Chapter 2
Dynamical Model of Lorentz-Augmented
Orbital Motion

Dynamics analysis and controller design of Lorentz-augmented space missions rely
highly on the precise modeling of Lorentz-augmented orbital motion. Current
models for Lorentz-augmented absolute or relative orbital motion, especially the
relative ones, are mostly developed based on the assumption of a nontilted magnetic
dipole. However, the Earth’s magnetic dipole is tilted by about 11.3° with respect to
the rotation axis of Earth, which is not small enough to be neglected. In view of this
fact, this chapter develops dynamical models for Lorentz-augmented absolute and
relative orbital motion that explicitly include the dipole tilt angle in both two-body
and J,-perturbed environment.

2.1 Model of Absolute Orbital Motion

2.1.1 Geomagnetic Field

The potential function of the geomagnetic field can be expressed as [1]

V=Rs f: Z {PZ’(cos 0)[g" (1) cos(mA) + K" (¢) sin(mA)] (Rg /r)"+ 1} (2.1)

n=1 m=0

where R = 6371.2 km is the magnetic reference spherical radius of Earth, and r is
the orbital radius. 6 and A refer to the geocentric colatitude and east longitude,
respectively. g7 (¢) and A!'(¢) are time-dependent Gauss coefficients, which can be
derived by referring to the International Geomagnetic Reference Field (IGRF) [1].

P (cos 0) refers to the Schmidt quasi-normalized Legendre function of degree
n and order m, given by [2]

© Springer Science+Business Media Singapore 2017 11
Y. Yan et al., Dynamics and Control of Lorentz-Augmented Spacecraft
Relative Motion, DOI 10.1007/978-981-10-2603-4_2



12 2 Dynamical Model of Lorentz-Augmented Orbital Motion

mv 1/2 n+m

1 [en(n—m)!(1 —cos®0) ! d ) "

Py 0 0—1

(cos 0) = 2n. n'{ (n+m)! d(cos 0)" " (cos )
(2.2)

where
1, m=0

sm—{ 2 m>1 ,n>m>0 (2.3)

The magnetic field B can then be derived as the negative gradient of the
potential, given by

B=-VV (2.4)

As depicted in Fig. 2.1, OgX;Y;Z; is an Earth-centered inertial (ECI) frame, and
OpXgpYgZg is another Earth-fixed frame that is corotating with Earth. Of is the
center of Earth. O refers to the center of mass (c.m.) of the Lorentz spacecraft,
where the local geocentric longitude and colatitude are 4 and 6, respectively. Define
By, B;, and B, as the components of the local magnetic field B in the northward,
eastward, and radially inward directions, respectively. By using Eq. (2.4), it can be
derived that [2]

v
=590

OP™(cos 0) (2.5)
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As shown Fig. 2.2, By is the total intensity, By is the horizontal intensity, D is
the declination angle, and [ is the inclination angle. Based on the definitions in
Fig. 2.2, these variables can be calculated via [1]

By = %+@+%Jh:¢%:£ (2.8)

D = arctan(B;/By), I = arctan(B,/By)

According to the 11th generation of IGRF (IGRF-11), the magnetic field
information at the orbital altitude of 566.9 km in 2010 is shown from Figs. 2.3, 2.4
and 2.5.

If the series in Eq. (2.1) is truncated at n = 1 that only g(l), g}, and h] remain,
then the geomagnetic field reduces to a tilted dipole model. Each of the three Gauss
coefficients corresponds to a dipole located at the center of Earth. Notably, these
three dipoles are perpendicular with respect to each other. Thus, the composed
dipole is still located at the center of Earth, but is tilted by an angle with respect to
the rotation axis of Earth.
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Fig. 2.3 Equivalence graph of the total intensity (unit: nT)
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Fig. 2.4 Equivalence graph of the declination angle (unit: deg)

By modeling the geomagnetic field as a tilted dipole corotating with Earth, the

magnetic vector potential can be represented as [3]

(2.9)
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Fig. 2.5 Equivalence graph of the inclination angle (unit: deg)

where By = 8 x 10T m? is the magnetic dipole moment of Earth, and r is the
orbital radius. The superscript”refers to a unit vector in that direction. For example,
n is the unit vector in the direction of the magnetic dipole moment and 7 is the unit
orbital radius vector.

The magnetic field located at r can be then calculated via [3]

B:VxA:%p(ﬁ.f)f_ﬁ] (2.10)

2.1.2 Two-Body Model

As shown in Fig. 2.6, OgX;Y,Z; is the ECI frame, and the angles o and Q,, define
the orientation of the magnetic dipole in the ECI frame, where o is the dipole tilt
angle with respect to the rotation axis of Earth, Q) is the inertial rotation angle of
the magnetic dipole, given by

Q= wpt+Q (211)

where wp is the rotation rate of Earth, ¢ denotes the time, and €) is the initial phase
angle of the magnetic dipole.

Based on the above definitions, the unit vector 72 can be expressed in the ECI
frame as
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Fig. 2.6 Definitions of the A
spherical coordinate frame Z
and the dipole orientation. Lorentz ’
Reprinted from Ref. [11], i Spacecraft
Copyright 2015, with Magnetic P o, A
permission from SAGE Dipole i ¢
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Q,, ™~
X, ¢
it = — cos Qy sin aX; — sin Qy sin oY, — cos aZ; (2.12)

where X I f’l, and ZI refer to the unit vector along the three axes of ECI frame,
respectively.

In Fig. 2.6, Op is the c.m. of the Lorentz spacecraft, the spherical inertial
coordinates r, ¢, and 0 give the position of Oy in ECI frame. Thus, the orbital
radius vector of the Lorentz spacecraft is given by

F=rcos¢ sin 0X; + r sin ¢ sin 0¥, + r cos 6Z; (2.13)
Also, the unit orbital radius vector 7 is
F = cos ¢ sin 0X; + sin ¢ sin 0Y; + cos 0Z; (2.14)

Taking the time derivative of Eq. (2.13) yields the velocity of Lorentz space-
craft, given by

dar 7 cos ¢ sin@—rgiﬁ sind)sin@—i—r@costf)cos@
== i sin ¢ sin 0+ r¢p cos ¢ sin 0+ r0 sin ¢ cos 0 (2.15)
i cosf) —r@ sinf

Then, the kinetic energy per unit mass of Lorentz spacecraft is derived as

1 1 . .
T ZEVTV :E(i’2+r202—|—r2¢2 sin” 0) (2.16)

The velocity-dependent magnetic potential of unit mass of Lorentz spacecraft is

(4]
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U=/ VLA (2.17)

where 1, = gp/my is the specific charge of Lorentz spacecraft (i.e., charge-to-mass
ratio), with ¢, and m; being the charge and mass of Lorentz spacecraft, respec-
tively. Vi is the velocity of Lorentz spacecraft with respect to the local magnetic
field, given by

Vil =V —@g XF (2.18)

where wg =[0 0 o ]T is the angular velocity vector of Earth in ECI frame.
In a two-body model, the gravitational potential per unit mass of Lorentz
spacecraft is

Ug =~ £ (2.19)
r
where pu is the gravitational parameter of Earth.

Therefore, the Lagrange function per unit mass of Lorentz spacecraft can be
summarized as

L=T-U,— Uy (2.20)

Substitution of Egs. (2.16), (2.17), and (2.19) into Eq. (2.20) yields that [3]

qiBo . . .
0 sin(¢p — Q) sin o
myr (0 Sin(e = ) (2.21)

+ (¢ — wg) sin O[cos O cos(¢p — Qy) sin o — sin O cos o]}

1 ) .
L=5( + 0P 4 PP sin? 0) + £+
;

By solving the Lagrangian equation

d /oL oL

where y =[r ¢ 0 ]T denotes the generalized coordinates, the dynamic equations
of the two-body absolute orbital motion of Lorentz spacecraft can be obtained as [3]

- _ qLBg {0sin(¢p — Quy) sin o+ (¢ — wg) sin O]— sin O cos
Lr (2.23)
+ cos 0 cos(¢p — Q) sina]} + r6? + r¢p> sin>  — rﬁz
b= qur;?‘ [cos au(i — 270 cot B) — cos(¢p — Quy) sin o (i cot 0 + 2r0)]
mr (2.24)

—Z(ﬁf—Z(i’)@ cot
r
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_ q1Bo
mpr?

+[7 sin(g — Qu))/r} — 202 + ¢ sin0 cos 0

y

{(¢ — wg)[(cos 20 — 1) cos(¢p — Qy) sin o — sin 26 cos o]
(2.25)

Notably, Eq. (2.24) rectifies the typos in Eq. (2.15) of Ref. [3].

2.1.3 J,-Perturbed Model

A Lorentz spacecraft is more effective and efficient in low Earth orbits (LEOs)
where the magnetic field is intenser and the spacecraft travels faster than high Earth
orbits. Moreover, J, perturbation, arising from the oblateness and nonhomogeneity
of Earth, is one of the most dominant disturbances in LEOs. Therefore, to capture
the environment in LEOs more precisely, a dynamical model that characterizes the
Jo-perturbed orbital motion of Lorentz spacecraft is developed as follows.

In consideration of the J, perturbation, the gravitational potential per unit mass
of Lorentz spacecraft is revised as [5]

Upss = —2[1 = B(Rp/r)*(Beos? 0 — 1) /2} (2.26)
r
where is J, = 1.0826 x 1073 the second zonal harmonic coefficient of Earth.
Correspondingly, the Lagrange function is revised as
L=T-U,y; — UL (2.27)
where the kinetic energy and magnetic potential per unit mass are the same as those
in Egs. (2.16) and (2.17).

Similarly, by solving the Lagrangian equation, the dynamic equations of J,-
perturbed orbital motion of Lorentz spacecraft can be derived as

P=— qLBg {H sin(¢p — Qu) sin o+ (¢ — wg) sin Ocos O cos(¢p — Q) sin o
mpr
. 2 2 .2 H 3 RIZE 2
—sin @ cos o} +r0” +r¢”sin 07—2+§,u127(3cos 0—1)
T

(2.28)

B ; [
S > [cos a(i — 2rb cot 0) — cos(¢p — Qy) sin (i cot 0 + 2r9)}
myr (2.29)
— Z(jﬁf — 20 cot §
,
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_ q1By
er3

y

{((j) — wg)[(cos20 — 1) cos(¢p — Qyy) sin o — sin 20 cos o]

, (2.30)

P 3 R
+ [Fsin(¢p — Q) sina]/r} — 20" + ¢? sin 0 cos 0 + E,ng—fsinZH
r r

2.2 Model of Relative Orbital Motion

2.2.1 Two-Body Model

2.2.1.1 Equations of Relative Motion

Consider a chaser spacecraft and another target spacecraft flying in Earth orbits.
The chaser is assumed to be a charged Lorentz spacecraft, but the target is
uncharged. As shown in Fig. 2.7, OgX;Y;Z; is the ECI frame. Orxyz is a
local-vertical-local-horizontal (LVLH) frame located at the c.m. of the target, Or,
where x axis is along the radial direction, z axis is normal to the target’s orbital
plane, and y axis completes the right-handed Cartesian frame. R; and Ry refer to the
orbital radius vector of the chaser and the target, respectively. The relative position

vector between the chaser and the target is thus p =R, — Ry =[x y z]T. ir,
Fig. 2.7 Definitions of the Chaser (Lorentz) 0,
coordinate frames. Reprinted Spacecraft ’
from Ref. [11], Copyright A z
2015, with permission from 4 p
SAGE X
R, Yy
: Or
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Plane Target
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Qr, and uy are, respectively, the inclination, right ascension of the ascending node,
and argument of latitude of the target.

The equations of orbital motion of the Lorentz and the target spacecraft are,
respectively, given by

dzRL M

F = _R_zRL +a;+ac (231)
CRr _ up (2.32)
2~ R '

where a; = [a; a, aZ]T and ac = [ag as aW]T refer to the Lorentz accel-
eration and control acceleration acting on the Lorentz spacecraft, respectively.

Given that p = R; — Ry, taking the second order time derivative of this equation
yields that

d? e . ) ) . d’R, d°R
d_tf:P‘F”TX(uTXp)+2uT><p—|—uT><p: L r

dr? dr?

(2.33)

where iy = [0 0 i7]" andiiz = [0 O iip]" refer to orbital angular velocity
and acceleration of the target, respectively.

Substitution of Egs. (2.31) and (2.32) into Eq. (2.33) yields the nonlinear
equations of relative orbital motion of Lorentz spacecraft expressed in the LVLH
frame, given by

X =2ury+ it%x +itpy + n%RT — ni(RT +x)+a,+ag
V= —2urx+ it%y — Urx — niy +ay+as (2.34)

. 2
z=—njz+a;+awy

where ny = \/u/R3 and n, = \/u/R3. R, = [(Ry +x)* +y2 +2%]'/? is the orbital
radius of Lorentz spacecraft.

Provided that the relative distance between spacecraft is negligibly small com-
pared to the orbital radius of either spacecraft (i.e., ||p|| < R, Rr), the above
nonlinear equations can be further linearized. Based on this precondition, it holds

that
3/2 -3/2
Rr\'_ (R pp 2 Do) o, 3 (2.35)
R, R Rr  R: Ry '

By substituting Eq. (2.35) into Eq. (2.34) and neglecting the second order small
item, the linearized model can be derived as
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¥ = 2itry + igx + iiry + 2n7x + a, + ag
§ = ik +idy — iirx — nyy +a, +as (2.36)

. 2
7= —nrz+a;+awy

Without the Lorentz acceleration, Eq. (2.36) is the well-known Tschanuer—
Hempel (TH) equation [6], a dynamical model that describes the linearized relative
orbital motion about an elliptic reference orbit.

Moreover, if the target is flying in a circular orbit, that is, it; = ,u/R?} = nr and
ur = 0, then the linearized model further reduces to

X =2nry+ Sn%x +a,+ag
V= —2nrx+ay+as (2.37)
= -—ntz+a, +ay

Also, without the Lorentz acceleration, Eq. (2.37) is the well-known Hill-

Clohessy—Wiltshire (HCW) equation [7] that describes the linearized relative orbital
motion about a circular reference orbit.

2.2.1.2 The Lorentz Force

A particle with a net charge of ¢y, is subject to the Lorentz force F;, when moving in
a magnetic field B with a relative velocity of Vi, given by [8]

Fp=qLVia X B (2.38)

If the mass of the charged particle is m;, the resulting Lorentz acceleration will
be

a; = (qL/mL)Vrel X B (239)

To derive the expressions of the Lorentz acceleration in the LVLH frame, fol-
lowing assumptions are proposed: (1) the Earth magnetic field is modeled as a
perfect dipole located at the Earth’s center that is corotating with Earth; (2) the
dipole is tilted by angle o with respect to the rotation axis of Earth, as shown in
Fig. 2.8; (3) the Lorentz spacecraft could be regarded as a charged point mass [3].

As shown in Fig. 2.8, the transformation matrix from the ECI frame to the
LVLH frame can be represented as

ML] = M3 [MT]Ml [ZT]M:; [QT] (240)

where M;[] and M [] are the basic transformation matrix, given by
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Equation (2.12) has given the expression of 7 in the ECI frame. Then, its
expression in the LVLH frame can be obtained as i” = M ;i’, where the super-
script L or I denotes the LVLH or ECI frame. By using Eqgs. (2.12) and (2.40), the
unit magnetic dipole vector can be expressed in the LVLH frame as

n=[n n, n]"

—(cos f cosur + sin B cosir sinur) sin o — sin iy sin ur cos o

(2.42)
(cos f sinur — sin f§ cosiy cos ur) sin o — sin ir cos ur cos o

sin f§ sin iy sin o — coOS iy cOS o
where the angle f is defined as § = Qy — Qp, as shown in Fig. 2.7.

Furthermore, the unit orbital radius vector of the Lorentz spacecraft can be
expressed in the LVLH frame as

R.=(1/R)[Rr+x y 2]’ (2.43)

Then, by substituting Egs. (2.42) and (2.43) into Eq. (2.10), the magnetic field
local at the Lorentz spacecraft is expressed in the LVLH frame as [9]

B=[B. B, B.]'=(Bo/R})[3(it-RL)R.—i] (2.44)

Given that the geomagnetic field is corotating with Earth, the velocity of Lorentz
spacecraft with respect to the local magnetic field is thus given by
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Via =" — o X Ry = Ry + p+ (ir — o) x (R +p) (2.45)

or in the LVLH coordinates

Vi Ry + i — y(ity — wg cos i) — zwg sin iy cos ur
Vel = | Vs | = | v+ (Rr +x)(ity — wg cosir) + zwg sin iz sin ur (2.46)
vz z+ (Rr + x)wg sin iy cos ur — yog sin iz sin ur

Now, the expressions of the Lorentz acceleration in LVLH frame can be derived
via substitution of Egs. (2.44) and (2.46) into Eq. (2.39). Furthermore, the
dynamical model of two-body Lorentz spacecraft relative motion can then be
derived by substituting Eq. (2.39) into Eq. (2.34).

2.2.2 Analytical Solutions to Two-Body Model

2.2.2.1 Approximate Analytical Solutions

In this section, approximate analytical solutions are derived for a special case where
the target is flying in an inclined circular Earth orbit. Since the reference orbit is
circular, the linearized equations of Lorentz spacecraft relative motion have been
given in Eq. (2.37).

To linearize the Lorentz acceleration and thereafter derive approximate analyt-
ical solutions to Eq. (2.37), following assumptions are proposed: (1) the relative
coordinates between spacecraft are negligibly small as compared to the orbital
radius of the target, that is, |x|,[y|, |z] < Rr; (2) the relative velocity between
spacecraft are negligibly small as compared to the orbital translational velocity of
the target, that is, ||, [, |z| < irRr [9]; (3) except for the Lorentz acceleration, the
control acceleration and other perturbations are neglected, that is, ac = 0. Based on
these assumptions, the Lorentz acceleration can be linearized in the LVLH frame as
[10]

a, ~ (qL/mL) [RT (nT — WE COS iT)Bz — (RT(J)E sin i coS ur + Z)By] (247)
a, = (qL/mL) (RTQ)E sin iT cos ur + Z)Bx (248)
a; = ¢y cos(ur + B) + cacos(ur — ff) + c3 sinur (2.49)

where the constant parameters cy, ¢z, and c3 are given by
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¢1 = quBo(nr — wg cosir) sina(l — cosir)/(mR%)
¢ = qLBo(ny — wgcosir)sina(1l+ cos iT)/(mLRZT) (2.50)
¢3 = 2qBo(nr — wg cosir) cosa sin iT/(mLRzr)
As can be seen, the out-of-plane relative orbital motion is decoupled of the
in-plane one. Thus, the equation of out-of-plane relative motion is solved at first.

Denote zp and zy as the initial relative normal position and velocity, respectively,
and ugo as the initial argument of latitude of the target, then the solution can be

expressed as [10]

2| _ ayout| 20 }.'Z(t)

H —o [ZJ{W] 2.51)
with

Qo _ | cosnrt (sinnrt)/nr (2.52)
| —nrsinngt cos nrt ‘

¢y cos[(nr + wg)t + @]
(l)E((DE —|—2nT)

, 1 .
22(t) = kyy cosngt + —kp sinngt —
nr

¢y cos[(ny — wg)t+ cst S s
_cxcos[(nr — wg)t+ ¢ — 2 cos(nrt+ @3) + ﬁsm(nrﬂ— ®3)
T

wE(wE — 2nT) 2nT
(2.53)
where the coefficients &, k», @, ¢, and @5 are, respectively, given by
ko — C1 COS @ C2 COS @y 3 5 i
a4 CL)E((})E + 27’17") (L)E(COE — 2l’lT) 4}’lT ?3 (2 54)
hy = — S F08) o Q= o8) GG e '
< wE(wE +2n ) ! (UE(COE — 2nT) 2 dny 3
¢ = uro+Q — Qr
¢y = uro — Qo+ Qr (2.55)

$3 = Uro

Substitution of the expression of z(¢) into Eqgs. (2.47) and (2.48) yields that [10]

2
a, = K+ Zl’” ! Z Jsin(Ay 1 +0, )+ D, cos(B,, ;t+ )| (2.56)

m=1
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2 9
ay =K+ Kty,lt + Z ! Z Ci;lj Sin(A}vn,it + O;Vn,i) + D)mz COS(B}Vn,if + ¢zym)
m=1 i=1
(2.57)
where the related coefficients are summarized in the Appendix.

By substituting Egs. (2.56) and (2.57) into Eq. (2.37), the approximate analyt-
ical expressions of the in-plane relative motion are derived as [10]

x Xo Ax(1)
. i (1

Y ||y (A0 (2.58)

X Xo (2)

; ol LA

with
4 —3cosnyt 0 (sinnrt)/nr 2(1 — cosnrt)ny
o — 6(sinnyt —nrt) 1 2(cosnrt — 1)/ny =3t +4(sinngt)/nr
- 3nysinnyt 0 cos nyt 2 sinnpt
6nr(cosnrt—1) 0 —2sinngpt 4cosnyt — 3

(2.59)

where x( and yy are initial relative radial and in-track position. Xy and y, are initial
relative radial and in-track velocity. The expressions of A.(¢), 4,(¢), and related
coefficients are summarized in the Appendix.

Heretofore, the approximate analytical expressions of the relative orbital motion
of a Lorentz spacecraft about an inclined circular orbit have been derived as
Egs. (2.51) and (2.58). Without numerical integration, the relative states at an
arbitrary time ¢ can be determined analytically.

2.2.2.2 Numerical Simulations

In this section, a typical scenario in LEO is simulated to assess the accuracy of the
analytical solutions. The initial orbit elements of the target spacecraft are listed in
Table 2.1. The initial phase angle of the magnetic dipole is 40°.

In this scenario, the Lorentz spacecraft with a constant specific charge of
10™* C/kg starts from the origin of the LVLH frame. The total simulation time is 15
orbital periods, that is, about 24 h. To evaluate the accuracy of the derived ana-
lytical solutions, the exact numerical solutions are introduced to make comparisons.
Notably, the numerical solutions are derived via integration of the nonlinear
equations of relative motion in Eq. (2.34). Also, to evaluate the effect of the dipole
tilt angle on model accuracy, the analytical solutions for inclined orbit with non-
tilted dipole proposed in [9] are also introduced to make comparisons. Define Ax,
Ay, and Az as the radial, in-track, and normal relative position error between the
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Table 2.1 Initial orbit elements of the target (Reprinted from Ref. [10], Copyright 2014, with
permission from SAGE)

Orbit element Value
Semi-major axis (km) 6945.034
Eccentricity 0
Inclination (deg) 30
Right ascension of ascending node (deg) 30
Argument of latitude (deg) 20
5 _ 0
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Fig. 2.9 Time histories of model errors for the tilted and nontilted dipole models. Reprinted from
Ref. [10], Copyright 2014, with permission from SAGE

analytical and numerical solutions, respectively. Thus, the error relative distance is

defined as Ar = (Ax® + Ay? + Az2)"/?. Time histories of the model errors for the
tilted and nontilted dipole models are then shown in Fig. 2.9. Also, details about the
titled one are depicted separately in the right side of Fig. 2.9 to show it more
distinctively. As can be seen, the tilted dipole model proposed in this book presents
much more precise prediction of relative position than the nontilted one. For the
tilted dipole model, the maximal relative position error is about 0.37, 2.97 and
0.06 m in each axis. However, for the nontilted dipole model, the model errors
increase to 5.43, 203.95 and 69.69 m in each axis, which are about two orders of
magnitude larger than those of the tilted model in y and z axes. This enhancement is
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due to the reason that the tilted dipole model explicitly includes the dipole tilt angle,
which is more representative of the Earth’s magnetic field. Thus, it presents
enhanced accuracy. Meanwhile, it is notable that the model accuracy decreases with
increasing simulation time and increasing specific charge. By using this numerical
example, it has been proved that the dipole tile angle should be taken into account
when analyzing the Lorentz-augmented relative motion about inclined LEOs.

2.2.3 J,-Perturbed Model

2.2.3.1 Equations of J,-Perturbed Relative Motion

J perturbation, arising from the oblateness and nonhomogeneity of Earth, is one of
the most dominant perturbations in LEOs. To capture the environment in LEOs
more precisely, a nonlinear dynamical model of J,-perturbed Lorentz spacecraft
relative motion is developed in this subsection to analyze the effect of both Lorentz
acceleration and J, perturbation on spacecraft relative motion. Notably, the refer-
ence orbit is a Jo-perturbed one. Therefore, a brief review of J,-perturbed orbital
dynamics of the target spacecraft is given at first. In the LVLH frame, the governing
dynamics of the J,-perturebd target’s orbit can be descried by the following
equations developed by Xu and Wang, given by [5]

Rr =V, (2.60)
V:—i+@—ﬁ(1—3sin2irsin2ur) (2.61)
R: R} R}

k; sin? i7 sin 2ur

hy = (2.62)
R}

kj SiHZiT sin2uT (2 63)

Ir=—————F—— .
! 2hrR3.
hr  2kjcos® iy sin® ur
T TRt

Oy = _ 2kjcosir sin® ur (2.65)

e

where the six orbital variables (Ry, V,, hr,ir,ur, Qr) are, respectively, the orbital
radius, radial velocity, orbital angular momentum, inclination, argument of latitude,
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and right ascension of the ascending node of the target spacecraft. The constant k; is
defined as

k; = 3R} /2 (2.66)

In the presence of J, perturbations, the angular velocity of the LVLH frame o is
given by [5]

Oy —(ky sin 2ir sinur)/(hrR3)
o= || = 0 (2.67)
(HZ hT/R%

Correspondingly, the angular acceleration of the LVLH frame can be derived as

(5]
c=w=[e 0 & (2.68)
with

3V, kysin2ip sinup  ky sin 2ir cos ur

& =
" R R
s, (2.69)
8kj sin” i oS it Sin” ur cos ur
RGh7
2hrV,  kysin®ipsin2
g = — T _ J SIN” I7 SIN ZUT (270)

R} Ry

It is notable that both the angular velocity and acceleration are described in the
LVLH frame.

Similarly, to derive the dynamical model of J,-perturbed relative motion, fol-
lowing assumptions are proposed: (1) the Earth’s magnetic field can be modeled as
a tilted dipole located at the Earth’s center corotating with Earth; (2) the dipole is
tilted by angle o with respect to the rotation axis of Earth, as shown in Fig. 2.8;
(3) the Lorentz spacecraft can be regarded as a charged point mass.

Based on these assumptions, the Lagrange dynamics method is introduced to
develop the dynamical model in the LVLH frame. In this approach, the generalized
coordinate vector x is chosen as the relative position between the Lorentz spacecraft
and the target, givenby y =[x y z ]T. Then, it remains to represent the Lagrange
function by the generalized coordinate and its first order time derivative.

Under the effect of J, perturbations, the kinetic energy (per unit mass) of the
Lorentz spacecraft is
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1

T]2:2

ViV, (2.71)

where V, is the absolute velocity of the Lorentz spacecraft, given by

AR, . RT+)'c—a)Zy
vy, :?:RL—‘,—(DXRL: Y+ @ (Rr +x) — wy2 (2.72)
2+ wyy

Also, the magnetic potential (per unit mass) of the Lorentz spacecraft is
Usi = 2Vl = = V5, [(Bo/R) G x R (273)
L

where the unit magnetic dipole momentum vector is given in Eq. (2.42), and the
unit orbital radius vector is given in Eq. (2.43). In the presence of J, perturbation,
the velocity of the Lorentz spacecraft with respect to the local magnetic field is
revised as

T
Viar,=V,—0pg xR, =[Vey, Vs, Vopl

Ry +i — y(w, — wg cos ir) — zog sin i cos ur (2.74)

= | v+ (Rr+x)(w, — wgcosir) — z(wy — wg sinir sin ur)

Z+4 (Rr + x)wg sin it cos ur + y(w, — wg sin iz sin ur)

Furthermore, the gravitational potential (per unit mass) of the Lorentz spacecraft,
including J, perturbation, is [5]

U ky
Ugy, = fR—L—TRz(l —3cos’ 0) (2.75)

with
cos0 = Rp;/RL (2.76)
where R, is the projection of R; on the Z; axis of the ECI frame, given by
Ry, = (Ry + x) sin iy sinuy + y sin iy cos ur + z cos it (2.77)

Substitution of Egs. (2.76) and (2.77) into Eq. (2.75) yields the gravitational
potential in terms of the generalized coordinates, given by
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k; [(Rr + x) sin ir sin ur + y sin iy cos ur + z cos iT]2
Uer, = 755 1-3 5
3RS R
_H
Ry
(2.78)

Thus, the Lagrange function can be summarized as
L=T),—Ury; — Uy, (2.79)

where the expressions of Tj,, U, and U, are, respectively, shown in
Egs. (2.71), (2.73), and (2.78).

In consideration of the control acceleration ac, the Lagrangian equation for
Lorentz spacecraft relative motion is

d [OL oL

where y =[x 7 z]'.ac=[ar as aw]" is the control acceleration acting on
the Lorentz spacecraft.
Solving the above Lagrangian function yields that [11]

% =2y, — x(nf — wf) +ye, — zow, — (& — &) siniy sinur

(2.81)
—Rr(n; —n*) +ax+ag

. . . . 2 2 2 3
§ = =28, +2t0, — xe; — y(n] — 7 — o) + 26 (2.82)

— (& — &) siniy cosur +ay+as

i = =20, — x0,0, — e, — z(nf — @) — (&, — E)cosir +a,+aw  (2.83)

with
2 M k] SkJR%Z
Sl 2.84
M Rz Rz Rz ( )
k;  Skysin ir sin®
7]2:%—‘,——?— J SIn l;‘@ll’l ur (285)
RT RT RT
2k;R
& =0k (2.86)

_R—z
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2k sin ir sin ur

&= (2.87)
R}

where a; = [a; ay az]T is the Lorentz acceleration acting on the Lorentz
spacecraft, given by

ap ==L 1 L] (2.88)
with
=20y, >R
x = 5 yﬁ,Jz{(3Z _RL)nz+3Z[(RT+x)nx+yny]}
Ry
(2.89)
By Gy — Rny 1 3y((Rr 4 0)my + 2]}
Ri 2, DY L)y T SY|\RT x T 2N
- By 2 0
.V__sVzA,Jz [3(RT+X) _RL]nz+3(RT+x)(yny+an)
R;
(2.90)
Bo 22
— 2 Ve, {(31 — R))n;+ 3z[(Rr +x)n, + znz]}
L
=20y 2R
o = =5 Ve { (39" — R )ny + 3y[(Ry +x)n, + 2nc] }
Ry
A (2.91)
— 25 Vo BRr 42 = R+ 3Ry +2)0om, +2n.) |
L
where it = [n, n, n.]" and Vis, = [Ves, Voun Von]' are, respectively,

given in Egs. (2.42) and (2.74). (Rr,V,,hr,ir,ur,Qr) are the solutions to
Egs. (2.60)—(2.65).

Heretofore, the dynamical model that describes the relative orbital motion of a
Lorentz spacecraft about a J,-perturbed reference orbit has been derived as
Egs. (2.81)-(2.91).

2.2.3.2 Numerical Simulations

A typical scenario in LEO is simulated to evaluate effect of J, perturbation on the
Lorentz-augmented relative motion. The initial orbit elements of the target are
chosen the same as those given in Table 2.1. Also, other simulation parameters are
chosen the same as those given in Sect. 2.2.2.2. The only difference is the inclusion
of J, perturbation here.

The exact trajectories of the relative position are generated by numerical inte-
grations of the nonlinear equations of J,-perturbed relative motion from Eqs. (2.81)
to (2.83). For the tilted and nontilted dipole models, time histories of model errors
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Fig. 2.10 Time histories of model errors for the titled and nontilted dipole modes in J,-perturbed
environment. Reprinted from Ref. [10], Copyright 2014, with permission from SAGE

are compared in Fig. 2.10. Also, details about the tilted dipole model are depicted
separately in the right side of Fig. 2.10 to show it more distinctively. As can be
seen, because both models do not take J, perturbation into account, the prediction
accuracies of both models decrease distinctively after several periods in J,-pertured
environment, especially the relative position accuracy in z axis. Thus, it can be
concluded that J, perturbation should be taken into account when analyzing the
long-term Lorentz-augmented relative motion about LEOs.

2.3 Conclusions

Based on the assumption that the Earth’s magnetic field can be approximated by a
tilted dipole located at the Earth’s center corotating with Earth, dynamical models
of absolute and relative orbital motion of Lorentz spacecraft are developed by the
Lagrange dynamics method in both two-body and J,-perturbed environment. For
the absolute orbital motion, the generalized coordinate is selected as the absolute
position of the Lorentz spacecraft in space. For the relative one, the generalized
coordinate is the relative position. All models in this chapter explicitly incorporate
the dipole tilt angle, and approximate analytical solutions are derived for
Lorentz-augmented spacecraft relative motion about circular inclined LEOs. Due to
the inclusion of dipole tilt angle, which is more representative of the Earth’s



2.3 Conclusions 33

magnetic field, the newly derived analytical solutions present enhanced accuracy
than previous nontilted one. Notably, numerical simulation results indicate that J,
perturbation, one of the most dominant disturbances in LEOs, should be taken into
account when analyzing the long-term Lorentz-augmented relative orbital motion.
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