Chapter 2
Hopf Bifurcation in Impulsive Systems

2.1 Hopf Bifurcation of a Discontinuous Limit Cycle

This chapter is organized in the following manner. In the first section, we give the
description of the systems under consideration and prove the theorem of existence
of foci and centers of the nonperturbed system. The main subject of Sect.2.1.2 is the
foci of the perturbed equation. The noncritical case is considered. In Sect.2.1.3, the
problem of distinguishing between the center and the focus is solved. Bifurcation of
a periodic solution is investigated in Sect. 2.1.4. The last section consists of examples
illustrating the bifurcation theorem.

2.1.1 The Nonperturbed System

Denote by < x, y > the dot product of vectors x, y € R?, and ||x|| =< x, x >%,the
norm of a vector x € R2. Moreover, let Z be the set of all real-valued constant 2 x 2
matrices, and . € & be the identity matrix.

Dy-system. Consider the following differential equation with impulses

dx
— = Ax,
dt

Ax|x€1~0 =Box, (211)

where I is a subset of R?, and it will be described below, A, By € Z.
The following assumptions will be needed throughout this chapter:

Cl Iy = Uf’:,si, where p is a fixed natural number and half-lines s;, i =1,
2,...,p, are defined by equations < a’, x >= 0, where a' = (a}, a}) are
constant vectors. The origin does not belong to the lines (see Fig.2.1).
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Fig. 2.1 The domain of the X
nonperturbed system (2.1.1) A b
with a vertex which unites
the straight lines s;,

i=1,2,....p L

> X1

(C2)

a—p
Az(ﬁ a)’
where o, B € R, B # 0;

(C3) there exists a regular matrix Q € &% and nonnegative real numbers k and 6
such that )

cosf —sinf _ 1 0
oo 2o

sin 6 cos 6

bl

We consider every angle for a point with respect to the positive half-line of the
first coordinate axis. Denote s; = (& 4+ By)si,i =1,2,..., p. Let y; and ¢;
be angles of s; and S; i=1,2,..., p, respectively,

b1y bia
By = .
0 (bzl bzz)
CHO<yi<li<ya<--<VyYp <y <2m, (b1 +1)cosy; + bipsin
v, #0,i=1,2,...,p.
If conditions (C1)—(C4) hold, then (2.1.1) is said to be a Dy-system.

Exercise 2.1.1 Verify that the origin is a unique singular point of a Dy-system and
(2.1.1) is not a linear system.

Exercise 2.1.2 Using the results of the last chapter, prove that Dy-system (2.1.1)
provides a B-smooth discontinuous flow.

If we use transformation x; = r cos(¢), xo = r sin(¢) in (2.1.1) and exclude the
time variable 7, we can find that the solution r (¢, ry) which starts at the point (0, r¢),

satisfies the following system:
dr
dg
Ar gy, modam = ki

Ar,
2.1.2)
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where A = %, the angle-variable ¢ is ranged over the set

™=IR

Ry =U2_ U2 Qri+ ;. 270 + yj1] U Qri + 8, 2m( + 1) + w1]]

and k; = [((bi1 + 1) cos(y;) + bia sin(y:))? + (ba1 cos(y;) + (ba + 1) sin(y))*12
— 1. Equation (2.1.2) is 2 -periodic, so we shall consider just the section ¢ € [0, 27 ]
in what follows. That is, the system

dr

— = Ar,

d¢

AT |p—y, = kir, 2.1.3)

is considered with ¢ € [0, 27 ]y = [0, 2]\ Uf;l (¥, &1. System (2.1.3) is a sample
of the timescale differential equation with transition condition [38]. We shall reduce
(2.1.3) to an impulsive differential equation [6, 38] for the investigation’s needs.
Indeed, let us introduce a new variable ¥ = ¢ — 20<y,<¢ 0;,0; =¢; —yj, with
the range [0, 27w — le: 1 6i]. We shall call this new variable /-substitution. It is
easy to check that upon y/-substitution, the solution r (¢, ro) satisfies the following
impulsive equation

dr

— = Ar,

dy

Ar |lﬂ=5j=kjr7 (2.1.4)

whered; = y; — 20<y1 < 6;. Solving the last impulsive system and using the inverse
of yr-substitution, one can obtain that the solution r (¢, ro) of (2.1.2) has the form

r@g.ro=exp|ife— D 6 || [] d+kiro. @15

O<yi<é O<yi<¢

if ¢ €[0,2m]y.
Denote

P V4
q =exp(,\(2n —Z@,-))H(Hk,-). (2.1.6)
i=1

i=1

Applying the Poincaré return map r (2, ry) to (2.1.5), one can obtain that the fol-
lowing theorem follows.
Theorem 2.1.1 If

(1) g =1, then the origin is a center and all solutions of (2.1.1) are periodic with
period T = 2 — >0, 0,)p~\;
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(2) q < 1, then the origin is a stable focus;
(3) q > 1, then the origin is an unstable focus of Dy-system.

2.1.2 The Perturbed System

Theorem2.1.1 of the last section implies that if conditions (C1)—(C4) are valid, then
each trajectory of (2.1.1) either spirals to the origin or is a discontinuous cycle. More-
over, if the trajectory spirals to the origin, then it spirals to infinity, too. That is, the
asymptotic behavior of the trajectory is very similar to the behavior of trajectories of
the planar linear system of ordinary differential equations with constant coefficients
[91, 126]. In what follows, we will consider how a perturbation may change the
phase portrait of the system.
D-system. Let us consider the following equation:

d
d—); = Ax + f(x),

Ax|yer = B(x)x, (2.1.7)

in a neighborhood G of the origin.
The following is the list of conditions assumed for this system:

(C5) I' = U!_|1; is a set of curves which start at the origin and are determined by
the equations < a,x>4+5(x)=0, i=1,2, ..., p. The origin does not
belong to the curves (see Fig.2.2).

(Co)

_ cos(f +v(x)) —sin(@ + v(x)) 1 (10
B0 = k+r())Q ( sin(@ 4+ v(x))  cos(d + v(x)) ) Q 01)

(& + B(x))x € G forall x € G,
CD {f.e,v} cCVG) i, i=1,2,..., p} Cc CP(G);

Fig. 2.2 The domain of the X2 b

perturbed system (2.1.7) near 2

a vertex which unites the cl
curves [; associated with the 7
straight lines s;,
i=12,...,p

xi
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(C8) f(x) =o(lIx]), k(x) = o(|x|), v(x) = o(lIx]]), T:(x) = o(||x|[»), i =1,
2,...,D;
Moreover, we assume that the matrices A, Q, the vectorsa’,i = 1,2, ..., D,
and constants k, 6 are the same as in (2.1.1); i.e.,

(C9) The system (2.1.1) is Dy-system associated with (2.1.7).

If conditions (C1)—(C9) hold, then the system (2.1.7) is said to be a D-system. If
G is sufficiently small, then conditions (C4) and (C8) imply that none of curves /;
intersect itself, they do not intersect each other, and the origin is a unique singular
point of the D-system.

Exercise 2.1.3 Using the results of the last chapter, and Example 2.1.2, prove that
D-system defines a B-smooth discontinuous flow.

Assume, without loss of generality, that y; # % j, j = 1,3, and transform the
equations in (C5) to the polar coordinates so that /; : al.lr cos(¢) + aizr sin(¢) +
7; (r cos(¢), rsin(¢)) = 0 or

T
= tan"! { tan o — .
¢ ( Vi air cos(gb))

Now, use Taylor’s expansion to get that

liz¢=vyi+rii(r¢), (2.1.8)

i=1,2,..., p, where y; are 2m-periodic in ¢, continuously differentiable func-
tions, and ; = O (r). If the point x (¢) meets the discontinuity curve /; with an angle
0, then the point x (0+) belongs to the curve /] = {z € R%|z = (& + B(x))x, x € [;}.
The following assertion is very important for the rest of the chapter.

Lemma 2.1.1 Suppose (C7) and (C8) are satisfied. Then the curve l;, 1<i<p,
is placed between l; and l;.1, if G is sufficiently small.

Proof Fix i =1,2,..., p, and assume that s;, s;+1, [;, [;+1 are transformed by
the map y = Q~'x into lines slf', s;’H, l;', l;H, respectively. Set L; = {z € R?|z =
07" (I +B(Qy)Qy, y €[}, & = Q7' (I 4+ By)Qs;, and let y;, y;,,, ¢; be the
angles of straight lines sl s;H, &. We may assume, without loss of general-
ity, that yi/ < {i’ < yl./ +1- To prove the lemma, it is sufficient to check whether
L; lies between curves [;, [; +1- Suppose that 0 < Vi <& <y 41 < . Otherwise,
one can use a linear transformation, which does not change the relation of the
curves. Let ¢;y; + ¢c2y2 + I*(y1, y2) = 0 be the equation of the line l;. Use the polar
coordinates y; = p cos(¢), y» = p sin(¢) and obtain ¢ = yl./ + p¥*(p, ¢), where
Yv*(p,¢) = O(p) and ¥* is a 2w -periodic function. If y = (y1, y2) € l:, then the
point

yT =07 (B(Qy) + 1) 0y, (2.1.9)
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where yt = ( Y1+ , ¥3) belongs to L;. Assume without loss of generality that yf’ # 0.
Otherwise, use the condition y; # 0.Ifweset p = (y2 4 y2)2, ¢ = tan™! (D), pt =

()2 + ())F, ¢+ = tan™! (i—) then (2.1.9) implies that
o =kip+pB*(p. ¢), (2.1.10)

T =0 +60+y* (0, ), 2.1.11)

where 8* and y* are 2w -periodic in ¢ functions and 8* = O(p), y* = O(p). Let
o(y1, y2) = c1y1 + c2y2 + 1% (y1, y2). Then,

oy, yy) = pFlercos(@®) + casin(@®) + 1" (0" cos(¢™), p* sin(p™)) =

pty/et +c3sin@ +v(p, @) — p¥*(p, V) + 1*(p* cos(gp™h), p*sin(p™)),

where v(p, ¢) = v(Qy). Itis readily seen that the sign of o (o™, ¢ ™) is the same as
of sin(®), if p is sufficiently small. Consequently, o (o™, ™) > 0. Thus, the curve
L; is placed above the curve l;/ in the first quarter of the plane Ox;x,. Similarly, one
can show that it is placed below ll +1- The lemma is proved.

The last lemma guarantees that if G is sufficiently small, then every nontrivial
trajectory of the system (2.1.7) meets each of the lines /;,i = 1,2, ..., p, precisely
once within any time interval of length 7.

2.1.3 Foci of the D-System

Utilize the polar coordinates x; = r cos(¢), x, = r sin(¢) to reduce the differential
part of (2.1.7) to the following form:

dr_)\ p
%_ r+ (ra¢)'

It is known [60, 91, 173, 180] that P(r,¢) is 2mw-periodic, continuously dif-
ferentiable function, and P = o(r). Set x™ = (x;", x) = (F + B(x))x, xt =
rf(cos¢t,sing™), ¥T = (I, X)) = (F + B(0))x,where x = (x1,x2) € [;, i =
1,2,..., p. One can find that the inequality ||x* — XT|| < ||B(x) — B(0)||||x||
implies r* =r + kir + w(r, ). Use the relation between % and % and condi-

tion (C5) to obtain that ¢ = ¢ + 6; + y (r, ¢). Functions w, y are 27 -periodic in
¢ and w = o(r), y (r, ) = o(r). Finally, (2.1.7) has the form
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dr
— = Ar+ P(r, 9),

d¢o
Ar |(p.pyet; = kir + o(r, ¢),
AP lp.pyet=0i + v (r, ). (2.1.12)

It is convenient to introduce the following version of B-equivalence.
Introduce the following system:

P _ip+ Plp.d)

i’ 05 D),

Ap |p=y,= kip + wi(p),

Ad |p=y,= 0;, (2.1.13)
where all elements, except w;, i = 1,2, ..., p, are the same as in (2.1.12) and the

domain of (2.1.13) is [0, 27 ]4. Functions w; will be defined below.

Letr (¢, ro), r(0, ro) = ro, be asolution of (2.1.12) and ¢; be the angle where the
solution intersects /;. Denote by x; = ¢; + 6; + v (r(¢;, ro), ¢;) the angle of r (¢, ro)
after the jump.

We shall say that systems (2.1.12) and (2.1.13) are B-equivalent in G if there
exists a neighborhood G| C G of the origin such that for every solution r (¢, rg) of
(2.1.12) whose trajectory is in G, there exists a solution p (¢, ro), p(0, ro) = rg, of
(2.1.13) which satisfies the relation

r(,r0) = p($,r0), ¢ € [0, 2715\ UL, ([, i, 1U LG, il (2.1.14)

and, conversely, for every solution p(¢, r9) of (2.1.13) whose trajectory is in G,
there exists a solution r (¢, r¢) of (2.1.12) which satisfies (2.1.14).

We will define functions w; such that systems (2.1.12) and (2.1.13) are B-
equivalent in G, if the domain is sufficiently small.

Fix i. Letr1 (¢, yi, p), 1 (¥, ¥i, P) = p, be a solution of the equation

o ap 2.1.15
g =M HPE®) (2.1.15)

and ¢ = n; be the meeting angle of r| (¢, y;, p) with /;. Then,

i
ri(ni, Vi, p) = exp(A(n; — ¥i))p +/ exp(A(n; — ) P(ri(s, yi, p), s)ds.
Yi

Letn! =ni +6; + y (ri(i, vi, p). 0i), p' = L+ k)ri(ni, vi, p) + o (i, Vi, p),
i), and r2(¢, n}, p') be the solution of system (2.1.15),

Si
ra(G, mis p1) = exp((& — n))p' + / exp( (& = $)P(ras, ;5 p1), 9)ds.
n

i
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Introduce

wi(p) = ra(&i.n!, p') — (L+k)p = exp(A(& — n))I(L + k) (exp(h(n; — vi)) p+

m
/ exp(A(n; — )P (r1(s, vi, p), $)ds) + o (ri(mi, Vi, p), 01+

Yi

Gi
/ | expO(& = )P (rals, i, p1), $)ds = (1+K)p

or, if simplified,

wi(p) = (1 +k)[exp(=Ay (ri(mi, ¥i, ), 1)) — 1lp +
ni

(I+k) [ expA(G — 0 —s — py(ri(i, Vi, p), 1)) P(ri(s, vi, p), $)ds +
Yi

G
/ exp(h(& — ) P(ra(s, n}, ph), s)ds +
’]1

i

exp(A (& — ! N (i, Vis P) i) (2.1.16)

Differentiating (2.1.8) and (2.1.16), one can find that

an i +n ., 31) ay o

do 1= Gy + P +n G - B0 dp dp ap) = or dp’

aw - oy (By 91 Ay dmi
= (1 4+k)[e™ — 11— a(l + ke (L1
ap — e T2k ar 9p ' 0¢ dp
(1 + k;)eG—0i—ni— J/)Pd”l +
dp
g dy 0 Ay dn; AP 9 AP dn;
(14 k) ex({i—e—s—y)[_k(lﬂ_i_l m)P——i—fﬂ]ds_F
Vi dor dp 3¢ dp ar dp 0 dp
i I 1
0} ar ap p
oo | P, Jodn | dodn (2.1.17)
dp or dp ¢ dp |

Analyzing (2.1.16) and (2.1.17), one can prove that the following two lemmas are
valid.

Lemma 2.1.2 [f conditions (C1)—(C5) are valid then w; is a continuously differen-
tiable function, and w; (p) = o(p),i = 1,2,..., p.

Lemma 2.1.3 The systems (2.1.12) and (2.1.13) are B-equivalent if G is sufficiently
small.



2.1 Hopf Bifurcation of a Discontinuous Limit Cycle 19

Theorem 2.1.2 Suppose that (C1)—(C6) are satisfied and g < 1 (q > 1). Then the
origin is a stable (unstable) focus of system (2.1.7).

Proof Letr(¢, ro), r(0, rg) = ro, bethe solutionof (2.1.12),and p (¢, rp), p (0, ro) =
79, be the solution of (2.1.13). Using 1/-substitution, one can obtain that

m
p(¢. r0) = exp(hg) in,-'"zl(l + ki) exp (—x Zes)rw
s=1
m Y1
e (1 + k) exp| =2 D 6 / exp(—iu) Pdu +
s=1 0
m Y2
(1 + k) exp| =2 D 6 / exp(—Au) Pdu + - - -
§=2 &

¢ m
/ exp(—Au) Pdu + 1", (1 + k;) exp (—x > es)w1 +
§=2

Cm

(1 + k;) exp(—k ZGS)W2 ot exp(—x;,,,)wm] . (2.1.18)
s=3

where ¢ € [0, 2]y, P = P(p(¢, 10), $), wi = w;(p(y;, r9). Now, applying Theo-
rem 6.1.1 in [1], conditions (C4), (C5) and Lemma?2.1.2, one can find that the
solution p (¥, rp) is differentiable in ry and the derivative %ﬂ;r‘)) at the point (27, 0)
is equal to ¢. Since (2.1.12) and (2.1.13) are B-equivalent, it follows that

or(2m, 0)
[ q
8r0

and the proof is completed.

2.1.4 The Center and Focus Problem

Throughout this section, we assume that g = 1. That s, the critical case is considered.
Functions f, k,v, t;,i = 1,2, ..., p, are assumed to be analytic in G. By condition
(C8), Taylor’s expansions of functions f, «, and v start with members of order not
less than 2, and the expansions of 7;,i = 1,2, ..., p, start with members of order
not less than 3. First, we investigate the problem for (2.1.13) all of whose elements
are analytic functions, if p is sufficiently small. Theorem 6.4.2 in [1] implies that
wi,i = 1,2, ..., p, are analytic functions in p and the solution p (¢, ro) of equation
(2.1.13) has the following expansion:



20 2 Hopf Bifurcation in Impulsive Systems

p(@.r0) = D pi(d)r, (2.1.19)

i=0

where ¢ ¢ (i, ¢, i =1,2,..., p, po(¢) = 0,9 = p1(¢) = 1. One can define the
Poincaré return map

o0
pQ2m. ) = > airi, (2.1.20)
i=1

where a; = p;(2m),i > 1,a; = g = 1. The expansions exist, see Sect.6.4 of the
book [1], such that

P(p.¢) = Py,
=2
wi(p) =D wiip', (2.1.21)
i=2

where P; (¢), w;i (¢), j > 2, are 2 -periodic functions which can be defined by using
(2.1.12). The coefficient p;(¢), j > 2, is the solution of the system

dp

- = P ,

Ap gy, = Wji,

AP |pzy,= bi, (2.1.22)

with the initial condition p;(0) = 0. Hence, coefficients of (2.1.20) are equal to

¢p

Y1 p-1 Yi+1 2 P
a; =/0 Pj(¢)d¢+2/{‘ P,-(¢>)d¢>+/ Pi(@)dg + D wji.
i=1 "¢ i=l
(2.1.23)

From (2.1.20) and (2.1.23), it follows that the following lemma is true.

Lemma 2.1.4 Let g = 1 and the first nonzero element of the sequence aj, j > 2,
be negative (positive), then the origin is a stable (unstable) focus of (2.1.13). If
aj =0, j > 2, then the origin is a center of (2.1.13).

B-equivalence of systems (2.1.12) and (2.1.13) implies immediately that the follow-
ing theorem is valid.

Theorem 2.1.3 Let g = 1 and the first nonzero element of the sequence a;, j > 2,
be negative (positive), then the origin is a stable (unstable) focus of the equation
(2.1.7). Ifa; = 0 for all j > 2, then the origin is a center of (2.1.7).
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2.1.5 Bifurcation of a Discontinuous Limit Cycle

We consider the following system:

d
d—: =Ax+ f(x) + puF(x, p),

Ax|yery = B(x, n)x. (2.1.24)

To establish the Hopf bifurcation theorem, we need the following assumptions:

(A1) Theset I'(u) = Uf’zlli (u) is a union of curves in G, which start at the origin
and do not include it, ; : (a’, x) + T (x) + puv(x, ) =0,1 <i < p;

(A2) There exist a matrix Q(u) € Z, Q(0) = Q, analytic in (—uo, (o), and real
numbers y, x such that 0~ '()B(x, u)Q(u) =

3

(k+m/+K(x))(Cos(G—i—,u)(—l—v(x)) —sm(@—f—ux—l—v(x)))_(l 0)

sin(f + uyx + v(x)) cos(0 + ux + v(x)) 01

(A3) Associated with (2.1.24) systems

dx

— = Ax,

dt

Ax|yero) = Box, (2.1.25)

and

d
d—’; — Ax + f(x),

Ax|rer© = B(x, 0)x, (2.1.26)

are Dy-system and D-system, respectively;
(A4) Functions «,v: G — R? and F,v: G x (—uo, o) — R? are analytic in

G x (—po, Ho);
(AS) F(0,n) =0,v(0, u) =0, forall u € (—po, Ho)-

Additionally, we shall need the following system:

dx Alw)
dr R
Ax|yeryn = B, w)x, (2.1.27)

where A(u) = A + u%, and Iy(n) = U m; with

. av(0,
m; - (a'—l—u%,x)zo, i=1,2,...,p.
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The polar transformation takes (2.1.24) to the following form:

dr
_Z)\r+P(ra¢’M)v

d¢
A7 |npyet = kir + (r, ¢, ),
A |rpyeti = 0i +ry(r, ¢, ). (2.1.28)

The functions w; (0, 1) can be defined in the same manner as in (2.1.16) such that
the system

dp
Ap lp=yiqy=kip +wi(p, w,

AP |g=y,40= 0 (1), (2.1.29)

where y; (), i = 1,2, ..., p, are angles of m;, is B-equivalent to (2.1.28).
Similar to (2.1.6), one can define the function

P
g (1) = exp(r() @ — D> (&5 (1) — Y (WITL_, (1 +k; () (2.1.30)
j=1

for system (2.1.27). Theorem 6.4.2 of Chap. 6 in [1] implies that g (1) is an analytic
function.

Theorem 2.1.4 Assume that q(0) =1, ¢ (0) # 0 and the origin is a focus of
(2.1.26). Then, for sufficiently small ry, there exists a continuous function [ =
8(ro), 6(0) = 0, such that the solution r (¢, ro, §(rg)) of (2.1.28) is periodic func-
tion with period 2m. The period of the corresponding solution of (2.1.24) is T =
Q2r — Zf’:l 0)B~" + o(|i]). Moreover; if the origin is a stable focus of (2.1.26)
then the closed trajectory is a limit cycle.

Proof 1f p(¢, 19, 10) is a solution of (2.1.29), then by Theorem 6.4.2 in [1] we have
that

oo
pQ2r,ro, ) = D ai(wr,
i=1

where a; (1) = 272, aijn’, aip = q(0) = 1,a;; = q'(0) # 0. Define the displace-
ment function

oo

¥ (ro, ) = pQr, ro, 1) — ro = ¢'O)ro + Y ajory + rou”G1(ro. ) + rg uGa(ro, ),
i=2
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where G, G, are functions analytic in a neighborhood of (0, 0). The bifurcation
equation is ¥ (ro, u) = 0. Canceling by ry, one can rewrite the equation as

H(ro, p) =0, (2.1.31)
where
A (ro, 1) = ¢'(O)p +Zalor + 112G (ro, 1) + ronGa(ro, 1)
i=2
Since 30,0
#0,00=0, 22O _ oy 2o,
o

for sufficiently small ry, there exists a function pu = §(rg) such that (¢, ro, 6(ro))
is a periodic solution. If conditions a;o = 0,7 =2, ...,/ — 1, and gy # O are valid,
then one can obtain from (2.1.31) that

8(ro) = re 4 Za r. (2.1.32)

an
q'(0)

By analysis of the latter expression, one can conclude that the bifurcation of periodic
solutions emerges if the focus is stable with & = 0 and unstable with & # 0 and
conversely. If p(¢) = p(¢, ro, 1) is a periodic solution of (2.1.29), then it is known
that the trajectory is a limit cycle if

AV (o, 1)

< 0. (2.1.33)
8r0

We have that

Y (ro, .
( S0 19 _ g1y + Zzaiors L 12G (o, ) + 2ropGa(ro. o).

Let a;o be the first nonzero element among a;o and a;p < 0. Using (2.1.32), one can
obtain that o
Y (ro, it)

5 = (I — Dagpiy " + Q(ip),
ro

where Q starts with a member whose order is not less than /. Hence, (2.1.33) is valid.
Now, B-equivalence of (2.1.28) and (2.1.29) proves the theorem.
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Fig. 2.3 A Hopf bifurcation
diagram of an ordinary
differential equation

Fig. 2.4 A Hopf bifurcation
diagram of a discontinuous
dynamical system

Remark 2.1.1 (a). It is important to notice that the bifurcation theorem can be
obtained by applying the results in [132] and theorems of Chap.6 of [1]. We fol-
low the approach which is focused on the expansions of solutions [173].

(b). Toillustrate that discontinuous dynamical systems may provide more interest-
ing opportunities than continuous dynamics, let us compare the bifurcation diagrams
of an ordinary differential equation, Fig.2.3, and a discontinuous dynamical system
of type (2.1.24), Fig.2.4. One can see that the first diagram resembles a bud, and the
second one a rose. They demonstrate that a theory of differential equations flourishes
if a discontinuity is involved in analysis.
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2.1.6 Examples

Example 2.1.1 Consider the following system

x; =2+ wx; —x +X12X2,
Xy = X1 + (24 wxa + 3x7x2,

Al = (G + 1) cos (%) — 1) x1 = (& + ) sin (%) X,

Axalear = (¢ + p2) sin (%) X1+ ((K + 12) cos (%) — 1) X2, (2.1.34)

where Kk = e’”T”, and the curve / is given by the equation x; = xf, where x; >
0. One can define, using (2.1.30), that ¢() = (k + u>) exp((2 + M)”T”), q(0) =
Kk exp(HZ) = 1,¢'(0) = —1Z + 0. Thus, by Theorem2.1.4, system (2.1.34) has a
periodic solution with period %1]1—;7 if || is sufficiently small.

Example 2.1.2 Let the following system be given

xp = (u—Dx; —x2, X5 = x1 + (1t — Daxa,

AXy|xe = ((K — xl2 — x%) cos (%) — 1) x1— (k — xl2 — x%) sin (%) X2,

Axy|rer = (K — x12 — x%) sin (%) X1+ ((K — xl2 — x%) cos (%) — l) X7,
(2.1.35)

where [ is a curve given by the equation x; = x; + pux?, x; > 0,k = exp(%”).
Using (2.1.30) one can find that g(u) = « exp(( — 1)77”), q0) =« exp(—%”) =
1,4'(0) = 77” # 0. Moreover, one can see that for the associated D-system

’

X = —X1 — X2, Xy = X1 — X2,

_ 2 2 T 2 2 i (T
Axilyes = | (k — xi — x3) cos 1) I)x; — (k —x{ —x3)sin 7 X7,
Axo|res = (kK — xl2 — x%) sin (%) X1+ ((/c — xl2 — x%) cos (%) — 1) X2,

(2.1.36)

where s is given by the equation x, = x|, x; > 0, the origin is a stable focus.
Indeed, using polar coordinates, denote by r(¢, ry) the solution of (2.1.36) start-
ing at the angle ¢ = 7. We can define that r (5 + 27n, ro) = (k — rz(% + 27 (n —
1), ro))exp(—%”). From the last expression, it is easily seen that the sequence
r, = r(% + 2mn, rg) is monotonically decreasing and there exists a limit of r,.
Assume that r, — o # 0. Then, it implies that there exists a periodic solution of
(2.1.36)and o0 = (k — 6?) exp(—%”)a which is a contradiction. Thus, o = 0. Con-
sequently, the origin is a stable focus of (2.1.36), and by Theorem 2.1.4 the system
(2.1.35) has a limit cycle with period %77” if u > 0 is sufficiently small.
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2.2 3D Discontinuous Cycles

We consider three-dimensional discontinuous dynamical systems with nonfixed
moments of impacts. Existence of the center manifold is proved for the system.
The result is applied for the extension of the planar Hopf bifurcation theorem in
Sect.2.1. Illustrative examples are constructed for the theory.

2.2.1 Introduction

Dynamical systems are used to describe the real-world motions using differential
(continuous time) or difference (discrete time) equations. In the last several decades,
the need for discontinuous dynamical systems has been increased because they,
often, describe the model better when the discontinuous and continuous motions are
mingled. This need has made scientists to improve and develop the theory of these
systems. Many new results have raised. One must mention that namely systems with
not prescribed time of discontinuities were, apparently, introduced for investigation
of the real world firstly [73, 185], and this fact emphasizes very much the practical
sense of the theory. The problem is one of the most difficult and interesting subjects
of investigations [107, 117, 157, 158, 165, 177, 208]. It was emphasized in early
stage of theory’s development [176].

In the previous section, the Hopf bifurcation for the planar discontinuous dynam-
ical system has been studied. Here, we extend this result to three-dimensional
space based on the center manifold. The advantage is that we use the method of
B-equivalence [1, 5] as well as the results of timescales which are developed in [38].

This section is organized as follows. In the next section, we start to analyze
the nonperturbed system. Section2.2.3 describes the perturbed system. The center
manifold is given in Sect.2.2.4. In Sect. 2.2.5, the bifurcation of periodic solutions
is studied. Section2.2.6 is devoted to examples in order to illustrate the theory.

2.2.2 The Nonperturbed System

Let N, R be the sets of all natural and real numbers, respectively, and R? be a real
euclidean space. Denote by (x, y) the dot product of vectors x, y € R?. Let || x| =
(x, x)'/? be the norm of a vector x € R?, R*>*? be the set of real-valued constant
2 x 2 matrices, and I € R?>*2 be the identity matrix. We shall consider in R3 the
following dynamical system:
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dx

— = Ax,

dt

d n

d—f = bz, (x,2) ¢ I, (2.2.37)

Ax |(x,z)eF0= Byx,
Az |(x.0er= C0Zs

where A, By € R2*2, b, ¢y € R, T is a subset of R3 and will be described below.
The phase point of (2.2.37) moves between two consecutive intersections with the set
Iy along one of the trajectories of the system x’ = Ax, 7' = bz. When the solution
meets the set I at the moment 7, the point x(¢) has a jump Ax |;:= x(t+) — x(1)
and the point z(¢) has a jump Az |;:= z(t+) — z(7). Thus, we suppose that the
solutions are left continuous functions.

From now on, G denotes a neighborhood of the origin.

The following assumptions will be needed:

(Cl) Iy = :P=1 P, p €N, where &; = ¢; x R, ¢; are half-lines starting at the
origin defined by (@, x) = Ofori = 1,..., panda’ = (a!, a}) € R? are con-
stant vectors;

(C2) A= [“ _ﬁ} where 8 # 0;

B o]’ '

(C3) There exists a regular matrix Q € R?*? and nonnegative real numbers k and 6

such that
_ cos® —sinf | 10
BO_kQ[sin@ cos@]Q _|:01i|'

For the sake of brevity, in what follows, every angle for a point or a line is
considered with respect to the half-line of the first coordinate axis in x-plane.
Denote ¢; = (I + By){;,i =1, ..., p.Let y; and ; be the angles of ¢; and ¢;
bu b12}
ba1 b
CHO<y<li<yp<-<y,<(p<2mand(by + 1)cosy; + bppsiny; #
Ofori=1,...,p.

’

fori =1,..., p, respectively, and By = [

In Fig. 2.5, the discontinuity set and a trajectory of the system (2.2.37) are shown.
The planes &; form the set I, and each &7/ is the image of %7; under the transfor-
mation (I + B)x.

The system (2.2.37) is said to be a Dy-system if conditions (C1)—(C4) hold. It is
easy to see that the origin is a unique singular point of Dy-system and (2.2.37) is
not linear.

Let us subject (2.2.37) to the transformation x; = r cos ¢, x, = rsin¢, z = zand
exclude the time variable ¢. The solution (r (¢, ro, zo), 2(¢, ro, 20)) Which starts at
the point (0, rg, zo) satisfies the following system in cylindrical coordinates:
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Fig. 2.5 The discontinuity z
set and a trajectory of A
(2.2.37)
—  i+1
~T f » X
i+1
X
1
i P
d
a_ AT,
do
dz
% =bz, ¢ #y: (mod2m), (2.2.38)

Ar |¢=y; (mod 27) = kira
Az |¢:yi (mod 277)= €0Z,

where A = /B, b = b /B, and the variable ¢ is ranged over the timescale

00 P
Ry =R\ U U(Zm’ +y;, 2mi 4+ ¢;]

i=—o0 j=I

and

ki = [((b11 + D) cos y; + brasiny)? + (bai cos i + (b + D siny)?]"* — 1.
Equation (2.2.38) is 2w -periodic, so, in what follows, we shall consider just the
section [0, 2rr]. That is, the system
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dr
— = Ar,
(ailq5
Z
2 —p :
7 z, O F Vi, (2.2.39)
Ar | gy, = kir,

Az |gp=y,= coz,

is provided for discussion, where ¢ € [0, 27]y = [0, 2]\ U” _1(vi, &i]. System
(2.2.39) is a sample of timescale differential equation. Let us use the Y-substitution,
o=Y@) =¢— ZO<W<¢ 0;,0; = ¢; — y;, which was introduced and developed
in [6, 38]. The range of this new variable is [0, 2w — Zf’zl 0;].

It is easy to check that upon 1 -substitution (2.2.39) reduces to the following
impulsive equations:

dr
— = Ar,
ccilw

Z
— = bz, s 2.
dg Z, QFQ (2.2.40)
Ar |p=g,= ki1,

AZ |¢=(ﬂi: coZ,

where ¢; = ¥ (y;). Solving (2.2.40) as an impulsive system [156, 215] and using
Y-substitution, one can obtain that a solution of (2.2.39) is of the form

r@)=exp(rfo— D 6 H (L+k)|ro, (2241
O<yi<¢ O<y,<¢

(@) =exp|bfo— D 6 [T a+c) |z @242
O<yi<¢ 0<y,<¢

for ¢ € [0, 2m]4. Denote

P p
@ :exp( ( Z ))H(l+k,»), (2.2.43)

V4
¢ = exp( (2;: - Z )) [Ta+co. (2.2.44)

Depending on g; and ¢,, we may see that the following lemmas are valid.
Lemma 2.2.1 Assume that ¢y = 1. Then, if

(i) q>» = 1 then all solutions are periodic with period T = (277 >, 9,~) B
(ii) q» = —1 then a solution that starts to its motion on xxy-plane is T -periodic
and all other solutions are 2T -periodic;
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(iii) | g2 |> 1 then a solution that starts to its motion on x\x,-plane is T -periodic
and all other solutions lie on the surface of a cylinder and they move away the
origin (i.e., zero solution is unstable);

(iv) | g2 |< 1 then a solution that starts to its motion on x\xy-plane is T -periodic
and all other solutions lie on the surface of a cylinder and they move toward
the x1x,-plane (i.e., zero solution is stable).

Lemma 2.2.2 Assume that ¢ < 1. Then, if

(i) | g2 |< 1 all solutions will spiral toward the origin, i.e., origin is an asymptot-
ically stable fixed point;
(ii) | g2 |> 1 asolution that starts to its motion on x-plane spirals toward the origin
and a solution that starts to its motion on z-axis will move away from the origin.
In this case the origin is half stable (or conditionally stable);
(iii) q» = 1(gqa = —1) then a solution that starts to its motion on z-axis is periodic
with period T (2T) and all other solutions will approach to z-axis.

Lemma 2.2.3 Assume that ¢, > 1. Then, if

(i) | g2 |< 1 then origin is a stable focus;
(ii) | g2 |> 1 then origin is an unstable focus;
(iii) q» = 1(q2 = —1) then a solution that starts to its motion on z-axis is periodic
with period T (2T ) and all other solutions will approach to z-axis.

We note that when g, = —1 (this means z may be negative, too), the solutions
starting their motion out of x;x,-plane will move above and below the x;x,-plane.
More explicitly, if a solution starts to its motion above the x-plane, then after the time
corresponding to an angle of 7, it will be below the x-plane; in the next duration
corresponding to an angle 7, it will try to move above x-plane; and at the end of that
duration, it will be above the x-plane, and so on.

From now on, we assume that ¢g; = 1 and | g5 |< 1.

2.2.3 The Perturbed System

Consider the system

d
d—: = Ax + f(x,2),

d R
d_j —bz4+g(x,2), (x,2)¢T, (2.2.45)

Ax |(x,z)e[“: B(x)x,
Az |(x,z)€1": C(Z)Zs

where the followings are assumed to be true.
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(C5 I = Uf’zl %, where .%; = s5; x R and the equation of s; is given by s; :
(@, x)+1(x)=0,fori=1,...,p;
(Co)

_ cos(@ + ®(x)) —sin(d + O (x)) _1 10
Bl =k +x()Q [sin(e +Ox)  cos@ + @(x))] ¢ - [o 1}

and ¢(z) = co + ¢(2);

(C7) Functions f, g, k, ¢, and @ are in C' and ; is in C?;

(C8) f(x,2) =O((x, D), gx,2) =O(|(x, D), «(x)=0O(x]), Ox) =
O(lx), ¢(z) = O(2), i (x) = O(Ix|»),i = 1,..., p.

Moreover, it is supposed that the matrices A, Q, the vectors a’,i =1, ..., p, con-
stants k, 0 are the same as for (2.2.37), i.e.,

(C9) The associated with (2.2.45) is D system.

Remark 2.2.1 Conditions (C5) and (C6) imply that surfaces .#; do not intersect each
other except on z-axis and neither of them intersects itself.

The system (2.2.45) is said to be a D-system if the conditions (C1)—(C?8) hold.

In what follows, we assume without loss of generality that y; # % J,j=1,2,3.
Then, one can transform the equation in (C5) to the polar coordinates so that s; :
al-lr cos ¢ + aizr sin ¢ + t; (r cos ¢, r sin ¢) = 0 and, hence

_ 7;(r cos ¢, r sin @)
¢ = tan tan y; — 5 .
a;rcos ¢
Using Taylor expansion gives that the previous equation can be written, for suffi-
ciently small r, as
sito=vi+r¥(r,¢),i=1,...,p

where functions ¥; are 27 -periodic in ¢, continuously differentiable and ¥; = O'(r).

If the phase point (x;(¢), x2(¢), z(t)) meets the discontinuity surface .#; at the
angle 6, then after the jump the point (x;(6+), x2(0+), z(6+)) will belong to the
surface ) = {(u,v) € R® :u = (I + B(x))x,v = (1 + o)z + ¢(2), (x, 2) € S}
For the remaining part of this section, the following assertion is very important and
the proof can be found in [6].

Lemma 2.2.4 Ifthe conditions (C7) and (CS8) are valid then the surface .7 is placed
between the surfaces ./; and %11 for every i if G is sufficiently small.

Using the cylindrical coordinates x; = r cos ¢, x, = r sin¢, z = z, one can find
that the differential part of (2.2.45) has the following form:

o+ PO 2)
— = A" r, y Z),
‘C’g (2.2.46)
— =bz+ 01, ¢,2),

d¢
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where, as is known [218], the functions P(r,¢,z) and Q(r, ¢,z) are
2m-periodic in ¢, continuously differentiable, and P = O(r,z), Q = O(r, z).
Denote xT = xh) = U+ B@)x, xt =rf(cospt,sing™), it = (&,
)?2*) = (I + B(0))x, where x = (x1, x2) € s;,i = 1, ..., p. The inequality [|x* —

Xt < ||B(x) B(0)|| - ||x| implies thatr™ = (1 + k; )r + w(r, ¢). Moreover, using
the relatlon = and i and condition (C5), one can conclude that ¢ = ¢ + 6; +

y(r, ¢). Functlons w and y are 2w -periodic in ¢ and w = O(r), y = O(r). Finally,
transformed system (2.2.45) is of the following form:

dr 2 p
g—(p = Ar + (ra ¢’ Z)’
Z
a2t ere, e 0¢l (2.2.47)

Ar | pyes= kir + o(r, ¢),
AP |rpyes; =0 +v(r, ),
Az |(rpyes; = €0z + €(2).

Let us introduce the following system besides (2.2.47):

d

ﬁ =Ap+ P(p,,2),

dz

%ZbZ"_Q(p’(p’z)’ ¢#yia (2248)
Ap |¢=Vi: kllo + ‘/Vil (107 Z)v

AP ly=y,= i,

AZ gy, = coz + Wi (p, 2),

where all elements, except for W; = (Wil, Wiz),i =1,..., p, are the same as in
(2.2.47) and the domain of (2.2.48) is [0, 277 ],. We shall define the functions W;
below.

Let (r(¢, ro, z0), 2(¢, ro, zp)) be a solution of (2.2.47) ¢; be the angle where
the phase point intersects .%;. Denote also by x; = ¢; + 6; + y (r (¢, ro, 20), ¢;) the
angle where the phase point has to be after the jump.

Further («, B], {o, B} C R denotes the oriented interval, that is

Ao | (@, Blif @ < B,
(@ Bl = { (B, a] otherwise.
Definition 2.2.1 We shall say that systems (2.2.47) and (2.2.48) are B-equivalent in
G if for every solution (r (¢, ro, 20), 2(¢, ro, 20)) of (2.2.47) whose trajectory is in
G for all ¢ € [0, 2], there exists a solution (p (¢, ro, zo), 2(¢, ro, 20)) of (2.2.48)
which satisfies the relation

p ~
r(@.10.20) = p(@.70.20). ¢ €021y \ [ J{(¢1. %i] U (&2 xi 1}, (2.2.49)

i=1
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and, conversely, for every solution (p (¢, ro, 20), 2(¢, ro, 20)) of (2.2.48) whose tra-
jectory is in G, there exists a solution (r (¢, ro, o), z(¢, ro, z0)) of (2.2.47) which
satisfies (2.2.49).

Fixi=1,..., p.Let (r1(¢), z1(9)), (r1(¥i), z1(y:)) = (p, 2), be a solution of

d_r =i+ P(r, ¢, 2),
a¢ (2.2.50)
a6~ bz+ Q(r, ¢, 2),
and let ¢ = n; be the meeting angle of the solution with &2;. Then

ri(n) =M p + / " 0 P(ri(s), 5, 21(5))ds,

Vi

Ni
z1(n;) = " +/ IOy (s), 5, 71 (5))ds.

.
Letn; =n; +6; + y(ri(n;), n)and (p', ') = (1 + kp)ri () + w(r (), ni), (1 +

co)z1(mi) + c(z1(m:))). Let (r2(9), 22($)), (r2(n}), 22(m;)) = (p’, 2'), be a solution
of (2.2.50). Then,

i
ra(g) = G p! / I P (ry(s), 5, 22(5))ds,
;
, i
(5) = M6 4 / 69 Oy (s), 5, 22(5))ds.

n;

We define that

Wl (p,2) = ra(&) — (1 +k)p
ni
=e)\(§[_n,')|:(1+ki)(e}\(77i_yi)lo_|_/ e“”"_”P(rl(s),s,z](s))a’s)
Yi
{l )
+o(ri (), m)] + / HEIP(ri(s), s, zi(s))ds — (1 + ki) p,
n;

or, if simplified

Wil(pf 2= _i_ki)(e—)\y(rl(m),m) —Dp

ni
+(+k) e/\(&f&-fsfy(rl(m),n,-))P(rl (), 5, 21 (s))ds
Yi

&i
+/ I P(ry(s), 5, 22(5))ds + o (r (), ni). (2.2.51)

i
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We, similarly, define

W2 (p,2) = 22(¢) — (1 + co)z
ni
— eP@—m) |:(1 + ¢o) (eb(m—}/i)z + / eb('h—S)Q(rl (s), s, 21 (S))ds)
Yi

i
+5(zl<m)>} + / "G 0(ri(s), 5, 21(s))ds — (1 + co)z,

i
or,
W2(p., 2) = (1 + k;) (e Y1) _ 1),

ni
+(tco) [ ST OEIINQ(ry(s), 5, 21(5))ds
Yi

&i
+ / G0 (ry(s), 5, 22(5))ds + ETVE(Zy (). (2.2.52)
n

We note that there exists a Lipschitz constant £ and a bounded function m (€) such
that

W/ (o1, 21) = Wi (p2, 221 < m(OL(llpr = pall + lz1 — 22l), (2.2.53)

forall py, 02, 21, 22 € R, j = 1, 2. For detailed proof and explanation about (2.2.53),
we refer to [1, 6, 38].

2.2.4 Center Manifold

Now, using y/-substitution (2.2.48) reduces to the following system:

dp

% Z)V,O+F(pa¢1z)1

dz

v =bz+G(p,0,2), ¢ #e, (2.2.54)

A,O |(/7:(ﬂ[= klp + Wil (ps Z)a
AZ |(¢7:(ﬂi= [&V4 + Wl'z(p9 2)9

where ¢ =¥ (¢), ¢ =¥ (i), F(p, ¢, 2) = P(p, ¥ '(9),2), and G(p,9,2) =
Q(p, ¥ (), 7). Functions F and G are T -periodic in ¢, with T = ¥ (27), and
satisfy

IF(o,¢,2) = F(p', 0, Il < k(€)llp = o'l + Iz = Z'ID, (2.2.55)
1G(p,¢.2) =G (o', 0. ) <k(e)lp—p'll + Iz =2'ID.  (2:2.56)



2.2 3D Discontinuous Cycles 35

Following the methods given in [8], one can see that system (2.2.54) has two
integral manifolds whose equations are given by:

¢
@-‘r((p’ p) =/ 7T+((p,S)G(,O(S, (78 p)vsa Z(S7 @, p))ds

—00

+ > e, oW (9, 90, ), 20 0, 0)), (2257)

Qi <@
and
o0
¢—((p’ Z) == _/ T[—((pas)F(p(sa @, Z),S, Z(S, @, Z))dS
@
+ Z (0. oW (0. 0. 2).2(0] 9. 2)),  (22.58)
Pi <@
where
mi(p ) = ] (1+co)
S<@ji<@
and

7 (9. 5) = [ (1 +kp.

S=pj<¢

In (2.2.57), the pair (p(s, ¢, p), 2(s, ¢, p)) denotes a solution of (2.2.54) satisfy-
ing p(@, ¢, p) = p. Similarly, (p(s, ¢, z), 2(s, ¢, 7)), in (2.2.58), is the solution of
(2.2.54) with z(¢, ¢, 2) = z.

In [8], it was shown that there exist constants K, M, o such that @ satisfies:

@, (¢,0) =0, (2.2.59)
D4 (0, p1) — P (@, )| < K Lllp1 — p2lls (2.2.60)

for all p;, po such that a solution w(¢) = (p(¢), z(p)) of (2.2.54) with w(gpy) =
(po, D+ (90, Po)), po > 0, is defined on R and satisfies

Iw(@)l < Mypoe 4, ¢ > . (2.2.61)
Similarly, it was shown that there exist constants K_, M_, o_ such that @_ satisfies:

®_(p,0) =0, (2.2.62)
P—(p,z1) = P_(¢, 22)|| < K_L|z1 — z2l, (2.2.63)

for all z;, zo such that a solution w(p) = (p (@), z(¢)) of (2.2.54) with w(gy) =
(D_(¢o, 20), 20), 2o € R, is defined on R and satisfies
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Iw@)ll < M_lizolle™™“~*), ¢ < go. (2.2.64)

Set S+ ={(p,9,2) 1 2= P4 (p, p)}and S = {(p, ¢, 2) : p = P_(p, 2)}. Here,
S, is called the center manifold and S_ is called the stable manifold. A sketch of an
arbitrary center manifold is shown in Fig.2.6.

The analogues of the following two Lemma’s together with their proofs can be
found in [8].

Lemma 2.2.5 [fthe Lipschitz constant £ is sufficiently small, then for every solution

w(p) = (p(@), z()) of (2.2.54) there exists a solution u(p) = (u(p), v(y)) on the
center manifold, Sy, such that

(9 = 1 (@) < 2Ml|p(p0) — u(go)lje™ ¥, (2265
l2(0) = V@)l < Mallz(00) = v(@o)lle™™ @, g =go, T

where M and o are the constants used in (2.2.61).

Lemma 2.2.6 For sufficiently small Lipschitz constant £ the surface Sy is stable in
large.

On the local center manifold S, the first coordinate of the solutions of (2.2.54)
satisfies the following system:

dp
Ao~ A0+ F(o, 0, @ (0, 0), ¢ F o, (2.2.66)

AP lg=g,=kip + W} (0, D10, p)).

Fig. 2.6 The center A
manifold

/-h

\ 4
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Now, it is time to consider the reduction principle for which we need, together with
the ones imposed before, the condition:

(C10) Functions f(x,z) and g(x, z) are continuously differentiable in x, z for all

X, z, and
A/(0.0) _  3f0.0) _ 0.0) _  30.0) _
ij ’ aZ ’ B.Xj ’ 8Z ’

for j = 1,2 where x = (x1, x2).

Theorem 2.2.1 Assume that conditions (C1)—(C10) are fulfilled. Then the trivial
solution of (2.2.54) is stable, asymptotically stable or unstable if the trivial solution
of (2.2.66) is stable, asymptotically stable or unstable, respectively.

Using inverse of yr-substitution and B-equivalence, one can see that the following
theorem holds:

Theorem 2.2.2 Assume that conditions (C1)—(C10) are fulfilled. Then the trivial
solution of (2.2.45) is stable, asymptotically stable or unstable if the trivial solution
of (2.2.60) is stable, asymptotically stable or unstable, respectively.

2.2.5 Bifurcation of Periodic Solutions

This section is devoted to the bifurcation theorem of a periodic solution for the
discontinuous dynamical system. Let us consider the system,

dx .
o =A@ D+ uf ),

dz =«

d_f =bz+gx, ) +pglx,z, 1), (x,2) ¢ I'(), (2.2.67)

AX |0ermw= B(x, 1x,
AZ | pergn= ¢z, 1)z

Assume that the following conditions are satisfied:

(A1) Theset I'(w) = U7, - (1), where .%; (1) = s; (1) x R and the equation of
si () is given by s; (1) : (@, x) + 1;(x) + uv(x, u) =0, fori =1, ..., p;

(A2) There exists a matrix Q(u) € R>*2, 0(0) = Q, analytic in (—/, fo), and
real numbers y, x such that Q' () B(x, n) Q(n) =

cos(d +pux +O(x)) —sin(@ +ux +O(x)) | [10
sin(@ +uyx + ©(x)) cos(@ + ux + O(x)) 01

(k + py +x(x)) [

and c(z, u) = ¢o + ¢(z) + ud(z, 1);
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(A3) Associated with (2.2.67) systems

and

dx

-~ = Ax,
dt *
d R
f:m,u@¢m, (2.2.68)

Ax |(X,Z)€F0= Bo-xs
Az |(x,z)61"0= 2.

d—: = Ax + f(x,2),

d ~
£=M+ﬂ&d (x,2) ¢ T(0), (2.2.69)
AX |x,ero= B(x, 0)x,

Az |, nero= c(z, 0)z.

are Do-sysaem and D-system, respectively;
(A4) Functions f, v : G x (—po, ito) — R* are analytic in x, z, and y;
(A5) f(0,0,u) =0,v(0, n) =0, uniformly for u € (—uo, to)-

Using polar coordinates, one can write system (2.2.67) in the following form:

dr 2 P
Cé_qb =r(r + P(r, ¢, z, 1),
ﬁ =b(wz+ Q. z. ). (rn¢.2) ¢ I'(w), (2.2.70)

Ar |o.pyet,an=ki(Wr + o(r, ¢, 1),
AP le.pretion= 0i (W) +y (r, ¢, 1),
Az |rpret: = co(u)z + ¢(z, ).

Let the system

dp

% = )\,(M)p + P(pv ¢7 Z, M)’

dz

dg = W00 o 2w ¢y, (2.2.71)

AP oy, o= ki(wp + W'(p, z, w),
A} |p=y, (=0 (1),
AZ |pmyin= o)z + W2(p, z, ),

where y;(1),i =1, ..., p, are angles of m;, be B-equivalent to (2.2.70). The func-
tions W' (p, z, 1) and W?(p, z, i) can be defined in the same manner as in (2.2.51)
and (2.2.52), respectively. Applying i-substitution to (2.2.71), we get
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dp

o= Ao+ F(p, ¢, z, 1),

dz

7o = b(wz+Gp, @, z, 1), ¢ # ¢i(n), (2.2.72)

Ap |<p:(p,-(/4)= ki(n)p + VV,'1 (p,z, 1),
AZ Jgmg, = co()z + Wi (p, z, ).

Following the methods, as we did to obtain (2.2.57) and (2.2.58), one can see that
system (2.2.72) has two integral manifolds whose equations are given by:

»
D (¢, p, 1) =/ (@, s, WG(p(s, 0, 0, 1), 5,2(s, 9, p, 1), Wds
+ 2 + +
+ D mip ol W (e 0. 0 1), 20 0. oy 1)), (22.73)
oi (L) <@
and
o0
D_(p. 2, ) = _/ (.5, WF(p(s, 0,2, 1), 5,2(5, ¢, 2, W), wds
4
+ Z (g, 0, W (o, 0,2, 1), (0, 9, 2, 1)), (2.2.74)
9i (W <e
where
(@, s, 1) = e?@™ H (I + co(w)),
s<p;j(n)<¢
and

T_(p, s, n) =¥ H (I +kj(u)).

s<@i ()<

In (2.2.73), the pair (p(s, ¢, p, 1), (s, ¢, p, 1)) denotes a solution of (2.2.72) sat-
isfying p(@, ¢, p, ) = p. Similarly, (o(s, ¢, z, 1), z(s, ¢, z, 1)), in (2.2.74), is
a solution of (2.2.72) with z(¢, ¢, z, u) = z. Set S, (n) = {(p, ¢, 2) : 2 = D, (o,

p,wand S_(w) ={(p,9,2) : p=P_(p,z, W}
On the local center manifold, S, (), the first coordinate of the solutions of (2.2.72)

satisfies the following system:

dp
AIO |¢7:§01(,u)= ki (l‘(’)p + ‘/Vil (107 ¢+(¢7 107 M))

Similar to (2.2.43) and (2.2.44), one can define the functions
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p P
q1(1) = exp (Mu) (2n - Z@(u)))ﬂ(l +hki(w).  (2276)
i=1

i=1

and

p P
42(1) = exp (b(m (2n -> (u)))l_[(l +eo). @277

i=1 i=1

System (2.2.75) is the system studied in [6], and there it was shown that this
system, for sufficiently small x, has a periodic solution with period T. Here, we will
show that if the first coordinate of a solution of (2.2.72) is T -periodic, then so is the
second coordinate.

Now, since

7T+(§0 +7T,s+T, M) = 7T+((p’ S, ,LL),
ps+T,o+T,p, 1) =p(s, 9,0, 1),
2s+T,o+T,p,u) =2(s,0, 0, 1),

and G is T-periodic in ¢, we have,

Pyl +T,p, 1)

o+T
= / 7 (e +T,s, )G, o+ T,p,1),s,2(s,0 +T, p, ), wyds

o]

+ D me+T ol WWHo(p 9+ T p. ). 2(9 9 + T, p. 1)
@i (W) <e+T

(2
=/ (e, t, WG, ¢, p, ), t,2(t, @, p, 1), wdt

o0
+ D me. @ W@ T 9,0, 10, 2@, 9, 0, 1)
oi(w)<g
=P (¢, p, 1)

Then, we have the following theorem which, in case of two dimension, was shown
in Sect.2.1.

Theorem 2.2.3 Assume that q1(0) = 1, q1(0) # 0, | ¢2(0) |< 1, and the origin is a
focus for (2.2.69). Then, for sufficiently small ro and z,, there exists a function (1 =
8(ro, 20) such that the solution (r (¢, §(ro, 20)), 2(¢, 8(ro, 20))) of (2.2.70), with the
initial condition r(0, 8(ro, 20)) = 10, 2(0, 8(r0, 20)) = 20, is periodic with a period,
T = (27 = >0, 6;) B~ +o(lul).
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2.2.6 Examples

Example 2.2.1 Consider the following dynamical system:

x; = (0.1 — p)x; — 20xp + 2x1x2,

xy = 20x; + (0.1 — p)xs + 3xiz,

7 =(-03+wz+pxz, (x1,x,2) ¢.7,

Ax1 |y mer= (k1 + p)cos(F) — 1) x1 — (kg + 1) sin(F)xz,
AX) |y xmper= (k1 + ) sin(F)x; + (k1 + p?) cos(%) — 1) xa,
Az |(x1,xz,z)e<5’: (k2 +pn — Dz,

(2.2.78)

where k| = exp(—155), k2 = exp(—355), -/ = s X R, and the curve s is given by

the equation x, = x12 + /fo, x1 > 0. Using (2.2.76) and (2.2.77), one can define

5
G = (k1 + 1) exp ((o.l - u)%) ,

and .
q2() = (k2 + j1) exp ((—0.3 + M)%) :

It is easily seen that ¢1(0) = «1 exp(755) = 1, ¢1(0) = —5 # 0 and ¢2(0) = exp
(—lleg) < 1. Therefore, by Theorem2.2.3, system (2.2.78) has a periodic solution
with period %% if | w | is sufficiently small.

Figure 2.7 shows the trajectory of (2.2.78) with the parameter © = 0.05 and the
initial value (xq, x20, z0) = (0.02, 0, 0.05). Since there is an asymptotically stable
center manifold, no matter which initial condition is taken, the trajectory will get

closer and closer to the center manifold as time increases.

0.1

0.08

Fig. 2.7 A trajectory of (2.2.78)
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Starting point of an

0.055 / ’\4‘* "outer solution"
o —

0.05 (%5 X\
0.045 (\\ w
0.04 §\J,//

——————
0.035 e Starting point of an
0.03 - JSE==y “inner solution”
0025 %__{//

Fig. 2.8 There must exist a discontinuous limit cycle of (2.2.78)

In Fig.2.8, the existence of a discontinuous limit cycle is illustrated. There an
outer and an inner solution are shown which spiral to a trajectory lying between
these two. Since the exact value of the initial point for the periodic solution is not
known, we have shown two trajectories of (2.2.78).

Example 2.2.2 Consider the following dynamical system:

X = (=24 wxy —x2 + pz?,

xy = x1 + (=2 + wx2,

7= (-14+wz+p’xnz, (x1,x2,2) ¢ .7,

AX (ymesr= (k1 — xF = x3) cos(%) — 1) x1 — (k1 — x§ — x3) sin(F)xz,

AX) (e nyer= (k1 — x7 —x3) sin(Z)xy + (k) — xF — x3) cos(Z) — 1) xa,

(2.2.79)

Az |(x) . 0er= (k2 — 1 = ZZ)Z,

where x| = exp(lOT”), Ky = exp(%”), & =5 x R, ands isacurve given by the equa-
tion x, = x| + ;szf, x1 > 0. Using (2.2.76) and (2.2.77), one can define

Sm
q1() = K1 €xp ((—2 + M)?) ,

and
S5
q2(1) = Kz €Xp ((—1 + u)?) .

Now, ¢q1(0) =kjexp(— %) =1, ¢{(0)=F #0, ¢2(0) =rrexp(Z) = exp
(—%”). Moreover, associated D-system is:
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xp = —2x1 — x2,
xh = x1 — 2x2,
?=-z, (x1,%,2) ¢ Z,

(2.2.80)
Axy | xer= (k1 — x7 — x3) cos(3) — 1) x; — (ky — x7 — x3) sin(5)x2,
AXy | n0ye= (k1 — x§ — x3) sin(F)x; + (k] — x7 — x3) cos(F) — 1) xa,

Az |(X1,X2,z)€§": (ko —1— ZZ)Z,

where &2 = ¢ x R, £ is given by the equation x, = xy, x; > 0, and the origin is
stable focus. Indeed, using cylindrical coordinates, denote the solution of (2.2.80)
starting at the angle ¢ = 7 by (r(¢, ro, z0), 2(¢, 70, 20))-

We obtain
) 107
rn = (K1 —1,_{)n—1€Xp - )

and

Sm
Zn = (k2 — Zp_1)Zn—1 EXP (—?) :

where r, = r(% +2mn, ro, 20) and z, = z(3 + 27n, ro, 20). It is easily seen that
the sequences r,, and z,, are monotonically decreasing for sufficiently small (ry, zp),
and there exists a limit of (7,,, z,,). Assume that this limit is (§, n) # (0, 0). Then, it
implies that there exists a periodic solution of (2.2.80) and £ = (k; — £2)& exp(—loT”)
and n = (ko — n*)n exp(—%”) which give us a contradiction. Thus, (¢, n) = (0, 0).
Consequently, the origin is a stable focus of (2.2.80), and by Theorem2.2.3, the
system (2.2.79) has a limit cycle with period %57” if | w | is sufficiently small.

2.3 Periodic Solutions of the Van der Pol Equation

In this section, we apply the methods of B-equivalence and /-substitution to prove
the existence of discontinuous limit cycle for the Van der Pol equation with impacts
on surfaces. The result is extended through the center manifold theory for coupled
oscillators. The main novelty of the result is that the surfaces, where the jumps occur,
are not flat. Examples and simulations are provided to demonstrate the theoretical
results as well as application opportunities.

2.3.1 Introduction and Preliminaries

Getting bifurcation in dynamics with impacts relies mainly on collisions near
the impact point(s). That is why they are called corner-collision, border-collision,
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crossing-sliding, grazing-sliding, switching-sliding, etc., bifurcations [64, 66, 86,
112, 116, 133, 145, 181]. That is, the bifurcations are located geometrically. In our
present result, we do not have the geometrical source of bifurcation. It is rather rea-
soned by specifically arranged interaction of continuous and discontinuous stages
of the process. To be precise, we use a generalized eigenvalue to evaluate which we
apply a characteristic of the impact as well as of the continuous process between
moments of discontinuity. This approach when continuous and discontinuous stages
are equally participated in creating a certain phenomena is common for the theory of
differential equations with impulses [1, 216]. Our results are, rather, close to those,
which obtained for systems where continuous flows and surfaces of discontinuity
are transversal [1, 6, 39, 109, 150].

The main instruments in this section, except for the Hopf bifurcation technique,
are the methods of B-equivalence and -substitution developed in papers [1, 2, 6,
38, 40] for discontinuous limit cycles, and one has to emphasize that the set of all
periodic solutions of the nonperturbed system is a proper subset of all solutions near
the origin. By a discontinuous cycle, we mean a trajectory of a discontinuous periodic
solution.

The Van der Pol equation arises in the study of circuits containing vacuum tubes
and is given by

y' +e(l—y)y +y=0 (2.3.81)

where ¢ is a real parameter. If ¢ = 0, the equation reduces to the equation of simple
harmonic motion y” 4 y = 0. The term (1 — y?)y’ in (2.3.81) is usually regarded
as the friction or resistance. If the coefficient £(1 — y?) is positive, then we have
the case of “positive resistance,” and when the coefficient (1 — yz) is negative,
then we have the case of “negative resistance.” This equation, introduced by Lord
Rayleigh (1896), was studied by Van der Pol (1927) [229] both theoretically and
experimentally using electric circuits.

Hopf bifurcation is an attractive subject of analysis for mathematicians as well
as for mechanics and engineers [6, 39, 63, 66, 84, 110, 112, 133, 148, 160, 171,
190, 228, 229]. Many papers and books have been published about mechanical and
electrical systems with impacts [59, 64, 86, 116, 119, 161, 181, 232].

We consider the model with impulses on surfaces which are places in the phase
space and are essentially nonlinear while it is known that the Hopf bifurcation is
considered either with linear surfaces of discontinuity or with fixed moments of
impulses [59, 63, 64, 66, 77, 109, 112, 116, 133, 209]. We have developed a
special effective approach to analyze the problem in depth which consists of the
method of reduction in equations with variable moments of impacts to systems with
fixed moments of impacts [1], a class of equations on variable timescales [6, 40],
and a transformation of equations on time scales to systems with impulses [38]. This
is all the theoretical basis of the present results.
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Specifically, we consider the following system:

Y A2y + @+ By =F(y, Yy, w, . ¥) ¢ T,

/ ' ) 2.3.82
AY'lyyyerq =cy +dy + J(y, ¥, 1), ( )

where o, 8 #0, ¢, d are real constants with ¢ = ad, and F and J are ana-
Iytic functions in all variables. I" (i) is the set of discontinuity whose equation
is given by myy +myy + t(y,y’, u) =0, y > 0, for some real numbers m,
my; the function 7(y, y’, u) stands for a small perturbation; and Ay'|«y y)yerqy =
Yy (67) — y'(0) denotes the jump operator in which 6 is the time when the solution
(y, y') meets the discontinuity set I"(u), that is, 6 is such that m,y(0) + m,y’(0) +
T(y(8), ¥'(0), u) = 0, and y'(97) is the right limit of y'(¢) atz = 6. After the impact,
the phase point (y(61), y'(61)) will belong to the set I''(u) = {(u,v) e R*> 1 u =
vov=cy+({A+d)y +J(, ¥, n), () e I'(w)}. Here, y(@T) is the right limit
of y(¢) at r = 0. One can easily see that nonlinearity is inserted into all parts of the
model including the surface of discontinuity.

If we choose @ = ¢/2, B = /1 — a2 and F(y, y, ) = £y?y’ in the differential
equation of the system (2.3.82), then the Van der Pol equation will be obtained.
Therefore, (2.3.81) is a special case of (2.3.82), if the impulsive condition is not
considered. Note that if F(y, y', u) = & y2 y’ for some nonzero constant &, we still
have (2.3.81) after using the linear transformation y = \/¢/e>z of the dependent
variable.

To explain our application motivations, we consider the oscillator which is sub-
dued to the impacts modeled by the Newton’s law of restitution as a concrete mechan-
ical problem. Consider the system

7 / _ 2./ /
Y +eay +y=ayy, . y) ¢r, (2.3.83)
Ay |(y,y’)EF = dy s

where g1, &, are constants, d = e*™1@=¢0""" _ 1 I is the half-line y = 0, y’ > 0.
As it said above, the last system is a generalization of the Van der Pol equation with
impacts of Newton’s type. If one takes (2.3.83) with &, = 0, then the system is

Yi+ey +y=0, (y,y)¢r,

2.3.84
Ay/|(y,y’)el“ = dy/~ ( )

Note that the general solution of the differential equation without impulse condition
in (2.3.84) is given by

y(t) = e "7 (Cycos ((4 — &1)/?1/2) + Casin (4 — &) '/?/2)) , (2.3.85)
where C; and C, are arbitrary real constants. Let (0, y;) be any point on the line

I'" = TI'. That is, assume that y; > 0. Then, y(0) = 0, y'(0) = y; in (2.3.85) gives
us C; =0, C; = 2y, (4 — )71/, Thus, we obtain
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—-1/2 _ .
y(t) =2y (4— ) e 2sin (4 — 1) 1)2) .

Now, the first impact action takes place at time t = 7 where 7 > 0 and y(T) =0,
which means T' = 47 (4 — £7)~'/2. At that time, we have y'(T) = e~ 27e1é4=e0"" o/
and after the impact, we have y'(T") = (1 + d)y(T) = y;. Therefore, all solutions
starting on I"" are T = 47 (4 — 7)~1/2 periodic. One such solution with y;, = 0.06
is depicted in Fig.2.11.

The obtained result for (2.3.84) shows that the origin is the center for the system,
and it is analogous of the planar degenerated linear homogeneous system with con-
stant coefficients in the original Hopf bifurcation theorem. This gives us a hint to
apply the bifurcation technique to more general systems of type (2.3.82).

Systems of type (2.3.83) has been analyzed in many papers and books [59, 63, 66,
110, 148, 160, 216, 229] and references cited there. Here, we have mentioned just
some of them. We will apply the results of current chapter to prove the existence of
a stable periodic motion of the model, in the perturbed system corresponding to this
model. Moreover, in Example2.3.2, we will handle a more complicated case of two
coupled oscillators where one of the oscillators is subdued to the impacts modeled
by the Newton’s law of restitution.

We strictly believe that results of the present section can be applied to other
mechanical, electrical, as well as biological problems if one adopts the models by spe-
cial transformations to the considered case. Moreover, in the upcoming researches,
we plan to weaken some restrictions on the model. For example, the approach can be
extended to equations where surfaces of discontinuity do not intersect at the origin.

Finally, in the present study, we extend the results to the two-oscillator model
through the application of center manifold.

The analysis developed in this chapter can be applied to various problems of
mechanics, electronics, and biology.

2.3.2 Theoretical Results

2.3.2.1 Reduction to Polar Coordinates
Assume that functions F', J and t are analytic in all variables,
F@©,0,u) =J(0,0,u) =7(0,0,u) =0

for all w, and first derivatives of F, J and t at (y, ¥, u) = (0, 0, 0) vanish. We start
the theoretical investigation by writing (2.3.82) in the following form:

Y+ 200y + @ + By = GOLY . ) ETW, (55 g6
! = ! / (2.3.86)
AY'|(yyyerqy = cy+dy' +J (v, ),
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) 1/2
where a(n) =@ = 13£0,0, ), B0 = (o + f> —@P(w) — 2£0,0,0))
G(y y’ M) =F(y,y, ) — F(o 0, 1) — y’”F(o 0, t). Note that the functions

G, 2 i and S vanish at (0, 0, ,u) forall w. I (/L) can also be written as

() :mi(u)y +ma(w)y + oy, y', n) =0,

where m () = my + dt/dy(0, 0, w), my(u) = m; + 9t/3y’(0,0, w), and o (y,
Yo =t(y, ¥, w) —yar/dy(0,0, n) — y'dt/dy’(0, 0, w).

We write (2.3.86) as a system of first-order equations in xjx;-plane so that the
linear part has the coefficient matrix in Jordan form. For this purpose, we let x; =
(a(u)y +y)/B(n) and x, = y. Then, (2.3.86) is written as

xp = —a(u)x; — B(u)xa + H(xy, x2, j1),
= B(w)x1 —a(uxz, (x1,x2) ¢ I'(n), (2.3.87)
AX1| (), x)er = Ix1 + K(x1, x2, (),

where I = d, functions H and K are analytic in all their variables and they carry all
the properties of G and J, respectively. The discontinuity surface I"(u) is given by

() - ma(u)B(u)xy + (my(u) — a(u)ma(u))xz + t3(xg, x2, u) = 0.

Note that system (2.3.87) is more convenient to use the polar coordinates.

‘We shall now introduce the polar coordinates, but first, consider the set of discon-
tinuity points /" (1) in polar coordinates. Using the change of variables x; = r cos ¢,
Xy = rsin ¢, the curve I"(u) is represented as

() 2 ¢ = ¢o(p) +v(r, ¢, 1,

where ¢ () = arctan(m, () B () /(e (u)ymo () — mi(w))), visanalytic in all vari-
ables, 2 -periodic in ¢, and v = O'(r). Thus, using the polar coordinates, (2.3.87)
is transformed into the system

r'=—a(ur + Ry(r, ¢, ),

¢ =B + Ra(r,p, ), (r,9) ¢ I'(n), (2.3.88)
Arl.gyerq = k(uwr + R(r, ¢, ), e
Ad|rpyerqy = —0(1) + O, ¢, 1),

where Ry, R», R, © are all 2i-periodicin ¢, Ry = O(r?), R, = O(r), R = O(r?),
® = O(r) and

k(i) = /(12 4 21) cos®(¢o(n) + 1 — 1.

Eliminating the time variable, and considering ¢ as the independent variable, we
can write (2.3.88) as
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4 A+ B b ), o)+ E2y (1 . ),
Arlg=gy(+& rp) = k()r + R(r, @, w), (2.3.89)
APl p=gy(u)+6; (r. 9y = —O () + O(r, @, 1),

where A(u) = —a(un)/B(), &, ¢, u) =v(r, ¢, n). In a neighborhood of the
origin, it is easily seen that all solutions of (2.3.89), except for the trivial solution,
rotate around the origin. Note that the impacts occur once in every two meetings of
the trajectory with the discontinuity set I”(w). To indicate this notion, we use 2 in
the subscript in (2.3.89).

During one rotation around the origin, if a solution r(¢) of (2.3.89) performs the
first impact at the moment when ¢ = n,;, that is, 72; = ¢o + &2;(r (n2;), 12, 1),
and if it jumps to the point (r(y»;), y2;) after the impact, where y»; = ny; —
O(n) + O (r(n27), n2j, ), then this solution is defined on the variable timescale
Ujez(y2j + 2jm, n2j + 2(j + D)mr]. The variable timescale depends on the initial
data, and the timescale is different for different solutions. Thus, (2.3.89) is consid-
ered as an impulsive differential equation on variable timescale [40].

2.3.2.2 The B-Equivalent System

In this part, we shall reduce the system in polar coordinates on variable timescale
(2.3.89) to the system on the nonvariable timescale with transition condition [38],
using the method of B-equivalence [1, 6, 40].

Let r(¢) be a solution of (2.3.89) with initial condition r (¢9 (1)) = r, and assume
that ¢ = ny; is the first from left solution of ¢ = ¢o(1) + & (7, ¢, u). That is,
assume that r(¢) performs the first impact at the moment when ¢ = n,;. Let the
solution r(¢) jump to the point (r(y»;), y2;) after the impact. Then, we have

vaj =1y — O0(u) + O (n2), 02, 1),
r(y2j) = (L +k(u)r(n2) + R(r(n2;), n2j, ).

Throughout this section, m denotes the oriented interval for any a, b € R. That
is, it denotes [a, b] when a < b, and it denotes [b, a] otherwise.

Denote by r;(¢) the solution of

dr
% =rWr +Zr, ¢, 1) (2.3.90)

with the initial condition r{(y2;) = 7 (y2;).

For ¢ € [¢o(1), m2;1, we have

¢
r(g)=r +/ (A()r(s) + Z(r(s), s, wlds,
[

0 (1)
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—

and on the interval [y2;, ¢o(u) — 0(1)], we have

¢
r(@) =r(y2) + [ [Awri(s) + Zri(s), s, wlds.

Y2j

Thus,

do(1)—0 (1)
ri(go(p) —0(w) = r(y2;) +/ [A()ri(s) + Z(ri(s), s, w)lds

Y2j
= (L+k(u)r(n) +Z (), n2j, 1)

Po(—6(10)
+/ (A()ri(s) + Z(ri(s), s, w)lds
Y2j

n2

= (1 +k(n) |:V +/ j [A()r(s) + Z(r(s), s, M)]ds}
@0 (1)
+<%(r(772])7 UB I‘L)

@0 (1) —0 (1)
+ / A (5) + B (i (5), 5. 10)1ds.

Y2j

‘We now let

W(r, u) = ri(¢o(n) —0(w)) — (1 + k(u))r

M2
= (I +k(w) [A(r(s) + Z(r(s), s, w)lds
do(1)

+Z(r(n2). M2js )

o (1) —0 (1)
+/ A(u)ri(s) + Z(ri(s), s, )]ds.

Y2j

Defining W (u, ) and W (v, u), using the smallness of the right side function #
and continuous dependence on initial data, we can show that there exists a Lipschitz
constant £ and a bounded function m(£) such that

(W, ) = W, w)| < tm(&)|u — vl (2.3.91)

for all u, v € R. In Fig. 2.9, the construction of W is demonstrated. There, the point
Ais (r, ¢o(w)), B is the point where the first impact occurs. That is, B is the point
(r(n2;), n2;). The phase point jumps to C after the impact. That is, C is the point
(r(y2j), v2;)- Finally, D is the point (r1(¢o(p) — 6()), po(p) — 6 ().
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Fig. 2.9 B-equivalence and A X,
the map W (w

To (1) = 0=0,(1)

/B (W)

I'(w)

o

A\ 4

Now, we define the following system

L =rp+ R, ¢, 1), b # Po(),
Aplg=goy = k()p + W(p, w), (2.3.92)
AQlp=gy(uy = —O0(1).

It can be seen that in a neighborhood of the origin, all solutions of (2.3.92), except
for the trivial solution, rotate around the origin, as in the case of (2.3.89). The variable
¢ ranges over the timescale U, ¢z (¢o(t) — 6 (1) + 2nm, ¢po(p) + 2(n + 1)mr]. It can
be seen that the timescale is a union of overlapping intervals. Indeed, (2.3.92) is an
example of differential equation on a timescale with transition condition (DETCV)
[38]. Nevertheless, the timescale is of a new type, since the intervals are overlapping.

Definition 2.3.1 ([6]) We say that (2.3.89) and (2.3.92) are B-equivalent in a neigh-
borhood of the origin if corresponding to each solution r(¢) of (2.3.89), and there
is a solution p(¢) of (2.3.92) such that p(¢) = r(¢) for all ¢ except possibly on

the intervals [¢o (), n2;]1 and [y2;, do(1) — 0 ()], where n2; = mp; (1) is the angle
when r(¢) meets I' (1) and y»; = y»; (1) is the angle where r(¢) is after the impact.

From the construction made above for W, one can easily see that the following lemma
is valid.

Lemma 2.3.1 Systems (2.3.89) and (2.3.92) are B-equivalent in a neighborhood of
the origin.

2.3.2.3 ¢-Substitution
The independent variable ¢ in (2.3.92) ranges over the domain U, ¢z I,, where

I, = (¢o(p) — 6(w) + 2nm, () +2(n + Dm].
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Note that U, <z 1, is the union of overlapping closed intervals. That is,

Lynt1 i= Iy NIy = (fo(p) — 0(w) +2(n + D, go(w) + 2(n + D]

Therefore, we use a generalization of the so-called y-substitution [6, 38]. In our
case, the y-substitution is defined to be the shifting of the intervals. More precisely,
we redefine the intervals I, as I, := I, + nf(u). The piece of graph of a solution is
shifted accordingly. After the v/-substitution, we obtain /; N I, ; = {}, and hence,
the graph of any trajectory is a single-valued function.

Thus, using the 1 -substitution, we write (2.3.92) as

L =2p+ %P, 0. 1), ¢ F Po(1),

- (2.3.93)
Aplo=gouy = k()p + W(p, w),

where ¢ = ¥ (¢). To investigate the Hopf bifurcation in (2.3.93), we follow the clas-
sical method, and assume that the nonperturbed system has a family of periodic
solutions and the origin in the perturbed system corresponding to & = 0 is asymp-
totically stable. Consider the case u =0 :

[/ 7

dg =M +Z(p.9), ¢ F o, (2.3.94)
Ap'(p:(?() = k,O + W(Io)’

where 1, k, go, Z(p, ¢) and W (p) are the values of A(12), k(). do(1), Z(p, . 11)

and W(p, ) at u = 0, respectively. The nonperturbed system corresponding to

(2.3.94) is

o —
d(ﬂ Ap? @ # ¢)05 (2.3'95)
Aplygy = kp.

The impacts in (2.3.95) occur on the line I" : ¢ = ¢y, and after the impact, the
trajectory is on the line I’ : ¢ = ¢pg — 6. The solution r(¢) = r (¢, ¢o — 0, 1), 1o >
0, of (2.3.95) with the initial condition r (¢y — ) = ry, where the point (rg, ¢9 — 6)
is on the line I’ (see Fig.2.10), is given by r(¢) = roe* @+ for ¢y — 0 < ¢ <
¢o + 27. Therefore, before the first impact, we have r(¢y + 27) = roe~*7, where
T = 2w + 0)/B, and after the impact, the state position is r(¢y + 27") = (1 +
r(go+27) = (1 + ke *Try.
We construct the Poincaré map on the line I"’ and denote

_ r(@o+27")

=(1+k)e™ T, 2.3.96
p— (1 + ke ( )

from which we easily see that the following theorem holds.
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Theorem 2.3.1 If

(a) q =1, then all solutions of (2.3.95) with the initial conditions on I"" are T -
periodic;

(b) q < 1, then all solutions of (2.3.95) with the initial conditions on I'' spiral in
toward the origin;

(c) q > 1, then all solutions of (2.3.95) with the initial conditions on I'' move away
from the origin.

Remark 2.3.1 Inthis study, for given «, 8, and 6, we fix the number [ as I = (e*T —
cosf)/(cos® — e %T) — 1 so that ¢ = 1 and hence part (a) of the Theorem?2.3.1
holds (see Fig.2.10). Since g # 1 is the noncritical case, when the phase portrait is
persistent under perturbations, our present interest is only with the case (a) of the
Theorem2.3.1.

Remark 2.3.2 If g, which is defined in (2.3.96), is less than 1, then any solution of
(2.3.94) with the initial condition on I"’ spirals in toward the origin, and if ¢ > 1,
then the solutions move away from the origin. On the other hand, when g = 1 we
have the critical case. That is, a solution of (2.3.94) with the initial condition on I"’
may be periodic, and it may spiral in toward the origin or it may move away from
the origin. In this study, as mentioned before, the case g # 1 is not of our interest
and the critical case is investigated below.

2.3.2.4 Hopf Bifurcation

In this section, we consider (2.3.93) again:

L =2p+ %P, 0. 10), ¢ F do(u),

~ (2.3.97)
Aplp=goy = k(W)p + W(p, ).
Fig. 2.10 All solutions of AX, r
(2.3.95) with the initial
condition on I"" are periodic )
r
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We consider the corresponding linearized system around the trivial solution:

D —pwp, ¢ # do(w),

o (2.3.98)
Aplo=go) = k(W)p-
We construct the Poincaré map on the line I3 (1) and denote
q() = (1 + k(p))e T, (2.3.99)

in the same way as we defined (2.3.96).

Theorem 2.3.2 Assume that q(0) = 1, q'(0) # 0. Then for sufficiently small ry,
there exists a function pu = §(rg) with §(0) = 0 such that the solution r (¢, ro, 5(ro))
of (2.3.89) is periodic with a period T = 2n + 6)/B + o(|]). Furthermore, if
solutions of (2.3.94) spiral in toward the origin, then this periodic solution is a
discontinuous limit cycle.

Proof Let p(gp, ro, ) be asolution of (2.3.97). Because of the analyticity of solutions

[1], we have
o0

pQ2r, ro, 1) = D ai(wr

i—1
where a; (1) = 372, aij’, aro = q(0) = 1,a1; = q'(0) # 0. Define

V(ro, u) = p(2m, ro, ) — ro

[o.¢]
= q'(O)uro + Zaioré + ron’ My (ro, ) + rg uMa(ro, (1)
i=2

where M; and M, are analytic functions of ry, i in a small neighborhood of the
(0, 0). When the bifurcation equation, ¥ (rg, u) = 0, is simplified by r(, one can
write

H(ro, ) =0 (2.3.100)

where
o0
H(ro, ) = q' O+ D aiory™" + (> My (ro, 1) + ropMa(ro, ).
i=2
By the implicit function theorem, since

H(0,0) =0, %:f“) =4'(0) #0,
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for sufficiently small ry, there exists a function u = §(ry) with §(0) = 0 such that

r(¢, ro, 8(rp)) is a periodic solution. If we assume that a;o = O fori =2,...,¢ —1
and aso #~ 0, then from (2.3.100) one can obtain that

8(ro) = —

/(0) et + Za r. (2.3.101)

Analyzing the last expression, one can conclude that the bifurcation of periodic
solution exists if a stable focus for i = 0 is unstable for ;& # 0 and vice versa. Let
p(p) = p(e, ro, 1) be a periodic solution of (2.3.97). It is known that the trajectory
is limit cycle if

AV (Fo, [1)

<0. (2.3.102)
8r0

Now,

Y (r
( 0 M) q' Oy + Zlazoro + 2Ny (ro, 1) + ropNa(ro, ).

If ay is the first nonzero element among a;o and ayy < 0, then using (2.3.101) one
can obtain

Y (ro, 1)

3 = (£ — Dagiy " + O(p),
ro

where Q starts with a member whose order is not less than £. Hence, (2.3.102) is
valid. From the ¥ -substitution and B-equivalence of (2.3.89) and (2.3.92), one can
conclude that the theorem is proved.

Since the change of variables x; = r cos ¢, x; = rsin¢g,and y = x,, y' = x| —
ax, are one-to-one for § # 0, we see that the following theorem is valid.

Theorem 2.3.3 Assume that g(0) = 1, ¢'(0) # 0. Then for sufficiently small ini-
tial condition yy := (y(0), y'(0)) there exists a function u = §(yo) with §(0) =0
such that the solution y(t,0, yo, ) of (2.3.86) is periodic with a period T =
Qm +6)/B8 + o(|]). Furthermore, if solutions of (2.3.86) with the initial point
on I'j(0) spiral in toward the origin, then this periodic solution is a discontinuous
limit cycle.

Example 2.3.1 In the following example, we shall consider the model which is stud-
ied in many papers and books [59, 63, 66, 110, 148, 160, 216, 229]. Here, we insert
the impulse condition and consider

1 ! — 2.7 !
Yitay +y=eayy, ()¢ (2.3.103)
AY'lyyner = dy',
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where ¢ and ¢, are some nonzero real numbers and I is the discontinuity set which
is defined, in yy’-plane, by y = 0, y’ > 0. The nonperturbed system is written as

” ’ 2 2 — /
y j—2ay + (@ j—ﬂ )y =0, (v.y)¢Tr, (2.3.104)
AY'|y,yrer =dy'.
where a = £1/2, B = +/1 — a2, d = ¢*™/# — 1. Note that the general solution of
the differential equation without impulse condition in (2.3.104) is given by

Y(t) = e~ (C cos(Bt) + Cs sin(B1)), (2.3.105)

where C; and C; are arbitrary real constants. Let (0, y,) be any point on the line
I'" = I'. That is, assume that y; > 0. Then, y(0) = 0, y'(0) = y{, in (2.3.105) gives
us C; =0, C, = yy/B. Thus, we obtain

y(t) = yje " sin(B1)/B.

Now, the first impact action takes place at time ¢t = T where T > 0 and y(T) = 0,
which means T = 27/f. At that time, we have y'(T) = e 2"*/y( and after the
impact, we have y'(T+) = (1 4+ d)y(T) = ). Therefore, all solutions starting on I"/
are T = 27 /B periodic. One such solution with y, = 0.06 is depicted in Fig.2.11.

The fact that for (2.3.104), the origin is a center makes it suitable for application
of our theoretical results. For this reason, let us perturb (2.3.103) and bring it to the
notation of system (2.3.82). That is, let us consider the model

V' 4 2ay + @+ By =F(y,y.w, y)¢Trw, (2.3.106)
AY |yyrer =cy +dy + J(y, ', 10,

Fig. 2.11 A solution of the 0.08
nonperturbed system
(2.3.104) with the initial 0.06
condition y(0) = 0,
y'(0) = 0.06 0.041
0.02 1
> or
-0.02
-0.04
-0.06
-0.08 :

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08
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where = 0.15, B =1 — a2, F(y,y', u) = 0.02ay?y’ — uy2 4+ y + "), I'(w)
is the curve I'(u)={(,y)eR>:y+30u(y)? =0,y >0}, c=ad,
d=¢e"F —1, and J(y,y', ) = -2+ u)(y")?* Note that (2.3.106) is a spe-
cial case of (2.3.82) with m; =1, m, =0, (v, ¥y, u) = 30 (y")?. The term cy
in (2.3.106) has to be considered now as a small perturbation because of smallness
of y as the first coordinate of points 1" ().

To prove the existence of a periodic solution for (2.3.106), we find that the gen-
eralized eigenvalue is

1 1
= maf - — —— ).
a(w) exp( na(ﬂ ﬁ2+2u))

Then, one can easily find that ¢ (0) = 1 and ¢'(0) # 0. Therefore, by Theorem 2.3.3,
for sufficiently small 11, there exists a periodic solution with period ~407 /+/391.

When p = 01in (2.3.106), the origin is a stable focus. This can be seen in simula-
tions and the solution of (2.3.106) corresponding to u = 0 with the initial condition
y(0) =0, y'(0) = 0.06 is drawn in Fig.2.12.

To see an application of Theorem2.3.3, we take u = 0.08. By Theorem2.3.3,
we know that there exists a periodic solution corresponding to an initial value
(¥(0), ¥'(0)) in a sufficiently small neighborhood of the origin. Two solutions of
(2.3.106) are drawn in Fig.2.13. An “inner” solution with the initial condition
y(0) =0, y'(0) = 0.06 is drawn in red curve and an “outer” solution with the ini-
tial condition y(0) = 0, y'(0) = 0.12 is drawn in blue curve. These two solutions
approach to the limit cycle from inside and outside, respectively. Moreover, by The-
orem2.3.3, the period of the discontinuous limit cycle is approximately 407 /+/391.

Note that the differential equation of (2.3.106) for « = 0 becomes (2.3.81) with
¢ = 0.3. This example shows the application importance of our results.

Fig. 2.12 A solution of the 0.06
perturbed system with the 0.05}
initial condition y(0) = 0,

0.04
¥(0) = 0.06

0.03 |
0.02}

%, 001}
0
-0.01f
-0.02}
-0.03}

-0.04
-0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

y
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Fig. 2.13 An “inner” and an 0.12
“outer” solution of (2.3.106). oql
The inner solution is shown '

in red and it corresponds to 0.08 -
the initial condition 006l
y(0) =0, y'(0) = 0.06. The

outer solution is shown in 0.04 1
blue and it corresponds to the S 002}
initial condition y(0) = 0,

y(0) = 0.12 0
-0.02

-0.04
-0.06

-0.08 1 I ! !
-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

System (2.3.106) for i = 0 is one of the widely investigated models of the mech-
anisms with impacts determined by the Newton’s law of restitution. These models
have been studied in many books [66, 216] and papers cited there. One should men-
tion that surfaces of discontinuity in these results are flat. However, it is the first time,
we consider the surface of discontinuity as perturbed nonlinearly.

2.3.3 Center Manifold

In this section, we begin our development of the techniques and extend our results
to coupled oscillators. We show the existence of a center manifold. Consider

V' 420y + @+ By =Fi(y, Y.z, 2 1,
2y + (VP oNz=Fy,y. .2 . (0,Y) ¢ (), (2.3.107)
Ay/l(y,y’)ef'(u) =cy + dy/ + J(y7 y/9 /-'L)a

where y, y’ are the components of one oscillator, say (A), and z, 7" are the components
of another oscillator, say (B).

By using the means of the center manifold theorem [194] and its role for the
Hopf bifurcation in multidimensional systems, one can predict that the system of
oscillators (A) and (B) admits a limit cycle. Indeed, looking at the results of our
simulations given in Figs.2.14, 2.15, and 2.16, one can see that for the oscillator
(A) we have a discontinuous limit cycle, as in Example 2.3.1, and for the oscillator
(B) we have a continuous limit cycle. That is, for the whole system, the periodic
trajectory (y, z) is a discontinuous limit cycle.
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0.1 0.015
0.08 0.01
0.06
0.04 0.005
> 0.02 N 0
0 -0.005
-0.02
-0.04 -0t
-0.06 -0.015
-0.06 -0.04 -0.02 0  0.02 0.04 0.06 0.08 -0.015 -0.01 -0.005 0 0.005  0.01

z

y .
yy ' — coordinates zz ' — coordinates

Fig. 2.14 An “inner” solution of (2.3.117) for u = 0.08 corresponding to the initial condition
y(0) =0, y'(0) = 0.06, z(0) = 0.004, z’(0) = 0.002

0.15 0.15

0.1 0.1

0.05 0.05

> >

0 0

-0.05 -0.05

-0.1 -0.1
-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 -0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1

y

y
yy ' — coordinates zz | — coordinates

Fig. 2.15 An “outer” solution of (2.3.117) for u = 0.08 corresponding to the initial condition
y(0) =0, y'(0) = 0.12, z(0) = 0.04, Z/(0) = 0.02

0.15 0.15
0.1 0.1
0.05 0.05

. .

0 0
-0.05 -0.05
-0.1 -0.1

-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 -0.06-0.04-0.02 0 0.2 0.04 0.06 0.08 0.1

y y
! H ! H
yy’ — coordinates zz' — coordinates

Fig. 2.16 The “inner” and “outer” solutions of (2.3.117) given in Figs.2.14 and 2.15 are shown in
the same picture.
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As we did to obtain (2.3.86), we write (2.3.107) in the form

Y+ 20(0)y + (@2 () + B2 (w)y = Gi(y, ¥, 2.7, ).
2y (w7 + ) + 02wz = Ga(y. Y. 2. 2w, (0. Y) ¢ T'(w), (2.3.108)
AY |yyyerq =cy +dy +J (v, Y, w.

Let y; = (@ ()y +y)/B(), 2=y, z1 = (y(Wz + 7)) /o (1), z2 = z. Then,
(2.3.108) becomes

v =—a(wyr — By + Hi(y1, y2, 215 22, 1),

ys = Bw)yr — a(i)ys,

2y =—y(wz — oWz + Ha(yi, y2, 21, 22, 1), (2.3.109)
=0z — vz, O.y2) ¢ I'(p),

Ayiliymerq = Iyr + K(yi, 2, ).

We now use the cylindrical coordinates. That is, we use the polar coordinates for
the oscillator (A). Then, we eliminate the variable ¢, and obtain

d

é =1 wyr +Z(r, ¢, z1, 22, 1),

d - -

d—z =—y(Wz1 — (W22 + % (r, ¢, 21, 22, 1),

ae (2.3.110)
e oWz —y(Wza, ¢ # do(u) +5,(r, ¢, ),
Arlp=goutés;rp ) = k()1 + R(r, ¢, 1),

APls—go()+62; gy = =0T + O(r, ¢, 1),

where () = y(w)/B(n), 6 () = o(n)/B(n), and all other elements except for
%, are the same as in (2.3.89). Using B-equivalence and v-substitution, we get the

following system:

ﬁ = A,(/J,),O —‘,—@(,0, @, 21,22, I‘L)y

B 5z — 5y + i, ¢ )

21(0 =—y(Wz1 H)z2 200, ¢, 21,22, 1), (2.3.111)
Vé ~ ~

d—; =o(Wz — YWz, ¢ # do(),

APlympoy = k(o + W(p, ).
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The corresponding linearized system around the origin is

d
L = we.
dgzol
g—(p = —y(Wz — (W2, (2.3.112)
% =o(Wz1 —V(Wz2, ¢ # Po(i),
@

Aplp=pou) = k() p-

Like we obtained (2.3.99), we define

g1 () = (1 + k(p))e *WTw,

gr(p) = e 7T, (2.3.113)

Note that g;(0) = 1, and hence, we have the critical case for the first oscillator
and ¢»(0) < 1 if and only if y(0) > 0. For our system, we assume that g;(0) = 1
and ¢2(0) < 1.

By using the formulas for the integral manifolds developed in [194], one can see
that system (2.3.111) has a center manifold Sy() := {(p, ¢, u) : u = @y(p, p, 1)}
and a stable manifold S_(u) := {(p, ¢, u) : p = D_(¢, u, n)} where

4 ~
Do(p, p, 1) = / 7o(p, s, W2 (p(s, 0, ps 1), 5, uls, @, p, 1), wds (2.3.114)

—0Q

and

o0
D_(p,u, ) = —/ 7_(@,s, WZi(p(s, @, u, 1), s, uls, ¢, u, ), p)ds
4

+ 2 @ g W (pGs.g ). ) (23.115)

Qi<¢

in which ¢; = ¢ + 27i, u = (z1, 22),

cos(a(p) —s) —sin(o (u) — S)]

T (W)(e—s)
mo(p, s, ) = e [sin(&(u) — ) cos(a(u) —s)

and

T (@ sopw) =09 T+ k).

s<¢;j (L)<

In (2.3.114), the pair (p(s, ¢, p, 1), u(s, ¢, p, i)) denotes a solution of (2.3.111)
satisfying p(s, ¢, p, u) = p. Similarly, in (2.3.115), the pair (o (s, ¢, u, n), u(s, ¢,
u, ;1)) denotes a solution of (2.3.111) satisfying u(s, ¢, u, 1) = u.
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On the local center manifold, Sy(u), the first coordinate of the solutions of
(2.3.111) satisfies the following system

APlymgoiny = k(W)p + W(p, ).

By Theorem 2.3.3, we know that, for sufficiently small w, system (2.3.116) has a
periodic solution with period T = (27 + 6)/8 + o(w). That is, on the local center
manifold So(w), the p-coordinate of a solution of (2.3.111) is 7T-periodic. Because
of the T'-periodic properties of the right side functions, one can show that z; and z,
components of a solution of (2.3.111) are also T-periodic when the p-coordinate is.
Thus, we have the following theorem.

Theorem 2.3.4 Assume that q,(0) = 1, q{(0) # 0, g2(0) < 1. Then for sufficiently
small initial condition (yg, zo) := (¥(0), y'(0), z(0), 2’ (0)) there exists a function
1 = 8(yo, 20) such that the solution (y(t, 0, yo, n), z(t, 0, zo, i) of (2.3.107) is peri-
odic with a period T = (2r 4 0)/B + o(|i]). Furthermore, if solutions of (2.3.107)
with the yo-component of the initial point on I''(0) spiral in toward the origin, then
this periodic solution is a discontinuous limit cycle.

Example 2.3.2 Let us develop the model studied in Example2.3.1 further to two
coupled oscillators where one of the oscillators is subdued to the impacts. For this
reason, consider

V' 420y + (@ + By = Fi(y, Y.z, 2 1),
427+ oDz =FG, Y.z ), (3,Y) ¢ F'(w), (23.117)
AY |y yyerqy =dy + J(y, ¥, 1),

where y = 0.2, 0 =1,

Fi(yv,y. 2,7, w) = 0.02ay%y — ny2 +y + z + (2)?),
By, 2,7 0 =yyd — py( + 22+ @)D,

and all other elements are the same as in Example2.3.1.

As evaluated before, we have ¢(0) =1, ¢;(0) # 0, and y > O implies that
¢2(0) < 1. Thus, by Theorem?2.3.4, for sufficiently small u, there exists a peri-
odic solution with period 2407 /+/391. Let .« = 0.08. An “inner” solution with the
initial condition y(0) = 0, y’(0) = 0.06, z(0) = 0.004, z'(0) = 0.002 is drawn in
Fig.2.14 and an “outer” solution with the initial condition y(0) = 0, y’(0) = 0.12,
z(0) = 0.04, z'(0) = 0.02 is drawn in Fig. 2.15. These two solutions approach to the
limit cycle from inside and outside, respectively.
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2.4 Notes

The present chapter contains mainly results of papers [6, 39, 42] and is based on the
perturbation theory, which was founded by H. Poincaré and A.M. Lyapunov [169,
197], and the bifurcation methods [60, 65, 121, 129, 132, 171, 173, 207, 233].
The main result is the bifurcation of a periodic solution from the equilibrium of the
discontinuous dynamical system. After the initial impetus of H. Poincaré [195], A.
Andronov [60], and E. Hopf [129], this method of research of periodic motions has
been used very successfully for various differential equations by many authors (see
[109, 121, 132, 173] and references cited there). There have been two principal obsta-
cles of expansion of this method for discontinuous dynamical systems. While the
absence of developed differentiability of solutions has been the first one, the choice
of a nonperturbed system convenient to study has been the second. The present
investigation utilizes extensively the differentiability and analyticity of discontinu-
ous solutions discussed in Chap. 6 of [1]. The nonperturbed equation is specifically
defined. The results of the present chapter can be extended by the dimension enlarg-
ing [39] and application to differential equations with discontinuous right side [17].
They are applied to control the population dynamics [19], and can be effectively
employed in mechanics, electronics, biology, and medicine [60, 70, 121, 173, 178,
185].

In the second section, we have studied the existence of a center manifold and the
Hopf bifurcation for a certain three-dimensional discontinuous dynamical system.
The bifurcation of discontinuous cycle is observed by means of the B-equivalence
method and its consequences. These results will be extended to arbitrary dimension
for a more general type of equations.

Many evolutionary processes are subject to the short-term perturbation whose
duration is negligible when compared to that of the whole process. This perturbation
results in a change in the state of the process. This change can be at fixed moments
or when the state process meets a certain set of discontinuity. These systems model
a variety of problems of mechanics, electronics, physics, chemistry, medicine, etc.,
[59, 63, 64, 66, 77, 84, 109, 112, 116, 130, 145, 150, 179, 209, 228, 232].

In most of the references cited here, the impulse action or the change in the phase
space takes place on a flat surface. The theory in which nonlinear surfaces of discon-
tinuity are present has not been investigated fully because of the lack of theoretical
results. The problem of discontinuous models where the surfaces of discontinuities
are not flat is very actual because of natural possibilities of perturbations. It is natural
that one should involve perturbation not only into the differential equation or in the
impulse function, but also into the equations for the surfaces of discontinuity.

The discontinuities of the equation which determines the moments of jumps are
investigated in many papers and books [216]. In most general form, the results are
formulated and expressed in [1], and the present results widely use this information.

In last section, the method of B-equivalence and -substitution [1, 2, 6, 38, 40]
is used effectively to observe the Hopf bifurcation of periodic solution. We proved
the existence of discontinuous limit cycle for the Van der Pol equation performing
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impacts on surfaces. We extended the results to two coupled oscillators through
the application of the center manifold theory [194]. These theoretical results could
be extended to arbitrary dimension and apply them to well-known discontinuous
mechanical models.

One should mention that we consider the Hopf bifurcation without reduction in
the problem of Hopf bifurcation of the maps as it is usually done in the literature. So,
the system which admits the origin as a center in our case is nonlinear one (2.3.95),
but its elements are linear. This approach to the investigation is respectively new and
promisive.

Based on the present results, one can investigate multioscillatory system where
not only one of the oscillators is discontinuous but several of them are discontinuous
[63, 114, 118, 190].
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