Chapter 2
Torsional Dynamics of Gear-Rotor System
in Wind Turbine Gearbox

A torsional dynamics modeling for planetary gear transmission system in wind
turbine is established after comprehensively considering these nonlinear factors
associated with time-varying mesh stiffness, dynamic transmission error, gear mesh
impact, and input-varying load. Load factors of planetary gear transmission system
are induced from the coupled nonlinear dynamics modeling. Then, the load-sharing
performance is studied and the load balance method suited for this model which is
validated by the test is obtained from the perspective of load-sharing structure.
These results provide fundamental basis for multistage planetary gear transmission
system design.

2.1 Lumped Mass Model for Torsional Dynamics

2.1.1 Mechanical Schematic

A two-stage planetary transmission gearbox system in the wind turbine is shown in
Fig. 2.1, and its dynamic model is shown in Fig. 2.2. The equivalent dynamics
model based on the lumped-parameters and Lagrange general function is shown in
Fig. 2.3 [1, 2]. The 1st stage has four planet gears, and the 2nd has three ones.
Since the relative position between the axial and meshing line direction is simple
(there is a helix angle between them and the planetary location has no effect on it),
there is no axial diagram for illustration [3, 4].
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Fig. 2.2 Dynamic model for torsional dynamics

2.1.2 Definition of DOFs

The generalized coordinates of the planetary transmission in two stages are
established in rotary coordinate systems which are rotating with each carrier,
respectively. Because of the carriers in two stages rotating in plane, rotary coor-
dinate system has no influence on DOF along z-axis. The definition of every
variable and parameter of the planetary system is also shown in Fig. 2.3.

The displacement vector of the gear-rotor system of the two-stage planetary
gearbox is defined as

0= (Mcl,xcl,yclazcl, Upliy éplia Np1is Zplis Urls Xrly Yrly Zrls Usls X1 Vsl Lty U2y Xe2s Ye2 s 2e2s
T
Upliy ép2i7’7p2iaZpZiaur27xr27yr2»zr27us23x32ay527132;075x77y7,z75983x87y8728)
(2.1)
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Fig. 2.3 Dynamics model of the planetary gear train

The vector is 60 degrees of freedom, in which x,y,z represents the deflection
along the respective coordinate axes, u represents torsional deflection presented as
u = rpw, r, represents base circle radius of gears or carriers, the subscripts of s, p, r,
and c, respectively, represent sun gear, planet, ring gear, and carrier.

2.1.3 Mesh Stiffness Excitation

Considering the helical gear tooth meshing begins at one end and gradually extends
to the entire tooth surface, time-varying mesh stiffness is proposed as the first-order
harmonic instead of step waveforms to simulate helical gear mesh condition [5].
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Supposing that the variation range of a meshing period is 27 and initial phase of
Planet 1 is 0, the phase of Planet i should be (Z,,Z;);. The inner and external
time-varying mesh stiffness are presented in Eq. (2.2) [6].

kip () = Kip[1 + S sin(wmt + Z,; +7,,.)] )
k(1) = kgp[1 4 Ssin(w,t + Z,)] .

(wsi - wci)Zsin
Wi = T (23)

In Eq. (2.2), IEW, IESP are the average values of inner and external mesh stiffness.
S is the amplitude ratio valuing 0.2. y,, is phase difference between inner mesh and
external mesh in planetary transmission, which values O in case that planet teeth
number is even and values 7 in case of odd. w,,; is mesh frequency in the ith stage.
The expression in case of fixed ring gear is Eq. (2.3). wy and w,; are rotational
speeds of sun gear and carrier in the ith stage. Z; and Z, are the numbers of sun gear
teeth and ring gear teeth. v, is planetary phase represented as

VY, =2n(i—1)/N (2.4)

where N = 4 for the st stage; N = 3 for the 2nd stage; i = 1,...N.

2.1.4 Transmission Error Excitation

The component errors affecting load-sharing performance considered in this paper
can be classified as tooth frequency error, shaft-frequency error, and constant error
by frequencies which are shown in Table 2.1. 8,; and 6,; are presented as Eq. (2.5).
a, is transverse pressure angle of the ring and sun.

Orsi = o £, (2.3)

Equivalent accumulated errors are presented in Eqs. (2.6) and (2.7)
Cspi = €5+ eas + esppi + esppi + epsp €5 + Cepi (2.6)
empi = egrt ear+ erppi + €rapi T Cprp € + Copi (2.7)

where the errors are defined and listed in Table 2.1.
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Table 2.1 Error definitions
Part Error name Symbol Equivalent error
name
Carrier | Eccentricity error (E, B) | e = —Eccos(y; — be) (&,-axis
component)
ege = —Ecsin(b. — y;) (y,-axis
component)
Planet shaft hole tangential (E,) e = —E;
error
Sun Manufacturing error (Es, By) | ers = Egsin[0y + B, — o]
Fixing error (Ay, 75) eas = A sin(0; +7,)
Tooth profile error of (ptp) Cusp =l SIN(Ot +ZW);)
external mesh
Thickness deviation (&) Cos = —&
Planet Manufacturing error (Epis esgpi = —Epi Sin[f,; + g, + wpt]
Byi) (external mesh)
ergpi = —Epi Sin[ﬂpi — oy + pt]
(inner mesh)
Fixing error (Apis esapi = —Api Sin(y,,; + ) (external
Vpi) mesh)
erapi = —Api Sin(y,; — %) (inner
mesh)
Thickness deviation (&pi) Copi = —Epi
Ring Manufacturing error (Er, B,) | er = —E,sin(0,; — B,)
Fixing error Ay, ear = —Apsin(0,; — f,)
Tooth profile error of inner (&r) Cp = My SIN(Ot +Zh; +7,)
mesh
Thickness deviation (&r) ey = —&
2.1.5 Mesh Damping in the Planetary Train
The damping coefficient of the gear tooth mesh is as follows [7]
Crpp = 2&; (2.8)

where £, is damping ratio of tooth mesh, which is between 0.03 and 0.17. l_c,p_,s,, is
the average values of mesh stiffness. m; and m, represent the mass of driving and

driven gears, respectively.
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2.1.6 Governing Equations

Due to the use of helical gears in the transmission system, torsional deflection,
radial deflection, and axial deflection of each gear should be taken into account in
the model. Considering the influence of torsional deflection, radial deflection, and
axial deflection of planet carrier, it totally has 60 degrees of freedom. The dynamics
equations of the system are as follows.

Dynamic equations in the 1st stage are represented in Egs. (2.9)-(2.12).

4 .
(Icl/rgl)i'icl + Cocl’/'icl + kocl Uel + Z (kp15m11i + Cplécnli) = Tcl /rcl
i=1
My (5&61 — 2mc1ye1 — wzlxcl) + Cet (xcl - wclycl) + keixe

4
7]{1,1 Z (505“ COoS l//li =+ 50;711' sin lpli)]
i=1
4 . .
—Cp1 Y (dce1i cos Yry; + Oepri sin ;) = 0
i=1
. . . 2.9
Mt (Voy +20c1%c1 — @2 Ye1) + Cot (et + @erxer) + ket el (29)

4
—kp1 Y (Ocrisin iy + deyri cos ;)
=1

4 . .
—Cp1 > (dcerisinry; + Sepricos yry;) = 0

i=1

4 4 .
me1Zet + CerZet +keizet — kp1 D 0cz1i — Cp1 D Ocz1i =0
i=1 i=1

(It /75,0 )itp1i = [kep1i(£)f (Orpiiy br1) + Crp1idpii] €08 By

+ [kxfl,'(t)f(éxpl,-, by)+ Cspliéspl,-} cos ﬁbl =0

Mp1 (Epti — 201l — 02 Ep1i) + Cp1 (dez1i — We1cz1i) + kp1ecti

+ k1 (0 (Spp1is b)) + Crp1i0 ] sin oy €08 By — [kspri(1)f (Sepriy bon)
+ CSI,USS,,U] sin % COS B, =0 _

mp1 (Fp1i + 201 Epri — 02 Mps) + Cpt (Oeqti + @1 dez1i) + Kyt denni
—[kipi()f (Gp1is br1) + Crp1i0ipii] cos auy cos By — [kap1i(£)f (Op1i, bs)
+ Cyp1:05p11] cO8 041 cos fi,; =0

mp1zfp1i + Cp18etti + kp1 Sctti + Kpti (O (Biptis br1) + Crp1i0rpii] sin By
— [kop1i(O)f (Ssp11, bs1) + Cop1i0p1i] sin By = 0

(2.10)
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(Ir1/77,0)iir1 4 Corrityt + kopttr

+ f} Kp1i (£)f (Syp1i, r1) + Crptidp1i] €08 By = 0

mz~1l(53r1 — 201311 — ©02%01) + Cr1 (1 — @1yt ) + kX1

= 2 [kep1i()f (Orp1i, br1) + Cop1iSp1i] sin 0,17 cos B, = 0

mrllz(lyrl +2wc1%1 — @2 y51) + Cr (91 + @e1xp1) + ke (211)
+ 24: Kep1i ()f (Orp1i, br1) + C,,,li(s,,,l,-] cos 0,1;cos f,; =0

mrll.;rll +Cr1zrn +knzn

- 24% [rpti (Df (Srp1is 1) + Coptidppui] sin By = 0

IS

(Isl/rl%sl)i’.lsl + Coslusl + kosc(usl — sl ch)

- 24:1 [egp1i (1)f (Bgpiis bs1) + Cop1idsp1i] cos iy = 0

misXS1 — 20051 — 0 x01) + Cat (kg1 — ©c1ys1) + kX

+ é [kop1i(D)f (Ssp1iy bs1) 4 Cipridspri] sin Oy cos B, = 0 (2.12)
m1 (Vo1 + 20031 — @Fyys) + Cot (Is1 + erxsn) +kaysn

+ iil [kegp1i(£)f (Ssp1iy bs1) 4 Cop1idsp1i] €08 Oy €08 By = 0

4 .
mg1Zs1 + Cs1Zs1 +ksizs1 + Y (kp1i(2)f (Osp1ir bs1) + Cop1i0sp1i) sin fi; =0
P

Dynamic equations in the 2nd stage are represented in Eqgs. (2.13)—(2.16).

3 .
(162/732)ﬁ02 + CocZ’;ch + kosc (uz,‘Z - ,}Z_\i usl) + Z (kp25m12i + C;725cr12i) =0
- i=1
mep (XCZ - 260025)62 - w?szZ) + CCZ (—5%2 - chyCZ) + kaxCZ

3
—kp2 D~ (822 €08 Yp; + O SN ;)]
=

3. .
—Cp2 Y (0cz2i €08 Yo + S Sin ;) = 0
i=1
mep (j}gz + 2(1)('2).502 - w%zyL'Z) + Cc2 ().}('2 + wc2xc2) + k(72y02
3
—kp2 Y- (Oceai sinhy; + Scpi cos Yy;)
i=1

(2.13)

3. .
—Cp2 Y (Ocz2i SIN Ya; + Oeyi €OS Yr;) = 0
=

3 3.
Mz + CoaZer +keazer — ko Y Ocroi — Cpa D 0cp2i = 0
= =
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(Ln/ Vipz)iip% — (ki () By Br2) + CrpiSypi] €08 B

+ ki (O (Opais bs2) + Copidspai] €08 By = 0

mPZ(EpZi — 20c2M0; — 0% &) + Cp2(5652i — 0a0c22i) + Kpdeai

+ [kip2i (1) (Orp2i, br2) + Crp2idai] Sin o2 €08 By — [kepai (1)f (51, bi2)
+ Cynidgpoi] sinoyy cos i, =0

v ; : (2.14)
mp2(’1p2i + 2w62£p2i - w%z’?pgi) + Cp2(5cn2i + w025c§2i) + kp25cn2i
_[krp2i(l.‘)f(5rp2i; br2) + Crp2i5rp2i} COS diyp COS ﬁbz - [ksp2i(t)f(5sp2ia bs2)
+ Copaidspai] €08 a2 €08 By = 0 .
mp2Cpi + Cpaderai + Kp2derai + (kip2i (D)f (Orp2i, Dr2) + Crp2iOppai] S0 By
—[kspai (1)f (Ogp2is bs2) 4+ Cypidpai] sin fy = 0

( rz/rbrz)ur2 + Conttyn + koralir2

+ Z [ rpZz( ) ( p2isy er) + Clp215rp2i] cos ﬁb2 =0

my (xrz — 200232 — 0HX2) + Cra(fr2 — ©yr2) + kX

3 .
- Z [krpZi(t)f(érpZi, br2) + Crp2i5rp2i] sin 0r2i Cos ﬁb2 =0
i=1 (2.15)

my) (j}rz + 20)(25@2 03?2)’;-2) + Cr2 ().)rZ + wc2xr2) + eryrZ
+ E (ki (0)f (Orpi, bra) + Crp2i5rp2i] €cos 0,9, cos i, =0
m12Zr2 + Cr2Zr2 + kr2Z12

- Z [ rp2t( ) ( rp2iy er) + CrpZzarpZz] sin ﬁbZ =0
i=1

3 .
(ISZ/rESQ)i/isZ - Z [kspZi(t)f((sspZiy sz) + Csp2i55p2i] cos ﬁbZ

=1
+ o (B2 = 2207 ) + Ky, (02 = 2207) = 0

Mg (55?2 — 20052 — 02x0) + Ca(in — 0a2y5) + koXo
+ Z [Kspai (1) (Bpis bs2) + CapiGapai] sin O cos B, = 0
msz( Vo + 200k0 — 05y0) + Co (Vo + 0axn) + koyo

+ Z [kgpai (1)f (Bspis bsa) + Cypaidspai] €08 Osi c0s By = 0

mgpZo + CoZo + kozo + E (kspoi (0)f (Ospais bs2) + CspZiSSpZi) sin 8, =0

(2.16)

Dynamics equations of the high-speed stage are shown as follows.
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(I/13) 07 + (Caglizg + kagxzs ) rig s By + Co, (97 - 9.;2) + ks, (97 - 9sz) =0
m7%7 + (Crgi7g + kysx78) COS Bp38in0t78 + Cr07 + k7,7 = 0

mz¥7 + (Crgi78 + kagx78) cOs B3 cos ayzg + Cryy7 + kg, y7 = 0

maZy + (Crgkg + kysxzg) sin B3 + Crxz7 + k.27 = 0

(2.17)

(Is /r3) 05 — (Crsi78 + kg8x78 )18 €OS Bzg = —Tour /T3

mgiy — (Crgizg + kzgx7g) COS Byg $in 0478 + Canks + kgexs = 0 (2.18)
mgyg — (C785C7g + k73X78) €os f37g COS 0478 + cgyyg +kgyys =0

mgZg — (Crgig + k7gx78) sin Py + cs.28 + ks 28 = 0

In Egs. (2.9)-(2.18), Jc¢ij; Ocnij, Oczij are relative displacements between carrier
and planet gear along &, 1, { axis, respectively, in rotational coordinate system
which is presented in Eq. (2.19).

Octij = Cpij — Xei COS Yy — Yei SIN Y

Ocnij = Npij + Xei SINWy; — Yei COS Yy + U (2.19)
clij = Spij — Zci

where J,,,;; is relative displacement along the meshing line between ring gear and
planet which is presented in Eq. (2.20).

Orpij = (tri — tpij — X7 SIN Oy + i €08 Oij + &y Sin 0ty — 11,5 €08 07) €08 B + (L
- Zri) sin ﬁbi + erpij(t)
(2.20)

where J,;; is relative displacement along the meshing line between sun gear and
planet which is presented in Eq. (2.21).

Ospij = (—MUsi + Upij + Xgi sin O + v €08 Oy — 5 sin o — 1ij COS o) €08 fr; + (zsi
— Cpij) sin By + egpii(1)
(2.21)

The subscript i is the stage number and j is the planet number. Their relationship
is presented in Eq. (2.22)

(1, j=1,..4
l_{Z,j:IV“3 (222)

The total relative displacement along the meshing line of high-speed stage is

x78 = [(rp707 — rpslg) + (y7 — y3) cos a8 + (X7 — Xg) sin a78] cOS P78 — €78
(2.23)
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where 1,7, 118, @73, Pr73, and eqg, respectively, represent the base circle radius of
wheel, the base circle radius of pinion, the working transverse pressure angle, the
base helix angle, and the dynamic transmission error of high-speed stage.

The other terms are described as follows.

.1, 1,4, 1,1, I are rotational inertia of carrier, ring gear, planets, and sun gear in the
1st stage.

Io5, 1,5, 1,5, I are Totational inertia of carrier, ring gear, planets, and sun gear in the
2nd stage.
M1, Myy, Mp1, My are mass of carrier, ring gear, planets, and sun gear in the Ist
stage.

Me, My, My, My are mass of carrier, ring gear, planets, and sun gear in the 2nd
stage.

koc1, kor1 are torsional stiffness of carrier and ring gear in the 1st stage.

koc2, korp are torsional stiffness of carrier and ring gear in the 2nd stage.

kosc 18 coupled torsional stiffness of the shaft connecting two stages in series.

ke1, ky1, kp1, kg1 are supporting stiffness of carrier, ring gear, planets, and sun gear in
the 1st stage.

kea, kyo, ko, ko are supporting stiffness of carrier, ring gear, planets, and sun gear in
the 2nd stage.

k,p1; is mesh stiffness between ring gear and the ith planet gear in the 1st stage.
ksp1; is mesh stiffness between sun gear and the ith planet gear in the st stage.
kypo; is mesh stiffness between ring gear and the ith planet gear in the 2nd stage.
ki is mesh stiffness between sun gear and the ith planet gear in the 2nd stage.
C,p1; is mesh damping between ring gear and the ith planet gear in the 1st stage.
Cyp1; is mesh damping between sun gear and the ith planet gear in the 1st stage.
C,2; is mesh damping between ring gear and the ith planet gear in the 2nd stage.
Cpoi 1s mesh damping between sun gear and the ith planet gear in the 2nd stage.
Ce1, Cp1, Cpy, Cy are supporting damping of carrier, ring gear, planets, and sun gear
in the 1st stage.

Ce2, Cia, Cpp, Cy, are supporting damping of carrier, ring gear, planets, and sun gear
in the 2nd stage.

B, Bio are base helix angles of two stages.

041, 0 are the working transverse pressure angle of two stages.

051, 0,1; are, respectively, the external and inner mesh phase angles in the 1st stage.
04, 0,0; are, respectively, the external and inner mesh phase angles in the 2nd stage.
k75> 1s the torsional stiffness between the 2nd-stage sun gear and high-speed stage
wheel.

Cy, is the torsional damping between the 2nd-stage sun gear and high-speed stage
wheel.

k7., k7y, k7, are the supporting stiffness of wheel in x, y, z directions, respectively.
kgy, ks, kg, are the supporting stiffness of pinion in x, y, z directions, respectively.
C7y, Cyy, Cy, are the supporting damping of wheel in x, y, z directions, respectively.
Cs,, Cg,, Cg, are the supporting damping of pinion in x, y, z directions, respectively.
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Assembling the equations in matrix form, the global equation of motion of the
planetary gearing system is written as

Mg+ Cx+Kx=F (2.24)

where M, C, K, and F, respectively, represent mass matrix, damping matrix,
stiffness matrix, and exciting force vector. x,x,X are the vectors of vibration
displacement.

2.2 Torsional Dynamics of the Gearbox

The parameters of the above planetary system in this book are listed in Table 2.2.

According to Egs. (2.9)—(2.18), the obtained nature frequencies and mode
shapes of the system are shown in Table 2.3.

The modal energy distribution in each node of the system is obtained as shown
in Table 2.4. Nodes 1-7 denote the planet carrier, 4 planet gears, annular gear, and
sun gear in the first stage separately. Nodes 8—13 denote the planet carrier, 3 planet
gears, annular gear, and sun gear in the second stage separately. Nodes 14 and 15
are output parallel gears.

2.3 Load Factors of Gear-Rotor System in Gearbox

2.3.1 Analysis of System Excitation and Damping

The equation of the two-parameter Weibull distribution is used to describe the wind
speed [8, 9]:

c C

L) = <l—€> (X)k_le_(f)k, O<v<oo (2.25)

Table 2.2 The parameters of the planetary gear system

z m,(mm) B a (%) B (mm) m (kg)
Sun gear 29 (1st) 18 20 7.17 470(1st) 713 (1st)
28 (2nd) (1st) (1st) (1st) 260(2nd) 139 (2nd)
Ring gear 99 (1st) 12 20 8.67 555 (1st)
122 (2nd) (2nd) (2nd) (2nd) 265 (2nd)
Planet gear 35 (1st) 4419 (1st)
47 (2nd) 1537 (2nd)
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Table 2.3 Nature frequencies and mode shapes of the planetary system

Order | Frequency Mode shape descriptions
(Hz)
1 27.8 Vibration of the output parallel gear
2 67.3 Vibration of the planet gear in the 1st stage
3 114.1 Vibration of the planet gear in the 2nd stage
4 134.2 Vibration of the annular gear in the Ist stage
5 144.7 Vibrations of the sun gear in the 2nd stage and the gear in the
high-speed stage
6 189.0 Vibration of the planet carrier in the 1st stage
7 194.0 Vibration of the sun gear in the 1st stage and the planet carrier in the
2nd stage
8 194.3 Vibration of the annular gear in the 2nd sage
235.2 Vibration of the planet carrier in the 1st and 2nd stages
10 253.9 Vibration of the planet carrier in the 2nd stage
11 309.1 Vibration of the planet carrier in the 1st stage
12 332.4 Vibration of the planet carrier in the 1st stage

where v, k, and ¢ represent the wind speed, the shape parameter, and the scale
parameter separately, and the unit is m/s.

The mathematic expectation and variance of the wind speed can be determined
based on Eq. (2.25). The expectation of the wind speed can be expressed as

E(v) =7 = ]Oov )y =c- r<1 + %) (2.26)
0

The expression of the variance of wind speed is

D(v) = ]OC [v— EW)*f,(v)dv = ¢* - r<1+ %) - {F(l—k %)T (2.27)
0

where I'(x) is gamma function in Eqs. (2.26) and (2.27).
The parameters of wind turbine and wind speed are listed in Table 2.5.
According to Egs. (2.26) and (2.27), the two parameters are determined, & is 5.5
and ¢ is 11.9089. The time-domain model of the random wind based on the
two-parameter Weibull distribution function is shown in Fig. 2.4 in 100 s.
Kinetic energy generated by the blade which is driven by natural wind per unit
time is numerically equal to the output power of the blade, namely the input power
of wind turbine gearbox. The relation between the input torque and the input
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Table 2.4 The modal energy distributions of the planetary system of the first 12 orders

21

Ist 2nd 3rd
4th 5th 6th
7th 8th 9th
10th 11th 12th
Tfal;lle 2.5 dParan;eter values Parameters Value
of the wind speeds -
P Rated design power P (kW) 3300
Rated working speed 7, (r/min) 13
Rated torque 7, (kNm) 2424.052
Rated wind speed V, (m/s) 13.5
Radius of blade R (m) 52
Density of wind p (kg/m?) 1.225
Average wind speed v,, (m/s) 11
Standard deviation ,,, (m/s) 2.27
Cut in speed Vi in (m/s) 3.5
Cut off speed Vey o (M/s) 25
Blade top speed ratio 1 9
Power coefficient C,, (1) 0.485
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Fig. 2.4 Simulation of the 20
random wind speeds
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working speed of variable pitch can be obtained by the wind energy and blade top
speed ratio. They are

9 5 v<Veutin
Tm _ We "V cht in S v S Ve (228)
T;e Ve <v < Veucoft
0 v > Ve off
v< chl in
iy = r‘l/_i -V cht in <v< Ve (229)
ne Ve <v< Voot
0 v > Veutoff

According to Egs. (2.28) and (2.29), the simulated input working speeds are
shown in Fig. 2.5.

Fig. 2.5 Simulation of the 16
input working speeds
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(c) Torsional acceleration of planetary gear

Fig. 2.6 Time-domain results of the planetary gear in the first-stage components. a Torsional
displacement of planetary gear. b Torsional velocity of planetary gear. ¢ Torsional acceleration of
planetary gear

For the time-varying input load, the torsional displacement, velocity and
acceleration of the sun gear and the planetary gear in the first-stage components are
shown in Figs. 2.6 and 2.7, respectively. And the frequency spectrum results of
torsional velocity and acceleration of planetary gear are shown in Figs. 2.8 and 2.9,
respectively.

As shown in Figs. 2.6 and 2.7, the vibration displacement, velocity, and
acceleration of the sun gear and planetary gear in the first-stage components along
the torsional direction have same changing trends with the external load excitation.
It mainly affects low-frequency vibration by the external load excitation while it
affects the high-frequency vibration by the internal load excitation. If the input load
is not stable, it will lead to relatively complex changing of the transverse vibration,
and it has a very little influence on the vibration amplitude affected by the variable
external load (Figs. 2.8 and 2.9).
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2.3.2 Load Factors of Gear-Rotor System

The dynamics Eq. (2.24) can be expressed as
Mx + Cx+ [Ky + AK(0)] X [x +x5—e(t)]= Fs + AF () (2.30)

where x;, x, F,, K,,, AK(f), and AF(r) represent the static relative displacement
vector, the dynamic relative displacement vector, the static load, the average
stiffness, the variable stiffness, and the variable part of external excitation
separately.

Ignoring the smaller values, the expanded expression of Eq. (2.30) is rewritten as

M3 + Ci+ Kyx = AK(D)e(t) + AF (1) (2.31)

where AK(t)e(t) is the additional dynamic load caused by internal excitation and AF
(2) is the additional dynamic load caused by external excitation. The ratio of the sum
of the additional internal (external) dynamic load is the tangential load application
factor (dynamic load factor).

(a) The application factor

K, is defined as the application factor of the external factors of the gear meshing
to the additional dynamic load. For the wind turbine transmission system, the
additional external dynamic load is mainly caused by the variation of the wind load.
The common method to obtain the factor relies on the look-up table method;
dynamic analysis results are used to obtain more accurate result here. K, is
expressed as

K= (F,+Fy)/F, (2.32)
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where F, and F,(F,, = k,x;) represent the tangential load of the gear set and the
additional external dynamic load, respectively.

(b) The dynamic load factor

Ky is defined as the dynamic factor considering the influence of the manufacture
accuracy and the working speed to the additional dynamic load. It is the important
measurement of the dynamic characteristics of the system, which shows the con-
dition of maximum load in the moving process. In traditional design, dynamic load
factor is determined by existing chart according to accuracy of gear and working
speed. The expression of dynamic load factor which is obtained from compre-
hensive dynamic analysis is

Ky= (F,+Fu)/F, (2.33)

In Eq. (2.33), F;, is additional internal dynamic load.

According to ISO 81400-4-2005: Wind turbines-Part 4 Design and Specification
of Gearboxes, the life expectancy is 20 years under the circumstance of meeting
design reliability requirement of 0.99. The application factor and the dynamic load
factor are shown in Figs. 2.10, 2.11, 2.12, 2.13, 2.14, 2.15, 2.16, 2.17, 2.18, and
2.19 under the circumstance when system reliability requirement is 0.99.

The variation ranges of K, and Ky, of each gear pair, as shown in Figs. 2.18 and
2.19, have no obvious difference between the 1st and 2nd stages. K, of the 1st-stage
sun—planet and ring—planet gear pair is 1.10. K, of the 2nd-stage sun—planet gear
pair is 1.10. K4 of the 2nd-stage ring—planet gear pair is 1.12. K4 of the high-speed
stage is 1.27, which is significantly increased. Ky of the 1st-stage sun—planet and
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sun—planet gear pair
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ring—planet gear pair is 1.05. Ky of the 2nd-stage sun—planet and ring—planet gear
pair is 1.08 and 1.07, respectively. Ky of high-speed stage is 1.36, which is sig-
nificantly increased similarly.

The computation program of K} is attached in the Appendix A. The computation
program of dynamic load factor Ky is similar to that of K,, and it is ignored here.

2.4 Load-Sharing Coefficients Based on Torsional
Dynamics

Load balance of a planetary gear train mainly refers to the engaging forces between
each planet gear in planetary gear train. The basic floating components, such as the
sun gear, the annular gear, or the planet carrier, are frequently used to realize better
load balance among the planet gears. The floating component can move in the radial
direction without radial support, which can make sure each planet gear shares the
load equably under the unbalanced force. Load balance structure can decrease the
load-sharing coefficient of the planetary gear transmission, reduce the noise, and
improve the stability and the reliability of the system.

The supporting stiffness, mesh stiffness, and torsional stiffness of each gear in
the system are calculated according to ANSI/AGMA ISO 1328-1 standard. The
values are shown in Table 2.6.

The inner mesh force F,,; and the external mesh force F,; can be calculated by
classical Runge—Kutta method according to Egs. (2.9)—(2.18). Subsequently, planet
load-sharing coefficient (PLSC) is defined as

N N
by = NFpij/ > (Fopis) s bopis = NFypii/ > (Fipi) (2.34)
=1 j=1
The maximum of each PLSC in the same stage is defined as the system
load-sharing coefficient (SLSC) as

_ Nxmax(Fy) . N xmax(Fy)

Bri - s Dgj — (235)
Z;‘V:l Frij Ejvzl Fsij

where b,,; is the inner meshing PLSC of the jth planet in the ith stage, byy; is the
external meshing PLSC of the jth planet in the ith stage, B,; is the inner meshing

Table 2.6 Stiffness values in the torsional model (x 10°N/m)

Stage ks k, k, koe ko kg kyp
1st 1.02 1.88 18.6 0.8 438.7 9.30 8.93
2nd 0.60 1.08 10.30 1.5 514.2 5.51 5.12
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SLSC in the ith stage, B; is the external meshing SLSC in the ith stage. N is the
number of the planets in each stage.

2.4.1 Calculation of Load-Sharing Coefficients

The numerical solution for dynamical equations is obtained by the fourth-order
Runge—Kutta method. Subsequently, the PLSC curve of each planet with rotation
angle of the carrier in the 1th (6,,) is obtained according to Eq. (2.23) shown in
Figs. 2.20 and 2.21. The SLSC curve of each stage is obtained according to
Eq. (2.24) shown in Fig. 2.22. Finally, the maximum of SLSC for each planet gear
is obtained, max (S,;) = 1.066, max (Sy;) = 1.062, max (S,,) = 1.130, max
(Ss2) = 1.107, and is defined as the load-sharing coefficient.

PLSC
PLSC

0.98

0.96

0.94

0, (rad)
(a) PLSC of internal meshing (b) PLSC of external meshing

Fig. 2.20 PLSC in the Ist-stage planetary transmission. a PLSC of internal meshing. b PLSC of
external meshing

Dip2s

PLSC

09 »
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085 TRy 3 35 4 o 52 25 3 35 4
0., (rad) 0., (rad)
(a) PLSC of internal meshing (b) PLSC of external meshing

Fig. 2.21 PLSC in the 2nd-stage planetary transmission. a PLSC of internal meshing. b PLSC of
external meshing
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Fig. 2.22 SLSC of planetary transmission. a SLSC in the 1st stage. b SLSC in the 2nd stage

2.4.2 Load-Sharing Structure Design

Load-sharing performance of the planetary transmission can be improved by
adopting appropriate load-sharing structure in practice. Two types of load-sharing
structures are discussed according to the characteristics of the planetary model in
this chapter.

(1) The elastic support of the planet gear

Elastic support of the planet gear is an effective load-sharing method and is
becoming the future development direction of the load-sharing mechanism for the
planetary transmission of the high-power wind turbine gearbox. The planets and the
carrier in the same stage are connected by flexible pin to make the planets elastic
float. SLSC is obtained by decreasing the planetary supporting stiffness to simulate
the effect of the flexible pin. Since the SLSC variation between the external and
internal meshing is mainly consistent shown in Fig. 2.22, the following calculation
takes the external meshing for instance. S;; is reduced from 1.07 to 1.02 in the Ist
stage and from 1.15 to 1.01 in the 2nd stage with the elastic supporting planets in
Fig. 2.23. Tt indicates that the elastic supporting planets can improve load-sharing
performance especially in the 2nd stage.

Each planet floating displacement range is represented by the shadow in
Fig. 2.24. The value is a = 17 ym, b = 7.5 um, ¢ =7 pm, d = 3 pm, e = 10 um,
and f= 57 um. All displacements are within the limit of maximum deflection
according to HG/T 4082-2009, and the dynamic stability of the system is not
disturbed.

(2) The center part floating with clearance

Floating center part (sun gear, ring gear or carrier) of the planetary system can
also make the load of the planets more uniform by allowing radial and torsional
deflection of float parts. Double (single)-tooth gear coupling is used as the floating
component to achieve clearance float. The supporting forces of center part P, and P,
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Fig. 2.23 SLSC of planets elastic support structure. a SLSC in the 1st stage. b SLSC in the 2nd
stage
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Fig. 2.24 Floating range of planets. a Floating range in 1st stage. b Floating range in 2nd stage

are presented in Eqs. (2.36)—(2.37) after considering supporting clearance nonlin-
earity. P, and P, are taken into dynamical equations and Sj; is obtained.

p. — ksi,ri,ci(xsi,ri,ci - rsi,ri,ci)7 |xsi,ri,ci} > Fsirici (2 36)
*= 0 .
) |xsi,ri,ci} < Vsirici

_ ksi,ri7ci(ysi7ri7ci - rsi,ri7ci)7 |ysi7ri,ci| Z Tsirici 2.3
) Vsi,ri,ci < Tsirici
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where P, and P, are the supporting forces of center part in X.- and Y,-directions,
respectively. ry;, r,;, and r.; are maximum permissible offset of center part presented
in Eq. (2.38)-(2.39) [10].

rart = Eg +4V2Ep) cos oy + Eyy 4 4Ec cos oy + 2E¢ €08 oy
el = z”c(;f’ll +2E, +Ea + En (2.38)

(N =4)

ron = Eg+ 8Ey coson + Epp +2E cos ap + 3 E €08 0
ro =520 L 4E, + Ey+Ep (2.39)
(N=3)

S,; of different floating parts are compared in Fig. 2.25 and is reduced obviously
by floating any center part for both two stages. In particular, the Sy, is reduced from
1.068 to 1.002 and S, from 1.107 to 1.003 under sun gear floating. SLSC of the sun
gear floating is minimum due to its little inertia and flexible movement. Floating
center part of one stage has no influence on SLSC of the other stage.

SLSC can be reduced more in coupled floating mode, such as the sun gear of the
1st stage and the carrier of the 2nd stage floating together, compared with only one
center part floating, as shown in Fig. 2.26. The value of SLSC with different
load-sharing structure is listed in Table 2.7, where W/O represents system without
load-sharing structure. It can be found that coupled floating mode, with a long
spindle connecting sun gear of the Ist stage and carrier of the 2nd stage, can
achieving a better load-sharing performance and is more suitable than any other
structure for the two-stage planetary transmission.

Each center floating part displacement range is represented by the shadow in
Fig. 2.27. The floating value is g =20 um, A =70 um, i =6 um, j =3 um,
k=1pm,l=4pum, m=8 um, n =73 um, o =7 pm, p =3 um, and g = 2 pm.
All displacements are within the limit of maximum deflection according to HG/T
4082-2009, and dynamic stability of the system is not disturbed.

1.01 —+—Ring
—+—Ring —=— Carrier
1.008 —&—Carrier

4 4.2 4.4 4.6 4.8 5 4 4.2 4.4 46 4.8 5
0, (rad) 0, (rad)
(a) SLSC in the 1 stage (b) SLSC in the 2™ stage

Fig. 2.25 SLSC of center part floating structure. a SLSC in the 1st stage. b SLSC in the 2nd stage
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—©—Sun1 and Carrier2 float ) —©—Sun1 and Carrier2 float

: : R
0.,(rad) 6, (rad)
(a) SLSC in the st stage (b) SLSC in the 2nd stage

Fig. 2.26 SLSC of coupled float structure. a SLSC in the Ist stage. b SLSC in the 2nd stage

Table 2.7 SLSC of different S S
. s1 52
load-sharing structure
W/O 1.0681 1.1071
Planets elastic support 1.0231 1.0133
Center part floating Ring 1.0073 1.0720
Carrier 1.0043 1.0221
Sun 1.0015 1.0030
Coupled float 1.0012 1.0018

Stage-1

(a) Floating range in 1* stage (b) Floating range in 2™ stage

Fig. 2.27 Floating range of center floating parts. a Floating range in st stage. b Floating range in
2nd stage

2.4.3 Load-Sharing Performance Effected by the Errors

Since the component errors are major factors to make the planetary load distribution
uneven, it is important to decrease the effect of the component errors on the
load-sharing performance. The errors considered in this chapter are shown in
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nomenclature. 4 is the dynamical sensitivity of PLSC to the errors, bigger 4 means
larger influence of the error on load-sharing performance. Direct derivative method
is applied to obtain A in this chapter. The calculating flowchart of A is shown in
Fig. 2.28. Equations (2.9)—(2.16) are organized into a matrix form with ignoring its
tooth backlash nonlinearity and represented as follows

M$+Co+ K = F(9) (2.40)

Taking partial derivative of both sides with the errors, Eq. (2.28) is rewritten as

M%JrC%JrK%f 96 §5+§5+§5

85 .06 85_8F(5)_<8M-- ac . 8K> 2.41)

Since %’5 + %5 + %—’:5 =0, Eq. (2.29) can be simplified as follows:

as\" a5\’ 09 ~ (00
M| Cl| = K|+ ) =F|+ 242
(86) * <8e> * <8e> (86) (242)
Partial derivative of dynamic response on the error is obtained by classical

Runge—Kutta method, and the sensitivity of SLSC to the errors can be obtained in
Eq. (2.43).

/ N N /
Frpij,spij (Zi:l F’Pii,SPi/') + Frpzfj,spl_'/' (Zi:l Frpij,spij)

1= OPwij,spiy -N .

Oe (Zf\; Frpijaspij)

(2.43)
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Fig. 2.29 Influence of E.; on PLSC. a Sensitivity of PLSC to E_; in the 1st stage. b Sensitivity of
PLSC to E.; in the 2nd stage

In Eq. (243), F,; ,; is partial derivative of the internal or external meshing
force on error with its expression is

o OFpiy (00 95

Flooo = do vo
P e de’'de|
py,spy

(2.44)

Taking E,; for instance, dynamic sensitivity of PLSC to E.; (Ag.) is obtained
without load-sharing structure in Fig. 2.29. Ag.; fluctuates within a certain range
after the system maintains a stable state. Figure 2.29a shows that Ag.; of Py, is the
largest of the four planets and Az, of Py4 is opposite to Py, due to the symmetrical
location of planets. Az in the 2nd stage is close to O in Fig. 2.29b. It indicates that
E., only affects PLSC in the same stage and has no influence on the other, with the
same regularity as the other type of errors. The following research takes external
meshing of Py, in the Ist stage for instance.

Dynamic sensitivity of PLSC to each type of error without load-sharing structure
is given in Fig. 2.30. It shows that E;;»> and E,, have tremendous influence on
PLSC compared with other type of errors in Fig. 2.30, which adequate attention
should be paid on planetary transmission design. Sensitivity t0 & 12 iS almost
zero shown in Fig. 2.30e which can be ignored in planetary load-sharing research.

Figure 2.31 lists the root mean square (RMS) of sensitivities by each type of
load-sharing structure this paper discussed above. It shows that when a component
of planetary transmission is used as the load-sharing structure, the sensitivity to the
relevant error is reduced. So it is concluded that adopting load-sharing structure not
only can improve load-sharing performance but also can reduce the requirement of
component precision for planetary transmission.
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2.5 Experimental Test of Load Balances in Gearbox

Taking a planetary gearbox with single stage as an example, load-sharing experi-
ment is carried out by using two load-sharing structures, W/O load balance struc-
ture, and floating sun gear with single-tooth coupling. Test bench layout is shown in
Fig. 2.32. Electronic measure method was adopted in the experiment to acquire
planetary gear load, testing points were arranged in the ring gear, as shown in
Fig. 2.33.

The gearbox was loaded by 0, 50, and 100 % of the rated load with the motor
speed 13 r/min, and the planetary strains were measured, as shown in Figs. 2.34
and 2.35.
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Fig. 2.33 Testing points arrangement
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Fig. 2.34 Planetary strain W/O balance mechanism. a inner meshing strain by no load. b Inner
meshing strain by 50 % load. ¢ Inner meshing strain by 100 % load

The inner meshing strain is increased with the increasing of the load. The results
of the experiment indicate that load fluctuation of the gear teeth is significantly
reduced by floating sun gear and PLSC decreased correspondingly. It is concluded
that the calculation results are agreed well with experiment. Due to the influence of
the actual working conditions on the sharing load performance, such as manufac-
turing and installation errors, there is a little difference between the experimental
and theoretical value, but same regularity they presented is consistent.
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Fig. 2.35 Planetary strain with sun gear floating. a Inner meshing strain by no load. b Inner
meshing strain by 50 % load. ¢ Inner meshing strain by 100 % load

Table 2.8 SLSC of experiment results vs numerical calculations

Exp. value Cal. value Error %
W/O load balance mechanism 50 % load 1.174 1.042 12.7
100 % load 1.141 1.065 7.1
Sun gear float 50 % load 1.1061 1.001 10.5
100 % load 1.087 1.002 8.5

Table 2.8 lists the comparative results of SLSC by experiment vs numerical
calculation in the case of 50 and 100 % load, respectively.
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