r = b, and a model
to = 0. It finds the A; most correlated with r, and then it augments the model as
follows:

M1 = Mo + 1A (2.16)

(the component x; is selected, with the value +y;)

The forward stagewise algorithm would use a small ~y;; while the FS would use
a large enough ~y; to make p; equal to the projection of b into A ;. LARS takes an
intermediate value.

The idea in LARS is to take the largest step possible in the direction of A;
until some other A; has as much correlation with the residual r| = b — p;. The
corresponding geometry is that the residual would bisect the angle between A ; and
Ay (the least angle direction). Let u; be the unit vector along r;, the next step
would be:

By = py + MUy (2.17)

This step will be the largest possible until a third A; is found such as A ;, A; and A,
had the same correlation withr, = b — u,. The next step will proceed equiangulary
between the three already selected A columns. And so on.

According with [75] the equiangular direction can be computed as follows:
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e Denote:

G=ATA;; 0=0%G"1)7'? (2.18)

e Then:

u, = Ajwy, wherew; = 0G'1,

(the vector 1, is a vector of 1’s)
The equiangular direction u, has the following characteristics:

ATu; = Q 1, and uyl3 =1

In the algorithm steps, the step size is computed as follows:

e Denote:
a=ATu,
¢c=AT (b- p;) (current correlation)
C = max{|c;|} (2.19)
e Then:
C—c¢ CHyq
~ = min* [—C te } (2.20)
i Q—a Q+a

(min™ means that the minimum is taken over only positive components).

In order to use LARS for the Lasso problem it is necessary to add a slight modifica-
tion: if an active component passes through zero, it must be excluded from the active
set. It may happen that later on this variable would enter again into the active set.

When that modification is included, the LARS algorithm is able to find all the
solutions of the Lasso problem.

A simple, direct implementation of the LARS algorithm is offered in the Program
2.1, which deals with a table of diabetes data. The reader can edit the lasso_f flag
(see the code) in order to run LARS, or LASSO. The program is based on the infor-
mation and listings provided by [1], which has a link to the diabetes data (Stanford
University). Figure 2.3 shows the solution paths obtained with LARS.

Figure 2.4 shows the solution paths obtained with LASSO, which have noticeable
differences compared to the LARS solution paths.



2 Sparse Representations

162

1000 - - - -

-1000

1000 1500 2000 2500 3000 3500

500

Fig. 2.3 Solution paths using LARS for diabetes set

1500 2000 2500 3000 3500

1000

Fig. 2.4 Solution paths using LASSO for diabetes set
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Program 2.1 LLARS/LASSO example

% LARS/LASSO example
% diabetes data
% data matrix (the last column is the response)
data=load('diabetes_table.txt');
Data preprocessing:
¥ zero mean, unit L2 norm, response with no bias
[11,cc]l=size(data); A=zeros(ll,cc-1); b=zeros(1ll,1);
for j=l:cc-1,
A(:,j)=data(:,j)-mean(data(:,Jj)); %mean removal
aux=sqgrt (A(:,J) '*A(:,3)); A(:,3)=A(:,]J)/aux; %unit L2-norm
end;
b=data(:,cc)-mean(data(:,cc)) ;
% Initialization of variables
hbeta=[1];
maxnav=min (1ll,cc-1); %maximum number of active wvariables
gamma_av=0;
%valid sign flag:
vls=1; %valid
% LARS/LASSO: —————————————m e~
lasso_f=0; % flag (0- LARS; 1-LASSO) (Edit here)
ni=1; nitmax=3600;
for t=0:100:nitmax,
%Initialization of variables
beta=zeros(cc-1,1);
mu=zeros(1l1l,1);
c=[]; maxc=0; maxc_ix=0;
J=[]; %indices of the active set
signd=[1];
%active set variables (av):
nav=0; %counter of active wvariables
gamma_av=0;
%valid sign flag:
vlis=1; %valid
inz=1; %initialize flag
bkloop=0; %$for loop breaking
norml=0;
oldnorml=0;
while nav<maxnav,
c=A"'*(b-mu); %current corr
maxc=max (abs (c)) ;
%initialization

° o°

if inz==1, [aux, maxc_ix]=max(abs(c)); inz=0; end;

if vls==1, J=[J, maxc_ix]; nav=nav+l; end; %add index to J
signJd=sign(c(J));

compld=setdiff (1l:maxnav,J); %$complement of J
LcomplJd=length (compld) ;

Aj=A(:,J);
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for k=1:1length(J),
Aj(:,k)=signd (k) *Aj(:,k);
end;
G=Aj'*Aj;
Ij=ones (length(J),1);
iG=1inv (G) ;
Q=1/sgrt (Ij'*iG*Ij);
wj=Q*iG*Ij;
uj=Aj*wj;
a=A'*uj;
if nav==maxnav, gamma_av =maxc/Q; %$unusual last stage
else
gamma=zeros (Lcompld, 2); %min of two terms
for k=1:Lcompld,
n=compld (k) ;
gamma (n, :)=[ ( (maxc-c(n))/(Q-a(n))), ...
((maxc+c(n))/(Q+a(n)))1;
end;
$remove complex elements, reset to Inf
[pi,pjl=find(0~=imag (gamma)) ;
for nn=1:1length(pi), gamma (pi (nn),pj(nn))=Inf; end;

Q

% find minimum

gamma (gamma<=0) = Inf;

mm=min (min (gamma) ) ; gamma_av=mm;

[maxc_ix,aux]=find (gamma==mm) ;
end;

%update coeff estimate:
baux (J) =beta (J) +gamma_av*diag (signJ) *wj;
bkloop=0;
Jold=J;
% The LASSO option ----------——-
if lasso_f==1,
vls=1; %valid sign
dh=diag(signJd' *wj) ;
gamma_c = -beta(J)./dh;
$remove complex elements, reset to Inf
[pi,pjl=find (0~=imag (gamma_c)) ;
for nn=1:1length(pi), gamma_c (pi(nn),pj(nn))=Inf; end;
% find minimum
gamma_c (gamma_c <= 0) = Inf;
mm=min (min (gamma_c)); gamma_w=mm;
[gamma_w_ix,aux]=find (gamma_c==mm) ;
%Lasso modification:
if isnan(gamma_w), gamma_w=Inf; end;
if gamma_w < gamma_av,
gamma_av = gamma_w;
baux (J) =beta (J) +gamma_av*diag (signJ) *wj;
J(gamma_w_ix)=[]; %delete zero-crossing element
nav=nav-1;
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v1ls=0;
end;
end;

norml=norm(baux (Jold),1);
if oldnorml<=t && norml>=t,

165

baux (Jold) =beta (Jold) +Q* (t-oldnorml) *diag (signJd) *wj;

bkloop=1; %for loop break
end;
oldnorml=norml;
mu=mu+ gamma_av*uj;
beta (Jold) =baux (Jold) ;
if bkloop==1, break; end %$while end
end;
beta(ni, :)=beta’;
ni=ni+1;
end;
[bm,bn]=size (hbeta) ;
aux=[0:100:nitmax];
g=0; %color switch
figure(1l)
hold on; g=0;
for np=1:bn,
if g==0,

plot (aux, hbeta(:,np), 'r',aux,hbeta(:,np), 'k.");

axis ([0 nitmax -1000 10001]);
if lasso_f==0,
title('LARS, diabetes set');
else
title('LASSO, diabetes set');
end;
end;
if g==1,

plot (aux,hbeta(:,np), 'b',aux,hbeta(:,np), 'm.");

axis ([0 nitmax -1000 1000]); end
if g==2,

plot (aux,hbeta(:,np), 'k',aux,hbeta(:,np), 'b.");

axis ([0 nitmax -1000 1000]); end
g=qg+1; if g==3, g=0; end;

end;

grid;

% display ——=——=—=-=-===="="""="="—"—"—""—""—"—"""-~-"-~~—~"~—~—~—~—~——

It is interesting to look at a special case: that A is orthonormal and so ATA = I.
In this case the ordinary least square (OLS) regression has the following solution,

that we will denote as x:
£=ATb

2.21)
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e The solution for the ridge regression would be:

X = P (2.22)

e And the solution for the Lasso would be:

X = S/\/z()/e,') s i = l, 2, R (] (223)
In this last expression the soft-thresholding operator Sy is used, its values are:

x4+ N2, if x<=)\/2
Sye(x) =10, iflx] <A/2 (2.24)
x—(\/2), if x>X/2

The action of this operator is expressed in Fig.2.5. This operator appears in other
optimization contexts.

In two most cited papers, [201, 206], the oracle properties of Lasso were studied.
These articles include relevant references to previous work. The desired oracle prop-
erties are that the right model is identified, and that it has optimal estimation rate.
It may happen that, for a certain value of A (the regularization parameter), a good
estimation error was achieved but with an incorrect (inconsistent) model.

One of the sections of [206] shows that the Lasso variable selection could be
inconsistent. In coincidence with this, [201] writes that, in general, if an irrelevant
Ay is highly correlated with columns A; of the true model, Lasso may not be able
to distinguish it from the true model columns. [201] introduces an “irrepresentable
condition”, which resembles the following constraint:

(AT AN AT Al < 1 (2.25)

where J is the active set and / the inactive set.

Fig. 2.5 Soft-thresholding
operator
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This last expression implies that relevant variables were not too highly correlated
with nuisance variables.

The irrepresentable condition of [201] is almost necessary and sufficient for Lasso
to select the true model. The lesson for experiment designers is to avoid spurious
variables that may incur in high correlation with relevant variables.

In order to get better oracle properties, the ‘adaptive Lasso’ was introduced in
[206]. The original constrained Lasso is transformed to:

minimize (||AX “hE+AD —lpf"" )
Xi v
i=l1

(where v > 0)

Notice that a weighting has been introduced in the penalty term. This weighting
is data-dependent. It is shown in [206] that consistency in variable selection can be
achieved.

By the way, the reader is referred to [206] for an interesting comparison of the
adaptive Lasso and the nonnegative ‘garotte’. The garotte finds a set of scaling factors
c; for the following problem:

2
n n
minimize b — E Ajxjc; | + A E cj
=1 5 j=1

where ¢; > 0).

In some problems it is known that the variables belong to certain groups, and it
is opportune to shrink the members of a group together. The ‘group Lasso’ has been
introduced in [195]. Suppose the n variables are divided into L groups. Denote Ay
the matrix obtained from A by selecting the columns corresponding to the k-t group.
Likewise, x; is the vector with components being the variables of the k-th group.
The group Lasso set the problem as follows:

L
minimize (IIAX — b5+ A z gl Xk||2)

k=1

where ny is the number of member of the k-#h group.

The penalty term can be viewed as an intermediate between /| and /,.

A remark from [84] is that the group Lasso does not yield sparsity within a group.
A more general penalty was then proposed [84] that promotes sparsity both at the
group and individual levels. It is called ‘sparse group Lasso’:

L
minimize (nAx = b5+ A D VXl + X ||x||1)

k=1
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In another most cited paper, [207] introduced the ‘elastic net’, which is a two-step
method. For the first step, the paper introduces the ‘naive elastic net’ as the following
problem:

minimize (| Ax —b|5 + Ay X[, + Az [Ix]13)

Denote as x the estimate obtained by the first step. The second step is just the
following correction:

= X (2.26)

NAETDY

The elastic net can be regarded as compromise between ridge regression and Lasso.
Because of the quadratic term, the elastic net penalty is strictly convex.

As it was shown in Fig. 2.2, the solutions of the Lasso problem follow polygonal
paths. This fact was observed in [141], in the year 2000. Based on this fact, the paper
proposed a homotopy algorithm to solve the problem. It uses an active set, which
is updated through the addition and removal of variables. The LARS algorithm,
introduced four years later, is an approximation to the homotopy algorithm (see the
brief historical account given in [71]). Later on, year 2006, it was shown, [72], that
the LARS/homotopy methods, first proposed for statistical model selection, could
be useful for sparsity research.

With relative frequency new variants of the LARS and homotopy algorithms
appear in the literature, and different aspects of them are investigated, like for instance
[123] on the number of linear segments of the solution paths. See [107] for some
variants of group Lasso in the context of structured sparsity.

2.2.3.3 First Order Methods

Although most of the sparse approximation problems can be tackled with LP or QP
algorithms, there are applications in which, due to the size or the characteristics of
the problem, computational difficulties appear [20]. Some of these difficulties are
detailed in [81]. Therefore, other solution alternatives have been explored, including
the first order methods described in the appendix on optimization.

An example of gradient based method is the ‘gradient projection sparse repre-
sentation’ (GPSR) proposed in [81]. Positive and negative variables are separated,
and the problem:

1
minimize (5 [b— Ax |3+ A ||X||1)

is rewritten as:

minimize Q(x) = (% b — [A, —A]l[X4+; X_ ]||§ + 17 x4 + x_)
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with: x; > 0; x_ >0

Now, denote:
z=[x.;x_], ¢ = A1l + [-ATb; ATb], and:
ATA —ATA
Then:
1 7 T
Q0(z) = EZ Bz+c'z (2.28)

and the gradient: V, Q(z) = Bz + ¢
Therefore, a steepest descent algorithm can be enounced:

Ziy1 = Zx — oV Q(2h) (2.29)
It was shown in [81] that the computation of the matrix B can be done more econom-
ically than its size suggests, and that the gradient of Q requires one multiplication
each by A and A”. No inversion of matrices is needed.

There is an important family of methods in connection with the ‘iterative shrink-
age/thresholding’ (IST) algorithm. Initially, IST was introduced as an EM algorithm
for image deconvolution [136]. According with [81], it can be used for Lasso prob-
lems and only requires matrix-vector multiplications involving A and A”. Let us
describe the idea; suppose you have the following composite problem:

minimize f(X) + A g(x)
Consider the next iterative approximation of the solution:

X1 = arg min{f(Xc) + x—x0)"V f(x)+

+3 X = xell3 V2 F(x0) + Ag(x)} =~ (2.30)
~ arg min{ (x —x0)" V(&%) + F Ix = x5 + Ag()}

(the Hessian V? f(x;) is approximated by a diagonal matrix a; 1)

Denote: |
w = X, — —Vf(Xg) (2.31)
(675

Then, the iterative procedure can be written as:
o1 5 A
X;+1 = arg min{ 3 Ix —ull; + a—g(x)} (2.32)
x k

(the &~ was replaced by =)
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In the case of g(x) being || x||,, which is separable, then there is a component-wise
closed-form solution:

1 A
(X1)i = arg min{ 2 ((X); — (w))* + ” [x)il} = Sr((ue)i) (2.33)

were we used (x); to denote the i-th component of x. The last, right-hand term
includes a soft-thresholding operator Sz (y):

y+T, if y<-T
Sr(y) =10, iflyl<T (2.34)
y=T, if y=T

with: T = 2

[e7%
Therefore, a simple iterative shrinkage/thresholding algorithm, named ISTA, has
been devised [20]. There are two parameters to specify, A and oy . The research has
proposed a number of strategies for this specification.
Another, equivalent form of expressing the soft-thresholding operator is:

Sr(y) = sgn(y) - (Iyl = T)+ (2.35)
In case the composite problem was of Lasso type:

1
minimize (E [b— Ax |5+ A ||x||1)

then:
Vf(xp) = —A" (b — Axp)

And so, the iterative algorithm would be:
[V
X1 = St | xk + a_A (b — AXxy) (2.36)
k

(the operator should be component-wise applied)
The algorithm is clearly related with the ‘Landweber algorithm’, introduced in the
1950s to solve ill-posed linear inverse problems and that has the following general

expression:
X1 = X+ NATM®b — Axp) (2.37)

(where M is a positive symmetric matrix and A is a parameter)
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The (2.36) algorithm is called the ‘thresholded Landweber iteration’ (TLI) in an
interesting paper of Daubechies, et al. [63]. This paper proposes an improvement of
the TLI algorithm using a projection on / 1-balls (resulting in a variable thresholding).

Notice that TLI is a particular case of ISTA for the Lasso problem. However,
it happens that some papers use the name ISTA to refer just to TLI, so loosing
generality.

An illustrative example is the case of a sparse signal that we observe through
a filter and that is further contaminated with noise. Program 2.2 attacks this case,
applying ISTA for the recovery of the sparse signal. One of the outputs of the program
is Fig. 2.6, which shows the original signal, the observed signal (contaminated with
noise), and the signal being recovered by ISTA. The program is based on [168].

Another output of Program 2.2 is Fig.2.7, which shows the evolution of the
objective function along the minimization process.

original signal
1.5 *

recovered sign‘al, usfng ISTA
1.5F i

1k i

Olzi ‘ )| - ;J’f‘ ‘ ‘ ‘ ‘ I ‘ |

0 10 20 30 40 50 60 70 80 90 100

Fig. 2.6 Application of ISTA for a sparse signal recovery example
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Fig. 2.7 Evolution of 1.8 ‘ ‘ : : ‘
objective function along
ISTA iterations 17§ 1

1.1 K\\~___ 1
4 [ ]

0.9
0

50 100 150 200 250 300

Program 2.2 ISTA example

ISTA example
1D sparse signal recovery
original sparse signal:
zeros (1,100);
)=1.3; x(22)=1.9; x(37)=0.7; x(51)=0.3;
6)=1.7; x(85)=0.9;
the signal is observed through a filter
=[1,2,3,4,5,4,3,2,11/25; %filter impulse response
=conv (h,x); L=length(y);
=convmtx (h',100); %convolution matrix
gaussian noise is added
yv=y+0.06*randn(1,L) ;
v=y'; %column
% ISTA algorithm
nit=300; %$number of iterations
lambda=0.1; %$parameter
J=zeros(1l,nit); %objective function
z=0*A'*y; %initialize z, the recovered signal
T=lambda/2; %$threshold
for k=1:nit,
q=A*z;
J(k)=sum(abs(qg(:)-y(:))."”2) + lambda*sum(abs(z(:)));
p=z+(A'*(y-q));
%soft thresholding (component-wise)
for n=1:100,
if abs(p(n)) <= T,

o0 oP

oP

(8
(6

I s N T ]

z(n)=0;
else
if p(n)>T,

z(n)=p(n)-T;
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else
z (n)=p(n)+T;
end;
end;
end;
end;
figure(1l)
subplot (3,1,1)
[i,3,v]=find(x) ;
stem(j,v, 'kx'); hold on;
axis ([0 100 -0.1 2]);
plot ([0 100],([0 01,'k");
title('original signal');
subplot(3,1,2)
stem(y, 'kx'); hold on;
axis ([0 L -0.2 0.51);
plot ([0 L], [0 O], 'k");
title('observed signal');
subplot (3,1, 3)
stem(z, "kx');
axis ([0 100 -0.1 21);
title('recovered signal, using ISTA')
figure(2)
plot(J, 'k")
title('Evolution of objective function')
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Since the ISTA algorithm involves a gradient descent, it is a good idea to use
the Nesterov’s accelerated gradient descent (see section on gradient descent in the
appendix on optimization). The result is the ‘fast iterative shrinkage/thresholding

algorithm’ (FISTA), which was introduced in 2009 [20].
While ISTA can be expressed as:

1
Xkl = Syjay (X — o V(X)) (2.38)
FISTA can be expressed as the next three steps:
1
X1 = SyL(Ye — T V) (2.39)
14,/1+417
1 = ————— (2.40)
th—1
Yit1 = X¢ + (Xk4+1 — X) (241)
liy1
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There are direct generalizations of the ISTA and FISTA algorithms by replacing
the soft-thresholding operator with the proximal operator. This is frequent in the most
recent literature. In particular, ISTA is equivalent to the proximal gradient method.

The convergence rate of subgradient methods is O(1/+/k), proximal gradient
methods obtain O(1/k), and accelerated proximal gradient methods further reduce it
to O(1/k?).

Notice that an example of projected subgradient iterations for /1 minimization
was already included in the appendix on optimization. That example was clearly
related to a basis pursuit (BP) problem.

Another idea of Nesterov was to substitute non-smooth objective functions by
suitable smooth approximations [134]. One application of this idea for our problem,
is to consider a smooth approximation of the /1 norm minimization as follows.

e First, the minimization is written as minimax:

min [|X||; = min max uyx ; —1<uy; <1 (2.42)
X X u
e Second, the smoothed approximation is introduced:

smoothed min | X||; = min max urx + g ||ll||% (2.43)
X X u

Based on this approach, a popular algorithm called NESTA was introduced in [21]. A
MATLAB implementation is available (see the section on resources). Other relevant
algorithms are TwWIST [23], SALSA [5], and SpaRSA [186].

2.2.3.4 Interior-Point Methods

Since the standard sparsity optimization settings correspond to LP or QP problems,
the interior-point methods described in the appendix on optimization can be chosen
for solving them. Actually, some of the first algorithms found in the literature on
basis pursuit or on ridge regularization adopted this approach [55, 165]. See also the
page l1-magic on Internet.

Large scale problems may be out of reach, or require excessive computational
effort, for conventional interior-point methods. In such situations other approaches,
like for instance first-order methods, would be preferred. Responding to this concern,
an interior-point method was introduced by [106] that is able to cope with large scale
Lasso problems. It is based on a preconditioned conjugate gradient algorithm. This
aspect, preconditioning of the CG in relation with sparsity, is becoming important
for practical applications [105].

A matrix-free interior-point method has recently been introduced in [83]. The
method performs favorably with large scale one-dimensional signals.



2.2 Sparse Solutions 175
2.2.3.5 Alternating Directions

Let us now focus on the ‘alternating direction method of multipliers’ (ADMM).
According with [192], this approach was not widely employed in the field of image
and signal processing until recently, from 2009. It is an iterative method.

Consider the problem:

minimize f(x) + g(x)

where f(x) and g(x) are closed proper convex functions. Both functions can be
non-smooth.
The ADMM method can be expressed as follows [145]:

Xi4+1 = Pr OX)\f(Zk — llk) (244)
Ziy1 = Proxy (Xp1 +wg) (2.45)
Uiy = U + Xpy 1 — Ziy (2.46)

Typically g(x) encodes the constraints and z; € dom g(x) (the domain of g(x)).
On the other hand, x; € dom f(x). Along the iterations, X, and z; converge to each
other. The ADMM method is helpful when the proximal mappings of f(x) and g(x)
are easy to compute but the proximal mapping of f(x) + g(X) is not so.

Equivalently, the method can be expressed in terms of an ‘augmented Lagrangian’,
starting from the following problem:

minimize f(x) + ¢(z) subjecttox —z =20

(the problem is expressed in ‘consensus form’)

An augmented Lagrangian can be written:

L(x,y,z2) = f(X) + 9@ +y (x—2z) + g Ix — z|3 (2.47)

and the ADMM would be:
Xp+1 = argmin L(X, Z, Yi) (2.48)
Ziy = arg mzin L(Xgy1,2Z,yk) (2.49)

Yir1 = Yi + p Keg1 — Zi11) (2.50)
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It is shown in [145] that these three equations can be translated to the proximal
form introduced above.

The ADMM method has connections with classical methods, like the alternating
projections of von Neumann (see [9] for an interesting presentation). An extensive
treatment of ADMM, with application to Lasso type problems, can be found in [26].
Also, [94] includes accelerated versions, and application examples concerning the
elastic net, image restoration, and compressed sensing.

Some times, in problems of the type found in this chapter, it is convenient to
consider the indicator function. Given a set C, its indicator function i (x) isQifx € C,
and oo otherwise. The corresponding proximal is Pr ox) r(x) = arg muin lu —x ||§ =

Pc(x), which is the projection over set C.

One of the applications of ADMM treated in [26] is the Basis Pursuit (BP) prob-
lem. This problem can be written as:

minimize f(x) + |z|,

subjecttox —z =0

where f(x) is the indicator function of the set C = {x | Ax = b}. In this setting, the
ADMM iterations are the following:

Xp+1 = Po(zp —uy) (2.51)
Zir1 = Sa1/p) Xpp1 + ) (2.52)
Uit = Uy + Xpp) — Zg4] (2.53)

where S, is the soft thresholding operator, and the projection Pc can be computed
as follows:

X1 = (I —ATAADY ' =A@ —up) + ATAAT) b (2.54)

Program 2.3 provides an implementation example of ADMM for the BP problem,
closely related to the examples given in an ADMM web page (see the section on
resources). The program assigns random values to the matrix A and to b. Then, it
finds the sparsest solution to Ax = b.

Of course, each time one executes the Program 2.3 different sparsest solutions
are found, since both A and b are different each time. Figure 2.8 shows one of these
sparsest solutions.

Figure 2.9 shows the evolution of ||x||; during a program execution.
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Fig. 2.8 A BP sparsest 0.25 : : : ‘ ‘ o)
solution o2l |
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along ADMM iterations
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Program 2.3 Example of ADMM for Basis Pursuit

)

% Example of ADMM for Basis Pursuit

n=60; m=20;

A=randn (m,n) ;

b=rand(m, 1) ;

% ADMM algorithm for finding sparsest solution
niter=150;

x=zeros(n,l); z=zeros(n,l); u=zeros(n,l);
rob=zeros (niter,1);

alpha=1.0; mu=1.0;

uA=inv (A*A') ;

auxl=eye(n)- (A'*uA*A);
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aux2=A"'*ulA*b;
for nn=1:niter,

% x update
x=(auxl* (z-u))+aux2;
% z update
Z0=2Z;
xe= (alpha*x)+ ((1l-alpha) *zo) ;
aux=xe+u; imu=1/mu;
z=max (0, aux-imu) -max (0, —aux-imu) ; %$shrinkage
% u update
u=u+ (xe-z) ;
% recording

rob (nn)=norm(x, 1) ;
end
% display
figure(1l)
stem(x, 'k");
title('the sparsest solution x');
xlabel ('n samples');
figure(2)
plot (rob, 'k');
title('evolution of norm(x,1)"');
xlabel('n iter');

2.2.3.6 Douglas-Ratchford Splitting

As recognized by the scientific literature, the Douglas-Rachford algorithm is one
of the most successful optimization methods, able to tackle nonsmooth objective
functions. The method has also been applied to nonconvex problems. An interesting
series of applications is cited in [8], including image retrieval, graph coloring, protein

studies, matrix completion, and even nonograms.
The optimization problem is, again:

minimize f(x) + g(x)

Using the formulation given in [61], the algorithm is simply:

Xy = Prox),(yi)
Vil = Y + M(Proxy p2xp — yi) — X¢)

where \; € [e, 2 —€].

(2.55)

(2.56)
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See the Thesis [74] for an extensive treatment of splitting methods. The history of
the Douglas-Rachford algorithm and other aspects of interest are concisely included
in [61]. There is a web page focusing on Douglas-Rachford (see the section on
resources).

An implementation example is provided in the next section for a compressive
sensing case.

2.2.3.7 Matching Pursuits

There is a series of methods based on ‘matching pursuit’ (MP). The basic idea is
simple and familiar. Imagine you have a puzzle with a certain number of pieces. To
assemble the puzzle, the usual procedure would be to select pieces that match with
certain empty regions of the puzzle. You select and place pieces one after one. This
methodology can be applied to many types of problems; actually, some authors refer
to it as a meta-scheme.

In the next sections we shall see the method being applied to ‘dictionaries’. If
you place yourself in the Fourier context, it would be natural to combine sinusoidal
harmonics. Or, perhaps, it would be better for your problem to combine arcs and line
segments to analyze image shapes, etc.

For now, let us focus on the problem considered in this section: to find a sparse
vector X such that:

Ax =b (2.57)

Most of the section has been centered on optimization. Matching pursuit is more
related with variable selection. Like in the LARS algorithm, one uses residuals and
select most correlated columns of A. After setting the initial residual asro = b and
a counter k = 0, the basic MP would be as follows:

e Find the A ; most correlated with ry
Update the active set J with the selected ;.
xj < (ATry)

Iy < I — ijj

k <~ k+1

(repeat until stop criterion)

This basic algorithm suffers from slow convergence. The ‘orthogonal matching
pursuit’ (OMP) has better properties. Due to the orthogonalization, once a column
is selected, it is never selected again in the next iterations. The OMP algorithm starts
as the MP algorithm, and then:

¢ Find the A; most correlated with ry
e Update the active set J with the selected j.
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Update the matrix A

X <« (A;'b) (solve the least squares regression)
i1 < b—AXx

k<~ k+1

(repeat until stop criterion)

Once the suitable columns of A were selected, a matrix B can be built with these
columns. Now, there is a theorem that establishes that OMP will recover the optimum
representation if:

max ||B+A,-||1 <1 (2.58)

where A; are the columns of A not in B, and B™ is the pseudo-inverse of B, [27].

Other variants of this approach are ‘stagewise orthogonal matching pursuit’
(StOMP), ‘regularized orthogonal matching pursuit’ (ROMP), and ‘compressive
sampling matching pursuit’ (CoSaMP). A concise description of them is included in
[27].

An example of OMP application is given below. The case Ax = b is considered.
Both A and b are created with random values. Using OMP, a sparse x is found.
Figure 2.10 shows the result.

A record of the residual values along iteration steps was done. Figure2.11 plots
the evolution of the residual until a certain specified low value is reached. Both
Figs.2.10 and 2.11 have been generated with the Program 2.4, which includes a
MATLAB implementation of OMP. Note that pinv() has been used for the least
square regression.

Fig. 2.10 Sparse solution
obtained with OMP

0 20 40 60 80 100 120 140 160 180 200
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Fig. 2.11 Evolution of the 35 ‘ ‘ : : : : :
norm of the residual
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Program 2.4 Example of OMP
% Example of OMP
clear all;
% random A and b
N=100;
A=rand (N, 2*N) ;
b=rand (N, 1) ;
M=1; %measure of the residual
hM=zeros (200,1) ;
% OMP algorithm
Aj=I[1;
R=b; %residual
n=0; %counter
while M>0.1, %(edit this line)
[v,ix]=max (abs (A'*R)) ;
Aj(:,ix)=A(:,1x);
A(:,1ix)=0;
$x=Aj\b;
x=pinv (Aj) *b;
R=b-Aj*x;
M=norm(R) ;
n=n+1; hM(n)=M; %keep a record of residuals
end;
$display
figure(1)
stem(x, 'k");
title('sparse solution');
axis ([0 200 -0.6 0.61);
figure(2)
plot(hM(1:n), 'k");
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title('evolution of the residual norm') ;
xlabel ('iteration number') ;

2.3 Compressed Sensing

The compressed sensing (CS) theory claims that it is possible to recover certain
signals from fewer samples than the Nyquist rate required by Shannon. This is based
on the observation that many natural signals, such sound or images, can be well
approximated with a sparse representation in some domain. For example, most of
the energy of typical images is preserved with less than 4 % of the wavelet coefficients
[153, 175].

The term ‘compressed sensing’ was coined by Donoho [68] in 2006. Other impor-
tant contributions came, the same year, in [34, 41]. Since then, the theory has
advanced and nowadays there are books on the mathematics of CS, like [62, 82];
however, there are still open questions, as we shall see.

Instead of acquiring with a sensor large amounts of data and then compress it,
the new paradigm proposes to directly obtain compressed data. The recovery of the
signal would be done via an optimization process.

These ideas are supported by the scenario that has appeared several times in this
book, having the form of a system of linear equations Ax = b. In particular, our
interest focuses on undetermined systems.

One of the peculiar aspects of CS is that it is convenient to select a random matrix
to be used as matrix A.

2.3.1 Statement of the Approach

The idea of CS is based on the following fact: if you have a signal x (n samples) and
a m x n matrix A, with m < n, you can write the following equation:

Ax = b (2.59)

This is an undetermined system of linear equations: more unknowns than equations.
However, if the matrix A is appropriate and the signal is sparse, then it is possible to
recover X from b.

Exploiting this fact, the practical use of compressed sensing can be to apply a
linear operator A to a sparse signal x; in other words, compute b = A x. Then, you
just store b instead of x. This b has less numbers (is denser) than x.

The application of the linear operator could be done in real time, in your sensor.
From the point of view of CS, the application of the operator A to the signal x is
regarded as a sampling process. Therefore A is called the sampling matrix (or the
sensing matrix). A m x n matrix A takes m samples from x. In the case that A was
a random matrix, CS would tell that there is a random sampling of x via A.
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Fig. 2.12 The CS scheme

If you have a signal z that can be expressed in a sparse format, like for instance
x = Dz,thenyoucanuseb = Ax = A Dz for adhering to a compressed sensing.
A typical example would be a signal z that can be expressed with a few Fourier
harmonics. In general, D would represent the use of a dictionary; and the operation
D z could be regarded as a ‘sparsification’ of the signal z. The diagram shown in
Fig.2.12 illustrates the approach.

An analysis of these ideas under the view of information flow, would say that you
are exploiting the low-rate of information being transmitted by z; so, in fact, you
can concentrate the same information in b.

In relation with these points, it must be said that (strictly) sparse signals are rarely
encountered in real applications. What is more probable is to find signals with a small
number of elements significantly non-zero (the rest could also be non-zero). Such
signals are considered as ‘compressible’. One way of formalizing this concept is to
look for an exponential decay of values; the signal components are rearranged in a
decreasing order of magnitude |x()| > [x@2)| > ... > |x¢,| and then one checks
that:

|x@| < REYP (2.60)

In general, compressible signals are well approximated by s-sparse signals X;:
Ix —xll; < C, Rs'~!/7 (2.61)
Ix —x,ll, < D, Rs"> 1P (2.62)

with: C, = (1/p — 1)~'and D, = (2/p — 1)~/2 (see [133]).
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2.3.2 Compression and Recovery. The Matrix A

In order to apply the CS approach, one has to guarantee that the compressed signal
can be recovered. This is the question that we want to consider now.

A first and important point is that, while in regression problems you inherit a
given matrix A formed from experimental data, in the case of compressed sensing
you are the responsible of designing the matrix A. In consequence, it is convenient
to have some guidance for building A.

In relation to this aspect —the design of A—an important step in the early devel-
opment of CS theory was to establish the ‘restricted isometry property’ (RIP). Let
us introduce with some care this property.

Recall that a vector X is s-sparse if at most s of its entries are non-zero. A first,
natural question would be: how many samples are necessary to acquire s-sparse
signals? The answer is that m should be m > 2s (note that the dimensions of A are
m x n). As explained in [133], the sampling matrix must not map two different
sparse signals to the same set of measurement samples. Hence, each collection of 2s
columns from A must be nonsingular.

In this line of thinking, [35] considered that the geometry of sparse signals should
be preserved under the action of the sampling matrix. The ‘s-th restricted isometry
constant §, was defined as the smallest number J, such that:

(A =3&) Il < IAXI3 < (1+ ) [IxI3 (2.63)
When §; < 1, the expression above implies that each collection of s columns of A
is non-singular, so (s/2)-sparse signals can be acquired. In case J; << 1, the action
of A would nearly maintain the /2 distance between each pair of signals (the term
isometry refers to keep the distance).

It is said that A satisfies the restricted isometry property (RIP) if it has an asso-
ciated isometry constant with value §; < 1.

Now, let us see if we will be able to recover x from b. One of the alternatives
considered in CS is to state and solve a BP problem:

minimize ||x||;, subjectto Ax = b
According with [37], having got the BP solution x*, this solution recovers x
exactly if the signal is sufficiently sparse and the matrix A has the RIP property.
Moreover, assume that d,; < /2 — 1, then (theorem):

Ix* = x|, < Co Ix—xl, (2.64)

and:
|x* =x|, < Cos'? Ix — x|, (2.65)
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where X; is the vector x with all but the s-largest entries set to zero. See [37] for the
constant Cp, which is rather small. In case that x was s-sparse, the recovery is exact.
Two consequences of the theorem are that:

e if 05, < 1 the /0 problem has a unique s-sparse solution
e if §5; < +/2 — 1 the solution of the /1 problem is the same as the /0 problem
solution

Part of the research is trying to find larger values of d; still guaranteeing the
recovery. For instance, recently (year 2013), a value of 0.5746 (instead of 0.4142)
has been established in [202]. This paper includes a table, with key references, of
the previous results from other specialists.

Normally, one wants a matrix A with a small d;. It has been found that many types
of random matrices have very good &,. Often a value J; < 0.1 can be obtained. On
the contrary, it is difficult for deterministic matrices to have a good &;.

Random matrices can be obtained in several ways. Here is a short selection:

e Gaussian matrices: the entries of A are independent normal variables, with zero
mean and 1/m variance; thatis: a; ; € N(0, 1/m)
e Bernouilli matrices: the entries of A are:

_ [ +1//m, with probability 1/2 (2.66)

BT =1//m, with probability 1/2

e Partial Fourier matrices: the entries of A are random samples of a Fourier matrix

See [42] and [133] for more alternatives, and details. A contemporary research
topic is to deterministically generate matrices with good RIP.

Supposing that the signal recovery would be done with BP, it is important to
consider also the ‘null space property’ (NSP). Let us introduce this property.

Recall that the null space Nul(A) of the matrix A is the set of al solutions of
Ax = 0.

Consider the set of indexes L = {1, 2, ...n} and choose for example a subset
S D L with |S| = 5. Then, any vector X can be written as the sum xg 4 X5, where
S is the complement of S, the non-zero elements of xg are in S, and the non-zero
elements of x5 are in S. For example, suppose thatx = {4, 3, 2, 1, 5, 6}, apossible
decomposition could be: xg = {0, 0, 2, 1, 5, 0} and x5 = {4, 3, 0, 0, 0, 6}.

The matrix A satisfies the null space condition of order s if for any non-zero vector
X € Nul(A) and any index subset S with |S| = s, one has:

Ixsll < |xs]], (2.67)
Intuitively, the NSP implies that non-zero vectors in the null space cannot be too

sparse. The problem we want to avoid is having a sparse vector with A x = 0, which
would clearly interfere with the recovery of other vectors.
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When dealing with exactly sparse vectors, the spark characterizes when recovery
is possible. However, when dealing with approximately sparse signals (for instance
when there is noise), a more restrictive condition about the vectors in Nul(A) is
needed, and this is why the NSP [64]. In relation with RIP, it can be shown that RIP
implies NSP; that is: RIP is stronger than NSP.

A theorem establishes that BP will obtain exact recovery iff A satisfies the NSP
[3, 157].

For the interested reader it could be opportune to consult [179] about the relation-
ship between the irrepresentable condition, already mentioned in the Lasso context,
and the RIP. The irrepresentable condition is more restrictive.

Nowadays, experience with some applications is showing that the RIP condition
—which is a sufficient condition is too stringent. The theory is advancing, and new,
weaker conditions are being discovered or re-discovered [4].

As an example of sparse signal recovery, suppose that one has a sparse 1D signal,
then one uses a sensing matrix A to obtain samples (a vector b), and then applies the
Douglas-Rachford algorithm to recover the original signal. This example is borrowed
from a contribution of G. Peyre to the MATLAB Central file exchange site (Toolbox
of Sparse Optimization).

Program 2.5 handles this example and, at the same time, provides an example of
implementation of the Douglas-Rachford algorithm.

Figure 2.13 shows the original signal to be sampled.

The signal recovery can be considered as the following problem:

minimize f(x) + g(x)

where f(x) is the indicator function and g(x) is ||x]|;.

Fig. 2.13 An sparse signal
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The Douglas-Rachford algorithm can be written in this case as follows:

x; = Proxy p(yo) = yx + AT (AAT)T (b — Ayy) (2.68)
Vi1 = Y + M(Proxy,2xp — yi) — xi) (2.69)

where Prox) () is soft thresholding.

(notice that f(x) and g(x) have been exchanged with respect to the description of
the algorithm given in the previous section; both are equivalent).

Figure 2.14 shows the recovered signal.

The evolution of the algorithm can be followed in several ways. For example,
Fig.2.15 shows the evolution of ||x||; along the iterations.

Fig. 2.14 Recovered signal
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Program 2.5 Example of Douglas-Rachford

Example of Douglas-Rachford
for compressed sensing of 1D signal
clear all;
N=300; %problem dimension
g=N/4; %number of measurements
A=randn (qg,N) /sgrt(qg); %random Gaussian sensing matrix
% A s-sparse signal, with s non-zero values (=1)
s=13;
x0=zeros (N, 1) ;
aux=randperm(N) ;
x0(aux(1l:s))=1;
display
the signal to be measured
figure (1)
stem(x0, 'k');
axis ([0 N -0.1 1.11);
title('the original signal')
$ perform random mesurements
b=A*x0;
% Algorithm for recovering the measured signal
niter=100;
lambda=1.0; ; gamma=1.0;
x=zeros (N, 1) ;
yv=zeros (N, 1) ;
rnx=zeros (niter,1);
UA=A'*inv (A*A"');
for nn=1:niter,
% x update
x=y+ (UA* (b- (A*y))); %$proxF (indicator function)
%proxG (soft thresholding):
aux=(2*x) -vy;
S=max (0, l-gamma./max (0, abs (aux))) .*aux; %$soft th.
% v update
v=y+ (lambda* (S-x));
% recording
rnx (nn)=norm(x, 1) ;
end
% display
% recovered signal
figure(2)
stem(x, 'k');
axis ([0 N -0.1 1.11);
title('recovered signal')
% evolution of ||x]||1
figure(3)
plot(rnx, 'k');
title('evolution of signal norm-1")
axis ([0 100 12 241]);
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2.3.3 Incoherence and Sensing

Some of the CS authors have proposed a kind of uncertainty principle, in the vein
of the time-frequency duality [42, 76]. It is illustrative to have a quick look to this
aspect.

Two important examples of orthogonal matrices are the identity matrix / and the
Fourier matrix F. Both matrices correspond to two orthobases, one allows for time-
domain representation of signals, and the other for frequency-domain representation.
More in general, given two orthobases ¥ and @, the signal b can be represented as
follows:

b=VYa = o8 (2.70)

Suppose that the matrix A was the concatenation of two orthogonal matrices ¥ and
@. A particular example could be A = [/, F]; a sparse approximation of the signal
b would be a superposition of spikes and sinusoids.

The ‘mutual-coherence’ j1(A) is defined as follows [76]:

w(A) = proximity(¥, @) = II;IE]lX |\I’[T P 2.71)

where W; and ®; are columns. It can be shown that (1/4/n) < pu(A) < 1. For the
case A = [, F], the mutual-coherence is u(A) = (1/4/n).

If the two orthogonal matrices were not normalized, the mutual coherence would
be expressed as follows:

(A) = ma ¥/ 9| 272
— X ——— .
H ij Wl | @, “2

The interesting fact is that, according with a theorem [76], one has:

lello + 18llo = (2.73)

p(A)

Therefore, if the mutual-coherence of two bases is small, then a and 3 cannot both
be very sparse. This can be regarded as an uncertainty principle. In particular, a signal
cannot be sparsely represented both in time and frequency.

There is a theorem in [42] establishing the following: suppose the signal x is
s-sparse and take m samples of it. Then if:

m > CMZ(A) -s -logn 2.74)

for some C > 0, then BP will exactly recover from b = A x the signal x with very
high probability.

In consequence, the smaller the coherence, the fewer samples are needed [42].
Then, in general, incoherent sampling would be recommended.
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The case A = [/, F'] has maximal incoherence. The coherence of noiselets [60]
and Haar wavelets is (v/2/+/n). The coherence of random matrices and a fixed basis
would be about (,/2Tog n/\/n) (see [42]).

See [108] for details on the relations between spark, NSP, mutual coherence,
and RIP.

2.3.4 Stable and Robust Recovery

Usually, signals are not exactly sparse but compressible. Given a compressible signal
X, it can be approximated by a sparse signal X being the vector x with all but the
s-largest entries set to zero, with the following error:

o= |Ix—xl (2.75)
In addition, real life measurement is always contaminated with noise e. Then:
b=Ax+e (2.76)

It is assumed that || e]|, < 7.

Returning to basis pursuit, it was found that in the presence of noisy or imperfect
data, it is better to state the problem as:

minimize |x||;, subjectto ||Ax —bl|, <n

This problem is called ‘basis pursuit denoise’ (BPDN), and it was proposed in
the famous paper of [55]. Clearly, the problem looks like a Lasso problem. In fact,
BPDN became so popular that the literature sometimes use the term BPDN to refer
to Lasso.

Assuming tha tdp; < +/2 — 1, one of the theorems presented in [37] establishes
that the recovery obtained by BPDN solution obeys:

|x* =x|, < Cos'?o + Cin (2.77)

for constants Cy, C; > 0. A small Cy would mean that the recovery is stable with
respect to inexact sparsity; and a small C; would mean that the recovery is robust
with respect to noise. It is established in the theorem that both constants are rather
small. For example, with 6,; = 1/4 the values of the constants would be Cy < 5.5
and C; < 6, [42]. In the noiseless case, the solution could be found with BP, and will
have the same value of Cy.

Some literature is considering alternatives to BPDN. One of these alternatives is
the ‘Dantzig selector’, which was proposed by [36] for cases where the number of
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variables is much larger than the number of observations. The problem is formulated
as follows:

minimize ||, subjectto [A"(b— Ax)|_ <c

(the norm || - || o, is just the maximum absolute value).

2.3.5 Phase Transitions

As a preliminary step for introducing phase transitions, define two parameters:

e The undersampling ratio: 6 = m/n , § € [0, 1]
e The oversampling ratio: p = s/m , p € [0, 1]

Imagine you take pairs (9, p) and represent with colour pixels, on the plane p vs §
the difficulty of signal recovery using /1 norm. Smaller § and larger p would mean
more recovery difficulty.

Based on counting faces of polytopes, Donoho and Tanner found what they called
‘phase transitions‘ associated to /1 recovery. Figure2.13 shows a phase transition
curve similar to the result of that study using a Gaussian matrix A. It can be obtained
in the Monte-Carlo style with many (9, p) trials; the curve represented in the figure
corresponds to the points where the recovery success probability crosses 50 %. The
epigraph of the curve is a region of improbable solvability (Fig.2.16).

The curve represented in the figure corresponds to the noiseless recovery case. A
kind of universality of phase transitions was observed [67], so the gaussianity of A
can be considerably relaxed. See [70] for a extensive treatment that includes phase
transitions.

Phase transitions provide a way to compare recovery methods that has been
adopted by many research publications. An important aspect is what happens in the
noisy case; according with [205] several performance regions could be recognized.

Fig. 2.16 A phase transition 1
curve
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2.3.6 Some Applications

Evidently, the potential of CS is suitable for applications in need of compression,
like modern digital communication. In addition, there are applications in which
something similar to sampling with random matrices occur, due to the characteristics
of the sensorial system—for instance a network of sensors—or because the random
nature of the process under measurement—for instance traffic-.

First examples of CS applications are being published. The intention in this part
of the CS section is to show the variety and interest of what is going on in this field.

With respect to communication networks, [102] shows with some detail, and
many references, that CS has a range of applications from the physical layer through
the application layer, reaching in many cases performance gains of the order of
ten times. In [100] a user’s guide to CS for communication is offered, its first half
being a good concise compendium of CS theory and algorithms. The second half of
this article is devoted to CS applications for wireless channel estimation, wireless
sensor networks, network tomography, cognitive radio, array signal processing, etc.
Opportune references were given for each application. More specific publications are
[14] on estimating sparse multipath wireless channels, and [22] on sparse channel
estimation in underwater communications.

Two CS based dimensionality data reduction algorithms were introduced in [88],
using for experiments a database of handwritten digits. The application of CS for
speech and audio signal was considered in [57] via sparse decompositions using
dictionaries of windowed complex sinusoids.

A compressed sensing based fingerprint identification for wireless systems has
been introduced in [200]. This is an example of future applications for security.

A block-by-block CS was proposed by [85] for sensing of natural images. This
approach has been continued by [131] and others for pictures and video.

Due to constraints of sensing devices the classes of measurement matrices are
limited. Also, some kinds of signals exhibit certain structured features. So it is con-
venient to study algorithms that go beyond the random measurement paradigm. This
subject is treated in [73] and other related papers.

There are remote control cases where the communication channel is rate-limited
and so it is interesting to investigate the use of CS. This problem is discussed in [132].

A brief review of CS applied to Radar was given by [80]. It included a short realistic
discussion of the practical interest of CS in this context. In [183] a CS method for
SAR imaging was introduced. It outperforms the conventional SAR algorithm. There
are now a significant number of papers proposing CS techniques for several types of
Radar and involved issues.

There is an interesting long report on CS application in Defense sensor systems
[126] that covers the single-pixel camera, SAR, Doppler Radars, sparse installations
of coastal HF radars, etc.

The structural health monitoring is becoming more and more important in engi-
neering. For example, in a detailed contribution [103] describes the application of CS
for real-time accelerometer data concerning the Tianjin Yonghe cable-stayed bridge
(512 m. total length). An extensive academic study of CS application in this context,
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focusing on vibrations, is [87]. In large constructions, the surveillance of the structure
should be done with networked sensors, as discussed in [124].

A natural application field for CS is networks of sensors. The issues to be solved are
described in [99], and a complete design of a large-scale wireless sensor network was
presented in [119]. A centralized iterative hard thresholding algorithm was proposed
in [147] for distributed CS in static or time-varying networks. The detection of events
is treated by [43, 127]. The use of CS for target counting and localization in sensor
networks is presented in [197].

Medical applications are abundant. For instance, [ 146] describes a fast compressed
sensing-based cone-beam computed tomography (CBCT) reconstruction method. A
number of publications, like the most cited [120], describe the application of CS
for magnetic resonance imaging. An interesting contribution, concerning dynamic
MRI, is [104]. The web page of J. Huang contains links to several research activities
related to CS and MRI.

With respect to CS in medical ultrasound, there is an extensive academic treatment
in [158]; a short review of applications is made in [112]; a description of results is
given in [154].

Based on CS, [Ak] proposed a method for human activity sensing using mobile
phone accelerometers.

A CS approach to urban traffic sensing with probe vehicles was introduced in
[111]. This is a topic of increasing interest.

A representative publication on CS for environmental monitoring is [191], in
which the methodology is demonstrated for Ozone and surface air temperature real
data. An interesting CS application for ocean monitoring is described in [118].

2.4 Image Processing

Images can be treated with the Fourier transform or wavelets with a number of pur-
poses, like compression, filtering, denoising, deblurring, etc. This has been already
treated in different chapters of this book.

However, processing innovations do not stop. Several new ways of decomposing
an image into components have been proposed, opening exciting possibilities. Many
publications appeared, mainly in two directions: one focuses on edges and the rest,
and the other on a kind of spatial dictionaries.

The objective of this section is to introduce with some detail these new approaches,
indicating a number of references that can be useful for the reader to dig into the
proposed methods.

2.4.1 Texture + Cartoon

In a famous work published in 2001 [128], Meyer proposed the decomposition of
images into texture and cartoon parts. Different methods can be used for isolating
the edges, while other can focus on texture modeling. This approach has prompted
an active research on the three involved aspects: edges, textures, and decomposition.
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The idea of the decomposition can be simply expressed as a decomposition of the
image f into cartoon u and texture v, as follows:

f=u+v (2.78)

There are authors that prefer other terms, like geometry or structure, for the u term.
The v term could include constant color regions, textures that could be modeled with
oscillatory functions, and other. Textiles can usually be modeled with oscillatory
functions.

Of course, it would be always be possible to extract a # component from f, and
then obtain v as f — u. However, it is more compliant with the purpose of sparse
representation to try a model based approximation of v.

Notice that image denoising considers that there is an original image p and a noise
w, so one has a noisy image ¢ = p + w. The target of the denoising effort is to
extract p. Compared with the texture + cartoon decomposition, there are similarities
that could be more or less strong depending on the particular problem to be tackled.
This should be taken into account when looking at the literature.

It has been pointed out that a decomposition f = u 4+ v seems to be analogous to
the high-pass and low-pass decompositions described in previous chapters. However,
this will not work as we want: both cartoon and texture contain high frequencies, so
a linear filtering cannot separate u and v. Other alternatives should be explored, like
for instance variational approaches.

In general, variational approaches try to obtain u as a function that minimizes a
certain criterion, which is expressed as an image model.

Looking at the recent history of variational decompositions, as summarized in
[29], an important proposal was done in 1989 by Mumford and Shah [130]. It is
worthwhile to consider in some detail this contribution.

24.1.1 Mumford-Shah, and Image Segmentation

It may well happen that in a certain photograph one wants to separate objects of
interest. For instance, cells (recall the example about thresholding in Chap. 11), roads,
faces, etc. This is the type of applications addressed by image segmentation. It leads
typically to the detection of edges, and so it has many things in common with f =
u + v decomposition.

Suppose a rectangular picture with multiple objects Oy, Oy, ..., O,. There
would be a set of regions £2;, £2,,..., £2, in the image corresponding to these
objects. Denote as I” the set of smooth arcs that make up boundaries for the regions
£2;. In total one has: 2 = 2, U £, U...U £, U I'.Our main goal is to capture
the boundaries while the texture does not vary much inside each object. The image
f could in this case be approximated by a piecewise-smooth function u.

Information is related to changes. With a certain analogy, one could speak of
energies in the sense of information content. Using the Sobolev’s H' norm, the
energy of a region £2; would be:
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E(Q) = / ‘Vu(?c)‘zdx (2.79)
£2;

(the function u must belong to the space H' of functions whose derivative is square-
integrable).

It is known that functions belonging to H' cannot present discontinuities across
lines, such as boundaries. Therefore, u alone cannot model the boundaries.

It is opportune to consider the energy of the boundaries, as follows:

E(I') = Length(I') (2.80)

(more formally, this would be the Hausdorff measure of I")
In many applications, there is noise and blurring to be taken into account. A
‘fidelity term’ can be used for this purpose:

E(error) = / (f(x) — u(x))*dx (2.81)
2

In a most cited, seminal article [130], Mumford and Shah approximated the image
f by a piecewise-smooth function u and a set I" that solves the following problem:

argrunilg [ wLength(I') + / IVux)|*dx + A / (f (x) — u(x))dx ]

N § (2.82)
Clearly, it is an energy minimization. It can be shown that removing any of the three
terms gives a trivial, not suitable solution.

The observed result of the minimization is usually a simplified version of the
original image, similar to a cartoon. It is not a perfect tool; for instance, shadows,
reflections, gross textures, may cause difficulties.

Mainly because the term with I, it is not easy to solve the minimization problem.
Many methods and approximations have been proposed, see [33, 66, 152] and ref-
erences therein. An Octave implementation is included in [178]. There is a popular
related segmentation method based on the Chan-Vese model; this model is described
in [89] with an implementation in C available from the web.

An example of image segmentation using the Chan-Vese method will be given
below. In preparation for the example, let us include a brief summary of this method.
An important simplification is that u(x) can take only two values: ¢;, for x inside I,
and c,,; for x outside I". These constants can be regarded as average gray values:

inl” out I’

[ fdx J . fdx

= oax T s
inI” out I’

Instead of a direct manipulation of I, itis represented as zero-crossings of a ‘level set’
function ¢ (this idea was introduced in [143], a heavily cited article). This function
 is positive inside I" and negative outside.

—-r

(2.83)
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The energy to be minimized would be written as follows:

E = pi o 0000) [Vo(ldX + N [, (f®) = et
+ )\ouz .foutF (f(X) - Cout)zdx ’

The first integral in the previous equation corresponds to the length of I". In some
cases it would be convenient to add a term with the area enclosed by I', to control
its size, but it has been not considered in our example.

A semi-implicit gradient descent could be applied for the minimization. This is
done with an iterative evolution of:

_ Pxx Sﬁi — 20:0y0xy + ‘Pyy@;zc

Q 2 2Y3/2
(3 + )Y

¢

ot = 6(90) ' [Q - Ain(f _cin)2+)\out(f _cout)z] (285)

(where sub-indexes represent partial derivatives).

The §(y) can be approximated with:
(2.86)

In each iteration, the values of c;, and c,,, were updated.

Now, let us introduce the example. Figure2.17 shows the original image. After
running Program 2.6, which is a slightly modified version of code from Fields Insti-
tute (see the section on resources), an interesting image segmentation was obtained.
The results are shown in Fig.2.18.

Fig. 2.17 Original image Original image

50

100

150

200

250
50 100 150 200 250



2.4 Image Processing

Level Set Chan-Vese Segmentation
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Fig. 2.18 (right) Chan-Vese segmentation, (left) level set

Program 2.6 Example of Chan-Vese algorithm

197

Example of Chan-Vese algorithm
(active contours segmentation, using level sets)

o0 0P

I=imread('handl.jpg'); %read b&w image
I = double(I);
[m,n] = size(I);

lambda=0.1; %parameter

%Set initial box=1, with border=-1
Phi=ones (m,n) ;

Phi(l,1:n)=-1; Phi(m,1:n)=-1;
Phi(l:m,1)=-1; Phi(l:m,n)=-1;
$Prepare loop

disp('working..."');

a = 0.01; %$to avoid division by zero.

epl = 0.1; %$small value

T = 10;

dt = 0.2;

for t = 0:dt:T
ax2=2*Phi;
P1l=Phi(:,[2:n,n]); P2=Phi([2:m,m], :);
P3=Phi(:,[1,1:n-1]); P4=Phi([1,1:m-17,:);

$partial derivatives (approx.)

Phi_x = (P1 - P3)/2;

Phi_vy (P2 P4)/2;

Phi_xx = Pl - ax2 + P3;

Phi_yy = P2 - ax2 + P4;

Q1=Phi([2:m,m], [2:n,n]); Q2=Phi([1,1:m-1]1,[1,1:n-11);
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Q3=Phi([1,1:m-1],[2:n,n]); Q4=Phi([2:m,m],[1,1:n-1]);
Phi_xy = (Q1 + Q2 - Q3 - Q4)/4;

$TV term

Num = (Phi_xx.*Phi_vy.”2 )- (2*Phi_x.*Phi_vy.*Phi_xy) +
(Phi_yy.*Phi_x."2);

Den = (Phi_x.”2 + Phi_y."2).7(3/2) + a;

$Compute averages
c_in = sum([Phi>0].*I)/ (a+sum([Phi>01]));
c_out = sum([Phi<0].*I)/ (a+sum([Phi<0]));
$Update
aux=( Num./Den - lambda* (I-c_in).”2 + lambda* (I-c_out) ."2);
Phi = Phi + dt*epl./(pi* (epl”2+Phi."2)).*aux;

end;

% display of results

figure(1l)

imagesc (I);

title('Original image') ;

colormap gray;

figure(2)

subplot (121) ;

imagesc (Phi) ;

title('Level Set');

subplot (122) ;

imagesc(I); hold on;

title('Chan-Vese Segmentation');

contour (Phi, [0,0], 'm');

colormap gray;

2.4.1.2 Total Variation, and BV Functions

Further steps in the direction suggested by the Mumford-Shah model were taken by
considering a total variation (TV) term. Already, a brief introduction to TV has been
done in the previous book, in the context of image restoring. It is now opportune to
include a more extended consideration.

There are excellent publications, with a mathematical formal orientation like
[47, 164], that use test functions ¢ belonging to the set Cé (£2, ®?) of continu-
ously differentiable vector functions of compact support contained in £2, and such
¢l < 1. These functions are employed for the definition of TV as follows:

TV (u) :sup{/ udivepdx , Vx € 2} (2.87)
2

Given a differentiable function u defined on a bounded open set £2, its total varia-
tion is:



2.4 Image Processing 199
TV(u) = / IVu(x)|dx (2.88)
Q

If the TV of the differentiable function u is TV () < 400, thenu € BV, where
BV is the space of bounded variation functions.
The set of bounded variation functions is a Banach space with the norm:

lullpy = llullp + TV (u) (2.89)

Bounded variation functions can have sharp edges. Actually, the norm ||- || 5y, takes
into account the number of edges.
If afunction u € BV belongs also to the smaller Sobolev space, then the norm is
just TV (u) . See [59] for an interesting study of BV functions, including wavelets.
The BV functions play an important role in the cartoon + texture decomposition.

2.4.1.3 The Rudin, Osher and Fatemi (ROF) Model

In 1992 Rudin, Osher and Fatemi [163] proposed to apply TV for image denoising,
in a variational framework with the following expression:

inf[ / [Vux)| dx + /\/ (f(x) — u(x))zdx] (2.90)
u 0 0

whereu € BV.

Evidently, the ROF model (enclosed in braces) is composed of a TV term and a
fidelity term. This model has been cited in more than six thousand papers.

The TV term removes noise or small details, while preserving edges. The authors
of the ROF model give in [163] an algorithm for computing the adequate value of A
if the noise level was known. In other cases this value has to be chosen, considering
that it determines in some sense the smallest image feature to be kept.

From the point of view of optimization, the good news is that the ROF denoising
problem is convex, so the solution exists in BV and is unique [164]. A detailed study
of image recovery via TV minimization is [47]. The field of TV in imaging, including
algorithms, is reviewed by [45].

There are a number of observed problems when adhering to the ROF approach, as
described in [48]: loss of contrast, loss of geometry, staircasing, and loss of texture.
Part of the recent developments cited in [48] are oriented to solve these problems.

The ROF variational method can be adapted to different types of noise, as intro-
duced in [90]. This paper is plenty of practical numerical and analytical details, and
contains a link to one implementation in C code.

Next section includes an example of ROF-TV image denoising accompanied with
a MATLAB program.
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2.4.1.4 Meyer’s Approach

Meyer suggested to replace the /2 norm in the fidelity term with a weaker norm
more adequate for modeling textures or oscillatory patterns. Hence, he proposed the
following minimization problem:

inf i/ IVux)| dx + A || £(x) —u(x)||*] 2.91)
u Q

where u € BV.

Continuing with his approach, Meyer defined the space G, which is the Banach
space of all generalized functions v that can be written as v = div(g), where g =
(g1, 92) and g1, g» € [(£2). The space G is endowed with the G-norm, which is
defined as the lower bound of all [, (§£2) norms of the functions |g|, with the infimum
being computed over all decompositions of v .

The space G is the dual of the closed subspace BV of BV. When applying the
G-norm in the minimization problem, the second termis A || f(x) — u(x)|l;. Meyer
also defined two more spaces: E and F, see [128]. The spaces are related as follows:
BV C G CECF.

G-functions may have large oscillations and nevertheless small norms, which is
suitable for the minimization to preserve textures.

Meyer did not propose any numerical procedure for the decomposition. A first
algorithmic contribution to this aim was made in [ 180] (the Vese-Osher model), which
soon was followed by other proposals, like [10, 193]. In [29] a simple conversion of
alinear filter pair into a nonlinear filter pair was proposed, obtaining a fast separation
of cartoon and texture.

2.4.1.5 TV-11 Approach

It was suggested in [135] to replace the /2 term in the ROF model by a /1 term. This
article, year 2004, contains interesting references from the 90s about the fidelity
term and how to avoid outliers. According with this approach, the functional to

minimize is:
inf’ / [Vu(x)| dx + )\/ dx} (2.92)
u £2 [f () —u(x) |

As shown in [135], the /1 norm is well suited to remove salt and pepper noise.
Further analysis by [49, 193], shows that the model enjoys interesting properties of
morphological invariance and texture extraction by scale, so geometrical features
are better preserved. A first, fast algorithm for solving the optimization problem was
presented in [12].

All three models, Meyer, Vese-Osher, and TV-/1, were compared by [194] using
a uniform computing approach. The three models were solved as second-order cone
programs (SCOP). The comparison refers to 1D signals and 2D images. Also, [194]
contains a detailed history, with references, of alternatives for solving the three
models.
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See [109] for a practical treatment of the TV-/1 decomposition, including various
examples and a link to software from a web site.

2.4.1.6 Other Approaches for the Texture Term

The Report [11] proposed the following generalization:

inf[/ IVux)| dx + X || f(x) — u(x)||§,] (2.93)
u 2

where H is some Hilbert space. This generalization can include a number of different
models, and in particular the ROF model. One of the contributions of [12] is a Hilbert
space of Gabor wavelets.

From time ago there was interest on texture modeling and analysis for different
purposes. A brief review of invariant texture analysis methods is offered in [198].
With the advent of the cartoon-texture approach, more research has been devoted
to texture models favoring better image decompositions; see [125] for a modern
perspective involving a decomposition of the functional into three terms: the fidelity
term, a cartoon term, and a texture term.

2.4.1.7 Other Approaches for the Cartoon Term

As said before, it has been observed that the TV term induces image staircasing
effects. A remedy for this problem was introduced in [47], by including higher order
derivatives in the energy.

Several versions of the cartoon-texture decompositions were proposed in [50], by
combining the improved cartoon term of [47] and three alternatives for the texture
term (the third alternative considers texture + noise). This article is particularly
interesting in several ways: discussion, formulae, and experimental results.

See [110] for an interesting work on second order TV, and [121] for combining
TV and a fourth-order partial derivative filter.

2.4.1.8 Some Related Aspects

Let us briefly collect a number of references that deal with important aspects of the
methods already introduced.

A correlation tool was introduced in [12] to properly select the parameter A.

e Relevant analysis results concerning BV functions are presented in [2, 58]. By the
way, in [96] it was provocatively questioned if natural images are BV.

The decomposition into cartoon + texture + noise (# + v + w) was introduced
by [92].

Almost every cited paper includes a review of the decomposition topic. In addition,
the reader could consult [29, 93] for more extensive reviews.
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2.4.2 Patches

Science has surprising connections between seemingly disparate fields. For instance,
it happens that the term “sparse coding” also belongs, from the 90s, to Neuroscience
research.

As it will become clear soon, this biological aspect deserves some attention now.
A convenient guide is offered by the review done in [171], in special connection with
the work of Olshausen. Many references in [171] quote observations and conjectures
made by Barlow in the 60s.

2.4.2.1 A Bit of Neural Processing

Images are captured by the retina, transmitted to the LGN, and then to the area V1 of
the visual cortex; subsequent areas are V2, V4, MT, and MST. It has been reported that
nobody has been able to reconstruct the input image from the recordings of neurons in
V1. Cells in the visual cortex were classified as simple, complex, and hyper-complex
cells. Simple and complex cells are sensitive to specific stimuli orientations.

One of the Barlow’s hypotheses is that the role of early sensory neurons is to
remove statistical redundancy of the input. Hence, itis not strange that the first section
of [171] was devoted to PCA and ICA. This also corresponds to an important direction
of the research, which assumes that sensory neurons are specially adapted to the
statistical properties of those signals that occur more frequently. So, it is important to
investigate the relationship between natural signals and neural processing. In general,
natural images are not Gaussian and there are significant spatial correlations.

Another observation of Barlow was that neurons at later stages of processing are
generally less active than those at earlier stages. It seems that we may model what
happens in visual areas using multiple stages of efficient coding. This is, indeed, an
ambitious objective. Most initial steps of the research have focused on retina and the
first visual cortex areas.

Concerning the retina, it has been shown that the single-cell physiology and con-
trast sensitivity functions are consistent with the product of a whitening filter and a
Wiener filter for noise removal and adaptation to mean luminance level (see [171]
and references therein). Because non-Gaussianity, a whitened natural image still has
lines, edges, contours, etc.

It seems that there is efficient coding at the retina level. The next question is if we
have this in V1.

In a famous letter to Nature in 1996, [138] proposed to represent an image as a
linear superposition of 2D basis functions, which are image patches extracted from
natural scenes. The representation has a conventional form:

I(x,y) = D aidi(x,y) (2.94)
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Fig. 2.19 A patch dictionary

The set of basis functions emerged after training on many (in the order of 10%) image
patches randomly extracted from natural scenes. The training tried to maximize the
sparsity of the representation, searching for components that are both sparse and
statistically independent (in the ICA sense). Actually, [138] shows an example of
192 basis functions, which are 16 x 16 pixel patches, extracted from 512 x 512
natural images. These functions resemble the spatial receptive field properties of
simple cells, they are spatially localized, oriented, and band-pass.

Figure2.19 shows an example of a patch dictionary, with 256 patches of 8 x 8
pixel each.

In 1997, [139] made the hypothesis that V1 employs sparse coding with an over-
complete basis set.

The principle behind this kind of coding is that it tries to represent each image
in terms of a small set of functions, chosen from an overcomplete set. Only a few
neurons need to be active and expend energy. Actually, it has been estimated that at
any given moment only 1/50th of the cortical neurons could afford to be active, due
to energy constraints (see [140] and references therein).

It is being found that sparse coding is also employed by other senses and other
neural functions [140]. Part of current research is considering space-time statistics,
using natural environment movies as inputs [31, 171].

2.4.2.2 Dictionaries for Sparse Representation

Back to our signal processing atmosphere, the lessons learned from neural processing
are summarized in [162] in the context of a history of transform design that includes
Fourier, wavelets, etc. This summary put in contrast analytic versus trained dictionar-
ies. Analytic dictionaries are linked to harmonic analysis, use pre-defined classes of
functions, and are usually too simplistic for the nature complexity. Machine learning
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assumes, instead, that the structure of complex phenomena can be more accurately
extracted directly from the data.

Of course, if one adheres to the use of learned dictionaries, then a training method
should be devised. In his review, [161] identifies five available methods. Perhaps the
most popular of them is K-SVD, which will be described in more detail below. The
other methods are: generalized PCA, union of orthobases, the method of optimal
directions (MOD), and parametric training methods. References are provided for all
methods. The advantage of parametric training is that structured dictionaries were
obtained.

Given a set of training column data vectors, y;, y2, -+ , ¥n, the problem is to
finda (m x K) dictionary D, with K << N, sucheveryy; is a sparse combination
of elements of D. Note that the data vectors y; could contain 1D signals or vectorized
image patches.

Figure 2.20 shows a diagram corresponding to the problem. The representation
matrix X should be sparse (with sparsity s).

In mathematical terms, the problem to solve is:

min > [ly; — Dxil|%, subjectto [xilly <s
T

Notice that the optimization is over both D and X.
The problem could be relaxed from /0 to /1 norm, and be stated in Lagrangian
form adding two terms.
Some authors prefer to use a simpler expression for the term > |ly; — D x; ||, as
1

follows:
IY — DX|3 (2.95)

(mx N)

Fig. 2.20 The dictionary problem
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There is a general iterative scheme that can be used for solving the problem [44].
Each iteration includes two steps:

e Sparse coding, for finding a minimizing X (for a fixed D)
e Dictionary update, finding a minimizing D (for a fixed X)

Usually this scheme would lead to a local-minimum.

The sparse coding part could be done with methods already introduced in this
chapter, like for instance orthogonal matching pursuit (OMP).

The dictionary update could be done by directly solving the least square problem,
using the Moore-Penrose pseudo-inverse. This is the alternative chosen by the MOD
method; but it tends to lead the iteration towards the local minimum nearest to the
initial guess. Other alternative could be to use a gradient descent on D.

2.4.2.3 The K-SVD Training Method

The K-SVD algorithm is described in detail in [6], which is a most cited article. It
can be considered as a generalization of the K-means clustering algorithm, already
seen in the chapter on data classification.

As MOD and other methods, K-SVD iterates two steps: sparse coding and dic-
tionary update. Sparse coding can be done by any suitable method; K-SVD focuses
on the dictionary update. For this update, assume that both D and X are fixed and
select one column d; of D; then, select the k-th row of X, which will be denoted as
x’}. Now, following [6], let us derive a convenient expression:

Y — Zdeél — de]}
ik

2 2

2
1Y — DX =

Y - Yd;x)
;

F
= B - a ]}

F

(2.96)
where Ej is an error matrix.

Denote as wy the group of indices pointing to vectors y; that use d; (those where
x’} (i) is nonzero). The group has a certain number L of indices.

Also, denote as £2; a matrix with ones on the (wy (i), i) entries, and zeros else-
where. This matrix will be used for shrinking purposes. For instance, the result of
xk = x& §2; is arow vector x% of length L, which is obtained from x%. by discarding
the zero entries. Similarly, EX = Ej £, is the set of error columns corresponding to
examples that use dy.

Then, for the dictionary update one has to minimize:
|Ecs — dexk 2|7 = | EF - aixK]’ 2.97)

Here, one can use SVD (singular value decomposition) for getting the desired solu-
tion. The matrix Ef is decomposed as Ef = U A V. The solution for dy is the
first column of U, and for the vector xll‘i,, the first column of V multiplied by the
singular value A (1, 1).
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Therefore, the algorithm takes the following steps:

e Set an initial dictionary with /2 normalized columns

o j=1

e (*) repeat until convergence

e Sparse coding step

e Dictionary update step: for each column k = 1,2,...in D

— Find wy, build £2;
— Compute Ey, and E ,f
— Decompose EF using SVD

— Update D with the column d r and X with the vector X’}e

j=j+1,goto(¥)

See [52] for a longer explanation of the K-SVD method.

It is convenient to note that part of the specialized literature use the term atom to
refer to columns, dg, of the dictionary D.

A main contribution of K-SVD is that the dictionary update does not require
matrix inversion; the update is made atom-by-atom, sequentially, in an efficient
manner. Another difference with other algorithms is that during dictionary update,
the content of X is also modified. The algorithm reduces, or at worst maintains, the
error of the representation at each iteration.

A more efficient implementation of K-SVD was introduced in [161], with links
to MATLAB toolboxes.

Next three figures correspond to an example of image denoising using K-SVD.
Figure 2.21 depicts the original image and the same image contaminated with
Gaussian noise. Figure2.22 shows the patch dictionary obtained with the K-SVD
method. Then, using this dictionary the image is denoised, as described in [78], and
the result is shown in Fig.2.23. These figures have been obtained with a program
based on the software available from the Elad’s web site. Although this program is
a simplified version, it is relatively long and so it has been included in the appendix
of long programs. The program is not only long, but also relatively slow: it would
probably take around 5 min. The reader is invited to add more K-SVD iterations, or
to specify less error (the constant C at the beginning of the program), or to increase
the number of blocks.

The program uses two times a sparse codification function that has also been
included in that appendix. This function uses sparse matrices.

2.4.2.4 Further Developments
The methods already described, like MOD or K-SVD, learn a dictionary D to sparsely

represent the patches of an image, rather than the whole image itself [189]. In an
important article, [78] a proposal was made in the context of image denoising.
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original picture noisy image
Fig. 2.21 Original picture, and image with added Gaussian noise

Fig. 2.22 Patch dictionary
obtained with K-SVD

g
%

=

Overlapping patches were used. The idea was to denoise each patch via sparse cod-
ing, and then estimate the total image as the average of the patches together with the
observed noisy image. Actually, [78] adopted a Bayesian perspective, by defining a
global image prior that forces sparsity over all patches. Further elaboration in this
line was presented in [77, 79].

In the case of denoising and other applications (impainting, deblurring, etc.) it is
natural to consider a Bayesian treatment. If a see a noisy or corrupted image I would
say: this image is not clean. So, I expected something cleaner. In consequence, I have
a kind of model (a prior) of what an image should be.

See [189] for a fast method for whole image recovery using patch-dictionary. It
has an associated web page with MATLAB code.
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Fig. 2.23 Denoised image

Responding to the current consumer market needs, it is important to deal with
colour images. This was the target of [122], which extends the approach of [78]
to colour images. The proposed scheme was also able to properly handle non-
homogeneous noise; this is valuable in cases of missing data, such in image demo-
saicing or impainting (colloquially: filling holes).

According with [155], the use of patch dictionaries has become very popular,
showing good performances. The research is trying to exploit interrelations between
patches, using for instance clustering into disjoint sets to treat them adequately, etc.
([155] includes a short review of this issue).

In his interesting discussion on K-SVD, [16] remarks that a good quality dictionary
for sparse coding should have a small mutual coherence constant p. However, the
1 of dictionaries obtained by K-SVD (which are highly redundant) is usually not
small. Another problem is that in very redundant dictionaries, some atoms might be
highly similar to others, or play an insignificant role. These arguments are used by
[16] to promote, as better approach, orthogonal dictionaries with small . This paper
also includes a convenient review.

2.4.3 Morphological Components

Consider the example depicted in Fig. 2.24, which is a synthetic image that may be
similar to an astronomical picture (stars and filaments).

The stars could be well represented using wavelets, while for the lines ridgelets
are more suitable. Then, it seems appropriate to use two dictionaries, wavelets and
ridgelets, for representing the image. A decomposition of the image into two com-
ponents would be possible, one component with the stars and the other with the
lines.
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Fig. 2.24 A synthetic image

Although simplistic, this example illustrates well the idea of morphological com-
ponent analysis (MCA), [172, 173]. As summarized in [24], the MCA method relies
on an iterative thresholding algorithm, with a threshold that decreases linearly along
iterations. Let us describe the algorithm, based on [24].

The case considered is a signal consisting of a sum of K signalsy;, having different
morphologies. A dictionary of bases {®;, @y, ... P} is assumed to exist. Signal
y1 is sparse in ®; signal y, is sparse in ®,; and so on. Denote «; = <I>l.T yi.

Suppose, for simplicity, that one has only two signals (K =2),s0y =y + ¥z
(the results can be easily generalized to more components). It is proposed, in order
to estimate the components of y, to solve the following minimization:

gli; (|@fyi]l, + [®3y2[l,). subjectto [y —yi — ya2ll, <o

where o is the noise standard deviation. Continuing with a simplified view, assume
for now that c = 0.

The first step of the MCA algorithm sets the number of iterations /.y, the min-
imum threshold Ap,, initial estimated values of y; and y, , and the thresholds )\51)
and /\gl).

Then, iterations begin:

While the two thresholds are higher than a lower bound A, do:
o k=2
~(k—1

o Compute residuals, for j = 1, 2, using current estimates y; ) of the components:

k) _ S(k—=1)
ri =Y = Yigj (2.98)

e Estimate, for j = 1, 2, current coefficients by hard thresholding:
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&P =@ r T =20 (2.99)

e Get, for j = 1, 2, new estimates 5)}"):

y;.“ = @, aj.“ (2.100)
e Decrease the thresholds

1
)\§ - )\min

2.101
Imax -1 ( )

)\;kJrl) _ )\;1) —k

If there is no noise, Ay, should be set to zero. On the other hand, when there is
noise, A\pin should be set to a few times o (see [24]).

The MCA algorithm provides a good components separation when the ®;, the
members of the dictionary, are mutually incoherent enough. In the examples provided
by [173], textures are treated with DCT (discrete cosine transform) since DCT is
suitable for the representation of natural periodicity (in case of non-homogeneous
textures, local DCT could be used). As said before, lines are well represented with
ridgelets. In addition, the curvelet transform represents well edges in images.

One of the contributions of [24] with respect to the original MCA, is a method
called ‘mean-of-max’ (MOM) for the decrease of thresholds. Denote:

my = | |

with: r® = y — yikil) - ygkfl)
Then, thresholds should be chosen as:

A0 — l(m + my) (2.102)
i ) 1 2 .

It is also shown in [24] that MCA/MOM is clearly faster than BP (basis pursuit),
being at least as efficient as BP in achieving sparse decompositions in redundant
dictionaries.

See the book [174] for an extensive treatment of sparse representation and process-
ing, including chapters on wavelets, ridgelets, curvelets, etc. In particular, the chapter
18 of that book focuses on MCA, using the MCALab package (in MATLAB) by the
same authors. Several interesting application examples were presented.

A simple 1D example of MCA processing is the case of a signal composed of two
sine signals with close frequencies, and three spikes at random positions. The target
of MCA is to separate the signal morphological components. We chose this example
and prepared a simplified version of MCALab for this case. Only two dictionaries
were considered, one based on discrete cosine transform (DCT), and the other for
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Dirac pulses. The simplified version is the Program 2.7. In this program, the initial
value of o was estimated using the finest details obtained by Daubechies wavelet.
During the execution of the program, the selection process is visualized with an
animated figure. Figure 2.25 shows an example. When the program stops, another
figure is shown with the original signal and its components (Fig. 2.26). Then, the user
can see how good was the MCA work, by comparing the original and the separation

result.

sum of detected parts
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the sum of 2 sines

800

900 1000
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the 3 spikes at random
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Fig. 2.25 Example of figure during MCA process
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the original composite signal

2L ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ .
0 100 200 300 400 500 600 700 800 900 1000

the original sum of 2 sines

2L ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ .
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the original 3 spikes at random
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Fig. 2.26 The original composite signal and its components

Program 2.7 MCA example

o

MCA example

The signal is a mix of 2 sines and 3 random spikes
signal synthesis ---—-------"-"-"-"-"-"—~———-~-~—~—~—~—~———
=1024; %$length

sines have almost equal frequencies:
A=0.6; %sine amplitude

itv=1;

t=0:itv:N-itv;

sl=A*cos (pi*0.0307*t) ;

s2=A*cos (pi*0.0309*t) ;
yvs=sl+s2; %sum of sines

% 3 spikes at random positions:

k=3;

v=[randn(k,1l); zeros(N-k,1l)]; p=randperm(N) ;
vk=v(p); pos=find(yk);

miny=min (yk); maxy=max(yk) ;

vk(pos) = (yk(pos)-miny)/ (maxy-miny)+1; %$normalize

2 00 o°

o0
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% the composite signal

Yy = ys + yk';

signal=y(:); %column format

maxp=max (signal); %to set vertical limit in figures
nfg=0; %figure interval counter

% MCA parameters

qg=4; %to specify how fine is the approx

itermax = 200;

ndict=2; %number of dictionaries

% _________________________________________
%$Initial variables

part= zeros (N,ndict);

%$Initial sigma-—-—----————-—-—————————————
[We,Wl]=wavedec (signal, 10, 'db4d'); %wavelet toolbox
L=sum(W1l(1:10)); %to select details

Dv=-Wc (L+1:end) ;

% MAD method

aux=Dv (find(~isnan (Dv))) ;

sigma = median (abs(aux - median(aux)))./0.6745;
%$Initial coeffs (using two dictionaries: DCT and Dirac)
coeff={};

% DCT coeffs:

nv=N*qgq; fg=(1:(nv-1))"';

Ko=[N; 0.5* (N+sin(2*pi*fqg/qq) ./ (2*sin(pi*fg/nv)))]1;
Ko=Ko."0.5;

x=zeros (4*nv,1); L=2*N;

x(2:2:L)=signal(:);

z=fft (x);

coeff{l}= [struct('coeff',[]) struct('coeff',real(z(l:nv))./Ko)]l;
% Dirac coeffs:

coeff{2}= [struct('coeff',[]) struct('coeff', signal(:))];

%$Initial threshold (minimum of maximal coeffs in each dictionary)
for nn=1:ndict

aux = []; cfs = coeff{nn};
sinx = length(cfs);
for j = 2:sinx

aux = [aux;cfs(]).coeff(:)];
end
buf (nn) =max (abs (aux(:))) ;

end
buf=flipud(sort (buf(:),1))";
deltamax=buf (2) ;
delta=deltamax;
lambda=delta/ (itermax-1); %Linear decrease: slope
%Start the algorithm------ - - - - —————————————————
for iter=0:itermax-1
$residual computation
residual=signal-sum(part,2) ;
% DCT part----——————----
Ra=part(:,1)+residual;
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%$analysis:
x=zeros (4*nv,1); L=2*N;
x(2:2:L)=Ra(:); z=fft(x);

Ca= [struct('coeff',[]) struct('coeff',real(z(l:nv))./Ko)l;
%thresholding (not the low frequency components) :

cf = Ca; ay=cf(2).coeff;

cf(2) .coeff=ay.* (abs (ay)>delta) ;
Ca = cf;

%$synthesis:

c=Ca(2) .coeff; lc=length(c); M=lc/gqg;
fu=(1:(lc-1))"';

Ku=[M; 0.5* (M+sin(2*pi*fu/qq) ./ (2*sin(pi*fu/lc)))]1;
Ku=Ku.”0.5;

c=c./Ku;

x=zeros (4*1c,1l); L=2*M;

x(l:1c)=c; z=fft(x);

yv=real(z(2:2:L));

part(:,1)=y(:)/qqg; %$output

Q

% Dirac part--------------

Ra=part(:,2)+residual;
%analysis:
Ca= [struct('coeff',[]) struct('coeff', Ral(:))];

%thresholding (not the low frequency components) :

cf = Ca; ay=cf(2).coeff;

cf(2) .coeff=ay.* (abs (ay)>delta) ;
Ca = cf;

%synthesis:
part(:,2)=Ca(2).coeff(:); S%Soutput

% Update parameters--------—-—-—--—-—-—-
delta=delta-lambda; %linear decrease
% Display along the process
nfg=nfg+l;
if nfg==4,
nfg=0; %restart counter
figure (1)
subplot (3,1,1)
plot(sum(part(1:N, :),2));axis tight;drawnow;
title('sum of detected parts')
axis ([0 N -maxp maxp]);
subplot(3,1,2)
plot(part(1:N,1));axis tight;drawnow;
title('the sum of 2 sines')
axis ([0 N -maxp maxpl) ;
subplot(3,1,3)
plot (part(1:N,2));axis tight;drawnow;
title('the 3 spikes at random')
axis ([0 N 0 maxp]);
end
end
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part = part(1l:N, :);

% Final display----——----—-———————~ -~ —
%$0riginal signals

figure(2)

subplot(3,1,1)

plot (signal) ;axis tight;

title('the original composite signal')
axis ([0 N -maxp maxp]) ;

subplot(3,1,2)

plot (ys);axis tight;

title('the original sum of 2 sines')
axis ([0 N -maxp maxp]);

subplot (3,1, 3)

plot (yk) ;axis tight;

title('the original 3 spikes at random')
axis ([0 N 0 maxpl);

2.5 An Additional Repertory of Applicable
Concepts and Tools

Some of the topics to be treated in this chapter require new concepts and tools. For
instance, the functions provided by MATLAB for sparse calculus, and concepts and
solution techniques related to certain optimization or signal processing problems.
In particular, it has been found that the Bregman algorithms are very suitable for
optimal compressed sensing and other applications.

2.5.1 Sparse Representation in MATLAB

There are two matrix storage modes in MATLAB. Full storage is the default and
stores the value of each element. Sparse storage —that should be explicitly invoked-
stores only the values of nonzero elements.
The function sparse( ) can be used to create a sparse matrix. For example, if you
write:
S = sparse([], [1, [1, 1000, 1000];

An empty sparse matrix S is created. Then, you can specify some nonzero
elements, for instance:

S(5,3) = 15; S(312, 1) = 120.5; S(25,25) = 1;

The function nnz(B) returns the number of nonzero elements of the matrix B,
which can be in full or in sparse format. The function find(B) returns all (i, j) indices
of nonzero elements. The function nonzeros(B) returns all the nonzero elements.

As with full matrices, with sparse matrices you also can use the expression:
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x=A\b

In many applications is more convenient the use of sparse matrices than full
matrices. For instance, in case of having a 10,000 x 10,000 matrix with 20,000
nonzero elements. Solving Ax = b will be much faster with A sparse matrix than
with A full matrix.

e A full matrix B can be converted to sparse with S=sparse(B). A sparse matrix S
can be converted to full with B=full(S).

e The function spdiags( ) can be used to create sparse banded matrices, which have
a few nonzero diagonals.

e The identity matrix is created with speye( ). Given a sparse matrix S, the function
spones( ) replaces the nonzero elements with ones.

e A simple visualization of the nonzero elements localization in the matrix S can be
obtained with spy(S).

Many more details of the use of sparse matrices in MATLAB can be found in [91].

As a first, simple example, the Program 2.8 creates a tri-banded sparse matrix,
that you can list using full(A) without semicolon, and then applies spy( ) to display
(Fig.2.27) the matrix structure (non-zero entries).

Program 2.8 Create a tri-banded sparse matrix

%Create a tri-banded sparse matrix

)
S

A=spdiags([2 1 0; 54 3; 8 7 6; 11 10 9; 0 13 12],-1:1,5,5);
full(A); %$list the matrix in usual format

figure(1l)

spy (A); %visualize the matrix structure (non-zero entries)

title('spy diagram') ;

Fig. 2.27 Visualization of 0
banded matrix using spy() spy diagram
1 ° °
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nz=13
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Fig. 2.28 Visualization of
the Bucky ball matrix
structure
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Since it is a popular example, MATLAB includes data for the Bucky ball, which is
composed of 60 points distributed as in a soccer ball. Each point has three neighbours.
The Bucky ball models the geodesic dome made popular by Buckminster Fuller, and
also the C60 molecule (a carbon molecule with 60 atoms). The Bucky ball adjacency

matrix is a 60 x 60 symmetric matrix.

Figure 2.28 shows the spy( ) visualization of the Bucky ball matrix.
From the data given by MATLAB it is also possible to get coordinates, and to
plot with gplo#( ) the Bucky ball. Both Figs. 2.28 and 2.29 were generated with the

Program 2.9.

Fig. 2.29 Visualization of
the bucky ball graph
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Fig. 2.30 Visualization of 0
HB/nnc1374 matrix using g
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Program 2.9 Load and visualize the bucky matrix

$Load and visualize the bucky matrix

A=bucky; %rapid loading of the 60x60 bucky matrix
figure (1)

spy (A, 'k");

title('the bucky ball matrix');

)

[A,v]=bucky; %load the bucky matrix and the coordinates
figure(2)

gplot (A,v, 'k");

axis equal;

title('the bucky ball graph');

Among the sources of data on Internet, there are two important collections of
sparse matrices, one in the ‘Matrix Market’ and the other in the University of Florida
Sparse Matrix Collection. From this second source, we chose the matrix HB/nnc1374
as an example. Itis amatrix with /374 x 1374 entries, and only 8588 non-zero entries.
Notice that earlier versions of MATLAB cannot handle such a large matrix.

Figure 2.30 displays the spy( ) diagram of this matrix. The figure has been gen-
erated with the Program 2.10, which shows how to extract the matrix from the data
structure downloaded from the Internet repository.
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Program 2.10 Load and visualize HB nnc1374

$Load and visualize HB nncl374
% (note: earlier MATLAB versions cannot handle the large matrix)

oP

S=load('nncl374.mat'); %$file (structure) loading
fieldnames (S) %to see structure field names
getfield (S, 'Problem') %to see inside the field 'Problem'
M=getfield(S, 'Problem', 'A'); %get the sparse matrix from 'A’
figure (1)

spy (M, 'k');

title('the HB nncl374 matrix');

2.5.2 Diffusion in 2D

Let us begin with a kind of strange example. Suppose you want to paint your inclined
roof. You could come to the top edge and just drop the paint, letting the colour flow
down. After some evolution time, you could expect some uniformity. Of course, this
is not a recommended method, but it gives you the flavour of what will be introduced
next for denoising, impainting and other applications. Notice that the colour flow
will be mostly unidirectional as governed by the slope.

Another example would be the following: you take a thin aluminium plate, put
a flame below and near the centre during some time, and observe how the heat
flows from the centre toward the borders of the plate. The heat diffusion will be
omnidirectional.

As will be seen next, the heat diffusion can be related with 2D Gaussian filtering,
considering the image intensity as analogous to energy. The image filtering would
take some time (some iterations), to let the diffusion evolve.

In the case of denoising, one wants to eliminate the noise using diffusion, but, at
the same time, one wants to preserve edges. Is this possible? This also will be treated
next.

Since diffusion directions would become important, the proper mathematical tool
should be partial differential equations (PDE). Let us advance some important basic
equations concerning diffusion and heat.

Denote ¢(x, y, t) the density of the diffusing substance at a given position and
time. The diffusion equation is:

g—q: = VI[D(, x, y. 1) - V] (2.103)

where D() is the diffusion coefficient (or diffusivity). This coefficient could be a
scalar, a scalar function of coordinates (non-homogeneous diffusion), or a tensor
(which could correspond to anisotropic diffusion). In 2D this tensor is a symmetric
positive definite matrix. The equation becomes non-linear if the coefficient depends

on ¢.
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The heat equation is obtained with a D() being a constant:

9 )
5 =DV (2.104)

In order to discretize the equation for computing the heat diffusion on a grid, one
could approximate the second derivatives as follows:

¢ P(xig1,y) —26(xi, yj) + d(xiz1, y))

— = 2.105
Ox2 (dx)? ( )
@ _ O(xi, Yi1) — 20(xi, ¥;) + d(xi, yj—1) (2.106)
dy? (dy)?
These expressions are to be introduced in: V? ¢ = % + giy‘f
For the first derivative, one could use a first-order approximation:
0 t+dt) — ot
99 _ ol +dn) — 60) 107

ot dt

A simple example has been devised, in which a central region of a plate is heated,
and then the heat diffusion takes place along time. The computation of the diffusion
on a grid has been done with the Program 2.11. For a simpler notation, the heat has
been denoted as u. Figure2.31 shows a sequence of plots, from left to right and top
to bottom, corresponding to the process evolution. The program execution may take
several minutes.

500,

» 10D
100

50D, i '

&0

Fig. 2.31 Visualization of heat diffusion example
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Program 2.11 Example of heat diffusion

$Example of heat diffusion

oe

%$Initialization of variables
D=0.25; %diffusion constant
dx=1; dy=dx; %we will use a regular grid, with dy=dx
dt=1;
x=0:dx:99; y=0:dy:99; %the grid
1x=length(x); ly=length(y);
u=zeros (1x,ly); un=u;
u(46:54,46:54)=1000; %central region is heated
$first display
figure(1)
subplot(2,3,1);
mesh (u) ;
axis ([0 100 0 100 0 1000]);
title('heat diffusion');
for nn=2:6,
for T=1:dt:30, %time
for i=2:1y-1,
for j=2:1x-1,

aux=u(i+1,j)+u(i-1,3j)+u(i,j+1)+u(i,j-1)-(4*u(i,j));
un(i,j)=u(i,j)+((D*dt*aux)/dx"2) ;
end;
end;
u=un;
end
subplot(2,3,nn); %$the other plots
mesh (un) ;
axis ([0 100 0 100 O 5007]);

end;

When using the approximations already described, it is important to keep:

2D -dt
<1
min((dx)?, (dy)?) ~

(2.108)

otherwise, the numerical scheme becomes unstable (as you may want to check).

2.5.2.1 Gaussian Diffusion

In the case of heat diffusion with homogeneous Neumann boundary conditions and
D =1, one has the following problem:

9,
o = Vo (2.109)
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d(x,y, 0) = ¢o (2.110)

o9

=0, (x,y) €b(2) @.111)
on

where b(£2) is the boundary of the region of interest §2 (usually a rectangle in the
case of a picture), and n is the normal to this boundary.

It has been established that the solution of this problem is given by the convolution
of ¢y and the Gaussian function witho = +/2¢.In the Fourier domain, the solution is:

2
— |wl

<I>(w) = exp (W

) Dy (w) (2.112)
Therefore, the Gaussian diffusion is equivalent to a special low-pass filter. In the
case of a picture, the effect would be image blurring. This blurring does not respect
edges, so the structure is lost.

Figure 2.32 shows the effect of Gaussian diffusion on a picture. On top, the original
picture; in the middle, the image after 10 s of diffusion; in the bottom, the image

Fig. 2.32 Effect of Gaussian
diffusion, original on top
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after another 10 s of diffusion. The processing has been done with the Program 2.12,
which is similar to the previous program for heat diffusion.

Program 2.12 Example of picture diffusion blurring

%$Example of picture diffusion blurring
(like heat diffusion)

o0 o°

oo

Initialization of variables
D=0.25; %diffusion constant
dx=1; %we will use a regular grid, with dy=dx
dt=1;
x=0:dx:399; y=0:dy:249; %$the grid (image size)
1lx=1length(x); ly=length(y);
P=imread('spencer.jpg'); %read image
u=double (P) ;
un=u;
$first display
figure(1l)
subplot(3,1,1);
imshow (uint8 (u)) ;
title('Gaussian diffusion');
for nn=2:3,
for T=1:dt:10, %time

for i=2:1y-1,

for j=2:1x-1,

aux=u(i+l,j)+u(i-1,3j)+u(i,j+1)+u(i,j-1)-(4*u(i,Jj));
un(i,j)=u(i,j)+((D*dt*aux)/dx"2) ;
end;
end;
u=un;
end

subplot (3,1,nn); %the other plots
imshow (uint8 (un)) ;
end;

Although it may then easily become unstable, the diffusion process could be
reversed in order to sharpen (or deblur) the image. Figure2.33 shows an example,
with the original picture on top and the sharpened image below. Notice in Program
2.13 that the diffusion constant and the diffusion time have been decreased.

Program 2.13 Example of picture anti-diffusion sharpening

%Example of picture anti-diffusion sharpening
(reverse heat diffusion)

o0 oP

oo

Initialization of variables

D=0.05; %diffusion constant

dx=1; %we will use a regular grid, with dy=dx
dt=1;
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x=0:dx:399; y=0:dy:249; %the grid (image size)
1lx=1length(x); ly=length(y);
P=imread('spencer.jpg'); %read image
u=double (P) ;
un=u;
$first display
figure (1)
subplot(2,1,1);
imshow (uint8 (u)) ;
title('Gaussian anti-diffusion');
for T=1:dt:5, %time

for i=2:1y-1,

for j=2:1x-1,
aux=u (i+1,j)+u(i-1,3J)+u(i,j+1)+u(i,j-1)-(4*u(i,j));
un(i,j)=u(i,j)-((D*dt*aux)/dx"2) ;
end;

end;

u=un;
end
subplot(2,1,2); %the other plot
imshow (uint8 (un)) ;

Fig. 2.33 Effect of Gaussian
anti-diffusion, original on
top
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2.5.2.2 The Perona-Malik Diffusion

In 1987 Perona and Malik introduced a celebrated model [149], see also [150], that
has been cited by more than eight thousand papers. The target was to protect, and
even improve, the edges while smoothing more homogeneous regions of the picture.

The diffusion coefficient D () will depend on the local image gradient. For small
gradients, corresponding to homogeneous regions, large values of D() are allowed,
promoting stronger smoothing. On the other hand, for large gradients, corresponding
to edges, smaller values of D() are used to slow down the diffusion or even force the
diffusion to go backwards.

Using now the notation commonly employed for images (u() instead of ¢()), the
Perona-Malik formulation of the diffusion becomes:

Ou
— = V[D(Vul)V u] (2.113)
ot

u(x,y, 0) = ug (2.114)
ou
— =0, (x,y) € b(£2) (2.115)
on

Two different choices of D(s) where suggested:

(2.116)

D(s) = exp(—s>/\?) (2.117)

(substitute s with V where appropriate)

The flux function is defined as p(Vu) = [D(|Vu|)V u]. The derivative of this
function tells you if there is forward diffusion, or backward diffusion. If you selected
(2.116) for D(s), then:

, <0if|s] > A
@(Vu)[>0 if Isl <A (2.118)

Therefore, near edges (large gradient) there is backward diffusion that will enhance
these edges.
In the simple one-dimensional diffusion case, one has:

Ou ,
S = ¢/(Vu) Au (2.119)

Figure 2.34 shows the one-dimensional diffusion coefficient and the flux function for
D(s) given by (2.116), with A = 3.
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Fig. 2.34 The diffusion
coefficient and the
corresponding flux function

Program 2.14 Perona-Malik diffusivity function and flux function

$Perona-Malik diffusivity function and flux function

Q

% (first alternative)

0P

lambda=3;

s=0:0.1:10; %variable values
g=1./(1+(s.”2/lambda"2)) ;
f=s.*g;

figure(1l)

subplot(1,2,1);

plot(s,g, 'k");
xlabel('s'); grid;
title('P-M diffusivity');
axis ([0 10 0 1.21);
subplot(1,2,2);

plot(s,f, 'k");
xlabel('s'); grid;
title('Flux function');
axis ([0 10 0 1.6]);

An extensive research has been devoted to the proposal contained in the Perona-
Malik paper. See [184] for a detailed treatment of the topic with abundant references.
Also in [184] an anisotropic diffusion was introduced using a tensorial diffusion
coefficient.

The Perona-Malik method can be implemented in several discretization ways.
Program 2.15 represents an example of implementation that has fast execution time.
Figure 2.35 shows the result of the method for the denoising of a picture having
salt & pepper noise (this noise has been added using imnoise( ). The noise has been
softened while keeping image features.
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original denoised image

Fig. 2.35 Denoising of image with salt & pepper noise, using P-M method

Program 2.15 Example of picture denoising using Perona-Malik diffusion

$Example of picture denoising using Perona-Malik diffusion
lambda=160; $%constant for P-M diffusivity
D=0.1; %general diffusion constant
P=imread('facel.jpg'); %read image
A=imnoise (P, 'salt&pepper',0.01); %add salt&pepper noise
u=double (A); un=u;
[1ly,1x]=size(u) ;
for nn=1:8,

%zero padding around image

udif=zeros (ly+2,1x+2);

udif(2:1y+1,2:1x+1)=u;

%differences: north, south, east, west

difN=udif(1l:1y,2:1x+1)-u;

difS=udif (3:1y+2,2:1x+1)-u;

difE=udif (2:1y+1,3:1x+2)-u;

difWw=udif(2:1y+1,1:1x)-u;

$Diffusivities

DN=1./(1+(difN/lambda) ."2) ;
DS=1./(1+(difS/lambda) ."2) ;
DE=1./(1+(difE/lambda) ."2) ;
DW=1./(1+(difw/lambda) ."2) ;

$diffusion
un=u+D* (DN. *difN + DS.*difS + DE.*difE + DW.*difW) ;
u=un;

end;

%display:

figure(1l)

subplot(1,2,1)

imshow (A) ;

xlabel ('original');



228 2 Sparse Representations

title('Salt&pepper denoising') ;
subplot(1,2,2)

imshow (uint8 (un)) ;

xlabel ('denoised image') ;

2.5.3 Bregman-Related Algorithms

A convenient iterative method for finding extrema of convex functions was proposed
by Bregman in 1967, [28]. Later on, in 2005, it was shown by Osher et al. [142]
that this method was very appropriate for image processing (in particular for total
variation applications).

The method is based on the Bregman divergence, and it can be employed in its
basic iterative version, or as split Bregman iteration [95].

2.5.3.1 Bregman Divergence

Aspects concerning divergence, distances, similarity, etc. have already been consid-
ered in the chapter on data analysis and classification. They are crucial for important
applications, like for instance face recognition (and distinction between faces).

An expression of the Bregman divergence between two points X and xo would be
the following:

D(x, Xo) = f(X) — f(X0) — Vf(x0)" - (X —Xo) (2.120)

This concept was introduced by Bregman for differentiable convex functions, and
was given the name ‘Bregman distance’ by Censor and Lent [46] in 1981.

Figure2.36 gives a graphical interpretation of this distance D, sitting above the
tangent L.

Fig. 2.36  Example of f
Bregman distance
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Notice that a first-order Taylor expansion to approximate f(x), would be
fa(x) = f(x9) + Vf(x0)T (x — Xg), and therefore the distance D is the difference:
Dx —xo) = f(X) — fa(X).

Distances are non-negative functions. A metric distance has symmetry, identity
and triangle inequality properties. Bregman distances are not necessarily symmetric,
nor supporting triangle inequality.

Particular cases of Bregman distance are the Euclidean distance, with the choice
fx) = ||x||2, the Kullback-Leibler divergence, with f(x) = >_ —x; log x;, and the
Itakura-Saito distance, with f(x) = > —log x;. The Mahalanobis distance is also
a particular case.

Other equivalent expression of the Bregman distance is the following:

D(x, xp) = f(%) — f(x0) = < Vf(Xo), X —X) > 2.121)
Recently, some important authors, [30, 95], used the following expression:
D(x, Xp) = f(X) — (X)) = < p, X —X) > (2.122)
where p is the subgradient at x;.

There are interesting connections of Bregman divergences with clustering, expo-
nential functions, and information theory [15]; or in particular with Voronoi diagrams
[25]. Tt is also worthwhile to mention [7] for a more complete view on the concept
and applications of divergence.
2.5.3.2 Bregman Iteration

Consider the following constrained minimization problem:

min J(u), subjectto Hu) = 0

where J and H are defined in )" and convex. The associated unconstrained problem

is:
min J(u) + A H(u) (2.123)

The Bregman distance of J between u and v would be:
D@, v) =Jw—-J(V)— <p,-u—v> (2.124)
The Bregman iteration for solving the minimization problem is:

u® = argmin D® @, u?) + A H() (2.125)
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Suppose that H is differentiable. In this case, the Bregman iteration would be:
uft) = arg min D® @, u®) + XH(u) (2.126)
p*D = p® _ AVH@u*D) (2.127)

For the particular problem of TV based image denoising [142], one could take:
H(u, f) = % |Au—f]3 (2.128)

then, the iteration can be expressed in the following simplified form:

u®) = arg min J(u) + A H(u, £5) (2.129)
fED = £® 4 — Au®h) (2.130)

It has been verified that these iterations converge very quickly.

2.5.3.3 Linearized Bregman Iteration
In appropriate cases, it would be possible to use the following approximation:
Hu) ~ Hu®) + VHu®) . (u —u®) (2.131)

For a better approximation a penalty quadratic term could be added, and then:

u**Y = argmin J(w) + AH@®) — p® u) + % Ju— u® Hi (2.132)

2.5.3.4 Split Bregman Iteration
A characteristic aspect of split Bregman method is that it could separate the typical

1 and 2 portions of important image processing approaches. For instance, suppose
that the minimization problem is:

. A
min [ dll, + Hw + 5 14 - ¢ | (2.133)
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The split Bregman iteration for solving this problem is:

A
u®t) = arg min H (u) + 5 |d® — pu) —b® ”i (2.134)
A
a0 = argmin [l + 5 | d— gt — bR (2.135)
bt = p® 4 (pu*tDy — akth) (2.136)

As you can see, the method involves two optimization steps and a simple update
of b. The first optimization step is differentiable and so it can be solved by a variety
of methods, like Gauss-Seidel or conjugate gradient, or even in the Fourier domain.
The second optimization step can be computed by shrinkage, that is:

d'* = shrink(@); + b, 1/)) (2.137)

where the shrinkage would be:

shrink(x, \) = ;—| * max( x| — A), 0) (2.138)

2.5.3.5 Using Split Bregman for ROF-TV Image Denoising

It has been shown in [95] how to apply the split-Bregman method for total variation
(TV) image denoising, based on the ROF model. The method is simple and efficient.
It handles two-dimensional variables.

There are two denoising formulations: the anisotropic problem, and the isotropic
problem. In the anisotropic problem, one has to solve:

min |Viul + [Vyu + £ llu = £ 13 (2.139)

Let us replace V,u by dy and V,u by d,. In order to strengthen the constraints, two
penalty terms were added:

. m A A
min |de| + |dy| + THu—FI5 + Jlde = Veull + Z [ dy = Vyu|
(2.140)
Coming now to the split Bregman algorithm, the first optimization step would be:

: 2 A
u D = arg min & u—f 15 + 3 4P — Veu =50 | +

(2.141)
#31d — Vo |
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Because the system is strictly diagonal, it is recommended in [95] to get the solution
with the Gauss-Seidel method:

k+1) _ ~k) __ A (k) (k) (k) (k)
u =G, = o fi + luify; w2y tu g tu i+

o o' e T ® ® ®
+dx,i71,j - dx,i,j + dy,i,jfl - dy,i,j - bx,ifl,j + bx,i,j - by,i,jfl + by,i,j}
Then, the complete split-Bregman algorithm, to be iterated, is:
uh = g® (2.142)
d*Y = shrink(V,u®tD + b0 1/)) (2.143)
d*tD = shrink(Vyu®D + b1 1/X) (2.144)
b(k+1) — b(k) 4 (qu(k+1) _ dk+1) (2145)
b = b + (Vyu™tY — aith (2.146)

In the case of isotropic denoising, the minimization problem is:

min > \/(Vao? + (Vao? + S llu—f 1 (2.147)

Like before, the problem is transformed to:

. A A
min > \Jd2, +d2 4+ Sllu—fI3+ Sld = Vel + 5 |y — Vu
i

(2.148)
Due to the coupling between d, and d,, the second optimization step is decom-
posed into two shrinkages. Hence, the split-Bregman algorithm, to be iterated, is the
following:

ukth = g® (2.149)

V,u® + b

d* = max(s* — 1/),0) - (2.150)
S

Vyu ® + b;.k)

d{*V = max(s" — 1/), 0)—— (2.151)
N

peHD = p® 4 (v, KD _ ghty (2.152)
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original denoised

Fig. 2.37 ROF total variation denoising using split Bregman

b;k+1) _ b;k) + (Vyu(k“) _ d§+l) (2.153)
where:
2 2
sk = \/‘qu(k) +b§k)‘ + ‘Vywk) +b (2.154)

According with [30], the shrinking steps could be approximated as follows:

SNV, u® + Ry

afth = Ol (2.155)
k (k) (k)

4% — SSANVT 4 by (2.156)

Y s+ 1 '

Figure 2.37 shows an example of ROF-TV anisotropic denoising. It is the same
example as before, with salt and pepper noise. The program is based on the imple-
mentation in [30]. It has been included in the appendix on long programs. Actually,
the program is not complicated, but the discretization implies many loops; surely the
algorithm could be implemented in more compact form, using matrices.

2.6 Matrix Completion and Related Problems

A matrix could be regarded as a set of signal samples. Therefore, it can be treated
from the compressed sensing point of view. For instance, it may correspond to the
measurements taken at a given time by a network of spatially distributed sensors, in
which some sensors could fail.
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The consideration of matrices has originated a fruitful new research area, which
is very active and expansive. This section introduces some fundamental aspects of
this area.

2.6.1 Matrix Completion

In a most cited article, [40], Candés and Recht introduced a topic of considerable
interest: the recovery of a data matrix from a sampling of its entries. A number m of
entries are chosen uniformly at random from a matrix M, and the question is whether
it is possible to entirely recover the matrix M from these m entries.

The topic was naturally introduced by extension of compressed sensing, in which a
sparse signal is recovered from some samples taken at random. In the case of matrices,
if the matrix M has low rank or approximately low rank, then accurate and even exact
recovery from random sampling is possible by nuclear norm minimization [40].

By the way, it is now convenient to quote a certain set of norms, denoted as
Schatten-p norms, for p = 1, 2 or oco. In particular:

e Spectral norm:
The largest singular value: || X ||y = max(o;(X) = [l0(X)|l«

e Nuclear norm:
N
The sum of singular values: || X, = > 0:;(X) = lo(X)];
i=1

e Frobenius norm:

N M 172 t 1/2
RAPE DD Xi) = (z cr,?(X>) = o0l
i=1j=1 i=1

Using a simple example of a n x n matrix M that has all entries equal to zero
except for the first row, it is noted in [40] that this matrix cannot be recovered from
a subset of its entries. There are also more pathological cases as well. In general, we
need the singular vectors of M to be spread across all coordinates. If this happens,
the recovery could be done by solving a rank minimization problem.

minimize rank(X), subjectto X;; = M;;, (i, j) € 2

where X is the recovered matrix.

Like in the case of compressed sensing, where a /1 norm is used instead of a /0
norm for easiest treatment, it is preferred to consider the minimization of the nuclear
norm:

minimize || X]||,, subjectto X;; = M;;, (i,j) € 2
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It is shown in [40] that most matrices can be recovered provided that the number
of samples m obeys:

m > C n®?

r logn (2.157)
where C is some positive constant, and r is the rank.

The nuclear norm minimization problem can be solved in many ways. A special
mention should be done of the singular value thresholding algorithm introduced in
[32]. This algorithm is a de facto reference for comparison with other algorithms
(see the web page on low-rank matrix completion cited in the section on resources).

Actually, the proximal operator corresponding to the minimization of || X ||, is the
singular value shrinkage operator that shrinks towards zero the singular values of X,
by subtracting a certain threshold value [145].

An example of matrix sampling and recovery is given below. The Douglas-
Rachford splitting is used [151], based on two proximal operators: one corresponds
to the indicator function, and the other to the nuclear norm. In the case of the indicator
function, the proximal operator is a projection that accumulates repeated samples of
the same matrix entry. The algorithm is implemented in the Program 2.16, which
generates two figures.

Figure2.38 shows the evolution of the nuclear norm as the iterations go on. It
converges in less than 100 iterations.

In order to show how accurate is the recovery, a simple plot has been devised.
One takes a row of the original matrix and represents its entry values as ‘x’ points.
Then, one plots on top the recovered values for this row, as a series of segments.
Figure 2.39 shows the result for the 10th row. It can be seen that the recovery is fairly
precise.

Fig. 2.38 Evolution of 1900
nuclear norm
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Fig. 2.39 A test of 15 ‘ : : : ‘ ‘ ‘ :
reconstruction quality original row: red x; reconstructed: black
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Program 2.16 Example of Matrix Completion

Example of Matrix Completion
(using Douglas-Rachford)
clear all;

disp('working...")

% a random matrix of rank r

n=100;

r=12; %rank

A=randn(n,r)*randn(r,n); % Original random matrix
disp('nuclear norm of original matrix:');
[u,d,v]=svd(A);

nuc_N = sum(diag(d))

a subset of A is measured by

sampling at random a number p of entries of A
p=round(n*log(n)*r); % see theory
aux=randperm(n*n) ;

ix=aux(l:p)'; %$extract p integer random numbers

% b is a column vector:

b=A(ix); %retain a subset of entries of A

% start the algorithm ----—-—------"-"——————~—~—~—~—~—~————
X=zeros(n,n) ;

Y=zeros(n,n) ;

L=n*n;

niter=100;

lambda=1; gamma=2;

rnx=zeros (niter,1);

for nn=1:niter,

X update

R(b-M(Y)) term

O=zeros(L,1);

Q
o
)

o

)
°
Q

S

R

o° o°
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% accumulating repeated entries
for j=1:p;
ox=1x(3) ;
O(ox)=0(ox)+(b(j)-Y(ox));
end;
O=reshape (O, [n n]);
% proxF (indicator function)
=Y+Q;
Y update

o0 o0 M

P=(2*X)-Y;
[U,D,V]=svd(P) ;
for j=1:n,
aux=D (3, J);
if abs (aux)<=gamma,
D(3,3)=0;
else
if aux>gamma, D(j,j)=aux-gamma; end
if aux<-gamma, D(j,Jj)=aux+gamma; end;
end;
end;
S=U*D*V'; % result of thresholding
Y=Y+ (lambda* (S-X));
% recording
[u,d,v]=svd(X) ;
rnx (nn)=sum(diag(d)); %nuclear norm
end
gdisplay ---—————————-— - ———
% evolution of nuclear norm
figure(1l)
plot (rnx, 'k');
title('evolution of nuclear norm')
xlabel ('niter');
% see a matrix row: original and reconstructed

figure(2)

Nrow=10; % (edit this number)
plot (A(Nrow, :), 'r-x'); hold on;
plot (X(Nrow, :), 'k");

title('original row: red x; reconstructed: black');

Q

% a measure of error
er=A(Nrow, : ) -X(Nrow, :) ;
E=sum(er.”2) %to be printed

proxG (soft thresholding of singular values):

237

The issues related to matrix completion have attracted a lot of research activity. For
instance, what assumptions are needed to guarantee the matrix recovery? A recent
article on this aspect is [98], which includes important references. See [69] for another
perspective that connects phase transitions and matrix denoising. An extensive work
on fundamental limits and efficient algorithms is [137]. It happens that the SVD
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decomposition applied in the first proposed algorithms can imply excessive compu-
tational effort for large matrices, and so many improvements or alternatives have been
explored [129, 182]. Some authors have proposed the use of other norms, instead of
the nuclear norm (see [117] and references therein).

2.6.2 Decomposition of Matrices

It was said in [39] that in real world applications the measured entries would be
corrupted by noise (perhaps outliers, [190]). This observation originated a new type
of problem, in which one has to find a decomposition of the observed matrix M into
a low-rank matrix L and a sparse matrix S. The problem was recognized as a robust
PCA analysis in [38] (a most cited paper), being stated as follows:

minimize (| L], + A[|S]l,), subjectto M = L+ S

Again, the new problem lead to a broad range of research efforts, which have
found many interesting applications.

Let us build a simple example by adding a low-rank random matrix and a sparse
matrix (just a diagonal matrix). Figure 2.40 shows images corresponding to these
matrices.

The result of adding the previous two matrices is shown in Fig.2.41.

Now, the problem is to recover L and S from M. One of the methods that can be
used is an adaptation of the Douglas-Rachford algorithm for this case. According
with [86], it can be formulated as follows:

original low-rank matrix original sparse matrix

Fig. 2.40 A low-rank matrix and a sparse matrix
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Fig. 2.41 The observed

original composite matrix
matrix M = L+S ; . .

repeat:
Le = (M +L® —s®)/2 (2.158)
Se = (M — L® 4+ 502 (2.159)
L&D = L® 4 g (shrink(2Le — L®) — Le) (2.160)
SED — §® 4 1 (soft_threshold(2Se — S®) — Se) (2.161)

until convergence.

The shrinkage corresponds to the proximity operator for the nuclear norm; and
the soft-thresholding corresponds to the proximity operator for the /1 norm.

An implementation of this algorithm is provided by Program 2.17. The result is
satisfactory as shown in Fig.2.42.

recovered low-rank matrix

g e

] e

recovered sparse matrix

Fig. 2.42 The recovered matrices L and S
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Program 2.17 Decomposition into low-rank (L) and sparse (S) matrices

decomposition into low-rank (L) and sparse (S) matrices
Douglas-Rachford
% a random matrix of rank r
n=100;
r=8; %rank
LO=randn(n,r)*randn(r,n); % a low-rank matrix
% a sparse (diagonal) matrix
nn=1:100;
S0=diag(0.2*nn,0) ;
% composite original matrix
M=L0+S0;
% parameter settings
lambda=1;
tk=1;
Th=3; %Threshold
nnL=30; % number of loops
rnx=zeros (nnkL, 1) ;
L=zeros(n,n); S=zeros(n,n);
% start the algorithm -- - - - - ———— - - - —————
for nn=1:nnlL,
Le=0.5* (M+L-S); Se=0.5* (M-L+S) ;
% shrinking---------
auxl=(2*Le)-L;
[U D V]=svd(auxl) ;
for j=1:n,
D(j,j)=max(D(j,3j)-Th,0);
end;
aux=U*D*V' ;
L=L+ (tk* (aux-Le) ) ;
% soft_threshold------—---
auxl=(2*Se)-S;
aux=sign(auxl) .*max (0, abs(auxl)-lambda) ;
S=S+ (tk* (aux-Se) ) ;
[u,d,v]=svd(L) ;
rnx (nn)=sum(diag(d)); %nuclear norm, record
end;
% display -—-————————————————
figure(1l)
subplot(1,2,1)
imshow (LO, [1) ;
title('original low-rank matrix')
subplot(1,2,2)
imshow (S0, [1) ;
title('original sparse matrix')
figure(2)
imshow (M, [1) ;
title('original composite matrix');

o0 oP



2.6 Matrix Completion and Related Problems 241

figure(3)

subplot(1,2,1)

imshow (L, []1) ;

title('recovered low-rank matrix')
subplot(1,2,2)

imshow (S, [1);

title('recovered sparse matrix')

A number of methods for matrix decomposition has been proposed. Soon after the
publication of [39], the ‘principal component pursuit’ (PCP) was introduced. In [204]
a study of PCP was presented, with mentions to robust PCA and a reference to [38]
as preprint. In general, the preferred methods are based on alternating minimization
schemes, which are reviewed in the introduction of [170]. One of the factors that
promote the popularity of certain methods is the public availability of code [115,
116, 196]. Theoretical aspects on conditions for the recovery of matrices are treated
in [51].

Some illustrative application examples are [148] for alignment of images, [199]
for low-rank image textures, [54] for face recognition based on robust PCA, [113] on
cognitive radio networks, [203] for medical image analysis, [13] on target tracking
(for example a TV camera focusing on a basketball player during the game), [65] on
computer vision, [56] on genotype imputation, or [181] for movie colorization.

2.7 Experiments

This section includes three experiments, the firstis an example of 1D signal denoising,
while the other two examples are applications of matrix completion and decompo-
sition to images.

2.7.1 Signal Denoising Based on Total Variation (TV)

Let us consider an example of signal denoising based on TV, using an algorithm
proposed in [169]. Given a signal x(n) composed of N samples, its total variation
would be:

N
TV(x) = D (x(n) —x(n— 1) (2.162)

i=l1
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An equivalent expression is the following:
Tv(x) = [IDxll
with:
—-11
—11
-11

Suppose a noise is added to the signal, and then:

y=x+n
In order to denoise the signal y, the following criterion can be defined:

J(x) = lly = x[5 + X [Dxl,

and a solution x must be found for the minimization of J (x).
The minimization algorithm proposed in [169] is the following:

Xep1 =y — Dz
) 1
k1 = clip(z + ankH; A/2)

with zg = 0 and o > max eig(D DT).

The algorithm uses a clipping function, which is defined as follows:

y, Iy <T

clip(y: T) = [Tsign(y), Iyl >T

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

An implementation of this algorithm is provided by the Program 2.18, which is a
modification of the code given in [169]. The case considered is a signal with some
abrupt changes. The original signal, and the same signal with added noise, are shown

in Fig.2.43.

Figure2.44 shows the evolution of the minimization of J(x), and the denoised
signal as it was obtained at the end of the iterations. Note that the abrupt changes of

the signal have been preserved.
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original clean signal signal with added noise

-1

-2

-3 -3
0 1000 2000 3000 4000 0 1000 2000 3000 4000

Fig. 2.43 Signal to be denoised

250 3 - _
J evolution denoised signal
200
150
100
50 3
0 5 10 15 20 0 1000 2000 3000 4000

niter

Fig. 2.44 TV denoising: (left) convergence, (right) denoised signal

Program 2.18 Example of TV denoising

% Example of TV denoising
clear all;

% build a test signal

£t=0:0.1:400;

N=length(t) ;

u= sin(0.3+(0.015*pi*t));

v= 1.2*square(0.018*pi*t,30);

a=u+v; %signal with no noise
x=a+(0.1*randn(1,N)); %signal with noise
% Prepare for computations

niter=20;
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z=zeros (1,N-1) ;
J=zeros (1l,niter);
alpha=3;
lambda=0.5; th=lambda/2;
%start the algorithm ----—————-—-—--—-———————————
for nn=1:niter,
aux=[-z (1) -diff(z) z(end)];
y=X-aux;
auxl=sum(abs (y-x) ."2);
aux2=sum(abs (diff(y)));
J (nn) =auxl+ (lambda*aux?2) ;
z=z+((1l/alpha) *diff(y));
z=max (min(z, th),-th);
end
% display --————————————————————
figure(1l)
subplot (1,2,1)
plot(a, 'k")
axis ([0 4000 -3 31);
title('original clean signal')
subplot(1,2,2)
plot(x, 'k")
axis ([0 4000 -3 3]);
title('signal with added noise')

figure(2)
subplot(1,2,1)
plot(J, 'k")

xlabel ('niter")

title('J evolution')
subplot(1,2,2)
plot(y,'k")

axis ([0 4000 -3 3]);
title('denoised signal')

Another way of computing the total variation denoising of unidimensional signals
was proposed in [167].
2.7.2 Picture Reconstruction Based on Matrix Completion

A direct example of matrix completion is the case of taking at random some pixels
of a picture, and see if it is possible to recover the picture from these samples.
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Fig. 2.45 Original image
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An image with evident redundancies has been chosen, Fig.2.45. It could be
expected that this image has approximately low rank. Anyway, a certain value of
p was tried.

The sampling and recovery experiment was done with the Program 2.19, which
is just an adaptation of the Program 2.16.

Figure 2.46 shows the evolution of the nuclear norm along iterations.

And Fig. 2.47 shows the good result of the image recovery.

Fig. 2.46 Evolution of x 10*
nuclear norm "

niter
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Fig. 2.47 Image
reconstruction by matrix
completion
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Program 2.19 Example of Picture Completion

Example of Picture Completion

(using Douglas-Rachford)

clear all;

disp('working...")

% original picture
figu=imread('tartan.jpg'); %read picture
F=double (figu) ;
A=F(1:200,1:200) ;
aux=mean (mean (4)) ;
A=A-aux;

n=200;
disp('nuclear norm of original matrix:');
[u,d,v]=svd(A);

nuc_N = sum(diag(d))

a subset of A is measured by

sampling at random a number p of entries of A

o0 oo

%crop;

)
o
)

o

p=10000;
aux=randperm(n*n) ;
ix=aux(l:p)'; %extract p integer random numbers

% b is a column vector:

b=A(ix); %retain a subset of entries of A

% start the algorithm------———-----"---——————————
X=zeros(n,n) ;

Y=zeros(n,n) ;

L=n*n;

niter=30;

lambda=1; gamma=1000; % (notice the value of gamma)
rnx=zeros (niter,1);

for nn=1:niter,
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oe

X update
% R(b-M(Y)) term
=zeros(L,1);
% accumulating repeated entries
for j=1:p;
ox=1ix(j);
0(ox)=0(ox)+(b(j)-Y(ox));
end;
Q=reshape (0, [n nl);
% proxF (indicator function)
=Y+Q;
Y update
%proxG (soft thresholding of singular values) :
P=(2*X)-Y;
[U,D,V]=svd(P) ;
for j=1:n,
aux=D (3, J);
if abs (aux)<=gamma,
D(j/j):O;
else

@)

o0 X

J

if aux>gamma, D(j,Jj)=aux-gamma; end
if aux<-gamma, D(j,Jj)=aux+gamma; end;
end;
end;
S=U*D*V'; % result of thresholding
Y=Y+ (lambda* (S-X));
% recording
[u,d,v]=svd(X);
rnx (nn)=sum(diag(d)); %nuclear norm
end
%display ———-———————————— - ——
% evolution of nuclear norm
figure(1l)
plot (rnx, 'k');
title('evolution of nuclear norm')
xlabel ('niter');
figure(2)
imshow (A, []1);
title('original picture')
figure(3)
imshow (X, [1) ;
title('reconstructed picture')
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2.7.3 Text Removal

Suppose you have a photograph and someone has written some text on it. It would
be good to remove that text. Given this situation, matrix decomposition could be
helpful, as far as the picture has low rank, and the text corresponds to a sparse matrix
of pixels.

In order to explore this application, a synthetic problem has been fabricated:
some text has been added to a wall of bricks. It is a crude simulation of a graffiti.
Figure 2.48 shows the original image.

Since we wanted to explore alternating minimization schemes, a fast scheme
proposed by [159]. In this paper, the matrix decomposition problem is treated as:

1
minimize (E IL4+S— Mg+ A|S|l;), subjecttorank(L) =1t

The problem is solved with the following alternating minimization:

LD = arg mLin(”L +8® — M| ), subject to rank(L) =t
SED = argmin(| L4+ 45— M|, + A1) (2.170)

These two sub-problems are solved as follows:

e The first sub-problem is solved with a partial SVD of S® — M. Only t components
of the SVD are selected (corresponding to the ¢ largest singular values). This is
done with the lansvd( ) routine included in the PROPACK library [114], which is
commonly found in the public available codes.

e The second sub-problem is a element-wise shrinkage of M — L®),

Fig. 2.48 Simulated graffiti
image

- Some

Dricks




2.7 Experiments 249

low-rank component sparse component

Some

Bricks

Fig. 2.49 Image decomposition into low-rank and sparse matrices

Program 2.20 presents a simple implementation of the algorithm. Figure 2.49
shows the result, which is not perfect but gives an idea of the approach. Of course,
the image on the left hand would require better inpainting, and the image on the right
hand would thank a better background extraction.

Program 2.20 Decomposition into low-rank (L) and sparse (S) matrices

% decomposition into low-rank (L) and sparse (S) matrices
Alternating Minimization

% load image

figu=imread('wall.jpg'); %read picture

F=double (figu) ;

n=380;

M=F(l:n,1l:n); %crop;

aux=mean (mean (M) ) ;

M=M-aux;

% parameter settings

lambda=0.5;

lambF=1.01;

Th=0.01; %$Threshold

rank0=1; %intial rank guess

irk=1; %for rank increments

nnL=50; % number of loops

rank=rank0; $%$current rank

% start the algorithm -------—--—-—-—-—— -~

o0

o0

[UL SL VL] = lansvd(M, rank, 'L'); %partial SVD

L1=UL*SL*VL'; %initial low-rank approximation

aux=M-L1;

S1l= sign(aux) .*max (0, abs (aux)-lambda); %shrinkage

for nn=2:nnlL,
if irk==1,
lambda = lambda * lambF; % lambda is modified in each iteration
rank = rank + irk; % rank is increased " " "
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end;

[UL SL VL] = lansvd(M-S1, rank, 'L'); %partial SVD
L1=UL*SL*VL'; %current low-rank approximation
aux=M-L1;

S1l= sign(aux) .*max (0, abs (aux)-lambda); %shrinkage
% change rank increment when appropriate
vv=diag (SL) ;
rho=vv(end) /sum(vv(l:end-1));
if rho<Th,
irk=0;
else
irk=1;
end;
end;
% display —--—-———————————
figure (1)
imshow (M, []) ;
title('original picture')
figure(2)
subplot(1,2,1)
imshow (L1, []);
title('low-rank component')
subplot(1,2,2)
imshow(S1, []1);
title('sparse component')

Background extraction or subtraction is a subject of considerable interest. The web
site of T. Bouwmans offer several surveys of this topic. Fast techniques are needed
in the case of video, [144, 188]. One application example is video surveillance
[19, 97].

2.8 Resources

The file exchange web site of Mathworks has several MATLAB programs of interest.
Also, some of the methods introduced in this chapter are implemented in some
routines of the MATLAB Statistics Toolbox.

2.8.1 MATLAB
2.8.1.1 Toolboxes

e 11-MAGIC:
http://users.ece.gatech.edu/~justin/l 1magic/

e SparseLab (Stanford University):
http://sparselab.stanford.edu/


http://users.ece.gatech.edu/~justin/l1magic/
http://sparselab.stanford.edu/
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e SpaSM Toolbox (includes LARS):
http://www.imm.dtu.dk/projects/spasm/

e SPAMS (C++ interfaced to MATLAB):
http://spams-devel.gforge.inria.fr/doc-R/html/index.html

e NESTA (Stanford University):
http://statweb.stanford.edu/~candes/nesta/

e Toolbox Sparse Optimization (G. Peyre):
http://www.mathworks.com/matlabcentral/fileexchange/16204-toolbox-sparse-
optmization

e Model-based Compressive Sensing Toolbox (Rice University):
http://dsp.rice.edu/software/model-based-compressive-sensing-toolbox-v11

e Toolbox Sparsity (G. Peyre):
https://www.ceremade.dauphine.fr/~peyre/matlab/sparsity/content.html

e UNLocBoX (convex optimization toolbox):
http://unlocbox.sourceforge.net/

2.8.1.2 Matlab Code and Scripts

e SALSA:
http://cascais.Ix.it.pt/~mafonso/salsa.html

o TWIST:
http://www.Ix.it.pt/~bioucas/TwIST/TwIST.htm

e SpaRSA:
http://www.Ix.it.pt/~mtf/SpaRSA/

e MATLAB scripts for ADMM (Stanford University):
http://www.web.stanford.edu/~boyd/papers/admm!

e YALLI1 (Rice University):
http://yalll.blogs.rice.edu/

e Beginners code for CS (A. Weinstein):
http://control.mines.edu/mediawiki/upload/f/f4/Beginners_code.pdf

e MATLAB script for Chan-Vese segmentation (Fields Institute):
http://www.math.ucla.edu/~wittman/Fields/cv.m

e Low-Rank Matrix Recovery and Completion via Convex Optimization:
http://perception.csl.illinois.edu/matrix-rank/home.html


http://www.imm.dtu.dk/projects/spasm/
http://spams-devel.gforge.inria.fr/doc-R/html/index.html
http://statweb.stanford.edu/~candes/nesta/
http://www.mathworks.com/matlabcentral/fileexchange/16204-toolbox-sparse-optmization
http://www.mathworks.com/matlabcentral/fileexchange/16204-toolbox-sparse-optmization
http://dsp.rice.edu/software/model-based-compressive-sensing-toolbox-v11
https://www.ceremade.dauphine.fr/~peyre/matlab/sparsity/content.html
http://unlocbox.sourceforge.net/
http://cascais.lx.it.pt/~mafonso/salsa.html
http://www.lx.it.pt/~bioucas/TwIST/TwIST.htm
http://www.lx.it.pt/~mtf/SpaRSA/
http://www.web.stanford.edu/~boyd/papers/admm!
http://yall1.blogs.rice.edu/
http://control.mines.edu/mediawiki/upload/f/f4/Beginners{_}code.pdf
http://www.math.ucla.edu/~wittman/Fields/cv.m
http://perception.csl.illinois.edu/matrix-rank/home.html
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2.8.2 Internet
2.8.2.1 Web Sites

e Dave Donoho:
http://www-stat.stanford.edu/~donoho

e Emmanuel Candes (software):
http://statweb.stanford.edu/~candes/software.html

e Michael Elad:
www.cs.technion.ac.il/~elad/index.html

e A. Rakotomamonjy:
http://asi.insa-rouen.fr/enseignants/~arakoto/

e Mark Schmidt:
http://www.cs.ubc.ca/~schmidtm/

e Mark A. Davenport (CoSaMP):
http://users.ece.gatech.edu/~mdavenport/software/

e SeDuMi (Lehigh University):
http://sedumi.ie.lehigh.edu/

e Tiany Zhou (CS recontruction algorithms):
https://tianyizhou.wordpress.com/2010/08/23/compressed-sensing-review- 1 -
reconstruction-algorithms/

e CS Audio Demonstration:
http://sunbeam.ece.wisc.edu/csaudio/

e EPFL Signal Processing Lab (Lausanne):
http://1ts2www.epfl.ch/people/gilles/softwares

e Bio Imaging & Signal Processing Lab.:
http://bispl.weebly.com/software.html

e J. Huang:
http://ranger.uta.edu/~huang/index.html

e Douglas-Rachford and projection methods:
http://carma.newcastle.edu.au/DRmethods/

e Bamdev Mishra (Riemannian matrix completion):
https://sites.google.com/site/bamdevm/codes/qgeommc

e Principal Component Pursuit papers and code:
http://investigacion.pucp.edu.pe/grupos/gpsdi/publicaciones-2/

e Thierry Bouwmans (surveys):
https://sites.google.com/site/thierrybouwmans/recherche---background-
subtraction---survey


http://www-stat.stanford.edu/~donoho
http://statweb.stanford.edu/~candes/software.html
www.cs.technion.ac.il/~elad/index.html
http://asi.insa-rouen.fr/enseignants/~arakoto/
http://www.cs.ubc.ca/~schmidtm/
http://users.ece.gatech.edu/~mdavenport/software/
http://sedumi.ie.lehigh.edu/
https://tianyizhou.wordpress.com/2010/08/23/compressed-sensing-review-1-reconstruction-algorithms/
https://tianyizhou.wordpress.com/2010/08/23/compressed-sensing-review-1-reconstruction-algorithms/
http://sunbeam.ece.wisc.edu/csaudio/
http://lts2www.epfl.ch/people/gilles/softwares
http://bispl.weebly.com/software.html
http://ranger.uta.edu/~huang/index.html
http://carma.newcastle.edu.au/DRmethods/
https://sites.google.com/site/bamdevm/codes/qgeommc
http://investigacion.pucp.edu.pe/grupos/gpsdi/publicaciones-2/
https://sites.google.com/site/thierrybouwmans/recherche---background-subtraction---survey
https://sites.google.com/site/thierrybouwmans/recherche---background-subtraction---survey
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2.8.2.2 Link Lists

e Numerical-tours:
http://www.numerical-tours.com/links/

e Fast 11 Minimization Algorithms:
http://www.eecs.berkeley.edu/~yang/software/l1benchmark/

e Compressive sensing:
https://sites.google.com/site/igorcarron2/compressivesensing2.0

e The advanced matrix factorization jungle:
https://sites.google.com/site/igorcarron2/matrixfactorizations

e Compressive Sensing: The Big Picture:
https://sites.google.com/site/igorcarron2/cs

e Matrix completion solvers:
http://www.ugcs.caltech.edu/~srbecker/wiki/Category:Matrix {_}Completion{_}
Solvers

Research in Computational Science:

http://www.csee.wvu.edu/~xinl/source.html
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