Chapter 2
Inner Product Spaces

2.1 Definition and Examples

In the study of vector algebra in R", the notion of angle between two nonzero
vectors is introduced by considering the inner (or dot) product. In fact, if x =
(x1, X2, ..., x,) and y = (yy1, ¥3, ..., y,) are any two vectors in the n-dimensional
Euclidean space R", then their inner product is defined by

n
(x,y) = inyia
i=1
and this inner product is related to the norm by
2
(26,x) = [|x]|".
The familiar equation

(x,y) = [Ix[[ll[| cos ©

determines the angle 0 between x and y. The vectors x and y are orthogonal if
(x, y) = 0. This concept of orthogonality proves useful and lends itself to the
generalisation to spaces of higher dimensions.

We introduce below the abstract notion of an inner product and show how a
vector space equipped with an inner product reflects properties analogous to those
enjoyed by the n-dimensional Euclidean space R".

Recall that we denote by F either the field C of complex numbers or the field R
of real numbers.

Definition 2.1.1 Let H be a vector space over F. An inner product on H is a
function (-,-) from H x H into F such that for all x, y, z € Hand A € F,
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0 (x,y) = (x),
(i) (x+z,y)=xy)+(@y), My ==Axy),
(iii)) (x, x) > 0 and (x, x) = 0 if, and only if, x = 0.

An inner product space is a vector space with an inner product on it. Axiom
(ii) for an inner product space can be expressed as follows: the inner product is
linear in the first variable. In axiom (i), m denotes the complex conjugate of
(v, x). Inner product spaces are also called pre-Hilbert spaces.

It is left to the reader to verify that when F = R and H = R", the usual inner
product (x,y) = >, x;y; (described above) satisfies the foregoing definition.

The following proposition contains some immediate consequences of Definition
2.1.1.

Proposition 2.1.2 For any x, y, z in an inner product space H and any \ € F, the
Sollowing hold:

@ (Ly+2 =y +K2;

(®) (x, Ay) = Mx, y);

(© ©,y)=(x0)=0;

d x=y2=K2 O 2;

© (ny—2=00y —2);

® if (x,y) = (x, 2) for all x, then y = z.

Proof (a) Using Definition 2.1.1(i) and (ii), we have

(x,y—i—z) = (y+Z,x) = (yax) +(Z7x) = (y,x)+(z,x) = (x>y)+ (X7Z)'

© 0, y) =0 +0,y) =0, y) + (0, y), on using Definition 2.1.1(ii), and hence
0, y)=0.

(f) Suppose (x, y) = (x, z) for all x. Then
(x,y—2) = (x,y) = (x,1) =0
for all x; in particular, (y — z, y — z) = 0 and hence y — z = 0 by Definition 2.1.1(iii).
The proofs of (b), (d) and (e) are no different and are left to the reader. O

Examples 2.1.3

(i) Let H=C" = {x = (x1, x2, ..., X): x; € C, 1 < i < n} be the complex vector
space of n-tuples. For x = (x, x, ..., x,) and y = (y1, Y2, ..., V), define

(x,y) = Zn:xi)Ti. (2.1)

It is routine to check that the formula (2.1) does define an inner product on C" in
the sense of Definition 2.1.1. This space is called n-dimensional unitary space and
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is denoted by C". Indeed, the vectors (1, 0, ..., 0), (0, 1,0, ..., 0), ..., (0,0, ..., 0, 1)
constitute a basis for C".

(ii)

(iii)

Let ¢, be the vector space of all sequences x = {x,}, > of complex numbers,
all of whose terms, from some index onwards, are zero (the index, of course,
may vary with the sequence). If x = {x,},,> and y = {y,},>1, define

(03) =3 xn 2)

Since the sum on the right side of (2.2) is essentially finite, convergence is
not an issue here. The axioms of Definition 2.1.1 are easily verified.

Let ¢ denote the set of all complex sequences x = {x,}, > which are square
summable, that is,

o0
Z I |* < 0.
n=1

The addition of vectors x = {x,},>1 and y = {y,},>1 and the scalar
multiplication of x = {x,}, > by a scalar A € C are defined by

x+y={%+y}t,>; and Ax={lx}, -,
Since
oo+ B> <2[o] +2|Bf?

for o, p € C, it follows that

m m o0 e8]

m
Z [ eru|2 <2 |xn|2 +2Z |yn|2 SZZ |xn|2 +2Z |yn|27
n=1 n=1 n=1

n=1 n=1
and hence
o0 o0 o0
S bt <2) P2l (2.3)
n=1 n=1 n=1

Thus, if x = {x,},>1 and y = {y,},>1 are in 22, it follows from (2.3) that
Xx+y € L% Also, if x € 7 and A € C, then 300, [hx,|” = [A7X0%, x|
shows that Ax € ¢%. Consequently, ¢* is a vector space over C.

For x = {x,},>1and y = {y,},>1 in 7%, the series > o | XnYn converges abso-
lutely. In fact,
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_ 1
gl < 5 (bl + bal?)

implies
m B 1 m 5 1 m s 1 o0 5 1 o0 2
Z|xnyn|§72|xn| +72:')%‘ sz‘xn‘ +7Z:|yn| )
n=1 2 n=1 2 n=1 2 n=1 2 n=1
and hence
BIESALE DD I,
X, V| < = Xy, — |
n=1 > 2 n=1 2 n=1 g
Now define

o0
(X,y) = Z‘xﬂ ynv 'x7y € 62' (24)
n=1

It is now easy to check that the axioms for an inner product are satisfied. Thus, >
with the inner product defined in (2.4) is an inner product space.

(iv)

)

Let Cla, b], —© < a < b < 0o, be the vector space of all continuous
complex-valued functions defined on [a, b]. Define

(f.9) = / £ 5@ i, f.g € Cla,b. 25)

Observe that (f,f) = ff If (1)*dt = 0 implies f(z) = O for each 7 € [a, b], in
view of the continuity of f. The other axioms in Definition 2.1.1 are
consequences of the properties of integrals.

Let C"[a, b] be the vector space of all n times continuously differentiable
complex-valued functions defined on [a, b]. For f, g € C"[a, b], define

b
9= [0 e (2.6)
i=0 p

where f(f) denotes the ith derivative of f, 1 < i < n, and fO0) = A1),
i € [a, bl. Observe that 0= (f,f) =0y [2[fD()[’dt =0 implies
Yo [f(i)(t)‘2 =0, 1 € [a, b], in view of the continuity of Y ., [f(i>(t)|2,
t € [a, b]. This implies f(f) = 0 for each t € [a, b]. The other axioms in
Definition 2.1.1 are consequences of the properties of integrals.
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(vi) Let RL? denote the space of rational functions (i.e. a ratio of two polynomials
with complex coefficients) which are analytic on the unit circle

OD={ze€C:|z|=1}

with the usual pointwise addition and scalar multiplication. The inner product
is defined by

.8) =5, [ FRAT )
oD

where the integral is being taken in the anticlockwise direction around 9D.

RH? is the subspace of RL* consisting of those rational functions which are
analytic on the closed unit disc D, where

D={z€C:|z <1},

with inner product given by (2.7).
Thus, a rational function belongs to RL?if it has no pole of absolute value 1, and
it belongs to RH? if it has no pole of absolute value less than or equal to 1.
Clearly, (2.7) satisfies the axioms in (i), (ii) and part of (iii). We need to check
that (f, /) > 0 when f # 0. Indeed,

(1.0 =55 [ ") s 28)

using the parametrisation z = eie, —-nt<0 < m. Since f(eie) is continuous on [—T, 7],
the right-hand side of (2.8) is positive unless f = 0.

(vii) A trigonometric polynomial is a finite sum of the form

k
f(x) =ap+ Zatzelknx7 X € [77‘53 TE],
n=1

where k € N, ag, ay, ..., ay € C and Ay, A, ..., Ax € N. It is clear that every
trigonometric polynomial is of period 2n. The space TP of trigonometric
polynomials is a vector space over C with respect to pointwise addition and
scalar multiplication. If we define the inner product by

(.6) =55 [ FOs0 29

then TP becomes an inner product space.
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Problem Set 2.1

2.1.P1. For which values of o € C does the sequence {n “}, > belong to %9
2.1.P2. [Notations as in Example 2.1.3(vi)] Calculate the inner product of
functions

1 1
flz) = and g(z) =——, where |o|<1,|B|<]1.
z—a z— P

2.1.P3. [Notations as in Example 2.1.3(vi)] Let k, € RL? be defined by ky(z) =
(1 — az)"", where |a| # 1. Show that for f € RH?,

(k) = {f(a) if o <1

0 if |of > 1
2.1.P4. [Notations as in Example 2.1.3(vi)] Let f € RH? and o € D. Show that

rol < ——— {5 [ e)la0

L —[of?

2.2 Norm of a Vector

Let X be a vector (linear) space over F.

Definition 2.2.1 A norm ||| is a function from X into the nonnegative reals R "
satisfying

@ || = 0 if, and only if, x = 0,
@) ||| = |A|lx]| for each A € F and x € X,
(i) |+ yl| < |lx]| + ||| for all x, y € X. [triangle inequality]

We emphasise that, by definition, ||x|| > 0 for all x € X.

If X is a linear space and ||-|| is a norm defined on X, then d(x, y) = ||x — y|| indeed
gives rise to a metric as a consequence of the foregoing Definition 2.2.1. The details
are as follows.

That the distance d(x, y) from a vector x to a vector y in H is strictly positive (that
is, d(x, y) > 0 and equality holds if, and only if, x = y) follows from (i). The fact
that d(x, y) = d(y, x) follows from
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[x =yl = -0 —=x) = =1y — x| = [ly — x|,
in view of (ii). Also
dix,z) =[x —z|| = [|x —y+y—zl| <[x =yl + [ly — 2l| = d(x,y) +d(y,2)

for all x, y and z. The reader will observe that (iii) has been used in proving the
preceding inequality.

A linear space X equipped with a norm ||-|| is called a normed linear space. If
the metric space (X, d), where d(x, y) = |x — ||, x, y € X, is complete, then the
normed linear space is said to be complete and is called a Banach space. These
spaces are named after the great Polish mathematician Stefan Banach. R", the real

space of n-tuples x = (xy, X2, ..., x,,) with each of the norms ||x||,= >"%_; |xi|, ||x]|,=

1
(z;;l |xi|2>2, x]|..= sup;|x;| is a Banach space. That |||s, [ll]> and [leo are

norms can be verified, see [30]. So is the space C" of complex n-tuples. The space
(C", |||l is complete [see Example 2.3.4(i)]. That C" with ||-||; and C" with ||||eo
are complete follows from the inequalities ||]lc < [z < |l < 7l|]lco, see [30].

Hilbert spaces are Banach spaces whose norms are derived from an inner pro-
duct as detailed below.

Definition 2.2.2 In an inner product space H, the norm (or length) of a vector
x € H, denoted by ||x]|, is the nonnegative real number as defined by

[l = v/ (x, %),
and is called the norm induced by the inner product on H.
We shall see below that this satisfies the conditions for being a norm as laid out

in Definition 2.2.1.
The norm of an element x = (o, o, ..., &,) in the unitary space C" is

n %
2
ol = <Zow| ) |
i=1

and that of an x = {o;};> in s

x 5
2
[l = <Z%’| ) :
i=1

The norm of an element f € Cla, b] [respectively, f € C"[a, b]] is
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[N

b b
= / o)) Jresp. | 3 / 179 (1)

The norm of an element f in RL* or in RH is
1 1
1 G\ (17
2 012
=|— —| == do| .
191 = 5 [ ¥@PS) = (55 [ e
oD -

Proposition 2.2.3 In an inner product space H, ||| has the following properties:
forx,y € Hand h € T,

@ || = 0 and ||x|| = 0 if, and only if, x = 0;
(b) [|Ax]] = [Mlfell:
(c) (Parallelogram Law)
2 2 2 2
[+ 17+ [bx = yII= 2[|x[” + 2y
(d) (Polarisation Identity in case F = C)

4(x,y) = [yl =l = ylI? + il + iyl il — iy |

Proof (a) is immediate from Definition 2.1.1(c) while (b) follows from
6] = (hox, Aox) = AP (x, ) = [ 1]

For x, y € H, we have

e+ yIP= (4 y,x+y) = |12+ [1y1* + (63) + (7,%)- (2.10)
In the identity (2.10), replace y by —y to obtain

e = ylI*= (x =y, x =) =[x + Y7 =(xy) = (7,%)- (2.11)
Adding (2.10) and (2.11), we get

e+ 311 + [ = yII*= 2[1xl|* + 2]y

This proves the Parallelogram Law.
In the identity (2.10), replace y by —y, iy and —iy:
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Jbe = y1P= [xll® + 1717 = (x,3) = (,)- (2.12)
b ivlP= [1xll” + 1y 17 —=iCx, y) +i(r, %) (2.13)
e = ay[l*= [x[l* + IyI1* + (e y) = i, ). (2.14)

Multiply both sides of (2.12) by —1, (2.13) by i and (2.14) by —i and add to (2.10)
to obtain the following:

e 112 =l = Y12 il P =il = iy*= 4(x, ).

This completes the proof of the Polarisation Identity. O

Remark In Proposition 2.2.3, the assertions (a)—(c) are valid in real as well as
complex inner product spaces, but (d) holds only in a complex inner product space.

Theorem 2.2.4 (Cauchy—Schwarz Inequality) Let H be an inner product space and
let ||x|| denote the norm of x € H. Then

|G )< e[| (2.15)

for x, y € H, and equality holds if, and only if, x and y are linearly dependent.

Proof Choose a real number 0 such that e®(x,y) = |(x,y)|. Let A = ae”, where
o € R. Then

— — — 2 —
()C - kyvx - 7\‘y) = ||XH2 + H}VyH —)&()Qy) - X(y,x) (216)
The expression on the left side of (2.16) is real and nonnegative. Hence,
%[1? + o ly1* =20t (x, )] = 0 (2.17)

for every real o. If ||y|| = 0, then we must have |(x,y)| = 0, for otherwise (2.17)

will be false for large positive values of o. If ||y|| > 0, take o = |(x,y)|/||y||* in
(2.17) and obtain

2 2 2
| Ges )7 < [yl

If x and y are linearly dependent, then we may write y = kx or x = ky for some
k € F. Then

(e, 9] = |(x, k)| = [ |x]
= [eel[ ][l = {ly[lIx1],

that is, equality holds in (2.15).
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On the other hand, suppose that |(x,y)| = ||x]|||¥]|. If ||ly]| = 0, then y = 0 and
x and y are linearly dependent. If ||y|| # 0, then

2
(x_ (x’yg) y,x — (x’yz) y) _ HXHZJF |(x>y)2| —_ 2R (x’ (x7y2) y>
Iyl ¥ [yl vl

e 1))

2
= Hx” + D) -2 5
I 17l
2
_ )
= .
[yl
Hence, x — % y = 0; that is, x and y are linearly dependent. O

Remark The above proof of the Cauchy—Schwarz Inequality is valid in the real case
as well.

Applying Theorem 2.2.4 in specific spaces such as C", ¢* and Cla, b], the
following corollary results.

Corollary 2.2.5

@ If x1, x2, ..., x, and y1, Yo, ..., ¥, are complex numbers,

< (ZM) (Zm) -

(b) If{o}i>1 and {B;}; > are square summable sequences of complex numbers,

o=
o=

n

Z B

i=1

1

< (iu)(iw)

> p—
Z o B;
i=1

(c) Iff, g € Cla, b], then
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In each case, equality holds if, and only if, the vectors involved are linearly
dependent.

Theorem 2.2.6 (Triangle inequality) In an inner product space H,
[+l <l + 1l (2.18)

forall x,y € H.
Proof For x, y € H,

lx+yI* = (x+y,x+)
= [l + 11 + (5, 3) + (3, %)
= ||xl* + [IylI* + 2R (x, )
< Il + Iyl + 2= 1y,

using the Cauchy—Schwarz Inequality (2.15). Thus,

2 2
[ Y117 < (el 11D
which implies

[+ ¥l < [l + [1yl-
O

Applying Theorem 2.2.6 to specific inner product spaces, such as ¢*, RL?
and Cla, b], the following inequalities are obtained:

Corollary 2.2.7
(@ If{x;}i>1and {y;}i>1 are in 2, then

(i xl-+yl-|2>%s <fj |xi|2>%+ (i |yi|2>%.

i=1 i=1

i=1

(b) Iff, g are in RL?, then

(i / [f(efe)+g(ef9)|2de) < (i / V(efe)\zde) " (i / yg(e*’)fde) .



32

2 Inner Product Spaces

(c) Iff, g are in Cla, b], then

=

[rw+sora) <{ [irora) « | [lsora

Corollary 2.2.8 In an inner product space H,

[l = 01T < {1 =l (2.19)

forall x,y € H.

Proof For x, y € H,

[l = Tloe =y +ylF < fbe =yl + Iyl

by Theorem 2.2.6. This implies

[l =yl < fe = ¥ (2.20)

On interchanging the roles of x and y, we get

Y= llxll < Hly =l = flx = ¥l (2.21)

The inequality (2.19) follows upon combining (2.20) and (2.21). O
Problem Set 2.2

2.2.P1.

2.2.P2.

2.2.P3.

Show that for x, y and z € X, an inner product space, the following
Apollonius Identity holds:

2

1 1
2 2 2
llx —z]I” + Iy — z|l =§Hx—y|\ +2 z—§(x+y)

Show that the formula (A, B) = trace(B*A) defines an inner product on the
space C"" of n x n complex matrices, where n € N and B* denotes the
conjugate transpose of B. Determine ||L,||, where I, is the identity matrix.
Show that (i) x = {1} _ € ¢* and determine |x]|; (i) x = {2’"/2}n>l€ 2
and determine ||x|. B
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2.2.P4.

2.2.P5.

2.2.P6.

2.2.P7.

2.2.P8.

2.2.P9.

Prove that, for any function f € C[0, r],

Vf(t)sinzdt 3\/§ /n[f(t)|2dt %,
0 0

and describe the nonzero functions for which equality holds.

Suppose w(X) = 1 and f, g are positive measurable functions on X such that
fg > 1. Prove that [, fdu [, gdu>1.

Let X; = (C[O, 11,|||loo), Where ||x]|lco = Supo << 1x(®)|, and let X, = (C[O,
11,|||[2), where

1

1
= (), (3, 3) :/x

0

Show that the identity mapping id: X; — X, is continuous, but its inverse
id: X, — X; is not.

Let X be an inner product space. If ||x|| = ||yl| = 2 |Ix + y||, then show that
x = y. The result fails to hold if X = R" or C" with norm ||-||; when n > 1.
Let X be a vector space over C. Let (-,-) be a complex-valued function of
two variables (x, y): X x X — C which has the following properties:

@ (o + PBxz, y) = alxy, y) + Blxa, ¥)

b) (x,y) = (y,x)
x)

© (, > 0 and (x, x) may be zero for nonzero x.

Prove that the Cauchy—Schwarz Inequality still holds but without the rider
about when equality holds.
[Notations as in Example 2.1.3(vi)] Let g(z) = m, where o and 3 are

distinct points in D. Using the Residue Theorem, show that

(1~ [oBf)* |
(1= o)1~ [BP)[1 — Bl

el =

2.2.P10. [Notations as in Example 2.1.3(vi)] Prove that for o € D,

F={f € RH* : f(a) = 0}

is a closed linear subspace of RH.
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2.3 Inner Product Spaces as Metric Spaces

We have seen in Proposition 2.2.3 and Theorem 2.2.6 that the norm induced by an
inner product in H satisfies the following conditions of Definition 2.2.1:

() |lx[| > 0 and ||x|| = O if, and only if, x = 0,
(i) [|Ax|| = ||| for all A € C and x € H,
i) o+l < [l + [ for all x, y € H.

Remark 2.3.1 The inner product in H together with the metric d(x, y) = ||x — y|| from
the norm induced by the inner product is a metric space. As in any metric space,
d(x, y) is called the distance from x to y or between x and y.

We shall henceforth feel free to use, for inner product spaces, all metric concepts
such as open and closed sets, convergence, continuity, uniform continuity, Cauchy
sequence, completeness, dense sets and separability. Below we translate the general
metric space concepts defined in Sect. 1.2 into inner product space terms.

It follows from (2.19) that the map x — ||x|| defined in H is continuous. In fact, it
is uniformly continuous in view of (2.19).

Remarks 2.3.2

(i) A sequence {x,},>1 in a normed space or in an inner product space is
Cauchy if for every € > 0, there exists an integer n such that

|l — X || <& whenever n,m > ny.

(i) Every convergent sequence is Cauchy, the converse is, however, not true; in
fact, let {x,},> 1, where x,, = (1, 1 3 vees n, ...),n=1,2, ... be asequence in
the inner product space ¢, (see Example 2.1.3(ii)). Then the sequence
{x,}n>1 is Cauchy because

m+p 1 %
me+P _me = Z 2
k=m+1

can be made arbitrarily small by choosing m sufficiently large. However, the
sequence does not converge to an element of the space. Assume the contrary,
that is suppose x,, — x, where x = (A, As, ..., Ay, 0,0, ...). If n > N, then

e Lo+ 3w
k=1 k=n+1
n 1 2
:;; z_xk
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On letting n — 00, we obtain > -, |% - %k|2 = 0, which implies A, = % for
each k, contradicting the fact that x has finitely many nonzero terms.

(iii) The open [respectively, closed] ball with centre x, and radius € is the set
{x € H: ||x — xo|| < €} [respectively, {x € H: |x — x¢|| < €}]. In view of
Proposition 1.2.10, a subset K C H is bounded if, and only if, there exists an
M > 0 such that K C {x: ||| < M}.

Definition 2.3.3 An inner product space H is said to be complete if every Cauchy
sequence in H converges. That is, if {x,},>1 is a sequence in H satisfying
|lx, — x| — O as n, m — 00, there exists an x € H such that ||x, — x|| — 0 as
n — ©0. An inner product space which is complete is called a Hilbert space.

Every Hilbert space is a Banach space. The norm in a Hilbert space is derived
from the inner product.

Examples 2.3.4
(i) The inner product space H = C" with the metric given by

1

d(x,y) = [l = yll = (Z i _)’i2> ; (2.22)

where x = (x1, X, ..., x,,) and y = (yy, Y2, ..., ¥,,) are in C", is a Hilbert space
with metric as above or with inner product as in (i) of Examples 2.1.3.

We need to check that C", with the metric defined in (2.22), is complete [see
(i) of Examples 2.1.3]. Let {x(”’>}m>1: (xﬁ"l),xgm), . .,xﬁ,m>) denote a Cauchy

sequence in C", i.e. d(x"™, x?) — 0 as m, m' — ©o. Then for a given & > 0 there

exists an integer ng(e) such that

1

n 12 2
<Z ‘x,({m) —x,({m)’ ) <g forall m, m' >no(e). (2.23)
=1
Hence ‘x,((m - x,((m/>‘ <g for all m, m' > ny(e) and all k= 1, 2, ..., n. Upon fixing

k and using the Cauchy Principle of Convergence, it follows that {x,((m}
m>1

converges to a limit x;. Let x = (x1, X, ..., x,,) and m > ng(€). It follows from (2.23)
that

2
<g? (2.24)

i NORNCD

k k
k=1
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for all m" > ng(e). Letting m' — 00 in (2.24), we have

n 2
Z %" —xk’ <e

k=1

for all m > ng(e). That is, dx™™, x) — 0 in C".
(i) The inner product space H = 7 (see Example 2.1.3(iii)) is a Hilbert space.

We shall show that ¢ with the metric

d(x,y) =[x —y| = <i [k _)’k|2> (2.25)
k=1

is complete. Let {x™} _ = (xgm),xgm), . ) denote a Cauchy sequence in (%

Then for a given € > 0 there exists an integer ny(e) such that

1

NEAR
(m) _ ) ) <g forall m, m' >ny(e). (2.26)

Xk k

5

k=1

This implies ‘x,((m) — x,(cm,)‘ <¢ for all m, m" > ny(¢), i.e. for each k, the sequence

{x,((m) }m . is a Cauchy sequence of complex numbers. So by the Cauchy Principle

of Convergence, limmx,((m> = X, say. Let x be the sequence (x;, xp, ...). It will be
shown that x € ¢* and lim,x = x. From (2.26), we have

2

N
<g? (2.27)
k=

Z ’x]({m) . x]((m’)

1

for any positive integer N, provided m, m" > ngy(e). Letting m" — ©0 in (2.27), we
obtain

~
Il

[]=
g

|
=

for any positive integer N and all m > nge). The sequence
N (m) 2 . ically i . £ .
Dot 1 — X is a monotonically increasing sequence of nonnegative
N>1
real numbers and is bounded above and, therefore, has a finite limit

2
>y ‘x,i”l) - xk‘ which is less than or equal to . Hence
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1=

0 2
(E:hﬁf—nw> <e forall m, m' >nole). (2.28)
k=1

Observe that

v\ /s A m oV
(Z w) < (Z 7 =] ) + (Z ) ) ,
k=1 k=1

k=1

using Corollary 2.2.7(a) and consequently x € ¢*. Moreover, lim,x™ = x in ¢* by

2.28).

It follows from Remark 2.3.2(ii) that ¢, is an inner product space that is not
complete.

Remarks 2.3.5

(i) The inner product space £, of sequences all of whose terms, from some index
onwards, are zero is dense in ¢2. In fact, let x = (oly, Oy, ...) be an element in
£% (not in 4y) and € > 0 be given. Choose N such that

o0

Z oy |* <&
k=N+1
Then the sequence y = (a4, 0y, ..., oy, O, ...) is in the desired inner product
space and is such that
= 2
=yl = Y laf<e
k=N+1

This shows that each x € £* (not in () is a limit point of the space ¢, of
sequences all of whose terms, from some index onwards, are zero.

(i) It may be discerned from (i) above that ¢, is not complete.

(i) Forj=1,2,...,lete;=(0,...,0,1,0,0,...), where 1 occurs only in the jth
place and

E={kiei1+---+kye, :n=1,2,...,Rk;, Sk; are rational } .

Since the rational numbers constitute a countable set, E is countable. We

show that E is dense in £% Let (x, X3, ...) € £* and € > 0. As Z;’il ’xj‘z is

finite, there is some N such that
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& 2
Z |Xj ’ < 82 / 2.

J=N+1

Since the rational numbers are dense in R, there are ki, ..., ky in C with
Rk;, Jk; rational and

j — k|*<e?/2N, j=1,2,...,N.

Consider y = kjey + - -- +kyey in E. Then

N 00
e=ylP=Y "=k + Y [ <e?/2+e?/2=¢
j=1 J=N+1

Hence, y € S(x, €). Thus, E is dense in 2. Consequently, s a separable
metric space.

Definition 2.3.6 Two Hilbert spaces H and K are said to be isometrically iso-
morphic if there exists a linear isometry between H and K, i.e. if there exists a
bijective linear mapping A:H — K such that

A(oqxl + Otz)Cz) = O(lA(Xl) + OL2A(X2),
(AXI,A)CQ) = (xl,xz)

for all x;, x, € H and scalars o; and o,.

Theorem 2.3.7 For every inner product space X, there is a Hilbert space H such
that X is a dense linear subspace of H, and for x, y € X, the inner product (x, y) in X
and in H is the same. The space H is unique up to a linear isometry; that is, if X is a
dense linear subspace of a Hilbert space K, then there is a unique linear isometry
A:H — K such that the restriction of A to X is the identity map.

Proof Consider X as a metric space with the metric induced by the inner product on
X, ie. with d(x, y) = |x — y|| = (x — y, x — y)2 . Let H be its completion. Let
x,y € H and let {x,},> and {y,},>1 be sequences in X such that x, — x and
v, — ¥. Then for scalars A and p, the sequence {Ax, + uy,},>1 is a Cauchy
sequence in X. Now, if H is to be given a Hilbert space structure such that the inner
product on H induces the metric on H, then

limn(kxn + Hyn) = Alimy,x, + n limnyn =M+ Ly

Thus, A x + py must be defined to be the limit of the Cauchy sequence {\x, +
Wy} >1. It may be checked that the addition, scalar multiplication and the limits of
the Cauchy sequences are well defined. It is now easy to check that with this
definition of addition and scalar multiplication, H becomes a vector space. Now
define (x, y) = lim,,(x,, y,,); note that it is well defined. In fact, it is an inner product
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on H whose restriction to X agrees with the given inner product in X. With this inner
product, H is a Hilbert space. The uniqueness can be easily verified. O

Problem Set 2.3

2.3.P1. Show that the space (C[0, 11,||‘||co), Where |[x]|co = Supg <, < 1}x(2)|, is not an
inner product space, hence not a Hilbert space.

Definition A strictly convex norm on a normed linear space is a norm such that,
forallx,ye X, xl=hll=Ly#x=|x+y <2

2.3.P2. (a) Show that the norm on a Hilbert space is strictly convex.
(b) Show that the norm ||-||cc on C[0, 1] is not strictly convex.
(c) Show that the norm ||-||; on C[O0, 1] is not strictly convex.
2.3.P3. Let H be the collection of all absolutely continuous functions x[0,1] = F
such that x(0) = 0 and x' € L*[0, 1]. If (x,y) fo y'(t)de for x, y € H,
show that H is a Hilbert space.
2.3.P4. Let H be a Hilbert space over R. Show that there is a Hilbert space K over
C and a map U:H — K such that (i) U is linear (ii) (Ux;, Ux,) = (x1, x,) for
all x;, x, € H, (iii) for any z € K, there are unique x;, x, € H such that
z = Ux; + iUx,.
2.3.P5. (a) Suppose x and y are vectors in a normed space such that ||x]| = ||y|- If
there exists # € (0,1) such that ||tx + (1 — 9)y|| < ||x]|, then show that this
strict inequality holds for all z € (0, 1).
(b) Letx and y belong to a real or complex strictly convex normed space.
If |lx + y|| = |x]| + |yl and x # O # y, show that there exists o > O such
that y = owx.
2.3.P6. The set of all vectors x = {n,,},>1 withn,| < %, n=1,2, ... in real s
called the Hilbert cube. Show that this set is compact in € .
23.P7. Let a = {a,},>1 be a sequence of positive real numbers. Define
= {x = (x1, xp, ...): x; € C and Zﬁlai|x,-\2<oo}. Define an inner
product on #2 by (x,y) = >, a;x;y;. Show that ¢2 is a Hilbert space.
2.3.P8. For a real number s, we define on Z a measure i, by setting

w({n}) = (142, nez

Put H* = L?(y,). Prove that for r < s, we have H*CH'".
2.3.P9. (a) Find a sequence a of positive real numbers such that (1, 1122, 1/3%, ..)
¢ (2 [see Problem 2.3.P7].
(b) Find a sequence a of positive real numbers such that all x = {x,},,>
with |x,| = n" are in £2 .
2.3.P10. Let M be a closed subspace of a Hilbert space H, and lety € H,y ¢ M. If
M' is the subspace spanned by M and y, then M’ is closed. In particular, a
finite-dimensional subspace must be closed.
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2.4 The Space L> (X, M, p)

A class of spaces associated with LP(X , M, p) for all p, 0 < p < 00 [see Definition
1.3.5] is important in analysis. Here we are concerned only with cases p = 1 and

p = 2. We shall see that there is a Hilbert space associated with L2(X M, .
Henceforth, the symbols 9t and p will be omitted.

Proposition 2.4.1 ZZ(X) is a vector space.

Proof Suppose that f € L2(X, M, p) and o € C. Then f is measurable and so of is

measurable; |f]” is integrable and so |af]* = |of’|f]? is integrable. Thus, af € L3(X,
M, p).

Suppose that f, g € L2(X). Then f and g are measurable and so f + g is mea-
surable. For all complex numbers o and ,

o+ BI* < 2of* +2|BJ.

The above inequality may be seen to result on applying the Cauchy—Schwarz
Inequality (Theorem 2.2.4) to the inner product ((a, B), (1,1)) in the inner product
space C2. So, for all x € X,

0 <If(x) +g(x) <2(IF ()P +1g(0)”).

The function on the right is integrable and therefore so is the measurable function
| £+ g [> This proves that f + g € L*(X). O

Definition 2.4.2 If fand g are two complex-valued measurable functions defined on
X, let us write ‘f ~ g’ if {x € X: fix) # g(x)} is a null set (a measurable set of
measure zero). One says that the functions f and g are equivalent or that f — g is a
null function.

Let AV denote the set of all null functions, that is,

N ={f:f~0}.

The relation ‘~’ is an equivalence relation on the set of all complex-valued
measurable functions defined on X. As such, it partitions the set into disjoint
equivalence classes, where a typical class, denoted by [f], is given by

[f/] = {g : g measurable onX and g ~f}

and g € [f] would be called a representative of this class.
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Note that N is a vector space of functions and N C LP(X) for all p > 0.

If fis a function in LP(X), then [ f1=f+ N is the coset containing f, as defined
towards the end of Sect. 1.1.
Definition 2.4.3 The space L*(X, M, p) is the set of all equivalence classes of
functions in Zz(X).

Thus, iff € ZZ(X), then [f] is the corresponding member of L2(X, M, w). One says
that f'is a representative of the equivalence class [ f]. The set just defined is what we

intend to make into the promised Hilbert space associated with L2(X, M, W).

Proposition 2.4.4 L*(X) is a vector space.

Proof N is a subspace of LA(X), and L*(X) is actually the quotient space L2
X, M, wy N. O

We next define an inner product on the space L2(X).
Proposition 2.4.5 Iff, g € L*(X) then fg € L'(X).

Proof Suppose f, g € L2(X). Then, f, g are measurable and so the product fg is
measurable. The functions |f|* and |g|* are integrable and it follows from the
inequality

(r@P +lgl), xex

| =

If(x)g(x)| <

that fg is also integrable. O
Now let us define (f, g) for f, g € L*(X) by

~ [rwstnw o [ rom

X

Note that if g € L*(X) then g (defined by g(x) = g( )) is also a member of L2(X 0, ),
and so by Proposition 2.4.5, (f, g) is well defined. The reader can check that (-,-) has all
the properties of an inner product except one. If (f, f) = 0, then

0= (.f) = /U‘ ) Pdu(x) /Ifldu

and therefore, f ~ 0; that is, fis a null function, but one cannot conclude that f = 0.
However, if f ~ f' and g ~ g’, then (f, g) = (f', g'). In fact,
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[ e~ [r2|- /(f—f’)§+ /f’(m)
/(f e+ 167

X

<(F—ff —F)(g.8) + (' f ) (s~ ¢ g —8) =

IN

Ol—

=0,

using the Cauchy—Schwarz Inequality 2.2.4. In view of the inequality proved

above, the integral
[ o
X

depends only on the equivalence classes [ f] and [g] of the functions.
We can now define (-,-) on L*(X, IR, w.

Definition 2.4.6 For [f], [g] € L*(X), define

= / (fg)du,
X
where f € [f] and g € [g].
In view of the remarks preceding Definition 2.4.6, (-,-) is unambiguously defined
on L*(X, M, w).

Proposition 2.4.7 The space L*(X) with inner product as in Definition 2.4.6 is an
inner product space.

Proof For [f] € LX), if ([f], [f]) = 0, then Jx |f|2dp =0 and hence [f] =0, the
zero of L*(X). The verification of the other axioms of an inner product is
straightforward. U

Remark 2.4.8 We shall adopt the usual practice and abandon the notation [ f]. The
symbol f will be used to denote both a function in L2(X) and the corresponding
equivalence class of functions in L*(X). Working mathematicians tend to ignore the
distinction between a function and its equivalence class. The correspondence
between statements about ZZ(X) and L*(X) is straightforward and gives rise to no
confusion. In the subsequent discussions, it will always be clear whether calcula-
tions are in terms of functions or equivalence classes of functions.
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Note that for f € L*(X),

— | [ rw e ~ [ 17t

Now we can prove a result which is of central importance in analysis. It is often
called the Riesz—Fischer Theorem.

Theorem 2.4.9 (Riesz—Fischer Theorem) (L*(X), (-,-)) is a Hilbert space.

1=

1A= (£.)

Proof Let {f,},>1 be a Cauchy sequence in LZ(X); that is, for € > O there exists an
integer ng such that

Ilfy —finll <€ whenever n,m>nq.

Then there exists a subsequence {f;, };~ ;, 1 < np < ---, such that

1

2
1
s — o]l = /ynm_fmyzdu <y i=12.
X

Indeed, if n; has been selected, choose n;.; > n; such that n, m > n;,; implies

[fi = fonll < 3etr -
Let

k
8k = Z \fmﬂ _f;'i‘?
i=1

and

g:ZI-fni\l _f'li"

i=1

Then by the triangle inequality (Theorem 2.2.6),

k
Z Lﬁhﬂ _ﬁli|
i=1

Hence, an application of Fatou’s Lemma (Theorem 1.3.8) to { g%} k>1 gives

llgxll =

i=1

k k
<l <Dy < rfor k=12,
i=1
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/ g = / (liminf, g7 )dp
X

X
< liminfy / grdp
X
<1

Y

that is, ||g]] < 1. In particular, g(x) < 00 a.e. Indeed, if E = {x: |g(x)| = o0} has
positive measure, then fX g(x)zdu(x) = 00, Therefore, the series

8= (furr —fo): (2.29)

i=1

converges absolutely for almost all x. Denote the sum of (2.29) by f(x) for those x at
which (2.29) converges. Put f{x) = 0 on the remaining set of measure zero. Since

f"1+ Z(ﬁhM ’h fnk7

we see that
f(x) = limf,,(x) a.e

Having determined a function f which is the pointwise limit almost everywhere of
{fu}i> 1, we have to show that fis the LAlimit of {f,},~ 1, i.e. lim,||f, — f]| =
where ||| denotes the L>-norm. Recall that

lIfi —fnll<€& whenever n,m>ny.

For m > ny, another application of Fatou’s Lemma shows that
/ If — fulPdu < limi/ oy — fnl*dp < €2, (2.30)
X X

We conclude from (2.30) that f — f,, € L*(X) and hence f € L*(X) since
f==fw) + fn Finally,

Ilf = finl] — Oasm — co.

This completes the proof that L*(X, 9, p) is a Hilbert space. O
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Remark 2.4.10 In the course of the proof, we have shown that if {f,},> is a
Cauchy sequence in L*(X) with limit f, then {f.}n>1 has a subsequence which
convergence pointwise almost everywhere to f.

The simple functions play an important role in L*(X).

Theorem 2.4.11 Let S be the collection of all measurable simple functions on X
vanishing outside subsets of finite measure. Then S is dense in L*(X).

Proof Clearly, S C L*(X). Let fe L*(X) and assume that f > 0. There exists a
sequence {s,},> of measurable simple functions such that

0<s1(x) <so(x) < -+ <f(x) and  s5,(x) = f(x)

(see 1.3.3). Since 0 < s,(x) < fix), we have s, € L?*(X) and hence s, € S. Since
|f— sa/* < f2, the Dominated Convergence Theorem 1.3.9 shows that |[f — s,|| — 0
as n — 00, Then, fis in the L>-closure of S. The general case when f is complex
follows from the above considerations. O

Theorem 2.4.12 Let X = R, I be the c-algebra of measurable subsets of R and p
be the usual Lebesgue measure on R. Then the set of all continuous functions
vanishing outside subsets of finite measure is dense in L*(X).

Proof Let E € Mt be such that p(E) < 00. Then every bounded measurable (in
particular continuous) function is square integrable on E. Consider now a nonempty
closed subset F of E and its characteristic function yr. Forn =1, 2, ..., let

1

P = T ase )

x €E,

where dist(x, F) = inf{|x — y|: y € F}. Note that each f; is continuous on E. Also,
fu(x) =1 for all x € F and f;,(x) — 0 as n — oo for all x € F. Hence, (37— f,)(x) — 0
for all x € E. Since w(E) < o and [f,(x)] < 1 for all x € E, the Dominated
Convergence Theorem shows that

/|XF —f,,|2dp — 0asn — oo.
E

In case F is empty, yr is 0 everywhere and we may carry out the above argument
with each f;, chosen to be 0 everywhere.

Now let E, be any measurable subset of R with pu(Ey) < 00. Let € > 0 be given.
Then, there exists a closed set F' C E such that u(Eo\F) < €. This follows on using
regularity of Lebesgue measure. Since

d(XE0>ﬁz> = HXEO _an
Sd(XE()?XF) +d(xF7fl’l)?
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and since

1

XE()?XF /|XE0 XF d“ = WE\F)* <

ol—
NI

it follows that
d(xg,.fu) — O0asn — oo.

We have thus proved that the characteristic functions of measurable subsets of finite
measure can be approximated in L*-norm by continuous functions which vanish
outside sets of finite measure. The proof is now completed by using Theorem 2.4.11
and the triangle inequality. U

Problem Set 2.4

2.4.P1. For which real o does the function f,(t) = *exp(—1), t > 0, belong to
L*(0,00)? What is ||f,|| when defined?
2.4.P2. (a) Show that the subspace M = {x = {x,},>1 € £* 32, Lxn =0} is
closed in .
(b) Show that the subspace M = {x() € LZ[I,OO): f 100 %x(t)dt =0} is closed
in L*[1,00).
2.4.P3. I7[0, 1], 1 < p <00, p #2,is not a Hilbert space.

2.5 A Subspace of L*(X, M, n)

The following subspace of L*(X, M, p) will play an important role in the discussion
of applications of Hilbert space tools to problems in analysis. Here X = [a, b], M is
the c-algebra of Lebesgue measurable subsets of [a, ] and p is the Lebesgue
measure.

Example 2.5.1 Let [a, b] be a closed subinterval of R. Let C[a, b] denote the space
of complex-valued continuous functions defined on [a, b] with inner product given
by

(.g) = / f(O5@)dt, f.g € Cla,b. (2.31)
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Then, Cla, b] is an inner product space (see Example 2.1.3(iv)) which is dense in
Lz[a, b]. Extend f € Lz[a, b] to R by setting f = 0 outside [a, b]. The extended
function is defined on R and is in LZ(R). There exists a continuous function
g vanishing outside a set of finite measure such that ||f — g|| < € [see
Theorem 2.4.12]. Consider the restriction of g to [a, b], to be denoted by 4. Then
the given fis such that ||f — &|| < . Moreover, Cla, b] # L*[a, b] as the following
argument shows.

If two functions differ at a point and are both continuous there, then they differ
on a neighbourhood of that point. Consequently, they cannot be equivalent. It
follows that the function

1 ifxefod)
flx)y=4¢ -1 ifxe (1]
0 ifx=1

2

is not equivalent to any continuous function. This proves the assertion that
Cla, b] # L*a, b].
Thus, Cla, b] is an inner product space which is not a Hilbert space.

Remarks 2.5.2

(1) The reader will note that if g, and g, are continuous functions on [a, b] and
g1 ~ g then g; = g,. So, if f € Lz[a, b] has a representative which is
continuous, then that representative is unique. Thus, Cla, b] — L?[a, b] is an
injection. Moreover, uniform convergence of continuous functions implies
convergence in L>-norm. The aforementioned implication stems from the
finiteness of the Lebesgue measure of [a, b] and it fails if the bounded interval
is replaced by an unbounded interval.

(i) That the inner product space Cla, b] with the inner product defined by (2.31)
above is not complete can also be seen by exhibiting a Cauchy sequence in the
space which converges to an element not lying in the space.

Let a and b be —1 and 1, respectively, and consider the sequence
0 —-1<t<0

Lty =S nt 0<r<!
1 <<l
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Observe that (m > n)

5_1 HE |
Ui Un e
1 1/m 1/n
/ oo (£) — fu(2))2dr = / (mt — nt)*dr + / (1 — nt)*dr
-1 0 1/m

—mn? (11
= (m=n) 3m3+<n m>

1 1 +n2 1 1
Y A
n2  m? 3\nd m

(m —n)*

3m2n

The right-hand side of the above equality tends to zero as n, m — ©0. Thus, the
sequence {f,},> 1 is Cauchy. We next show that f,, — fin the L*-norm, where f{(r) =0
for—1 < ¢t < Oandfir) =1 for 0 <t < 1. In fact,

1 1/n
1 1 1 1
[ 160~ f@Par= [ (@ =mlar =~k = oasn o,
|

n 3n 3n
0

The limit function is not equivalent to any continuous function for reasons similar
to those in Example 2.5.1.

Problem Set 2.5

2.5.P1. Prove that the system {1, 13, 16, ...} has a dense linear span in the space
L?[0, 1] as well as in L*[—1, 1].

2.6 The Hilbert Space A(L2)

Suppose Q C C is an arbitrary bounded domain whose boundary consists of smooth
simple closed curves.
Consider the class of all holomorphic functions fin Q for which the integral
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/ |7 dm < o0, (2.32)

Q

where dm is the two-dimensional Lebesgue measure, exists. In order to interpret the
integral as a limit of the Riemann integral, we shall need the following:

Proposition 2.6.1 Let Q be a nonempty open subset of C. Then there exists a
sequence {K,}, > of closed and bounded subsets of Q such that Q is their union.
Moreover, the sets K,, can be chosen to satisfy the following conditions:

(a) K,,g(n“o, n=1,2,...;
(b) every compact (closed and bounded) subset K of Q is contained in K,

for some n.

Proof For each positive integer n, let

SRS

K, = {ZI |zl <n and dist(z, C\Q) > }
Observe that K, is both bounded and closed and hence compact or empty.
Moreover, K,, C Q. Obviously,

1
Kng{z . |Z| <l’l+ 1 and diSt(Z, (C\Q) > n—H}gKn+10.

This proves (a).

We next show that Q = [ J)° | K,,. For, if z € Q, then there exist m; and m; such
that |z7] < m, and dist(z, C\Q) > miz Thus, z € K,, for some n. On the other hand,
K, C Q. This proves that Q = [J°, K.

In view of (a), it follows that @ = [ J;~, K,°. If K is a compact subset of Q, then
the K,,° form an open cover of K. By Definition 1.2.16, the compact set K is covered
by finitely many K,°. Consequently, K is contained in K,, for some large n. This
completes the proof. O

On letting

_ [P  zek,
(p"(z){ 8 ZZEQ\K,,’

we see that ¢, is monotonically increasing and lim,o,(z) = If(z)|2, z € Q. The
Dominated Convergence Theorem now implies

//(pndmﬂ //[f|2dmasnﬂ 00,
Q Q
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[foran- ffsrn

We now compute in terms of Taylor coefficients the integral (2.32) for
Q = {z: |z] < R} and a holomorphic function f defined in Q.
The function f can be expanded in Taylor series

00
— § :anzn7

n=0

that is,

where a, = f20)n!, n =0, 1, 2, ...

[t [
(S ) (S

R 2m o oo
:// <ZZanCl—krn+k+lei(n—k)6>drde
0 0 n=0 k=0
/R ~
0

n=0 k

dm

2n
a,,ch/ e/=K0qp 1k g
0

gt

Il
=}

where term-by-term integration is valid because the power series representation
converges uniformly on |z] < r for r < R. Then

R2n +2

R
o0
// If|2dm = /2nZ|an| P2y = nZ|an| (2.33)
n=0
Q 0

Definition 2.6.2 Let Q be a bounded domain in the complex plane. The class of all
holomorphic functions in Q for which the integral [, |/ |dm is finite is denoted by
A(Q) and is known as the Bergman space. Briefly,

A(Q) = {fis holomorphic inQand/ |f|Pdm < oo}

The integral is to be understood in the sense of lim,, ﬁ ' K If(z)|2dm(z), where {K},}
is a nondecreasing sequence of compact subsets of Q whose union is Q.
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The following inequality will be useful in proving that A(Q) is a Hilbert space.
Proposition 2.6.3 Suppose f € A(Q) and d, = dist(z, 9Q). Then

F))* < |FP*dm | /md?. (2.34)
/

Proof Let D be the disc with centre z and radius d,. Clearly,

é [ irpan= / [ rram.

It follows from the relation (2.33) above that

[ Pam = riaope? = mipore

Q

So,

r@F < ( [f irean ) /me.
Q

This completes the proof. O
The inequality |a + b|* < 2(|a* + |b|*) implies that

laf () + bg @) <2(|aP @) + bl () ) (2.35)

for any two functions f, g € A(Q); further, the identity

1 5 o I4i . 14i s
F8 =gl +al + Sl il — P - g (2.36)
holds.
Definition 2.6.4 For f, g € A(Q), we write
(.9) = [[ream (2.37)
Q

That the right side of (2.37) is finite follows from (2.35) and (2.36) above. It is
easily verified that (2.37) defines an inner product on A(€).

Theorem 2.6.5 With (f, g) defined as in (2.37), A(Q) is a Hilbert space.
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Proof We show that A(Q) is a complete inner product space. In view of (2.35),
A(Q) is closed under addition and scalar multiplication.
As usual, A(Q) with norm defined by

1

171 == { [ 1P am )
Q

becomes a normed space [see Definition 2.2.2 and Theorem 2.2.6]. It remains to
show that A(Q) is complete in this norm. Suppose {f,,},,> 1 is a Cauchy sequence in
this norm, that is,

=5l = | [[ 1= am | <o

Q

for n, p > N. For each compact set K C Q, it follows, on using Proposition 2.6.3,
that

If(2) —ﬁ](z)|2< g/nd*> (z € K),

where d = inf{d(z,0): z € K and ® € 9Q}. This means by Weierstrass’ Theorem that
on each compact subset, K C €, the sequence {f,,},,>1 converges uniformly to a
holomorphic function f:

fulz) = f(z)asn — 00 z€K C Q.

[ v=sPans [ -sPan. np=n.
Q

K

Since

it follows, on letting p — ©0, that

//vn—ffdes, n>N,
K

for each compact set K; hence,

/ {fn—f|2dm§s, n>N,

K

The last inequality implies f € A(Q) and ||f,, — f|| — 0 as n — ©0. This completes the
proof. U
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Problem Set 2.6

2.6.P1. Let Q be an arbitrary domain in C whose boundary consists of a finite
number of smooth simple closed curves and let A(Q2) be the collection of all
holomorphic functions f:QQ — C for which

//[f(z)|2dxdy same as//|f|2dm0fSect.2.6 <00
o 0

holds.

(a) Show that every f € A(Q), where Q = {z € C: 0 < ¢ < 1} has a removable
singularity at z = 0;
(b) Show that if o € Q, then {f € A(Q): fla) = 0} is closed in A(C).

2.7 Direct Sum of Hilbert Spaces

The definition of the external direct sum of vector spaces [Definition 1.1.7] is

extended to any arbitrary family of vector spaces (each vector space is over the field

R of real numbers or the field C complex numbers) beginning with any finite such

family. This procedure lays bare the intricacies involved and aids understanding.
The direct sum

H=H ©H,® - - ©®H,

of the vector spaces Hy, H,, ..., H,is the set H=H| X H, X --- X H,, in which the
addition and scalar multiplication are defined by the formula

(x17x27"'7xn)+(yl7y27"'7yn) = (X1+y1,x2+)’2a-~~7xn +)’n)>
Moty x2, .y x0) = (Axg, Axg, .oy Axy),

where (x1, x5, ..., X,.), 01, Y2, ..., Vo) are in H; X H, x ... xH, and A € R or C.
It is quite clear that H contains a subspace Y; of H, where

Y = {(x17x27"'7xn) s X = 0 for ]7é l}a

which is isomorphic to H;. It is sometimes convenient to refer to the space H; itself
as a subspace of H, and when such reference is made, it is the isomorphic space Y;
that is to be understood. The map of H into H; given by
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(xl,XZ» .. ~;xn) - (0707 .. ‘,Xivov .o )

is a projection and is sometimes called projection of H onto H;,
If H,, H,, ..., H, are Hilbert spaces, then H is the uniquely determined Hilbert
space with inner product

n

((x17x27 .. .7)6,,)7 ()’17)’27 .. -7yn)) = Z (xi>yi)i7 (238)

i=1

where (-,-); is the inner product in H;. Then the norm in a direct sum of Hilbert
spaces is given by

1
1Ocr,x2, - x| = [(OGery X2, - oy X))y (X1, %2, oy X)) |2 (2.39)

To summarise, we state the following definition:

Definition 2.7.1 For each i = 1, 2, ..., n, let H; be a Hilbert space with inner
product (-,-);. The direct sum of Hilbert spaces H, H,, ..., H, is the vector space
H=H, ® H, ® --- ® H, in which the inner product and the norm are defined by
(2.38) and (2.39).

Henceforth, the subscripts i in the notation for the inner products and the norms
will be omitted because the context will make it clear which one is intended.

Proposition 2.7.2 With notations as above, H=H, ® H, ® --- © H,, is a Hilbert
space.

Proof Tt must be shown that (2.38) defines an inner product on H and H is complete
with respect to the norm defined by (2.39). We shall check the second assertion
only.

Let {(4™, x57, ..., xf{"))}mzl be a Cauchy sequence in H, that is,
S = O — 0 as m, £ — 0. Foreach &, ™ — x> < S, ™ = xO)?

shows that {x{},, >1 is Cauchy in H;. Since H, is a Hilbert space, there exists x; in

H, such that x{"” — x; as m — ©0. Clearly, the vector (xy, xp, ..., x,,) is in H. It will
be shown that (x{"™, x5, ..., x") — (x|, X2, ..., x,,) in H. Let & > 0 be given. For

each k, there exists an integer my; such that
Hx,((m) - ka <g/y/n for m>my.
Consequently,

n

2
E Hx,im)—ka <& for m > max{my,my,...,m,}.
k=1

This completes the proof of the assertion made. O
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We next define H; © H, @ - - -, also written as % H,, for a sequence of Hilbert
i

spaces Hy, Hy, .... Let

o0
H:{{xn}n>1:xneHn, n=1,2,... and Z|xn||2<oo}.
n=1

For x = {x,},>1 and y = {y,},>1 in H, define

i (X, Yn)- (2.40)
n=1

The sum on the right is seen to be finite by using the Cauchy—Schwarz Inequality
for each H; and then for ¢*. Tt can then be verified that (+,+) is an inner product on
H and the norm relative to the inner product is || = 320, [kl 2,

With this inner product, H can be shown to be a Hilbert space.

3

Proposition 2.7.3 With notations as above, H=H, © H, @© --- EB H;is a
=1

Hilbert space.

Proof It must be shown that (2.40) defines an inner product on H and H is complete
with respect to the norm defined by

[l = (Z [ )

For x = {xn}nzl and)’ = {yn}nzl in H,

o=

D Gy < xall [yl < (Z 21 ) (leynll ) ;
n=1 n=1 n=1

n=1

using the Cauchy—Schwarz Inequality twice. Hence, the series on the right of (2.40)
converges absolutely. Consequently, (-,-) is well defined. It is a routine exercise to
show that (-,-) is an inner product on H. It remains to show that H is a complete
space. Suppose {x"},, 1= = (™, X5, .)}m>1 is a Cauchy sequence in H, that
is, ||x(’") - x(”)|| — 0 as m, n — 00, For each k, ||x(’") - x(”)||2 < E;; ||xj(~’") - xj(-”)||2
=[x — x"||?, which shows that the sequence {x{", x{’, ...} of kth components is
Cauchy. Since H, is a Hilbert space, XY — x; as n — 00 for suitable x; in Hy. It will
be shown that 3°° | [ |* < o and x™ — x, where x = {x;}> 1.

Given & > 0. Let p be an integer such that |[x"” — x"|| < & whenever m, n >
p. For any positive integer r, one has
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[ - a0 <

)

S it
k=1
provided m, n > p. Letting m — 00,
r 2
ol N
k=1
provided n > p. Since r is arbitrary,
o0
> =
k=1

provided n > p. In particular,

0 2
S [ <

k=1

2
<e (2.41)

hence, the sequence {x; — Xy «>1 belongs to H. Consequently, the sequence

o= {m— 450}

belongs to H. It follows from (2.41) that |x — x"”|| < & whenever n > p. Thus
X = x. O

Definition 2.7.4 If H,, H,, ... are Hilbert spaces, the space H in Proposition 2.7.3 is
called the direct sum of H,, H,, ...

For our next definition, a summation over an arbitrary (possibly uncountable)
indexing set is to be understood in the following sense:

Suppose S = {x,: o € A}, where A is an indexing set, is a collection of ele-
ments from a normed linear space X. {x,: o € A} is said to be summable to x € X,
written

E Xy =X Or E Xy = X,

TSN o

if for all € > 0, there exists some finite set of indices J, C A, such that for any finite
set of indices J 2 J,

E Xy — X

act

<E.




2.7 Direct Sum of Hilbert Spaces 57

Definition 2.7.5 For each o in the index set A, let H, be a Hilbert space. The direct
sum @, H, of Hilbert spaces H, is defined to be the family of all functions {x,} on

A such that for each o, x, € Hy and >, || > <oo.
Ifx,yeH, (x,y)= Zd(xw V) 1s an inner product on H, then H is a Hilbert space

1
with respect to the norm ||Jx,|| = (Zae/\ ||xu|\2)2. The proof is not included.

Permuting the index set A results in an isomorphic Hilbert space.

Let X = C"[a, b], the linear space of all scalar valued n times continuously
differentiable functions on [a, b]. For x, y in X, define

b
(x,y) = Z/XU)(I)))T(Z‘)dI.
=0

Clearly, (-,-) is an inner product on X and

b
Ix]°= (x,x) = Z/ K ()'dr, x € X.
=07

Let
H = {x € Cla, b]: ¥V is defined and absolutely continuous, x™ € L?[a, b]}.
For x, y € H, let

b
) => / X9 (1) yO (1) dr.
=0

It can be seen that (-,-) is an inner product on H and

b
olP= () = 3 / K0 )fdr, xen.
=0

Theorem 2.7.6 With notations as in the paragraph above, H is a Hilbert space and
X is dense in H.

Proof Consider the direct sum of (n + 1) copies of Lz[a, bl, ie.
@(n+ l)copiest [av b] .

Then ®(n+l)copiesL2[a, b] is seen to be a Hilbert space by Proposition 2.7.2. Let
T:H — ®,,,L*[a, b] be defined by
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Tx = (x,x(1>,x(2), .. .,x<”)>.

Observe that T is both linear and injective; moreover, it preserves inner products.
We shall next show that T(H) is a closed subspace of 69,1+1L2[a, b] and is conse-
quently a Hilbert space. This will imply that H is a Hilbert space.

Let {xz}x>1 be a Cauchy sequence in H and let

. . ) (2
Y= (o, V1,-- s yn) = lim Tx; = lim (xk,x,(( ),x,g ), .. .,x,({n)),
k—0o0 k—o0
that is, {x,(f)}kzl converges in Lz[a, bltoy;,j=0,1,2, ..., n, where x,(co) means Xx.

Now, forj =1, 2, ..., n and each ¢ € [a, b],
%“m=¢“@+/wmm (2.42)

Observe that

/‘ma—/wmm<@ a) —ﬁw (2.43)
forj=1,2,...,nand all t € [a, b]. Therefore, the sequence of continuous functions

{ K (’>( )dr} : is uniformly convergent to the continuous function f(j yi(tydr. It
k>

is also convergent as a sequence in L?[a, b]. But {xy! )}k>1 is convergent in
L?[a, b] to ¥j-1 and so by (2.42), the sequence (xY~ )(a)} x>1 of constant functions
is convergent in L? [a, b]. Therefore, the sequence {xﬁ,’ (a)} ©>11s convergent in C,
and the function on the right of (2.42) is uniformly convergent to a continuous
function. Thus, it follows that

1

Yi-1(1) = yj-1(a) + /yj(r)dr.

a

and hence, y;; is an absolutely continuous function. We have shown that y, € H.
Consequently, y = Tx, where x = y.
We next show that X is dense in H.
Let x € H. Then X € Lz[a, b] so that we can find a sequence {z,},, > in
Cla, b] such that ||z,, — x(")||2 — 0 as m — ©0. Define recursively u', u$?, ..., ul’

by the formula
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t
ud (1) = / wiV(dt+x" (@), j=1,2,...,n,

a
where uf,?) = z,,. Observe that u”” € X. We claim that
||u,(,’1> —x(”_j)|}2—> 0 as m— oo.

The result is true for j = 0. Assume that it is true for j > 0. Then

ud V(@) —xn—<f+1>(1)\ g‘

above.

u%)—xm—ﬂHz(b—aﬁ, using (2.42) and (2.43)

Hence, {uY"(1)},,~ converges uniformly to x" Y*" for ¢ € [a, b], so that
[ — ¥9*V||, — 0 as m — ©o. This completes the argument for j = 1, 2, ...,
n. Consequently, %’ — x in H. The proof is now complete. O

2.8 Orthogonal Complements

In the familiar Euclidean space, we assign a length to each vector and to each pair
of vectors an angle between them. The first notion has been made abstract in the
definition of a norm. An appropriate notion of angle and the associated notion of
orthogonality are introduced below. The introduction of the concept of orthogo-
nality depends on the definition of inner product in a pre-Hilbert space.

Recall from Definition 2.1.1 that a real vector space H equipped with an inner
product is called a real pre-Hilbert space. The angle 0 between two nonzero vectors
in a real pre-Hilbert space may be defined in a manner consistent with the properties
of an inner product by means of the relation (x, y) = ||x]| ||y||cos 8. Observe that the
Cauchy-Schwarz Inequality then says that |cos 6] < 1. This definition is not
satisfactory in a complex pre-Hilbert space, for (x, y) is in general a complex
number. Nevertheless, if the condition (x, y) = 0 is taken as the definition of
orthogonality (perpendicularity), then the concept is just as useful here as in the real
case.

Definition 2.8.1 Let H be a pre-Hilbert space. Two vectors x and y in H are said to
be orthogonal if (x, y) = 0; we write x L y.

Since (x, y) = 0 implies (y, x) = 0, we have x L y if, and only if, y L x. It is also
clear that x L 0 for every x. Also, the relation (x, x) = ||x]|* shows that 0 is the only
vector orthogonal to itself.

Definition 2.8.2 A set M of nonzero vectors in a pre-Hilbert space H is said to be
an orthogonal set if x L y whenever x and y are distinct vectors of M. A set M of
vectors in a pre-Hilbert space H is said to be orthonormal if
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(i) M is orthogonal and (i) ||x|| =1 for every x €& M.

An orthonormal set M of vectors in a pre-Hilbert space is called complete (or
maximal) orthonormal system provided it is not a proper subset of some other
orthonormal set.

Remarks 2.8.3

(1)

(i)
(iif)

If x is orthogonal to y, y,, ..., ¥,, then x is orthogonal to every linear
combination of the y;. In fact, if x L y; for all k and y = >} My, then

(x,) = (% anxkyk> = Xn:%_k(X, i) = 0.
k=1 k=1

If x Ly, then |jx + y||* = ||| + |ly|]* since [lx + y|P = x + y, x + y) =
WP + e ) + G0 + IMP = WP + AP, using (x, ) = 0 = (3 ).

An orthogonal subset M of H not containing the zero vector is linearly
independent. Indeed, if ZZZI Myve = 0, where yy, v, ..., y, are orthogonal,
then on taking the inner product of the sum on the left-hand side with y,,,, we
find that A,,, = 0.

Examples 2.8.4

(1)

(ii)

The sequence {x;};>, where x; = (0, 0, ..., 0, A;, 0, ...) and the scalar A,
occurs at the jth place, in the space ¢, of finitely nonzero sequences, is an
orthogonal sequence (a sequence whose range is an orthogonal set).

The sequence {e;};> 1, where ¢; = (0,0, ..., 0, 1, 0, ...) and 1 occurs at the jth
place is an orthonormal sequence, in the space ¢, of finitely nonzero
sequences.

Let H = C[—7, n] and let f,(x) = sin nx, n = 1, 2, ... and g,(x) = cos nx,
n=1,2,....Since

T T

/sinmxsinnxdx:O: /cos mx cos nxdx, n#m,

—T -7

it follows that {f,}, > and {g,},>1 are orthogonal sequences in C[—m, m].
In the space, the vectors

1
uy(x) = —=sinnx, n=1,2,...

NG

form an orthonormal sequence and so do the vectors
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Also, note that the vectors
Vo, V1, U1, V2, U2, . ..

form an orthonormal sequence in C[—m, mt].

Recall that (f; uy), k =1, 2, ... and (f, w), k = 1, 2, ... are called Fourier
coefficients of the function f € C[—m, n].

(ili) The sequence @, (z) = \/%z”_'m =1,2,...is orthonormal in A(D), where
D = {z € C: [¢| < 1}. In fact,

(P, Ppy) = //D%m_mdxdy

1 2n

— V:;m//riﬂrmflei(nfm)edrde
0 0

2n

v nm )/ei(n—m)ede

n(n+m
0

_{O ifn#m

1 ifn=m.

The following definition generalises the notion of Fourier coefficients to any
arbitrary infinite-dimensional pre-Hilbert space.

Definition 2.8.5 If {x,}, >, is an orthonormal sequence in a pre-Hilbert space H,
then for any x € H, (x, x,) is called the Fourier coefficient of x with respect to
{x,}n>1. The Fourier series of x with respect to {x,},>; is the series
Dot (36, %0) X,

In the Hilbert space ¢, let
e1 =(1,0,0,...),e2 = (0,1,0,...),e3 = (0,0,1,...),....

Then {e,}, > is an orthonormal sequence in Pdfx= {A)i>1€ 2%, then (x, e)=X

and x = Zjoil (x7 ej) e; is its Fourier series with respect to the orthonormal sequence

{ea}n=1. Observe that > |(x, ¢)) |2 =3 ]7»_,-|2 <00. That this result holds for
any orthonormal sequence is a consequence of the following:
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Theorem 2.8.6 (Bessel’s Inequality) Let x, x5, ..., X, be orthonormal vectors in a
pre-Hilbert space H. For every x € H,

n

X — Z (2, xx )Xz

k=1

2
n

2

= =D 10 x)l,
k=1

hence

n

=1
Proof For A, Ay, ..., A, € C,

2
n

= <Z ?\kxk, Z kkxk> = Z |7\,k‘2.
k=1 k=1

k=1

n
E hixy
=1

So,

2

n
X — E kkxk
k=1

= (x — Z kkxk,x — Z kkxk>
k=1 k=1

= 3P =D M) = Y halw) + Y Pl
k=1 k=1 k=1

= el = 10, )P+ D 1) — M
k=1 k=1

In particular, if A; = (x, xz), then

n

X — Z (o, xz )X

k=1

2
n

2 2

= = > w0
k=1

Since the left-hand side of the above equality is nonnegative, we get
- 2 2
D 1Gex) P < 1l
k=1

O

Since Bessel’s Inequality holds for each n orthonormal vectors, it yields the
following corollary:

Corollary 2.8.7 If xi, x5, ... is any orthonormal sequence of vectors, then for any x
in the pre-Hilbert space H,
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o]

D LG < [l

n=1

In particular, (x, x,) — 0 as n — 0.

Remarks 2.8.8

(i)

(i)

(iif)

As a special case of Corollary 2.8.7, we obtain the following inequality in the
pre-Hilbert space C[—n, nt]: For f € C[—m, n],

SO+ S I < / (o),
n=1 n=0 g

where u,(x) = \/Lﬁsin nx, vo(x) = ﬁ v (x) = \/Lﬁcos nx, n =1, 2, ...[see

Example 2.8.4(ii)].

Let M denote the linear manifold spanned by orthonormal vectors xy, x, ...,
X,. Then the proof of Theorem 2.8.6 shows that the distance
[l = S Axi|| is minimised if we set Ay = (x, x), k = 1, 2, ..., n; ie.
[l = 325 (x| <l = 205y e
scalars.

Thus, y = Y7, (x, xp)x; is the vector in M which provides the ‘best ap-
proximation’ to the vector x in the pre-Hilbert space H. Also note that if
n > m, then in the best approximation by the linear span of xy, x,, ..., x,, the
first m coefficients are precisely the same as required for the best approxi-
mation in the linear span of x, x5, ..., X,

We set z =x —y, where y = Y /| (x, xz) x; provides the best approximation
amongst the vectors in M, then (z, x;) = (x, x) — (v, xp) =0 fork =1, 2, ...,
n. Hence (z, y) = 0. Thus, x =y + z, where y is a linear combination of x1, x,
..., X, providing the best approximation to x and z L x;, k=1,2, ..., n,is a
decomposition of x. The decomposition is unique. Indeed, the vector in
M providing the best approximation to x € H is unique. If x = y; + z; is the
another decomposition of x, where y; provides the best approximation
amongst the vectors in M and z; L x;, k=1,2,...,n,theny+z=y, + 74
implies y — y; = z; — z, which in turn says y = y; and z = z;, since y, y; are in
M and z, z; are orthogonal to M.

|, where A, Ay, ..., A, are arbitrary

It follows from Remark 2.8.3(iii) that every orthonormal sequence in H is lin-
early independent. Conversely, given any countable linearly independent sequence
in H, we can construct an orthonormal sequence, keeping the span of the elements
at each step of construction [see Theorem 2.8.9 below] in tact.

Theorem 2.8.9 (Gram—Schmidt orthonormalisation) Let x;, x», ... be a linearly
independent sequence in an inner product space H. Define y; = x, u; = m and for

n=2,3, ...,
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Yn = Xn — (xnvul)ul - (xm MZ)”Z — = (xnvunfl)unfl
and
yﬂ
U, = .
[[nll

Then {uy, u,, ...} is an orthonormal sequence in H and for n = 1, 2,

span{uy, uz, . . ., uy p = span{x;, xz, ..., X, }.

Proof As {x,} is a linearly independent set, y; = x; # 0 and u, = ﬁ is such that
|ls|| = 1 and span{u,;} = span{x,}.

Forn > 1, assume that we have defined yy, y», ..., ¥, and uy, u,, ..., u,, as stated
above and proved that {u,, u,, ..., u,} is an orthonormal sequence satisfying
span{u,, u,, ..., u,} = span{xy, x, ..., x,,}. Define

Yn+l = Xn41 — (xn+1au1)”1 - (xn+1>u2)'42 — = ('anrl?uﬂ)un'

Since the set {xj, x», ..., X,+1} is linearly independent, x,,, does not belong to

Yn
span{xy, x», ..., X,,} = span{uy, uy, ..., u,}. Hence, y,.; # 0 and let u,,, | = H&niiH'

Then ||u,.4| = 1 and forj < n,

n
(yn+lauj) anrlau] § xn+la”k uk7uj)
k=1

:(xn+lau1 (anrl»u]

since (uy, u;) =0 for all k # j, k=1, 2, ..., n. Thus

(yn+lvuj)

=0 for j=1,2,....n
||yn+1H

(tn 1, 17) =
Hence, {uy, us, ..., u,41} is an orthonormal sequence. Moreover,

span{uy, uy, .. . Uy 1} = span{x;, Xp, ..., X, Up+1}

span{xi, Xz, ..., Xy +1}-

The argument is now complete in view of mathematical induction. U
Remarks 2.8.10

(1) The Gram—Schmidt orthonormalisation process as described above yields an
orthonormal sequence which is unique.



2.8 Orthogonal Complements 65

Let ey, ..., e, and fi, ..., f, be n-term (n > 1) orthogonal sequences of nonzero
vectors in an inner product space. Suppose they have the same linear span and so do
ey, ..., e,—1 and fi, ..., f,—1. Then the vectors e, and f; are scalar multiples of each

other, as the following argument shows.

It is sufficient to argue that f, is a scalar multiple of e,,.

Since f,, lies in the linear span of ey, ..., e,, there exist scalars A, ..., A,, such that
o = D01 < <n Mex. However, the vectors ey, ..., e,— lie in the linear span of fi, ...,
fu—1. Therefore, the sum of the first n — 1 terms in the preceding sum can be written
aS D | cpent Mk =D | cr<n Cifk Tor some scalars cy, ..., ¢,—;. Thus,

L= Y afit Men (2.44)

1<k<n-1

By the orthogonality of fi, ..., f,, for 1 < j < n — 1, we have

0= (fnyﬁ) = ( Ckfk"")‘*nen;ﬁ) = Cj(fj"»]?)"")‘*n(enaﬁ)-
1

1<k<n—

But f; lies in the linear span of ey, ..., ¢,—; and e, is orthogonal to this linear span.
Therefore, (e,, ;) = 0 and the above equality becomes ci(f}, f;) = 0. As each f; is
nonzero, it now follows that each ¢;=0 (1 < j < n — 1). Using this in (2.44), we
get f, = Me,.

If the vectors e, and f,, have the same norm, then it further follows that the scalar
A, has absolute value 1.

(i) Ifey, ey, ... and fi, f5, ... are the orthogonal sequences of nonzero vectors in
an inner product space and

span{ey,...,e,} = span{fi,....fo,} for n=1,2,..,

then e,, and f,, are scalar multiples of each other. If the vectors ¢, and f, have the
same norm, then it further follows that the scalar factor has absolute value 1.

(iii) Let Qy, Oy, ... be the sequence of polynomials obtained from the sequence of
polynomials 1, z, t2, ... (on the domain [—1, 1]) by orthonormalisation, and
let Py, Py, ... be the sequence of Legendre polynomials defined in 2.8.13
below. The first k functions in either sequence span the space of polynomials
of degree at most k — 1. It follows from what has been proved above that
each Q,, is a scalar multiple of P, and vice versa. The value of the scalar can
be obtained by comparing (a) the leading coefficients or (b) the constant
terms or (c) the integrals over [—1, 1].

(iv) The Gram—Schmidt procedure when applied to a finite sequence {x;, x5, ...,
X, } of independent vectors leads to orthonormal vectors {u,, u,, ..., u,} such
that
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span{uy, Uz, . .., ur} = span{x;, xa,...,x} for k=172,...,n

As an immediate consequence, we record the following:

Corollary 2.8.11 If H is a pre-Hilbert space of dimension n, then it has a basis of
orthonormal vectors.

Theorem 2.8.12 Every finite-dimensional pre-Hilbert space is complete and is,
therefore, a Hilbert space.

Proof By Corollary 2.8.11, there is a basis uy, uy, ..., u, of orthonormal vectors. If

x =0, Mg, then ||x]*= S1_, [M|?, using Remark 2.8.3(ii). The completeness

follows as in Example 2.3.4(i). O
The following examples illustrate the orthogonalisation procedure.

Examples 2.8.13
(i) LetH = . Forn= 1,2,..,letx,=(1,1,...,1,0,0, ...), where 1 occurs only
in the first n places. The Gram—Schmidt orthonormalisation process yields
v =(0,0,...,0,1,0,...), n=12,...,
where 1 occurs only in the nth place.

The vector y; = x; = (1, 0, 0, ...). The vector y, = M =(0,1,0,...).

[x2—(x2x)x ||
By induction, it can be shown that

yo=(0,0,...,0,1,0,...), n=12 ...,

where 1 occurs only in the nth place. The sequence of vectors {y,},>; is an
orthonormal sequence in ¢*.

The set of finite linear combinations of the sequence {y,}, > is dense in 2. Let
x = {N}is1 € /%, Given & > 0, there exists ny such that n > n, implies

D onot1<i<oo |h;|* <&. Then the vector

y=Ayi+hyr+ o+ Ayl

is such that

2 2
e=yle= D> InP<e

ny+1<i<oo

(ii) Legendre polynomials. Consider the sequence {1, 7, 7, ...} of vectors in
L*[-1, 1]. Since any nontrivial finite linear combination Z:':lakitk" is a
polynomial of degree m = maxk;, it has at most m zeros. This shows that the
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vectors {tk}kz(, are linearly independent. We next calculate the first three
orthonormal vectors by the Gram—Schmidt procedure.

Let yo(r) = xo(t) = 1, so that ||yo||*= fil ds=2and uy = y‘“—(ot‘)‘ = -1 Next,

S

1
yi(t) = x1(2) — (x1,u0)uo(t) =1 — /% %zt,

so that [lyi|*= [, Pds =2 and i (1) = 14 = | 31
Further,

so that ||y, *= fil (s*— %)2ds =% and

uy(t) = m =10 (3 — 1)/4.

We shall next prove that the general form of these orthonormal polynomials is
n+ 4 P,(r), where
1 d

—((#-1)"), n=0,1,2,.... (2.45)

Pat) = S

The reader can check by using (2.45) that Po(r) = 1, Py(®) = t and
Py(1) = P(t) = 5 (31> — 1) and consequently the first three normalised polynomials

%’ \/%t and @ (3> — 1). That the general form of these polynomials is
{ n+ %Pn(t)} will be verified below. We begin by showing that

|

/ P,(t)P,(t)dt =

-1

{0 ifn#m

2 . _ .
T ifn=m

For m # n,
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! ! 4" dam
n+m |, — - 2 n\ ~ 2 m
2 n.m./P,,(t)Pm(r)dt /dt” ((r 1))dt’” (= 1)™)dr
-1 -1
n—1 dam 1
=t (@ =) 32 (@ = 1)") -
1
dm+1 m dnfl ;
— [ G (B =) S (- 1)

-1

dm+l ” dnfl ;
:—/W((Iz—l) ) gt (2 = 1)")dr

-1

n—k
since ng (2 —=1)"),k=1,2, ..., n,is zero at t = £1. Hence, if n > m and we

continue the process of integration by parts, we obtain

' dn—m—l d2 +1
+ / W((tz - 1)”)w((f2 —1)")dr,
-1

which is equal to zero (the second factor in the integrand is identically zero).

For m = n, we have

|

_ 1\ l 2n
/Pn(t)zdt: (n(i)!)z/ (;2_1)”%((2_1)")dt

22
-1

1 (2.46)

(_l)n n
= S (2n)! / (£ — 1)"dt

-1

since

d2n
dr2n

(7 = 1)") = @n)L.

Setting ¢ = cos 0 in (2.46) and using Wallis’ formula,

/2
2"n!
: 2n+led6:
/sm 1.3...... 2nt1)
0

[which can be derived by integrating by parts repeatedly], it follows that
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1
/ P,(r)*dt 2
-1

Thus { 2”2—+an (f)}nzo is an orthonormal sequence in L*[—1, 1].

It now follows readily that the functions { 2”* Lp,(t )}n>0 are obtained from

{1, t, 7, ...} by the Gram—Schmidt orthonormahsat10n procedure since P,(f) is a
polynomial of degree n. The essential uniqueness pointed out in Remark 2.8.10(ii),
and the fact that the leading coefficients in P,(f) and in the nth polynomial obtained
via orthonormalisation are both positive lead to the result.

(iii) Hermite functions. Consider the sequence of functions {f,},, >0 on R, where
flt) = t"exp(—5). Since

1

i
/tz"exp 2)dt < /tz"dt (exp(—£) <1for0<r<1) (2.47)
0 0
and
¥ , 1 P2
n ! —
/t exp(—)dt<(n+1) /t2dt Jrl)',t> 1), (2.48)

1 1

it follows on using (2.47) and (2.48) that

/ |#* exp(— E) Pdr = / "exp(— =2 / " exp(—
—00 —00 0

is finite. Thus, each f, € L*(R). Moreover, f,’s are linearly independent, because
any nontrivial finite linear combination of functions f,, is a polynomial multiplied by
exp(— %), which is zero for no + € R and any nonzero polynomial has at most
finitely many zeros.

We next orthonormalise the functions {f;}, >0, where f,(f) = "exp(— %), and
obtain the first three orthonormal vectors.

To begin with, (fy, fo) = ffcoo exp(—tz)dt =, using a well-known formula from
advanced calculus. Thus
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2
exp(—5)
uo(1) = ——7

The next orthonormal vector is

texp(—5 _ 2y op(=5) | exp(-5)
p( ) teXP( )’ /4 Pz,
ui ([) = | rz
! eXp(— g ) (l exp(— ﬁ)’ exp(l/42)> exi(]/:?) ‘
\/-t exp(— '7) 21 exp(— %)
ml/4 = (2n1/2)1/2 .
eXP 2 ( )“O - (2‘2 exp(— %% M1>M1
Ut
||t2exp — (e o) — (2 exp(—2),u ) |
_ (412 2) exp(_ %)

(n 1/2222!)1/2
We shall next prove that the general form of these orthonormal functions is

H (1) exp(—5)

W) =——"=77>
0= 0 a2

where

H,(t) = (—1)"exp(*) exp™ (—#), (2.49)

and the superscript ‘(n)’ indicates the nth derivative of the function ¢t — exp(—tz).
The functions {H,}, > are easily seen to be polynomials and are called Hermite
polynomials. The degree of H,, is n, as shown in (2.50) below. The functions v, are
called Hermite functions.

For n =0, 1 and 2, it can be verified that
Ho(t) =1, Hi(t)=2t and H,(t) =4 —2.
We shall establish below that

H\(t) =2nH,_(t), n=1,2,... (2.50)
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In order to do so, we first prove by induction that
exp" TV (=1?) = =21 exp” (=) — 2n exp" V) (—12). (2.51)

This is true for n = 0. Assume that it is true for n = k — 1. Then
exp® ™V (—7) = gexp(/‘) (—7)
dr
d (k=1)(_ 2 (k=2)(_22
:E(_ZI exp“ V(=) = 2(k — 1) exp“ 2 (=)
= 21 exp¥(—1?) — 2exp® V(=) — 2(k — 1) exp*V (—7)
= —2rexp® (=) — 2k exp(k’l)(ftz).

This proves (2.51) for all n = 1, 2, .... Now, differentiating (2.49) and using (2.51),
we obtain

H(t) = (—l)"{Zt exp(£?) exp™ (=7) + exp(#?) (—2t exp™ (=) — 2n exp" V) (—tz))}

=(=1)""2n exp(f*) exp("’l)(—tz)
= Zanfl(l).

This establishes (2.50).
The orthogonality of the Hermite functions may be obtained from

/ Hi(1)Hy (1)e~"dt = (—1Y" / Hip (1) exp™ (—2) dr.

For n > m, repeated integration by parts, using (2.50) and the fact that exp(—*) and
all its derivatives vanish for t = =00, we obtain

oo o0

/ Hy(1)Hy (e~ di= (—1)""2m / Hyp 1 (1) exp™) (—2)dr
(1)) / Ho (1) exp ™ (—2)dt = 0.

For n = m,
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o0 o0
/ H,(1)*exp(—*)di= 2"n! / Hy(t) exp(—1*)dt

=2"nl\/m.

Thus, the functions

H, (1) exp(—5)

e 02 2.5)

va(t) =

form an orthonormal sequence.
The reader can check using (2.52) that

Vj([) :uj(t), J:071,2
The vector H,(f)exp(— %) is a linear combination of fy, ..., f,. Since the sets
{Hk(t)exp(—%): k=0, ...,n}and {fi: k=0, ..., n} are linearly independent, it
follows by Remark 2.8.10(ii) that v; = du; for all j. The ambiguity of sign can be
removed by using the following observation. The leading coefficient of each H,, is
positive in view of (2.50) and so is that of f;, exp(g).

(iv) Laguerre functions. Consider the sequence of functions {f,}, ¢ on (0,00),
where f,,(f) = "exp(— ). Since fooo rexp(—)dt = T(2n + 1), where I'(-) is the
gamma function and fgo exp(—1r)dt = 1, it follows that each f,, € LZ(O,OO).
Moreover, f,,’s are linearly independent because any nontrivial finite linear
combination of functions f,, is a polynomial multiplied by exp(— %), which is
zero for no ¢ € (0,00) and any nonzero polynomial has at most finitely many
Zeros.

We next orthonormalise the functions {f,}, ¢, where f,(r) = f"exp(—£), and
obtain the first three orthonormal vectors.

(fo.fo) = [ exp(—t)dt = 1.
/

Thus, uy(t) = exp(— %)
The next two orthonormal vectors are given as
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u (f) = texp(_%) — (l exp(— %)’
£ exp(=5) — (¢t exp(—3),

(t,up) = 1andHtexp(f—> (texp( ) )uo‘
(
(=

Mo)uo _ n .
o)t =(t— l)exp(— 2), since

w(f) = exp(—%) — (Fexp(—4),u1)ur — (Fexp(—1%),u0)uo
|2 exp(—4) — (2 exp(—4),u1)ur — (2 exp(—1), uo)uol|

— (%tz —2t+ 1) exp(— é), since
(t2 exp(f é),ul(t)> =4, (t2 exp<f %),exp(f %)) = land
Pool-D) - (Fonl-2) )~ (Fou(-2) o] -2

We shall next prove that the general form of these orthonormal functions is

vlf) = %exp(— é)L,,(t), (2.53)

where

n

L,(t) = (—1)"exp(2) % ("exp(—1)), n=0,1,2,....

Using Leibniz’s formula for higher derivatives of a product, we have

n

L,(1) = (—1)”; (—=1)"* (Z)n(n — 1) (n—k+ 1)k (2.54)
The reader can check using (2.53) that vo(t) = exp(—%) = uo(t), vi(t) = (t = Dexp
(=4 = us (1) and vy(1) = G* — 2t 4 1) exp(— %) = uo(t), where uo, u; and u, are the
orthonormalised vectors computed using the Gram—Schmidt orthonormalisation
process.

We begin by showing that

/ exp(—t)L, ()L, (t)dt =0 for n>m.
0

For m < n,
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/exp(—t)tan(t)dt = (—1)"/ " j—n(t” exp(—1))dt
0 0

by repeated integration by parts. Also,

o0

[ etz = -1 [ (5 ew)) o

Vl

- n k 1—k
g -1 —k+1)""d
l" " exp(— 3 ( ) nn—1)...(n—k+1) t

(=

= (-1y

0\8 c\g

o

O? dl‘l
_ _1\2n:n n _
7/( )7t i (" exp(—1))dt
0

:n!/ 1" exp(—1)dr = (n!)?,
0

which shows that {v,}, > is orthonormal.

The vector L,(H)exp(— %) is a linear combination of fy, ..., f,. Since the sets
{L(exp(—%): k =0, ..., n} and {fiz k = 0, ..., n} are linearly independent, it
follows by Remark 2. 8 10(i) that v; = £u; for all Jj. The ambiguity of sign can be
removed by using the following observation. The leading coefficient of each L, is
positive in view of (2.54) and so is that of f,exp(— %).

(v) Rademacher functions. Consider the sequence {r,} of functions defined on
the interval [0, 1] by

ro(t) =1, n(t) =sgn(sin2nr), k=1,2,..., t e [0,1]

This sequence was introduced by Rademacher and the r; are known as Rademacher
functions. If the interval [0, 1] is divided into 2F (k > 1) equal parts, then
ri(f) assumes on the interiors of those segments the values +1 and —1 alternately
while at the endpoints, 7(f) = 0

The reader will note that ||r,|| = (fol |r,,(t)|2dt)% =1, ie. r, € L*0, 1] and
l7aJl =1, n =0, 1, 2, .... To prove orthogonality, let n > m > 0. Let I be the open
segment which lies between some two consecutive points of subdivision of the
interval [0, 1] corresponding to the function r,,. Then, r,, has constant value +1 or
—1 on I. Furthermore, I is composed of an even number, precisely 2", of intervals
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of equal length. On half of these intervals, 7,(f) has value +1, whereas on the other
half, r,(¢) has value —1. Consequently,

/ r(0) (1)t = & / (1)t = 0.

1 I

Summing up over all such segments I/, we have

1
/rm(t)rn(t)dt =0.
0

Since the vectors of an orthonormal system in a pre-Hilbert space cannot be linearly
dependent, it follows that the Rademacher sequence {r,},>o of orthonormal
functions in L*[0, 1] is a linearly independent sequence. Moreover, the function
f(f) = cos 2mt is such that

k=1

/rn(t)f(t)dt: > (=t /f(t)dt:O,
0

since the kth term and the (2" — (k — 1))th term are equal in magnitude and opposite
in sign because cos 2nt = cos 2n(1l — 1), and consequently add up to O.

Remark The sequence {r,}, > converges for r =0, 1, 2%, 1<k<2'n=12, ...,
the points of subdivision of the interval [0, 1], and converges for no ¢ other than
these points of subdivision, for if ¢+ # 0, 1 or any of the points of subdivision,
{r.()}n>0 assumes the values +1 and —1 infinitely often. (For any ¢ that is not of
the form 2%, there exists an integer j such that 3 <I< j;—,,l, that is, jr < 2"mr <
(G + Dm: so, r,(?) is 1 if j is even and —1 if j is odd. As n increases, the parity of
J keeps changing between even and odd [see Problem 2.8.P10.]). Thus, the
sequence converges only on the set {0, 1, % 1 <k<2'n=1,2,...} of measure
zero. However, the arithmetic averages of {r,}, > converge to the zero function
almost everywhere. -

J

Lemma 2.8.14 For distinct nonnegative integers ki, ks, ..., k,,

|
/rklrkz. T, = 0.
0

Proof This is left as Problem 2.8.P11. O
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Theorem 2.8.15 Let {r,},>1 be the Rademacher functions. Then the sequence
{(C i_1 mIn}, =1 of arithmetic means converges to zero almost everywhere with
respect to the Lebesgue measure on [0, 1].

Proof Setf, = [(ZZ:1 rk)/n]4, n=1,2,.... Observe that each f, belongs to Ll[O, 1].
Indeed, |f,| < [h_, |r/n]* = 1 and fO‘ fu(ndr < 1. Next, on using r = 1,
k=1, 2, ... (except at the finitely many points of subdivision), we have

59

k=1

2

n

n

= g r,%+2 g Tk
k=1 kym=1
k<m

n
=|n+2 Z TcFm

k.m=1
k<m

n n n

=n+dn Y rrm 4| Do || D] rerm

km=1 ij=1 k,m=1
k<m i<j k<m

n n

=n?44n Z rirm +4 i r,%rfq+4 ib’f Z ik +2 i Til Tk m
=

k,ym=1 k,m=1 1 kym=1 k,m=1
k<m k<m k<m ij=1
km#i k<m

i.j.k,mdist
n

=n*+4n Z rerm +4((n— 1)+ —2)+ -~~+2+1)+82 Z FiFm

km=1 j=1 km=1

k<
e il
n
+8 E TiliFklm
k.m=1
ij=1
k<m
<j
ij.kmdist

n n n n
=’ +2n(n—1)+4n > rrm+8>. Y rrwm+8 X ririrdm.
k,m=1 j=1 km=1 k,m=1
k<m k<m ij=1
k,m#j k<m
i<j
ijk.mdist

(2.55)
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Dividing both sides of (2.55) by n*, integrating and using Lemma 2.8.14, we obtain

/fndtf— M<%.

n

Consequently,

n=1

. 1
> 0/f,,dt<oo.

By Corollary 1.3.7 and Remark 1.3.13, it follows that the sequence {f,},~ con-
verges to zero almost everywhere; that is, the sequence {(Zzzlrk)/n},,zl of
arithmetic averages converges to zero almost everywhere with respect to Lebesgue
measure. This completes the proof. O

Problem Set 2.8

2.8.P1.
2.8.P2.

2.8.P3.

2.8.P4.

2.8.P5.

2.8.P6.

2.8.P7.

Using Bessel’s Inequality, obtain the Cauchy—Schwarz Inequality.

Give an example to show that strict inequality can hold in the Corollary
2.8.7 to Bessel’s Inequality.

Let {ex}r>1 be any orthonormal sequence in an inner product space
X. Show that for any x, y € X,

o0

| (6, ex) (v, e) | < [l 1 ]]-

n=1

Let {ex}r>1 be any orthonormal sequence in a Hilbert space H and let
M = span{e;}. Show that for any x € H, we have x € M if, and only if,
x can be represented by

o0
X = Z (x, ex)ex
=1

Let fix) be a differentiable 2n-periodic function on [—r, ©t] with derivative
fx) € L2[—Tc, n]. Let f,, n € Z, be the Fourier coefficients of f{x) in the
system {e™/\/2n},_,. Prove that >° _|f,| < co.

Show that the system {1, 2,1t ) s complete in the space L7[0, 1]. Tt is
not complete in L*[—1, 1].

Find a nonzero vector in C> orthogonal to (1, 1, 1) and (1, o, ©%), where
o = exp(2mi/3).
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2.8.P8. Let o € C be such that || # 1. Find the Fourier coefficients of f € RL?,
where flz) = (z — &) ', with respect to the orthonormal sequence

o .
{ej}jzfoc’ e/(Z) = Z]

2.8.P9. If the series @ +3°°° (Jax* + |baf*) converges, show that there exists a
function f € L2[0, 27] having the ay, by as its Fourier coefficients, i.e. the

equations
| 2n | 2n | 2n
—/f ax :—/f(t) cos krdt, by :—/f(t) sin kzdr,
T T T
0 0 0
=1,2,.

) )

are valid. This function is uniquely defined up to a set of measure zero;
i.e. if there are two such functions, they differ only on a set of measure
Zero.

2.8.P10. Show that for any 7 € [0, 1] that is not of the form £ 2 (i.. tis not a ‘dyadic
rational’) for any mtegers k and n, the parity of the (obviously unique)
integer j such that ’ <t< - keeps changing between even and odd as
n increases.

2.8.P11. Prove Lemma 2.8.14: for distinct nonnegative integers ki, kp, ..., ky,
fol Tig Ty o o Tk, = 0.

2.8.P12. Show that completeness of the orthonormal set of Hermite functions in
L*(—00,00) is equivalent to that of the orthonormal set of Laguerre
functions in LZ(O,OO).

2.8.P13. Let X be a complex inner product space of dimension n. Show that X is
isometrically isomorphic to C" and is hence complete.

2.9 Complete Orthonormal Sets

Recall that a set M of vectors in a pre-Hilbert space is said to be orthogonal if
x L y whenever x and y are distinct vectors of M [Definition 2.8.1]. The orthogonal
set M is said to be orthonormal if, in addition, ||x|| = 1 for every vector x in M.

An orthonormal set is said to be complete if it is a maximal orthonormal set
[Definition 2.8.2]. We shall show that there are complete orthonormal sets in any
nontrivial inner product space and discuss a few of the many important examples.
One also speaks of complete orthogonal sets, which are defined analogously. The
classical result of Riesz—Fischer and Parseval will be proved. These will lead to the
identification of all infinite-dimensional Hilbert spaces.

We begin by showing that a nontrivial inner product space H (H # {0}) contains
a complete orthonormal set.
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Theorem 2.9.1 Let H be an inner product space over F and let H # {0}. Then H
contains a complete orthonormal set.

Proof Let S denote the collection of all orthonormal sets in X. Since, for any
nonzero vector x, the set {m} is an orthonormal set; it follows that § # . The

collection § is partially ordered by inclusion. We wish to show that every totally
ordered subset of S has an upper bound in S. It will then follow by Zorn’s Lemma
that S has a maximal element, namely a complete orthonormal set.

Let T = {A,}4en, Where A is an indexing set, be any totally ordered subset of
S. Then the set Ua A, is an upper bound for T; indeed, Ag C Ua A, for each . We
next show that | J, A, is orthonormal. Let x and y be any two distinct elements of
U, Ay so that x € Ag and y € A, for some B and v in the indexing set A. Since T is
totally ordered, either Ag C A, or A, C Ag. Supposing Ag C A,, it follows that x, y €
A,. So x L yand ||x]| = [[yl| = 1. Thus, |J, A, is seen to be orthonormal.

By Zorn’s Lemma [Sect. 1.3], S has a maximal element. This completes the
proof. O

A slight modification of the proof of Theorem 2.9.1 yields the following
corollary.

Corollary 2.9.2 Let H be an inner product space over F. If E C H is an
orthonormal set, then there exists a complete orthonormal set S such that E C S.

The next result contains an alternate description of complete orthonormal sets.

Theorem 2.9.3 Let H be an inner product space over . Suppose that S C H is an
orthonormal set. Then the following are equivalent:

(a) S is a complete orthonormal set;
(b) If x € H is such that x L S, then x = 0.

Proof Suppose S is a complete orthonormal set. If x € H is such that x L S, and
x # 0, then § U {HXTH} is an orthonormal set that properly contains S, contradicting

the fact that S is a complete orthonormal set.

On the other hand, suppose x L S implies x = 0. If S were not a complete
orthonormal set, there would exist some orthonormal set 7 C H such that T properly
contains S. Hence, if x € T\S then ||x]| = 1 and x L S. This contradicts the
assumption that x L § implies x = 0.

Therefore, the orthonormal set S is complete. (]

So far we have considered examples of countable orthonormal sets in pre-Hilbert
spaces. If a Hilbert space contains a countable complete orthonormal set, then it is
said to be separable. This definition of separability is equivalent to Definition
1.2.10 as the next theorem shows.

Let S be a countable dense set in a Hilbert space H # {0}. By progressively
reducing S, if necessary, it can be turned into a linearly independent set. The Gram—
Schmidt orthonormalisation process applied to the linearly independent set renders
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it into an orthonormal set. This orthonormal set is in fact complete. More precisely,
we have the following theorem.

Theorem 2.9.4 Let H # {0} be a Hilbert space that contains a countable dense
subset S. Then H contains a countable complete orthonormal set that is obtained
from S by the Gram—Schmidt orthonormalisation process. Thus H is separable.
Let H # {0} contain a countable, complete orthonormal set T, then H contains a
countable dense set, namely the finite rational linear combinations of vectors in T.

Proof We assume, as we may, that O ¢ S. Enumerate the vectors in S as a sequence
{x,},>1andlety, = x,, where n; = 1. If all the x,, for n > n; are scalar multiples of
X, , then the set {x,, } is the linearly independent set obtained from S. Otherwise, let
Y2 = X, be the first x,, which is not a scalar multiple of x,,. Then for n < n,, x,, is a
scalar multiple of x,,. If all the x,, for n > n, are expressible as linear combinations
of x,, and x,,, then the set {x,,,x,,} is the linearly independent set obtained from
S. Otherwise, let y; = x,,, be the first x,, which is independent of x,,, andx;,,. Then for
n < ns, X, is a linear combination of x,, andx,,. The proof continues inductively, and
we thus obtain a finite or countably infinite linearly independent set {y;, 5, ...} C
S. Let X be the smallest linear subspace of H containing {yy, y,, ...}. It is clear that
§ C X since if x; € S then x; is a linear combination of yy, y», ..., Y&, Where k is
chosen so that n; < j < n, . This says that X is dense in H. Orthonormalise {y, y,,
...} by the Gram—Schmidt procedure to obtain the orthonormal set {u, u,, ...}. It
remains to show that the orthonormal set {u, u,, ...} is complete.

Let x € H be such that (x, uy) =0 for k=1, 2, .... Then (x, ZZZI o) = 0 for all
finite linear combinations of the u,, and so (x, y) =0 for all y € X. Let {z,},,> be a
sequence in X such that |x — z,|| — 0 as n — ©0. Then |[x]|* = (x, x) — (x, z,) = (x, x —
z) < |Wllle = zull — 0 as n — oo.

Clearly, the closure of the rational linear combinations of the vectors of 7' = {x;}
contains all possible linear combinations of 7, i.e. contains [7] and is hence the
same as [T]. Let x € H . Now, > iy (&, xp)x; € [T]. Using Bessel’s Inequality
[Theorem 2.8.6], it follows that ZE’;I (x, xp)x; converges to some y € H. In fact,
y € [T]. Suppose y # x. Then

(x = y,2) = (6,x) — (v, %) = (6, 0%) — (%) = 0.

Using the completeness of T, it follows that x — y = 0. Thus x € [T]. This
completes the proof. O

However, there are Hilbert spaces which contain non-denumerable orthonormal
sets and are, therefore, nonseparable. We give below examples of such Hilbert
spaces.

Examples 2.9.5

(i) Consider the collection X of functions on R representable in the form
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n
x(t) = Zake’?‘”
=1

for arbitrary n, real numbers A, A,, ..., A,, and complex coefficients ay, as, ...,
a,. X is a vector space, and an inner product in X is defined by

Ir =LA (2.56)
-y zm:afk
j=1 k=1
since
T
jim 5z [ era={g 20
-T

The reader will note that the summation in (2.56) is taken over all j and k for

which A; = 1. X together with the inner product defined in (2.56) is an inner

product space. This is known as the space of trigonometric polynomials on R.

Its completion H is a Hilbert space. The set {u,.(f) = e r e R} is an
uncountable orthonormal set in the Hilbert space H, where H = X, the closure
of X.

(i) Let X be a nonempty set. Consider the Hilbert space L*(X, s, w), where S
denotes the collection of all subsets of X and p is the counting measure on X;
that is, if £ € §, u(E) is equal to the number of points in E when E is finite and
is infinite if E is infinite. The space LZ(X, S, W) is denoted by éz(X).

Consider the subset of £*(X) consisting of all characteristic functions of one point
sets in X, i.e. {y): x € X}. Observe that (}(x}, %(yy) = 0 for x # y and ||y = 1.
Suppose now x # y and consider the distance between y,; and ¥ y;:

2

2
) Z‘X{x} — | =2
zeX

HX{x} ~Xpy

Thus



82 2 Inner Product Spaces

V2.

Hx{x} ~ X,

The open balls S(y,.;,1//2) with centres ¥, and radii 1/¥2 are nonoverlapping,
since no ball S(x(x},ll«/z) contains a point of the set {y,,: x € X} other than its
centre. Now suppose that X is an uncountably infinite set. We claim that the space
A(X) is nonseparable. Suppose not and let {z;} be a countable dense set in A(X).
Each of the balls S(X{x),ll«/i) will contain a point z; of the countable dense set.
Since the balls are nonoverlapping, the points contained in different balls cannot be
identical. We thus have an injective map from X into the countable dense set, which
is not possible as X is uncountable.

In view of the examples above, we consider orthonormal sets which are not
necessarily countable. We begin with the following definition that formalises the
remarks above Definition 2.7.5.

Definition 2.9.6 Suppose {x,: & € A}, where A is an indexing set, is a collection of
elements from a normed linear space X. {x,: o € A} is said to be summable to
x € X, written

g Xy =X Or E Xy = X,

aEA o

if for all € > 0, there exists some finite set of indices Jy C A, such that for any finite
set of indices J O J,

S - <e

act

This notion of summability can be easily reconciled with the usual notion of
summability of a series when A consists of the natural numbers.

Remarks 2.9.7

(i) Suppose S = {x,: o € A}, where A is an indexing set, is a collection of
elements from the normed linear space R. If 0 < x,, < 00 for each o € A, then
> oXo is the supremum of the set of all finite sums x,, +x,, + - - - + Xy, Where
oy, O, ..., o, are distinct members of A. In this situation, the sum can be
infinity, which is outside the space R. However, if it is within the space, then
the two notions of summation are identical. If x,, = 00 for some o € A, then the
sum Y X, is equal to infinity.

(i) It is easy to check that if Y x, =xand ), y, =, then

Z(xod—yu):x—&—y and kau:kx, rel.

o
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The following proposition says though we are summing over an arbitrary
indexing set, it is the sum over only a countable set of indices that matters.

Proposition 2.9.8 Let X be a Banach space over F and suppose {x; j € A} C
X. The family {x;: j € A} is summable if, and only if, for every € > 0, there exists a

finite set Jy of indices such that szef Xj|| <& whenever J is a finite set of indices

disjoint from J,.

If {x;} is summable, then the set of those indices for which x; # 0 is countable.
Proof If {x;} is a summable family with sum x, then for every € > 0, there exists a
finite set J,, such that Hx — ZjeJl xjH <¢/2 whenever J; 2 Jy and is finite. It follows
that if J N Jy = &, then

s =2 w2y

jel el Uy jelo

= < + <e.

E xj—x

2

X—EXJ‘

Jj€do

The reader will note that we have not used the completeness of X in the above
argument.
If, conversely, the condition is satisfied, then for every positive integer n, there

exists a finite set J,, such that HZJE . xjH < 1/n whenever J is a finite set of indices

and J N J, = . By replacing J, by J; U J, U -+ U J,, n=1,2, ..., we see that
there is a sequence {J,} of finite sets of indices which is increasing. If n < m, then

D 5= %

J€Im J€n

= Z Xj <1/n

€T \JIn

since (J,\J,,) N J, = . By the completeness of X, it follows that there exists x such

that szejnxjfo — 0. For ¢ > 0, there exists ny > 2/¢ such that

sze% X — xH <g/2. If J is any finite set of indices containing J,,,, then

E xj—x

jei

< ij—x + Z xj|| <e/2+1/ng<e.

SUN €T\ g

Consequently, the family {x;} is summable with sum x.

Finally we show that x; = O for all but countably many j. If j is an index which
does not belong to J; U J, U ..., then ijH < 1/n for every n. The reader will note
that we have not used the completeness of X in this argument. This completes the
proof. O
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If the sequence {x,},> in a Hilbert space is orthogonal, then ), x, con-
verges if, and only if, 3., |k,||* < ©0. More generally, the following theorem
holds.

Theorem 2.9.9 Let H be a Hilbert space and let {x;: j € A} be an orthogonal
Sfamily in H, ie. x; L x; for j # k. Then Zjeij converges if, and only fif,

Yjen Ill* < 0. Moreover, if e x;= x. then |W|[* = Yen [l
Proof If {x;} is summable, then for every positive number ¢ there exists a finite set

Jo such that sze 7 xjH <& whenever J N Jy = &, and consequently

2
Sl = [ w| <2

jet

2%

=

whenever J N J, = .

If, conversely, D iz [lxj||> < o0, then for every positive & there exists a finite set

Jo such that ., |xiI* < € (consequently 1> e x|* < &%) whenever J N Jo = &.

Summability now follows from the previous Theorem 2.9.8.
Observe that

lxll*= (x,x) = (ZXM) => (xj,ZXk> =3 > ) = (x,x)

JEA JEA keA JEA keA JEA

= > llsll”

jeA
O
The following general form of Bessel’s Inequality holds.

Theorem 2.9.10 (Bessel’s Inequality) Let S = {x,: o € A} be an orthonormal set
in an inner product space H and let x € H. Then we have

D10 x) P < 2]
aEA

Proof The inequality in Theorem 2.8.6 implies that for each finite set / C A of
indices, we have

D 1) [P < 1

act

It now follows using Remark 2.9.7 that
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>l x)f = sup{z |(x, x5)|*: JCA, innite}

acA act
< [l
O
Remark 2.9.11 The set A = {a0 € A: (x, x,) # 0} is countable. By Bessel’s

Inequality, > .4 |(x, x)*<|Ix|>. The countability now follows from
Theorem 2.9.8.

Theorem 2.9.12 Let{x,: oo € A} be an orthonormal set in a Hilbert space H.
For every x € H, the vectory =, (X, Xy)Xy exists in H and x — y L x, for every
a €A

Proof By Bessel’s Inequality 2.9.10, there is a countable set of x,, for which (x, x,)

# 0. Arrange them as a sequence xj, x,, ... Let € > 0 be given. Then

n+k 2 ntk n+k
Z (xaxi)xi = Z (xaxi)xiv Z ()C, xj)xj
i=n i=n j=n

n+kn+k

= Z Z (x, x;) (x,xj) (x,,x])
i=n j=n
n+k

= Z |(x, %) <&
i=n

for large n and any positive integer k, again using Bessel’s Inequality. It follows that
the sequence of partial sums {>°" | (x,x)x;} . is Cauchy in H, and H being a
Hilbert space, y = >_.°, (x,x;)x; exists in H and equals > _, (X, Xy)xy. Note that
the foregoing argument is valid whether F = C or R, as in the latter case
(x,x7) = (x,%;7).

It remains to show that x — y L x, for every o € A. For each n, let
Yn =Y pey (%, x¢)x¢. We first prove that (x — y,, x,) = 0 for those o for which (x, x,)
= 0 and any n. Note that x, cannot appear in the representation of y, for any
n. Therefore, (x, x,) = 0 for all £k and hence

n

(x— ynzxot) = (-x7-xot) — Z (x,xk)(xk,xa) =0.

k=1

Next we prove (x — y,, x,) = 0 for those o for which (x, x,) # 0 and sufficiently
large n. Note that x, must appear in the representation of y, for sufficiently large
n. Therefore,
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n

(x - yn?xu) = (x7x<x) - (x7xk)(xk7x0() = (X,Xo() - (x7x0€) =0
k=1

for sufficiently large n.
Now, for sufficiently large n,

| =, %) [ S [(x = 3, Xo) [+ [ (Y = 3, %)
<O+ [[yn — yll{xal]
= |ly» — ¥|| (using orthonormality of {x, : & € A})

Since ||y, — y|| — 0 as n — o0, it follows that x — y L x, for every o € A. [

We next investigate the problem of writing an arbitrary element x in a Hilbert
space H as a limit of linear combinations of elements of an orthonormal set. We
begin with a definition.

Definition 2.9.13 Let H be a Hilbert space and S = {x,: o € A} be an orthonormal
set in H. We say that S is a basis (orthonormal basis) in H if for every x € H, the
following holds:

x= Z (2, X0 )Xoy

LTSN

The following theorem provides a characterisation of a basis in a Hilbert space.

Theorem 2.9.14 If H is a Hilbert space, then S = {x,. o € A} consisting of
orthonormal vectors in H is a basis if, and only if, S is a complete orthonormal
system of vectors.

Proof Suppose S is a basis in H. Then if x € H satisfies (x, x,) =0, o € A, then the
definition of the basis gives

x= Z (2, x4)xy = 0.

TSN

Thus, S is complete by Theorem 2.9.3.
On the other hand, suppose that S is complete in H. Let B € A. Then for any
x € H, the sum ) _, (x,x4)x, exists by Theorem 2.9.12 and

< - Z (x, xfl)xmxB) = (xaxﬁ) - Z (xvx&)(xﬁ’xﬁ) = (x, xﬁ) - (xaxﬁ) =0,

aEA aEA

using the fact that S = {x,: o € A} consists of orthonormal vectors. Thus, the vector
X = en (%,X5)xy, is orthogonal to xg for every B € A. The hypothesis, together
with Theorem 2.9.3, now implies
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xX= Z (%, X )X,

aEA

i.e. S is a basis in H. O
Examples 2.9.15

(i) Thesete; =(1,0,0,...),e,=(0,1,0,0, ...), ... is a complete orthonormal
set (basis) in £*. Indeed, if x = (x}, X2,...) € £* and (x, ¢) =0, j=1,2, ..., then
x;=0,7=1,2, ... and so x = 0. Moreover, if x = (x;, x2, ...) € 7* then
x =37 (x,e;)e;, where the partial sums converge in the ¢*-norm:

130 (x, e)e; —xH2: S o1 bal? is small for large n.

(i) [Cf. Examples 2.9.5(1i)] Let X be a non-denumerable set. The set
EZ(X) = LZ(X, S, W), where § denotes the collection of all subsets of X and L is
the counting measure on X, is a nonseparable Hilbert space. The set {,;:
x € X} of characteristic functions is an uncountable orthonormal set in £*(X).
In fact, it is a complete orthonormal set. If f € Ez(X) and for x € X,
(. X)) = 0, then Y- v (V)% (v) = O, which implies fix) = 0. So fis the
identically zero function [see Theorem 2.9.3].

(iii) The Rademacher system is not complete. The function fix) = cos 2mx is
orthogonal to all the Rademacher functions [see Example 2.8.13(v)].

The following theorem provides various characterisations of complete
orthonormal sets and helps decide which orthonormal sets are complete. Some of
the characterisations have already been described.

Theorem 2.9.16 Let S = {x,: o € A} be an orthonormal set in Hilbert space H.
Each of the following conditions implies the other five:

(@) S is a complete orthonormal set in H,

(b) x L S implies x = 0;

(¢) x € Himplies x = (X,Xy)Xy; that is, S is a basis in H;

) [Jx]*= 3= |(x,x,)|? for each x € H; (Parseval’s Identity)
aEA

() forx,y € H, (x,y) = > e (%, %) (¥, Xo);

(f) [S] = H; that is, the smallest subspace of H containing S is dense in H.

The equality in (c) means that the right-hand side has only a countable number of
nonzero terms, and every rearrangement of this series converges to x [Definition
2.9.6]. The equations in (d) and (e) are to be interpreted analogously.

Of course, (d) is a special case of (e).

Proof The equivalence of (a) and (b) has been proved [Theorem 2.9.3]. So also the
equivalence of (a) and (c¢) [Theorem 2.9.14]. We shall prove that (b) = (f)
= (d) = (e) = (b).

(b) implies (f). Let M = E Since [S] is a subspace, so is M. (For x, y € M, there
exist sequences {x,},>1 and {y,},>1 such that x, — x and y, — y; then
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X, + ¥y, — x+yand Ax,, — Ax, A € FF.) Suppose [S] is not dense in H. Then, M #
H so that there exists a nonzero vector x in H which is not in M. The vector y =
Y wen (4, X5)Xy exists in H and x — y L x, for every o € A [Theorem 2.9.12].
Moreover, x # y since y € M and x ¢ M and hence x — y # 0. This contradicts (b).
(f) implies (d). Suppose (f) holds. For x € H and ¢ > 0, there exists a finite set
{Xa,, Xay 5 - - -, X, } such that some linear combinations of these vectors have distance
less than ¢ from x. By Remark 2.8.8(ii), the vector z = Y1 (x, Xy, )Xy, provides the
best approximation to the vector x in the linear span of {x,,,Xs,,..., Xy, }; SO
x = 2| < & and hence |]x]| < ||zl + & which implies (||x|| —¢&)*<]|z||*=
S k)
Sy [ (x, xy,) ?. The result now follows using Bessel’s Inequality 2.9.10.
(d) implies (e). Note that (d) can be written as

(x,x) = (Z (%, X5) X Z (x, xoc)xa> .

acA acA

2<% |(x,xy,)). Since & > 0 is arbitrary, we obtain [l* <

Fix x, y € H. If (d) holds, then
(x+ Ay, x +4y) = (Z (X4 2y, o), Y (x+ ky,xa)xu>
aEA acA
for any scalar A. Hence,
7_\,()6, y) + X(y,x) =X <Z (x7 xa>xo¢7 Z (yaxu)xu> +A (Z (yyxa)xou Z (x7 xa)xa>
acA LTSN acA LTSN

(2.57)

Taking A =1 and A = i, (2.57) shows that the real and imaginary parts of (x, y) and
(P aen (4, X5)Xa, D yen (v, %4)xy) are equal. Hence

(X, y) = <Z (x, xcx)xou Z (y;xot)xcx>

acA acA
= 3 (6, 2) (%0r).
TSN

(e) implies (b). Finally, if (b) fails to be true, there exists a vector z # 0 so that (z,

xy)=0foralla € A. If x =y = z, the ||z]|* = (x, y) # 0 but (z, x,) (x4, z) = 0. Hence
(e) fails to hold. Thus, (e) implies (b) and the proof is complete. O
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To deal with completeness of orthonormal sets in the next few examples, we will
use their equivalent descriptions provided in Theorem 2.9.16.

Examples 2.9.17

(1)

(i)

In the completion H of the inner product space of trigonometric polynomials
[see Example 2.9.5(i)], the uncountable orthonormal set {u,.(f) = exp(irt):

r € R} is complete since [{u,}] =H [equivalence of (a) and (d) in
Theorem 2.9.16].

LetH= L2[—1, 1]and forn=0, 1, 2, ..., let P,, denote the Legendre polynomial
of degree n. Note that P, is obtained by applying the Gram—Schmidt
orthonormalisation process to the linearly independent vectors {1, 7, t2, L1
Moreover,

span{1,#,*,...,1"} = span{Py, Py,...,P,}. (2.58)
This is true for each n. Let x € H and € > 0. By Example 2.5.1, there exists y €

C[—1, 1] such that ||x — y|| < &. By Weierstrass’ Theorem, there is a polynomial
() such that [y(r) — Q()| < ¢ for all ¢ € [—1, 1]. Then

1
vy - 0J2= / Iy(t) — (1) Pde <262
5

Thus
[x = Oll, < lx = yll, + Iy — Qll, < (1 ++/2)e.

This shows that the set of all polynomials on [—1, 1] is dense in H.

In view of (2.58), the set {Py, Py, ...} constitutes a complete orthonormal basis
[Theorem 2.9.16(f)].

(i) Let H=L*([-m, 7], &) and for n = 0, +1, £2, ...,

u,(t) = e™, t€[-m,m.

Then {u,: n =0, £1, &2, ...} is an orthonormal set in H. Indeed,

1 [ 1 ifn=m
. i(n—m)t 3, __
(unaum)—zn/e dt—{o 1fn7ém

-7
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The orthonormal set {u,: n =0, £1, £2,...} is usually called trigonometric
system. For x € Hand n =0, 1, 2, ...,

m
1

(o, up) = oy / x()e”"dt = x(n),

-7

where x(n) is the nth Fourier coefficient of x.

We shall show that if ¥(n) = 0,n=0, £1, £2, ..., then x = 0 a.e. This will prove
that the trigonometric system is complete in L*([—, 7], ;—T’[).
Set

t

y(1) 2% / x(s)ds.

-7

Since L*([~m, n], &) C L'([~x, n], &), it is evident that y is a well-defined abso-

lutely continuous function on [—mr, «t] [see 1-5]. In particular, y € L2([—1t, ], S—T’[).
Moreover, y(—n) = 0 and y(n) = 0, using the fact that X(0) = 0 by hypothesis. Let
a be any constant. On integrating by parts, we obtain

T
/ [(t) —ale™dt =0, n=41,+2,.... (2.59)

Choose a so that (2.59) holds for n = 0 as well. Since y(f) — a is a continuous
periodic function, for € > 0, there is a trigonometric polynomial

T(l) = Z Ckeikt
such that
sup{|y(t) —a —T(t)|:1 € [-m, 7|} <¢,

using Weierstrass’ Theorem.
Now using (2.59) and the choice of a, we obtain
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[ b0 -akar= [ 60)-a) (50 -a- 1))

—T

<e / [y(¢) — aldt
—T

n 3
<e| [ bt -aPa | [ af .

which implies

iy
/ ly(t) — a|*ds < 2me?.

Thus, y(¢) is constant and x(#) = 0 almost everywhere. This completes the proof.

Remarks (a) In the above proof, we have used the fact that x € L' ([—, 7], &) and
have proved that if #(n) = 2 [*_x(t)e ™dt = 0forn =0, £1, £2, ..., then x =0
a.e.

(b) We put some of the results proved for abstract Hilbert spaces in the present
setting of L*([—m, 7], 4&L). For x € L? ([, w}, &), associate a function & defined on
Z, the set of integers. The Fourier series of x is

S .
> kn)e™ (2.60)
and its partial sums are
N .
Sy= Y ine", N=0,12,. .,
n=—N
The Parseval identity asserts
50 T
> si = [ obar, wye2(f-mnl). o)
n=—oo 2n 2n

—T

The Fourier series (2.60) converges to x in the L>-norm:
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limy [lx — Sy||,= 0. (2.62)
(¢) (The Riemann-Lebesgue Lemma) If x € L*([—n, 7], 4L), then

T

/ x()e"™dt — 0 as n— +oo.

-7

Indeed, the Parseval’s identity (2.61) gives > -~ _ |x(n) ? =

ﬁ fn |x(t)|2dt<oo. (d) The relation (2.62) leads to the question whether the
dr

Fourier series of x € L? ([—Tr,, m, E) tends to x pointwise. This is not true even for a
continuous function, as was demonstrated by du Bois-Reymond in 1876. However,
Fejér proved in 1900 that the Fourier series of a continuous function is Cesaro
summable and the sum is the function itself. For a function x € L?([—m, ], L),
Lusin’s conjecture that {Sy}y=o, where Sy =S " %(n)e™
x pointwise a.e. was proved by Carleson in 1966.

converges to

(iv) A complete orthonormal system for the space H = L*(0,00) is given by the
Laguerre functions

valt) = lexp(— 5)Ln(t), (2.63)

where

n

L,(t) = (=1)" exp(t)@(t" exp(—t)), n=0,1,2,....

In fact, {v, ()}, > o constitute an orthonormal set in H [Example 2.8.13(iv)] . In
order to show that the system (2.63) is complete in H, it will be enough to
show that if f € H and foocf(t) exp(— %)L,,(t)dt =0,n=0,1,2,...,thenf=0
a.e. Let

(1) = £(0) exp(—é), 0<t<oo.

Since f € L*(0,00) and exp(—£%) € L*(0,00), it follows that g € L'(0,00).
Indeed, by the Cauchy—Schwarz Inequality,
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7lg(t)ldt:/OQV(t)exp(—%)’dt
0 0

Each L, is a polynomial of degree n [see (2.64) of Examples 2.8.13(iv)].

Therefore, each 7" is a linear combination of Ly, ..., L,. Thus, we need only to
show that
/g Ni"dr=0, n=0,1,2,...impliesg(t) =0 a.e. (2.64)
0

Now consider

(2.65)
exp(—1x) exp(—ity)g(r)dz, Rz > 0.

We shall show that ®(z) is holomorphic in Rz > 0.

Since g € LI(O,OO) and |exp(—ity)| = 1, the integral in (2.65) exists as a Lebesgue
integral. Moreover, ®(z) is continuous in PRz > 0. Indeed, if z,, — zin Rz > 0, then g
(Hexp(—tz,) — g(t)exp(—tz). Both the sequence of functions and the limit function
are integrable and are dominated by the integrable function g(#), an application of
the Lebesgue Dominated Convergence Theorem 1.3.9 proves the assertion. If A
denotes the boundary of any closed triangle in Rz > 0, then

?{d)(z)dz = % (0/ g(1) exp(—lz)dl) dz

A A

/ gt ( }{ exp(—iz dz) dr  [Fubini’s Theorem]
A

0
= / g(t) - 0dr [Cauchy’s Theorem] = 0.
0
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It now follows by using Morera’s Theorem that ®(z) is holomorphic in Rz > 0.
On using integration by parts and induction on n, we see that

exp(—1)f"dt = (2n)! < (2"n!)*. (2.66)

We next consider the series

n=0

(o) 1 x
D o= / g(n)'dr, s> 0, (2.67)
n.
0

and show that the series converges for 0 < s < % to the function ®(s).

o0 1 o0

/g 1)¢"de S —/ exp(——)t"dt
n=0 n!

0 0

D o
<>l en,

n=0

[ -

2 g}MS

using the Cauchy—Schwarz Inequality. From (2.66), we have

<Nl Y (2s)"

n=0

And the series on the right converges for 0 < s < %
Note that exp(—st)g(r) = " (—1)"s" L g(¢)r", and

5[ Jlre

"dr < Z/ s"|g(1)|"dr

[/Oolftﬂ dt7t exp(—1t )dr (Cauchy—Schwarz)
0

< Zs”aHsz-Z”-n! (using (2.66))

n=0

I
gMS
=l

IN
(7

h\.
2| -

3
Il
o

3

- 1
= Z I F1,(25") <oco for 0<s< 3

n=0
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Then, on using Corollary 1.3.10,

(-1 L e € L1(0.00)
—0 :

n

and

O(s) = / exp(—st)g(r)dr = i/ ne'de.
0 0

n=0

On using the hypothesis, we obtain ®(s) = 0 for all s > 0. Now,

1
/tA le(~Inr)ds, s>0.
0

It may be observed that ! g(—=Inz) is in LI[O, 1], using the substitution
u = —Int. Using Proposition 1.3.11, it now follows that g(—In#) = 0 a.e. on (0,1),
which implies [see Problem 2.9.P8] that g(#) = 0 a.e. on (0,00). This completes the
proof.

(v) A complete orthonormal system for the space H = L*(—00,00) is given by the
Hermite functions

H, (1) exp (— %)

() = ————~ 2
( (2n 'n!nl/z)l/z

n=0,1,2,..., (2.68)

where

H, (1) = (=1)"exp(*) exp (=1*).
In fact, {v, ()}, > o constitute an orthonormal set in L2(—00,00) [Example 2.8.13
(ii1)]. In order to show that the system (2.68) is complete in H, it will be enough
to show that if f € L?(—00,00) and [ f(¢) exp( ) L(H)dt =0, or

equivalently, [~ f(r)exp (— %) 'dt =0, forn =0, 1, 2, ... implies f = 0

a.e. on (—00,00). The equivalence follows exactly as in (iv) above, since H,, is a
polynomial of degree n.



926 2 Inner Product Spaces

We consider the function

x 2
/f exp( 2>dt, —00 < X< 00.

This integral exists, since f € L*(—00,00), exp(— %) € [*(—00,00) and e = 1.

In fact,

/OCP wexp(-5) dr=7 reso(~5) o
/Oolf(l)|2dt% /ooexp(—t2)dtl<oo,

using the Cauchy—Schwarz Inequality.
We write

00
—nfx _ §

n=0
and observe that

% 00| n

" ——|dt
| S B rirren(-5)
—00

n=0

2
[f (2)| exp(|xt|) exp (— 2) dr

g
-~ [ voron(-5) sntapon(-5)a
[

1 =
2

If(2) exp( >dt / exp(2|xz|) exp <— t2> dif <o,

<

/ e~ )ar < [ vora-im
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and
/ exp(2|xt|)exp<—5>dt:2/exp(2xt|)exp<—§>dt
—00 0
=2 [ exp -3 + 2|x|r — 2x% ) exp(2x?)dt
0

=2 exp(2x?) /exp(—— (t—2x|) )dt<oo.
0

Using Corollary 1.3.10, it follows that

i.e.

00 ‘ t2
/ f(He ™ exp (— 5) dt=0

for all real x. It follows on using Proposition 1.3.12 that f= 0 a.e., which was to be
proved.

(vi) The set ¢,(z fz” I n=1,2,...1s an orthonormal set in H = A(D),
where D = { 7 € C: |¢] < 1} [see 2.8. 4(1ii)]. We shall show that the Parseval
formula

ZW ol = [[ FPe, rerm)

|z <1

holds, thereby establishing the completeness of {¢,(2)},>1 in
A(D) [Theorem 2.9.16].

For f € A(D), the Fourier coefficients are given by
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=00 =2 [[ oz ay
D

Since |¢|* = 7%, we have z = r’z~! and so
1 dz
=lim,_ | — — —. 2.69
Vn 1m 1\/’2% 2i / f(Z) 7 ( )
Je|=r
Now if
fl@) =a+aiz+ ---, |7 <1
is the power series expansion of f, then
1 f(z)
el = =— dz. 2.70
-1 2mi " ¢ ( )
|z|=1
From (2.69) to (2.70), we obtain
= lim—— r M,
r—1+/n
(2.71)
:\/Eanlv n:l,z,....
n
Also,
|a,, 1|
(z)Pdxdy = Z (2.72)

lzl<1

[see (2.70) above Definition 2.6.2].
From (2.71) to (2.72), it follows that Parseval’s formula holds. The argument is
therefore complete.
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Theorem 2.9.18 Any two complete orthonormal sets in a given Hilbert space H # {0}
have the same cardinal number.

Proof Let H be a Hilbert space of dimension n and A be any complete orthonormal
set in H. It consists of linearly independent vectors and therefore can have at most
n vectors in it. We shall argue that it contains precisely n vectors: by
Theorem 2.9.14, A is a basis. Since it is finite, it is a Hamel basis and must therefore
contain precisely n vectors.

LetA = {x,: o € A} and B = {yp: p € I'} be complete orthonormal sets in H. For
any x, € A, the set

B, = {yp € B: (x4,yp) # 0}

must be countable [see Remark 2.9.11]. Clearly, Ua B,, € B. We next show that
B C |J, B, Let yg € B. Suppose yg € By, for no a. Then (x,, yg) =0 for all o € A.
In other words, yg L A. Since A is complete, it follows that yg = 0, which is
impossible since ||yg|| = 1. Hence, yg € By, for some x,. Thus

B=|JB.,.
o

It follows that |B|, the cardinality of B, satisfies |B| < No|A| = |A|. Interchanging the
roles of A and B, we also have |A | < |B|. This completes the proof. O

Definition 2.9.19 Let H be a Hilbert space. If H # {0}, we define the orthogonal
dimension of H to be the unique cardinal number of a complete orthonormal set in
H. If H = {0}, we say that H has orthogonal dimension 0.

If H is finite dimensional, then the orthogonal dimension of H is the cardinal of a
Hamel basis.

Theorem 2.9.20 (Riesz—Fischer) Let {xy}yca be a complete orthonormal system in
a Hilbert space H and A) = LXA, s, W), where § denotes the collection of all
subsets of A and p is counting measure on A. Then H is isometrically isomorphic to
2(A).

Proof For x € H, let T(x) be that function on A such that
[Tx)](2) = (x,%), o €A

Then T maps H into £*(A), for 3, |(x,x4) |* <00 by Bessel’s Inequality. Also, for
x, y € H, we have

[T+ 2)](o) = (x4 3, %) = (%) + (y,%a)
= [T@)]() +[T)](2), €A,

ie. T(x + y) = T(x) + T(y). It is equally easy to show that T(ax) = aT(x) for scalar
a. Thus, T is linear. Using Theorem 2.9.16(e), we have
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(T(), T() = Y [T (@)[TH)]()

acA

= Z (%, Xo) (v, Xo.)

acA

= (x,y)

and so T preserves inner products. It remains to show that the mapping
T:H — £*(A) is onto.

Letf € (*(A). Then Y, |f(2)]> <oo. Let oy, ay, ... be those o’s for which f(or)
# 0. The condition ), If(2)]* < o0 becomes S5, |f (o)) < 0. It follows from
Theorem 2.9.9 that x = .°, f(a;)oy is in H. Since (x, x,,) = fla), 50 (x, x5,) # 0.
For a fixed p and any m > p, we have

[CEREFICHIES

(6) — 3 () (55
i=1

m

X = Zf(ai)xa,-

i=1

<

Hx“pH —0

as m — 00, Therefore, floy) = (x, xy;,) = (T(x))(oy) for all j = 1, 2, .... The equality
also holds for those o’s for which fia) = 0. This completes the proof. O

Remarks 2.9.21

(1) The following form of the above Theorem was originally proved by Riesz and
Fischer in 1907:

Let {0,} ,c z be in £3(Z), that is, > |0Ln|2 < 00o. Then, there exists a function

fin LA([—n, nl, &), such that f(n) = o, n € Z, where f(n) =5 [T f(H)e"™dt is
the nth Fourier coefficient of f with respect to the orthonormal basis {e 7™ nel).

(i) A Hilbert space is completely determined up to an isometric isomorphism by
its orthogonal dimension, i.e. by the cardinality of its complete orthonormal
basis. The space Lz([—n, ], %) is isometrically isomorphic to KZ(Z) and hence
also to /A(N).

Problem Set 2.9

29.P1. Let {e,},-, and {é,},- be orthonormal sequences in a Hilbert space
H and let M, = span(e,) and M, = span(é,). Show that M| = M, if, and
only if,
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2.9.P2

2.9.P3

2.9.P4.

2.9.P5.

2.9.P6.

2.9.P7.

2.9.P8.

00 00
€p = E Oym€m, €, = E anmem7 Olym = (ena em)-
m=1 m=1

Let H be a Hilbert space. Then show that the following hold:

(a) If H is separable, every orthonormal set in H is countable.
(b) If H contains an orthonormal sequence which is complete in H, then
H is separable.

Let A C [—m, nt] and A be measurable. Prove that

lim cos ntdt = lim /sin ntdt = 0.

n—od n—odo

A A
Let ny; < ny < n3 < -+ be positive integers and
E = {x € [-m, 7] : limg sin ngxexists}.

Prove that m(E) = 0, where m(E) denotes the Lebesgue measure of E.
Let ¢j(z) = 7, j € Z. Show that {ej};i_oo is an orthonormal sequence in

RL? (notation as in Example 2.1.3(vi)).
Let oy, o € D(0,1) = {z: |z] < 1} and o # 0. Show that the vectors

1 1

2\2 2\?2
(1= Jol?) oy (1-1P)

Q=" g ™ el =T T

constitute an orthonormal system in RH” (notation as in Example 2.1.3
(vi)).

Let {e,},>1 be an orthonormal basis in H. Show that for any orthonormal
set {fn}nzlv lf

00

Z Hen _f;le <OO?

n=1

then {f,},>1 is an orthonormal basis.

A real-valued function on an interval having a continuous nonvanishing
derivative on the interior of its domain maps a set of (Lebesgue) measure
zero into a set of measure zero. In case the domain is an open interval, in
which case the range is also an open interval and an inverse exists, the
inverse also has the same properties. [Examples of such a function on the
domain (0,00) would be exp(—x) and ]
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2.10 Orthogonal Decomposition and Riesz Representation

A result of particular interest about Hilbert space is the projection theorem, namely,
if M is any closed subspace of a Hilbert space H, then H can be decomposed into
the direct sum of M and its orthogonal complement (to be defined below). This
important geometric property is one of the main reasons that Hilbert spaces are
easier to handle than Banach spaces.

A characterisation of a bounded linear functional [see Definition 2.10.18 below]
on a Hilbert space, known as the Riesz Representation Theorem, will be studied.

P.L. Chebyshev sought the approximation of arbitrary functions by linear
combinations of given ones. He considered approximations in the spaces of con-
tinuous functions, L” spaces, etc. These have a bearing on constrained optimisation.

We deal with the approximation problem in a pre-Hilbert space X; given a set of
n linearly independent vectors {vy, v, ..., v,} and an x € X, to find a method of
computing the minimum value of

)

n
X — E CjVj
J=1

where ¢y, ¢y, ..., ¢, range over all scalars and to find the corresponding values of ¢,
¢, ..., Cp. The reader will learn that this is precisely the problem of finding the
distance of x from the linear span of {vy, vy, ..., v,}.

Recall that a set of M nonzero vectors in a pre-Hilbert space is said to be
orthogonal if x L y whenever x and y are distinct vectors of M.

Definition 2.10.1 Let X be a pre-Hilbert space and x € X. We define
xt={yeX:(xy =0}
and if S is a subset of X,
St={yeX:(x,y)=0 forall xcS}.

The symbol x L [respectively, §*1 is read as x perp [respectively, S perp]. One
writes S* for the perp of S*; thus S™+ = (SH™. The set St is called the
orthogonal complement of S.

Remarks 2.10.2

(i) Observe that x* is a subspace of X, since (x, y) =0 and (x, z) = 0 imply (x, oy +
Bz) = 0, where o, B are scalars. Also, xtis precisely the set of vectors where
the continuous function y — (x, y) is zero. Hence, x+ is a closed subspace of
X. Since
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st = ﬂxj‘,

xes

it follows that S, being the intersection of closed subspaces of X, is itself a
closed subspace of X.

(ii) st=@)"
Let y € S*. Then (x, y) = O for all x € S. Let z € S. Then there exists a
sequence {z,},>1 in S such that z, — z. The continuity of the mapping x —
(x, y) and the fact that (z,, y)=0forn=1, 2, ... imply (z, ¥) = 0. Since z € S is
arbitrary, we conclude that y € (S)™.

On the other hand, if y € (S)™, then (y, x) = 0 for all x € S. Since S C S, it follows
that (y, x) = 0 for all x € §, thatis y € st

Proposition 2.10.3 Ler S and S, be subsets of an inner product space X. Then the
Sollowing hold.

(a) St is a closed subspace of X and S N st C {0};
(b) §C st
(c) S CS, implies S~ D St

Proof

(a) In Remark 2.10.2(i), we have noted that S* is a closed subspace of X. If
xeS N Stthenx L x, that is, (x, x) = 0, which implies x = 0.

(b) Letx € S. Forany y € SL, one has (y, x) = 0, so that x L S+ and therefore
x e st

(c) If x € ST, then (x, y) =0 for all y € S;. In particular, (x, y) =0 for all y € S,
which implies x € § *.

(d) Applying (iii) to the relation S C $**, we have (S5 C §*. Also, S+ C
(Sl)Ll by (b) above. Since (SLL)L = (SL)LL, as in each case one starts with
S and perps three times, it follows that (S5 = §*. O

2 . _
Example Let S = {f € L7[0, 1]: fif) =0 ae. for 0 < 1 < %}.
Then

st = {g € L?[0,1] : g(t) = Oa.e.on B 1] }

and
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Hint: To compute SJ‘, first show that fxl g(#)dt = 0 for every x € [%,1] and then use
regularity of Lebesgue measure.

If x is a point lying outside a plane in R>, then there is a unique y in the plane
which is closer to x than any other point of the plane. This assertion, when trans-
lated in the language of Hilbert spaces, yields rich dividends via the Riesz
Representation Theorem below. The accompanying figure illustrates the situation
when the plane is a coordinate plane. However, this need not always be the case.

4

g

Definition 2.10.4 A subset K of a vector space is convex if, for all x, y € K, and all
A such that 0 < A < 1, the vector Ax + (1 — A)y belongs to K. The set of vectors
{Ax+ (1 —A)y: 0 <A < 1} is the line segment joining x and y. The convex hull of a
subset S of any vector space is the intersection of all convex subsets containing
S and is denoted by co(S) or by coS.

It is sometimes neater to work with an equivalent formulation of convexity as
follows: for all x, y € K, and all o, B > 0 such that o + = 1, the vector ox +
By belongs to K.

It is easy to see that the intersection of any family of convex sets is again convex;
in particular, any convex hull is a convex set. By using the alternative formulation
of convexity, the convex hull of any finite set of vectors {x;, x,, ..., x,,} is easily
seen to consist of precisely those vectors which can be written as » ;_; Axxx, where
0 < X < 1 foreach k and ZZ:I Ax = 1. (Induction: we start with the vectors x;,
X2, ..., X, and nonnegative Ay, Ay, ..., A, satisfying > ;_; A = 1. If Z,’(’;i M =0,
then A4 is O for k=1, ..., n—1 and A, = 1, which together imply ZZZI MeXg 18 in the
convex hull. Assume S{_| A, = B > 0. Then >0~} (At/B)x is in the convex hull
by the induction hypothesis. Consequently, S5, Ay = BY5) (Ae/B)xe + A
is in the convex hull. Conversely, the vectors that can be written in this form
obviously constitute a convex set that contains {x;, x5, ..., x,,} and therefore con-
tains the convex hull under reference.)

This description of the convex hull will now be used for arguing that it is
compact when the vector space is normed.

When n = 1, there is nothing to prove. Assume as induction hypothesis that the
convex hull of any n vectors is compact. Consider any set {xy, xp, ..., X,, x} of n + 1

»
< ~[<><
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vectors. Let {y,},>1 be a sequence in co{xi, x,, ..., X,, x}. Each y, can be written
as >y MepXk +Apx, where 0 < Ay, A, < 1foreachkand Y | hp+ A, = 1.
If there are only finitely many such p, then we can assume that 1 — 4, > 0 for every
p. It then follows that >, A,/(1 —A,) = 1, each term in the sum being non-
negative. This means z, = Y ;_, M Xk /(1 — A,) is in the convex hull of {x;, x,,
..., X,}. By the induction hypothesis, {z,} has a subsequence {z,,} converging to a
limit z € co{xy, X, ..., x,}. Now the bounded sequence {,,)} in R has a con-
vergent subsequence {2, }, whose limit we shall denote by A. Then {z,,}
converges to z and therefore Y /| Mg Xk = (1 = Apig(r)))Zp(q(ry) fOrms a
sequence converging to (I — Mz. AS y,4()) = Y Mep(a(r) Xk + Mp(g(r)X, the
subsequence {y,,y} converges to (1 — M)z + Ax, which belongs to co(co{x;, x»,

... X,} U {x}). The latter can easily be seen to be the same as co{xy, xs, ..., X, x}.
This completes the induction proof that the convex hull of any finite set of vectors is
compact.

If K is convex and x is any vector, then the convex hull co(K U {x}) is precisely
K ={ox+ Bk: o, B > 0, o+ B =1}. The convexity of K; follows from the three
computations

(@) oongx + Biky) + Plox + Poky) = (a0 + Pa)x + (aPiky + BP2k2)
= (oot + Po)x + y((aBi/Vky + (BBo/v)ky), where v = 1 — (oo + Po) if
NONZero;

(b) (aBi/y) + (BB2/y) = 1 because
afy + BBy + (o + Boa) = a(oy +By) +Bo +By) =1,

so that af}; + BP. =1 — (a0 + Bow) = v,
() ooy +Por < a+P=1when0 < oy < land0 < o, < 1.

Regarding (a), we note that y = 0 implies o,; = o, = 1 and B; = B, = 0, in which
case ol(ox + Brky) + P(oox + PBoks) = x. Once the convexity of K| is established, it is
a trivial matter to see that it is the convex hull of K.

Theorem 2.10.5 (Closest point property) Let K be a nonempty closed convex set in
a Hilbert space H. For every x € H, there is a unique point y € K which is closer to
X than any other point of K, i.e.

—y|l = inf||x — z||.
[lx = yll = inf[lx — 2]

Proof Let & = inf,cx|[x — 7]|. Since K # &, 8 < 00, therefore for each n € N, there
exists y, € K such that
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1
[lx — yul > < 8% + - (2.73)

We shall prove that {y,}, > is a Cauchy sequence in K. Consider the vectors
x — v, and x — y,,. By the Parallelogram Law [Proposition 2.2.3(c)],

6= 3) = G = )l e = ) + & = ym) P = 2 b = 3l + e = vl

11
<45?+2<—4-_>.
n

m

Rearranging the left side, we obtain

Sy, 11
mm—ymf+4H 2 y“<4§+2< m>

and hence

1 1 + Y |?
Iy,lym||2s462+2(— +—) —4fx -2
n o m 2
Since K is convex, y,, y. € K, we have y"LTym € K, and hence

o2t 20

Consequently,

1 1
[y _ymH2 §482+2<_ + _> — 45
nom

1 1
2 ( " _) |
no o m
Thus, {y,},>11s a Cauchy sequence and so converges to a limit y € H. Since K is
closed, y € K and therefore

[[x =yl = 8.
On letting n — 00 in (2.73), we obtain
[x—yl[<d

and so
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lx =] = 3.

We have proved that there is a closest point to x in K. It remains to show that it is
unique. Suppose that z € K (z # y) is such that |x — z|| = 8. Then 23 € K so that

s kL

On applying the Parallelogram Law [Proposition 2.2.3(c)] to y — x and z — x, we get

Iy =2l = 2lly = xIP + 2]}z = ¥~ ly +2 — 2|

2
g o

Hence y = z. U
Remarks 2.10.6

(1) If x € H is such that x € K, then the vector nearest to x is x itself.

(i) If K is not closed, the conclusion of Theorem 2.10.5 may not hold. In fact, in
this situation, whether K is convex or not, there always exists a point in
H having no closest approximation in K. Any point in the closure that does not
belong to K will serve the purpose.

Let H=¢*and K = {x = {Ai}r>1: M # O for only finitely many k’s and
e M =1}. K is convex. However, K is not closed In fact, the sequence
yi=(1,0,0,...), y»=(4,4,0,0,..), ..., = ( ,1,0,0,...), ... is in
K. However, the limit of the sequence {y,}, > in £?is the pointy = (0, 0, ...) of 2,
which does not belong to K. According to the preceding paragraph, the point y = (0,
0, ...) does not possess a closest point in K.

(iii)) The conclusion of Theorem 2.10.5 fails to hold if H is not a Hilbert space.
Let X = R?, the real Banach space with ||(x;, x,)|| = max{|x,|, [x|}. Consider
the closed convex set K = {(xy, x5): x; > 1}. The minimal distance of the
origin from K is attained at each of the points of the line segment {(x;, x5): x|
=1 and |x,|] < 1}. Even when the norm comes from an inner product and
H is not complete, the existence part of the conclusion of Theorem 2.10.5
may fail to hold; an example of this will be given later in (ii) of Remarks
2.10.12. The uniqueness part however holds because its proof does not use
completeness.

Corollary 2.10.7 Every nonempty closed convex set K in a Hilbert space H con-
tains a unique element of smallest norm.

Proof Take x = 0 in Theorem 2.10.5. O
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Example 2.10.8 Let K = {y = (A1, Ao, ..., A,) € C": Y77 A = 1}. K is a closed
convex subset of C". The unique vector y, € K of smallest norm is
yo=(2,1,...,1); indeed, if yo has two unequal components, then interchanging
them leads to another vector in K with smallest norm; consequently, all components
of y, are equal. The reader who is familiar with constrained optimisation can verify

the claim made above independently of the corollary.

Corollary 2.10.9 Let M be a closed subspace of a Hilbert space H. If x is a vector
in H, and if 8 = inf{||x — Z||: z € M} then there exists a unique y € M such that
& = | =l

Proof Every subspace of a vector space is convex. O

Theorem 2.10.10 Let M be a closed subspace of a Hilbert space H and x € H. If y
denotes the unique element in M for which ||x — y|| = inf{||x — z||: z € M}, thenx — y
is orthogonal to M. Conversely, if y € M is such that x — y is orthogonal to M, then
b =3Il = inf{]lx = 2||- = € M}.

Proof Consider z € M with ||z]| = 1. Then w =y + (x — y, z)z lies in M and we have

2 2
[x =yl° <[x=w|"= (x —w,x —w)
=x—-y—(x=y25x—y— (x—y,2)2)
= [lx =y’ [(x — v, 2)[*.

This shows that (x —y, z) = 0, i.e. x — y L z. Since every vector in M is a scalar
multiple of a vector in M of norm 1, it follows that x —y L M.
If z € M, then x — y is orthogonal to y — z, so that |x — z]* =[x —y +y — z |* = ||
x =P+ Iy = 2P = Il =y Thus, [l =yl = inf{|lx — 2]|: z € M). O
It may be noted that x — y is closest to x in M.

Theorem 2.10.11 (Orthogonal Decomposition Theorem) If M is a closed subspace
of a Hilbert space H, then H=M @® M* and M = M*++.

Proof Let x € H. Since M is a closed subspace of H, there exists a unique vector
¥ € M such that ||x — y|| = inf{|lx — z||: z € M}. So x — y L M by Theorem 2.10.10.
Hence, x = y + (x — y), where y € M and x — y € M*. Since M N M* = {0}, it
follows that H = M © M™.

We already know that M C Mt [Proposition 2.10.3(b)]. On the other hand, let
x €M If x=y+z where y € M and z € M, then x and y are in M+, Hence, z =
X—y€E M+t (MJ‘J‘ is a subspace of H). Since z € MJ‘, it follows that (z, z) = 0, that
is, z = 0 or x = y. This shows that M~ C M. The proof is complete. U

Remarks 2.10.12

(1) If M is a closed subspace of a Hilbert space H and x € H, then x can be
uniquely expressed as
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xX=y+z,

where y € M and z € M.

(i) The condition that H is a Hilbert space for a closed subspace to satisfy M =
M+ cannot be omitted. Let £, C ¢* be the inner product space consisting of
sequences, each of which has only finitely many nonzero terms. Let M =
{x = {M}i>1: M # O for only finitely many k’s and >~ %kk = 0}. Clearly,
M is a subspace of {,. Moreover, M is closed, as is proved below.

Let {X(")}nz 1 be a sequence in M such that X = x in 4. By the Cauchy—
Schwarz Inequality, it follows that
2)

2
o~ 1 (n) 1\ (v (n)
;%O»k—?»k ) S(;ﬁ) (;‘kk_xk

where A{" is the kth component of x,. Consequently, 7 M =0.S0,x € M.
We next show that M~ = {0}. Assume 0 # z € £, and z L M. Then there exists
k such that z = (xq, ..., x, 0, ...) and Zf;l > #0. Let p= —(k+1) 3% 1x.

j=1j
Then w = (xq, ..., X, 1, 0, ...) € M in view of the definition of . Hence, z L w, i.e.
(z. w) = 0. But (z, w) = ||2]/> It follows that z = 0, contradicting the assumption on z.

Consequently, M+ = ¢, # M.

We shall use the fact that M~ = {0} to show that the closed convex subset M of
the (incomplete) inner product space ¢, has the property that every x € ¢, that does
not lie in M fails to have a nearest element in M. In particular, it will follow that the
conclusion of Theorem 2.10.5 may fail to hold in the absence of completeness.
Suppose x € £, does not lie in M but has a closest element y € M. It follows that
x —y 1 M exactly as in the first paragraph of the proof of Theorem 2.10.10,
considering that completeness is not needed in that paragraph. Since we have
shown that M+ = {0}, we infer that x — y = 0, which is a contradiction because
y € M, whereas x ¢ M.

o0

D

k=1

2
M| =

| —

(iii) If M is any linear subspace of H, then M = M. Observe that M - Mt [see
Proposition 2.10.3(b)]. It follows that M C M+, since M is a closed
subspace of H. As M C M, it follows that (M)" CM™" using Proposition
2.10.3(c). Another application of Proposition 2.10.3(c) yields
M- C (M) = M since M is a closed subspace of H [Theorem 2.10.11].

vy fH=M®N, M C N*, then M = Nt and is therefore closed, as we now
show. Suppose x € N+ and x ¢ M. The vector x has the representation x = y +
z, where y € M and z € N. Now
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0=(x,2) = (y,2) + (2,2)

which implies z = 0. Consequently, x = y, which is a contradiction because
x¢ Mandy € M.

W) st = (SJ‘)J‘ is the smallest closed subspace of the Hilbert space H which
contains S.

(vi) Let {My};>, be a sequence of closed linear subspaces of a Hilbert space
H. There exists a smallest closed linear subspace M such that M; C M for all
k and it has the property that x L M if, and only if, x L M, for all k. To see
why, let S = {x € H: x € M for some k}. Clearly M; C S for all k. Moreover,
S is the smallest subset of H with this property. Set M = S**. If % is a closed
linear subspace such that M; C 9t for all k, then § C 9. Hence, M C I in
view of (v). The assertion that x L M if, and only if, x L M, for all k is
proved by using the following observation:

MJ_ — SJ_J_J_ — SL.

Example 2.10.13 Consider F, = {f€ L*[—1,1]:f{t)=—f(—0)} and F, = {f€ L*[-1, 1]:
A =fi=0).

The set F, is an infinite-dimensional linear subspace of L*[-1, 1]. ) = At
n=1,2, ... are in F,; they are countably many and linearly independent.] Also, F,
is an infinite-dimensional subspace of L2[—1, 1]. [F. contains the functions f{t) = ",
n=0,1,2,....]

For f € 7, and g € F,, the inner product

1

mmz/ﬂ@mm:o

-1

since the function f(#)g() is odd. Hence F, L F,, ie. F, C Fr .
For any function f € L*[—1, 1],

f@O)+f(=1)
2 7

£(6) —f(=1)

Jilt) = 5l =EEE and g = ot

Moreover, this representation is unique, so that L’[-1,11=F, ® F,. Since F, C
FL, it follows that F, = F. [See Remark 2.10.12(iv)].
The following proposition provides an alternate way of computing

5 = inf{|lx — || : 2 € M},

where x € H and M is a closed subspace of H.
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Proposition 2.10.14 If M is a closed subspace of a Hilbert space H and x € H,
then

§ =inf{|x —ul| :u € M} = max{|(x,z)| :z€ M" and |z|| =1}.
Proof Suppose x € H. Then, x has a unique representation of the form
x=y+z, yEM and ze M.
Let w € M* and |w|| = 1. Then
[(x,w)| = |y +2z,w)| = |(z,w)| < |Iz]| = ||x — y|| = 6 [Theorem 2.10.10].

Hence, sup{|(x, w): w € M, |w|| = 1} < &. The vector w =Y is in M*
[Theorem 2.10.10] and ||w| = 22!l = 1. For this w,

X — 1 1 1
(W) = (6752) =5 lex—y) =5 —yx—y) =5l == 5,
using the fact that y e Mand x — y € Mt

This completes the proof. U

Let H be a Hilbert space and M is a closed subspace of H. The Orthogonal
Decomposition Theorem 2.10.11 says that H = M @ M. Thus for each x € H, there
are unique y € M and z € M+ such that x = y + z. Note that z = x — y is the unique
vector in M* closest to x. The vector y is the projection of x on M and it follows
that z is the projection of x on M. This sets up mappings from H onto M and from
H onto M, respectively.

Theorem 2.10.15 The mapping Py:H — M defined by Py(x) =y, x € H, where y
denotes the projection of x on M. The mapping P, has the following properties:

(@) Py is linear, i.e. Py(01x1 + 0oxp) = o1 Pp(xy) + caPa(x>), where o and o, are
scalars;

(b) If x € M, then Py(x) = x. Thus, Py, is idempotent, i.e. P12\4 = Py

) Ifx e M*, then Py(x) = 0;

(d) (Pyfx), ) = [|[Py@)|* < |I* for all x € H.

Proof

(a) Letx;=y; +z,i=1,2 be the decomposition of x; relative to M. Then
Py(ouxy +0px2) = oy +0ogyy = o P(x1) + 0Py (x2)-

(b) Since x = x + 0 is the unique decomposition of x € M, it follows that Py,(x) =
x. If x € H, then Py(x) € M and, by what has just been proved, P(x) =
Pu(Pr(x)) = Pa(x). Thus P3; = Py,.

(c) Ifx € M*, then x = 0 + x is the unique decomposition of x. Thus Py,(x) = 0.
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(d) (Ppy(x), x) = (v, y + z), where x = y + z is the unique decomposition of x. Now
y L z and therefore (y, y + 2) = (v, y) = (Py(x), Py(x)) = ||PM(x)||2. Also,
1PN = 0, ) < AP + [zl = [P O

Definition 2.10.16 The map P,, is called the orthogonal projection on M.

Remarks 2.10.17

(i) The map P, is often denoted by P when it is clear from the context on which
subspace M the projection Py, is intended.
(ii) In Theorem 2.10.15(d), we have checked that

Py (x)]| <||x|| for allx € H.
Since Py (x) = x for all x € M, it follows that ||Pp,(x)|| = ||x|| and hence

supy 1 |[Pu(x)|| = 1 provided M # {0}.

We now turn to the study of ‘linear functionals’ on Hilbert spaces.

Definition 2.10.18 A linear functional on a vector space X over a field F is a
mapping f:X — F which satisfies flAx + py) = M(x) + pf(y) for all x, y € X and all
scalars A, p in F.

Definition 2.10.19 Let X be a normed linear space over F. A linear mapping f:X — F
is called a bounded linear functional on X if it maps bounded subsets of X into
bounded subsets of IF, or equivalently, if there exists a constant K such that

If ()| <Kllx|l, xeX.

The equivalence is a consequence of the linearity of the functional.

The linear functional f is said to be a continuous linear functional if for a
sequence {x,},> in X, x, — x implies f(x,) — f(x).

Let X* denote the set of all bounded linear functionals on X. Define addition and
scalar multiplication in X* as follows:

(fi +£)(x) = fi(x) +fo(x) and (o) (x) = afi (x) for fi,p €X* and o €.

It can be checked that f; + f, and of; are in X*.
Define a norm on X* by setting

Il = supysolf (O)I/[1x]| = supyy—11f (x)]-

It can be checked that ||-|| is a norm on X*. It is immediate from the definition of
the norm in X* that
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FEL<AI- 1]l

It will be proved later that X* with the norm described above is complete.

Proposition 2.10.20 A linear functional f:X — C is bounded if, and only if, it is a
continuous functional.

Proof Indeed, if f is bounded, then

If () = f ()] = If (30 — )]

<A len = x[[ — 0

as x,, — x and this implies the result in one direction.

Suppose x,, — 0. Then f(x,)) — 0. If fis not bounded, then for every n € N, there
exists x, with |x,J| = 1 and |f{x,)] > n. But in this case, |f(x,/n)] > 1, whereas
|lx/n|| — O. O

Remark The study of continuous linear functionals will be taken up in more detail
later in the book.

Proposition 2.10.21 A linear functional f defined on X is continuous at x = 0, then
it is continuous everywhere.

Proof Suppose fis continuous at x = 0. Let € > 0 be given. There exists 6 > 0 such
that ||x]| < & implies |f(x)| < €. Therefore, for every x € X, ||x — y|| < & implies
O

If(x) —fO)| = If(x —y)| <e.
Remarks 2.10.22

(i) The point x = 0 could be replaced by any other point of X.

(i) A slight modification of the argument in the proof above shows that f is
uniformly continuous. Indeed, for every pair of points x, y in X, |x — y|| < &
implies

F() =f ) = If(x =)l <e.

Thus, a linear functional is either uniformly continuous or everywhere
discontinuous.

Theorem 2.10.23 If X is a normed linear space, then X* is a Banach space.

Proof Let {f,},>1 be a Cauchy sequence of elements of X*. This means that for
any € > 0, there exists ng € N such that m,n > ng implies

I — fnll <,

that is, for any x € X,
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() = S ()] < Wfor = Sonll11] <811 (2.74)

In particular, for any x € X, {f,(x)},>1 is a Cauchy sequence of scalars. So, the
limit

limi n(x> :f(x>7 say,

must exist. The function f defined in this way is clearly linear. We next show that
fis bounded. For any j € N and an appropriate n; € N, we have

anl +J _ﬁll || < 17

which implies

Hf"lﬂH <1+ anl H

or

i) < (L [lfa, D111

On letting j — 00, we obtain

[F I < (L {1 D 1]

Thus, fis a bounded linear functional in X. We next prove that {f,,},, > | converges to
fin the norm of X*. Using (2.74) again, for x € X and n > ny, we have

limy, £y, (x) = fin ()| = 1 (5) — limyfin (x)] < €]|x]]

Hence

() —f) <ellxll,  x€X,

which implies ||f, — /]| < € forn > no. d

It is easy to write down the general linear functional on a finite-dimensional
linear space. The description of continuous linear functionals on Banach spaces
entails some efforts. However, not much effort is required to describe the contin-
uous linear functionals on Hilbert spaces. We begin with some examples of con-
tinuous linear functionals.

Examples 2.10.24

(i) Let H be a Hilbert space of finite dimension and let ey, e,, ..., ¢, be an
orthonormal basis in H. If x = > oge, 0y, 0, . . ., o, € C, be any vector in H,
then f(x) = > ouf(ex) is clearly a linear functional in H. Moreover,
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3 of(er)

k=1

f)] =

<3 fullf(eo)

1

n % n 2
< (; |0€k|2> (; If (ex) |2> [Cauchy—Schwarz Inequality]

= M|x],

1
where M = (ZZZI [/”(ek)|2)2 and ||x|| = (Zk 1 ol ) i.e. fis a bounded [con-
tinuous] linear functional.

(i) Consider the Hilbert space H = ¢ of square summable sequences of scalars.
For y= {yn}nzl in Kz, define

SHlx Z XnYn-

Observe that

o]

Z xn”yn

< ( 2>%<§; |an2>7

= [Ixlla[1v1l2»

> i

n=1

!
]

using the Cauchy—Schwarz Inequality. Thus, £, is a bounded linear functional
on £ of norm at most ||y||. For y € ¢,

HO) Z|yn| = HyHZﬂ

showing that ||f, || = [[y[]..
(iii) Consider the Hilbert space L*(X, I, p) of complex-valued measurable

functions f defined on X for which [, |f |2d i is finite. For g € L*(X, M, 1),
define

A = [ hedn, e 06,

X
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Observe that

2

/ hgdu| < / Ih2dp / 1gPdu | = 1l gl

X X X

using Cauchy—Schwarz Inequality. Thus, f, is a linear functional on LA(X, M, 1)
of norm at most ||g||. For g € L*(X, M, ),

fulg) = / ggdu = / lgPdn = |lgl2,
X

X

showing that ||f,|| = ||g]|.-

(iv) Given a Hilbert space H and a vector y € H, the function f(x) = (x, ), x € H,
is a bounded linear functional on H of norm ||y||. Indeed, f is clearly linear
and [f,(0] = |(x, )| < |WllIbll and so, [Ififl < [yl Furthermore, [£,(»)] = [MI*
and so [|fy]| = [yl

Note that (i) and (ii) are special cases of (iii) with p as counting measure, and
(iii) is a special case of (iv).

The existence of orthogonal decompositions implies that all bounded linear func-
tionals on H can be obtained in this way.

Theorem 2.10.25 (Riesz Representation Theorem) Let H be a Hilbert space over
C and let f € H*, the space of all continuous linear functionals on H. Then there
exists a unique vector y € H such that fix) = (x, y) for all x € H.

Moreover, the mapping T:H — H* defined by T(y) = f,, where f,(x) = (x, y), is
onto, conjugate linear and isometric.

If H is a Hilbert space over R, the mapping T is linear rather than conjugate
linear.

Proof Letfe H*. If f=0, choose y = 0. Then fix) = (x, y), x € H. Furthermore, y =
0 is the only such element of H since 0 = fy) = (v, y) = |y||*.

Suppose that f # 0 and let W = {x € H: fix) = 0}, known as the kernel of f and
denoted by ker(f). Clearly, W is a linear subspace of H. Moreover, W is closed, so
that W is a closed subspace of H. In fact, W is the inverse image of the closed set
{0} under the continuous linear functional f. Since f # 0, we have W # H. So, by
the Orthogonal Decomposition Theorem 2.10.11, H = W & W*. Since W+ # {0},
there exists yo € W», yo # 0. Clearly, fly) # 0 as yo € W*. Let

y= YOf(YO)/HYOHZ] For an arbitrary x € H, we can form the element x — [f{x)/f
(o)Iyo € H. Observe that
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SO =TF)/fo)lyo) =f(x) = [F(x)/f (v)lf (o) = 0.

So, x — [f(x)/f(vo)]lyo € W. Consequently,

(x = [F(x) /£ (o) ]yo, yo) = 0, i.e., (x,30) = [ (x) /f (3o)]llyoll*,

which implies fix) = (x, y).
We next show that y is unique. Assuming the contrary, we have the equation

() = (x,y")

for x € H where y' # y". But this is impossible, since the substitution x = y" — y”
yields the contradiction ||y’ —y”|| = 0. The fact that ||f|| = ||y|| was proved in
Example 2.10.24(iv).

The mapping T:H — H* defined by T(y) = f,, where f,(x) = (x, y), is conjugate
linear: T(oy + P2) = foyap, Where fo, 1 p(x) = (x, 00 + Bz) = ai(x,y) + P(x,2) =
afy(x) + Bf.(x). Thus, T (oy + Bz) = afy + Bf.

The real case is left to the reader. This completes the proof. O

Remarks 2.10.26

(i) The functionals defined on ¢* and L*(X, F, p) in Examples 2.10.24(ii) and
(iii) are the only continuous functionals on these spaces. To prove the state-
ment without the use of the theorem will need quite an effort. The linear
functionals defined in Example 2.10.24(i) are the only ones possible on that
space.

(i) The Riesz Representation Theorem has been proved for a Hilbert space. The
hypothesis that the space is complete is essential for the theorem to hold.
Consider the pre-Hilbert space £, of finitely nonzero sequences. Define

f(x):i)@, x€/ly and x={x(n)}, .
n=1

Clearly, fis linear and

>

n=1

0ol = < (i |x<n>|2>'<in—i> = M.

n=1

1
where M = (fo: 1 n%)z, using the Cauchy—Schwarz Inequality. Thus, fis a
bounded linear functional on ¢,. However, there exists no y € ¢, for which
fix) = (x, ¥). Indeed, forx=¢,=(0,0, ..., 0, 1, 0, ...), where 1 occurs in the

nth place, f(x) =1, while (x, y) = y(n), so that y(n) = 1. Consequently, y & /.
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Remark 2.10.27 In fact, every incomplete inner product space has a continuous
linear functional that cannot be represented by an element of the space. Indeed, the
linear functional defined by a vector in the completion but not in the incomplete
space is the desired linear functional.

Let Y be a subspace of a normed linear space X and f be a bounded linear
functional defined on Y. Then f can be extended to the whole of X, so that both the
functional and its extension have the same norm [Theorem 5.3.2]. Apart from the
fact that the procedure of extension is involved, the extension is not unique.
However, the existence of an extension of a continuous linear functional defined on
a subspace of a Hilbert space H to H is a direct consequence of the Riesz
Representation Theorem 2.10.25. Moreover, the extension is unique.

Theorem 2.10.28 Let H be a Hilbert space, Y a subspace of H and f a continuous
linear functional defined on Y. Then, there exists a unique F € H* such that Fly =f

and |[flly = 1Flla»

IFlly="sup [f(x)] and [[F|;= sup [F(x)]

[lxll=1 flx|=1

xeY xeH
Proof Since f'is linear and continuous, it follows that it is uniformly continuous on
Y [Remark 2.10.22(ii)]. Hence, f can be extended to Y, the closure of Y with the
preservation of norm. This is shown as follows:

Let x € Y. There exists a sequence {x,} in Y such that x, — x and, in view of the
linearity and continuity of f, lim, f{x,) exists; moreover, it is independent of the
sequence chosen. We define f(x) to be lim, f{x,). Then |f(x,)| < |If|l¥ |}x.|| and this
implies [fix)] < ||f]ly |lxl|. Consequently, the norm of the extended fis at most the
norm of the given f. The reverse inequality is trivial.

We may therefore assume without loss of generality that Y is a closed subspace
of H. The Riesz Representation Theorem 2.10.25 asserts the existence of a unique
element y € Y such that

f(x)=(x,y) forall xeY,
and
£ 1ly= lIy1l-
We now extend f to the whole of H by defining
F(x) = (x,y) forall xe€H,

ie. F(x) =0 if x € Y+ and F] |y = /. It is clear from the definition of F that
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[EN = Il = 1Al

We shall next show that any other extension of the linear functional f to the
whole space increases the norm. Indeed, if F' is any other extension of f to the
whole space, then

F'(x) = (x,2)
and
IF]| = Ilz]I-
For x € Y,
(x,) = (x,2),

sothaty —z L Y. Because y € ¥,

2 2 2
2= Myl + 1y = =l
which implies that

IE 1 = [1£1ly

where there is strict inequality if y # z. O

We note in passing that if Y is not the whole space H, then there exist extensions
of arbitrarily large norm.

Let X be a normed linear space over C. The space X* of all bounded linear
functionals on X is a Banach space. One can then consider continuous linear
functionals on X*, that is, the space (X*)* = X**, By the preceding remark, X** is
again a Banach space. The element x € X defines a continuous linear functional on
X*; that is, x determines an element t(x) of X** defined by

T(x)(x*) = x*(x), x* € X*. (2.75)
It is apparent that t(x) is linear. Also, the inequality
() ()| = e ()| < [l |1 ]|

shows that t(x) € X** and ||t(x)|| < ||x||- One learns in a course on Banach spaces
that the mapping 1 : X — X** defined by (2.75) above is an isometric isomor-
phism. The space is said to be reflexive if the mapping t defined by (2.75) above is
surjective. Not all Banach spaces are reflexive. However, all finite-dimensional
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normed linear spaces are. One of the distinguishing features of a Hilbert space is
that it is reflexive. We begin by showing that H*, the dual of a Hilbert space H, is
itself a Hilbert space.

Theorem 2.10.29 If H is a Hilbert space, then H* is a Hilbert space. Moreover,
there exists a conjugate linear map T:H — H* which is one-to-one, onto, norm
preserving and satisfies

(i) = (T2, T'2).

Proof By Theorem 2.10.23, H* is a complete normed linear space. Consider the
mapping T:H — H* defined by

T(x)(y) = (y,x), x,y€ H. (2.76)

Note that T defined on H and given by (2.76) is conjugate linear, one-to-one, norm
preserving and onto [Theorem 2.10.25]. Therefore, T~ exists.
Define an inner product on H* as follows: Given fi, f, € H*, let

(fl 7f2)H* = (T71f27 Tilfl)'

It is easy to check that this defines an inner product on H*. It is related to the norm
by (1, f)m = |Ifill . because

Fiof)ie = (T, TR) = [T A= 1A

Thus H* is a Hilbert space. O
Theorem 2.10.30 If H is a Hilbert space and H** = (H*)*, then the mapping

T:H — H**(x — t(x)), where the defining equation for ©(x) is

)(f) =f(x) feH,
is an isometric isomorphism between H and H**. Thus H is reflexive.

Proof Let T:-H — H* and S: H* — H** be the conjugate linear maps assured by
Theorem 2.10.29 (used twice). Since both are conjugate linear, one-to-one, norm
preserving and onto, we know that the composition ST:H — H** is linear,
one-to-one, norm preserving and onto, which is to say that it is an isometric iso-
morphism between H* and H**. Thus, we need only to prove that

ST(x)(f) =f(x) feH*

and set T = ST.
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By Theorem 2.10.29, we also have

T(x)(y) = %)y, xy€H, (2.77)
S@f) = (£, 8y [f.8€H", (2.78)
(f: )= (T, T ')y, f,g€H* (2.79)

We compute ST from here as follows:

ST(x)(f) = S(Tx)(f)
= (f,Tx)y. by (2.78)
= (T"Y(T%),T"'f)y by (279)

= (T )y = (T(T7) () by 277)
/).

(]
The following result is an analogue of a familiar result from metric spaces.

Theorem 2.10.31 In order that the linear span of a system M of vectors is dense in
H, it is necessary and sufficient that a continuous linear functional f € H* which
vanishes for all x € M must be identically zero.

Proof Necessity: suppose the linear span of M is dense in H, i.e. [M] = H and f €
H* vanishes for all x € M. By linearity, f vanishes on [M] and hence by continuity it
vanishes on [M], which is the same as H.

Sufficiency: suppose the linear span of M is not dense in H, i.e. [M] # H. Then
there exists y # 0 such that y L [M]. Then the linear functional f defined by
fix) = (x, y) for all x € H vanishes for all x € M but is not identically zero because

) =0,y #0. O
Problem Set 2.10

2.10.P1. Let f € RH” have the series expansion f = Z;io a;z’. Define C,(f) = a,.

Show that C,, is a continuous linear functional on RH?.

2.10.P2. Let ey(f) = 1 and e,(¢) = V32t — 1), ¢ € [0, 1], be vectors in the Hilbert
space L’[0, 1]. Show that ey L ey, ||eo|| = ||e1|| = 1. Compute the vector
y in the linear span of {ejg, e;} closest to # and also compute

. 1 2 2
n;ll)nfo ‘t —a—bt‘ dr.
2.10.P3. Let X = R%. Find M+

(a) M = {x}, where x = (§;, &) # 0;
(b) M is a linearly independent set {x;, x,} C X.

2.10.P4. For any subset M # & of a Hilbert space H, span(M) is dense in H if, and
only if, M+ = {0}.
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2.10.P5. (a) Prove that for any two subspaces M, and M, of a Hilbert space H, we
have (M, + My)" = Mi" N M3

(b) Prove that for any two closed subspaces M, and M, of a Hilbert
space H, we have

(M NMy)" = M- + M5-.

2.10.P6. (a) Let K; and K, be the nonempty, closed and convex subsets of a
Hilbert space H such that K| C K,. Prove that, for all x € H,

Iy = w2l <2(dlx, K1 —d(x. K2)°),

where y; and y, are closest points of x in K; and K,, respectively.

(b) Let {K,},>1 be an increasing sequence of nonempty closed
convex subsets in H and let K = m Prove that K is closed
and convex. Also show that lim,y, = y for all x € H, where y, is
the projection of x onto K,,, n =1, 2, ..., and y is the projection of
x onto K.

2.10.P7. Let M be a closed subspace of a Hilbert space H and xy € H. Prove that
min{|pxo — x: x € M} = max{|(xo, y)|: y € M* and ||y]| = 1}.
2.10.P8. (a) Let a be a nonzero element of a Hilbert space H. Prove that, for all x €
H’

_lx.a)l

lall

x, {a}")

(b) Let H = L*[0, 1] and let
1
F={fel?0,1]: /f
0

Determine F*. For fix) = exp(x), determine d(f, F).

2.10.P9. In the linear space C[0, 1], consider the functional F(x fo
where f is a continuous function defined on [O 1]. Show that

IF] = [y If(o)ldr.
2.10.P10. Let H be a Hilbert space and f be a nonzero continuous linear functional
on H, i.e. f € H*\{0}. Show that dim((ker(f))l) =1.
2.10.P11. Prove that if f is a linear functional on a Hilbert space H and ker(f) is
closed, then fis bounded.
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2.10.P12. Show that the subspace M = {x = {x,},>1 € T Yoy \/iﬁxn = 0} is not

a closed subspace of ¢2.

2.10.P13. Prove that the system sin nx, n = 1, 2, ..., is complete in LZ[O, .

2.10.P14. Let K be a nonempty closed convex set in a Hilbert space H. Show that
K contains a unique vector k of smallest norm and that R(k, k —x) < 0
for all x € K. Moreover, if k € K satisfies R(k, k —x) < Oforall x € K,
then k is the vector of smallest norm in K.

2.10.P15. Let y be a nonzero vector in a Hilbert space H and let

M={xeH: (x,y) =0}

What is M2

2.11 Approximation in Hilbert Spaces

Let H be a Hilbert space and vy, v,, ..., v be linearly independent vectors in
H. Suppose that x € H. In linear approximation, it is required to find a method of
computing the minimum value of the quantity

n
X — E 7\7'1/]'
J=1

)

where A, Ay, ..., A, range over all scalars and also determine those values of A, A,
..., A, for which the minimum is attained.

Let M be the closed linear space generated by linearly independent vectors vy, v,,
..., vyand x € H. By Theorem 2.10.10, there exists a unique minimising vector y €
M and x —y L M. Since y € M, we have (x —y, y) = 0.

Denote (v;, v;) = a;; and b; = (x, v). If y = Z}’:l ¢jvj is the minimising vector,
then

(x—y,v)=0 for i=12,...,n,

which, written in full, reads as

n
bi: E a;cj, i:1,2,...,l’l.
J=1
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Since the vectors {v;} are linearly independent, the matrix [a;] is nonsingular.
Consequently, the n linear equations in n unknowns cy, ¢y, ..., ¢, have a unique
solution.

Let 6 = inf{Hx — Z;:I vajH : A, A2, ..., Ay are scalars}. Then

8 = |lx —y|*= (x—y,x—y) = (x,x - ZCM) = |ldl*=> gt (2:80)

j=1 j=1

If we replace vy, v,, ..., v, by an orthonormal set u;, u,, ..., u,, then a; = 1if i =
jand 0if i # j. Hence, ¢;=b;, j =1, 2, ..., n and it follows from (2.80) that

n n
8 = [P o, = x> | (vw)
j=1 j=1

We have thus proved the following theorem.
Theorem 2.11.1 Let {uy, us, ..., u,} be an orthonormal set in H and let x €
H. Then

n

x—Z(x Uy U

k=1

X — Zkkuk

for all scalars \y, Ay, ..., A,. Equality holds if, and only if, o, = (x,u), k=1, 2, ...,
n. Moreover, > ;_, Auy is the orthogonal projection of x onto the subspace M
generated by {uy, up, ..., u,}, and if & is the distance of x from M, then

8 = = iy [

Remark 2.11.2 1f the subspace M generated by (n + 1) orthonormal vectors and it is
desired to obtain the distance of x € H from M, then

n+1

2
= [l = yI*= [l = D 10w (2.81)

k=1
where y is the orthogonal projection of x on M and is given by
n+1

(o, g )u (2.82)
k=1
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The reader will notice that the first # components in the sums on the right of (2.81)
and (2.82) remain unaltered when the dimension of the space is increased from n to
n + 1. This exhibits the importance of orthonormalising the linearly independent
vectors.

Example 2.11.3 Consider the real inner product space C[—1, 1], the inner product
(x, ¥), x, y € C[—1, 1] being defined by

1
(x,y) = [ x(r)y(r)de.
/

Consider the three linearly independent vectors 1, 7, * (the Wronskian of the vectors
1,1, £is?2 # 0) in C[—1, 1]. The Gram—Schmidt orthonormalisation process yields

up(t) = %, u(t) = \/%t, uy(t) = \/; ; (37 —1).

Let M, [respectively, M;] be the linear space generated by {ug, u,} [respectively
{uo, uy, up}]. Consider x(t) = €' in C[—1, 1]. We shall compute the distance of
x from M, and M;.

(x, u2) \f —1)e'dr = \@(ekl).

Let y, and y; be the projections of x(f) = ¢’ on the subspaces M, and M3, respec-
tively. Then

2 = (x, uo)uo+ (2, 1y )uy
1l e—e™ 1
e et CRllY

1
E(e —e N +3e s
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and

X, uo)uo + (x, uy))uy + (x, uz)un

(e—e ) +3e 1+ \/g(e - 7e_1)\/§% (37 —1)

(e—e ) +3e 1+ %(6—76_1)(31‘2 —1).

—

y3 =

l\)l>—‘l\)l>—‘

If 6, [respectively, 83] denotes the distance of x from M, [respectively, Ms], then by
Theorem 2.11.1,

2 2 2
= [|xl1" =[x, o) |"= | (x, 1)

1 e—e\?
— (2 _ 2\ _ — _f,2
@) () e
=1-7¢"
and
83 = [IxlI*= |(x, o) [P = (e, 1) | (x, u2)

*52 5(6776 )2

=1-7¢?— % (¢ +49¢7% — 14)

5 259
= 36 — 562 — 76 2
Problem Set 2.11
2.11.P1. Find mmf | —a—bt —cf?[’dr and max [, Pg(t)ds, where g is

subject to the restrictions

1 1

/lg(l)dlz /Itg(t)dt: /tzg(l)dtzo,/|g(t)|2dt=1.
-1 -1

-1 -1

2.11.P2. Find the point nearest to (1, —1, 1) in the linear span of (1, , o?) and (1,
®%, ®) in C*, where © = exp(2mi/3).
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2.12 Weak Convergence

Let {x,},>1 be a sequence in a Hilbert space H. Recall that {x,}, > converges to
xin H if ||x, — x|| = (x, — x, x,, — x)? — 0 as n — 00, and we write x,, — x. From now
on it will be called strong convergence to distinguish it from weak convergence, to
be introduced shortly. The relationship between the two types of convergence will
be discussed. The concepts of strong convergence and weak convergence are
identical in finite-dimensional spaces. A characterisation of weak convergence in
special spaces will also find a mention below.

Definition 2.12.1 A sequence of vectors {x,},>; converges weakly to a vector
x and we write x,, — x (x, A x) if

lim (xn,y) = (xvy)

n—oo
for all
yEH.

The concepts of a weakly Cauchy sequence and weak completeness are defined
analogously.
Remarks 2.12.2

(i) A sequence cannot converge weakly to two different limits: assume that

w w
X,—Xo and x,—yg. Then

(Xn,¥) = (x0,y) and (x,,y) — (Yo, )

for all y € H. Consequently, (xg, ¥) = (o, ¥), O (xo — Yo, ¥) =0, for all y €
H. If we choose y = xy — yg, we obtain (xo — Yo, Xo — Yo) = 0, which implies

Xo = Yo-
(i) If x, A Xo, then every arbitrary subsequence {x,, };> converges weakly to
Xo-

(iii) Strong convergence of {x,}, > to xo implies x, A Xo. Indeed, for y € H, we
have

|(en = x0, )| < [}20 = 0[],

by the Cauchy—Schwarz Inequality.
(iv) The converse of (iii) is, however, not true. Indeed, let {e,}, > be an infinite
orthonormal sequence of vectors in H. Since for any y € H,
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)

S 10ve) P <P (by Bessel's Inequality),

n=1

therefore, lim,, (e, y) = 0. Thus, the sequence {e,}, > converges weakly
to the vector zero, but this sequence cannot converge strongly, since

2 ..
lei —eif|"=2 (i #)),
so that |le; — ¢l - 0 as i, j — ©o.
However, the following theorem holds:

Theorem 2.12.3 If H is a finite-dimensional Hilbert space, strong convergence is
equivalent to weak convergence.

Proof Since we have already shown that, in any Hilbert space, strong convergence
implies weak convergence [Remark 2.12.2(iii)], it is enough to show in this situ-
ation that weak convergence implies strong convergence. To this end, let ey, ..., e
be an orthonormal basis for H and let

w
Xp—X,

where

Xy = ocgmel + - —|—oz,((")ek

forn=1, ..., k, and
X =ojer+ - + ogex.
Since x,, 2 x, it follows that
(n)

() = (x,¢7), ie,o” — oy

forj=1, ..., k. For any prescribed € > 0, there must be an integer ng such that for all
n > ng and for every j =1, ..., k,

‘%(") - %“<8/k;
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hence

2 & )
oo — = = [of o <.
=1

> (o - )e

Thus, x, — x strongly. This completes the proof. O
The next result pinpoints the relationship between weak and strong
convergences.

Theorem 2.12.4 Let {x,}, > be a sequence in a Hilbert space H. Then x,, — x if,

and only if, x, — x and lim sup,,_co|[x|| < |Ix-

Proof Let x, — x. Then x, 2 x [Remark 2.12.2(iii)]. Also, lim SUP,, . oo||Xl| =
limy, —colpt]| = [¥ll, since 0 > e, = ol = lpeall = [Ill

Conversely, let x,, — x and lim sup,, _,co||X4|| < ||x||. For each n, 0 < ||x, — ][> =
(X = X, X, — %) = |l]* + || — 293(x,,, x). Since

lim sup, . || < [|x[|and R(x,, x) — Rx,x) = [|x]]%,
we have
0 < lim Sup, oo | — x[| < [|x[|* + [|x[|* =2[|x[|*= 0,
so that lim,,_co|Jx,, — x|| exists and equals zero. d

The Riesz Representation Theorem enables us to prove the following analogue
of the classical Bolzano—Weierstrass Theorem.

Theorem 2.12.5 Any bounded sequence in H has a weakly convergent subse-
quence and the limit has the same bound.

Proof Let {x,},>1 be a sequence in H and an M > 0 be such that ||x,|| < M for all
n. We need to find a weakly convergent subsequence of {x,},> .
By the Cauchy—Schwarz Inequality,

| 01)| < [l || < M2

for all n. The classical Bolzano—Weierstrass Theorem shows that the bounded
sequence {(x,, x1)},>1 has a convergent subsequence {(xX,1), X1)}n1)>1, Say.
Applying the preceding argument to the sequence {(X,1), X2)}n1)>1, W€ extract a
convergent subsequence {(X,2), X2) }n2) > 1-

Continuing inductively, we obtain for each k a convergent subsequence {(x,),
X Ino = 1 OF {(Xne—1y> X Ine—1) > 1-
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Consider now the diagonal sequence {z,}, > 1, where z,, denotes the pth term of
the sequence {X,)}np)> 1. We show that for each x € H, the sequence {(zp, X)},>1
of scalars converges.

If x = x,, for some m, then for each p > m, {(z,, x)},, > is a subsequence of the
convergent sequence {(z,, X,,)}, > 1 and is, therefore, convergent. Hence, if x € span
{x1, x, ...}, then {(z,, x)}, > converges in the field of scalars.

Let x € span{x|,xy, ...}. Consider a sequence {y,},~ in span{x;, x,...} such
that y, — x as r — ©00. Then for all n, m and r, we have

(20, %) = (2, X)| = [ (20 — Zm, %)
<|(zn = zmx = ye)| + (@ = Zm, 3|
<llzn = zmllllx = yrll + (20 = zms 30
<2M|ix = yell + |(zn = 2ms )

Since |lx — y,|| — 0 as r — ©0 and |(z,, — zu, ¥,)| — 0 as n, m — 00 for each r, we see
that {(z,, x)},>1 is a Cauchy sequence of scalars and is, therefore, convergent.
Next, let x L span{x,xs,...}. Then (z,, x) = 0 for all n, since z, is in span{x;, x,,
...}. Thus (z,, x) — 0 as n — 00,

By the Orthogonal Decomposition Theorem 2.10.11,

H = span{x,x,, ...} @span{x;, x,.. .}L.

Hence, {(z,, x)},>1 converges for each x € H. Define

f(x) = lim (x, z,), x€H. (2.83)

Clearly, fis linear and

F(] = Tim [(x,20)| < M|

for all x € H. Thus, fis a continuous linear functional on H satisfying || f|| < M. By
the Riesz Representation Theorem 2.10.25, there exists a unique y € H such that

fx)=(xy), x€H. (2.84)
and |ly]| = ||fll £ M. On comparing (2.83) and (2.84), we obtain

lim z, =y (weak).

n—oo

This completes the proof. O
Every convergent sequence in a normed linear space X is bounded. This is easily
seen as follows: let {x,}, > be a sequence in X and suppose that lim,,_,cox,, = x. For
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a given € > 0, there exists an integer n such that n > ng implies ||x, — x|| < €. But
since ||x,|| = |X]| < |lx,. — x]|, this implies ||x,|| < & + ||x||, n > no. It now follows that

[0l <&+ [|x[| + M,

where M = max{||x{|: 1 < k < ng}.

Thus, the terms of a convergent sequence in a normed linear space, a fortiori, in
a Hilbert space are bounded. The foregoing statement is true for a weakly con-
vergent sequence.

Theorem 2.12.6 If H is a Hilbert space and Xy—ox, then there exists a positive
constant M such that

[lea | < M.

We discuss preliminary results needed for the proof of Theorem 2.12.6.

Definition 2.12.7 A real functional p(x) in H is said to be convex if for all
x,y € H and o € C, the following hold:

p(x+y)<p(x)+p(y) and p(ox) = |a|p(x).

Observe that (i) p(0) = 0 (i) p(x — y) > |px) — p(y)| and p(x) > 0, where
x,y € H. Indeed, p(0) = p(0 - x) =0 - p(x) = 0. Also, p(x —y) + p(y) > p(x) and
hence p(x — y) > p(x) = p(y). Since p(x = y) = |1 p(y = x) > p(y) — px), it
follows that p(x —y) > |[p(x) — p(y)|- On setting y = —x, we obtain p(2x) = 2p(x) >
|px) = p(=x)| = 0.

That a lower semi-continuous convex functional in a Hilbert space is bounded is
the content of the Lemma below. In conjunction with the observation above, it will
further follow that it is uniformly continuous.

Lemma 2.12.8 Suppose p(x) is a convex functional in a Hilbert space H and
assume that p(x) is lower semi-continuous. Then there exists M > 0 such that

p(x) <M|x|| forall xeH.

Proof We first show that the functional p(x) is bounded in the ball S(0,1). We
assume the contrary. Then p(x) is unbounded in every ball, because every ball is
obtained by dilation and/or translation of the ball S(0,1). We choose a point x; € S
(0,1) such that p(x;) > 1. The lower semi-continuity of the functional p(x) implies
that there exists a ball S(x;,p;) C S(0,1) with radius p; < % in which p(x) > 1. By
reducing the radius p;, we may assume that S(x;, p;) C S(0,1). Since p(x) is
unbounded in every ball, in a similar manner, we obtain a point x, € S(x;, p;) and
also a closed ball S(x,, po) C S(x1, py) with radius p, < 1p;, in which p(x) > 2.
Continuing the process, we obtain an infinite sequence of balls
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S(O7 1) Qs(xb pl) QE(XQ, p2)2 ERE]

for which p, < %qu (k=1,2, ... and py = 1) and also p(x) > n if x € S(x,,, p,)-
Observe that the sequence {x,},~ of the centres of the balls S(x,,,p,), n=1, 2, ...
is Cauchy and since H is compleze, lim,,_.coxX,, exists and equals x, say. Then x lies
in the intersection of the closed balls, and hence p(x) > n for each n, which is a
contradiction.

Let x € H be arbitrary. Then x/2|x|| is an element of H of norm 1 and is,
therefore, in S(0,1). Now,

plx/2||x]|) <My,

where M, is an upper bound of p on S(0,1), i.e. p(x) < 2M,||x||. Take M = 2M,. O

Corollary 2.12.9 Let pi(x), k = 1, 2, ... be a sequence of convex continuous
functionals in H. If this sequence is bounded at each point x € H, then the
functional

p(x) = suppi(x)
is also convex and bounded, and hence continuous.

Proof Evidently, p(x) is a convex functional. On the other hand, for each xy €
H and each ¢ > 0, there exists N such that

1
pn(x0) > p(xo) — 58,

i.e.

p(x0) — pn(x0) < %3-

By continuity of the functional py(x), there exists & > O such that

1

lpv (x) — pn(x0)| < 58

for |lx — xq|| < d. But if ||x — xq|| < 9, then

p(x) = p(xo0) > supgpi(x) — py(x0) — %s

1
= pn(x) = pn(x0) — e8> — &
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This implies that the functional p(x) is lower semi-continuous. By Lemma 2.12.8, it
follows that p(x) is bounded. Continuity now follows from the observation pre-
ceding the lemma. O

Every weakly convergent sequence of vectors in a Hilbert space is bounded.
This is an immediate consequence of the following theorem.

Theorem 2.12.10 Let {®D;}y> be a sequence of continuous linear functionals
defined on the Hilbert space H. Suppose that the numerical sequence {@p(x)};> 1 is
bounded for each x € H. Then the sequence {||Q||}x> 1 of norms of the functionals
is bounded.

Proof For x € H, define
Pr(x) = D (x)], k=1,2,....

Then {pi}r>1 is convex and continuous. By Corollary 2.12.9, the convex
functional

p(x) = supp(x)
is convex and bounded; i.e. there exists M > 0 such that

sup p(x) <M.
[lx] <1

Consequently,
[Dif| = sup [P (x)]
[l <1

= sup pi(x)

lldl <1

< sup suppi(x)
<1

= sup p(x)<M.

[l <1

This completes the proof. U

Proof of Theorem 2.12.6 Let {x,}, > 1 be aweakly convergent sequence. Each vector
X, determines a functional ®,(x) = (x, x,,). Since the sequence {x,},> is weakly
convergent, the numerical sequence {®,,(x)}, > ; converges for each x € H and hence
is bounded. Using Theorem 2.12.10, it follows that

gLy eeen

@, <M, n=1,2

As || @, = |lxall, 7 = 1, 2, ... [Example 2.10.24(iv)], the result follows.
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Definition 2.12.11 A sequence of vectors {x,}, > in an inner product space is said
to be weakly Cauchy if, for each y € H,

limm,n (-xm - -xmy) = O
An inner product space is said to be weakly complete if every weakly Cauchy
sequence converges to a weak limit in H.
Corollary 2.12.12 Let H be a Hilbert space. Then H is weakly complete.

Proof Let {x,},> be a Cauchy sequence in the sense of weak convergence, that is,
for each y € H,

lim(x,, — x,,y) = 0.

m,n

It follows that the sequence {(x,, y)},> of scalars converges for each y in H. By
Theorem 2.12.10, the sequence {x,}, > is bounded:

||xn||§M7 n:1,2,....
Therefore, the limit

lim (x, x,,)

n—o0

defines a linear functional ®(x) with norm less than or equal to M. By the Riesz

Representation Theorem 2.10.25, ®(x) = (x, z), where z is a unique element of the

Hilbert space H. This element is the weak limit of the sequence {x,}, > . U
We give below two applications of Corollary 2.12.9.

Theorem 2.12.13 (F. Riesz) If a functional ® is defined everywhere on L*[a, b] by
the formula

b

o) = [ sy, xe Llab)

a

where y is a fixed measurable function defined on [a, b], then @ is a bounded linear
functional on Lz[a, b], so that y € L2[a, b].

Proof Clearly, @ is a linear functional on Lz[a, b]. Set
E,={t:1€[a,b)N[—n,n]and |y(t)| <n}

and
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pul) = [ WOp(0ldr, e o
E,

Then {p,},>1 s a sequence of convex functionals: indeed, for x, z € Lz[a, b] and
aeC,

p,,(x—i—z):/l )+ z(2)]y(r)|de

§/\x |dt—|—/|z £)|de

= pn(x) +pa(2)

and
palo) = / (1) (1)l = [ / (e (0)[de = Jtlpa ().

Moreover,

pn(x)gn/\x(mdtgn /|x(t)|2dt 7 /dt 7

E, E, n
1
= n(En)[|¥]]5,

using the Cauchy-Schwarz Inequality, where p denotes the usual Lebesgue
measure.
Thus, for n = 1, 2, ..., p, is a continuous convex functional on L*[a, b]. The

equality
p(x) = lim,p, (x) = lim, /|x ()|dr = /|x 1)|dt,

using the Monotone Convergence Theorem 1.3.6 shows that p(x) is finite for any
X in Lz[a, b]. By Corollary 2.12.9, the functional p(x) is bounded; i.e. there exists
M > 0 such that

p(x) <M|x||, x€ L*a,b).

Thus
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@) <p(x) <M|x]l, x € L?[a,b],
i.e. @ is a bounded linear functional on L*[a, b]; so y € L*[a, b] and |||, = |||,
using the definition of ® and the Riesz Representation Theorem. (]

Theorem 2.12.14 (Landau) If ® is a functional defined everywhere in (> by means
of the formula

O(x) = Zak)ck7 x= {xk}kzl e r,
=1

where {a )i~ 1 is some fixed sequence, then 3 i° | |a;|* < oc.

Proof Define p,(x) = >, larx|,x = {xi};~, € £*. Check that p,, n =1, 2, ...,
is a continuous convex functional. Then the equality

n o0
p(x) = lim,p,(x) = lim, Z |akxi| = Z | x|
k=1 k=1

implies that p(x) is finite for any x € ¢2. So, by Corollary 2.12.9, the functional
p(x) is continuous; i.e. there exists M > 0 such that p(x) <M|x||, x € ¢*.
Consequently,

NgE

[P < D || = p(x) <M |x].

~
Il

1

So, ® is a bounded linear functional on ¢>. The form of ® and the Riesz
Representation Theorem imply that 372 [a|* < co. O

Remark 2.12.15 Landau’s Theorem may also be stated as follows: if Y 7~ axx;

converges for every {x;};>1 in 7%, then pya |ak|2 <00

Problem Set 2.12

2.12.P1. Show that for a sequence {x,}, > in an inner product space X and x € X,
the conditions

(i) [}eall = [l and (i) (xa,x) = (x,%),

imply x,, — x in X.
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2.12.P2. (Banach-Saks) Let {x,}, > be a sequence in a Hilbert space converging

weakly to x € H. Prove that there exists a subsequence {x;, };> 1 such that
the sequence {y;};> defined by

(Xny + Xy + -+ 2,)

-

Yk =

converges strongly to x.
2.12.P3. (a) (Mazur’s Theorem) Let {x,}, > be a weakly convergent sequence
in a Hilbert space H and let x be its weak limit. Prove that x lies in the
closed convex hull of the range {x,: n > 1} of the sequence.
(b) Let C be a convex subset of a Hilbert space H. Prove that C is closed
if, and only if, it contains the weak limit of every sequence of points
n 1t.
2.12.P4. (a) Let H be a separable Hilbert space and let {e,}, > ; be an orthonormal
basis for H. Let B = {x € H: ||x|| < 1}. For x, y € H, let

d(xy) =3 27|k~ e (2.85)
n=1

Show that d is a metric on B.

(b) Show that the topology generated by d is the same as the one

given by the weak topology, i.e. d(x;, x) — 0 if, and only if, x; L.
(c) Show that the metric space (B, d) is compact.

2.13 Applications

Miintz’s Theorem
Weierstrass’s Theorem for C[0, 1] says, in effect, that all linear combinations of the
functions

1Lx, x>, .. x", ... (2.86)

are dense in C[0, 1]. Instead of working with all positive powers of x, let us permit
gaps to occur, and consider the infinite set of functions

L X (2.87)
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where n; are positive integers satisfying n; < n, < -+ < n; ---. The result we shall
prove is called Miintz’s Theorem and asserts that the linear combinations of the
functions (2.87) are dense in C[0, 1] and hence in L2[0, 1] if, and only if, the series
> i diverges. The following will be needed in Sect. 2.13.

Definition Let xj, x,, ..., x, be any vectors in an inner product space X. Then the

n X n matrix G(xy, xp, ..., x,,) whose (i, j)th entry is (x;, x;), where () is the inner

product in X, is called the Gram matrix of the given finite sequence of vectors.
Its determinant is called their Gram determinant.

Proposition The Gram matrix G(xy, X», ..., x,) is nonsingular if, and only if, the
vectors Xy, Xa, ..., X, are linearly independent.

Proof Observe that for the given G, and any n-tuple of scalars x = (§;, &,, ..., &),
we have

(x1,x1)  (x1,x2) -0 (x1,%)
xG = [élvéb . "&n]

(xnaxl) ()Cn,XZ) (xnvx")

= [Zai(xiaxl) Z&i(xiaxﬁ Zii(xivxll)]'

So,
n n n El
xGx* = lz &i(xi,x1) Z E(xi,x) ... Z &i(x,-,x,,)]
i1 i=1 i1 _
-
n n n n 2
= Z (xiaxj)éiéj = (Z Eixi, Z éi&‘) = Z EiXi
ij—1 i—1 i—1 i—1
From the above equality, the result follows. O
Corollary A necessary and sufficient condition for the vectors xy, X2, ..., X,, to be

linearly dependent is that

det G(xy,x2,...,x,) = 0.
Let M be the closed subspace generated by xy, Xy, ..., x,. Then H can be written as
M@MJ‘.Ify6H,theny=z+w,WherezeMandwéMJ‘, sothaty—zeMJ‘
[see Remark 2.10.12(i)]. The minimum distance & from to the subspace M is
3= |y — z||, where
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n
= E a;x;
i=1

[Theorem 2.10.10]. We wish to calculate the coefficients a;, i = 1, 2, ..., n and the
minimal distance 0.
Since y — z1lx;,j = 1,2,...,n, we obtain a system of equations

n
(y— aixuxj> =0, j=1,2,...,n,
i=1

which, when written in full, have the form

ay (x1,x1) +ax(x2,%1) + - - @y (X, x1) = (y,x1)
ay(x1,x2) + a2 (%2, x2) + -+ - @y (X0, x2) = (¥, %2) (2.88)

ay (x1,%,) +az(x2, %) + -+ - @ (X, %) = (¥, %)

and represent a system of equations in the unknowns a;, i = 1, 2, ..., n. The matrix
of its coefficients is precisely the transpose of the Gram matrix G(xy, x5, ..., X;,).
Since the vectors xy, X, ..., X, are linearly independent, the matrix is nonsingular by
Proposition 4.2.2 and the system has one and only one solution. Moreover, by
Cramer’ Rule, the unique solution is given by

a; = detGY /detG, j=1,2,....n,

where G is obtained from G by replacing its ith column by the column of con-
stants (y, x;).
Now,
=y —zl’=0-zy-2)
=y-2)
) n
- (53
=1
so that

(Z ai}fid) = |Iy]*~&. (2.89)
i=1

We combine Eq. (2.89) with the system of Eq. (2.88) and write them in the form
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ay (o, x1) +ax(x,x1) + - ap (o, x1) — (v,x1) =0

ay(x1,x2) +ax(x2,x2) + -+ @y (Xp, X2) — (y,X%2) =0
. (2.90)

ay(x1,x,) + az(x2,%,) + - - @y (0, %4) — (¥, %,) =0

ai(x1,y) +ax(x2,y) + -+ @p(%2, ) + 8 — (y,) =0

If we introduce a dummy value a,,; = 1 as a coefficient of the elements of the last
column, the (2.90) becomes a system of n + 1 homogeneous linear equations in the
n + 1 variables ay, as, ..., a,, a,.1 (= 1). The system (2.90) will possess a nontrivial
solution if the determinant of the system vanishes, i.e.

(xi,x1)  (e2,x1) - (X, x1) —(y,x1)
gl ) n) ) O] |
(xLy) () o () 8= (,y)

This gives

2 _ detG(xl,xL .. .,xn,y)
dCtG(Xl,XQ, .. .,xn) '

Apart from the above observations, the following lemmas will be needed in the
proof of Miintz’s Theorem.

Lemma Let Ay, Ay, ..., A, be positive real numbers and A be the matrix whose (i, j)

th entry is a;; = ﬁ Then
J Y

__n—n : 1 7‘7’_7% :
detA =2 ,-Hf 11 (xj+xk>'

J1<j<k<n

Proof If Ais a 1 x 1 matrix, then detA = ﬁ =271 [T x% Thus, the assertion is

true for n = 1. Assume that the assertion is true for m; i.e. if A is an m X m matrix,
then

o A=)
deta =2 TTL ( )

Consider the (m + 1) x (m + 1) matrix whose (i, j)th entry is a; :ﬁ Its
i T

determinant, when written in full, takes the form
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1 1 1 1

A+l R M+ Do Mt R
1 1 1 1
M+ A+ ko Ao+ Ay A4 A1

1 ... 1 1
7‘4m+1+}ﬂ )‘4m+l+7\2 }"m+l+>"n1 }"nx+l+7‘4m+l

By subtracting the last row from each of the others, removing common factors,
subtracting the last column from each of the others and again removing the common
factors, we obtain

1 1 1 1

M TM m M Jlrxm
1 1 ... 1
2| +h A+ A Ao 4y
U | YT B R
2 .
7wn+1 H:nzl (}Lm+1 + 7\,) 1 1 . 1
I VR S Y WAy
0 0 e 0
On expanding the determinant by the last row, we have
m+1 2
1 A — M\
detA =27 T - 11 ( oy xk :
J=1 M i1<j<k<m+1 G+ Ak
By induction, the result follows. O

Lemma Let 1, ", ",...,1 < ny <n, < - be a set of functions defined on [0, 1].
The sequence {1} k> 1 is total (finite linear combinations are dense) in C[0, 1], if,
and only if, it is complete in L*[0, 1].

Proof Let x € C[0, 1]. The inequality

(ST

1 2
k k

/ x(t) — Zait’“ dr| <maxg<,<1|x(t) — Zait"" (2.91)
i=1 i=1

0

shows that the sequence is complete in L2[0, 1] if it is total in C[O, 1].

Conversely, suppose that the sequence {¢*}, . | is complete in L?[0, 1]. In order
to show that the finite linear combinations constitute a dense subset of C[O0, 1], it is
enough to show that the inequality (2.91) in the reverse direction holds for the
functions ", m = 1, 2,.... Now
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| k
"l =m / (t’"“ —Zb,-t”"‘)dt
i=1

e 1 thn,—l

(2.92)

k
i Zbit’“*l dt
i=1

using the Cauchy—Schwarz Inequality. The above inequality proves the assertion. []
Remarks

(i) The function 1 must be added in the case of C[0, 1] but is redundant in L7[0, 1].
Indeed, if the function 1 is missing from {¢*}, ., then the polynomial

Zf;l a;t" is itself zero at t = 0 and cannot, therefore, approximate the con-
tinuous function x(¢) for which x(0) # 0.

.. . 1 .
(i) Since (¥, x7) = [ #T9dr = ﬁ’ it follows that
1 1 R SR
n+n+1 n+n+l ny+n+1
1 1 AP S
m+n+1 n+nm+l ny+n+1

detG(", 1™, .., ") =
1 1 .o 1
m+ny+1  nme+n+1 ng+ng+1
2
_ IL:-; (ni—m)
ILi; (ni+nj+1)

and analogously,

2
Hz > j ( n]) . Hle (m — ni)2 . 1

detG(#", " 1™, . . ., ") =
From this, it follows that

det G(¢, 1™ 1™ ... ") ﬁ m—n \°
detG(t”l,t”?,...,t”k 2m+1 m4n+1/) "

i=1
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(iii) The series > .- In(l1+a;) and the series » .- a; converge or diverge

simultaneously. This is because

In(1 1
lim M — lim
x—0 X —01+x

=1

and so, for any € > 0,
(I—-¢g)ai<in(l+a)<(l+¢€)a;
(Miintz’s Theorem) A necessary and sufficient condition for the set
Mmoo, 1<ni<np< -

to be complete in LZ[O, 1] is that

Proof If one of the exponents n; coincides with m, then for £ > i,

detG(e", ", ™, ..., %) =0

and hence, the minimal distance is zero. Thus, completeness holds if, and only if,

for each m > 1 with m # n;, i = 1, 2, ..., the minimal distance

det G(e™, ", ™, ... ™)
det G(#m, 1. .. 1)

& = —0 as k— oo.

Now,

det G(e" 1,12, ... ™) k —m \*
detG(t”ut”a...,z”* 2m+lH<m+n,+l> '

In view of (2.94), the condition (2.93) becomes

klir?o[lzf; <1n<1 —nﬂ> In (1+ ’”nﬂ))

If the series ) °, - dlverges then by (iii) of Remarks 4.2.6

= —OQ.

(2.93)

(2.94)
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o0 [o.¢]

1
Somn(1-2) =, Som(14
i=1 i i=1 i

and therefore, (2.95) is satisfied and hence so is (2.93). If, however, the series
Z?ilni converges, then the series (2.96) also converges, so that (2.95) is not

satisfied and hence (2.93) does not hold. O

> = +o0 (2.96)

Radon-Nikodym Theorem

Definition Let (X,X), where X is a nonempty set and X is a c-algebra of subsets of
X, be a measurable space, and let v, p be finite nonnegative measures on (X, ). The
measure Vv is said to be absolutely continuous with respect to p, in symbols, v < W,
if v(E) = 0 for every E € X for which p(E) = 0.

For h € Ll(X, 2, ), the integral

V(E):/hdu, EecX
E

defines a measure on X which is clearly absolutely continuous with respect to p.
The point of the Radon—Nikodym Theorem is the converse: every v < p is
obtained in this way.

von Neumann showed how to derive this from the Riesz Representation
Theorem for linear functionals on a Hilbert space.

(Radon-Nikodym Theorem) Let v and | be finite nonnegative measures on
(X, X).If v < |, then there exists a unique nonnegative measurable function h such
that

V(E) = /hdu7 EcX.
E
In particular, h € LI(X, DIRNTHN

Proof For any E € Z, put (E) = v(E) + p(E). Since v and p are finite nonnegative
measures, so is ¢. Moreover,

/xd(p = /xdv+ /xdu (2.97)

X X X

holds for x = g, E € X. Hence, (2.97) holds for simple functions and consequently
for any nonnegative measurable function x.

Let H be the real Hilbert space L2(X, X, ¢) with the norm ||x||*= Jx |x|*de. For
x € H, the Cauchy—Schwarz Inequality gives
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[rav)< [avs [igo< | [ 1xPdo | (o)) <oc

X X X X

since @(X) < ©0. Thus, the mapping

L:x—>/xdv

X

is seen to be defined and finite on H. It is clear that L(ox + By) = aL(x) + BL(y) for
all o, B scalars and x, y € Lz(X, 2, @) = H. Thus, L is a bounded linear functional on
H and so, by Theorem 2.10.25, there is a function y € H such that

/de:/xyd(p:/xydv+ /xydu,
X X X X

where we have used (2.97) in the last equality. It is easy to discern that y is non-
negative a.e. with respect to ¢ and hence with respect to p and v as well. This may
be written as

/x(l — y)dv = /xydu. (2.98)

X

Let E= {s € X: y(s) > 1}. Since ¥z € L*(X, Z, @), we apply (2.98) to x = yg to
obtain

0<u(E) :/xEduS /xEydu:/xE(l—y)dVSO.
X X X

Thus, we have p(E) = 0 and since v < p, v(E) = 0.
Let z = y)g.. Then z(s) € [0,1) and z = y a.e. with respect to both v and p. The
equality (2.98) then becomes

X/x(l —z)dv = X/xzdu. (2.99)

Consider any bounded, nonnegative, measurable function x. Let z be as above.
Since both x and z are bounded and ¢ is a finite measure, the function (1 + z + 2+
4+ 7" Yxis in LA(X, Z, @) for every positive integer n and hence by (2.99)
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/(1+z+z2+ 27 x(1 = 2)dv / (I+z+2+ - +2" azdu
X X

holds. In view of the fact that z(s) # 1 for any s, the above equality can be written as

/(1 —z”)xdv:/%xdu.

X X

Since 0 < z(s) < 1 for all s € X, the sequences (1 — z")x and 2 ( )x increase to

x and £ x, respectively, as n — ©0. By the Monotone Convergence Theorem 1.3.6,

X/xdvx/ﬁxd

Now define h = 1%1; then we have

/xd\/:/hxdu.

X X

we obtain

In particular, for E € 9 and x = yz, we obtain

V(E) = /hdu.

E

The uniqueness is obvious. O
Remarks

(i) The construction of 4 shows that 2 > 0.
(i) The Radon—Nikodym Theorem is valid if v and p are c-finite measures. For
details, the reader may consult [26].

Bergman Kernel and Conformal Mappings

Let Q be a bounded domain in the z = x + iy plane, whose boundary consists of a
finite number of smooth simple closed curves. The class of all holomorphic func-
tions in Q for which the integral [ |f | dxdy <oo is denoted by A(Q). The
integral is understood as the limit of Riemann integrals

lim, / / If (2)Pdxdy,
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where {K,,}, > is a nondecreasing sequence of compact subsets of Q whose union
is Q. It has been proved [see 2.6.2, 2.6.3, 2.6.4, 2.6.5] that A(Q) is a Hilbert space.

Consider the linear functional L(f) = f(), where { € Q is fixed and f € A(Q).
Observe that |L(f)| = |[f(0)| < %Dz;’ where d; = dist({, 9Q) and 9Q denotes the
boundary of Q [see Proposition 2.6.3]. It follows on using Theorem 2.10.25 that

there exists a uniquely determined u; € A(Q) such that

[ =(fu), feAQ). (2.100)

The traditional notation is u:(z) = K(z, {) and K is called the Bergman kernel of Q.
For each { € Q, the function has the reproducing property

f@) = //f Qdxdy, fe€A(Q). (2.101)

The following two assertions are immediate from (2.101).

(a) If one substitutes f= K(-, {) in (2.101), one finds that

IKC, ||f// (xR D) dxdy

:K(C,C% e

(b) Forzy,z, € Q, therelation K(z;, z2) = K (22, z1 ) holds. To see this, we let f=K(-, z,)
and { = z; in (2.101) and we obtain

K(z1,22) = //K(Z,Zz)mdxdy
// K(z,z1)dxdy

== K(ZZ?ZI)

The relation between the kernel function and a certain minimum problem in A
(Q) is also important. Suppose { € Q is fixed, and write

M={f€AQ):f(5) =1}

There is exactly one solution f, € M such that mingey || f|| = ||fo]|. Moreover,
the function fy is connected with the Bergman kernel function as follows:
K(z, 0z
) = @8 K(z2,0) = folz)

K(G,0) foll*
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Proof Since A(Q) is a Hilbert space and M C A(Q) is its closed subspace, the first
assertion follows on using Corollary 2.10.7.

For each f € A(Q), we have fi0) = (f, K(-,{)). For f € M, on using the Cauchy—
Schwarz inequality, we have

L= (£, K 0) <K O = 1A - VK- (2.102)

Equality in the above inequality occurs provided
f =fo=CK(-,{), whereCisaconstant. (2.103)

Since 1 = fy(L) = CK(C, L) (therefore C = g+, it follows that

This implies

K(z,0) = fo(2)K(C,0).

Also,
Jo(z)
K(z,0) = :
foll?
since ||f]°= |Ifol|*= gz, using (2.102) and (2.103). O

Recall that the Riemann Mapping Theorem asserts: if Q is a simply connected
domain having more than one boundary point, then there exists a holomorphic
function in Q which maps Q bijectively onto D = {z: |z] <1}. If { is fixed, then the
mapping function f(z) = f(z, {) for which f{il) = 0 and f({) > 0 is unique.

The mapping function f and the Bergman kernel K of Q are related as follows:

L@@

T

f(2) = K(C,C)k(z’@ and  k(z,0)

Proof Let Q, denote the subdomain of Q which is mapped by f onto the disc
{o: |o|<r}, where r < 1 and ® = f(z). Denote the boundary of Q, by v,. If g € A

(Q), then %)) has a simple pole at z = { and the residue at this pole is

Osglz) _ g©)

lim (

-
=t fl f©)°
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By the Residue Theorem,

g 1 fegla), 1 o
f) 2mi / &) 2w / fl2)g(z)dz.

Y

since |f(z)|*= 12 for z € v,. Using Green’s formula, we obtain

g0 1 YT
=~ [ [ f'(2)g(z)dxdy.
f1(g)  mr? 4/

Letting r — 1, we get

_[[F&1©
§(0) = é [P g gaay

In other words, the function

'@ (©)

T

K(z,0) = (2.104)

has the reproducing property for A(Q2) and is therefore the Bergman kernel. For
z = (, it follows that

)
k(0 =TC0
which implies on using (2.104)
1@ =\ g
This completes the proof. O
Remarks
(1) In only a few cases, it is possible to obtain a representation for the kernel

function in closed form. It is easy to find a series representation with respect to
some complete orthonormal system {d),.}, because by (2.101), the Fourier
coefficients are

uj = (K(7C)7¢]):¢](®7 j=12...

and the Bergman kernel has the series representation [see Theorem 2.9.15(iii)]
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zCde), d;(z), zLeQ

j=1

(i) Consider the special case where Q = D{z: |z]<1}. According to (vi) of
Examples 2.9.16, the set ¢,(z) = /22" 'n=1,2,... is an orthonormal
system in A(D). Thus,

nlnl__ 1
Z 4 = 7(1_25)7 7,0 e Q.

is the kernel function of D. The series converges uniformly in |{| <r,r<1.

The reproducing property becomes
1 f(z)
Byt~
mJ (1 =20)

Special Case of Browder Fixed Point Theorem
Let C be a nonempty convex, closed and bounded subset of a Hilbert space H and
let T be a map from C into C such that

[Tx = Ty|| <|[lx—y[| forall x,y€C.

Then T has at least one fixed point.
Solution: for each n € N, let

1 n—1
Tn(x):;aJr

T(x),

where a € C is fixed. Then 7,, is a contraction and therefore has a fixed point
x, € C. Indeed, for x,y € C,||T,(x) — T,(y)|| = =1 | Tx — Ty|| < =L x — y]|.

Since C is a bounded subset of H and {x"}nZ , is in C, it follows that there exists

a subsequence {x,,j }jzl such that X, gx, say [Theorem 3.1.5]. By the Banach—Saks
Theorem [Problem 2.12.P2], {x,, }jZl has subsequence such that a sequence of

certain convex combinations of its terms converges strongly to x. Consequently, x €
C as C is convex and (strongly) closed. We shall prove that x is a fixed point of 7.


http://dx.doi.org/10.1007/978-981-10-3020-8_3

2.13  Applications 151
For any point y in H, we note that
sy = 3IP= i, —5lF + e =3l + 2R, —xx =), (2105)

where 23?()% — X, X — y) — 0 as j — 00, since x,, —x — 0 weakly in H.
Observe that

1 nj—l

T(-xnj) — Xp; = T(xnj) - Tnj( nj) = T(xnj) - ;a - n T<xnj)
| ! ! (2.106)
=—(T(xy) —a) — 0asj — oc.
n;
Setting y = T(x) in (2.105), we have
jlirg{uxn,, = T@| =, =+l } = Ix = TG (2.107)

On the other hand, using the hypothesis,
I7Cery) = T < [, =]
Hence

Hx”j - T(X)H < Hx”/ - T(x,,}.)” + HT(X’U) - T(X)H
<y = T | + [, = x]-

Thus on using (2.106), we obtain

tim sup([[v, — 7(3)| ~ [, ] <0
J—00
and therefore
. 2 2
tim sup{ v, — 79 |~|bx, — < } <0,
J—o0

which implies, on using (2.107),

o = T(x)]| = 0.
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