
Chapter 2
Inner Product Spaces

2.1 Definition and Examples

In the study of vector algebra in R
n, the notion of angle between two nonzero

vectors is introduced by considering the inner (or dot) product. In fact, if x =
(x1, x2, …, xn) and y = (y1, y2, …, yn) are any two vectors in the n-dimensional
Euclidean space R

n; then their inner product is defined by

ðx; yÞ ¼
Xn
i¼1

xiyi;

and this inner product is related to the norm by

ðx; xÞ ¼ xk k2:

The familiar equation

ðx; yÞ ¼ xk k yk k cos h

determines the angle h between x and y. The vectors x and y are orthogonal if
(x, y) = 0. This concept of orthogonality proves useful and lends itself to the
generalisation to spaces of higher dimensions.

We introduce below the abstract notion of an inner product and show how a
vector space equipped with an inner product reflects properties analogous to those
enjoyed by the n-dimensional Euclidean space R

n:
Recall that we denote by F either the field C of complex numbers or the field R

of real numbers.

Definition 2.1.1 Let H be a vector space over F: An inner product on H is a
function (�,�) from H � H into F such that for all x, y, z 2 H and k 2 F;
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(i) x; yð Þ ¼ y; xð Þ;
(ii) ðxþ z; yÞ ¼ ðx; yÞþ ðz; yÞ; ðkx; yÞ ¼ kðx; yÞ;
(iii) (x, x) � 0 and (x, x) = 0 if, and only if, x = 0.

An inner product space is a vector space with an inner product on it. Axiom
(ii) for an inner product space can be expressed as follows: the inner product is
linear in the first variable. In axiom (i), ðy; xÞ denotes the complex conjugate of
(y, x). Inner product spaces are also called pre-Hilbert spaces.

It is left to the reader to verify that when F = R and H = R
n, the usual inner

product x; yð Þ ¼Pn
i¼1 xiyi (described above) satisfies the foregoing definition.

The following proposition contains some immediate consequences of Definition
2.1.1.

Proposition 2.1.2 For any x, y, z in an inner product space H and any k 2 F, the
following hold:

(a) (x, y + z) = (x, y) + (x, z);
(b) (x, ky) = k(x, y);
(c) (0, y) = (x, 0) = 0;
(d) (x − y, z) = (x, z) − (y, z);
(e) (x, y − z) = (x, y) − (x, z);
(f) if (x, y) = (x, z) for all x, then y = z.

Proof (a) Using Definition 2.1.1(i) and (ii), we have

x; yþ zð Þ ¼ yþ z; xð Þ ¼ ðy; xÞþ z; xð Þ ¼ ðy; xÞþ z; xð Þ ¼ ðx; yÞþ x; zð Þ:

(c) (0, y) = (0 + 0, y) = (0, y) + (0, y), on using Definition 2.1.1(ii), and hence
(0, y) = 0.

(f) Suppose (x, y) = (x, z) for all x. Then

x; y� zð Þ ¼ ðx; yÞ � x; zð Þ ¼ 0

for all x; in particular, (y − z, y − z) = 0 and hence y − z = 0 by Definition 2.1.1(iii).
The proofs of (b), (d) and (e) are no different and are left to the reader. h

Examples 2.1.3

(i) Let H = C
n = {x = (x1, x2, …, xn): xi 2 C, 1 � i � n} be the complex vector

space of n-tuples. For x = (x1, x2, …, xn) and y = (y1, y2, …, yn), define

ðx; yÞ ¼
Xn
i¼1

xiyi: ð2:1Þ

It is routine to check that the formula (2.1) does define an inner product on C
n in

the sense of Definition 2.1.1. This space is called n-dimensional unitary space and
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is denoted by Cn: Indeed, the vectors (1, 0,…, 0), (0, 1, 0,…, 0),…, (0, 0,…, 0, 1)
constitute a basis for Cn:

(ii) Let ‘0 be the vector space of all sequences x = {xn}n� 1 of complex numbers,
all of whose terms, from some index onwards, are zero (the index, of course,
may vary with the sequence). If x = {xn}n� 1 and y = {yn}n� 1, define

ðx; yÞ ¼
X1
n¼1

xnyn: ð2:2Þ

Since the sum on the right side of (2.2) is essentially finite, convergence is
not an issue here. The axioms of Definition 2.1.1 are easily verified.

(iii) Let ‘2 denote the set of all complex sequences x = {xn}n� 1 which are square
summable, that is,

X1
n¼1

xnj j2\1:

The addition of vectors x = {xn}n� 1 and y = {yn}n� 1 and the scalar
multiplication of x = {xn}n� 1 by a scalar k 2 C are defined by

xþ y ¼ xn þ ynf gn� 1 and kx ¼ fkxngn� 1:

Since

aþ bj j2 � 2 a2
�� ��þ 2 bj j2

for a, b 2 C; it follows that

Xm
n¼1

xn þ ynj j2 � 2
Xm
n¼1

xnj j2 þ 2
Xm
n¼1

ynj j2 � 2
X1
n¼1

xnj j2 þ 2
X1
n¼1

ynj j2;

and hence

X1
n¼1

xn þ ynj j2 � 2
X1
n¼1

xnj j2 þ 2
X1
n¼1

ynj j2: ð2:3Þ

Thus, if x = {xn}n� 1 and y = {yn}n� 1 are in ‘2, it follows from (2.3) that
x + y 2 ‘2. Also, if x 2 ‘2 and k 2 C, then

P1
n¼1 kxnj j2 ¼ kj j2P1

n¼1 xnj j2
shows that kx 2 ‘2. Consequently, ‘2 is a vector space over C:

For x = {xn}n� 1 and y = {yn}n� 1 in ‘2, the series
P1

n¼1 xnyn converges abso-
lutely. In fact,
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xnynj j � 1
2

xnj j2 þ ynj j2
� �

implies

Xm
n¼1

xn ynj j � 1
2

Xm
n¼1

xnj j2 þ 1
2

Xm
n¼1

ynj j2 � 1
2

X1
n¼1

xnj j2 þ 1
2

X1
n¼1

ynj j2;

and hence

X1
n¼1

xn ynj j � 1
2

X1
n¼1

xnj j2 þ 1
2

X1
n¼1

ynj j2:

Now define

ðx; yÞ ¼
X1
n¼1

xn yn; x; y 2 ‘2: ð2:4Þ

It is now easy to check that the axioms for an inner product are satisfied. Thus, ‘2

with the inner product defined in (2.4) is an inner product space.

(iv) Let C[a, b], −∞ < a < b < ∞, be the vector space of all continuous
complex-valued functions defined on [a, b]. Define

ðf ; gÞ ¼
Zb
a

f ðtÞ gðtÞ dt; f ; g 2 C½a; b�: ð2:5Þ

Observe that ðf ; f Þ ¼ R ba f ðtÞj j2dt ¼ 0 implies f(t) = 0 for each t 2 [a, b], in
view of the continuity of f. The other axioms in Definition 2.1.1 are
consequences of the properties of integrals.

(v) Let Cn[a, b] be the vector space of all n times continuously differentiable
complex-valued functions defined on [a, b]. For f, g 2 Cn[a, b], define

ðf ; gÞ ¼
Xn
i¼0

Zb
a

f ðiÞðtÞgðiÞðtÞ dt; ð2:6Þ

where f(i)(t) denotes the ith derivative of f, 1 � i � n, and f(0)(t) = f(t),

t 2 [a, b]. Observe that 0 ¼ ðf ; f Þ ¼Pn
i¼0

R b
a f ðiÞðtÞ�� ��2dt ¼ 0 impliesPn

i¼0 f ðiÞðtÞ�� ��2 ¼ 0, t 2 [a, b], in view of the continuity of
Pn

i¼0 f ðiÞðtÞ�� ��2,
t 2 [a, b]. This implies f(t) = 0 for each t 2 [a, b]. The other axioms in
Definition 2.1.1 are consequences of the properties of integrals.
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(vi) Let RL2 denote the space of rational functions (i.e. a ratio of two polynomials
with complex coefficients) which are analytic on the unit circle

@D ¼ fz 2 C : zj j ¼ 1g

with the usual pointwise addition and scalar multiplication. The inner product
is defined by

ðf ; gÞ ¼ 1
2pi

Z
@D

f ðzÞgðzÞ dz
z
; ð2:7Þ

where the integral is being taken in the anticlockwise direction around ∂D.

RH2 is the subspace of RL2 consisting of those rational functions which are
analytic on the closed unit disc D, where

D ¼ z 2 C : zj j\1f g;

with inner product given by (2.7).
Thus, a rational function belongs to RL2 if it has no pole of absolute value 1, and

it belongs to RH2 if it has no pole of absolute value less than or equal to 1.
Clearly, (2.7) satisfies the axioms in (i), (ii) and part of (iii). We need to check

that (f, f) > 0 when f 6¼ 0. Indeed,

ðf ; f Þ ¼ 1
2p

Zp
�p

f ðeihÞ�� ��2dh; ð2:8Þ

using the parametrisation z = eih, −p < h � p. Since f(eih) is continuous on [−p, p],
the right-hand side of (2.8) is positive unless f = 0.

(vii) A trigonometric polynomial is a finite sum of the form

f ðxÞ ¼ a0 þ
Xk
n¼1

aneiknx; x 2 ½�p; p�;

where k 2 N; a0, a1, …, ak 2 C and k1, k2, …, kk 2 N: It is clear that every
trigonometric polynomial is of period 2p. The space TP of trigonometric
polynomials is a vector space over C with respect to pointwise addition and
scalar multiplication. If we define the inner product by

ðf ; gÞ ¼ 1
2p

Zp
�p

f ðtÞgðtÞdt; ð2:9Þ

then TP becomes an inner product space.
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Problem Set 2.1

2:1:P1. For which values of a 2 C does the sequence {n−a}n� 1 belong to ‘2?
2:1:P2. [Notations as in Example 2.1.3(vi)] Calculate the inner product of

functions

f ðzÞ ¼ 1
z� a

and gðzÞ ¼ 1
z� b

; where aj j\1; bj j\1:

2:1:P3. [Notations as in Example 2.1.3(vi)] Let ka 2 RL2 be defined by ka(z) =
(1� �az)−1, where |a| 6¼ 1. Show that for f 2 RH2,

ðf ; kaÞ ¼ f ðaÞ if aj j\1
0 if aj j[ 1

�
2:1:P4. [Notations as in Example 2.1.3(vi)] Let f 2 RH2 and a 2 D. Show that

f ðaÞj j � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� aj j2

q 1
2p

Zp
�p

f eih
� ��� ��2dh

8<:
9=;

1
2

:

2.2 Norm of a Vector

Let X be a vector (linear) space over F:

Definition 2.2.1 A norm ||�|| is a function from X into the nonnegative reals Rþ

satisfying

(i) ||x|| = 0 if, and only if, x = 0,
(ii) ||kx|| = |k|�||x|| for each k 2 F and x 2 X,
(iii) ||x + y|| � ||x|| + ||y|| for all x, y 2 X. [triangle inequality]

We emphasise that, by definition, ||x|| � 0 for all x 2 X.
If X is a linear space and ||�|| is a norm defined on X, then d(x, y) = ||x − y|| indeed

gives rise to a metric as a consequence of the foregoing Definition 2.2.1. The details
are as follows.

That the distance d(x, y) from a vector x to a vector y in H is strictly positive (that
is, d(x, y) � 0 and equality holds if, and only if, x = y) follows from (i). The fact
that d(x, y) = d(y, x) follows from
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x� yk k ¼ �ðy� xÞk k ¼ �1j j y� xk k ¼ y� xk k;

in view of (ii). Also

dðx; zÞ ¼ x� zk k ¼ x� yþ y� zk k� x� yk kþ y� zk k ¼ dðx; yÞþ dðy; zÞ

for all x, y and z. The reader will observe that (iii) has been used in proving the
preceding inequality.

A linear space X equipped with a norm ||�|| is called a normed linear space. If
the metric space (X, d), where d(x, y) = ||x − y||, x, y 2 X, is complete, then the
normed linear space is said to be complete and is called a Banach space. These
spaces are named after the great Polish mathematician Stefan Banach. Rn; the real

space of n-tuples x = (x1, x2, …, xn) with each of the norms xk k1¼
Pn

i¼1 xij j; xk k2¼Pn
i¼1 xij j2

� �1
2
; xk k1¼ supi xij j is a Banach space. That ||x||1, ||x||2 and ||x||∞ are

norms can be verified, see [30]. So is the space Cn of complex n-tuples. The space
(Cn, ||�||2) is complete [see Example 2.3.4(i)]. That Cn with ||�||1 and C

n with ||�||∞
are complete follows from the inequalities ||�||∞ � ||�||2 � ||�||1 � n||�||∞, see [30].

Hilbert spaces are Banach spaces whose norms are derived from an inner pro-
duct as detailed below.

Definition 2.2.2 In an inner product space H, the norm (or length) of a vector
x 2 H, denoted by ||x||, is the nonnegative real number as defined by

xk k ¼
ffiffiffiffiffiffiffiffiffiffi
ðx; xÞ

p
;

and is called the norm induced by the inner product on H.
We shall see below that this satisfies the conditions for being a norm as laid out

in Definition 2.2.1.
The norm of an element x = (a1, a2, …, an) in the unitary space C

n is

xk k ¼
Xn
i¼1

aij j2
 !1

2

;

and that of an x = {ai}i� 1 in ‘2 is

xk k ¼
X1
i¼1

aij j2
 !1

2

:

The norm of an element f 2 C[a, b] [respectively, f 2 Cn[a, b]] is
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fk k ¼
Zb
a

f ðtÞj j2dt
0@ 1A

1
2

resp:
Xn
i¼0

Zb
a

f ðiÞ tð Þ�� ��2dt
0@ 1A

1
2

264
375:

The norm of an element f in RL2 or in RH2 is

fk k ¼ 1
2pi

Z
@D

f zð Þj j2dz
z

0@ 1A1
2

¼ 1
2p

Zp
�p

f ðeihÞ2�� ��dh
0@ 1A1

2

:

Proposition 2.2.3 In an inner product space H, ||�|| has the following properties:
for x, y 2 H and k 2 F,

(a) ||x|| � 0 and ||x|| = 0 if, and only if, x = 0;
(b) ||kx|| = |k|||x||;
(c) (Parallelogram Law)

xþ yk k2 þ x� yk k2¼ 2 xk k2 þ 2 yk k2;

(d) (Polarisation Identity in case F = C)

4ðx; yÞ ¼ xþ yk k2� x� yk k2 þ i xþ iyk k2�i x� iyk k2:

Proof (a) is immediate from Definition 2.1.1(c) while (b) follows from

kxk k2¼ ðkx; kxÞ ¼ kj j2ðx; xÞ ¼ kj j2 xk k2:

For x, y 2 H, we have

xþ yk k2¼ ðxþ y; xþ yÞ ¼ xk k2 þ yk k2 þðx; yÞþ ðy; xÞ: ð2:10Þ

In the identity (2.10), replace y by −y to obtain

x� yk k2¼ ðx� y; x� yÞ ¼ xk k2 þ yk k2�ðx; yÞ � ðy; xÞ: ð2:11Þ

Adding (2.10) and (2.11), we get

xþ yk k2 þ x� yk k2¼ 2 xk k2 þ 2 yk k2:

This proves the Parallelogram Law.
In the identity (2.10), replace y by −y, iy and −iy:
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x� yk k2¼ xk k2 þ yk k2�ðx; yÞ � ðy; xÞ: ð2:12Þ

xþ iyk k2¼ xk k2 þ yk k2�iðx; yÞþ iðy; xÞ: ð2:13Þ

x� iyk k2¼ xk k2 þ yk k2 þ iðx; yÞ � iðy; xÞ: ð2:14Þ

Multiply both sides of (2.12) by −1, (2.13) by i and (2.14) by −i and add to (2.10)
to obtain the following:

xþ yk k2� x� yk k2 þ i xþ iyk k2�i x� iyk k2¼ 4ðx; yÞ:

This completes the proof of the Polarisation Identity. h

Remark In Proposition 2.2.3, the assertions (a)–(c) are valid in real as well as
complex inner product spaces, but (d) holds only in a complex inner product space.

Theorem 2.2.4 (Cauchy–Schwarz Inequality) Let H be an inner product space and
let ||x|| denote the norm of x 2 H. Then

ðx; yÞj j � xk k yk k ð2:15Þ

for x, y 2 H, and equality holds if, and only if, x and y are linearly dependent.

Proof Choose a real number h such that eihðx; yÞ ¼ ðx; yÞj j: Let k = aeih, where
a 2 R: Then

ðx� ky; x� kyÞ ¼ xk k2 þ ky
		 		2�kðx; yÞ � kðy; xÞ: ð2:16Þ

The expression on the left side of (2.16) is real and nonnegative. Hence,

xk k2 þ a2 yk k2�2a ðx; yÞj j � 0 ð2:17Þ

for every real a. If yk k ¼ 0, then we must have ðx; yÞj j ¼ 0, for otherwise (2.17)
will be false for large positive values of a. If yk k[ 0, take a ¼ ðx; yÞj j= yk k2 in
(2.17) and obtain

ðx; yÞj j2 � xk k2 yk k2:

If x and y are linearly dependent, then we may write y = kx or x = ky for some
k 2 F: Then

ðx; yÞj j ¼ ðx; kxÞj j ¼ kj j xk k2
¼ kxk k xk k ¼ yk k xk k;

that is, equality holds in (2.15).

2.2 Norm of a Vector 29



On the other hand, suppose that ðx; yÞj j ¼ xk k yk k: If yk k ¼ 0, then y = 0 and
x and y are linearly dependent. If yk k 6¼ 0, then

x� ðx; yÞ
yk k2 y; x� ðx; yÞ

yk k2 y

 !
¼ xk k2 þ jðx; yÞj2

yk k2 � 2< x;
ðx; yÞ
yk k2 y

 !

¼ xk k2 þ ðx; yÞj j2
yk k2 � 2

ðx; yÞj j2
yk k2

¼ xk k2� jðx; yÞj2
yk k2 :

Hence, x� ðx;yÞ
yk k2 y ¼ 0; that is, x and y are linearly dependent. h

Remark The above proof of the Cauchy–Schwarz Inequality is valid in the real case
as well.

Applying Theorem 2.2.4 in specific spaces such as C
n, ‘2 and C[a, b], the

following corollary results.

Corollary 2.2.5

(a) If x1, x2, …, xn and y1, y2, …, yn are complex numbers,

Xn
i¼1

aibi

�����
������ Xn

i¼1

aij j2
 !1

2 Xn
i¼1

bij j2
 !1

2

:

(b) If {ai}i� 1 and {bi}i� 1 are square summable sequences of complex numbers,

X1
i¼1

aibi

�����
������ X1

i¼1

aij j2
 !1

2 X1
i¼1

bij j2
 !1

2

:

(c) If f, g 2 C[a, b], then

Zb
a

f ðtÞ gðtÞ dt
������

�������
Zb
a

f ðtÞj j2dt
0@ 1A

1
2 Zb

a

gðtÞj j2dt
0@ 1A

1
2

:
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In each case, equality holds if, and only if, the vectors involved are linearly
dependent.

Theorem 2.2.6 (Triangle inequality) In an inner product space H,

xþ yk k� xk kþ yk k ð2:18Þ

for all x, y 2 H.

Proof For x, y 2 H,

xþ yk k2 ¼ ðxþ y; xþ yÞ
¼ xk k2 þ yk k2 þðx; yÞþ ðy; xÞ
¼ xk k2 þ yk k2 þ 2<ðx; yÞ
� xk k2 þ yk k2 þ 2 xk k yk k;

using the Cauchy–Schwarz Inequality (2.15). Thus,

xþ yk k2 � xk kþ yk kð Þ2;

which implies

xþ yk k� xk kþ yk k:
h

Applying Theorem 2.2.6 to specific inner product spaces, such as ‘2, RL2

and C[a, b], the following inequalities are obtained:

Corollary 2.2.7

(a) If {xi}i� 1 and {yi}i� 1 are in ‘2, then

X1
i¼1

xi þ yij j2
 !1

2

�
X1
i¼1

xij j2
 !1

2

þ
X1
i¼1

yij j2
 !1

2

:

(b) If f, g are in RL2, then

1
2p

Zp
�p

f ðeihÞþ gðeihÞ�� ��2dh
0@ 1A1

2

� 1
2p

Zp
�p

f ðeihÞ�� ��2dh
0@ 1A1

2

þ 1
2p

Zp
�p

gðeihÞ�� ��2dh
0@ 1A1

2

:
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(c) If f, g are in C[a, b], then

Zb
a

f ðtÞþ gðtÞj j2dt
0@ 1A

1
2

�
Zb
a

f ðtÞj j2dt
0@ 1A

1
2

þ
Zb
a

gðtÞj j2dt
0@ 1A

1
2

:

Corollary 2.2.8 In an inner product space H,

xk k � yk kj j � x� yk k ð2:19Þ

for all x, y 2 H.

Proof For x, y 2 H,

xk k ¼ x� yþ yk k� x� yk kþ yk k

by Theorem 2.2.6. This implies

xk k � yk k� x� yk k: ð2:20Þ

On interchanging the roles of x and y, we get

yk k � xk k� y� xk k ¼ x� yk k: ð2:21Þ

The inequality (2.19) follows upon combining (2.20) and (2.21). h

Problem Set 2.2

2:2:P1. Show that for x, y and z 2 X, an inner product space, the following
Apollonius Identity holds:

x� zk k2 þ y� zk k2¼ 1
2

x� yk k2 þ 2 z� 1
2
ðxþ yÞ

				 				2:
2:2:P2. Show that the formula (A, B) = trace(B*A) defines an inner product on the

space C
n�n of n � n complex matrices, where n 2 N and B* denotes the

conjugate transpose of B. Determine ||In||, where In is the identity matrix.
2:2:P3. Show that (i) x ¼ 1

n


 �
n� 12 ‘2 and determine xk k; (ii) x ¼ 2�n=2


 �
n� 12 ‘2

and determine xk k:
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2:2:P4. Prove that, for any function f 2 C[0, p],

Zp
0

f ðtÞ sin t dt
������

�������
ffiffiffi
p
2

r Zp
0

f ðtÞj j2dt
24 351

2

;

and describe the nonzero functions for which equality holds.
2:2:P5. Suppose µ(X) = 1 and f, g are positive measurable functions on X such that

fg � 1. Prove that
R
X f dl

R
X g dl� 1:

2:2:P6. Let X1 = (C[0, 1],||�||∞), where ||x||∞ = sup0� t� 1|x(t)|, and let X2 = (C[0,
1],||�||2), where

xk k2¼ x; xð Þ12; ðx; yÞ ¼
Z1
0

xðtÞyðtÞdt:

Show that the identity mapping id: X1 ! X2 is continuous, but its inverse
id: X2 ! X1 is not.

2:2:P7. Let X be an inner product space. If ||x|| = ||y|| = 1
2 ||x + y||, then show that

x = y. The result fails to hold if X = R
n or Cn with norm ||�||1 when n > 1.

2:2:P8. Let X be a vector space over C: Let (�,�) be a complex-valued function of
two variables (x, y): X � X ! C which has the following properties:

(a) (ax1 + bx2, y) = a(x1, y) + b(x2, y)
(b) x; yð Þ ¼ y; xð Þ
(c) (x, x) � 0 and (x, x) may be zero for nonzero x.

Prove that the Cauchy–Schwarz Inequality still holds but without the rider
about when equality holds.

2:2:P9. [Notations as in Example 2.1.3(vi)] Let g(z) = 1
ðz�aÞðz�bÞ, where a and b are

distinct points in D. Using the Residue Theorem, show that

gk k ¼ ð1� abj j2Þ12
ð1� aj j2Þ12ð1� bj j2Þ12 1� abj j

:

2:2:P10. [Notations as in Example 2.1.3(vi)] Prove that for a 2 D,

F ¼ ff 2 RH2 : f ðaÞ ¼ 0g

is a closed linear subspace of RH2.
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2.3 Inner Product Spaces as Metric Spaces

We have seen in Proposition 2.2.3 and Theorem 2.2.6 that the norm induced by an
inner product in H satisfies the following conditions of Definition 2.2.1:

(i) ||x|| � 0 and ||x|| = 0 if, and only if, x = 0,
(ii) ||kx|| = |k|||x|| for all k 2 C and x 2 H,
(iii) ||x + y|| � ||x|| + ||y|| for all x, y 2 H.

Remark 2.3.1 The inner product in H together with the metric d(x, y) = ||x − y|| from
the norm induced by the inner product is a metric space. As in any metric space,
d(x, y) is called the distance from x to y or between x and y.

We shall henceforth feel free to use, for inner product spaces, all metric concepts
such as open and closed sets, convergence, continuity, uniform continuity, Cauchy
sequence, completeness, dense sets and separability. Below we translate the general
metric space concepts defined in Sect. 1.2 into inner product space terms.

It follows from (2.19) that the map x ! ||x|| defined in H is continuous. In fact, it
is uniformly continuous in view of (2.19).

Remarks 2.3.2

(i) A sequence {xn}n� 1 in a normed space or in an inner product space is
Cauchy if for every e > 0, there exists an integer n0 such that

xn � xmk k\ewhenever n;m� n0:

(ii) Every convergent sequence is Cauchy; the converse is, however, not true; in
fact, let {xn}n� 1, where xn = (1, 12, …, 1n, 0, …), n = 1, 2, … be a sequence in
the inner product space ‘0 (see Example 2.1.3(ii)). Then the sequence
{xn}n� 1 is Cauchy because

xmþ p � xm
		 		 ¼

Xmþ p

k¼mþ 1

1
k2

 !1
2

can be made arbitrarily small by choosing m sufficiently large. However, the
sequence does not converge to an element of the space. Assume the contrary,
that is suppose xn ! x, where x = (k1, k2, …, kN, 0, 0, …). If n � N, then

xn � xk k2 ¼
Xn
k¼1

1
k
� kk

���� ����2 þ X1
k¼nþ 1

kkj j2

¼
Xn
k¼1

1
k
� kk

���� ����2:
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On letting n ! ∞, we obtain
P1

k¼1
1
k � kk
�� ��2 ¼ 0, which implies kk = 1

k for
each k, contradicting the fact that x has finitely many nonzero terms.

(iii) The open [respectively, closed] ball with centre x0 and radius e is the set
{x 2 H: ||x − x0|| < e} [respectively, {x 2 H: ||x − x0|| � e}]. In view of
Proposition 1.2.10, a subset K � H is bounded if, and only if, there exists an
M > 0 such that K � {x: ||x|| � M}.

Definition 2.3.3 An inner product space H is said to be complete if every Cauchy
sequence in H converges. That is, if {xn}n� 1 is a sequence in H satisfying
||xn − xm|| ! 0 as n, m ! ∞, there exists an x 2 H such that ||xn − x|| ! 0 as
n ! ∞. An inner product space which is complete is called a Hilbert space.

Every Hilbert space is a Banach space. The norm in a Hilbert space is derived
from the inner product.

Examples 2.3.4

(i) The inner product space H = C
n with the metric given by

dðx; yÞ ¼ x� yk k ¼
Xn
i¼1

xi � yij j2
 !1

2

; ð2:22Þ

where x = (x1, x2, …, xn) and y = (y1, y2, …, yn) are in C
n, is a Hilbert space

with metric as above or with inner product as in (i) of Examples 2.1.3.

We need to check that Cn, with the metric defined in (2.22), is complete [see

(i) of Examples 2.1.3]. Let xðmÞ

 �

m� 1¼ xðmÞ1 ; xðmÞ2 ; . . .; xðmÞn

� �
denote a Cauchy

sequence in C
n, i.e. d(x(m), x(m′)) ! 0 as m, m′ ! ∞. Then for a given e > 0 there

exists an integer n0(e) such that

Xn
k¼1

xðmÞk � xðm
0Þ

k

��� ���2 !1
2

\e for all m; m0 � n0ðeÞ: ð2:23Þ

Hence xðmÞk � xðm
0Þ

k

��� ���\e for all m, m′ � n0(e) and all k = 1, 2, …, n. Upon fixing

k and using the Cauchy Principle of Convergence, it follows that xðmÞk

n o
m� 1

converges to a limit xk. Let x = (x1, x2,…, xn) and m � n0(e). It follows from (2.23)
that

Xn
k¼1

xðmÞk � xðm
0Þ

k

��� ���2\e2 ð2:24Þ
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for all m′ � n0(e). Letting m′ ! ∞ in (2.24), we have

Xn
k¼1

xðmÞk � xk
��� ���2 � e2

for all m � n0(e). That is, d(x
(m), x) ! 0 in C

n:

(ii) The inner product space H = ‘2 (see Example 2.1.3(iii)) is a Hilbert space.

We shall show that ‘2 with the metric

dðx; yÞ ¼ x� yk k ¼
X1
k¼1

xk � ykj j2
 !1

2

ð2:25Þ

is complete. Let xðmÞ

 �

m� 1¼ xðmÞ1 ; xðmÞ2 ; . . .
� �

denote a Cauchy sequence in ‘2.

Then for a given e > 0 there exists an integer n0(e) such that

X1
k¼1

xðmÞk � xðm
0Þ

k

��� ���2 !1
2

\e for all m; m0 � n0ðeÞ: ð2:26Þ

This implies xðmÞk � xðm
0Þ

k

��� ���\e for all m, m′ � n0(e), i.e. for each k, the sequence

xðmÞk

n o
m� 1

is a Cauchy sequence of complex numbers. So by the Cauchy Principle

of Convergence, limmx
ðmÞ
k ¼ xk, say. Let x be the sequence (x1, x2, …). It will be

shown that x 2 ‘2 and limmx
(m) = x. From (2.26), we have

XN
k¼1

xðmÞk � xðm
0Þ

k

��� ���2\e2 ð2:27Þ

for any positive integer N, provided m, m′ � n0(e). Letting m′ ! ∞ in (2.27), we
obtain

XN
k¼1

xðmÞk � xk
��� ���2 � e2

for any positive integer N and all m � n0(e). The sequencePN
k¼1 xðmÞk � xk
��� ���2� �

N� 1
is a monotonically increasing sequence of nonnegative

real numbers and is bounded above and, therefore, has a finite limitP1
k¼1 xðmÞk � xk
��� ���2 which is less than or equal to e2. Hence
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X1
k¼1

xðmÞk � xk
��� ���2 !1

2

� e for all m; m0 � n0ðeÞ: ð2:28Þ

Observe that

X1
k¼1

xkj j2
 !1

2

�
X1
k¼1

xðmÞk � xk
��� ���2 !1

2

þ
X1
k¼1

xðmÞk

��� ���2 !1
2

;

using Corollary 2.2.7(a) and consequently x 2 ‘2. Moreover, limmx
(m) = x in ‘2 by

(2.28).

It follows from Remark 2.3.2(ii) that ‘0 is an inner product space that is not
complete.

Remarks 2.3.5

(i) The inner product space ‘0 of sequences all of whose terms, from some index
onwards, are zero is dense in ‘2. In fact, let x = (a1, a2, …) be an element in
‘2 (not in ‘0) and e > 0 be given. Choose N such that

X1
k¼N þ 1

akj j2\e:

Then the sequence y = (a1, a2, …, aN, 0, …) is in the desired inner product
space and is such that

x� yk k ¼
X1

k¼Nþ 1

aj j2\e:

This shows that each x 2 ‘2 (not in ‘0) is a limit point of the space ‘0 of
sequences all of whose terms, from some index onwards, are zero.

(ii) It may be discerned from (i) above that ‘0 is not complete.
(iii) For j = 1, 2, …, let ej = (0, …, 0, 1, 0, 0, …), where 1 occurs only in the jth

place and

E ¼ fk1e1 þ � � � þ knen : n ¼ 1; 2; . . .;<kj;=kj are rationalg:

Since the rational numbers constitute a countable set, E is countable. We

show that E is dense in ‘2. Let (x1, x2, …) 2 ‘2 and e > 0. As
P1

j¼1 xj
�� ��2 is

finite, there is some N such that
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X1
j¼Nþ 1

xj
�� ��2\e2=2:

Since the rational numbers are dense in R, there are k1, …, kN in C with
ℜkj, =kj rational and

xj � kj
�� ��2\e2=2N; j ¼ 1; 2; . . .;N:

Consider y ¼ k1e1 þ � � � þ kNeN in E. Then

x� yk k2¼
XN
j¼1

xj � kj
�� ��2 þ X1

j¼Nþ 1

xj
�� ��2\e2=2þ e2=2 ¼ e2:

Hence, y 2 S(x, e). Thus, E is dense in ‘2. Consequently, ‘2 is a separable
metric space.

Definition 2.3.6 Two Hilbert spaces H and K are said to be isometrically iso-
morphic if there exists a linear isometry between H and K, i.e. if there exists a
bijective linear mapping A:H ! K such that

Aða1x1 þ a2x2Þ ¼ a1Aðx1Þþ a2A x2ð Þ;

Ax1;Ax2ð Þ ¼ x1; x2ð Þ

for all x1, x2 2 H and scalars a1 and a2.

Theorem 2.3.7 For every inner product space X, there is a Hilbert space H such
that X is a dense linear subspace of H, and for x, y 2 X, the inner product (x, y) in X
and in H is the same. The space H is unique up to a linear isometry; that is, if X is a
dense linear subspace of a Hilbert space K, then there is a unique linear isometry
A:H ! K such that the restriction of A to X is the identity map.

Proof Consider X as a metric space with the metric induced by the inner product on
X, i.e. with d(x, y) = ||x − y|| = (x − y, x − y)

1
2 . Let H be its completion. Let

x, y 2 H and let {xn}n� 1 and {yn}n� 1 be sequences in X such that xn ! x and
yn ! y. Then for scalars k and µ, the sequence {kxn + µyn}n� 1 is a Cauchy
sequence in X. Now, if H is to be given a Hilbert space structure such that the inner
product on H induces the metric on H, then

limnðkxn þ lynÞ ¼ k limnxn þ l limnyn ¼ kxþ ly:

Thus, k x + µy must be defined to be the limit of the Cauchy sequence {kxn +
µyn}n� 1. It may be checked that the addition, scalar multiplication and the limits of
the Cauchy sequences are well defined. It is now easy to check that with this
definition of addition and scalar multiplication, H becomes a vector space. Now
define (x, y) = limn(xn, yn); note that it is well defined. In fact, it is an inner product
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on H whose restriction to X agrees with the given inner product in X. With this inner
product, H is a Hilbert space. The uniqueness can be easily verified. h

Problem Set 2.3

2:3:P1. Show that the space (C[0, 1],||�||∞), where ||x||∞ = sup0� t� 1|x(t)|, is not an
inner product space, hence not a Hilbert space.

Definition A strictly convex norm on a normed linear space is a norm such that,
for all x, y 2 X, ||x|| = ||y|| = 1, y 6¼ x ) ||x + y|| < 2.

2:3:P2: (a) Show that the norm on a Hilbert space is strictly convex.
(b) Show that the norm ||�||∞ on C[0, 1] is not strictly convex.
(c) Show that the norm ||�||1 on C[0, 1] is not strictly convex.

2:3:P3. Let H be the collection of all absolutely continuous functions x:[0, 1] ! F

such that x(0) = 0 and x′ 2 L2[0, 1]. If ðx; yÞ ¼ R 10 x0ðtÞy0ðtÞdt for x, y 2 H,
show that H is a Hilbert space.

2:3:P4. Let H be a Hilbert space over R: Show that there is a Hilbert space K over
C and a map U:H ! K such that (i) U is linear (ii) (Ux1, Ux2) = (x1, x2) for
all x1, x2 2 H, (iii) for any z 2 K, there are unique x1, x2 2 H such that
z = Ux1 + iUx2.

2:3:P5: (a) Suppose x and y are vectors in a normed space such that ||x|| = ||y||. If
there exists t 2 (0,1) such that ||tx + (1 − t)y|| < ||x||, then show that this
strict inequality holds for all t 2 (0, 1).

(b) Let x and y belong to a real or complex strictly convex normed space.
If ||x + y|| = ||x|| + ||y|| and x 6¼ 0 6¼ y, show that there exists a > 0 such
that y = ax.

2:3:P6. The set of all vectors x = {ηn}n� 1 with |ηn| � 1
n, n = 1, 2, … in real ‘2 is

called the Hilbert cube. Show that this set is compact in ‘2.
2:3:P7. Let a = {an}n� 1 be a sequence of positive real numbers. Define

‘2a = {x = (x1, x2, …): xi 2 C and
P1

i¼1 ai xij j2\1}. Define an inner
product on ‘2a by ðx; yÞ ¼P1

i¼1 aixiyi. Show that ‘2a is a Hilbert space.
2:3:P8. For a real number s, we define on Z a measure µs by setting

ls fngð Þ ¼ 1þ n2
� �s=2

; n 2 Z:

Put Hs ¼ L2ðlsÞ: Prove that for r < s, we have Hs�Hr:
2:3:P9: (a) Find a sequence a of positive real numbers such that (1, 1/22, 1/33, …)

62 ‘2a [see Problem 2.3.P7].
(b) Find a sequence a of positive real numbers such that all x = {xn}n� 1

with |xn| = nn are in ‘2a .
2:3:P10. Let M be a closed subspace of a Hilbert space H, and let y 2 H, y 62 M. If

M′ is the subspace spanned by M and y, then M′ is closed. In particular, a
finite-dimensional subspace must be closed.
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2.4 The Space L2 (X;M, µ)

A class of spaces associated with eLp(X;M, µ) for all p, 0 < p � ∞ [see Definition
1.3.5] is important in analysis. Here we are concerned only with cases p = 1 and
p = 2. We shall see that there is a Hilbert space associated with eL2(X;M, µ).
Henceforth, the symbols M and µ will be omitted.

Proposition 2.4.1 eL2(X) is a vector space.

Proof Suppose that f 2 eL2(X;M; µ) and a 2 C: Then f is measurable and so af is
measurable; | f |2 is integrable and so |af |2 = |a|2| f |2 is integrable. Thus, af 2 eL2(X,
M, µ).

Suppose that f, g 2 eL2(X). Then f and g are measurable and so f + g is mea-
surable. For all complex numbers a and b,

aþ bj j2 � 2 aj j2 þ 2 bj j2:

The above inequality may be seen to result on applying the Cauchy–Schwarz
Inequality (Theorem 2.2.4) to the inner product ((a, b), (1,1)) in the inner product
space C

2. So, for all x 2 X,

0� f ðxÞþ g xð Þj j2 � 2 f ðxÞj j2 þ g xð Þj j2
� �

:

The function on the right is integrable and therefore so is the measurable function
| f + g |2. This proves that f + g 2 eL2(X). h

Definition 2.4.2 If f and g are two complex-valued measurable functions defined on
X, let us write ‘f * g’ if {x 2 X: f(x) 6¼ g(x)} is a null set (a measurable set of
measure zero). One says that the functions f and g are equivalent or that f − g is a
null function.

Let N denote the set of all null functions, that is,

N ¼ ff : f 	 0g:

The relation ‘*’ is an equivalence relation on the set of all complex-valued
measurable functions defined on X. As such, it partitions the set into disjoint
equivalence classes, where a typical class, denoted by [ f ], is given by

½f � ¼ fg : gmeasurable onX and g	 f g

and g 2 [ f ] would be called a representative of this class.
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Note that N is a vector space of functions and N � eLp(X) for all p > 0.
If f is a function in eLp(X), then [ f ] = f + N is the coset containing f, as defined

towards the end of Sect. 1.1.

Definition 2.4.3 The space L2(X, M, µ) is the set of all equivalence classes of
functions in eL2(X).

Thus, if f 2 eL2(X), then [ f ] is the corresponding member of L2(X,M, µ). One says
that f is a representative of the equivalence class [ f ]. The set just defined is what we
intend to make into the promised Hilbert space associated with eL2(X, M, µ).

Proposition 2.4.4 L2(X) is a vector space.

Proof N is a subspace of eL2(X), and L2(X) is actually the quotient space eL2

(X, M, µ)/ N . h

We next define an inner product on the space eL2(X).

Proposition 2.4.5 If f, g 2 eL2(X) then fg 2 eL1(X).

Proof Suppose f, g 2 eL2(X). Then, f, g are measurable and so the product fg is
measurable. The functions | f |2 and |g|2 are integrable and it follows from the
inequality

f xð Þg xð Þj j � 1
2

f xð Þj j2 þ g xð Þj j2
� �

; x 2 X

that fg is also integrable. h

Now let us define (f, g) for f, g 2 ~L2(X) by

ðf ; gÞ ¼
Z
X

f ðxÞgðxÞdl xð Þ or
Z
X

ðf gÞdl:

Note that if g2 ~L2(X) then g (defined by g(x) = gðxÞ) is also a member of eL2(X,M, µ),
and so by Proposition 2.4.5, (f, g) is well defined. The reader can check that (�,�) has all
the properties of an inner product except one. If (f, f) = 0, then

0 ¼ ðf ; f Þ ¼
Z
X

f xð Þj j2dl xð Þ ¼
Z
X

fj j2dl

and therefore, f * 0; that is, f is a null function, but one cannot conclude that f = 0.
However, if f * f ′ and g * g′, then (f, g) = (f ′, g′). In fact,
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Z
X

ðf gÞ �
Z
X

f 0g0

������
������ ¼

Z
X

ðf � f 0Þgþ
Z
X

f 0 g� g0
� �������

������
�
Z
X

ðf � f 0Þg
������

������þ
Z
X

f 0 g� g0
� �������

������
�ðf � f 0; f � f 0Þ12ðg; gÞ12 þðf 0; f 0Þ12ðg� g0; g� g0Þ12 ¼ 0;

using the Cauchy–Schwarz Inequality 2.2.4. In view of the inequality proved
above, the integral Z

X

ðf gÞ

depends only on the equivalence classes [ f ] and [g] of the functions.
We can now define (�,�) on L2(X, M, µ).

Definition 2.4.6 For [ f ], [g] 2 L2(X), define

ð½f �; g½ �Þ ¼
Z
X

ðf gÞdl;

where f 2 [ f ] and g 2 [g].
In view of the remarks preceding Definition 2.4.6, (�,�) is unambiguously defined

on L2(X, M, µ).

Proposition 2.4.7 The space L2(X) with inner product as in Definition 2.4.6 is an
inner product space.

Proof For [ f ] 2 L2(X), if ([ f ], [ f ]) = 0, then
R
X | f |2dµ = 0 and hence [ f ] = 0, the

zero of L2(X). The verification of the other axioms of an inner product is
straightforward. h

Remark 2.4.8 We shall adopt the usual practice and abandon the notation [ f ]. The
symbol f will be used to denote both a function in eL2(X) and the corresponding
equivalence class of functions in L2(X). Working mathematicians tend to ignore the
distinction between a function and its equivalence class. The correspondence
between statements about eL2(X) and L2(X) is straightforward and gives rise to no
confusion. In the subsequent discussions, it will always be clear whether calcula-
tions are in terms of functions or equivalence classes of functions.
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Note that for f 2 L2(X),

fk k ¼ ðf ; f Þ12 ¼
Z
X

f xð Þj j2dl xð Þ
0@ 1A1

2

¼
Z
X

fj j2dl
0@ 1A1

2

:

Now we can prove a result which is of central importance in analysis. It is often
called the Riesz–Fischer Theorem.

Theorem 2.4.9 (Riesz–Fischer Theorem) (L2(X), (�,�)) is a Hilbert space.

Proof Let {fn}n� 1 be a Cauchy sequence in L2(X); that is, for e > 0 there exists an
integer n0 such that

fn � fmk k\e whenever n;m� n0:

Then there exists a subsequence ffnigi� 1, n1 < n2 < � � �, such that

fniþ 1 � fni
		 		 ¼

Z
X

f niþ 1 � fni
�� ��2dl

0@ 1A1
2

\
1
2i
; i ¼ 1; 2; . . .

Indeed, if nk has been selected, choose nk+1 > nk such that n, m > nk+1 implies
fn � fmk k\ 1

2kþ 1 :

Let

gk ¼
Xk
i¼1

fniþ 1 � fni
�� ��;

and

g ¼
X1
i¼1

fniþ 1 � fni
�� ��:

Then by the triangle inequality (Theorem 2.2.6),

gkk k ¼
Xk
i¼1

fniþ 1 � fni
�� ��					

					� Xk
i¼1

fniþ 1 � fni
		 		\Xk

i¼1

1
2i
\ 1 for k ¼ 1; 2; . . .

Hence, an application of Fatou’s Lemma (Theorem 1.3.8) to {gk
2}k� 1 gives

2.4 The Space L2(X;M, µ) 43



Z
X

g2 ¼
Z
X

ðlim infkg2kÞdl

� lim infk

Z
X

g2kdl

� 1;

that is, ||g|| � 1. In particular, g(x) < ∞ a.e. Indeed, if E = {x: |g(x)| = ∞} has
positive measure, then

R
X g(x)2dµ(x) = ∞. Therefore, the series

g ¼
X1
i¼1

fniþ 1 � fni
� �

: ð2:29Þ

converges absolutely for almost all x. Denote the sum of (2.29) by f(x) for those x at
which (2.29) converges. Put f(x) = 0 on the remaining set of measure zero. Since

fn1 þ
Xk�1

i¼1

ðfniþ 1 � fniÞ ¼ fnk ;

we see that

f xð Þ ¼ lim
i
fni xð Þ a:e:

Having determined a function f which is the pointwise limit almost everywhere of
fnif gi� 1; we have to show that f is the L2-limit of {fn}n� 1, i.e. limn|| fn − f || = 0,

where ||�|| denotes the L2-norm. Recall that

jjfn � fmjj\e whenever n;m� n0:

For m > n0, another application of Fatou’s Lemma shows thatZ
X

jf � fmj2dl� limi

Z
X

jfni � fmj2dl� e2: ð2:30Þ

We conclude from (2.30) that f − fm 2 L2(X) and hence f 2 L2(X) since
f = (f − fm) + fm. Finally,

f � fmk k ! 0 asm ! 1:

This completes the proof that L2(X, M, µ) is a Hilbert space. h
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Remark 2.4.10 In the course of the proof, we have shown that if {fn}n� 1 is a
Cauchy sequence in L2(X) with limit f, then {fn}n� 1 has a subsequence which
convergence pointwise almost everywhere to f.

The simple functions play an important role in L2(X).

Theorem 2.4.11 Let S be the collection of all measurable simple functions on X
vanishing outside subsets of finite measure. Then S is dense in L2(X).

Proof Clearly, S � L2(X). Let f 2 L2(X) and assume that f � 0. There exists a
sequence {sn}n� 1 of measurable simple functions such that

0� s1 xð Þ� s2 xð Þ� � � � � f xð Þ and sn xð Þ ! f xð Þ

(see 1.3.3). Since 0 � sn(x) � f(x), we have sn 2 L2(X) and hence sn 2 S. Since
| f − sn|

2 � f 2, the Dominated Convergence Theorem 1.3.9 shows that ||f − sn|| ! 0
as n ! ∞. Then, f is in the L2-closure of S. The general case when f is complex
follows from the above considerations. h

Theorem 2.4.12 Let X = R, M be the r-algebra of measurable subsets of R and µ
be the usual Lebesgue measure on R. Then the set of all continuous functions
vanishing outside subsets of finite measure is dense in L2(X).

Proof Let E 2 M be such that µ(E) < ∞. Then every bounded measurable (in
particular continuous) function is square integrable on E. Consider now a nonempty
closed subset F of E and its characteristic function vF. For n = 1, 2, …, let

fn xð Þ ¼ 1
1þ n distðx;FÞ ; x 2 E;

where dist(x, F) = inf{|x − y|: y 2 F}. Note that each fn is continuous on E. Also,
fn(x) = 1 for all x 2 F and fn(x)! 0 as n!∞ for all x 62 F. Hence, (vF − fn)(x)! 0
for all x 2 E. Since µ(E) < ∞ and |fn(x)| � 1 for all x 2 E, the Dominated
Convergence Theorem shows thatZ

E

vF � fnj j2dl ! 0 as n ! 1:

In case F is empty, vF is 0 everywhere and we may carry out the above argument
with each fn chosen to be 0 everywhere.

Now let E0 be any measurable subset of R with µ(E0) < ∞. Let e > 0 be given.
Then, there exists a closed set F � E0 such that µ(E0\F) < e. This follows on using
regularity of Lebesgue measure. Since

dðvE0
; fnÞ ¼ vE0

� fn
		 		

� dðvE0
; vFÞþ dðvF ; fnÞ;
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and since

dðvE0
; vFÞ ¼

Z
X

vE0
� vF

�� ��2dl
0@ 1A1

2

¼ l E0nFð Þ12\e
1
2;

it follows that

dðvE0
; fnÞ ! 0 as n ! 1:

We have thus proved that the characteristic functions of measurable subsets of finite
measure can be approximated in L2-norm by continuous functions which vanish
outside sets of finite measure. The proof is now completed by using Theorem 2.4.11
and the triangle inequality. h

Problem Set 2.4

2:4:P1. For which real a does the function fa(t) = taexp(−t), t > 0, belong to
L2(0,∞)? What is ||fa|| when defined?

2:4:P2: (a) Show that the subspace M = {x = {xn}n� 1 2 ‘2 :
P1

n¼1
1
n xn ¼ 0g is

closed in ‘2.
(b) Show that the subspace M = {x(t) 2 L2[1,∞):

R1
1

1
t x(t)dt = 0} is closed

in L2[1,∞).
2:4:P3. Lp[0, 1], 1 � p < ∞, p 6¼ 2, is not a Hilbert space.

2.5 A Subspace of L2(X, M, µ)

The following subspace of L2(X, M, µ) will play an important role in the discussion
of applications of Hilbert space tools to problems in analysis. Here X = [a, b], M is
the r-algebra of Lebesgue measurable subsets of [a, b] and µ is the Lebesgue
measure.

Example 2.5.1 Let [a, b] be a closed subinterval of R. Let C[a, b] denote the space
of complex-valued continuous functions defined on [a, b] with inner product given
by

ðf ; gÞ ¼
Zb
a

f ðtÞgðtÞdt; f ; g 2 C a; b½ �: ð2:31Þ
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Then, C[a, b] is an inner product space (see Example 2.1.3(iv)) which is dense in
L2[a, b]. Extend f 2 L2[a, b] to R by setting f = 0 outside [a, b]. The extended
function is defined on R and is in L2(R). There exists a continuous function
g vanishing outside a set of finite measure such that ||f − g|| < e [see
Theorem 2.4.12]. Consider the restriction of g to [a, b], to be denoted by h. Then
the given f is such that ||f − h|| < e. Moreover, C[a, b] 6¼ L2[a, b] as the following
argument shows.

If two functions differ at a point and are both continuous there, then they differ
on a neighbourhood of that point. Consequently, they cannot be equivalent. It
follows that the function

f ðxÞ ¼
1 if x 2 ½0; 12Þ�1 if x 2 ð12 ; 1�
0 ifx ¼ 1

2

8<:
is not equivalent to any continuous function. This proves the assertion that
C[a, b] 6¼ L2[a, b].

Thus, C[a, b] is an inner product space which is not a Hilbert space.

Remarks 2.5.2

(i) The reader will note that if g1 and g2 are continuous functions on [a, b] and
g1 * g2 then g1 = g2. So, if f 2 L2[a, b] has a representative which is
continuous, then that representative is unique. Thus, C[a, b] ! L2[a, b] is an
injection. Moreover, uniform convergence of continuous functions implies
convergence in L2-norm. The aforementioned implication stems from the
finiteness of the Lebesgue measure of [a, b] and it fails if the bounded interval
is replaced by an unbounded interval.

(ii) That the inner product space C[a, b] with the inner product defined by (2.31)
above is not complete can also be seen by exhibiting a Cauchy sequence in the
space which converges to an element not lying in the space.

Let a and b be −1 and 1, respectively, and consider the sequence

fnðtÞ ¼
0 �1� t� 0
nt 0\t� 1

n
1 1

n\t� 1

8<: :
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Observe that (m > n)

_1 1
1/m 1/n

1

Z1
�1

fnðtÞ � fm tð Þj j2dt ¼
Z1=m
0

mt � ntð Þ2dtþ
Z1=n
1=m

1� ntð Þ2dt

¼ ðm� nÞ2 1
3m3 þ 1

n
� 1
m


 �
� n

1
n2

� 1
m2


 �
þ n2

3
1
n3

� 1
m3


 �
¼ ðm� nÞ2

3m2n
:

The right-hand side of the above equality tends to zero as n, m ! ∞. Thus, the
sequence {fn}n� 1 is Cauchy. We next show that fn! f in the L2-norm, where f(t) = 0
for −1 � t � 0 and f(t) = 1 for 0 < t � 1. In fact,

Z1
�1

fnðtÞ � f tð Þj j2dt ¼
Z1=n
0

1� ntð Þ2dt ¼ 1
n
� 1
n
þ 1

3n
¼ 1

3n
! 0 as n ! 1:

The limit function is not equivalent to any continuous function for reasons similar
to those in Example 2.5.1.

Problem Set 2.5

2.5.P1. Prove that the system {1, t3, t6, …} has a dense linear span in the space
L2[0, 1] as well as in L2[−1, 1].

2.6 The Hilbert Space A(X)

Suppose X � C is an arbitrary bounded domain whose boundary consists of smooth
simple closed curves.

Consider the class of all holomorphic functions f in X for which the integral
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ZZ
X

fj j2dm\1; ð2:32Þ

where dm is the two-dimensional Lebesgue measure, exists. In order to interpret the
integral as a limit of the Riemann integral, we shall need the following:

Proposition 2.6.1 Let X be a nonempty open subset of C. Then there exists a
sequence {Kn}n� 1 of closed and bounded subsets of X such that X is their union.
Moreover, the sets Kn can be chosen to satisfy the following conditions:

(a) Kn�Knþ 1
o ; n = 1, 2, …;

(b) every compact (closed and bounded) subset K of X is contained in Kn

for some n.

Proof For each positive integer n, let

Kn ¼ z : zj j � n and distðz;CnXÞ� 1
n

� �
:

Observe that Kn is both bounded and closed and hence compact or empty.
Moreover, Kn � X. Obviously,

Kn� z : zj j\nþ 1 and distðz;CnXÞ[ 1
nþ 1

� �
�Knþ 1

o :

This proves (a).
We next show that X =

S1
n¼1 Kn. For, if z 2 X, then there exist m1 and m2 such

that |z| � m1 and dist(z,C\X) � 1
m2
. Thus, z 2 Kn for some n. On the other hand,

Kn � X. This proves that X =
S1

n¼1 Kn.
In view of (a), it follows that X =

S1
n¼1 Knº. If K is a compact subset of X, then

the Knº form an open cover of K. By Definition 1.2.16, the compact set K is covered
by finitely many Knº. Consequently, K is contained in Kn for some large n. This
completes the proof. h

On letting

un zð Þ ¼ jf ðzÞj2 z 2 Kn

0 z 2 XnKn

�
;

we see that un is monotonically increasing and limnun(z) = |f(z)|2, z 2 X. The
Dominated Convergence Theorem now impliesZZ

X

undm !
ZZ
X

jf j2dm as n ! 1;
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that is, ZZ
Kn

jf j2dm !
ZZ
X

jf j2dm:

We now compute in terms of Taylor coefficients the integral (2.32) for
X = {z: |z| < R} and a holomorphic function f defined in X.

The function f can be expanded in Taylor series

f zð Þ ¼
X1
n¼0

anz
n;

where an = f(n)(0)/n!, n = 0, 1, 2, …

ZZ
X

jf j2dm ¼
ZZ
X

X1
n¼0

anz
n

�����
�����
2

dm

¼
ZZ X1

n¼0

anrneinh
 ! X1

k¼0

akr
ke�ikh

 !
r dr dh

¼
ZR
0

Z2p
0

X1
n¼0

X1
k¼0

anakr
nþ kþ 1eiðn�kÞh

 !
dr dh

¼
ZR
0

X1
n¼0

X1
k¼0

anak

Z2p
0

eiðn�kÞhdh rnþ kþ 1 dr;

where term-by-term integration is valid because the power series representation
converges uniformly on |z| � r for r < R. Then

ZZ
X

jf j2dm ¼
ZR
0

2p
X1
n¼0

anj j2r2nþ 1dr ¼ p
X1
n¼0

anj j2 R
2nþ 2

nþ 1
: ð2:33Þ

Definition 2.6.2 Let X be a bounded domain in the complex plane. The class of all
holomorphic functions in X for which the integral

RR
X | f |2dm is finite is denoted by

A(X) and is known as the Bergman space. Briefly,

AðXÞ ¼ f f is holomorphic inX and
ZZ
X

fj j2dm\1g

The integral is to be understood in the sense of limn
RR

Kn
|f(z)|2dm(z), where {Kn}

is a nondecreasing sequence of compact subsets of X whose union is X.
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The following inequality will be useful in proving that A(X) is a Hilbert space.

Proposition 2.6.3 Suppose f 2 A(X) and dz = dist(z, ∂X). Then

jf zð Þj2 �
ZZ
X

jf j2dm
0@ 1A=pd2z : ð2:34Þ

Proof Let D be the disc with centre z and radius dz. Clearly,ZZ
X

jf j2dm�
ZZ
D

jf j2dm:

It follows from the relation (2.33) above thatZZ
X

jf j2dm� p a0j j2d2z ¼ p f ðzÞj j2d2z :

So,

jf zð Þj2 �
ZZ
X

jf j2dm
0@ 1A=pd2z :

This completes the proof. h

The inequality |a + b|2 � 2(|a|2 + |b|2) implies that

af ðzÞþ bg zð Þj j2 � 2 aj j2jf zð Þj2 þ bj j2 g zð Þj j2
� �

ð2:35Þ

for any two functions f, g 2 A(X); further, the identity

f g ¼ 1
2
jf þ gj2 þ i

2
jf þ igj2 � 1þ i

2
jf j2 � 1þ i

2
gj j2 ð2:36Þ

holds.

Definition 2.6.4 For f, g 2 A(X), we write

ðf ; gÞ ¼
ZZ
X

f g dm: ð2:37Þ

That the right side of (2.37) is finite follows from (2.35) and (2.36) above. It is
easily verified that (2.37) defines an inner product on A(X).

Theorem 2.6.5 With (f, g) defined as in (2.37), A(X) is a Hilbert space.
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Proof We show that A(X) is a complete inner product space. In view of (2.35),
A(X) is closed under addition and scalar multiplication.

As usual, A(X) with norm defined by

fk k ¼ ðf ; f Þ12 ¼
ZZ
X

jf j2 dm
0@ 1A1

2

;

becomes a normed space [see Definition 2.2.2 and Theorem 2.2.6]. It remains to
show that A(X) is complete in this norm. Suppose {fn}n� 1 is a Cauchy sequence in
this norm, that is,

fn � fp
		 		2¼ ZZ

X

fn � fp
�� ��2 dm

0@ 1A\e

for n, p � N. For each compact set K 
 X, it follows, on using Proposition 2.6.3,
that

fnðzÞ � fpðzÞ
�� ��2\ e=pd2 ðz 2 KÞ;

where d = inf{d(z,x): z 2 K and x 2 ∂X}. This means by Weierstrass’ Theorem that
on each compact subset, K 
 X, the sequence {fn}n� 1 converges uniformly to a
holomorphic function f:

fn zð Þ ! f zð Þ as n ! 1 z 2 K 
 X:

Since ZZ
K

jfn � fpj2dm�
ZZ
X

jfn � fpj2 dm; n; p�N;

it follows, on letting p ! ∞, thatZZ
K

jfn � f j2dm� e; n�N;

for each compact set K; hence,ZZ
K

jfn � f j2dm� e; n�N;

The last inequality implies f 2 A(X) and ||fn − f|| ! 0 as n ! ∞. This completes the
proof. h
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Problem Set 2.6

2:6:P1. Let X be an arbitrary domain in C whose boundary consists of a finite
number of smooth simple closed curves and let A(X) be the collection of all
holomorphic functions f:X ! C for which

ZZ
X

f zð Þj j2dxdy same as
ZZ
X

fj j2dm of Sect. 2:6

24 35\1

holds.

(a) Show that every f 2 A(X), where X = {z 2 C: 0 < |z| < 1} has a removable
singularity at z = 0;

(b) Show that if a 2 X, then {f 2 A(X): f(a) = 0} is closed in A(X).

2.7 Direct Sum of Hilbert Spaces

The definition of the external direct sum of vector spaces [Definition 1.1.7] is
extended to any arbitrary family of vector spaces (each vector space is over the field
R of real numbers or the field C complex numbers) beginning with any finite such
family. This procedure lays bare the intricacies involved and aids understanding.

The direct sum

H ¼ H1 � H2 � � � � � Hn

of the vector spaces H1, H2, …, Hn is the set H = H1 � H2 � � � � � Hn, in which the
addition and scalar multiplication are defined by the formula

ðx1; x2; . . .; xnÞþ y1; y2; . . .; ynð Þ ¼ x1 þ y1; x2 þ y2; . . .; xn þ ynð Þ;
k x1; x2; . . .; xnð Þ ¼ ðkx1; kx2; . . .; kxnÞ;

where (x1, x2, …, xn), (y1, y2, …, yn) are in H1 � H2 � … �Hn and k 2 R or C.
It is quite clear that H contains a subspace Yi of H, where

Yi ¼ f x1; x2; . . .; xnð Þ : xj ¼ 0 for j 6¼ ig;

which is isomorphic to Hi. It is sometimes convenient to refer to the space Hi itself
as a subspace of H, and when such reference is made, it is the isomorphic space Yi
that is to be understood. The map of H into Hi given by

2.6 The Hilbert Space A(X) 53



x1; x2; . . .; xnð Þ ! 0; 0; . . .; xi; 0; . . .ð Þ

is a projection and is sometimes called projection of H onto Hi.

If H1, H2, …, Hn are Hilbert spaces, then H is the uniquely determined Hilbert
space with inner product

x1; x2; . . .; xnð Þ; y1; y2; . . .; ynð Þð Þ ¼
Xn
i¼1

xi; yið Þi; ð2:38Þ

where (�,�)i is the inner product in Hi. Then the norm in a direct sum of Hilbert
spaces is given by

x1; x2; . . .; xnð Þk k ¼ x1; x2; . . .; xnð Þ; x1; x2; . . .; xnð Þð Þj j12: ð2:39Þ

To summarise, we state the following definition:

Definition 2.7.1 For each i = 1, 2, …, n, let Hi be a Hilbert space with inner
product (�,�)i. The direct sum of Hilbert spaces H1, H2, …, Hn is the vector space
H = H1 ⊕ H2 ⊕ � � � ⊕ Hn in which the inner product and the norm are defined by
(2.38) and (2.39).

Henceforth, the subscripts i in the notation for the inner products and the norms
will be omitted because the context will make it clear which one is intended.

Proposition 2.7.2 With notations as above, H = H1 ⊕ H2 ⊕ � � � ⊕ Hn is a Hilbert
space.

Proof It must be shown that (2.38) defines an inner product on H and H is complete
with respect to the norm defined by (2.39). We shall check the second assertion
only.

Let {(x1
(m), x2

(m), …, xn
(m))}m� 1 be a Cauchy sequence in H, that is,Pn

i¼1 ||xi
(m) − xi

(‘)||2! 0 asm, ‘!∞. For each k, ||xk
(m) − xk

(‘)||2 � Pn
i¼1 ||xi

(m) − xi
(‘)||2

shows that {xk
(m)}m� 1 is Cauchy in Hk. Since Hk is a Hilbert space, there exists xk in

Hk such that xk
(m) ! xk as m ! ∞. Clearly, the vector (x1, x2, …, xn) is in H. It will

be shown that (x1
(m), x2

(m), …, xn
(m)) ! (x1, x2, …, xn) in H. Let e > 0 be given. For

each k, there exists an integer mk such that

xðmÞk � xk
			 			\e=

ffiffiffi
n

p
for m�mk:

Consequently,

Xn
k¼1

xðmÞk � xk
			 			2\e2 for m�max m1;m2; . . .;mnf g:

This completes the proof of the assertion made. h
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We next define H1 ⊕ H2 ⊕ � � � ; also written as �1
i¼1

Hi, for a sequence of Hilbert

spaces H1, H2, …. Let

H ¼ xnf gn� 1: xn 2 Hn; n ¼ 1; 2; . . . and
X1
n¼1

xnk k2\1
( )

:

For x = {xn}n� 1 and y = {yn}n� 1 in H, define

x; yð Þ ¼
X1
n¼1

xn; ynð Þ: ð2:40Þ

The sum on the right is seen to be finite by using the Cauchy–Schwarz Inequality
for each Hi and then for ‘2. It can then be verified that (�,�) is an inner product on
H and the norm relative to the inner product is ||x|| = (

P1
n¼1 ||xn||

2)
1
2.

With this inner product, H can be shown to be a Hilbert space.

Proposition 2.7.3 With notations as above, H = H1 ⊕ H2 ⊕ � � � = �1
i¼1

Hi is a

Hilbert space.

Proof It must be shown that (2.40) defines an inner product on H and H is complete
with respect to the norm defined by

xk k ¼
X1
n¼1

xnk k2
 !1

2

:

For x = {xn}n� 1 and y = {yn}n� 1 in H,

X1
n¼1

xn; ynð Þj j �
X1
n¼1

xnk k ynk k�
X1
n¼1

xnk k2
 !1

2 X1
n¼1

ynk k2
 !1

2

;

using the Cauchy–Schwarz Inequality twice. Hence, the series on the right of (2.40)
converges absolutely. Consequently, (�,�) is well defined. It is a routine exercise to
show that (�,�) is an inner product on H. It remains to show that H is a complete
space. Suppose {x(m)}m� 1 = {(x1

(m), x2
(m), …)}m� 1 is a Cauchy sequence in H, that

is, ||x(m) − x(n)|| ! 0 as m, n ! ∞. For each k, ||xk
(m) − xk

(n)||2 � P1
j¼1 ||xj

(m) − xj
(n)||2

= ||x(m) − x(n)||2, which shows that the sequence {xk
(1), xk

(2), …} of kth components is
Cauchy. Since Hk is a Hilbert space, xk

(n) ! xk as n!∞ for suitable xk in Hk. It will
be shown that

P1
n¼1 ||xk||

2 < ∞ and x(n) ! x, where x = {xk}k� 1.
Given e > 0. Let p be an integer such that ||x(m) − x(n)|| < e whenever m, n �

p. For any positive integer r, one has
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Xr
k¼1

xðmÞk � xðnÞk

			 			2 � xðmÞ � xðnÞ
		 		� e2;

provided m, n � p. Letting m ! ∞,

Xr
k¼1

xk � xðnÞk

			 			2 � e2

provided n � p. Since r is arbitrary,

X1
k¼1

xk � xðnÞk

			 			2 � e2 ð2:41Þ

provided n � p. In particular,

X1
k¼1

xk � xðpÞk

			 			2 � e2;

hence, the sequence {xk − xk
(p)}k� 1 belongs to H. Consequently, the sequence

xkf gk� 1¼ xk � xðpÞk þ xðpÞk

n o
k� 1

belongs to H. It follows from (2.41) that ||x − x(n)|| � e whenever n � p. Thus
x(n) ! x. h

Definition 2.7.4 If H1, H2,… are Hilbert spaces, the space H in Proposition 2.7.3 is
called the direct sum of H1, H2, …

For our next definition, a summation over an arbitrary (possibly uncountable)
indexing set is to be understood in the following sense:

Suppose S = {xa: a 2 K}, where K is an indexing set, is a collection of ele-
ments from a normed linear space X. {xa: a 2 K} is said to be summable to x 2 X,
written X

a2K
xa ¼ x or

X
a

xa ¼ x;

if for all e > 0, there exists some finite set of indices J0 � K, such that for any finite
set of indices J � J0,

X
a2J

xa � x

					
					\e:
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Definition 2.7.5 For each a in the index set K, let Ha be a Hilbert space. The direct
sum ⊕aHa of Hilbert spaces Ha is defined to be the family of all functions {xa} on
K such that for each a, xa 2 Ha and

P
a2K xak k2\1:

If x, y 2 H, (x, y) =
P

a(xa, ya) is an inner product on H, then H is a Hilbert space

with respect to the norm xak k ¼ P
a2K xak k2

� �1
2
. The proof is not included.

Permuting the index set K results in an isomorphic Hilbert space.

Let X = Cn[a, b], the linear space of all scalar valued n times continuously
differentiable functions on [a, b]. For x, y in X, define

x; yð Þ ¼
Xn
j¼0

Zb
a

xðjÞðtÞyðjÞðtÞdt:

Clearly, (�,�) is an inner product on X and

xk k2¼ x; xð Þ ¼
Xn
j¼0

Zb
a

xðjÞ tð Þ�� ��2dt; x 2 X:

Let
H = {x 2 C[a, b]: x(n−1) is defined and absolutely continuous, x(n) 2 L2[a, b]}.
For x, y 2 H, let

x; yð Þ ¼
Xn
j¼0

Zb
a

xðjÞðtÞ yðjÞðtÞ dt:

It can be seen that (�,�) is an inner product on H and

xk k2¼ x; xð Þ ¼
Xn
j¼0

Zb
a

xðjÞðtÞ�� ��2dt; x 2 H:

Theorem 2.7.6 With notations as in the paragraph above, H is a Hilbert space and
X is dense in H.

Proof Consider the direct sum of (n + 1) copies of L2[a, b], i.e.

�ðnþ 1ÞcopiesL2 a; b½ �:

Then ⊕(n+1)copiesL
2[a, b] is seen to be a Hilbert space by Proposition 2.7.2. Let

T:H ! ⊕n+1L
2[a, b] be defined by
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Tx ¼ x; xð1Þ; xð2Þ; . . .; xðnÞ
� �

:

Observe that T is both linear and injective; moreover, it preserves inner products.
We shall next show that T(H) is a closed subspace of ⊕n+1L

2[a, b] and is conse-
quently a Hilbert space. This will imply that H is a Hilbert space.

Let {xk}k� 1 be a Cauchy sequence in H and let

y ¼ y0; y1; . . .; ynð Þ ¼ lim
k!1

Txk ¼ lim
k!1

xk; x
ð1Þ
k ; xð2Þk ; . . .; xðnÞk

� �
;

that is, {xk
(j)}k� 1 converges in L2[a, b] to yj, j = 0, 1, 2, …, n, where xk

(0) means xk.
Now, for j = 1, 2, …, n and each t 2 [a, b],

xðj�1Þ
k ðtÞ ¼ xðj�1Þ

k ðaÞþ
Z t

a

xðjÞk ðsÞds: ð2:42Þ

Observe that

Z t

a

yjðsÞds�
Z t

a

xðjÞk ðsÞds
������

������� b� að Þ12 yj � xðjÞk
			 			 ð2:43Þ

for j = 1, 2, …, n and all t 2 [a, b]. Therefore, the sequence of continuous functionsR t
a x

ðjÞ
k ðsÞds

n o
k� 1

is uniformly convergent to the continuous function
R t
a yj(s)ds. It

is also convergent as a sequence in L2[a, b]. But {xk
(j−1)}k� 1 is convergent in

L2[a, b] to yj−1 and so by (2.42), the sequence {xk
(j−1)(a)}k� 1 of constant functions

is convergent in L2[a, b]. Therefore, the sequence {xk
(j−1)(a)}k� 1 is convergent in C,

and the function on the right of (2.42) is uniformly convergent to a continuous
function. Thus, it follows that

yj�1ðtÞ ¼ yj�1ðaÞþ
Z t

a

yjðsÞds:

and hence, yj−1 is an absolutely continuous function. We have shown that y0 2 H.
Consequently, y = Tx, where x = y0.
We next show that X is dense in H.
Let x 2 H. Then x(n) 2 L2[a, b] so that we can find a sequence {zm}m� 1 in

C[a, b] such that ||zm − x(n)||2 ! 0 as m ! ∞. Define recursively um
(1), um

(2), …, um
(n)

by the formula
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uðjÞm ðtÞ ¼
Z t

a

uðj�1Þ
m ðsÞdsþ x n�jð ÞðaÞ; j ¼ 1; 2; . . .; n;

where um
(0) = zm. Observe that um

(n) 2 X. We claim that

uðjÞm � xðn�jÞ		 		
2! 0 as m ! 1:

The result is true for j = 0. Assume that it is true for j � 0. Then

uðjþ 1Þ
m ðtÞ � xn�ðjþ 1ÞðtÞ

��� ���� uðjÞm � xðn�jÞ
			 			

2
b� að Þ12, using (2.42) and (2.43)

above.

Hence, {um
(j+1)(t)}m� 1 converges uniformly to xn−(j+1) for t 2 [a, b], so that

||um
(j+1) − xn−(j+1)||2 ! 0 as m ! ∞. This completes the argument for j = 1, 2, …,

n. Consequently, um
(n) ! x in H. The proof is now complete. h

2.8 Orthogonal Complements

In the familiar Euclidean space, we assign a length to each vector and to each pair
of vectors an angle between them. The first notion has been made abstract in the
definition of a norm. An appropriate notion of angle and the associated notion of
orthogonality are introduced below. The introduction of the concept of orthogo-
nality depends on the definition of inner product in a pre-Hilbert space.

Recall from Definition 2.1.1 that a real vector space H equipped with an inner
product is called a real pre-Hilbert space. The angle h between two nonzero vectors
in a real pre-Hilbert space may be defined in a manner consistent with the properties
of an inner product by means of the relation (x, y) = ||x|| ||y||cos h. Observe that the
Cauchy–Schwarz Inequality then says that |cos h| � 1. This definition is not
satisfactory in a complex pre-Hilbert space, for (x, y) is in general a complex
number. Nevertheless, if the condition (x, y) = 0 is taken as the definition of
orthogonality (perpendicularity), then the concept is just as useful here as in the real
case.

Definition 2.8.1 Let H be a pre-Hilbert space. Two vectors x and y in H are said to
be orthogonal if (x, y) = 0; we write x ⊥ y.

Since (x, y) = 0 implies (y, x) = 0, we have x ⊥ y if, and only if, y ⊥ x. It is also
clear that x ⊥ 0 for every x. Also, the relation (x, x) = ||x||2 shows that 0 is the only
vector orthogonal to itself.

Definition 2.8.2 A set M of nonzero vectors in a pre-Hilbert space H is said to be
an orthogonal set if x ⊥ y whenever x and y are distinct vectors of M. A set M of
vectors in a pre-Hilbert space H is said to be orthonormal if
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ðiÞM is orthogonal and ðiiÞ xk k ¼ 1 for every x 2 M:

An orthonormal set M of vectors in a pre-Hilbert space is called complete (or
maximal) orthonormal system provided it is not a proper subset of some other
orthonormal set.

Remarks 2.8.3

(i) If x is orthogonal to y1, y2, …, yn, then x is orthogonal to every linear
combination of the yk. In fact, if x ⊥ yk for all k and y ¼Pn

k¼1 kkyk , then

x; yð Þ ¼ x;
Xn
k¼1

kkyk

 !
¼
Xn
k¼1

kk x; ykð Þ ¼ 0:

(ii) If x ⊥ y, then ||x + y||2 = ||x||2 + ||y||2 since ||x + y||2 = (x + y, x + y) =
||x||2 + (x, y) + (y, x) + ||y||2 = ||x||2 + ||y||2, using (x, y) = 0 = (y, x).

(iii) An orthogonal subset M of H not containing the zero vector is linearly
independent. Indeed, if

Pn
k¼1 kkyk ¼ 0, where y1, y2, …, yn are orthogonal,

then on taking the inner product of the sum on the left-hand side with ym, we
find that km = 0.

Examples 2.8.4

(i) The sequence {xj}j� 1, where xj = (0, 0, …, 0, kj, 0, …) and the scalar kj
occurs at the jth place, in the space ‘0 of finitely nonzero sequences, is an
orthogonal sequence (a sequence whose range is an orthogonal set).
The sequence {ej}j� 1, where ej = (0, 0, …, 0, 1, 0, …) and 1 occurs at the jth
place is an orthonormal sequence, in the space ‘0 of finitely nonzero
sequences.

(ii) Let H = C[−p, p] and let fn(x) = sin nx, n = 1, 2, … and gn(x) = cos nx,
n = 1, 2, …. Since

Zp
�p

sinmx sin nx dx ¼ 0 ¼
Zp
�p

cos mx cos nx dx; n 6¼ m;

it follows that {fn}n� 1 and {gn}n� 1 are orthogonal sequences in C[−p, p].
In the space, the vectors

unðxÞ ¼ 1ffiffiffi
p

p sin nx; n ¼ 1; 2; . . .

form an orthonormal sequence and so do the vectors
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v0ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p ; vnðxÞ ¼ 1ffiffiffi
p

p cos nx; n ¼ 1; 2; . . .:

Also, note that the vectors

v0; v1; u1; v2; u2; . . .

form an orthonormal sequence in C[−p, p].

Recall that (f, uk), k = 1, 2, … and (f, vk), k = 1, 2, … are called Fourier
coefficients of the function f 2 C[−p, p].

(iii) The sequence unðzÞ ¼
ffiffi
n
p

p
zn�1; n ¼ 1; 2; . . . is orthonormal in A(D), where

D = {z 2 C: |z| < 1}. In fact,

ðun;umÞ ¼
ZZ

D
unum dx dy

¼
ffiffiffiffiffiffi
nm

p
p

Z1
0

Z2p
0

rnþm�1eiðn�mÞhdr dh

¼
ffiffiffiffiffiffi
nm

p
p nþmð Þ

Z2p
0

eiðn�mÞhdh

¼ 0 if n 6¼ m

1 if n ¼ m:

�

The following definition generalises the notion of Fourier coefficients to any
arbitrary infinite-dimensional pre-Hilbert space.

Definition 2.8.5 If {xn}n� 1 is an orthonormal sequence in a pre-Hilbert space H,
then for any x 2 H, (x, xn) is called the Fourier coefficient of x with respect to
{xn}n� 1. The Fourier series of x with respect to {xn}n� 1 is the seriesP1

n¼1 x; xnð Þxn.
In the Hilbert space ‘2, let

e1 ¼ 1; 0; 0; . . .ð Þ; e2 ¼ 0; 1; 0; . . .ð Þ; e3 ¼ 0; 0; 1; . . .ð Þ; . . .:

Then {en}n� 1 is an orthonormal sequence in ‘2. If x = {kj}j� 1 2 ‘2, then (x, ej) = kj
and x ¼P1

j¼1 x; ej
� �

ej is its Fourier series with respect to the orthonormal sequence

{en}n� 1. Observe that
P1

j¼1 x; ej
� ��� ��2 ¼P1

j¼1 kj
�� ��2\1. That this result holds for

any orthonormal sequence is a consequence of the following:
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Theorem 2.8.6 (Bessel’s Inequality) Let x1, x2, …, xn be orthonormal vectors in a
pre-Hilbert space H. For every x 2 H,

x�
Xn
k¼1

x; xkð Þxk
					

					
2

¼ xk k2�
Xn
k¼1

x; xkð Þj j2;

hence

Xn
k¼1

x; xkð Þj j2 � xk k2:

Proof For k1, k2, …, kn 2 C;

Xn
k¼1

kkxk

					
					
2

¼
Xn
k¼1

kkxk;
Xn
k¼1

kkxk

 !
¼
Xn
k¼1

kkj j2:

So,

x�
Xn
k¼1

kkxk

					
					
2

¼ x�
Xn
k¼1

kkxk; x�
Xn
k¼1

kkxk

 !

¼ xk k2�
Xn
k¼1

kkðxk; xÞ �
Xn
k¼1

kkðx; xkÞþ
Xn
k¼1

kkj j2

¼ xk k2�
Xn
k¼1

ðxk; xÞj j2 þ
Xn
k¼1

ðx; xkÞ � kkj j2:

In particular, if kk = (x, xk), then

x�
Xn
k¼1

ðx; xkÞxk
					

					
2

¼ xk k2�
Xn
k¼1

ðxk; xÞj j2:

Since the left-hand side of the above equality is nonnegative, we getXn
k¼1

ðx; xkÞj j2 � xk k2:

h

Since Bessel’s Inequality holds for each n orthonormal vectors, it yields the
following corollary:

Corollary 2.8.7 If x1, x2, … is any orthonormal sequence of vectors, then for any x
in the pre-Hilbert space H,
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X1
n¼1

ðx; xnÞj j2 � xk k2:

In particular, (x, xn) ! 0 as n ! ∞.

Remarks 2.8.8

(i) As a special case of Corollary 2.8.7, we obtain the following inequality in the
pre-Hilbert space C[−p, p]: For f 2 C[−p, p],

X1
n¼1

ðf ; unÞj j2 þ
X1
n¼0

ðf ; vnÞj j2 �
Zp
�p

f ðxÞj j2dx;

where unðxÞ ¼ 1ffiffi
p

p sin nx, v0ðxÞ ¼ 1ffiffiffiffi
2p

p , vnðxÞ ¼ 1ffiffi
p

p cos nx, n = 1, 2, …[see

Example 2.8.4(ii)].
(ii) Let M denote the linear manifold spanned by orthonormal vectors x1, x2, …,

xn. Then the proof of Theorem 2.8.6 shows that the distance
x�Pn

k¼1 kkxk
		 		 is minimised if we set kk = (x, xk), k = 1, 2, …, n; i.e.
x�Pn

k¼1 ðx; xkÞxk
		 		� x�Pn

k¼1 kkxk
		 		, where k1, k2, …, kn are arbitrary

scalars.
Thus, y =

Pn
k¼1 (x, xk)xk is the vector in M which provides the ‘best ap-

proximation’ to the vector x in the pre-Hilbert space H. Also note that if
n > m, then in the best approximation by the linear span of x1, x2, …, xn, the
first m coefficients are precisely the same as required for the best approxi-
mation in the linear span of x1, x2, …, xm.

(iii) We set z = x − y, where y =
Pn

k¼1 (x, xk) xk provides the best approximation
amongst the vectors in M, then (z, xk) = (x, xk) − (y, xk) = 0 for k = 1, 2, …,
n. Hence (z, y) = 0. Thus, x = y + z, where y is a linear combination of x1, x2,
…, xn providing the best approximation to x and z ⊥ xk, k = 1, 2, …, n, is a
decomposition of x. The decomposition is unique. Indeed, the vector in
M providing the best approximation to x 2 H is unique. If x = y1 + z1 is the
another decomposition of x, where y1 provides the best approximation
amongst the vectors in M and z1 ⊥ xk, k = 1, 2, …, n, then y + z = y1 + z1
implies y − y1 = z1 − z, which in turn says y = y1 and z = z1, since y, y1 are in
M and z, z1 are orthogonal to M.

It follows from Remark 2.8.3(iii) that every orthonormal sequence in H is lin-
early independent. Conversely, given any countable linearly independent sequence
in H, we can construct an orthonormal sequence, keeping the span of the elements
at each step of construction [see Theorem 2.8.9 below] in tact.

Theorem 2.8.9 (Gram–Schmidt orthonormalisation) Let x1, x2, … be a linearly
independent sequence in an inner product space H. Define y1 = x1, u1 =

x1
x1k k and for

n = 2, 3, …,
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yn ¼ xn � xn; u1ð Þu1 � xn; u2ð Þu2 � � � � � xn; un�1ð Þun�1

and

un ¼ yn
ynk k :

Then {u1, u2, …} is an orthonormal sequence in H and for n = 1, 2, …,

span u1; u2; . . .; unf g ¼ span x1; x2; . . .; xnf g:
Proof As {x1} is a linearly independent set, y1 = x1 6¼ 0 and u1 =

x1
x1k k is such that

||u1|| = 1 and span{u1} = span{x1}.
For n � 1, assume that we have defined y1, y2, …, yn and u1, u2, …, un as stated

above and proved that {u1, u2, …, un} is an orthonormal sequence satisfying
span{u1, u2, …, un} = span{x1, x2, …, xn}. Define

ynþ 1 ¼ xnþ 1 � xnþ 1; u1ð Þu1 � xnþ 1; u2ð Þu2 � � � � � xnþ 1; unð Þun:

Since the set {x1, x2, …, xn+1} is linearly independent, xn+1 does not belong to
span{x1, x2, …, xn} = span{u1, u2, …, un}. Hence, yn+1 6¼ 0 and let unþ 1 ¼ ynþ 1

ynþ 1k k.
Then ||un+1|| = 1 and for j � n,

ynþ 1; uj
� � ¼ ðxnþ 1; ujÞ �

Xn
k¼1

xnþ 1; ukð Þ uk; uj
� �

¼ ðxnþ 1; ujÞ � ðxnþ 1; ujÞ
¼ 0;

since (uk, uj) = 0 for all k 6¼ j, k = 1, 2, …, n. Thus

unþ 1; uj
� � ¼ ðynþ 1; ujÞ

ynþ 1k k ¼ 0 for j ¼ 1; 2; . . .; n:

Hence, {u1, u2, …, un+1} is an orthonormal sequence. Moreover,

span u1; u2; . . .; unþ 1f g ¼ span x1; x2; . . .; xn; unþ 1f g
¼ span x1; x2; . . .; xnþ 1f g:

The argument is now complete in view of mathematical induction. h

Remarks 2.8.10

(i) The Gram–Schmidt orthonormalisation process as described above yields an
orthonormal sequence which is unique.
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Let e1, …, en and f1, …, fn be n-term (n > 1) orthogonal sequences of nonzero
vectors in an inner product space. Suppose they have the same linear span and so do
e1, …, en−1 and f1, …, fn−1. Then the vectors en and fn are scalar multiples of each
other, as the following argument shows.

It is sufficient to argue that fn is a scalar multiple of en.
Since fn lies in the linear span of e1,…, en, there exist scalars k1,…, kn such that

fn ¼
P

1� k� n kkek. However, the vectors e1, …, en−1 lie in the linear span of f1, …,
fn−1. Therefore, the sum of the first n − 1 terms in the preceding sum can be written
as
P

1� k� n�1 kkek ¼
P

1� k� n�1 ckfk for some scalars c1, …, cn−1. Thus,

fn ¼
X

1� k� n�1

ckfk þ knen: ð2:44Þ

By the orthogonality of f1, …, fn, for 1 � j � n − 1, we have

0 ¼ ðfn; fjÞ ¼
X

1� k� n�1

ckfk þ knen; fj

 !
¼ cjðfj; fjÞþ kn en; fj

� �
:

But fj lies in the linear span of e1, …, en−1 and en is orthogonal to this linear span.
Therefore, (en, fj) = 0 and the above equality becomes cj(fj, fj) = 0. As each fj is
nonzero, it now follows that each cj = 0 (1 � j � n − 1). Using this in (2.44), we
get fn = knen.

If the vectors en and fn have the same norm, then it further follows that the scalar
kn has absolute value 1.

(ii) If e1, e2, … and f1, f2, … are the orthogonal sequences of nonzero vectors in
an inner product space and

span e1; . . .; enf g ¼ span f1; . . .; fnf g for n ¼ 1; 2; . . .;

then en and fn are scalar multiples of each other. If the vectors en and fn have the
same norm, then it further follows that the scalar factor has absolute value 1.

(iii) Let Q0, Q1,… be the sequence of polynomials obtained from the sequence of
polynomials 1, t, t2, … (on the domain [−1, 1]) by orthonormalisation, and
let P0, P1, … be the sequence of Legendre polynomials defined in 2.8.13
below. The first k functions in either sequence span the space of polynomials
of degree at most k − 1. It follows from what has been proved above that
each Qn is a scalar multiple of Pn and vice versa. The value of the scalar can
be obtained by comparing (a) the leading coefficients or (b) the constant
terms or (c) the integrals over [−1, 1].

(iv) The Gram–Schmidt procedure when applied to a finite sequence {x1, x2, …,
xn} of independent vectors leads to orthonormal vectors {u1, u2, …, un} such
that

2.8 Orthogonal Complements 65



span u1; u2; . . .; ukf g ¼ span x1; x2; . . .; xkf g for k ¼ 1; 2; . . .; n:

As an immediate consequence, we record the following:

Corollary 2.8.11 If H is a pre-Hilbert space of dimension n, then it has a basis of
orthonormal vectors.

Theorem 2.8.12 Every finite-dimensional pre-Hilbert space is complete and is,
therefore, a Hilbert space.

Proof By Corollary 2.8.11, there is a basis u1, u2, …, un of orthonormal vectors. If
x ¼Pn

k¼1 kkuk , then xk k2¼Pn
k¼1 kkj j2, using Remark 2.8.3(ii). The completeness

follows as in Example 2.3.4(i). h

The following examples illustrate the orthogonalisation procedure.

Examples 2.8.13

(i) Let H = ‘2. For n = 1, 2, …, let xn = (1, 1, …, 1, 0, 0, …), where 1 occurs only
in the first n places. The Gram–Schmidt orthonormalisation process yields

yn ¼ 0; 0; . . .; 0; 1; 0; . . .ð Þ; n ¼ 1; 2; . . .;

where 1 occurs only in the nth place.

The vector y1 = x1 = (1, 0, 0, …). The vector y2 ¼ x2�ðx2;x1Þx1
x2�ðx2;x1Þx1k k ¼ 0; 1; 0; . . .ð Þ.

By induction, it can be shown that

yn ¼ 0; 0; . . .; 0; 1; 0; . . .ð Þ; n ¼ 1; 2; . . .;

where 1 occurs only in the nth place. The sequence of vectors {yn}n� 1 is an
orthonormal sequence in ‘2.

The set of finite linear combinations of the sequence {yn}n� 1 is dense in ‘2. Let
x = {ki}i� 1 2 ‘2. Given e > 0, there exists n0 such that n > n0 impliesP

n0 þ 1� i\1 kij j2\e. Then the vector

y ¼ k1y1 þ k2y2 þ � � � þ kn0yn0

is such that

x� yk k22¼
X

n0 þ 1� i\1
kij j2\e.

(ii) Legendre polynomials. Consider the sequence {1, t, t2, …} of vectors in
L2[−1, 1]. Since any nontrivial finite linear combination

Pn
i¼1 aki t

ki is a
polynomial of degree m = maxiki, it has at most m zeros. This shows that the
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vectors {tk}k� 0 are linearly independent. We next calculate the first three
orthonormal vectors by the Gram–Schmidt procedure.

Let y0(t) = x0(t) = 1, so that y0k k2¼ R 1�1 ds ¼ 2 and u0 ¼ y0ðtÞ
y0k k ¼ 1ffiffi

2
p . Next,

y1ðtÞ ¼ x1ðtÞ � x1; u0ð Þu0ðtÞ ¼ t �
Z1
�1

sffiffiffi
2

p ds

0@ 1A 1ffiffiffi
2

p ¼ t;

so that y1k k2¼ R 1�1 s
2ds ¼ 2

3 and u1ðtÞ ¼ y1ðtÞ
y1k k ¼

ffiffi
3
2

q
t.

Further,

y2ðtÞ ¼ x2ðtÞ � x2; u0ð Þu0ðtÞ � x2; u1ð Þu1 tð Þ

¼ t2 �
Z1
�1

s2ffiffiffi
2

p ds

0@ 1A 1ffiffiffi
2

p �
Z1
�1

ffiffiffi
3
2

r
s3ds

0@ 1A ffiffiffi
3
2

r
t

 !
¼ t2 � 1

3
;

so that y2k k2¼ R 1�1 s2 � 1
3

� �2ds ¼ 8
45 and

u2ðtÞ ¼ y2ðtÞ
y2k k ¼

ffiffiffiffiffi
10

p
ð3t2 � 1Þ=4:

We shall next prove that the general form of these orthonormal polynomials isffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

q
PnðtÞ; where

PnðtÞ ¼ 1
2nn!

dn

dtn
ðt2 � 1Þn� �

; n ¼ 0; 1; 2; . . .: ð2:45Þ

The reader can check by using (2.45) that P0(t) = 1, P1(t) = t and
P2(t) = P2ðtÞ ¼ 1

2 3t2 � 1ð Þ and consequently the first three normalised polynomials

are 1ffiffi
2

p ,
ffiffi
3
2

q
t and

ffiffiffiffi
10

p
4 ð3t2 � 1Þ: That the general form of these polynomials isffiffiffiffiffiffiffiffiffiffiffi

nþ 1
2

q
PnðtÞ

n o
will be verified below. We begin by showing that

Z1
�1

PnðtÞPmðtÞdt ¼ 0 if n 6¼ m
2

2nþ 1 if n ¼ m

�
:

For m 6¼ n,
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2nþmn!m!
Z1
�1

PnðtÞPmðtÞdt¼
Z1
�1

dn

dtn
ðt2 � 1Þn� � dm

dtm
ðt2 � 1Þm� �

dt

¼ dn�1

dtn�1 ðt2 � 1Þn� � dm
dtm

ðt2 � 1Þm� �����1
�1

�
Z1
�1

dmþ 1

dtmþ 1 ðt2 � 1Þm� � dn�1

dtn�1 ðt2 � 1Þn� �
dt

¼ �
Z1
�1

dmþ 1

dtmþ 1 ðt2 � 1Þm� � dn�1

dtn�1 ðt2 � 1Þn� �
dt

since dn�k

dtn�k
ððt2 � 1ÞnÞ, k = 1, 2, …, n, is zero at t = ±1. Hence, if n > m and we

continue the process of integration by parts, we obtain



Z1
�1

dn�m�1

dtn�m�1 ððt2 � 1ÞnÞ d
2mþ 1

dt2mþ 1 ððt2 � 1ÞmÞdt;

which is equal to zero (the second factor in the integrand is identically zero).
For m = n, we have

Z1
�1

Pn tð Þ2dt¼ ð�1Þn
22nðn!Þ2

Z1
�1

t2 � 1
� �n d2n

dt2n
ððt2 � 1ÞnÞdt

¼ ð�1Þn
22nðn!Þ2 ð2nÞ!

Z1
�1

ðt2 � 1Þndt
ð2:46Þ

since

d2n

dt2n
ððt2 � 1ÞnÞ ¼ ð2nÞ!:

Setting t = cos h in (2.46) and using Wallis’ formula,

Zp=2
0

sin2nþ 1 h dh ¼ 2nn!
1 � 3 � � � � � � ð2nþ 1Þ ;

[which can be derived by integrating by parts repeatedly], it follows that
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Z1
�1

Pn tð Þ2dt ¼ 2
2nþ 1

:

Thus
ffiffiffiffiffiffiffiffiffi
2nþ 1

2

q
PnðtÞ

n o
n� 0 is an orthonormal sequence in L2[−1, 1].

It now follows readily that the functions
ffiffiffiffiffiffiffiffiffi
2nþ 1

2

q
PnðtÞ

n o
n� 0 are obtained from

{1, t, t2, …} by the Gram–Schmidt orthonormalisation procedure since Pn(t) is a
polynomial of degree n. The essential uniqueness pointed out in Remark 2.8.10(ii),
and the fact that the leading coefficients in Pn(t) and in the nth polynomial obtained
via orthonormalisation are both positive lead to the result.

(iii) Hermite functions. Consider the sequence of functions {fn}n� 0 on R, where
fn(t) = tnexp(� t2

2). Since

Z1
0

t2n expð�t2Þdt\
Z1
0

t2ndt exp �t2
� �

\1 for 0\t\1
� � ð2:47Þ

and

Z1
1

t2n expð�t2Þ dt\ nþ 1ð Þ!
Z1
1

1
t2
dt ðet2 [ t2nþ 2

ðnþ 1Þ! ; t[ 1Þ; ð2:48Þ

it follows on using (2.47) and (2.48) that

Z1
�1

jtn expð� t2

2
Þj2dt ¼

Z1
�1

t2n expð�t2Þdt ¼ 2
Z1
0

t2n expð�t2Þdt

is finite. Thus, each fn 2 L2(R). Moreover, fn’s are linearly independent, because
any nontrivial finite linear combination of functions fn is a polynomial multiplied by
exp(� t2

2), which is zero for no t 2 R and any nonzero polynomial has at most
finitely many zeros.

We next orthonormalise the functions {fn}n� 0, where fn(t) = tnexp(� t2
2), and

obtain the first three orthonormal vectors.
To begin with, (f0, f0) =

R1
�1 exp(−t2)dt = √p, using a well-known formula from

advanced calculus. Thus
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u0 tð Þ ¼ expð� t2
2Þ

p1=4
:

The next orthonormal vector is

u1 tð Þ ¼
t expð� t2

2Þ � t expð� t2
2Þ;

expð�t2
2 Þ

p1=4


 �
expð�t2

2 Þ
p1=4

t expð� t2
2Þ � t expð� t2

2Þ;
expð�t2

2 Þ
p1=4


 �
expð�t2

2 Þ
p1=4

				 				
¼

ffiffiffi
2

p
t expð� t2

2Þ
p1=4

¼ 2t expð� t2
2Þ

ð2p1=2Þ1=2
:

u2 tð Þ ¼
t2 expð� t2

2Þ � t2 expð� t2
2Þ; u0

� �
u0 � t2 expð� t2

2Þ; u1
� �

u1

t2 expð� t2
2Þ � t2 expð� t2

2Þ; u0
� �

u0 � t2 expð� t2
2Þ; u1

� �
u1

		 		
¼ ð4t2 � 2Þ expð� t2

2Þ
ðp1=2222!Þ1=2

:

We shall next prove that the general form of these orthonormal functions is

vn tð Þ ¼ HnðtÞ expð� t2
2Þ

ð2n � n!p1=2Þ1=2
;

where

Hn tð Þ ¼ �1ð Þnexp t2
� �

expðnÞ �t2
� �

; ð2:49Þ

and the superscript ‘(n)’ indicates the nth derivative of the function t ! exp(−t2).
The functions {Hn}n� 0 are easily seen to be polynomials and are called Hermite
polynomials. The degree of Hn is n, as shown in (2.50) below. The functions vn are
called Hermite functions.

For n = 0, 1 and 2, it can be verified that

H0 tð Þ ¼ 1; H1 tð Þ ¼ 2t and H2 tð Þ ¼ 4t2 � 2:

We shall establish below that

H0
n tð Þ ¼ 2nHn�1 tð Þ; n ¼ 1; 2; . . .: ð2:50Þ
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In order to do so, we first prove by induction that

expðnþ 1Þ �t2
� � ¼ �2t expðnÞð�t2Þ � 2n expðn�1Þ �t2

� �
: ð2:51Þ

This is true for n = 0. Assume that it is true for n = k − 1. Then

expðkþ 1Þ �t2
� � ¼ d

dt
expðkÞ �t2

� �
¼ d

dt
ð�2t expðk�1Þð�t2Þ � 2 k � 1ð Þ expðk�2Þ �t2

� �Þ
¼ �2t expðkÞð�t2Þ � 2 expðk�1Þð�t2Þ � 2 k � 1ð Þ expðk�1Þ �t2

� �
¼ �2t expðkÞð�t2Þ � 2k expðk�1Þ �t2

� �
:

This proves (2.51) for all n = 1, 2, …. Now, differentiating (2.49) and using (2.51),
we obtain

H0
n tð Þ ¼ �1ð Þn 2t exp t2

� �
expðnÞð�t2Þþ exp t2

� � �2t expðnÞð�t2Þ � 2n expðn�1Þ �t2
� �� �n o

¼ �1ð Þn�12n exp t2
� �

expðn�1Þ �t2
� �

¼ 2nHn�1 tð Þ:

This establishes (2.50).
The orthogonality of the Hermite functions may be obtained from

Z1
�1

Hm tð ÞHn tð Þe�t2dt ¼ �1ð Þn
Z1
�1

Hm tð Þ expðnÞð�t2Þ dt:

For n > m, repeated integration by parts, using (2.50) and the fact that exp(−t2) and
all its derivatives vanish for t = ±∞, we obtain

Z1
�1

Hm tð ÞHn tð Þe�t2dt¼ �1ð Þn�12m
Z1
�1

Hm�1 tð Þ expðn�1Þð�t2Þdt

¼ �1ð Þn�m2mm!
Z1
�1

H0 tð Þ expðn�mÞð�t2Þdt ¼ 0:

For n = m,
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Z1
�1

Hn tð Þ2expð�t2Þdt¼ 2nn!
Z1
�1

H0 tð Þ expð�t2Þdt

¼ 2nn!
ffiffiffi
p

p
:

Thus, the functions

vn tð Þ ¼ HnðtÞ expð� t2
2Þ

ð2n � n!p1=2Þ1=2
; n ¼ 0; 1; 2; . . . ð2:52Þ

form an orthonormal sequence.
The reader can check using (2.52) that

vj tð Þ ¼ uj tð Þ; j ¼ 0; 1; 2:

The vector Hn(t)expð� t2
2Þ is a linear combination of f0, …, fn. Since the sets

{Hk(t)expð� t2
2Þ: k = 0, …, n} and {fk: k = 0, …, n} are linearly independent, it

follows by Remark 2.8.10(ii) that vj = ±uj for all j. The ambiguity of sign can be
removed by using the following observation. The leading coefficient of each Hn is
positive in view of (2.50) and so is that of fn exp(t

2

2).

(iv) Laguerre functions. Consider the sequence of functions {fn}n� 0 on (0,∞),
where fn(t) = tnexp(� t

2). Since
R1
0 t2nexp(−t)dt = C(2n + 1), where C(�) is the

gamma function and
R1
0 exp(−t)dt = 1, it follows that each fn 2 L2(0,∞).

Moreover, fn’s are linearly independent because any nontrivial finite linear
combination of functions fn is a polynomial multiplied by exp(� t

2), which is
zero for no t 2 (0,∞) and any nonzero polynomial has at most finitely many
zeros.

We next orthonormalise the functions {fn}n� 0, where fn(t) = tnexp(� t
2), and

obtain the first three orthonormal vectors.

f0; f0ð Þ ¼
Z1
0

expð�tÞdt ¼ 1:

Thus, u0(t) = exp � t
2

� �
:

The next two orthonormal vectors are given as
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u1 tð Þ ¼ t exp � t
2

� �� t exp � t
2

� �
; u0

� �
u0

t exp � t
2

� �� t exp � t
2

� �
; u0

� �
u0

		 		 ¼ t � 1ð Þ exp � t
2

� �
; since

t; u0ð Þ ¼ 1and t exp � t
2

� �
� t exp � t

2

� �
; u0

� �
u0

			 			 ¼ 1:

u2 tð Þ ¼ t2 exp � t
2

� �� t2 exp � t
2

� �
; u1

� �
u1 � t2 exp � t

2

� �
; u0

� �
u0

t2 exp � t
2

� �� t2 exp � t
2

� �
; u1

� �
u1 � t2 exp � t

2

� �
; u0

� �
u0

		 		
¼ 1

2
t2 � 2tþ 1


 �
exp � t

2

� �
; since

t2 exp � t
2

� �
; u1ðtÞ

� �
¼ 4; t2 exp � t

2

� �
; exp � t

2

� �� �
¼ 1 and

t2 exp � t
2

� �
� t2 exp � t

2

� �
; u1

� �
u1 � t2 exp � t

2

� �
; u0

� �
u0

			 			 ¼ 2:

We shall next prove that the general form of these orthonormal functions is

vn tð Þ ¼ 1
n!
exp � t

2

� �
Ln tð Þ; ð2:53Þ

where

Ln tð Þ ¼ ð�1Þn expðtÞ d
n

dtn
ðtn expð�tÞÞ; n ¼ 0; 1; 2; . . .:

Using Leibniz’s formula for higher derivatives of a product, we have

Ln tð Þ ¼ �1ð Þn
Xn
k¼0

�1ð Þn�k n
k


 �
n n� 1ð Þ � � � n� kþ 1ð Þtn�k: ð2:54Þ

The reader can check using (2.53) that v0(t) = exp(� t
2) = u0(t), v1(t) = (t − 1)exp

(� t
2) = u1(t) and v2(t) = (12 t

2 � 2tþ 1Þ expð� t
2) = u2(t), where u0, u1 and u2 are the

orthonormalised vectors computed using the Gram–Schmidt orthonormalisation
process.

We begin by showing that

Z1
0

exp �tð ÞLn tð ÞLmðtÞdt ¼ 0 for n[m:

For m < n,
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Z1
0

expð�tÞtmLnðtÞdt ¼ �1ð Þn
Z1
0

tm
dn

dtn
ðtn exp �tð ÞÞdt

¼ �1ð Þnþmm!
Z1
0

dn�m

dtn�m
ðtn exp �tð ÞÞdt ¼ 0;

by repeated integration by parts. Also,

Z1
0

exp �tð ÞL2nðtÞdt ¼ �1ð Þn
Z1
0

dn

dtn
ðtn exp �tð ÞÞ


 �
LnðtÞdt

¼ �1ð Þn
Z1
0

dn

dtn
ðtn exp �tð ÞÞ

Xn
k¼0

�1ð Þn�k n

k


 �
n n� 1ð Þ. . . n� kþ 1ð Þtn�kdt

¼
Z1
0

�1ð Þ2ntn dn

dtn
ðtn exp �tð ÞÞdt

¼ n!
Z1
0

tn expð�tÞdt ¼ n!ð Þ2;

which shows that {vn}n� 0 is orthonormal.
The vector Ln(t)exp(� t

2) is a linear combination of f0, …, fn. Since the sets
{Lk(t)exp(� t

2): k = 0, …, n} and {fk: k = 0, …, n} are linearly independent, it
follows by Remark 2.8.10(ii) that vj = ±uj for all j. The ambiguity of sign can be
removed by using the following observation. The leading coefficient of each Ln is
positive in view of (2.54) and so is that of fnexp(� t

2).

(v) Rademacher functions. Consider the sequence {rn} of functions defined on
the interval [0, 1] by

r0 tð Þ ¼ 1; rk tð Þ ¼ sgnðsin 2kptÞ; k ¼ 1; 2; . . .; t 2 0; 1½ �:

This sequence was introduced by Rademacher and the rk are known as Rademacher
functions. If the interval [0, 1] is divided into 2k (k � 1) equal parts, then
rk(t) assumes on the interiors of those segments the values +1 and −1 alternately
while at the endpoints, rk(t) = 0.

The reader will note that ||rn|| = (
R 1
0 |rn(t)|

2dt)
1
2 = 1, i.e. rn 2 L2[0, 1] and

||rn|| = 1, n = 0, 1, 2, …. To prove orthogonality, let n > m � 0. Let I be the open
segment which lies between some two consecutive points of subdivision of the
interval [0, 1] corresponding to the function rm. Then, rm has constant value +1 or
−1 on I. Furthermore, I is composed of an even number, precisely 2n−m, of intervals
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of equal length. On half of these intervals, rn(t) has value +1, whereas on the other
half, rn(t) has value −1. Consequently,Z

I

rm tð ÞrnðtÞdt ¼ 

Z
I

rnðtÞdt ¼ 0:

Summing up over all such segments I, we have

Z1
0

rm tð ÞrnðtÞdt ¼ 0:

Since the vectors of an orthonormal system in a pre-Hilbert space cannot be linearly
dependent, it follows that the Rademacher sequence {rn}n� 0 of orthonormal
functions in L2[0, 1] is a linearly independent sequence. Moreover, the function
f(t) = cos 2pt is such that

Z1
0

rnðtÞf ðtÞdt ¼
X2n
k¼1

�1ð Þk�1
Z k
2n

k�1
2n

f ðtÞdt ¼ 0;

since the kth term and the (2n − (k − 1))th term are equal in magnitude and opposite
in sign because cos 2pt = cos 2p(1 − t), and consequently add up to 0.

Remark The sequence {rn}n� 0 converges for t = 0, 1, k
2n, 1 � k < 2n, n = 1, 2, …,

the points of subdivision of the interval [0, 1], and converges for no t other than
these points of subdivision, for if t 6¼ 0, 1 or any of the points of subdivision,
{rn(t)}n� 0 assumes the values +1 and −1 infinitely often. (For any t that is not of
the form k

2n, there exists an integer j such that j
2n \t\ jþ 1

2n , that is, jp < 2npt <
(j + 1)p: so, rn(t) is 1 if j is even and −1 if j is odd. As n increases, the parity of
j keeps changing between even and odd [see Problem 2.8.P10.]). Thus, the
sequence converges only on the set {0, 1, k

2n: 1 � k < 2n, n = 1, 2, …} of measure
zero. However, the arithmetic averages of {rn}n� 0 converge to the zero function
almost everywhere.

Lemma 2.8.14 For distinct nonnegative integers k1, k2, …, kn,

Z1
0

rk1rk2 . . .rkn ¼ 0:

Proof This is left as Problem 2.8.P11. h
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Theorem 2.8.15 Let {rn}n� 1 be the Rademacher functions. Then the sequence
{(
Pn

k¼1 rk)/n}n� 1 of arithmetic means converges to zero almost everywhere with
respect to the Lebesgue measure on [0, 1].

Proof Set fn = [(
Pn

k¼1 rk)/n]
4, n = 1, 2, …. Observe that each fn belongs to L1[0, 1].

Indeed, |fn| � [(
Pn

k¼1 |rk|)/n]
4 = 1 and

R 1
0 fn(t)dt � 1. Next, on using rk

2 = 1,
k = 1, 2, … (except at the finitely many points of subdivision), we have

n4fn ¼
Xn
k¼1

rk

 !2
24 352

¼
Xn
k¼1

r2k þ 2
Xn
k;m¼1
k\m

rkrm

0B@
1CA

2

¼ nþ 2
Xn
k;m¼1
k\m

rkrm

0B@
1CA

2

¼ n2 þ 4n
Xn
k;m¼1
k\m

rkrm þ 4
Xn
i;j¼1
i\j

rirj

0BB@
1CCA Xn

k;m¼1
k\m

rkrm

0B@
1CA

¼ n2 þ 4n
Xn
k;m¼1
k\m

rkrm þ 4
Xn
k;m¼1
k\m

r2k r
2
m þ 4

Xn
j¼1

2r2j
Xn
k;m¼1
k\m
k;m 6¼j

rkrm þ 2
Xn
k;m¼1
i;j¼1
k\m
i\j
i;j;k;mdist

rirjrkrm

0BBBBBBB@

1CCCCCCCA
¼ n2 þ 4n

Xn
k;m¼1
k\m

rkrm þ 4ððn� 1Þþ ðn� 2Þþ � � � þ 2þ 1Þþ 8
Xn
j¼1

Xn
k;m¼1
k\m
k;m 6¼j

rkrm

þ 8
Xn
k;m¼1
i;j¼1
k\m
i\j
i;j;k;mdist

rirjrkrm

¼ n2 þ 2nðn� 1Þþ 4n
Pn

k;m¼1
k\m

rkrm þ 8
Pn
j¼1

Pn
k;m¼1
k\m
k;m 6¼j

rkrm þ 8
Pn

k;m¼1
i;j¼1
k\m
i\j
i;j;k;m dist

rirjrkrm:

ð2:55Þ
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Dividing both sides of (2.55) by n4, integrating and using Lemma 2.8.14, we obtain

Z1
0

fndt ¼ 1
n2

þ 2nðn� 1Þ
n4

\
3
n2

:

Consequently,

X1
n¼1

Z1
0

fndt\1:

By Corollary 1.3.7 and Remark 1.3.13, it follows that the sequence {fn}n� 1 con-
verges to zero almost everywhere; that is, the sequence {(

Pn
k¼1rk)/n}n� 1 of

arithmetic averages converges to zero almost everywhere with respect to Lebesgue
measure. This completes the proof. h

Problem Set 2.8

2:8:P1. Using Bessel’s Inequality, obtain the Cauchy–Schwarz Inequality.
2:8:P2. Give an example to show that strict inequality can hold in the Corollary

2.8.7 to Bessel’s Inequality.
2:8:P3. Let {ek}k� 1 be any orthonormal sequence in an inner product space

X. Show that for any x, y 2 X,

X1
n¼1

x; ekð Þ y; ekð Þj j � xk k yk k:

2:8:P4. Let {ek}k� 1 be any orthonormal sequence in a Hilbert space H and let
M = span{ek}. Show that for any x 2 H, we have x 2 M if, and only if,
x can be represented by

x ¼
X1
k¼1

x; ekð Þek:

2:8:P5. Let f(x) be a differentiable 2p-periodic function on [−p, p] with derivative
f′(x) 2 L2[−p, p]. Let fn, n 2 Z; be the Fourier coefficients of f(x) in the
system feinx= ffiffiffiffiffiffi

2p
p gn2Z. Prove that

P1
n¼�1 |fn| < ∞.

2:8:P6. Show that the system {1, t2, t4, …} is complete in the space L2[0, 1]. It is
not complete in L2[−1, 1].

2:8:P7. Find a nonzero vector in C
3 orthogonal to (1, 1, 1) and (1, x, x2), where

x = exp(2pi/3).
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2:8:P8. Let a 2 C be such that |a| 6¼ 1. Find the Fourier coefficients of f 2 RL2,
where f(z) = (z − a)−1, with respect to the orthonormal sequence
ej

 �1

j¼�1; ej(z) = zj.

2:8:P9. If the series ja0j2
2 +

P1
n¼1 (|ak|

2 + |bk|
2) converges, show that there exists a

function f 2 L2[0, 2p] having the ak, bk as its Fourier coefficients, i.e. the
equations

a0 ¼ 1
p

Z2p
0

f ðtÞdt; ak ¼ 1
p

Z2p
0

f ðtÞ cos kt dt; bk ¼ 1
p

Z2p
0

f ðtÞ sin kt dt;

k ¼ 1; 2; . . .

are valid. This function is uniquely defined up to a set of measure zero;
i.e. if there are two such functions, they differ only on a set of measure
zero.

2:8:P10. Show that for any t 2 [0, 1] that is not of the form k
2n (i.e. t is not a ‘dyadic

rational’) for any integers k and n, the parity of the (obviously unique)
integer j such that j�1

2n \t\ j
2n keeps changing between even and odd as

n increases.
2:8:P11. Prove Lemma 2.8.14: for distinct nonnegative integers k1, k2, …, kn,R 1

0 rk1rk2 . . .rkn ¼ 0:
2:8:P12. Show that completeness of the orthonormal set of Hermite functions in

L2(−∞,∞) is equivalent to that of the orthonormal set of Laguerre
functions in L2(0,∞).

2:8:P13. Let X be a complex inner product space of dimension n. Show that X is
isometrically isomorphic to C

n and is hence complete.

2.9 Complete Orthonormal Sets

Recall that a set M of vectors in a pre-Hilbert space is said to be orthogonal if
x ⊥ y whenever x and y are distinct vectors of M [Definition 2.8.1]. The orthogonal
set M is said to be orthonormal if, in addition, ||x|| = 1 for every vector x in M.

An orthonormal set is said to be complete if it is a maximal orthonormal set
[Definition 2.8.2]. We shall show that there are complete orthonormal sets in any
nontrivial inner product space and discuss a few of the many important examples.
One also speaks of complete orthogonal sets, which are defined analogously. The
classical result of Riesz–Fischer and Parseval will be proved. These will lead to the
identification of all infinite-dimensional Hilbert spaces.

We begin by showing that a nontrivial inner product space H (H 6¼ {0}) contains
a complete orthonormal set.
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Theorem 2.9.1 Let H be an inner product space over F and let H 6¼ {0}. Then H
contains a complete orthonormal set.

Proof Let S denote the collection of all orthonormal sets in X. Since, for any
nonzero vector x, the set { x

xk k} is an orthonormal set; it follows that S 6¼ ∅. The

collection S is partially ordered by inclusion. We wish to show that every totally
ordered subset of S has an upper bound in S. It will then follow by Zorn’s Lemma
that S has a maximal element, namely a complete orthonormal set.

Let T = {Aa}a2K, where K is an indexing set, be any totally ordered subset of
S. Then the set

S
a Aa is an upper bound for T; indeed, Ab �

S
a Aa for each b. We

next show that
S

a Aa is orthonormal. Let x and y be any two distinct elements ofS
a Aa so that x 2 Ab and y 2 Ac for some b and c in the indexing set K. Since T is

totally ordered, either Ab � Ac or Ac � Ab. Supposing Ab � Ac, it follows that x, y 2
Ac. So x ⊥ y and ||x|| = ||y|| = 1. Thus,

S
a Aa is seen to be orthonormal.

By Zorn’s Lemma [Sect. 1.3], S has a maximal element. This completes the
proof. h

A slight modification of the proof of Theorem 2.9.1 yields the following
corollary.

Corollary 2.9.2 Let H be an inner product space over F. If E � H is an
orthonormal set, then there exists a complete orthonormal set S such that E � S.

The next result contains an alternate description of complete orthonormal sets.

Theorem 2.9.3 Let H be an inner product space over F. Suppose that S � H is an
orthonormal set. Then the following are equivalent:

(a) S is a complete orthonormal set;
(b) If x 2 H is such that x ⊥ S, then x = 0.

Proof Suppose S is a complete orthonormal set. If x 2 H is such that x ⊥ S, and
x 6¼ 0, then S [ { x

xk k} is an orthonormal set that properly contains S, contradicting

the fact that S is a complete orthonormal set.
On the other hand, suppose x ⊥ S implies x = 0. If S were not a complete

orthonormal set, there would exist some orthonormal set T � H such that T properly
contains S. Hence, if x 2 T\S then ||x|| = 1 and x ⊥ S. This contradicts the
assumption that x ⊥ S implies x = 0.

Therefore, the orthonormal set S is complete. h

So far we have considered examples of countable orthonormal sets in pre-Hilbert
spaces. If a Hilbert space contains a countable complete orthonormal set, then it is
said to be separable. This definition of separability is equivalent to Definition
1.2.10 as the next theorem shows.

Let S be a countable dense set in a Hilbert space H 6¼ {0}. By progressively
reducing S, if necessary, it can be turned into a linearly independent set. The Gram–

Schmidt orthonormalisation process applied to the linearly independent set renders
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it into an orthonormal set. This orthonormal set is in fact complete. More precisely,
we have the following theorem.

Theorem 2.9.4 Let H 6¼ {0} be a Hilbert space that contains a countable dense
subset S. Then H contains a countable complete orthonormal set that is obtained
from S by the Gram–Schmidt orthonormalisation process. Thus H is separable.

Let H 6¼ {0} contain a countable, complete orthonormal set T, then H contains a
countable dense set, namely the finite rational linear combinations of vectors in T.

Proof We assume, as we may, that 0 62 S. Enumerate the vectors in S as a sequence
{xn}n� 1 and let y1 ¼ xn1 ; where n1 = 1. If all the xn for n > n1 are scalar multiples of
xn1 ; then the set {xn1} is the linearly independent set obtained from S. Otherwise, let
y2 = xn2 be the first xn which is not a scalar multiple of xn1 . Then for n < n2, xn is a
scalar multiple of xn1 : If all the xn for n > n2 are expressible as linear combinations
of xn1 and xn2 ; then the set {xn1 ; xn2} is the linearly independent set obtained from
S. Otherwise, let y3 = xn3 be the first xn which is independent of xn1andxn2 : Then for
n < n3, xn is a linear combination of xn1andxn2 : The proof continues inductively, and
we thus obtain a finite or countably infinite linearly independent set {y1, y2, …} �
S. Let X be the smallest linear subspace of H containing {y1, y2, …}. It is clear that
S � X since if xj 2 S then xj is a linear combination of y1, y2, …, yk, where k is
chosen so that nk � j < nk+1. This says that X is dense in H. Orthonormalise {y1, y2,
…} by the Gram–Schmidt procedure to obtain the orthonormal set {u1, u2, …}. It
remains to show that the orthonormal set {u1, u2, …} is complete.

Let x 2 H be such that (x, uk) = 0 for k = 1, 2, …. Then (x;
Pn

k¼1 akuk) = 0 for all
finite linear combinations of the un and so (x, y) = 0 for all y 2 X. Let {zn}n� 1 be a
sequence in X such that ||x − zn||! 0 as n!∞. Then ||x||2 = (x, x) − (x, zn) = (x, x −
zn) � ||x||||x − zn|| ! 0 as n ! ∞.

Clearly, the closure of the rational linear combinations of the vectors of T = {xk}
contains all possible linear combinations of T, i.e. contains [T] and is hence the
same as [T]. Let x 2 H . Now,

Pn
k¼1 (x, xk)xk 2 [T]. Using Bessel’s Inequality

[Theorem 2.8.6], it follows that
P1

n¼1 (x, xk)xk converges to some y 2 H. In fact,
y 2 [T]. Suppose y 6¼ x. Then

x� y; xkð Þ ¼ ðx; xkÞ � y; xkð Þ ¼ ðx; xkÞ � x; xkð Þ ¼ 0:

Using the completeness of T, it follows that x − y = 0. Thus x 2 [T]. This
completes the proof. h

However, there are Hilbert spaces which contain non-denumerable orthonormal
sets and are, therefore, nonseparable. We give below examples of such Hilbert
spaces.

Examples 2.9.5

(i) Consider the collection X of functions on R representable in the form
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x tð Þ ¼
Xn
k¼1

akeikk t

for arbitrary n, real numbers k1, k2, …, kn and complex coefficients a1, a2, …,
an. X is a vector space, and an inner product in X is defined by

ðx; yÞ ¼ lim
T!1

1
2T

ZT
�T

xðtÞyðtÞdt:

If y(t) =
Pn

k¼1 bke
ilk t; then

x; yð Þ ¼ lim
T!1

1
2T

ZT
�T

Xn
j¼1

Xm
k¼1

ajbke
i kj�lkð Þtdt

¼
Xn
j¼1

Xm
k¼1

ajbk

ð2:56Þ

since

lim
T!1

1
2T

ZT
�T

eiktdt ¼ 1 if k ¼ 0
0 if k 6¼ 0:

�

The reader will note that the summation in (2.56) is taken over all j and k for
which kj = µk. X together with the inner product defined in (2.56) is an inner
product space. This is known as the space of trigonometric polynomials on R.
Its completion H is a Hilbert space. The set {ur(t) = eirt: r 2 R} is an
uncountable orthonormal set in the Hilbert space H, where H = X; the closure
of X.

(ii) Let X be a nonempty set. Consider the Hilbert space L2(X, , l), where
denotes the collection of all subsets of X and µ is the counting measure on X;
that is, if E 2 , µ(E) is equal to the number of points in E when E is finite and
is infinite if E is infinite. The space L2(X, , µ) is denoted by ‘2(X).

Consider the subset of ‘2(X) consisting of all characteristic functions of one point
sets in X, i.e. {v{x}: x 2 X}. Observe that (v{x}, v{y}) = 0 for x 6¼ y and ||v{x}|| = 1.
Suppose now x 6¼ y and consider the distance between v{x} and v{y}:

vfxg � vfyg
			 			2

2
¼
X
z2X

vfxg � vfyg
��� ���2¼ 2:

Thus
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vfxg � vfyg
			 			

2
¼

ffiffiffi
2

p
:

The open balls S(v{x},1/√2) with centres v{x} and radii 1/√2 are nonoverlapping,
since no ball S(v{x},1/√2) contains a point of the set {v{x}: x 2 X} other than its
centre. Now suppose that X is an uncountably infinite set. We claim that the space
‘2(X) is nonseparable. Suppose not and let {zk} be a countable dense set in ‘2(X).
Each of the balls S(v{x},1/√2) will contain a point zk of the countable dense set.
Since the balls are nonoverlapping, the points contained in different balls cannot be
identical. We thus have an injective map from X into the countable dense set, which
is not possible as X is uncountable.

In view of the examples above, we consider orthonormal sets which are not
necessarily countable. We begin with the following definition that formalises the
remarks above Definition 2.7.5.

Definition 2.9.6 Suppose {xa: a 2 K}, where K is an indexing set, is a collection of
elements from a normed linear space X. {xa: a 2 K} is said to be summable to
x 2 X, written X

a2K
xa ¼ x or

X
a

xa ¼ x;

if for all e > 0, there exists some finite set of indices J0 � K, such that for any finite
set of indices J � J0,

X
a2J

xa � x

					
					\e:

This notion of summability can be easily reconciled with the usual notion of
summability of a series when K consists of the natural numbers.

Remarks 2.9.7

(i) Suppose S = {xa: a 2 K}, where K is an indexing set, is a collection of
elements from the normed linear space R. If 0 � xa < ∞ for each a 2 K, thenP

axa is the supremum of the set of all finite sums xa1 þ xa2 þ � � � þ xan , where
a1, a2, …, an are distinct members of K. In this situation, the sum can be
infinity, which is outside the space R. However, if it is within the space, then
the two notions of summation are identical. If xa =∞ for some a 2 K, then the
sum

P
axa is equal to infinity.

(ii) It is easy to check that if
P

a xa ¼ x and
P

a ya ¼ y, thenX
a

ðxa þ yaÞ ¼ xþ y and
X
a

kxa ¼ kx; k 2 F:
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The following proposition says though we are summing over an arbitrary
indexing set, it is the sum over only a countable set of indices that matters.

Proposition 2.9.8 Let X be a Banach space over F and suppose {xj: j 2 K} �
X. The family {xj: j 2 K} is summable if, and only if, for every e > 0, there exists a

finite set J0 of indices such that
P

j2J xj
			 			\e whenever J is a finite set of indices

disjoint from J0.
If {xj} is summable, then the set of those indices for which xj 6¼ 0 is countable.

Proof If {xj} is a summable family with sum x, then for every e > 0, there exists a

finite set J0 such that x�Pj2J1 xj
			 			\e=2 whenever J1 � J0 and is finite. It follows

that if J \ J0 = ∅, then

X
j2J

xj

					
					 ¼

X
j2J [ J0

xj �
X
j2J0

xj

					
					� X

j2J [ J0

xj � x

					
					þ x�

X
j2J0

xj

					
					\e.

The reader will note that we have not used the completeness of X in the above
argument.

If, conversely, the condition is satisfied, then for every positive integer n, there

exists a finite set Jn such that
P

j2J xj
			 			\1=n whenever J is a finite set of indices

and J \ Jn = ∅. By replacing Jn by J1 [ J2 [ ��� [ Jn, n = 1, 2, …, we see that
there is a sequence {Jn} of finite sets of indices which is increasing. If n < m, then

X
j2Jm

xj �
X
j2Jn

xj

					
					 ¼

X
j2JmnJn

xj

						
						\1=n

since (Jm\Jn) \ Jn =∅. By the completeness of X, it follows that there exists x such

that
P

j2Jn xj � x
			 			! 0. For e > 0, there exists n0 > 2/e such thatP

j2Jn0 xj � x
			 			\e=2. If J is any finite set of indices containing Jn0 ; then

X
j2J

xj � x

					
					� X

j2Jn0
xj � x

						
						þ

X
j2JnJn0

xj

						
						\e=2þ 1=n0\e.

Consequently, the family {xj} is summable with sum x.
Finally we show that xj = 0 for all but countably many j. If j is an index which

does not belong to J1 [ J2 [ …, then xj
		 		\1=n for every n. The reader will note

that we have not used the completeness of X in this argument. This completes the
proof. h
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If the sequence {xn}n� 1 in a Hilbert space is orthogonal, then
P1

n¼1 xn con-
verges if, and only if,

P1
n¼1 ||xn||

2 < ∞. More generally, the following theorem
holds.

Theorem 2.9.9 Let H be a Hilbert space and let {xj: j 2 K} be an orthogonal
family in H, i.e. xj ⊥ xk for j 6¼ k. Then

P
j2K xj converges if, and only if,P

j2K ||xj||
2 < ∞. Moreover, if

P
j2K xj = x, then ||x||2 =

P
j2K ||xj||

2.

Proof If {xj} is summable, then for every positive number e there exists a finite set

J0 such that
P

j2J xj
			 			\e whenever J \ J0 = ∅, and consequently

X
j2J

xj
		 		2 ¼ X

j2J
xj

					
					
2

\e2

whenever J \ J0 = ∅.
If, conversely,

P
j2K ||xj||

2 < ∞, then for every positive e there exists a finite set
J0 such that

P
j2J ||xj||

2 < e2 (consequently ||
P

j2J xj||
2 < e2) whenever J \ J0 = ∅.

Summability now follows from the previous Theorem 2.9.8.
Observe that

xk k2¼ ðx; xÞ ¼
X
j2K

xj; x

 !
¼
X
j2K

xj;
X
k2K

xk

 !
¼
X
j2K

X
k2K

ðxj; xkÞ ¼
X
j2K

ðxj; xjÞ

¼
X
j2K

xj
		 		2:

h

The following general form of Bessel’s Inequality holds.

Theorem 2.9.10 (Bessel’s Inequality) Let S = {xa: a 2 K} be an orthonormal set
in an inner product space H and let x 2 H. Then we haveX

a2K
ðx; xaÞj j2 � xk k2:

Proof The inequality in Theorem 2.8.6 implies that for each finite set J � K of
indices, we have X

a2J
ðx; xaÞj j2 � xk k2:

It now follows using Remark 2.9.7 that
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X
a2K

ðx; xaÞj j2 ¼ sup
X
a2J

x; xað Þj j2: J�K; J finite

( )
� xk k2:

h

Remark 2.9.11 The set A = {a 2 K: (x, xa) 6¼ 0} is countable. By Bessel’s
Inequality,

P
a2K ðx; xaÞj j2 � xk k2. The countability now follows from

Theorem 2.9.8.

Theorem 2.9.12 Let{xa: a 2 K} be an orthonormal set in a Hilbert space H.
For every x 2 H, the vector y ¼Pa2K ðx; xaÞxa exists in H and x − y ⊥ xa for every
a 2 K.

Proof By Bessel’s Inequality 2.9.10, there is a countable set of xa for which (x, xa)
6¼ 0. Arrange them as a sequence x1, x2, … Let e > 0 be given. Then

Xnþ k

i¼n

x; xið Þxi
					

					
2

¼
Xnþ k

i¼n

x; xið Þxi;
Xnþ k

j¼n

x; xj
� �

xj

 !

¼
Xnþ k

i¼n

Xnþ k

j¼n

x; xið Þ x; xj
� �

xi; xj
� �

¼
Xnþ k

i¼n

x; xið Þj j2\e

for large n and any positive integer k, again using Bessel’s Inequality. It follows that
the sequence of partial sums

Pn
i¼1 x; xið Þxi


 �
n� 1 is Cauchy in H, and H being a

Hilbert space, y ¼P1
i¼1 x; xið Þxi exists in H and equals

P
a2K ðx; xaÞxa. Note that

the foregoing argument is valid whether F = C or R, as in the latter case
ðx; xjÞ ¼ ðx; xjÞ:

It remains to show that x − y ⊥ xa for every a 2 K. For each n, let
yn =

Pn
k¼1 x; xkð Þxk . We first prove that (x − yn, xa) = 0 for those a for which (x, xa)

= 0 and any n. Note that xa cannot appear in the representation of yn for any
n. Therefore, (xk, xa) = 0 for all k and hence

ðx� yn; xaÞ ¼ ðx; xaÞ �
Xn
k¼1

x; xkð Þðxk; xaÞ ¼ 0:

Next we prove (x − yn, xa) = 0 for those a for which (x, xa) 6¼ 0 and sufficiently
large n. Note that xa must appear in the representation of yn for sufficiently large
n. Therefore,
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ðx� yn; xaÞ ¼ ðx; xaÞ �
Xn
k¼1

x; xkð Þðxk; xaÞ ¼ ðx; xaÞ � ðx; xaÞ ¼ 0

for sufficiently large n.
Now, for sufficiently large n,

ðx� y; xaÞj j � ðx� yn; xaÞj j þ ðyn � y; xaÞj j
� 0þ yn � yk k xak k

¼ yn � yk k using orthonormality of fxa : a 2 Kgð Þ

Since ||yn − y|| ! 0 as n ! ∞, it follows that x − y ⊥ xa for every a 2 K. h

We next investigate the problem of writing an arbitrary element x in a Hilbert
space H as a limit of linear combinations of elements of an orthonormal set. We
begin with a definition.

Definition 2.9.13 Let H be a Hilbert space and S = {xa: a 2 K} be an orthonormal
set in H. We say that S is a basis (orthonormal basis) in H if for every x 2 H, the
following holds:

x ¼
X
a2K

ðx; xaÞxa:

The following theorem provides a characterisation of a basis in a Hilbert space.

Theorem 2.9.14 If H is a Hilbert space, then S = {xa: a 2 K} consisting of
orthonormal vectors in H is a basis if, and only if, S is a complete orthonormal
system of vectors.

Proof Suppose S is a basis in H. Then if x 2 H satisfies (x, xa) = 0, a 2 K, then the
definition of the basis gives

x ¼
X
a2K

ðx; xaÞxa ¼ 0:

Thus, S is complete by Theorem 2.9.3.
On the other hand, suppose that S is complete in H. Let b 2 K. Then for any

x 2 H, the sum
P

a2K ðx; xaÞxa exists by Theorem 2.9.12 and

x�
X
a2K

ðx; xaÞxa; xb
 !

¼ ðx; xbÞ �
X
a2K

ðx; xaÞðxa; xbÞ ¼ ðx; xbÞ � ðx; xbÞ ¼ 0;

using the fact that S = {xa: a 2 K} consists of orthonormal vectors. Thus, the vector
x�Pa2K ðx; xaÞxa; is orthogonal to xb for every b 2 K. The hypothesis, together
with Theorem 2.9.3, now implies

86 2 Inner Product Spaces



x ¼
X
a2K

ðx; xaÞxa;

i.e. S is a basis in H. h

Examples 2.9.15

(i) The set e1 = (1, 0, 0, …), e2 = (0, 1, 0, 0, …), … is a complete orthonormal
set (basis) in ‘2. Indeed, if x = (x1, x2,…) 2 ‘2 and (x, ej) = 0, j = 1, 2,…, then
xj = 0, j = 1, 2, … and so x = 0. Moreover, if x = (x1, x2, …) 2 ‘2 then
x ¼P1

i¼1 x; eið Þei, where the partial sums converge in the ‘2-norm:Pn
i¼1 x; eið Þei � x

		 		2¼P1
i¼nþ 1 xij j2 is small for large n.

(ii) [Cf. Examples 2.9.5(ii)] Let X be a non-denumerable set. The set
‘2(X) = L2(X, , µ), where denotes the collection of all subsets of X and µ is
the counting measure on X, is a nonseparable Hilbert space. The set {v{x}:
x 2 X} of characteristic functions is an uncountable orthonormal set in ‘2(X).
In fact, it is a complete orthonormal set. If f 2 ‘2(X) and for x 2 X,
(f, v{x}) = 0, then

P
y2X f ðyÞvfxgðyÞ ¼ 0, which implies f(x) = 0. So f is the

identically zero function [see Theorem 2.9.3].
(iii) The Rademacher system is not complete. The function f(x) = cos 2px is

orthogonal to all the Rademacher functions [see Example 2.8.13(v)].

The following theorem provides various characterisations of complete
orthonormal sets and helps decide which orthonormal sets are complete. Some of
the characterisations have already been described.

Theorem 2.9.16 Let S = {xa: a 2 K} be an orthonormal set in Hilbert space H.
Each of the following conditions implies the other five:

(a) S is a complete orthonormal set in H;
(b) x ⊥ S implies x = 0;
(c) x 2 H implies x ¼Pa2K ðx; xaÞxa; that is, S is a basis in H;

(d) xk k2¼ P
a2K

ðx; xaÞj j2 for each x 2 H; (Parseval’s Identity)

(e) for x, y 2 H, ðx; yÞ ¼Pa2K ðx; xaÞðy; xaÞ;
(f) ½S� ¼ H; that is, the smallest subspace of H containing S is dense in H.

The equality in (c) means that the right-hand side has only a countable number of
nonzero terms, and every rearrangement of this series converges to x [Definition
2.9.6]. The equations in (d) and (e) are to be interpreted analogously.

Of course, (d) is a special case of (e).

Proof The equivalence of (a) and (b) has been proved [Theorem 2.9.3]. So also the
equivalence of (a) and (c) [Theorem 2.9.14]. We shall prove that (b) ) (f)
) (d) ) (e) ) (b).

(b) implies (f). Let M ¼ ½S�. Since [S] is a subspace, so is M. (For x, y 2 M, there
exist sequences {xn}n� 1 and {yn}n� 1 such that xn ! x and yn ! y; then
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xn + yn ! x + y and kxn ! kx, k 2 F.) Suppose [S] is not dense in H. Then, M 6¼
H so that there exists a nonzero vector x in H which is not in M. The vector y =P

a2K ðx; xaÞxa exists in H and x − y ⊥ xa for every a 2 K [Theorem 2.9.12].
Moreover, x 6¼ y since y 2 M and x 62 M and hence x − y 6¼ 0. This contradicts (b).

(f) implies (d). Suppose (f) holds. For x 2 H and e > 0, there exists a finite set
{xa1 ; xa2 ; . . .; xan} such that some linear combinations of these vectors have distance
less than e from x. By Remark 2.8.8(ii), the vector z ¼Pn

i¼1 ðx; xaiÞxai provides the
best approximation to the vector x in the linear span of {xa1 ; xa2 ; . . .; xan}; so
||x − z|| < e, and hence ||x|| < ||z|| + e which implies xk k � eð Þ2\ zk k2¼Pn

i¼1 ðx; xaiÞj j2 � P1
i¼1 ðx; xaiÞj j2. Since e > 0 is arbitrary, we obtain ||x||2 �P1

i¼1 ðx; xaiÞj j2. The result now follows using Bessel’s Inequality 2.9.10.
(d) implies (e). Note that (d) can be written as

ðx; xÞ ¼
X
a2K

ðx; xaÞxa;
X
a2K

ðx; xaÞxa
 !

:

Fix x, y 2 H. If (d) holds, then

ðxþ ky; xþ kyÞ ¼
X
a2K

ðxþ ky; xaÞxa;
X
a2K

ðxþ ky; xaÞxa
 !

for any scalar k. Hence,

�kðx; yÞþ k y; xð Þ ¼ �k
X
a2K

ðx; xaÞxa;
X
a2K

ðy; xaÞxa
 !

þk
X
a2K

ðy; xaÞxa;
X
a2K

ðx; xaÞxa
 !

ð2:57Þ

Taking k = 1 and k = i, (2.57) shows that the real and imaginary parts of (x, y) andP
a2K ðx; xaÞxa;

P
a2K ðy; xaÞxa

� �
are equal. Hence

x; yð Þ ¼
X
a2K

ðx; xaÞxa;
X
a2K

ðy; xaÞxa
 !

¼
X
a2K

ðx; xaÞðxa; yÞ:

(e) implies (b). Finally, if (b) fails to be true, there exists a vector z 6¼ 0 so that (z,
xa) = 0 for all a 2 K. If x = y = z, the ||z||2 = (x, y) 6¼ 0 but ðz; xaÞðxa; zÞ ¼ 0: Hence
(e) fails to hold. Thus, (e) implies (b) and the proof is complete. h
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To deal with completeness of orthonormal sets in the next few examples, we will
use their equivalent descriptions provided in Theorem 2.9.16.

Examples 2.9.17

(i) In the completion H of the inner product space of trigonometric polynomials
[see Example 2.9.5(i)], the uncountable orthonormal set {ur(t) = exp(irt):
r 2 R} is complete since furg½ � ¼ H [equivalence of (a) and (d) in
Theorem 2.9.16].

(ii) Let H = L2[−1, 1] and for n = 0, 1, 2,…, let Pn denote the Legendre polynomial
of degree n. Note that Pn is obtained by applying the Gram–Schmidt
orthonormalisation process to the linearly independent vectors {1, t, t2,…, tn}.
Moreover,

span 1; t; t2; . . .; tn

 � ¼ span P0;P1; . . .;Pnf g: ð2:58Þ

This is true for each n. Let x 2 H and e > 0. By Example 2.5.1, there exists y 2
C[−1, 1] such that ||x − y|| < e. By Weierstrass’ Theorem, there is a polynomial
Q(t) such that |y(t) − Q(t)| < e for all t 2 [−1, 1]. Then

y� Qk k22¼
Z1
�1

yðtÞ � QðtÞj j2dt\2e2:

Thus

x� Qk k2 � x� yk k2 þ y� Qk k2\ð1þp
2Þe:

This shows that the set of all polynomials on [−1, 1] is dense in H.

In view of (2.58), the set {P0, P1, …} constitutes a complete orthonormal basis
[Theorem 2.9.16(f)].

(iii) Let H = L2([−p, p], dt
2p) and for n = 0, ±1, ±2, …,

unðtÞ ¼ eint; t 2 ½�p; p�:

Then {un: n = 0, ±1, ±2, …} is an orthonormal set in H. Indeed,

un; umð Þ ¼ 1
2p

Zp
�p

eiðn�mÞtdt ¼ 1 if n ¼ m
0 if n 6¼ m

�
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The orthonormal set {un: n = 0, ±1, ±2,…} is usually called trigonometric
system. For x 2 H and n = 0, ±1, ±2, …,

x; unð Þ ¼ 1
2p

Zp
�p

xðtÞe�intdt ¼ x̂ðnÞ;

where x̂(n) is the nth Fourier coefficient of x.

We shall show that if x̂ðnÞ ¼ 0, n = 0, ±1, ±2,…, then x = 0 a.e. This will prove
that the trigonometric system is complete in L2([−p, p], dt

2p).
Set

yðtÞ ¼ 1
2p

Z t

�p

xðsÞds:

Since L2([−p, p], dt
2p) � L1([−p, p], dt

2p), it is evident that y is a well-defined abso-
lutely continuous function on [−p, p] [see 1–5]. In particular, y 2 L2([−p, p], dt

2p).
Moreover, y(−p) = 0 and y(p) = 0, using the fact that x̂ð0Þ ¼ 0 by hypothesis. Let
a be any constant. On integrating by parts, we obtain

Zp
�p

yðtÞ � a½ �eintdt ¼ 0; n ¼ 
1;
2; . . .: ð2:59Þ

Choose a so that (2.59) holds for n = 0 as well. Since y(t) − a is a continuous
periodic function, for e > 0, there is a trigonometric polynomial

TðtÞ ¼
Xn
k¼�n

ckeikt

such that

sup yðtÞ � a� TðtÞj j: t 2 ½�p; p�f g\e;

using Weierstrass’ Theorem.
Now using (2.59) and the choice of a, we obtain

90 2 Inner Product Spaces



Zp
�p

yðtÞ � aj j2dt ¼
Zp
�p

yðtÞ � að Þ yðtÞ � �a� TðtÞ
� �

dt

� e
Zp
�p

yðtÞ � aj jdt

� e
Zp
�p

yðtÞ � aj j2dt
24 351

2 Zp
�p

dt

24 351
2

;

which implies

Zp
�p

yðtÞ � aj j2dt� 2pe2:

Thus, y(t) is constant and x(t) = 0 almost everywhere. This completes the proof.

Remarks (a) In the above proof, we have used the fact that x 2 L1 ½�p; p�; dt2p
� �

and
have proved that if x̂ðnÞ ¼ 1

2p

R p
�p xðtÞe�intdt ¼ 0 for n = 0, ±1, ±2, …, then x = 0

a.e.
(b) We put some of the results proved for abstract Hilbert spaces in the present

setting of L2 ½�p; p�; dt2p
� �

. For x 2 L2 ½�p; p�; dt2p
� �

, associate a function x̂ defined on
Z, the set of integers. The Fourier series of x is

X1
n¼�1

x̂ðnÞeint ð2:60Þ

and its partial sums are

SN ¼
XN
n¼�N

x̂ðnÞeint; N ¼ 0; 1; 2; . . .;

The Parseval identity asserts

X1
n¼�1

x̂ðnÞŷðnÞ ¼ 1
2p

Zp
�p

xðtÞyðtÞdt; x; y 2 L2 ½�p; p�; dt
2p


 �
: ð2:61Þ

The Fourier series (2.60) converges to x in the L2-norm:
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limN x� SNk k2¼ 0: ð2:62Þ

(c) (The Riemann–Lebesgue Lemma) If x 2 L2 ½�p; p�; dt2p
� �

, then

Zp
�p

xðtÞe�intdt ! 0 as n ! 
1:

Indeed, the Parseval’s identity (2.61) gives
P1

n¼�1 x̂ðnÞj j2 ¼
1
2p

R p
�p xðtÞj j2dt\1. (d) The relation (2.62) leads to the question whether the

Fourier series of x 2 L2 ½�p; p�; dt2p
� �

tends to x pointwise. This is not true even for a
continuous function, as was demonstrated by du Bois-Reymond in 1876. However,
Fejér proved in 1900 that the Fourier series of a continuous function is Cesàro
summable and the sum is the function itself. For a function x 2 L2 ½�p; p�; dt2p

� �
,

Lusin’s conjecture that {SN}N� 0, where SN ¼PN
n¼�N x̂ðnÞeint converges to

x pointwise a.e. was proved by Carleson in 1966.

(iv) A complete orthonormal system for the space H = L2(0,∞) is given by the
Laguerre functions

vnðtÞ ¼ 1
n!
exp � t

2

� �
LnðtÞ; ð2:63Þ

where

LnðtÞ ¼ ð�1Þn expðtÞ d
n

dtn
tn expð�tÞð Þ; n ¼ 0; 1; 2; . . .:

In fact, {vn(t)}n� 0 constitute an orthonormal set in H [Example 2.8.13(iv)] . In
order to show that the system (2.63) is complete in H, it will be enough to
show that if f 2 H and

R1
0 f ðtÞ exp � t

2

� �
LnðtÞdt ¼ 0, n = 0, 1, 2, …, then f = 0

a.e. Let

gðtÞ ¼ f ðtÞ exp � t
2

� �
; 0\t\1:

Since f 2 L2(0,∞) and exp(� t
2) 2 L2(0,∞), it follows that g 2 L1(0,∞).

Indeed, by the Cauchy–Schwarz Inequality,
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Z1
0

gðtÞj jdt ¼
Z1
0

f ðtÞ exp � t
2

� ���� ���dt
�

Z1
0

f ðtÞj j2dt
24 351

2 Z1
0

expð�tÞdt
24 351

2

� fk k2:

Each Ln is a polynomial of degree n [see (2.64) of Examples 2.8.13(iv)].
Therefore, each tn is a linear combination of L0, …, Ln. Thus, we need only to
show that

Z1
0

gðtÞtndt ¼ 0; n ¼ 0; 1; 2; . . . implies gðtÞ ¼ 0 a:e: ð2:64Þ

Now consider

UðzÞ ¼
Z1
0

expð�tzÞgðtÞdt

¼
Z1
0

expð�txÞ expð�ityÞgðtÞdt; <z[ 0:

ð2:65Þ

We shall show that U(z) is holomorphic in ℜz > 0.

Since g 2 L1(0,∞) and |exp(−ity)| = 1, the integral in (2.65) exists as a Lebesgue
integral. Moreover, U(z) is continuous inℜz > 0. Indeed, if zn ! z inℜz > 0, then g
(t)exp(−tzn) ! g(t)exp(−tz). Both the sequence of functions and the limit function
are integrable and are dominated by the integrable function g(t), an application of
the Lebesgue Dominated Convergence Theorem 1.3.9 proves the assertion. If D
denotes the boundary of any closed triangle in ℜz > 0, then

I
D

UðzÞdz ¼
I
D

Z1
0

gðtÞ expð�tzÞdt
0@ 1Adz

¼
Z1
0

gðtÞ
I
D

expð�tzÞdz
0@ 1Adt Fubini’s Theorem½ �

¼
Z1
0

gðtÞ � 0dt Cauchy’s Theorem½ � ¼ 0:

2.9 Complete Orthonormal Sets 93



It now follows by using Morera’s Theorem that U(z) is holomorphic in ℜz > 0.
On using integration by parts and induction on n, we see that

Z1
0

expð�tÞt2ndt ¼ ð2nÞ!�ð2nn!Þ2: ð2:66Þ

We next consider the series

X1
n¼0

sn
1
n!

Z1
0

gðtÞtndt; s[ 0; ð2:67Þ

and show that the series converges for 0 � s < 1
2 to the function U(s).

X1
n¼0

sn
1
n!

Z1
0

gðtÞtndt
������

�������
X1
n¼0

sn
1
n!

Z1
0

f ðtÞj j exp � t
2

� �
tndt

�
X1
n¼0

sn
1
n!

fk k2 � ð2nÞ!½ �1=2;

using the Cauchy–Schwarz Inequality. From (2.66), we have

� fk k2�
X1
n¼0

2sð Þn:

And the series on the right converges for 0 � s < 1
2.

Note that expð�stÞgðtÞ ¼P1
n¼0 ð�1Þnsn 1

n! gðtÞtn, and

X1
n¼0

Z1
0

ð�1Þnsn 1
n!
gðtÞtn

���� ����dt� X1
n¼0

Z1
0

sn gðtÞj jtndt

¼
X1
n¼0

sn
1
n!

Z1
0

f ðtÞj j exp � t
2

� �
tndt

�
X1
n¼0

sn
1
n!

Z1
0

f ðtÞj j2dt
Z1
0

t2n exp �tð Þdt
24 351

2

Cauchy�Schwarzð Þ

�
X1
n¼0

sn
1
n!

fk k2 � 2n � n! using ð2:66Þð Þ

¼
X1
n¼0

fk k2ð2snÞ\1 for 0� s\
1
2
:
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Then, on using Corollary 1.3.10,

X1
n¼0

ð�1Þnsn 1
n!
gðtÞtn 2 L1ð0;1Þ

and

UðsÞ ¼
Z1
0

expð�stÞgðtÞdt ¼
X1
n¼0

Z1
0

ð�1ÞnsngðtÞtndt:

On using the hypothesis, we obtain U(s) = 0 for all s � 0. Now,

UðsÞ ¼
Z1
0

ts�1gð�ln tÞdt; s� 0:

It may be observed that t�1gð�ln tÞ is in L1[0, 1], using the substitution
u = −lnt. Using Proposition 1.3.11, it now follows that g(−lnt) = 0 a.e. on (0,1),
which implies [see Problem 2.9.P8] that g(t) = 0 a.e. on (0,∞). This completes the
proof.

(v) A complete orthonormal system for the space H = L2(−∞,∞) is given by the
Hermite functions

vnðtÞ ¼
HnðtÞ exp � t2

2

� �
2n � n!p1=2ð Þ1=2

; n ¼ 0; 1; 2; . . .; ð2:68Þ

where

HnðtÞ ¼ �1ð Þnexpðt2Þ expðnÞð�t2Þ:

In fact, {vn(t)}n� 0 constitute an orthonormal set in L2(−∞,∞) [Example 2.8.13
(iii)]. In order to show that the system (2.68) is complete in H, it will be enough

to show that if f 2 L2(−∞,∞) and
R1
�1 f ðtÞ exp � t2

2

� �
HnðtÞdt ¼ 0, or

equivalently,
R1
�1 f ðtÞ exp � t2

2

� �
tndt ¼ 0, for n = 0, 1, 2, … implies f = 0

a.e. on (−∞,∞). The equivalence follows exactly as in (iv) above, since Hn is a
polynomial of degree n.
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We consider the function

FðxÞ ¼
Z1
�1

f ðtÞe�itx exp � t2

2


 �
dt; �1\ x\1:

This integral exists, since f 2 L2(−∞,∞), exp(� t2
2) 2 L2(−∞,∞) and |e−itx| = 1.

In fact,

Z1
�1

f ðtÞe�itx exp � t2

2


 ����� ����dt¼ Z1
�1

f ðtÞ exp � t2

2


 ����� ����dt
�

Z1
�1

f ðtÞj j2dt
24 351

2 Z1
�1

expð�t2Þdt
24 351

2

\1;

using the Cauchy–Schwarz Inequality.
We write

f ðtÞe�itx ¼
X1
n¼0

ð�iÞn x
n

n!
f ðtÞtn

and observe that

Z1
�1

X1
n¼0

xj jn
n!

f ðtÞj j tnj j exp � t2

2


 �
dt

¼
Z1
�1

f ðtÞj j exp xtj jð Þ exp � t2

2


 �
dt

¼
Z1
�1

f ðtÞj j exp � t2

4


 �
exp xtj jð Þ exp � t2

4


 �
dt

�
Z1
�1

f ðtÞj j2exp � t2

2


 �
dt

24 351
2 Z1

�1
exp 2 xtj jð Þ exp � t2

2


 �
dt

24 351
2

\1;

since

Z1
�1

f ðtÞj j2exp � t2

2


 �
dt �

Z1
�1

f ðtÞj j2dt ¼ fk k22;
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and

Z1
�1

exp 2 xtj jð Þ exp � t2

2


 �
dt¼ 2

Z1
0

exp 2 xtj jð Þ exp � t2

2


 �
dt

¼ 2
Z1
0

exp � t2

2
þ 2 xj jt � 2x2


 �
expð2x2Þdt

¼ 2 expð2x2Þ
Z1
0

exp � 1
2

t � 2 xj jð Þ2

 �

dt\1:

Using Corollary 1.3.10, it follows that

FðxÞ ¼
Z1
�1

f ðtÞe�itx exp � t2

2


 �
dt

¼
X1
n¼0

Z1
�1

ð�iÞn x
n

n!
f ðtÞ exp � t2

2


 �
tndt

¼
X1
n¼0

ð�iÞn x
n

n!

Z1
�1

f ðtÞ exp � t2

2


 �
tndt ¼ 0;

i.e.

Z1
�1

f ðtÞe�itx exp � t2

2


 �
dt ¼ 0

for all real x. It follows on using Proposition 1.3.12 that f = 0 a.e., which was to be
proved.

(vi) The set unðzÞ ¼
ffiffi
n
p

p
zn�1; n = 1, 2, … is an orthonormal set in H = A(D),

where D = {z 2 C: |z| < 1} [see 2.8.4(iii)]. We shall show that the Parseval
formula

X1
n¼1

ðf ;unÞj j2 ¼
ZZ
zj j\1

f ðzÞj j2dz; f 2 L2ðDÞ

holds, thereby establishing the completeness of {un(z)}n� 1 in
A(D) [Theorem 2.9.16].

For f 2 A(D), the Fourier coefficients are given by
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cn ¼ ðf ;unÞ ¼
ffiffiffi
n
p

r ZZ
D

f ðzÞ�zn�1dxdy

¼ lim
r!1

ffiffiffi
n
p

r ZZ
zj j\r

f ðzÞ�zn�1dxdy:

On applying the complex Green’s formula [29, p. 124], we obtain

cj ¼ lim
r!1

1
2i

ffiffiffi
n
p

r Z
zj j¼r

f ðzÞ�z
n

n
dz:

Since |z|2 = r2, we have �z ¼ r2z�1 and so

cn ¼ limr!1
1ffiffiffiffiffiffi
np

p r2n

2i

Z
zj j¼r

f ðzÞ dz
zn
: ð2:69Þ

Now if

f ðzÞ ¼ a0 þ a1zþ � � � ; zj j\1

is the power series expansion of f, then

an�1 ¼ 1
2pi

Z
zj j¼1

f ðzÞ
zn

dz: ð2:70Þ

From (2.69) to (2.70), we obtain

cn ¼ lim
r!1

1ffiffiffiffiffiffi
np

p r2npan�1

¼
ffiffiffi
p
n

r
an�1; n ¼ 1; 2; . . .:

ð2:71Þ

Also, ZZ
zj j\1

f ðzÞj j2dxdy ¼ p
X1
n¼1

an�1j j2
n

ð2:72Þ

[see (2.70) above Definition 2.6.2].
From (2.71) to (2.72), it follows that Parseval’s formula holds. The argument is

therefore complete.
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Theorem 2.9.18 Any two complete orthonormal sets in a givenHilbert spaceH 6¼ {0}
have the same cardinal number.

Proof Let H be a Hilbert space of dimension n and A be any complete orthonormal
set in H. It consists of linearly independent vectors and therefore can have at most
n vectors in it. We shall argue that it contains precisely n vectors: by
Theorem 2.9.14, A is a basis. Since it is finite, it is a Hamel basis and must therefore
contain precisely n vectors.

Let A = {xa: a 2 K} and B = {yb: b 2 C} be complete orthonormal sets in H. For
any xa 2 A, the set

Bxa ¼ yb 2 B: ðxa; ybÞ 6¼ 0

 �

must be countable [see Remark 2.9.11]. Clearly,
S

a Bxa �B: We next show that
B � Sa Bxa : Let yb 2 B. Suppose yb 2 Bxa for no a. Then (xa, yb) = 0 for all a 2 K.
In other words, yb ⊥ A. Since A is complete, it follows that yb = 0, which is
impossible since ||yb|| = 1. Hence, yb 2 Bxa for some xa. Thus

B ¼
[
a

Bxa :

It follows that |B|, the cardinality of B, satisfies |B| � ℵ0|A| = |A|. Interchanging the
roles of A and B, we also have |A | � |B|. This completes the proof. h

Definition 2.9.19 Let H be a Hilbert space. If H 6¼ {0}, we define the orthogonal
dimension of H to be the unique cardinal number of a complete orthonormal set in
H. If H = {0}, we say that H has orthogonal dimension 0.

If H is finite dimensional, then the orthogonal dimension of H is the cardinal of a
Hamel basis.

Theorem 2.9.20 (Riesz–Fischer) Let {xa}a2A be a complete orthonormal system in
a Hilbert space H and ‘2(A) = L2(A, , µ), where denotes the collection of all
subsets of A and µ is counting measure on A. Then H is isometrically isomorphic to
‘2(A).

Proof For x 2 H, let T(x) be that function on A such that

TðxÞ½ �ðaÞ ¼ ðx; xaÞ; a 2 A:

Then T maps H into ‘2(A), for
P

a2A ðx; xaÞj j2\1 by Bessel’s Inequality. Also, for
x, y 2 H, we have

Tðxþ yÞ½ �ðaÞ ¼ ðxþ y; xaÞ ¼ ðx; xaÞþ ðy; xaÞ
¼ TðxÞ½ �ðaÞþ TðyÞ½ �ðaÞ; a 2 A;

i.e. T(x + y) = T(x) + T(y). It is equally easy to show that T(ax) = aT(x) for scalar
a. Thus, T is linear. Using Theorem 2.9.16(e), we have
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TðxÞ; TðyÞð Þ ¼
X
a2A

TðxÞ½ �ðaÞ TðyÞ½ �ðaÞ

¼
X
a2A

ðx; xaÞðy; xaÞ

¼ ðx; yÞ

and so T preserves inner products. It remains to show that the mapping
T:H ! ‘2(A) is onto.

Let f 2 ‘2(A). Then
P

a2A f ðaÞj j2\1. Let a1, a2, … be those a’s for which f(a)

6¼ 0. The condition
P

a2A f ðaÞj j2\1 becomes
P1

i¼1 f ðaiÞj j2\1. It follows from
Theorem 2.9.9 that x ¼P1

i¼1 f ðaiÞai is in H. Since (x, xaj ) = f(aj), so (x, xaj ) 6¼ 0.
For a fixed p and any m � p, we have

ðx; xapÞ � f ðapÞ
�� �� ¼ ðx; xapÞ �

Xm
i¼1

f ðaiÞðxai ; xapÞ
�����

�����
� x�

Xm
i¼1

f ðaiÞxai
					

					 xap
		 		! 0

as m ! ∞. Therefore, f(aj) = (x, xaj ) = (T(x))(aj) for all j = 1, 2, …. The equality
also holds for those a’s for which f(a) = 0. This completes the proof. h

Remarks 2.9.21

(i) The following form of the above Theorem was originally proved by Riesz and
Fischer in 1907:

Let {an}n2 Z be in ‘2(Z), that is,
P1

n¼�1 anj j2\1. Then, there exists a function
f in L2([−p, p], dt

2p), such that f̂ ðnÞ ¼ an; n 2 Z; where f̂ ðnÞ ¼ 1
2p

R p
�p f ðtÞe�intdt is

the nth Fourier coefficient of f with respect to the orthonormal basis {e−int: n 2 Z}.

(ii) A Hilbert space is completely determined up to an isometric isomorphism by
its orthogonal dimension, i.e. by the cardinality of its complete orthonormal
basis. The space L2([−p, p], dt

2p) is isometrically isomorphic to ‘2(Z) and hence
also to ‘2(N).

Problem Set 2.9

2:9:P1. Let fengn� 1 and f ~engn� 1 be orthonormal sequences in a Hilbert space
H and let M1 = span(en) and M2 = spanð ~enÞ. Show that M1 ¼ M2 if, and
only if,
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en ¼
X1
m¼1

anm ~em; ~en ¼
X1
m¼1

anmem; anm ¼ en; ~emð Þ:

2:9:P2. Let H be a Hilbert space. Then show that the following hold:

(a) If H is separable, every orthonormal set in H is countable.
(b) If H contains an orthonormal sequence which is complete in H, then

H is separable.

2:9:P3. Let A � [−p, p] and A be measurable. Prove that

lim
n!1

Z
A

cos nt dt ¼ lim
n!1

Z
A

sin nt dt ¼ 0:

2:9:P4. Let n1 < n2 < n3 < ��� be positive integers and

E ¼ fx 2 ½�p; p� : limk sin nkx existsg:

Prove that m(E) = 0, where m(E) denotes the Lebesgue measure of E.
2:9:P5. Let ej(z) = zj, j 2 Z: Show that ej


 �1
j¼�1 is an orthonormal sequence in

RL2 (notation as in Example 2.1.3(vi)).
2:9:P6. Let a1, a2 2 D(0,1) = {z: |z| < 1} and a1 6¼ a2. Show that the vectors

e1ðzÞ ¼
1� a1j j2
� �1

2

1� a1z
and e2ðzÞ ¼ z� a1

1� a1z

1� a2j j2
� �1

2

1� a2z

constitute an orthonormal system in RH2 (notation as in Example 2.1.3
(vi)).

2:9:P7. Let {en}n� 1 be an orthonormal basis in H. Show that for any orthonormal
set {fn}n� 1, if

X1
n¼1

en � fnk k2\1;

then {fn}n� 1 is an orthonormal basis.
2:9:P8. A real-valued function on an interval having a continuous nonvanishing

derivative on the interior of its domain maps a set of (Lebesgue) measure
zero into a set of measure zero. In case the domain is an open interval, in
which case the range is also an open interval and an inverse exists, the
inverse also has the same properties. [Examples of such a function on the
domain (0,∞) would be exp(−x) and x2.]
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2.10 Orthogonal Decomposition and Riesz Representation

A result of particular interest about Hilbert space is the projection theorem, namely,
if M is any closed subspace of a Hilbert space H, then H can be decomposed into
the direct sum of M and its orthogonal complement (to be defined below). This
important geometric property is one of the main reasons that Hilbert spaces are
easier to handle than Banach spaces.

A characterisation of a bounded linear functional [see Definition 2.10.18 below]
on a Hilbert space, known as the Riesz Representation Theorem, will be studied.

P.L. Chebyshev sought the approximation of arbitrary functions by linear
combinations of given ones. He considered approximations in the spaces of con-
tinuous functions, Lp spaces, etc. These have a bearing on constrained optimisation.

We deal with the approximation problem in a pre-Hilbert space X; given a set of
n linearly independent vectors {v1, v2, …, vn} and an x 2 X, to find a method of
computing the minimum value of

x�
Xn
j¼1

cjvj

					
					;

where c1, c2, …, cn range over all scalars and to find the corresponding values of c1,
c2, …, cn. The reader will learn that this is precisely the problem of finding the
distance of x from the linear span of {v1, v2, …, vn}.

Recall that a set of M nonzero vectors in a pre-Hilbert space is said to be
orthogonal if x ⊥ y whenever x and y are distinct vectors of M.

Definition 2.10.1 Let X be a pre-Hilbert space and x 2 X. We define

x? ¼ y 2 X : x; yð Þ ¼ 0f g:

and if S is a subset of X,

S? ¼ y 2 X : x; yð Þ ¼ 0 for all x 2 Sf g:

The symbol x ⊥ [respectively, S⊥] is read as x perp [respectively, S perp]. One
writes S⊥⊥ for the perp of S⊥; thus S⊥⊥ = (S⊥)⊥. The set S⊥ is called the
orthogonal complement of S.

Remarks 2.10.2

(i) Observe that x⊥ is a subspace of X, since (x, y) = 0 and (x, z) = 0 imply (x, ay +
bz) = 0, where a, b are scalars. Also, x⊥ is precisely the set of vectors where
the continuous function y ! (x, y) is zero. Hence, x⊥ is a closed subspace of
X. Since
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S? ¼
\
x2S

x?;

it follows that S⊥, being the intersection of closed subspaces of X, is itself a
closed subspace of X.

ðiiÞ S? ¼ ðSÞ?:
Let y 2 S⊥. Then (x, y) = 0 for all x 2 S. Let z 2 S: Then there exists a
sequence {zn}n� 1 in S such that zn ! z. The continuity of the mapping x !
(x, y) and the fact that (zn, y) = 0 for n = 1, 2, … imply (z, y) = 0. Since z 2 S is
arbitrary, we conclude that y 2 (S)⊥.

On the other hand, if y 2 (S)⊥, then (y, x) = 0 for all x 2 S. Since S � S; it follows
that (y, x) = 0 for all x 2 S, that is y 2 S⊥.

Proposition 2.10.3 Let S and S1 be subsets of an inner product space X. Then the
following hold.

(a) S⊥ is a closed subspace of X and S \ S⊥ � {0};
(b) S � S⊥⊥;
(c) S � S1 implies S

⊥ � S1
⊥;

(d) S⊥ = S⊥⊥⊥.

Proof

(a) In Remark 2.10.2(i), we have noted that S⊥ is a closed subspace of X. If
x 2 S \ S⊥ then x ⊥ x, that is, (x, x) = 0, which implies x = 0.

(b) Let x 2 S. For any y 2 S⊥, one has (y, x) = 0, so that x ⊥ S⊥ and therefore
x 2 S⊥⊥.

(c) If x 2 S1
⊥, then (x, y) = 0 for all y 2 S1. In particular, (x, y) = 0 for all y 2 S,

which implies x 2 S ⊥.
(d) Applying (iii) to the relation S � S⊥⊥, we have (S⊥⊥)⊥ � S⊥. Also, S⊥ �

(S⊥)⊥⊥ by (b) above. Since (S⊥⊥)⊥ = (S⊥)⊥⊥, as in each case one starts with
S and perps three times, it follows that (S⊥⊥)⊥ = S⊥. h

Example Let S = {f 2 L2[0, 1]: f(t) = 0 a.e. for 0 � t � 1
2}.

Then

S? ¼ g 2 L2 0; 1½ � : gðtÞ ¼ 0 a:e: on
1
2
; 1

� �� �
and

S?? ¼ g 2 L2 0; 1½ � : gðtÞ ¼ 0 a:e: on 0;
1
2

� �� �
¼ S:
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Hint: To compute S⊥, first show that
R 1
x gðtÞdt ¼ 0 for every x 2 [12,1] and then use

regularity of Lebesgue measure.
If x is a point lying outside a plane in R

3, then there is a unique y in the plane
which is closer to x than any other point of the plane. This assertion, when trans-
lated in the language of Hilbert spaces, yields rich dividends via the Riesz
Representation Theorem below. The accompanying figure illustrates the situation
when the plane is a coordinate plane. However, this need not always be the case.

Definition 2.10.4 A subset K of a vector space is convex if, for all x, y 2 K, and all
k such that 0 < k < 1, the vector kx + (1 − k)y belongs to K. The set of vectors
{kx + (1 − k)y: 0 < k < 1} is the line segment joining x and y. The convex hull of a
subset S of any vector space is the intersection of all convex subsets containing
S and is denoted by co(S) or by coS.

It is sometimes neater to work with an equivalent formulation of convexity as
follows: for all x, y 2 K, and all a, b � 0 such that a + b = 1, the vector ax +
by belongs to K.

It is easy to see that the intersection of any family of convex sets is again convex;
in particular, any convex hull is a convex set. By using the alternative formulation
of convexity, the convex hull of any finite set of vectors {x1, x2, …, xn} is easily
seen to consist of precisely those vectors which can be written as

Pn
k¼1 kkxk, where

0 � kk � 1 for each k and
Pn

k¼1 kk ¼ 1. (Induction: we start with the vectors x1,

x2, …, xn and nonnegative k1, k2, …, kn satisfying
Pn

k¼1 kk ¼ 1. If
Pn�1

k¼1 kk ¼ 0,
then kk is 0 for k = 1, …, n−1 and kn = 1, which together imply

Pn
k¼1 kkxk is in the

convex hull. Assume
Pn�1

k¼1 kk ¼ b[ 0. Then
Pn�1

k¼1 kk=bð Þxk is in the convex hull

by the induction hypothesis. Consequently,
Pn

k¼1 kkxk ¼ b
Pn�1

k¼1 kk=bð Þxk þ knxn
is in the convex hull. Conversely, the vectors that can be written in this form
obviously constitute a convex set that contains {x1, x2, …, xn} and therefore con-
tains the convex hull under reference.)

This description of the convex hull will now be used for arguing that it is
compact when the vector space is normed.

When n = 1, there is nothing to prove. Assume as induction hypothesis that the
convex hull of any n vectors is compact. Consider any set {x1, x2,…, xn, x} of n + 1

x

y
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vectors. Let {yp}p� 1 be a sequence in co{x1, x2, …, xn, x}. Each yp can be written
as
Pn

k¼1 kk;pxk þ kpx, where 0 � kk,p, kp � 1 for each k and
Pn

k¼1 kk;p þ kp ¼ 1.
If there are only finitely many such p, then we can assume that 1 − kp > 0 for every
p. It then follows that

Pn
k¼1 kk;p=ð1� kpÞ ¼ 1, each term in the sum being non-

negative. This means zp ¼
Pn

k¼1 kk;pxk=ð1� kpÞ is in the convex hull of {x1, x2,
…, xn}. By the induction hypothesis, {zp} has a subsequence {zp(q)} converging to a
limit z 2 co{x1, x2, …, xn}. Now the bounded sequence {kp(q)} in R has a con-
vergent subsequence {kp(q(r))}, whose limit we shall denote by k. Then {zp(q(r))}
converges to z and therefore

Pn
k¼1 kk;pðqðrÞÞxk ¼ ð1� kpðqðrÞÞÞzpðqðrÞÞ forms a

sequence converging to (1 − k)z. As ypðqðrÞÞ ¼
Pn

k¼1 kk;pðqðrÞÞxk þ kpðqðrÞÞx; the
subsequence {yp(q(r))} converges to (1 − k)z + kx, which belongs to co(co{x1, x2,
…, xn} [ {x}). The latter can easily be seen to be the same as co{x1, x2, …, xn, x}.
This completes the induction proof that the convex hull of any finite set of vectors is
compact.

If K is convex and x is any vector, then the convex hull co(K [ {x}) is precisely
K1 = {ax + bk: a, b � 0, a + b = 1}. The convexity of K1 follows from the three
computations

(a) a(a1x + b1k1) + b(a2x + b2k2) = (aa1 + ba2)x + (ab1k1 + bb2k2)
= (aa1 + ba2)x + c((ab1/c)k1 + (bb2/c)k2), where c = 1 − (aa1 + ba2) if
nonzero;

(b) (ab1/c) + (bb2/c) = 1 because

ab1 þ bb2 þðaa1 þ ba2Þ ¼ aða1 þ b1Þþ bða2 þ b2Þ ¼ 1;

so that ab1 + bb2 = 1 − (aa1 + ba2) = c,

(c) aa1 + ba2 � a + b = 1 when 0 � a1 � 1 and 0 � a2 � 1.

Regarding (a), we note that c = 0 implies a1 = a2 = 1 and b1 = b2 = 0, in which
case a(a1x + b1k1) + b(a2x + b2k2) = x. Once the convexity of K1 is established, it is
a trivial matter to see that it is the convex hull of K.

Theorem 2.10.5 (Closest point property) Let K be a nonempty closed convex set in
a Hilbert space H. For every x 2 H, there is a unique point y 2 K which is closer to
x than any other point of K, i.e.

x� yk k ¼ inf
z2K

x� zk k:

Proof Let d = infz2K||x − z||. Since K 6¼ ∅, d < ∞, therefore for each n 2 N, there
exists yn 2 K such that
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x� ynk k2\d2 þ 1
n
: ð2:73Þ

We shall prove that {yn}n� 1 is a Cauchy sequence in K. Consider the vectors
x − yn and x − ym. By the Parallelogram Law [Proposition 2.2.3(c)],

ðx� ynÞ � ðx� ymÞk k2 þ ðx� ynÞþ ðx� ymÞk k2 ¼ 2 x� ynk k2 þ x� ymk k2
� �

� 4d2 þ 2
1
n
þ 1

m


 �
:

Rearranging the left side, we obtain

yn � ymk k2 þ 4 x� yn þ ym
2

			 			2 � 4d2 þ 2
1
n
þ 1

m


 �
and hence

yn � ymk k2 � 4d2 þ 2
1
n
þ 1

m


 �
� 4 x� yn þ ym

2

			 			2:
Since K is convex, yn, ym 2 K, we have yn þ ym

2 2 K, and hence

x� yn þ ym
2

			 			2 � d2:

Consequently,

yn � ymk k2 � 4d2 þ 2
1
n
þ 1

m


 �
� 4d2

¼ 2
1
n
þ 1

m


 �
:

Thus, {yn}n� 1 is a Cauchy sequence and so converges to a limit y 2 H. Since K is
closed, y 2 K and therefore

x� yk k� d.

On letting n ! ∞ in (2.73), we obtain

x� yk k� d

and so
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x� yk k ¼ d:

We have proved that there is a closest point to x in K. It remains to show that it is
unique. Suppose that z 2 K (z 6¼ y) is such that ||x − z|| = d. Then yþ z

2 2 K so that

x� yþ z
2

			 			� d.

On applying the Parallelogram Law [Proposition 2.2.3(c)] to y − x and z − x, we get

y� zk k2 ¼ 2 y� xk k2 þ 2 z� xk k2� yþ z� 2xk k2

¼ 4d2 � 4
yþ z
2

� x
			 			2 � 0:

Hence y = z. h

Remarks 2.10.6

(i) If x 2 H is such that x 2 K, then the vector nearest to x is x itself.
(ii) If K is not closed, the conclusion of Theorem 2.10.5 may not hold. In fact, in

this situation, whether K is convex or not, there always exists a point in
H having no closest approximation in K. Any point in the closure that does not
belong to K will serve the purpose.

Let H = ‘2 and K = {x = {kk}k� 1: kk 6¼ 0 for only finitely many k’s andP1
k¼1 kk ¼ 1}. K is convex. However, K is not closed. In fact, the sequence

y1 ¼ 1; 0; 0; . . .ð Þ, y2 ¼ 1
2 ;

1
2 ; 0; 0; . . .

� �
, …, yn ¼ 1

n ;
1
n ; . . .;

1
n ; 0; 0; . . .

� �
, … is in

K. However, the limit of the sequence {yn}n� 1 in ‘2 is the point y = (0, 0, …) of ‘2,
which does not belong to K. According to the preceding paragraph, the point y = (0,
0, …) does not possess a closest point in K.

(iii) The conclusion of Theorem 2.10.5 fails to hold if H is not a Hilbert space.
Let X = R

2, the real Banach space with ||(x1, x2)|| = max{|x1|, |x2|}. Consider
the closed convex set K = {(x1, x2): x1 � 1}. The minimal distance of the
origin from K is attained at each of the points of the line segment {(x1, x2): x1
= 1 and |x2| � 1}. Even when the norm comes from an inner product and
H is not complete, the existence part of the conclusion of Theorem 2.10.5
may fail to hold; an example of this will be given later in (ii) of Remarks
2.10.12. The uniqueness part however holds because its proof does not use
completeness.

Corollary 2.10.7 Every nonempty closed convex set K in a Hilbert space H con-
tains a unique element of smallest norm.

Proof Take x = 0 in Theorem 2.10.5. h
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Example 2.10.8 Let K = {y = (k1, k2, …, kn) 2 C
n:
Pn

k¼1 kk ¼ 1}. K is a closed
convex subset of C

n. The unique vector y0 2 K of smallest norm is
y0 ¼ 1

n ;
1
n ; . . .;

1
n

� �
; indeed, if y0 has two unequal components, then interchanging

them leads to another vector in K with smallest norm; consequently, all components
of y0 are equal. The reader who is familiar with constrained optimisation can verify
the claim made above independently of the corollary.

Corollary 2.10.9 Let M be a closed subspace of a Hilbert space H. If x is a vector
in H, and if d = inf{||x − z||: z 2 M} then there exists a unique y 2 M such that
d = ||x − y||.

Proof Every subspace of a vector space is convex. h

Theorem 2.10.10 Let M be a closed subspace of a Hilbert space H and x 2 H. If y
denotes the unique element in M for which ||x − y|| = inf{||x − z||: z 2 M}, then x − y
is orthogonal to M. Conversely, if y 2 M is such that x − y is orthogonal to M, then
||x − y|| = inf{||x − z||: z 2 M}.

Proof Consider z 2 M with ||z|| = 1. Then w = y + (x − y, z)z lies in M and we have

x� yk k2 � x� wk k2¼ ðx� w; x� wÞ
¼ x� y� x� y; zð Þz; x� y� x� y; zð Þzð Þ
¼ x� yk k2� x� y; zð Þj j2:

This shows that (x − y, z) = 0, i.e. x − y ⊥ z. Since every vector in M is a scalar
multiple of a vector in M of norm 1, it follows that x − y ⊥ M.

If z 2 M, then x − y is orthogonal to y − z, so that ||x − z||2 = ||x − y + y − z ||2 = ||
x − y||2 + ||y − z||2 � ||x − y||2. Thus, ||x − y|| = inf{||x − z||: z 2 M}. h

It may be noted that x − y is closest to x in M⊥.

Theorem 2.10.11 (Orthogonal Decomposition Theorem) If M is a closed subspace
of a Hilbert space H, then H = M ⊕ M⊥ and M = M⊥⊥.

Proof Let x 2 H. Since M is a closed subspace of H, there exists a unique vector
y 2 M such that ||x − y|| = inf{||x − z||: z 2 M}. So x − y ⊥ M by Theorem 2.10.10.
Hence, x = y + (x − y), where y 2 M and x − y 2 M⊥. Since M \ M⊥ = {0}, it
follows that H = M ⊕ M⊥.

We already know that M � M⊥⊥ [Proposition 2.10.3(b)]. On the other hand, let
x 2M⊥⊥. If x = y + z, where y 2M and z 2M⊥, then x and y are inM⊥⊥. Hence, z =
x − y 2 M⊥⊥ (M⊥⊥ is a subspace of H). Since z 2 M⊥, it follows that (z, z) = 0, that
is, z = 0 or x = y. This shows that M⊥⊥ � M. The proof is complete. h

Remarks 2.10.12

(i) If M is a closed subspace of a Hilbert space H and x 2 H, then x can be
uniquely expressed as
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x ¼ yþ z;

where y 2 M and z 2 M⊥.
(ii) The condition that H is a Hilbert space for a closed subspace to satisfy M =

M⊥⊥ cannot be omitted. Let ‘0 � ‘2 be the inner product space consisting of
sequences, each of which has only finitely many nonzero terms. Let M =
{x = {kk}k� 1: kk 6¼ 0 for only finitely many k’s and

P1
k¼1

1
k kk ¼ 0g: Clearly,

M is a subspace of ‘0. Moreover, M is closed, as is proved below.

Let {x(n)}n� 1 be a sequence in M such that x(n) ! x in ‘0. By the Cauchy–
Schwarz Inequality, it follows that

X1
k¼1

1
k
kk

�����
�����
2

¼
X1
k¼1

1
k

kk � kðnÞk

� ������
�����
2

�
X1
k¼1

1
k2

 ! X1
k¼1

kk � kðnÞk

��� ���2 !
;

where kk
(n) is the kth component of xn. Consequently,

P1
k¼1

1
k kk ¼ 0. So, x 2 M.

We next show that M⊥ = {0}. Assume 0 6¼ z 2 ‘0 and z ⊥ M. Then there exists
k such that z = (x1, …, xk, 0, …) and

Pk
i¼1 xij j2 6¼ 0. Let l ¼ �ðkþ 1ÞPk

j¼1
1
j xj.

Then w = (x1, …, xk, µ, 0, …) 2 M in view of the definition of µ. Hence, z ⊥ w, i.e.
(z, w) = 0. But (z, w) = ||z||2. It follows that z = 0, contradicting the assumption on z.

Consequently, M⊥⊥ = ‘0 6¼ M.
We shall use the fact that M⊥ = {0} to show that the closed convex subset M of

the (incomplete) inner product space ‘0 has the property that every x 2 ‘0 that does
not lie in M fails to have a nearest element inM. In particular, it will follow that the
conclusion of Theorem 2.10.5 may fail to hold in the absence of completeness.
Suppose x 2 ‘0 does not lie in M but has a closest element y 2 M. It follows that
x − y ⊥ M exactly as in the first paragraph of the proof of Theorem 2.10.10,
considering that completeness is not needed in that paragraph. Since we have
shown that M⊥ = {0}, we infer that x − y = 0, which is a contradiction because
y 2 M, whereas x 62 M.

(iii) IfM is any linear subspace of H, thenM =M⊥⊥. Observe that M �M⊥⊥ [see
Proposition 2.10.3(b)]. It follows that M�M??, since M⊥⊥ is a closed
subspace of H. As M�M, it follows that ðMÞ? �M? using Proposition
2.10.3(c). Another application of Proposition 2.10.3(c) yields
M?? � ðMÞ?? ¼ M since M is a closed subspace of H [Theorem 2.10.11].

(iv) If H = M ⊕ N, M � N⊥, then M = N⊥ and is therefore closed, as we now
show. Suppose x 2 N⊥ and x 62M. The vector x has the representation x = y +
z, where y 2 M and z 2 N. Now
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0 ¼ ðx; zÞ ¼ ðy; zÞþ ðz; zÞ

which implies z = 0. Consequently, x = y, which is a contradiction because
x 62 M and y 2 M.

(v) S⊥⊥ = (S⊥)⊥ is the smallest closed subspace of the Hilbert space H which
contains S.

(vi) Let {Mk}k� 1 be a sequence of closed linear subspaces of a Hilbert space
H. There exists a smallest closed linear subspace M such that Mk � M for all
k and it has the property that x ⊥ M if, and only if, x ⊥ Mk for all k. To see
why, let S = {x 2 H: x 2 Mk for some k}. Clearly Mk � S for all k. Moreover,
S is the smallest subset of H with this property. Set M = S⊥⊥. If N is a closed
linear subspace such that Mk � N for all k, then S � N. Hence, M � N in
view of (v). The assertion that x ⊥ M if, and only if, x ⊥ Mk for all k is
proved by using the following observation:

M? ¼ S??? ¼ S?:

Example 2.10.13 ConsiderF o = {f2L2[−1, 1]: f(t) =−f(−t)} andF e = {f2 L2[−1, 1]:
f(t) = f(−t)}.

The set F o is an infinite-dimensional linear subspace of L2[−1, 1]. [f(t) = t2n−1,
n = 1, 2, … are in F o; they are countably many and linearly independent.] Also, F e

is an infinite-dimensional subspace of L2[−1, 1]. [F e contains the functions f(t) = t2n,
n = 0, 1, 2, ….]

For f 2 F o and g 2 F e, the inner product

ðf ; gÞ ¼
Z1
�1

f ðtÞgðtÞdt ¼ 0

since the function f ðtÞgðtÞ is odd. Hence F o ⊥ F e, i.e. F o � F?
e .

For any function f 2 L2[−1, 1],

feðtÞ ¼ f ðtÞþ f ð�tÞ
2

; foðtÞ ¼ f ðtÞ � f ð�tÞ
2

and f ¼ fe þ fo:

Moreover, this representation is unique, so that L2[−1, 1] = F o ⊕ F e. Since F o �
F?

e , it follows that F o = F?
e . [See Remark 2.10.12(iv)].

The following proposition provides an alternate way of computing

d ¼ inf x� zk k : z 2 Mf g;

where x 2 H and M is a closed subspace of H.
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Proposition 2.10.14 If M is a closed subspace of a Hilbert space H and x 2 H,
then

d ¼ inf x� uk k : u 2 Mf g ¼ max ðx; zÞj j : z 2 M? and zk k ¼ 1

 �

:

Proof Suppose x 2 H. Then, x has a unique representation of the form

x ¼ yþ z; y 2 M and z 2 M?:

Let w 2 M⊥ and ||w|| = 1. Then

x;wð Þj j ¼ yþ z;wð Þj j ¼ ðz;wÞj j � zk k ¼ x� yk k ¼ d Theorem 2:10:10½ �:

Hence, sup{|(x, w)|: w 2 M⊥, ||w|| = 1} � d. The vector w ¼ x�y
d is in M⊥

[Theorem 2.10.10] and wk k ¼ x�yjk k
d ¼ 1. For this w,

x;wð Þ ¼ x;
x� y
d

� �
¼ 1

d
ðx; x� yÞ ¼ 1

d
ðx� y; x� yÞ ¼ 1

d
x� yk k2¼ d;

using the fact that y 2 M and x − y 2 M⊥.
This completes the proof. h

Let H be a Hilbert space and M is a closed subspace of H. The Orthogonal
Decomposition Theorem 2.10.11 says that H =M⊕M⊥. Thus for each x 2 H, there
are unique y 2 M and z 2 M⊥ such that x = y + z. Note that z = x − y is the unique
vector in M⊥ closest to x. The vector y is the projection of x on M and it follows
that z is the projection of x on M⊥. This sets up mappings from H onto M and from
H onto M⊥, respectively.

Theorem 2.10.15 The mapping PM:H ! M defined by PM(x) = y, x 2 H, where y
denotes the projection of x on M. The mapping PM has the following properties:

(a) PM is linear, i.e. PM(a1x1 + a2x2) = a1PM(x1) + a2PM(x2), where a1 and a2 are
scalars;

(b) If x 2 M, then PM(x) = x. Thus, PM is idempotent, i.e. PM
2 = PM;

(c) If x 2 M⊥, then PM(x) = 0;
(d) (PM(x), x) = ||PM(x)||

2 � ||x||2 for all x 2 H.

Proof

(a) Let xi = yi + zi, i = 1, 2 be the decomposition of xi relative to M. Then

PMða1x1 þ a2x2Þ ¼ a1y1 þ a2y2 ¼ a1PMðx1Þþ a2PMðx2Þ:

(b) Since x = x + 0 is the unique decomposition of x 2 M, it follows that PM(x) =
x. If x 2 H, then PM(x) 2 M and, by what has just been proved, PM(x) =
PM(PM(x)) = PM

2 (x). Thus PM
2 = PM.

(c) If x 2 M⊥, then x = 0 + x is the unique decomposition of x. Thus PM(x) = 0.
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(d) (PM(x), x) = (y, y + z), where x = y + z is the unique decomposition of x. Now
y ⊥ z and therefore (y, y + z) = (y, y) = (PM(x), PM(x)) = ||PM(x)||

2. Also,
||PM(x)||

2 = (y, y) � ||y||2 + ||z||2 = ||x||2. h

Definition 2.10.16 The map PM is called the orthogonal projection on M.

Remarks 2.10.17

(i) The map PM is often denoted by P when it is clear from the context on which
subspace M the projection PM is intended.

(ii) In Theorem 2.10.15(d), we have checked that

PMðxÞk k� xk k for all x 2 H:

Since PM(x) = x for all x 2 M, it follows that ||PM(x)|| = ||x|| and hence

sup xk k¼1 PMðxÞk k ¼ 1 providedM 6¼ f0g:

We now turn to the study of ‘linear functionals’ on Hilbert spaces.

Definition 2.10.18 A linear functional on a vector space X over a field F is a
mapping f:X ! F which satisfies f(kx + µy) = kf(x) + µf(y) for all x, y 2 X and all
scalars k, µ in F.

Definition 2.10.19 Let X be a normed linear space over F. A linear mapping f:X! F

is called a bounded linear functional on X if it maps bounded subsets of X into
bounded subsets of F, or equivalently, if there exists a constant K such that

f ðxÞj j �K xk k; x 2 X:

The equivalence is a consequence of the linearity of the functional.
The linear functional f is said to be a continuous linear functional if for a

sequence {xn}n� 1 in X, xn ! x implies f(xn) ! f(x).
Let X* denote the set of all bounded linear functionals on X. Define addition and

scalar multiplication in X* as follows:

f1 þ f2ð ÞðxÞ ¼ f1ðxÞþ f2ðxÞ and ðaf1ÞðxÞ ¼ af1ðxÞ for f1; f2 2 X* and a 2 F:

It can be checked that f1 + f2 and af1 are in X*.
Define a norm on X* by setting

fk k ¼ supx 6¼0 f ðxÞj j= xk k ¼ sup xk k¼1 f ðxÞj j:

It can be checked that ||�|| is a norm on X*. It is immediate from the definition of
the norm in X* that
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f ðxÞj j � fk k � xk k:

It will be proved later that X* with the norm described above is complete.

Proposition 2.10.20 A linear functional f:X ! C is bounded if, and only if, it is a
continuous functional.

Proof Indeed, if f is bounded, then

f ðxnÞ � f ðxÞj j ¼ f ðxn � xÞj j
� fk k xn � xk k ! 0

as xn ! x and this implies the result in one direction.
Suppose xn ! 0. Then f(xn) ! 0. If f is not bounded, then for every n 2 N, there

exists xn with ||xn|| = 1 and |f(xn)| � n. But in this case, |f(xn/n)| � 1, whereas
||xn/n|| ! 0. h

Remark The study of continuous linear functionals will be taken up in more detail
later in the book.

Proposition 2.10.21 A linear functional f defined on X is continuous at x = 0, then
it is continuous everywhere.

Proof Suppose f is continuous at x = 0. Let e > 0 be given. There exists d > 0 such
that ||x|| < d implies |f(x)| < e. Therefore, for every x 2 X, ||x − y|| < d implies
f ðxÞ � f ðyÞj j ¼ f ðx� yÞj j\e: h

Remarks 2.10.22

(i) The point x = 0 could be replaced by any other point of X.
(ii) A slight modification of the argument in the proof above shows that f is

uniformly continuous. Indeed, for every pair of points x, y in X, ||x − y|| < d
implies

f ðxÞ � f ðyÞj j ¼ f ðx� yÞj j\e:

Thus, a linear functional is either uniformly continuous or everywhere
discontinuous.

Theorem 2.10.23 If X is a normed linear space, then X* is a Banach space.

Proof Let {fn}n� 1 be a Cauchy sequence of elements of X*. This means that for
any e > 0, there exists n0 2 N such that m,n � n0 implies

fn � fmk k\e;

that is, for any x 2 X,
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fnðxÞ � fmðxÞj j � fn � fmk k xk k\e xk k: ð2:74Þ

In particular, for any x 2 X, {fn(x)}n� 1 is a Cauchy sequence of scalars. So, the
limit

limnfnðxÞ ¼ f ðxÞ; say;

must exist. The function f defined in this way is clearly linear. We next show that
f is bounded. For any j 2 N and an appropriate n1 2 N, we have

fn1 þ j � fn1
		 		\1;

which implies

fn1 þ j

		 		\ 1þ fn1k kð Þ;

or

fn1 þ jðxÞ
�� ��\ 1þ fn1k kð Þ xk k:

On letting j ! ∞, we obtain

f ðxÞj j � 1þ fn1k kð Þ xk k:

Thus, f is a bounded linear functional in X. We next prove that {fn}n� 1 converges to
f in the norm of X*. Using (2.74) again, for x 2 X and n � n0, we have

limm fnðxÞ � fmðxÞj j ¼ fnðxÞ � limmfmðxÞj j � e xk k:

Hence

fnðxÞ � f ðxÞj j � e xk k; x 2 X;

which implies ||fn − f|| � e for n � n0. h

It is easy to write down the general linear functional on a finite-dimensional
linear space. The description of continuous linear functionals on Banach spaces
entails some efforts. However, not much effort is required to describe the contin-
uous linear functionals on Hilbert spaces. We begin with some examples of con-
tinuous linear functionals.

Examples 2.10.24

(i) Let H be a Hilbert space of finite dimension and let e1, e2, …, en be an
orthonormal basis in H. If x ¼P akek; a1; a2; . . .; an 2 C, be any vector in H,
then f ðxÞ ¼P akf ekð Þ is clearly a linear functional in H. Moreover,

114 2 Inner Product Spaces



f ðxÞj j ¼
Xn
k¼1

akf ðekÞ
�����

������ Xn
k¼1

akj j f ðekÞj j

�
Xn
k¼1

akj j2
 !1

2 Xn
k¼1

f ðekÞj j2
 !1

2

Cauchy�Schwarz Inequality½ �

¼ M xk k;

where M ¼ Pn
k¼1 f ðekÞj j2

� �1
2
and xk k ¼ Pn

k¼1 akj j2
� �1

2
; i.e. f is a bounded [con-

tinuous] linear functional.

(ii) Consider the Hilbert space H = ‘2 of square summable sequences of scalars.
For y = {yn}n� 1 in ‘2, define

fyðxÞ ¼ ðx; yÞ ¼
X1
n¼1

xnyn:

Observe that

X1
n¼1

xnyn

�����
������ X1

n¼1

xnj j ynj j

�
X1
n¼1

xnj j2
 !1

2 X1
n¼1

ynj j2
 !1

2

¼ xk k2 yk k2;

using the Cauchy–Schwarz Inequality. Thus, fy is a bounded linear functional
on ‘2 of norm at most ||y||2. For y 2 ‘2,

fyðyÞ ¼ ðy; yÞ ¼
X1
n¼1

ynj j2 ¼ yk k22;

showing that ||fy || = ||y||2.
(iii) Consider the Hilbert space L2(X, M, l) of complex-valued measurable

functions f defined on X for which
R
X fj j2dl is finite. For g 2 L2(X, M, µ),

define

fgðhÞ ¼
Z
X

h�g dl; h 2 L2ðX;M; lÞ:
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Observe that

Z
X

h�g dl

������
�������

Z
X

hj j2dl
0@ 1A1

2 Z
X

gj j2dl
0@ 1A1

2

¼ hk k2 gk k2;

using Cauchy–Schwarz Inequality. Thus, fg is a linear functional on L
2(X,M, µ)

of norm at most ||g||2. For g 2 L2(X,M, µ),

fgðgÞ ¼
Z
X

g�g dl ¼
Z
X

gj j2dl ¼ gk k22;

showing that ||fg|| = ||g||2.
(iv) Given a Hilbert space H and a vector y 2 H, the function fy(x) = (x, y), x 2 H,

is a bounded linear functional on H of norm ||y||. Indeed, f is clearly linear
and |fy(x)| = |(x, y)| � ||x||||y|| and so, ||fy|| � ||y||. Furthermore, |fy(y)| = ||y||2

and so ||fy|| = ||y||.

Note that (i) and (ii) are special cases of (iii) with µ as counting measure, and
(iii) is a special case of (iv).

The existence of orthogonal decompositions implies that all bounded linear func-
tionals on H can be obtained in this way.

Theorem 2.10.25 (Riesz Representation Theorem) Let H be a Hilbert space over
C and let f 2 H*, the space of all continuous linear functionals on H. Then there
exists a unique vector y 2 H such that f(x) = (x, y) for all x 2 H.

Moreover, the mapping T:H ! H* defined by T(y) = fy, where fy(x) = (x, y), is
onto, conjugate linear and isometric.

If H is a Hilbert space over R, the mapping T is linear rather than conjugate
linear.

Proof Let f 2 H*. If f = 0, choose y = 0. Then f(x) = (x, y), x 2 H. Furthermore, y =
0 is the only such element of H since 0 = f(y) = (y, y) = ||y||2.

Suppose that f 6¼ 0 and let W = {x 2 H: f(x) = 0}, known as the kernel of f and
denoted by ker(f). Clearly, W is a linear subspace of H. Moreover, W is closed, so
that W is a closed subspace of H. In fact, W is the inverse image of the closed set
{0} under the continuous linear functional f. Since f 6¼ 0, we have W 6¼ H. So, by
the Orthogonal Decomposition Theorem 2.10.11, H = W ⊕ W⊥. Since W⊥ 6¼ {0},
there exists y0 2 W⊥, y0 6¼ 0. Clearly, f(y0) 6¼ 0 as y0 2 W⊥. Let

y ¼ y0f ðy0Þ= y0k k2
h i

. For an arbitrary x 2 H, we can form the element x − [f(x)/f

(y0)]y0 2 H. Observe that
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f x� f ðxÞ=f ðy0Þ½ �y0ð Þ ¼ f ðxÞ � f ðxÞ=f ðy0Þ½ �f ðy0Þ ¼ 0:

So, x − [f(x)/f(y0)]y0 2 W. Consequently,

x� f ðxÞ=f ðy0Þ½ �y0; y0ð Þ ¼ 0; i:e:; ðx; y0Þ ¼ f ðxÞ=f ðy0Þ½ � y0k k2;

which implies f(x) = (x, y).
We next show that y is unique. Assuming the contrary, we have the equation

x; y0ð Þ ¼ x; y00ð Þ

for x 2 H where y0 6¼ y00. But this is impossible, since the substitution x ¼ y0 � y00

yields the contradiction y0 � y00k k ¼ 0. The fact that || f || = ||y|| was proved in
Example 2.10.24(iv).

The mapping T:H ! H* defined by T(y) = fy, where fy(x) = (x, y), is conjugate
linear: T(ay + bz) = fay+bz, where fayþbzðxÞ ¼ ðx; ayþ bzÞ ¼ �aðx; yÞþ �bðx; zÞ ¼
�afyðxÞþ �bfzðxÞ. Thus, Tðayþ bzÞ ¼ �afy þ �bfz:

The real case is left to the reader. This completes the proof. h

Remarks 2.10.26

(i) The functionals defined on ‘2 and L2(X, F, µ) in Examples 2.10.24(ii) and
(iii) are the only continuous functionals on these spaces. To prove the state-
ment without the use of the theorem will need quite an effort. The linear
functionals defined in Example 2.10.24(i) are the only ones possible on that
space.

(ii) The Riesz Representation Theorem has been proved for a Hilbert space. The
hypothesis that the space is complete is essential for the theorem to hold.
Consider the pre-Hilbert space ‘0 of finitely nonzero sequences. Define

f ðxÞ ¼
X1
n¼1

xðnÞ
n

; x 2 ‘0 and x ¼ xðnÞf gn� 1:

Clearly, f is linear and

f ðxÞj j ¼
X1
n¼1

xðnÞ
n

�����
������ X1

n¼1

xðnÞj j2
 !1

2 X1
n¼1

1
n2

 !1
2

¼ M xk k;

where M ¼ P1
n¼1

1
n2

� �1
2, using the Cauchy–Schwarz Inequality. Thus, f is a

bounded linear functional on ‘0. However, there exists no y 2 ‘0 for which
f(x) = (x, y). Indeed, for x = en = (0, 0, …, 0, 1, 0, …), where 1 occurs in the
nth place, f ðxÞ ¼ 1

n, while (x, y) = yðnÞ, so that yðnÞ ¼ 1
n. Consequently, y 62 ‘0.
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Remark 2.10.27 In fact, every incomplete inner product space has a continuous
linear functional that cannot be represented by an element of the space. Indeed, the
linear functional defined by a vector in the completion but not in the incomplete
space is the desired linear functional.

Let Y be a subspace of a normed linear space X and f be a bounded linear
functional defined on Y. Then f can be extended to the whole of X, so that both the
functional and its extension have the same norm [Theorem 5.3.2]. Apart from the
fact that the procedure of extension is involved, the extension is not unique.
However, the existence of an extension of a continuous linear functional defined on
a subspace of a Hilbert space H to H is a direct consequence of the Riesz
Representation Theorem 2.10.25. Moreover, the extension is unique.

Theorem 2.10.28 Let H be a Hilbert space, Y a subspace of H and f a continuous
linear functional defined on Y. Then, there exists a unique F 2 H* such that F|Y = f
and || f ||Y = ||F||H,

fk kY¼ sup
xk k¼1
x2Y

f ðxÞj j and Fk kH¼ sup
xk k¼1
x2H

F xð Þj j:

Proof Since f is linear and continuous, it follows that it is uniformly continuous on
Y [Remark 2.10.22(ii)]. Hence, f can be extended to Y , the closure of Y with the
preservation of norm. This is shown as follows:

Let x 2 Y . There exists a sequence {xn} in Y such that xn ! x and, in view of the
linearity and continuity of f, limn f(xn) exists; moreover, it is independent of the
sequence chosen. We define f(x) to be limn f(xn). Then |f(xn)| � || f ||Y ||xn|| and this
implies |f(x)| � || f ||Y ||x||. Consequently, the norm of the extended f is at most the
norm of the given f. The reverse inequality is trivial.

We may therefore assume without loss of generality that Y is a closed subspace
of H. The Riesz Representation Theorem 2.10.25 asserts the existence of a unique
element y 2 Y such that

f ðxÞ ¼ x; yð Þ for all x 2 Y ;

and

fk kY¼ yk k:

We now extend f to the whole of H by defining

FðxÞ ¼ x; yð Þ for all x 2 H;

i.e. F(x) = 0 if x 2 Y⊥ and F|Y = f. It is clear from the definition of F that
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Fk kH¼ yk k ¼ fk kY :

We shall next show that any other extension of the linear functional f to the
whole space increases the norm. Indeed, if F′ is any other extension of f to the
whole space, then

F0ðxÞ ¼ ðx; zÞ

and

F0k k ¼ zk k:

For x 2 Y,

ðx; yÞ ¼ ðx; zÞ;

so that y − z ⊥ Y. Because y 2 Y,

zk k2¼ yk k2 þ y� zk k2;

which implies that

F0k k� fk kY ;

where there is strict inequality if y 6¼ z. h

We note in passing that if Y is not the whole space H, then there exist extensions
of arbitrarily large norm.

Let X be a normed linear space over C. The space X* of all bounded linear
functionals on X is a Banach space. One can then consider continuous linear
functionals on X*, that is, the space ðX*Þ* ¼ X**. By the preceding remark, X** is
again a Banach space. The element x 2 X defines a continuous linear functional on
X*; that is, x determines an element s(x) of X** defined by

sðxÞðx*Þ ¼ x*ðxÞ; x* 2 X*: ð2:75Þ

It is apparent that s(x) is linear. Also, the inequality

sðxÞðx*Þj j ¼ x*ðxÞj j � x*k k xk k

shows that sðxÞ 2 X** and ||s(x)|| � ||x||. One learns in a course on Banach spaces
that the mapping s : X ! X** defined by (2.75) above is an isometric isomor-
phism. The space is said to be reflexive if the mapping s defined by (2.75) above is
surjective. Not all Banach spaces are reflexive. However, all finite-dimensional

2.10 Orthogonal Decomposition and Riesz Representation 119



normed linear spaces are. One of the distinguishing features of a Hilbert space is
that it is reflexive. We begin by showing that H*, the dual of a Hilbert space H, is
itself a Hilbert space.

Theorem 2.10.29 If H is a Hilbert space, then H* is a Hilbert space. Moreover,
there exists a conjugate linear map T:H ! H* which is one-to-one, onto, norm
preserving and satisfies

ðf1; f2ÞH* ¼ T�1f2; T
�1f1

� �
:

Proof By Theorem 2.10.23, H* is a complete normed linear space. Consider the
mapping T:H ! H* defined by

TðxÞðyÞ ¼ ðy; xÞ; x; y 2 H: ð2:76Þ

Note that T defined on H and given by (2.76) is conjugate linear, one-to-one, norm
preserving and onto [Theorem 2.10.25]. Therefore, T−1 exists.

Define an inner product on H* as follows: Given f1, f2 2 H*, let

ðf1; f2ÞH* ¼ ðT�1f2; T
�1f1Þ:

It is easy to check that this defines an inner product on H*. It is related to the norm
by (f1, f1)H* = ||f1|| 2H*, because

ðf1; f1ÞH* ¼ ðT�1f1; T
�1f1Þ ¼ T�1f1

		 		2¼ f1k k2H*:

Thus H* is a Hilbert space. h

Theorem 2.10.30 If H is a Hilbert space and H** ¼ ðH*Þ*, then the mapping
s:H ! H**ðx ! sðxÞÞ, where the defining equation for s(x) is

sðxÞðf Þ ¼ f ðxÞ f 2 H*;

is an isometric isomorphism between H and H**. Thus H is reflexive.

Proof Let T:H ! H* and S:H* ! H** be the conjugate linear maps assured by
Theorem 2.10.29 (used twice). Since both are conjugate linear, one-to-one, norm
preserving and onto, we know that the composition ST:H ! H** is linear,
one-to-one, norm preserving and onto, which is to say that it is an isometric iso-
morphism between H* and H**. Thus, we need only to prove that

STðxÞðf Þ ¼ f ðxÞ f 2 H*;

and set s = ST.
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By Theorem 2.10.29, we also have

TðxÞðyÞ ¼ ðy; xÞH ; x; y 2 H; ð2:77Þ

SðgÞðf Þ ¼ ðf ; gÞH*; f ; g 2 H*; ð2:78Þ

ðf ; gÞH* ¼ ðT�1g; T�1f ÞH ; f ; g 2 H*: ð2:79Þ

We compute ST from here as follows:

STðxÞðf Þ ¼ SðTxÞðf Þ
¼ ðf ; TxÞH* by ð2:78Þ
¼ ðT�1ðTxÞ; T�1f ÞH by ð2:79Þ
¼ ðx; T�1f ÞH ¼ T T�1f

� �� �
xð Þ by ð2:77Þ

¼ f ðxÞ:

h

The following result is an analogue of a familiar result from metric spaces.

Theorem 2.10.31 In order that the linear span of a system M of vectors is dense in
H, it is necessary and sufficient that a continuous linear functional f 2 H* which
vanishes for all x 2 M must be identically zero.

Proof Necessity: suppose the linear span of M is dense in H, i.e. [M] = H and f 2
H* vanishes for all x 2 M. By linearity, f vanishes on [M] and hence by continuity it
vanishes on [M], which is the same as H.

Sufficiency: suppose the linear span of M is not dense in H, i.e. [M] 6¼ H. Then
there exists y 6¼ 0 such that y ⊥ [M]. Then the linear functional f defined by
f(x) = (x, y) for all x 2 H vanishes for all x 2 M but is not identically zero because
f(y) = (y, y) 6¼ 0. h

Problem Set 2.10

2:10:P1. Let f 2 RH2 have the series expansion f ¼P1
j¼0 ajz

j. Define Cn(f) = an.
Show that Cn is a continuous linear functional on RH2.

2:10:P2. Let e0(t) = 1 and e1(t) = √3(2t − 1), t 2 [0, 1], be vectors in the Hilbert
space L2[0, 1]. Show that e0 ⊥ e1, ||e0|| = ||e1|| = 1. Compute the vector
y in the linear span of {e0, e1} closest to t2 and also compute

min
a;b

R 1
0 t2 � a� bt
�� ��2dt:

2:10:P3. Let X = R
2. Find M⊥

(a) M = {x}, where x = (n1, n2) 6¼ 0;
(b) M is a linearly independent set {x1, x2} � X.

2:10:P4. For any subset M 6¼∅ of a Hilbert space H, span(M) is dense in H if, and
only if, M⊥ = {0}.
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2:10:P5: (a) Prove that for any two subspaces M1 and M2 of a Hilbert space H, we
have (M1 + M2)

⊥ = M1
⊥ \ M2

⊥.

(b) Prove that for any two closed subspaces M1 and M2 of a Hilbert
space H, we have

ðM1 \M2Þ? ¼ M?
1 þM?

2 :

2:10:P6: (a) Let K1 and K2 be the nonempty, closed and convex subsets of a
Hilbert space H such that K1 � K2. Prove that, for all x 2 H,

y1 � y2k k2 � 2 d x;K1ð Þ2�d x;K2ð Þ2
� �

;

where y1 and y2 are closest points of x in K1 and K2, respectively.

(b) Let {Kn}n� 1 be an increasing sequence of nonempty closed
convex subsets in H and let K ¼ Sn Kn. Prove that K is closed
and convex. Also show that limnyn = y for all x 2 H, where yn is
the projection of x onto Kn, n = 1, 2, …, and y is the projection of
x onto K.

2:10:P7. Let M be a closed subspace of a Hilbert space H and x0 2 H. Prove that
min{||x0 − x||: x 2 M} = max{|(x0, y)|: y 2 M⊥ and ||y|| = 1}.

2:10:P8: (a) Let a be a nonzero element of a Hilbert space H. Prove that, for all x 2
H,

dðx; fag?Þ ¼ ðx; aÞj j
ak k :

(b) Let H = L2[0, 1] and let

F ¼ f 2 L2½0; 1� :
Z1
0

f ðxÞdx ¼ 0

8<:
9=;:

Determine F⊥. For f(x) = exp(x), determine d(f, F).

2:10:P9. In the linear space C[0, 1], consider the functional FðxÞ ¼ R 10 xðtÞf ðtÞdt;
where f is a continuous function defined on [0, 1]. Show that

Fk k ¼ R 10 f ðtÞj jdt:
2:10:P10. Let H be a Hilbert space and f be a nonzero continuous linear functional

on H, i.e. f 2 H*\{0}. Show that dim((ker(f))⊥) = 1.
2:10:P11. Prove that if f is a linear functional on a Hilbert space H and ker(f) is

closed, then f is bounded.
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2:10:P12. Show that the subspace M = {x = {xn}n� 1 2 ‘2:
P1

n¼1
1ffiffi
n

p xn ¼ 0} is not

a closed subspace of ‘2.
2:10:P13. Prove that the system sin nx, n = 1, 2, …, is complete in L2[0, p].
2:10:P14. Let K be a nonempty closed convex set in a Hilbert space H. Show that

K contains a unique vector k of smallest norm and that ℜ(k, k − x) � 0
for all x 2 K. Moreover, if k 2 K satisfies ℜ(k, k − x) � 0 for all x 2 K,
then k is the vector of smallest norm in K.

2:10:P15. Let y be a nonzero vector in a Hilbert space H and let

M ¼ fx 2 H : x; yð Þ ¼ 0g:

What is M⊥?

2.11 Approximation in Hilbert Spaces

Let H be a Hilbert space and v1, v2, …, vk be linearly independent vectors in
H. Suppose that x 2 H. In linear approximation, it is required to find a method of
computing the minimum value of the quantity

x�
Xn
j¼1

kjvj

					
					;

where k1, k2,…, kn range over all scalars and also determine those values of k1, k2,
…, kn for which the minimum is attained.

LetM be the closed linear space generated by linearly independent vectors v1, v2,
…, vn and x 2 H. By Theorem 2.10.10, there exists a unique minimising vector y 2
M and x − y ⊥ M. Since y 2 M, we have (x − y, y) = 0.

Denote (vj, vi) = aij and bi = (x, vi). If y ¼
Pn

j¼1 cjvj is the minimising vector,
then

ðx� y; viÞ ¼ 0 for i ¼ 1; 2; . . .; n;

which, written in full, reads as

bi ¼
Xn
j¼1

aijcj; i ¼ 1; 2; . . .; n:
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Since the vectors {vi} are linearly independent, the matrix [aij] is nonsingular.
Consequently, the n linear equations in n unknowns c1, c2, …, cn have a unique
solution.

Let d ¼ inf x�Pn
j¼1 kjvj

			 			 : k1;k2; . . .; kn are scalars
n o

. Then

d2 ¼ x� yk k2¼ x� y; x� yð Þ ¼ x; x�
Xn
j¼1

cjvj

 !
¼ xk k2�

Xn
j¼1

cjbj ð2:80Þ

If we replace v1, v2, …, vn by an orthonormal set u1, u2, …, un, then aij = 1 if i =
j and 0 if i 6¼ j. Hence, cj = bj, j = 1, 2, …, n and it follows from (2.80) that

d2 ¼ xk k2�
Xn
j¼1

bj
�� ��2 ¼ xk k2�

Xn
j¼1

x; uj
� ��� ��2:

We have thus proved the following theorem.

Theorem 2.11.1 Let {u1, u2, …, un} be an orthonormal set in H and let x 2
H. Then

x�
Xn
k¼1

x; ukð Þuk
					

					� x�
Xn
k¼1

kkuk

					
					

for all scalars k1, k2, …, kn. Equality holds if, and only if, kk = (x,uk), k = 1, 2, …,
n. Moreover,

Pn
k¼1 kkuk is the orthogonal projection of x onto the subspace M

generated by {u1, u2, …, un}, and if d is the distance of x from M, then
d2 ¼ xk k2�Pn

k¼1 x; ukð Þj j2.
Remark 2.11.2 If the subspace M generated by (n + 1) orthonormal vectors and it is
desired to obtain the distance of x 2 H from M, then

d2 ¼ x� yk k2¼ xk k2�
Xnþ 1

k¼1

x; ukð Þj j2; ð2:81Þ

where y is the orthogonal projection of x on M and is given by

y ¼
Xnþ 1

k¼1

x; ukð Þuk: ð2:82Þ
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The reader will notice that the first n components in the sums on the right of (2.81)
and (2.82) remain unaltered when the dimension of the space is increased from n to
n + 1. This exhibits the importance of orthonormalising the linearly independent
vectors.

Example 2.11.3 Consider the real inner product space C[−1, 1], the inner product
(x, y), x, y 2 C[−1, 1] being defined by

x; yð Þ ¼
Z1
�1

xðtÞyðtÞdt:

Consider the three linearly independent vectors 1, t, t2 (the Wronskian of the vectors
1, t, t2 is 2 6¼ 0) in C[−1, 1]. The Gram–Schmidt orthonormalisation process yields

u0ðtÞ ¼ 1ffiffiffi
2

p ; u1ðtÞ ¼
ffiffiffi
3
2

r
t; u2ðtÞ ¼

ffiffiffi
5
2

r
1
2

3t2 � 1
� �

:

Let M2 [respectively, M3] be the linear space generated by {u0, u1} [respectively
{u0, u1, u2}]. Consider x(t) = et in C[−1, 1]. We shall compute the distance of
x from M2 and M3.

x; u0ð Þ ¼ 1ffiffiffi
2

p
Z1
�1

etdt ¼ e� e�1ffiffiffi
2

p ;

x; u1ð Þ ¼
ffiffiffi
3
2

r Z1
�1

tetdt ¼
ffiffiffi
6

p
e�1

x; u2ð Þ ¼
ffiffiffi
5
2

r
1
2

Z1
�1

3t2 � 1
� �

etdt ¼
ffiffiffi
5
2

r
e� 7e�1� �

:

Let y2 and y3 be the projections of x(t) = et on the subspaces M2 and M3, respec-
tively. Then

y2 ¼ x; u0ð Þu0 þ x; u1ð Þu1

¼ 1ffiffiffi
2

p e� e�1ffiffiffi
2

p þ
ffiffiffi
6

p
e�1

ffiffiffi
3
2

r
t

¼ 1
2
ðe� e�1Þþ 3e�1t
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and

y3 ¼ x; u0ð Þu0 þ x; u1ð Þu1 þ x; u2ð Þu2

¼ 1
2
ðe� e�1Þþ 3e�1tþ

ffiffiffi
5
2

r
e� 7e�1� � ffiffiffi

5
2

r
1
2

3t2 � 1
� �

¼ 1
2
ðe� e�1Þþ 3e�1tþ 5

4
e� 7e�1� �

3t2 � 1
� �

:

If d2 [respectively, d3] denotes the distance of x from M2 [respectively, M3], then by
Theorem 2.11.1,

d22 ¼ xk k2� ðx; u0Þj j2� ðx; u1Þj j2

¼ 1
2

e2 � e�2� �� e� e�1ffiffiffi
2

p

 �2

�6e�2

¼ 1� 7e�2

and

d23 ¼ xk k2¼ ðx; u0Þj j2� ðx; u1Þj j2� ðx; u2Þj j2

¼ d22 �
5
2

e� 7e�1
� �2

¼ 1� 7e�2 � 5
2

e2 þ 49e�2 � 14
� �

¼ 36� 5
2
e2 � 259

2
e�2:

Problem Set 2.11

2:11:P1. Find min
a;b;c

R 1
�1 t3 � a� bt � ct2
�� ��2dt and max

R 1
�1 t

3gðtÞdt, where g is

subject to the restrictions

Z1
�1

gðtÞdt ¼
Z1
�1

tgðtÞdt ¼
Z1
�1

t2gðtÞdt ¼ 0;
Z1
�1

g tð Þj j2dt ¼ 1:

2:11:P2. Find the point nearest to (1, −1, 1) in the linear span of (1, x, x2) and (1,
x2, x) in C

3, where x = exp(2pi/3).
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2.12 Weak Convergence

Let {xn}n� 1 be a sequence in a Hilbert space H. Recall that {xn}n� 1 converges to
x in H if ||xn − x|| = (xn − x, xn − x)

1
2 ! 0 as n!∞, and we write xn ! x. From now

on it will be called strong convergence to distinguish it from weak convergence, to
be introduced shortly. The relationship between the two types of convergence will
be discussed. The concepts of strong convergence and weak convergence are
identical in finite-dimensional spaces. A characterisation of weak convergence in
special spaces will also find a mention below.

Definition 2.12.1 A sequence of vectors {xn}n� 1 converges weakly to a vector

x and we write xn * x (xn !w x) if

lim
n!1 xn; yð Þ ¼ x; yð Þ

for all

y 2 H:

The concepts of a weakly Cauchy sequence and weak completeness are defined
analogously.

Remarks 2.12.2

(i) A sequence cannot converge weakly to two different limits: assume that

xn!w x0 and xn!w y0. Then

xn; yð Þ ! x0; yð Þ and xn; yð Þ ! y0; yð Þ

for all y 2 H. Consequently, (x0, y) = (y0, y), or (x0 − y0, y) = 0, for all y 2
H. If we choose y = x0 − y0, we obtain (x0 − y0, x0 − y0) = 0, which implies
x0 = y0.

(ii) If xn !w x0, then every arbitrary subsequence fxnkgk� 1 converges weakly to
x0.

(iii) Strong convergence of {xn}n� 1 to x0 implies xn !w x0. Indeed, for y 2 H, we
have

xn � x0; yð Þj j � xn � x0k k yk k;

by the Cauchy–Schwarz Inequality.
(iv) The converse of (iii) is, however, not true. Indeed, let {en}n� 1 be an infinite

orthonormal sequence of vectors in H. Since for any y 2 H,
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X1
n¼1

y; enð Þj j2 � yk k2 by Bessel's Inequalityð Þ;

therefore, limn!∞(en, y) = 0. Thus, the sequence {en}n� 1 converges weakly
to the vector zero, but this sequence cannot converge strongly, since

ei � ej
		 		2¼ 2 ði 6¼ jÞ;

so that ||ei − ej|| 9 0 as i, j ! ∞.

However, the following theorem holds:

Theorem 2.12.3 If H is a finite-dimensional Hilbert space, strong convergence is
equivalent to weak convergence.

Proof Since we have already shown that, in any Hilbert space, strong convergence
implies weak convergence [Remark 2.12.2(iii)], it is enough to show in this situ-
ation that weak convergence implies strong convergence. To this end, let e1, …, ek
be an orthonormal basis for H and let

xn!w x;

where

xn ¼ aðnÞ1 e1 þ � � � þ aðnÞk ek

for n = 1, …, k, and

x ¼ a1e1 þ � � � þ akek:

Since xn !w x, it follows that

xn; ej
� �! x; ej

� �
; i:e:; aðnÞj ! aj

for j = 1,…, k. For any prescribed e > 0, there must be an integer n0 such that for all
n > n0 and for every j = 1, …, k,

aðnÞj � aj
��� ���\e=k;
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hence

xn � xk k2¼
Xk
j¼1

aðnÞj � aj
� �

ej

					
					
2

¼
Xk
j¼1

aðnÞj � aj
��� ���2\e:

Thus, xn ! x strongly. This completes the proof. h

The next result pinpoints the relationship between weak and strong
convergences.

Theorem 2.12.4 Let {xn}n� 1 be a sequence in a Hilbert space H. Then xn ! x if,

and only if, xn !w x and lim supn!∞||xn|| � ||x||.

Proof Let xn ! x. Then xn !w x [Remark 2.12.2(iii)]. Also, lim supn!∞||xn|| =
limn!∞||xn|| = ||x||, since 0 � ||xn − x|| � |||xn|| − ||x|||.

Conversely, let xn !w x and lim supn!∞||xn|| � ||x||. For each n, 0 � ||xn − x||2 =
(xn − x, xn − x) = ||xn||

2 + ||x||2 − 2ℜ(xn, x). Since

lim supn!1 xnk k� xk kand< xn; xð Þ ! < x; xð Þ ¼ xk k2;

we have

0� lim supn!1 xn � xk k� xk k2 þ xk k2�2 xk k2¼ 0;

so that limn!∞||xn − x|| exists and equals zero. h

The Riesz Representation Theorem enables us to prove the following analogue
of the classical Bolzano–Weierstrass Theorem.

Theorem 2.12.5 Any bounded sequence in H has a weakly convergent subse-
quence and the limit has the same bound.

Proof Let {xn}n� 1 be a sequence in H and an M > 0 be such that ||xn|| � M for all
n. We need to find a weakly convergent subsequence of {xn}n� 1.

By the Cauchy–Schwarz Inequality,

xn; x1ð Þj j � xnk k x1k k�M2

for all n. The classical Bolzano–Weierstrass Theorem shows that the bounded
sequence {(xn, x1)}n� 1 has a convergent subsequence {(xn(1), x1)}n(1)� 1, say.
Applying the preceding argument to the sequence {(xn(1), x2)}n(1)� 1, we extract a
convergent subsequence {(xn(2), x2)}n(2)� 1.

Continuing inductively, we obtain for each k a convergent subsequence {(xn(k),
xk)}n(k)� 1 of {(xn(k−1), xk)}n(k−1)� 1.
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Consider now the diagonal sequence {zp}p� 1, where zp denotes the pth term of
the sequence {xn(p)}n(p)� 1. We show that for each x 2 H, the sequence {(zp, x)}p� 1

of scalars converges.
If x = xm for some m, then for each p > m, {(zp, x)}p� 1 is a subsequence of the

convergent sequence {(zp, xm)}p� 1 and is, therefore, convergent. Hence, if x 2 span
{x1, x2, …}, then {(zp, x)}p� 1 converges in the field of scalars.

Let x 2 span x1; x2; . . .f g. Consider a sequence {yr}r� 1 in span{x1, x2,…} such
that yr ! x as r ! ∞. Then for all n, m and r, we have

ðzn; xÞ � zm; xð Þj j ¼ zn � zm; xð Þj j
� zn � zm; x� yrð Þj j þ zn � zm; yrð Þj j
� zn � zmk k x� yrk kþ zn � zm; yrð Þj j
� 2M x� yrk kþ zn � zm; yrð Þj j:

Since ||x − yr||! 0 as r!∞ and |(zn − zm, yr)|! 0 as n, m!∞ for each r, we see
that {(zn, x)}n� 1 is a Cauchy sequence of scalars and is, therefore, convergent.
Next, let x ⊥ span x1; x2; . . .f g. Then (zn, x) = 0 for all n, since zn is in span{x1, x2,
…}. Thus (zn, x) ! 0 as n ! ∞.

By the Orthogonal Decomposition Theorem 2.10.11,

H ¼ span x1; x2; . . .f g� span x1; x2; . . .f g?:

Hence, {(zn, x)}n� 1 converges for each x 2 H. Define

f ðxÞ ¼ lim
n!1 x; znð Þ; x 2 H: ð2:83Þ

Clearly, f is linear and

f ðxÞj j ¼ lim
n!1 ðx; znÞj j �M xk k

for all x 2 H. Thus, f is a continuous linear functional on H satisfying || f || � M. By
the Riesz Representation Theorem 2.10.25, there exists a unique y 2 H such that

f ðxÞ ¼ ðx; yÞ; x 2 H: ð2:84Þ

and ||y|| = || f || � M. On comparing (2.83) and (2.84), we obtain

lim
n!1 zn ¼ y ðweakÞ:

This completes the proof. h

Every convergent sequence in a normed linear space X is bounded. This is easily
seen as follows: let {xn}n� 1 be a sequence in X and suppose that limn!∞xn = x. For
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a given e > 0, there exists an integer n0 such that n � n0 implies ||xn − x|| < e. But
since ||xn|| − ||x|| � ||xn − x||, this implies ||xn|| < e + ||x||, n � n0. It now follows that

xnk k\eþ xk kþM;

where M = max{||xk||: 1 � k � n0}.
Thus, the terms of a convergent sequence in a normed linear space, a fortiori, in

a Hilbert space are bounded. The foregoing statement is true for a weakly con-
vergent sequence.

Theorem 2.12.6 If H is a Hilbert space and xn!w x, then there exists a positive
constant M such that

xnk k�M:

We discuss preliminary results needed for the proof of Theorem 2.12.6.

Definition 2.12.7 A real functional p(x) in H is said to be convex if for all
x, y 2 H and a 2 C; the following hold:

pðxþ yÞ� pðxÞþ pðyÞ and pðaxÞ ¼ aj jpðxÞ:

Observe that (i) p(0) = 0 (ii) p(x − y) � |p(x) − p(y)| and p(x) � 0, where
x, y 2 H. Indeed, p(0) = p(0 � x) = 0 � p(x) = 0. Also, p(x − y) + p(y) � p(x) and
hence p(x − y) � p(x) − p(y). Since p(x − y) = |−1| p(y − x) � p(y) − p(x), it
follows that p(x − y) � |p(x) − p(y)|. On setting y = −x, we obtain p(2x) = 2p(x) �
|p(x) − p(−x)| = 0.

That a lower semi-continuous convex functional in a Hilbert space is bounded is
the content of the Lemma below. In conjunction with the observation above, it will
further follow that it is uniformly continuous.

Lemma 2.12.8 Suppose p(x) is a convex functional in a Hilbert space H and
assume that p(x) is lower semi-continuous. Then there exists M > 0 such that

pðxÞ�M xk k for all x 2 H:

Proof We first show that the functional p(x) is bounded in the ball S(0,1). We
assume the contrary. Then p(x) is unbounded in every ball, because every ball is
obtained by dilation and/or translation of the ball S(0,1). We choose a point x1 2 S
(0,1) such that p(x1) > 1. The lower semi-continuity of the functional p(x) implies
that there exists a ball S(x1,q1) � S(0,1) with radius q1 < 1

2 in which p(x) > 1. By
reducing the radius q1, we may assume that S(x1, q1) � S(0,1). Since p(x) is
unbounded in every ball, in a similar manner, we obtain a point x2 2 S(x1, q1) and
also a closed ball S(x2, q2) � S(x1, q1) with radius q2 < 1

2q1, in which p(x) > 2.
Continuing the process, we obtain an infinite sequence of balls
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Sð0; 1Þ� Sðx1; q1Þ� Sðx2;q2Þ�. . .;

for which qk\ 1
2 qk�1 (k = 1, 2, … and q0 = 1) and also p(x) > n if x 2 S(xn, qn).

Observe that the sequence {xn}n� 1 of the centres of the balls S(xn,qn), n = 1, 2, …
is Cauchy and since H is complete, limn!∞xn exists and equals x, say. Then x lies
in the intersection of the closed balls, and hence p(x) > n for each n, which is a
contradiction.

Let x 2 H be arbitrary. Then x/2||x|| is an element of H of norm 1
2 and is,

therefore, in S(0,1). Now,

p x=2 xk kð Þ�M1;

where M1 is an upper bound of p on S(0,1), i.e. p(x) � 2M1||x||. Take M = 2M1. h

Corollary 2.12.9 Let pk(x), k = 1, 2, … be a sequence of convex continuous
functionals in H. If this sequence is bounded at each point x 2 H, then the
functional

pðxÞ ¼ supkpkðxÞ

is also convex and bounded, and hence continuous.

Proof Evidently, p(x) is a convex functional. On the other hand, for each x0 2
H and each e > 0, there exists N such that

pNðx0Þ[ pðx0Þ � 1
2
e;

i.e.

pðx0Þ � pNðx0Þ\ 1
2
e:

By continuity of the functional pN(x), there exists d > 0 such that

pNðxÞ � pNðx0Þj j\ 1
2
e

for ||x − x0|| < d. But if ||x − x0|| < d, then

pðxÞ � pðx0Þ[ supkpkðxÞ � pNðx0Þ � 1
2
e

� pNðxÞ � pNðx0Þ � 1
2
e[ � e:
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This implies that the functional p(x) is lower semi-continuous. By Lemma 2.12.8, it
follows that p(x) is bounded. Continuity now follows from the observation pre-
ceding the lemma. h

Every weakly convergent sequence of vectors in a Hilbert space is bounded.
This is an immediate consequence of the following theorem.

Theorem 2.12.10 Let {Uk}k� 1 be a sequence of continuous linear functionals
defined on the Hilbert space H. Suppose that the numerical sequence {Uk(x)}k� 1 is
bounded for each x 2 H. Then the sequence {||Uk||}k� 1 of norms of the functionals
is bounded.

Proof For x 2 H, define

PkðxÞ ¼ UkðxÞj j; k ¼ 1; 2; . . .:

Then {pk}k� 1 is convex and continuous. By Corollary 2.12.9, the convex
functional

pðxÞ ¼ supkpkðxÞ

is convex and bounded; i.e. there exists M > 0 such that

sup
xk k� 1

pðxÞ�M:

Consequently,

Ukk k ¼ sup
xk k� 1

UkðxÞj j

¼ sup
xk k� 1

pkðxÞ

� sup
xk k� 1

sup
k

pkðxÞ

¼ sup
xk k� 1

pðxÞ�M:

This completes the proof. h

Proof of Theorem 2.12.6 Let {xn}n� 1 be aweakly convergent sequence. Each vector
xn determines a functional Un(x) = (x, xn). Since the sequence {xn}n� 1 is weakly
convergent, the numerical sequence {Un(x)}n� 1 converges for each x 2H and hence
is bounded. Using Theorem 2.12.10, it follows that

Unk k�M; n ¼ 1; 2; . . .:

As ||Un|| = ||xn||, n = 1, 2, … [Example 2.10.24(iv)], the result follows.
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Definition 2.12.11 A sequence of vectors {xn}n� 1 in an inner product space is said
to be weakly Cauchy if, for each y 2 H,

limm;n xm � xn; yð Þ ¼ 0:

An inner product space is said to be weakly complete if every weakly Cauchy
sequence converges to a weak limit in H.

Corollary 2.12.12 Let H be a Hilbert space. Then H is weakly complete.

Proof Let {xn}n� 1 be a Cauchy sequence in the sense of weak convergence, that is,
for each y 2 H,

lim
m;n

xm � xn; yð Þ ¼ 0:

It follows that the sequence {(xn, y)}n� 1 of scalars converges for each y in H. By
Theorem 2.12.10, the sequence {xn}n� 1 is bounded:

xnk k�M; n ¼ 1; 2; . . .:

Therefore, the limit

lim
n!1ðx; xnÞ

defines a linear functional U(x) with norm less than or equal to M. By the Riesz
Representation Theorem 2.10.25, U(x) = (x, z), where z is a unique element of the
Hilbert space H. This element is the weak limit of the sequence {xn}n� 1. h

We give below two applications of Corollary 2.12.9.

Theorem 2.12.13 (F. Riesz) If a functional U is defined everywhere on L2[a, b] by
the formula

UðxÞ ¼
Zb
a

xðtÞyðtÞdt; x 2 L2½a; b�;

where y is a fixed measurable function defined on [a, b], then U is a bounded linear
functional on L2[a, b], so that y 2 L2[a, b].

Proof Clearly, U is a linear functional on L2[a, b]. Set

En ¼ t : t 2 ½a; b� \ ½�n; n� and yðtÞj j � nf g

and
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pnðxÞ ¼
Z
En

xðtÞyðtÞj jdt; x 2 L2½a; b�:

Then {pn}n� 1 is a sequence of convex functionals: indeed, for x, z 2 L2[a, b] and
a 2 C,

pnðxþ zÞ ¼
Z
En

½xðtÞþ zðtÞ�yðtÞjdtj

�
Z
En

xðtÞyðtÞj jdtþ
Z
En

zðtÞyðtÞj jdt

¼ pnðxÞþ pnðzÞ

and

pnðaxÞ ¼
Z
En

axðtÞyðtÞj jdt ¼ aj j
Z
En

xðtÞyðtÞj jdt ¼ aj jpnðxÞ:

Moreover,

pnðxÞ� n
Z
En

xðtÞj jdt� n
Z
En

xðtÞj j2dt
0@ 1A1

2 Z
En

dt

0@ 1A1
2

¼ nlðEnÞ
1
2 xk k2;

using the Cauchy–Schwarz Inequality, where µ denotes the usual Lebesgue
measure.

Thus, for n = 1, 2, …, pn is a continuous convex functional on L2[a, b]. The
equality

pðxÞ ¼ limnpnðxÞ ¼ limn

Z
En

xðtÞyðtÞj jdt ¼
Zb
a

xðtÞyðtÞj jdt;

using the Monotone Convergence Theorem 1.3.6 shows that p(x) is finite for any
x in L2[a, b]. By Corollary 2.12.9, the functional p(x) is bounded; i.e. there exists
M > 0 such that

pðxÞ�M xk k; x 2 L2½a; b�:

Thus
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UðxÞj j � pðxÞ�M xk k; x 2 L2½a; b�;

i.e. U is a bounded linear functional on L2[a, b]; so y 2 L2[a, b] and ||y||2 = ||U||,
using the definition of U and the Riesz Representation Theorem. h

Theorem 2.12.14 (Landau) If U is a functional defined everywhere in ‘2 by means
of the formula

UðxÞ ¼
X1
k¼1

akxk; x ¼ fxkgk� 1 2 ‘2;

where {ak}k� 1 is some fixed sequence, then
P1

k¼1 akj j2\1:

Proof Define pnðxÞ ¼
Pn

k¼1 akxkj j; x ¼ fxkgk� 1 2 ‘2. Check that pn, n = 1, 2, …,
is a continuous convex functional. Then the equality

pðxÞ ¼ limnpnðxÞ ¼ limn

Xn
k¼1

akxkj j ¼
X1
k¼1

akxkj j

implies that p(x) is finite for any x 2 ‘2. So, by Corollary 2.12.9, the functional
p(x) is continuous; i.e. there exists M > 0 such that pðxÞ�M xk k|, x 2 ‘2.
Consequently,

UðxÞj j �
X1
k¼1

jakxkj ¼ pðxÞ�M xk k:

So, U is a bounded linear functional on ‘2. The form of U and the Riesz
Representation Theorem imply that

P1
k¼1 akj j2\1. h

Remark 2.12.15 Landau’s Theorem may also be stated as follows: if
P1

k¼1 akxk
converges for every {xk}k� 1 in ‘2, then

P1
k¼1 akj j2\1

Problem Set 2.12

2:12:P1. Show that for a sequence {xn}n� 1 in an inner product space X and x 2 X,
the conditions

ðiÞ xnj jj j ! xj jj j and iið Þ xn; xð Þ ! x; xð Þ;

imply xn ! x in X.
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2:12:P2. (Banach–Saks) Let {xn}n� 1 be a sequence in a Hilbert space converging
weakly to x 2 H. Prove that there exists a subsequence {xnk}k� 1 such that
the sequence {yk}k� 1 defined by

yk ¼ 1
k
ðxn1 þ xn2 þ � � � þ xnk Þ

converges strongly to x.
2:12:P3: (a) (Mazur’s Theorem) Let {xn}n� 1 be a weakly convergent sequence

in a Hilbert space H and let x be its weak limit. Prove that x lies in the
closed convex hull of the range {xn: n � 1} of the sequence.

(b) Let C be a convex subset of a Hilbert space H. Prove that C is closed
if, and only if, it contains the weak limit of every sequence of points
in it.

2:12:P4: (a) Let H be a separable Hilbert space and let {en}n� 1 be an orthonormal
basis for H. Let B = {x 2 H: ||x|| � 1}. For x, y 2 H, let

dðx; yÞ ¼
X1
n¼1

2�n ðx� y; enÞj j ð2:85Þ

Show that d is a metric on B.

(b) Show that the topology generated by d is the same as the one

given by the weak topology, i.e. d(xk, x)! 0 if, and only if, xk!w x.
(c) Show that the metric space (B, d) is compact.

2.13 Applications

Müntz’s Theorem
Weierstrass’s Theorem for C[0, 1] says, in effect, that all linear combinations of the
functions

1; x; x2; . . .; xn; . . . ð2:86Þ

are dense in C[0, 1]. Instead of working with all positive powers of x, let us permit
gaps to occur, and consider the infinite set of functions

1; xn1 ; xn2 ; . . .; xnk ; . . .; ð2:87Þ
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where nk are positive integers satisfying n1 < n2 < ��� < nk ���. The result we shall
prove is called Müntz’s Theorem and asserts that the linear combinations of the
functions (2.87) are dense in C[0, 1] and hence in L2[0, 1] if, and only if, the seriesP1

k¼1
1
nk
diverges. The following will be needed in Sect. 2.13.

Definition Let x1, x2, …, xn be any vectors in an inner product space X. Then the
n � n matrix G(x1, x2, …, xn) whose (i, j)th entry is (xi, xj), where (�,�) is the inner
product in X, is called the Gram matrix of the given finite sequence of vectors.

Its determinant is called their Gram determinant.

Proposition The Gram matrix G(x1, x2, …, xn) is nonsingular if, and only if, the
vectors x1, x2, …, xn are linearly independent.

Proof Observe that for the given G, and any n-tuple of scalars x = (n1, n2, …, nn),
we have

xG ¼ n1; n2; . . .; nn½ �
ðx1; x1Þ ðx1; x2Þ � � � ðx1; xnÞ

..

. ..
. ..

. ..
.

ðxn; x1Þ ðxn; x2Þ � � � ðxn; xnÞ

2664
3775

¼
Xn
i¼1

niðxi; x1Þ
Xn
i¼1

niðxi; x2Þ . . .
Xn
i¼1

niðxi; xnÞ
" #

:

So,

xGx* ¼
Xn
i¼1

niðxi; x1Þ
Xn
i¼1

niðxi; x2Þ . . .
Xn
i¼1

niðxi; xnÞ
" # �n1

..

.

�nn

2664
3775

¼
Xn
i;j¼1

ðxi; xjÞni�nj ¼
Xn
i¼1

nixi;
Xn
i¼1

nixi

 !
¼

Xn
i¼1

nixi

					
					
2

From the above equality, the result follows. h

Corollary A necessary and sufficient condition for the vectors x1, x2, …, xn to be
linearly dependent is that

detG x1; x2; . . .; xnð Þ ¼ 0:
Let M be the closed subspace generated by x1, x2, …, xn. Then H can be written as
M ⊕ M⊥. If y 2 H, then y = z + w, where z 2 M and w 2 M⊥, so that y − z 2 M⊥

[see Remark 2.10.12(i)]. The minimum distance d from to the subspace M is
d ¼ y� zk k, where
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z ¼
Xn
i¼1

aixi

[Theorem 2.10.10]. We wish to calculate the coefficients ai, i = 1, 2, …, n and the
minimal distance d.

Since y� z?xj; j ¼ 1; 2; . . .; n; we obtain a system of equations

y�
Xn
i¼1

aixi; xj

 !
¼ 0; j ¼ 1; 2; . . .; n;

which, when written in full, have the form

a1ðx1; x1Þþ a2ðx2; x1Þþ � � � anðxn; x1Þ ¼ ðy; x1Þ
a1ðx1; x2Þþ a2ðx2; x2Þþ � � � anðxn; x2Þ ¼ ðy; x2Þ

� � �
a1ðx1; xnÞþ a2ðx2; xnÞþ � � � anðxn; xnÞ ¼ ðy; xnÞ

9>>=>>; ð2:88Þ

and represent a system of equations in the unknowns ai, i = 1, 2, …, n. The matrix
of its coefficients is precisely the transpose of the Gram matrix G(x1, x2, …, xn).
Since the vectors x1, x2,…, xn are linearly independent, the matrix is nonsingular by
Proposition 4.2.2 and the system has one and only one solution. Moreover, by
Cramer’ Rule, the unique solution is given by

ai ¼ detGðiÞ=detG; j ¼ 1; 2; . . .; n;

where G(i) is obtained from G by replacing its ith column by the column of con-
stants (y, xi).

Now,

d2 ¼ y� zk k2¼ ðy� z; y� zÞ
¼ ðy; y� zÞ

¼ yk k2� y;
Xn
i¼1

aixi

 !
;

so that

Xn
i¼1

aixi; y

 !
¼ yk k2�d2: ð2:89Þ

We combine Eq. (2.89) with the system of Eq. (2.88) and write them in the form
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a1ðx1; x1Þþ a2ðx2; x1Þþ � � � anðxn; x1Þ � ðy; x1Þ ¼ 0
a1ðx1; x2Þþ a2ðx2; x2Þþ � � � anðxn; x2Þ � ðy; x2Þ ¼ 0

� � �
a1ðx1; xnÞþ a2ðx2; xnÞþ � � � anðxn; xnÞ � ðy; xnÞ ¼ 0
a1ðx1; yÞþ a2ðx2; yÞþ � � � anðxn; yÞþ d2 � ðy; yÞ ¼ 0

9>>>>=>>>>;: ð2:90Þ

If we introduce a dummy value an+1 = 1 as a coefficient of the elements of the last
column, the (2.90) becomes a system of n + 1 homogeneous linear equations in the
n + 1 variables a1, a2, …, an, an+1 (= 1). The system (2.90) will possess a nontrivial
solution if the determinant of the system vanishes, i.e.

det

ðx1; x1Þ ðx2; x1Þ � � � ðxn; x1Þ �ðy; x1Þ
ðx1; x1Þ ðx2; x1Þ � � � ðxn; x2Þ �ðy; x2Þ
� � � � � � � � � � � � � � �

ðx1; yÞ ðx2; yÞ � � � ðxn; yÞ d2 � ðy; yÞ

2664
3775 ¼ 0:

This gives

d2 ¼ detGðx1; x2; . . .; xn; yÞ
detGðx1; x2; . . .; xnÞ :

Apart from the above observations, the following lemmas will be needed in the
proof of Müntz’s Theorem.

Lemma Let k1, k2,…, kn be positive real numbers and A be the matrix whose (i, j)
th entry is aij ¼ 1

ki þkj
: Then

detA ¼ 2�n
Yn
j¼1

1
kj

Y
1� j\k� n

kj � kk
kj þ kk


 �2

:

Proof If A is a 1 � 1 matrix, then detA ¼ 1
2k1

¼ 2�1Qn
j¼1

1
kj
. Thus, the assertion is

true for n = 1. Assume that the assertion is true for m; i.e. if A is an m � m matrix,
then

detA ¼ 2�m
Ym
j¼1

1
kj

Y
1� j\k�m

kj � kk
kj þ kk


 �2

:

Consider the (m + 1) � (m + 1) matrix whose (i, j)th entry is aij ¼ 1
ki þkj

. Its

determinant, when written in full, takes the form
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1
k1 þ k1

1
k1 þ k2

� � � 1
k1 þ km

1
k1 þ kmþ 1

1
k2 þ k1

1
k2 þ k2

� � � 1
k2 þ km

1
k2 þ kmþ 1

..

. . .
. ..

.

1
kmþ 1 þk1

1
kmþ 1 þ k2

� � � 1
kmþ 1 þkm

1
kmþ 1 þkmþ 1

����������

����������
:

By subtracting the last row from each of the others, removing common factors,
subtracting the last column from each of the others and again removing the common
factors, we obtain

2�1 1
kmþ 1

Qm
i¼1 ðkmþ 1 � kiÞ2Qm
i¼1 ðkmþ 1 þ kiÞ2

1
k1 þk1

1
k1 þk2

� � � 1
k1 þkm

1
1

k2 þk1
1

k2 þk2
� � � 1

k2 þkm
1

..

. ..
. . .

. ..
. ..

.

1
kmþ 1 þk1

1
kmþ 1 þk2

� � � 1
kmþ 1 þkm

1
0 0 � � � 0 1

�����������

�����������
:

On expanding the determinant by the last row, we have

detA ¼ 2�m�1
Ymþ 1

j¼1

1
kj

Y
1� j\k�mþ 1

kj � kk
kj þ kk


 �2

:

By induction, the result follows. h

Lemma Let 1, tn1 , tn2 ,… , 1 � n1 < n2 < ��� be a set of functions defined on [0, 1].
The sequence ftnkgk� 1 is total (finite linear combinations are dense) in C[0, 1], if,
and only if, it is complete in L2[0, 1].

Proof Let x 2 C[0, 1]. The inequality

Z1
0

xðtÞ �
Xk
i¼1

ait
ni

�����
�����
2

dt

24 35
1
2

�max0� t� 1 xðtÞ �
Xk
i¼1

ait
ni

�����
����� ð2:91Þ

shows that the sequence is complete in L2[0, 1] if it is total in C[0, 1].
Conversely, suppose that the sequence ftnkgk� 1 is complete in L2[0, 1]. In order

to show that the finite linear combinations constitute a dense subset of C[0, 1], it is
enough to show that the inequality (2.91) in the reverse direction holds for the
functions tm, m = 1, 2,…. Now
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tm �
Xk
i¼1

ait
ni

�����
����� ¼ m

Z t

0

tm�1 �
Xk
i¼1

bit
ni�1

 !
dt

������
������

�m
Z1
0

tm�1 �
Xk
i¼1

bit
ni�1

�����
�����dt

�m
Z1
0

tm�1 �
Xk
i¼1

bit
ni�1

�����
�����dt

0@ 1A
1
2

;

ð2:92Þ

using the Cauchy–Schwarz Inequality. The above inequality proves the assertion.h

Remarks

(i) The function 1 must be added in the case of C[0, 1] but is redundant in L2[0, 1].
Indeed, if the function 1 is missing from ftnkgk� 1, then the polynomialPk

i¼1 ait
ni is itself zero at t = 0 and cannot, therefore, approximate the con-

tinuous function x(t) for which x(0) 6¼ 0.

(ii) Since xp; xqð Þ ¼ R 10 tpþ qdt ¼ 1
pþ qþ 1, it follows that

detG tn1 ; tn2 ; . . .; tnkð Þ ¼

1
n1 þ n1 þ 1

1
n1 þ n2 þ 1 � � � 1

n1 þ nk þ 1
1

n2 þ n1 þ 1
1

n2 þ n2 þ 1 � � � 1
n2 þ nk þ 1

..

. ..
. . .

. ..
.

1
nk þ n2 þ 1

1
nk þ n2 þ 1 � � � 1

nk þ nk þ 1

�����������

�����������
¼
Q

i[ j ðni � njÞ2Q
i;j ðni þ nj þ 1Þ

and analogously,

detG tm; tn1 ; tn2 ; . . .; tnkð Þ ¼
Q

i[ j ðni � njÞ2Q
i;j ðni þ nj þ 1Þ �

Qk
i¼1 ðm� niÞ2Qk

i¼1 ðmþ ni þ 1Þ2 �
1

2mþ 1
:

From this, it follows that

detGðtm; tn1 ; tn2 ; . . .; tnkÞ
detGðtn1 ; tn2 ; . . .; tnk Þ ¼ 1

2mþ 1

Yk
i¼1

m� ni
mþ ni þ 1


 �2

:
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(iii) The series
P1

i¼1 lnð1þ aiÞ and the series
P1

i¼1 ai converge or diverge
simultaneously. This is because

lim
x!0

lnð1þ xÞ
x

¼ lim
x!0

1
1þ x

¼ 1

and so, for any e > 0,

ð1� eÞai\lnð1þ aiÞ\ð1þ eÞai:

(Müntz’s Theorem) A necessary and sufficient condition for the set

tn1 ; tn2 ; . . .; 1� n1\n2\ � � �

to be complete in L2[0, 1] is that

X1
i¼1

1
ni

¼ 1:

Proof If one of the exponents ni coincides with m, then for k � i,

detGðtm; tn1 ; tn2 ; . . .; tnk Þ ¼ 0

and hence, the minimal distance is zero. Thus, completeness holds if, and only if,
for each m � 1 with m 6¼ ni, i = 1, 2, …, the minimal distance

d2k ¼
detGðtm; tn1 ; tn2 ; . . .; tnk Þ
detGðtn1 ; tn2 ; . . .; tnk Þ ! 0 as k ! 1: ð2:93Þ

Now,

detGðtm; tn1 ; tn2 ; . . .; tnkÞ
detGðtn1 ; tn2 ; . . .; tnk Þ ¼ 1

2mþ 1

Yk
i¼1

m� ni
mþ ni þ 1


 �2

: ð2:94Þ

In view of (2.94), the condition (2.93) becomes

lim
k!1

Xk
i¼1

ln 1� m
ni


 �
� ln 1þ mþ 1

ni


 �
 �" #
¼ �1: ð2:95Þ

If the series
P1

i¼1
1
ni
diverges, then by (iii) of Remarks 4.2.6
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X1
i¼1

ln 1� m
ni


 �
¼ �1;

X1
i¼1

ln 1þ mþ 1
ni


 �
¼ þ1 ð2:96Þ

and therefore, (2.95) is satisfied and hence so is (2.93). If, however, the seriesP1
i¼1

1
ni

converges, then the series (2.96) also converges, so that (2.95) is not
satisfied and hence (2.93) does not hold. h

Radon–Nikodým Theorem

Definition Let (X,R), where X is a nonempty set and R is a r-algebra of subsets of
X, be a measurable space, and let m, µ be finite nonnegative measures on (X, R). The
measure m is said to be absolutely continuous with respect to µ, in symbols, m� µ,
if m(E) = 0 for every E 2 R for which µ(E) = 0.

For h 2 L1(X, R, µ), the integral

mðEÞ ¼
Z
E

h dl; E 2 R

defines a measure on R which is clearly absolutely continuous with respect to µ.
The point of the Radon–Nikodým Theorem is the converse: every m � µ is
obtained in this way.

von Neumann showed how to derive this from the Riesz Representation
Theorem for linear functionals on a Hilbert space.

(Radon–Nikodým Theorem) Let m and µ be finite nonnegative measures on
(X;RÞ.If m � l; then there exists a unique nonnegative measurable function h such
that

mðEÞ ¼
Z
E

h dl; E 2 R:

In particular, h 2 L1(X, R, µ).

Proof For any E 2 R, put u(E) = m(E) + µ(E). Since m and µ are finite nonnegative
measures, so is u. Moreover,Z

X

x du ¼
Z
X

x dmþ
Z
X

x dl ð2:97Þ

holds for x = vE, E 2 R. Hence, (2.97) holds for simple functions and consequently
for any nonnegative measurable function x.

Let H be the real Hilbert space L2(X, R, u) with the norm xj jj j2¼ RX xj j2du: For
x 2 H, the Cauchy–Schwarz Inequality gives
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Z
X

x dm

������
�������

Z
X

xj jdm�
Z
X

xj jdu�
Z
X

xj j2du
0@ 1A1

2

ðuðXÞÞ12\1

since u(X) < ∞. Thus, the mapping

L : x !
Z
X

x dm

is seen to be defined and finite on H. It is clear that L(ax + by) = aL(x) + bL(y) for
all a, b scalars and x, y 2 L2(X, R, u) = H. Thus, L is a bounded linear functional on
H and so, by Theorem 2.10.25, there is a function y 2 H such thatZ

X

xdm ¼
Z
X

xy du ¼
Z
X

xy dmþ
Z
X

xy dl;

where we have used (2.97) in the last equality. It is easy to discern that y is non-
negative a.e. with respect to u and hence with respect to µ and m as well. This may
be written as Z

X

xð1� yÞdm ¼
Z
X

xy dl: ð2:98Þ

Let E = {s 2 X: y(s) � 1}. Since vE 2 L2(X, R, u), we apply (2.98) to x = vE to
obtain

0� lðEÞ ¼
Z
X

vEdl�
Z
X

vEy dl ¼
Z
X

vEð1� yÞdm� 0:

Thus, we have µ(E) = 0 and since m � l; mðEÞ ¼ 0:
Let z ¼ yvEc : Then z(s) 2 [0,1) and z = y a.e. with respect to both m and µ. The

equality (2.98) then becomesZ
X

xð1� zÞdm ¼
Z
X

xz dl: ð2:99Þ

Consider any bounded, nonnegative, measurable function x. Let z be as above.
Since both x and z are bounded and u is a finite measure, the function (1 + z + z2 +
⋯ + zn−1)x is in L2(X, R, u) for every positive integer n and hence by (2.99)
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Z
X

1þ zþ z2 þ � � � þ zn�1� �
xð1� zÞdm ¼

Z
X

1þ zþ z2 þ � � � þ zn�1� �
xz dl

holds. In view of the fact that z(s) 6¼ 1 for any s, the above equality can be written asZ
X

ð1� znÞx dm ¼
Z
X

zð1� znÞ
1� z

x dl:

Since 0 � z(s) < 1 for all s 2 X, the sequences (1 − zn)x and zð1�znÞ
1�z x increase to

x and z
1�z x, respectively, as n!∞. By the Monotone Convergence Theorem 1.3.6,

we obtain Z
X

x dm ¼
Z
X

z
ð1� zÞ x dl:

Now define h ¼ z
1�z; then we haveZ

X

x dm ¼
Z
X

hx dl:

In particular, for E 2 M and x = vE, we obtain

mðEÞ ¼
Z
E

h dl:

The uniqueness is obvious. h

Remarks

(i) The construction of h shows that h � 0.
(ii) The Radon–Nikodým Theorem is valid if m and µ are r-finite measures. For

details, the reader may consult [26].

Bergman Kernel and Conformal Mappings
Let X be a bounded domain in the z = x + iy plane, whose boundary consists of a
finite number of smooth simple closed curves. The class of all holomorphic func-
tions in X for which the integral

RR
X f ðzÞj j2dxdy\1 is denoted by A(X). The

integral is understood as the limit of Riemann integrals

limn

ZZ
Kn

f ðzÞj j2dxdy;
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where {Kn}n� 1 is a nondecreasing sequence of compact subsets of X whose union
is X. It has been proved [see 2.6.2, 2.6.3, 2.6.4, 2.6.5] that A(X) is a Hilbert space.

Consider the linear functional L(f) = f(f), where f 2 X is fixed and f 2 A(X).

Observe that Lðf Þj j ¼ f ðfÞj j � fk kffiffi
p

p
df
, where df = dist(f, ∂X) and ∂X denotes the

boundary of X [see Proposition 2.6.3]. It follows on using Theorem 2.10.25 that
there exists a uniquely determined uf 2 AðXÞ such that

f ðfÞ ¼ ðf ; ufÞ; f 2 AðXÞ: ð2:100Þ

The traditional notation is uf(z) = K(z, f) and K is called the Bergman kernel of X.
For each f 2 X, the function has the reproducing property

f ðfÞ ¼ ðf ;Kð�; fÞÞ ¼
ZZ
X

f ðzÞKðz; fÞdxdy; f 2 AðXÞ: ð2:101Þ

The following two assertions are immediate from (2.101).

(a) If one substitutes f = K(�, f) in (2.101), one finds that

Kð�; fÞk k2 ¼
ZZ
X

Kðz; fÞKðz; fÞ dxdy

¼ Kðf; fÞ; f 2 X.

(b) For z1, z22X, the relationK(z1, z2) =K z2; z1ð Þ holds. To see this, we let f =K(�, z2)
and f = z1 in (2.101) and we obtain

K z1; z2ð Þ ¼
ZZ
X

Kðz; z2ÞKðz; z1Þdxdy

¼
ZZ
X

Kðz; z2ÞKðz; z1Þdxdy

¼ Kðz2; z1Þ

The relation between the kernel function and a certain minimum problem in A
(X) is also important. Suppose f 2 X is fixed, and write

M ¼ ff 2 AðXÞ : f ðfÞ ¼ 1g:

There is exactly one solution f0 2 M such that minf2M fk k ¼ f0k k. Moreover,
the function f0 is connected with the Bergman kernel function as follows:

f0ðzÞ ¼ Kðz; fÞ
Kðf; fÞ and Kðz; fÞ ¼ f0ðzÞ

f0k k2 :
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Proof Since A(X) is a Hilbert space and M � A(X) is its closed subspace, the first
assertion follows on using Corollary 2.10.7.

For each f 2 A(X), we have f(f) = (f, K(�,f)). For f 2 M, on using the Cauchy–
Schwarz inequality, we have

1 ¼ ðf ;Kð�; fÞÞ� fk k Kð�; fÞk k ¼ fk k � pKðf; fÞ: ð2:102Þ

Equality in the above inequality occurs provided

f ¼ f0 ¼ CKð�; fÞ; whereC is a constant: ð2:103Þ

Since 1 ¼ f0ðfÞ ¼ CKðf; fÞ (therefore C ¼ 1
Kðf;fÞ), it follows that

f0ðzÞ ¼ Kðz; fÞ
Kðf; fÞ :

This implies

Kðz; fÞ ¼ f0ðzÞKðf; fÞ:

Also,

Kðz; fÞ ¼ f0ðzÞ
f0k k2 ;

since fk k2¼ f0k k2¼ 1
Kðf;fÞ ; using (2.102) and (2.103). h

Recall that the Riemann Mapping Theorem asserts: if X is a simply connected
domain having more than one boundary point, then there exists a holomorphic
function in X which maps X bijectively onto D ¼ z : zj j\1f g. If f is fixed, then the
mapping function f(z) = f(z, f) for which f(f) = 0 and f′(f) > 0 is unique.

The mapping function f and the Bergman kernel K of X are related as follows:

f 0ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p
Kðf; fÞ

r
kðz; fÞ and kðz; fÞ ¼ 1

p
f 0ðzÞf 0ðfÞ; z 2 X

Proof Let Xr denote the subdomain of X which is mapped by f onto the disc
x : xj j\rf g, where r < 1 and x = f(z). Denote the boundary of Xr by cr. If g 2 A

(X), then gðzÞ
f ðzÞ has a simple pole at z = f and the residue at this pole is

lim
z!f

ðz� fÞgðzÞ
f ðzÞ ¼ gðfÞ

f 0ðfÞ :
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By the Residue Theorem,

gðfÞ
f 0ðzÞ ¼

1
2pi

Z
cr

gðzÞ
f ðzÞ dz ¼

1
2pir2

Z
cr

f ðzÞgðzÞdz:

since f ðzÞj j2¼ r2 for z 2 cr. Using Green’s formula, we obtain

gðfÞ
f 0ðfÞ ¼

1
pr2

ZZ
Xr

f 0ðzÞgðzÞdxdy:

Letting r ! 1, we get

gðfÞ ¼
ZZ
X

f 0ðzÞf 0ðfÞ
p

gðzÞdxdy:

In other words, the function

Kðz; fÞ ¼ f 0ðzÞf 0ðfÞ
p

ð2:104Þ

has the reproducing property for A(X) and is therefore the Bergman kernel. For
z = f, it follows that

Kðf; fÞ ¼ f 0ðfÞ2
p

;

which implies on using (2.104)

f 0ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p
Kðf; fÞ

r
kðz; fÞ:

This completes the proof. h

Remarks

(i) In only a few cases, it is possible to obtain a representation for the kernel
function in closed form. It is easy to find a series representation with respect to
some complete orthonormal system f/jg, because by (2.101), the Fourier
coefficients are

uj ¼ Kð�; fÞ;/j

� � ¼ /jðfÞ; j ¼ 1; 2; . . .

and the Bergman kernel has the series representation [see Theorem 2.9.15(iii)]
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Kðz; fÞ ¼
X1
j¼1

/jðfÞ/jðzÞ; z; f 2 X:

(ii) Consider the special case where X ¼ D z : zj j\1f g. According to (vi) of
Examples 2.9.16, the set /nðzÞ ¼

ffiffin
p

p
zn�1 n ¼ 1; 2; . . . is an orthonormal

system in A(D). Thus,

Kðz; fÞ ¼
X1
n¼1

n
p
fn�1zn�1 ¼ 1

p
1

ð1� z�fÞ2 ; z; f 2 X:

is the kernel function of D. The series converges uniformly in fj j � r; r\1:

The reproducing property becomes

f ðfÞ ¼ 1
p

ZZ
D

f ðzÞ
ð1� �zfÞ2 dxdy:

Special Case of Browder Fixed Point Theorem
Let C be a nonempty convex, closed and bounded subset of a Hilbert space H and
let T be a map from C into C such that

Tx� Tyk k� x� yk k for all x; y 2 C:

Then T has at least one fixed point.
Solution: for each n 2 N, let

TnðxÞ ¼ 1
n
aþ n� 1

n
TðxÞ;

where a 2 C is fixed. Then Tn is a contraction and therefore has a fixed point
xn 2 C. Indeed, for x; y 2 C; TnðxÞ � TnðyÞj jj j ¼ n�1

n Tx� Tyk k� n�1
n x� yk k:

Since C is a bounded subset of H and fxngn� 1 is in C, it follows that there exists

a subsequence fxnjgj� 1 such that xnj!
w
x, say [Theorem 3.1.5]. By the Banach–Saks

Theorem [Problem 2.12.P2], fxnjgj� 1 has subsequence such that a sequence of
certain convex combinations of its terms converges strongly to x. Consequently, x 2
C as C is convex and (strongly) closed. We shall prove that x is a fixed point of T.
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For any point y in H, we note that

xnj � y
		 		2¼ xnj � x

		 		2 þ x� yk k2 þ 2< xnj � x; x� y
� �

; ð2:105Þ

where 2< xnj � x; x� y
� �! 0 as j ! ∞, since xnj � x ! 0 weakly in H.

Observe that

TðxnjÞ � xnj ¼ TðxnjÞ � TnjðxnjÞ ¼ TðxnjÞ �
1
nj
a� nj � 1

nj
TðxnjÞ

¼ 1
nj

TðxnjÞ � a
� �! 0 as j ! 1:

ð2:106Þ

Setting y = T(x) in (2.105), we have

lim
j!1

xnj � TðxÞ		 		2� xnj � x
		 		2n o

¼ x� TðxÞk k2: ð2:107Þ

On the other hand, using the hypothesis,

TðxnjÞ � TðxÞ		 		� xnj � x
		 		:

Hence

xnj � TðxÞ		 		� xnj � TðxnjÞ
		 		þ TðxnjÞ � TðxÞ		 		

� xnj � TðxnjÞ
		 		þ xnj � x

		 		:
Thus on using (2.106), we obtain

lim sup
j!1

xnj � TðxÞ		 		� xnj � x
		 		� �� 0

and therefore

lim sup
j!1

xnj � TðxÞ		 		2� xnj � x
		 		2n o

� 0;

which implies, on using (2.107),

x� TðxÞk k ¼ 0:
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