
Chapter 2
Bare Parameters at Cutoff Scale

Abstract The discovery of the Higgs boson determines the last parameter in the
SM, the Higgs self coupling λ. This allows us to extrapolate the SM up to very high
scale such as the string/Planck scale. In this chapter, we calculate the bare parameters
as functions of the cutoff scale �, and check the theoretical consistency, instability
and perturbatively. Especially, we focus on the structure of the Higgs potential. In
Sect. 2.1, we present the effective potential of the SM. In Sect. 2.2, we calculate the
quadratic divergent part of the bare Higgs mass at the two loop level. In Sect. 2.3,
we give the numerical estimation of bare parameters as functions of the cutoff scale.
In Sect. 2.4, we give the relation between bare couplings and MS ones. In Sect. 2.5,
we discuss the effect of the graviton on bare parameters. In Sect. 2.6, we comment
on the metastability issue of the electroweak vacuum.

2.1 The Standard Model Effective Potential

In order to discuss the Higgs potential precisely, we need to calculate the loop cor-
rection of the Higgs potential. The general one loop potential [1] in MS scheme is
given by [2]

V =
∑

n

(−1)2sn (2sn + 1)
1

64π2
m4

n

(
log

m2
n

μ2
+ a

)
, (2.1)

where a = −3/2 for spin sn = 0, 1/2 and a = −5/6 for spin sn = 1 with mn being
effective mass. The summation is taken over real scalars, two component fermions
and vectors.

Then, in the Landau gauge, Coleman-Weinberg potential of the SM Higgs is
calculated as

Vtree = e4�(ϕ) λ(μ)

4
ϕ4, (2.2)

V1−loop = e4�(ϕ)

{
− 3Mt (ϕ)4

16π2

(
ln

Mt (ϕ)2

μ2
− 3

2
+ 2�(ϕ)

)
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+ 6MW (ϕ)4

64π2

(
ln

MW (ϕ)2

μ2
− 5

6
+ 2�(ϕ)

)
+ 3MZ (ϕ)4

64π2

(
ln

MZ (ϕ)2

μ2
− 5

6
+ 2�(ϕ)

) }
,

(2.3)

�(ϕ) =
∫ ϕ

Mt
γ d ln μ, (2.4)

γ = 1

(4π)2

(
9

4
g22 + 3

4
g2Y − 3y2t

)
, (2.5)

where ϕ is the field value of the Higgs, H = ϕ/
√
2, MW (ϕ) = g2ϕ/2, MZ (ϕ) =√

g2Y + g22 ϕ/2, and Mt (ϕ) = ytϕ/
√
2.

From above expression, we can define the effective quartic coupling of the Higgs
potential as follows.

λeff (ϕ, μ) = e4�(ϕ)λ(μ) + e4�(ϕ) 1

16π2

[
− 3y4t

(
ln

y2t ϕ2

2μ2
− 3

2
+ 2�(ϕ)

)

+ 3g42
8

(
ln

g22ϕ2

4μ2
− 5

6
+ 2�(ϕ)

)
+

3
(
g2Y + g22

)2

16

⎛

⎝ln

(
g2Y + g22

)
ϕ2

4μ2
− 5

6
+ 2�(ϕ)

⎞

⎠
]
.

(2.6)

The two loop formula is given in Ref. [3], and we use it for our analysis.

2.1.1 Scheme Independence of the Coleman-Weinberg
Potential

In this section, we comment on the scheme independence of the Coleman-Weinberg
potential by taking φ4 theory Lagrangian as an example,

L = 1

2
(∂μφ)2 − 1

2
m2φ2 − λ

4!φ
4. (2.7)

The Coleman-Weinberg potential is

−iV1−loop = −1

2

∫
dd p

(2π)d
log

(
−p2 + λϕ2

2

)

= − i

2

∫
dpE

�d p
d−1
E

(2π)d
log

(
p2E + λϕ2

2

)
, (2.8)
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where �d = 2πd/2/�(d/2). Then, we have

V1−loop = 1

�( d2 )

1

2

∫
dp2E

(p2E )d/2−1

(4π)d/2
log

(
p2E + λϕ2

2

)

= 1

�( d2 )

1

2

1

(4π)d/2

2

d

(
(p2E )d/2 log

(
p2E + λϕ2

2

) ∣∣∣∣
∞

0

−
∫

dp2E
(p2E )d/2

p2E + λϕ2

2

)

= − 1

�( d2 )

1

2

1

(4π)d/2

2

d

(
λϕ2

2

)d/2 ∫
dx

xd/2

1 + x

= − 1

�( d2 )

1

2

1

(4π)d/2

2

d

(
λϕ2

2

)d/2 ∫
dyyd/2(1 − y)−1−d/2

= −1

2

1

(4π)2−ε

2

d

(
λϕ2

2

)2−ε
d

2
�

(
−d

2

)

= −1

2

1

(4π)2

(
λϕ2

2

)2 (
1 + ε log(4π) − ε log

(
λϕ2

2

)) 1
ε
− γ

(−2 + ε)(−1 + ε)

= 1

64π2

(
λϕ2

2

)2 (
−1

ε
+ γ − log(4π) + log

(
λϕ2

2

)
− 3

2

)
. (2.9)

In the MS and MS schemes, the divergence is subtracted as follows.

−1

ε
→ − log(μ2) (MS scheme)

−1

ε
+ γ − log(4π) → − log(μ2) (MS scheme). (2.10)

Therefore, Coleman-Weinberg potential becomes

V = Vtree + V1−loop

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ϕ4

4!
{
λMS + 3

32π2
(λMSϕ

2)2
(
log

(
λMSϕ

2

2μ2

)
+ γ − log(4π) − 3

2

)}
for MS

ϕ4

4!
{
λMS + 3

32π2
(λMSϕ

2)2
(
log

(
λMSϕ

2

2μ2

)
− 3

2

)}
for MS

(2.11)

In order to compare λMS and λMS, let us calculate four point function with external
momentum (p1 + p2)2 = (p1 + p3)2 = (p1 + p4)2 = P2:
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〈φ(p1)φ(p2)φ(p3)φ(p4)〉 = − iλ + (−iλ)2

2
με

∫
ddk

(2π)d

i2

k2(P + k)2
× 3

= − iλ + 3

2
iλ2με

∫ ∫
dx

ddlE
(2π)d

1

(l2E − x(1 − x)P2)2

= − iλ + 3

32π2
iλ2

(
1

ε
− γ + log(4π) + log

(
μ2

−x(1 − x)P2

))
.

(2.12)

Then, we obtain

λMS = λMS − 3

32π2
λ2
MS

(γ − log(4π)). (2.13)

Substituting Eq. (2.13) into Eq. (2.11), we can see that effective potential in MS and
that in MS are the same.

2.1.2 How to Calculate the Beta Function

This part is based on Refs. [4, 5]. In the previous sections, we have seen that we need
the beta function and gamma function in order to evaluate the effective potential.
We review the calculation of these functions using the dimensional regularization,
namely d = 4−2ε. Then, requiring that FμνFμν , ψ̄i∂μγ

μψ and ψ̄i Aμγ
μψ have same

dimension, we can fix the dimension in unit of momentum as [Aμ] = 1, [ψ] = 3/2,
and overall 1/g2B factor has dimension [1/g2B] = d−4 = 2ε. Hence, we parameterize
gB as

gB = μ̄ε Z̄gg, (2.14)

where

μ̄ = μ√
4π

eγE . (2.15)

Here γE is the Euler constant. This corresponds to the usual one loop subtraction
of (1/ε − γE + log(4π))/(4π)2, which can be found in the elementary textbook of
quantum field theory like Ref. [6].

By using this μ, the renormalization of the coupling constant is

gB = μεZgg, Zg = 1 +
∞∑

i=1

Z (i)
g (g)

εi
. (2.16)

The dimensional analysis tells us that Z (i)
g (g) depends on μ only through g(μ).

We also note that Eq. (2.16) does not contain ε0, ε1, . . . terms. This corresponds to
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the choice of the counter term in the scheme, and therefore this is nothing but the
definition of MS scheme.

The definition of the beta function is

βg = μ
∂

∂μ
g. (2.17)

The partial derivative means that gB and ε are fixed.
From the definition, we have

βg = μ
∂

∂μ

(
μ−εZ−1

g gB
) = −εg − gβg

∂

∂g
log Zg, (2.18)

which becomes
(

βg + εg + gβg
∂

∂g

)
Zg = 0. (2.19)

We substituting Eq. (2.16) into this, and put ansatz on βg = ∑i=N
i=0 β(i)

g εi , where
N is some finite number. Then it turns out that

β(i)
g = 0, (2 ≤ i ≤ N )

β(1)
g = −g,

β(0)
g = −gβ(1)

g

∂

∂g
Z (1)

g . (2.20)

Hence, in order to calculate the beta function in MS scheme, we take the simple pole
of ε in Zg:

lim
ε→0

βg = g2
∂

∂g
Z (1)

g . (2.21)

The similar derivation is applicable to the gamma function. From the definition,

γφ = 1

2
μ

∂

∂μ
log Zφ, (2.22)

we can derive
(

βg
∂

∂g
− 2γ

)
Zφ = 0, (2.23)
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where Zφ is the wavefunction renormalization of a scale field φ, φB = √
Zφφ. As a

result, we obtain

γφ = −1

4
g

∂

∂g
Z (1)

φ . (2.24)

A few comments on the properties of the beta and gamma functions are in order.

1. The coefficients of O(g3),O(g5) terms in the beta function and O(g3) term in
gamma function are independent of the scheme.
This can be seen by starting from the given beta function of some scheme,

βg = b0g
3 + b1g

5 + O(g7). (2.25)

Let us calculate the beta function in different scheme, β′
g′ := μ∂μg

′. Here
g′ = g + ag3 + O(g5) is taken.1 β′

g′ becomes

β′
g′ = βg

dg′

dg

= (b0g
3 + b1g

5 + O(g7))(1 + 3ag2 + O(g4))

= b0g
′3 + b1g

′5 + O(g′7). (2.26)

2. The zero of the beta function, β(g∗) = 0, is independent of the scheme.
If the beta function vanishes at g = g∗ in some scheme, β′

g′(g′(g = g∗)) also
does:

β′
g′(g′(g = g∗)) = βg(g∗)

dg′

dg
= 0. (2.27)

Therefore, the existence of a fixed point is scheme independent.

3.
dβ

dg
at g = g∗ is independent of the scheme.

dβ′
g′

dg′ = dβg

dg
+ ∂g

∂g′ βg(g∗)
∂2g′

∂g2
= dβg

dg
. (2.28)

This independence is importance because dβ/dg determines the flow around a
fixed point. This means that the critical exponent is scheme independent quantity.

4. The leading term of γφ is independent of the scheme.
We write a relation between the wavefunction renormalization as

Z ′
φ(g

′) = Zφ(g)Fφ(g), Fφ(g) = 1 + O(g2) (2.29)

1In general, scale μ′ can also be different from μ. Here we assume that μ′ ∝ μ.
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For some scheme, γφ(g) = c0g2 + O(g4), then

γ′
φ(g

′) = 1

2
μ

∂

∂μ
log(Zφ(g)Fφ(g))

= γφ(g) + 1

2
βg

∂

∂g
log Fφ(g)

= c0g
2 + O(g4). (2.30)

5. γφ(g) = γ′
φ(g

′) at a fixed point, βg(g∗) = 0.
This is obvious from the Eq. (2.30).

The leading contribution in beta function and gamma function corresponds to
the summation of the leading logarithm. The renormalization group equation for the
one-particle irreducible Green function �(n) is

(
μ

∂

∂μ
+ βg

∂

∂g
− nγφ

)
�(n) = 0. (2.31)

By introducing t := log(μ/Q) where Q is some pivot scale, we have

∂

∂t
�(n)(t, g) =

(
βg

∂

∂g
− nγφ

)
�(n). (2.32)

Formally we can solve it, and obtain

�(n)(t, g) = exp

[
t

(
βg

∂

∂g
− nγφ

)]
�(n)(0, g)

=
∑

m

1

m!
(
log

μ

Q

)m (
βg

∂

∂g
− nγφ

)m

�(n)(0, g) (2.33)

The point is that the mass independent scheme such as MS, β and γ does not have
explicit dependence of μ.

The inclusion of leading term of the beta and gamma function corresponds to
the summation of leading log. The next-to-leading, next-to-next-leading, . . . terms
correspond to next-leading log, next-to-next-leading log, . . ., respectively.

2.2 Bare Higgs Mass at the Two Loop

In the following, we will estimate the bare parameters of the SM, and check the
theoretical consistency. To compute the bare parameters is important because these
are inputs for numerical consideration of the cutoff scale physics such as string theory.
There are two kinds of the bare parameters, dimensionless coupling and dimensionful
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one. The dimensionless couplings are the gauge couplings, Yukawa couplings and
Higgs self coupling, while dimensionful coupling is the bare Higgs mass. As we will
see in Sect. 2.4, the dimensionless couplings are well approximated by MS ones.
On the other hand, the bare Higgs mass needs extra computations. In this section,
we calculate the bare Higgs mass at the two loop level. See Refs. [7–11] for related
topic. The dominant part of the bare Higgs mass is the quadratic divergence, so we
focus on this part, and calculate it by a cutoff scheme. We have performed the two
loop level calculation, and obtain the bare mass as follows:

m2
B, 1−loop = −

(
6λB + 3

4
g2Y B + 9

4
g22B − 6y2t B

)
I1, (2.34)

m2
B, 2−loop = −

{
9y4t B + y2t B

(
− 7

12
g2Y B + 9

4
g22B − 16g23B

)

− 87

16
g4Y B − 63

16
g42B − 15

8
g2Y Bg22B

+ λB
(−18y2t B + 3g2Y B + 9g22B

) − 12λ2
B

}
I2. (2.35)

Here I1 and I2 are quadratic divergent loop integrals,

I1 :=
∫

d4 pE
(2π)4

1

p2E
, (2.36)

I2 :=
∫

d4 pE
(2π)4

d4qE
(2π)4

1

p2Eq
2
E (pE + qE )2

, (2.37)

yt B ,λB , g3B , g2B and gY B are bare topYukawa, bareHiggs self coupling, bare SU (3)C
coupling, bare SU (2)L coupling and bare U (1)Y coupling, respectively.

The vanishing bare Higgs mass condition at the one loop is nothing but Veltman
condition [8]. In the computation, we take the physical Higgs mass to be zero and
work in symmetric phase. This is because the dimensional analysis tells us that the
quadratic divergent part is same both in symmetric phase and broken phase, and
is independent of physical Higgs mass. In addition, Landau gauge is taken. The
use of Landau gauge drastically reduces the number of Feynman diagram. In Landau
gauge, the following class of diagramvanishes since three point coupling is derivative
coupling, and external momentum is zero:

(2.38)
In Figs. 2.1 and 2.2, we show non-vanishing diagrams and their contributions.
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Fig. 2.1 g4 terms in m2
B, 2−loop in units of I2

Fig. 2.2 The terms other than g4 in m2
B, 2−loop in units of I2
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In order to fix the ratio of I1 and I2, the cutoff scheme should be specified. In this
thesis, we take proper time regularization:

∫
d4kE

1

k2E
=

∫ ∞

ε

dα

∫
d4kE e

−αk2E , (2.39)

By employing this regularization, the one loop and two loop integrals are calcu-
lated as

I1 = 1

ε

1

16π2
,

I2 =
∫

d4k

(2π)4

d4 p

(2π)4

1

k2 p2(p + k)2

=
∫ ∞

ε

dα

∫ ∞

ε

dβ

∫ ∞

ε

dγ
d4k

(2π)4

d4 p

(2π)4
e−αp2−βk2−γ(p+k)2

=
∫ ∞

ε

dα

∫ ∞

ε

dβ

∫ ∞

ε

dγ
π4

(2π)8

1

(αβ + βγ + γα)2

= 1

ε

∫ ∞

1
dα′

∫ ∞

1
dβ′

∫ ∞

1
dγ′ π4

(2π)8

1

(α′β′ + β′γ′ + γ′α′)2

= 1

ε

1

(16π2)2
ln

26

33
� 0.005 I1. (2.40)

Here α′ = ε α, α′ = ε β and α′ = ε γ. If we employ the usual momentum cutoff, we
obtain

I1 = �2

16π2
, (2.41)

which implies the relation 1/ε = �2. We note that the ratio Eq. (2.40) depends on
the cutoff scheme. However, in the next section, we will show that the two loop effect
is small, and therefore we can safely neglect the cutoff scheme dependence.

2.3 Bare Parameters at the Cutoff Scale

In this section, we numerically solve the renormalization group equations (RGEs),
and evaluate the bare parameters at the cutoff scale. The values of SM couplings at
the electroweak scale are given in Ref. [3]:

g2(Mt ) = 0.64822 + 0.00004

(
Mt

GeV
− 173.10

)
+ 0.00011

(
MW − 80.384GeV

0.014GeV

)
, (2.42)
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gY (Mt ) = 0.35761 + 0.00011

(
Mt

GeV
− 173.10

)
+ 0.00021

(
MW − 80.384GeV

0.014GeV

)
, (2.43)

g3(Mt ) = 1.1666 + 0.00314

(
αS(MZ ) − 0.1184

0.0007

)
− 0.00046

(
Mt

GeV
− 173.10

)
, (2.44)

yt (Mt ) = 0.93558 + 0.00550

(
Mt

GeV
− 173.10

)
− 0.00042

(
αS(MZ ) − 0.1184

0.0007

)

− 0.00042

(
MW − 80.384GeV

0.014GeV

)
± 0.00050th, (2.45)

λ(Mt ) = 0.12711 + 0.00206

(
MH

GeV
− 125.66

)
− 0.00004

(
Mt

GeV
− 173.10

)
± 0.00030th.

(2.46)

The RGE of the SM at two loop level is in Appendix B. The mass of the Higgs
boson is

MH = 125.09 ± 0.24GeV (2.47)

at the 1σ by Particle Data Group [12]. The SU (3)C gauge coupling is

αS(MW ) = 0.1185 ± 0.0006GeV. (2.48)

We note that the current error of the value of the top mass:

Mpole
t =

{
171.2 ± 2.4GeV, MITP [13],
176.7+4.0

−3.4 GeV, PDG [14], (2.49)

MPythia
t =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

173.21 ± 0.51 ± 0.71GeV, direct measurement, PDG [14],
174.98 ± 0.76GeV, D0 [15],
174.34 ± 0.64GeV, D0+CDF [16],
173.34 ± 0.76GeV, ATLAS [17],
172.38 ± 0.10 ± 0.65GeV, CMS [18].

(2.50)

As we can see, there are two types of top masses, Mpole
t and MPythia

t . MPythia
t is

measured by usingMonte Carlo simulation. The experiment observes themomentum
of the color singlet decay product of t t̄ , and compares with the event shape of Monte
Carlo simulation. The problem is that we do not know the relation between MPythia

t

and MS parameters, which is important for renormalization group (RG) evolution.
Moreover, MPythia

t inevitably suffers from uncertainty of hadronization.
On the other hand, Mpole

t is defined as a pole of two point function of the top
field. At least perturbatively, Mpole

t is well defined, and can be written by using MS
couplings. Therefore, we use Mpole

t in the thesis. Mpole
t is measured from inclusive

cross section of t t̄ , σ(pp → t t̄ X) at the LHC. We can see that Mpole
t still has large
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uncertainty. As we will see, in order to discuss the criticality of the SM precisely,
the error of Mt should become small.

The way of precision measurement of the top mass is the threshold scan of the
toponium state, which can be done by, e.g. international linear collider (ILC) inwhich
initial energy of electron and positron is controlled. In the ILC, the error of top mass
is estimated as O(10–100)MeV. In the following, we take

Mpole
t = 171.2 ± 2.4GeV (2.51)

as a reference value.
Then let us move on numerical calculation. We plot the running of bare para-

meters in the left panel of Fig. 2.3. The largest uncertainty comes from the error of
the top mass Eq. (2.51), we represent it as bands. Surprisingly, we can find triple
coincidence if the top quark mass is 170 GeV: the Higgs self coupling λ, its beta
function βλ and bare Higgs mass take zero around the string/Planck scale. Figure2.4

gY

g2

g3
yt

mB
2 I1

5 10 15 20

0.0

0.5

1.0

1.5

2.0

Log10 GeV

Fig. 2.3 Left The bare parameters as functions of the cutoff scale � as well as the beta function of
λ. The band corresponds to the two sigma deviation of the top mass, Eq. (2.51). Right The triple
coincidence occurs if Mt = 170 GeV

Fig. 2.4 The light blue band
is RGE running of λeff (μ).
λeff (μ) is defined by two
loop effective potential, and
we have used 2 loop RGE.
The dark blue band is the
beta function multiplied by
ten, 10 × dλeff/d ln μ.
MH = 125.09 GeV and
αs = 0.1185 are taken. The
band corresponds to 95% CL
deviation of Mt

eff

10 d eff d ln

5 10 15 20
0.05

0.00

0.05

0.10

Log10 GeV

ef
f
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124.4 124.6 124.8 125.0 125.2 125.4 125.6 125.8

170.5

171.0

171.5

124.4 124.6 124.8 125.0 125.2 125.4 125.6 125.8
18.2

18.3

18.4

18.5

18.6

18.7

Fig. 2.5 Left: Mt realizing λmin = 0 as a function of MH . We use the two loop RGE and effec-
tive potential. The light green band and dotted line correspond to 95% deviation of αs and MH ,
respectively. Right The scale μmin that realizes λmin = 0

5 10 15 20 25
0.5
0.0
0.5
1.0
1.5
2.0
2.5
3.0

Log10 GeV

m
B I 1

164 166 168 170 172 174 176 178

15

20

25

Mt GeV

Lo
g 1

0
m
B
2

0

Fig. 2.6 Left The bare Higgs mass as a function of �. The band corresponds the deviation of the
top mass at 95% C.L. Right The scale where the bare Higgs mass takes zero as a function of Mt

is the enlarged view of the effective self coupling λeff and its derivative as functions
of the renormalization scale μ. The band is same as Fig. 2.3. In the left panel of the
Fig. 2.5, Mt realizing λmin = 0 as a function of MH is plotted. In the right panel,
we can see the scale μmin that realizes λmin = 0. From this we can see that the two
loop effect is small. In Fig. 2.6, we show the bare Higgs mass as a function of the
cutoff scale � at the two loop level. The right panel represents the scale where the
bare mass vanishes. The dashed and solid lines correspond to one-loop and two-loop
calculations, respectively. We can see that the two loop effect is small, as we noted
before. The bare mass and the self coupling at the Planck scale is shown in Fig. 2.7,
as well as the beta function of the self coupling. It can be seen that there is three coin-
cidence. The bare mass, self coupling and its beta function simultaneously become
zero if the top quark mass is around 170GeV.



18 2 Bare Parameters at Cutoff Scale

Fig. 2.7 The blue solid
(dashed) line corresponds to
the one-plus-two-loop
(one-loop) bare mass m2

B
(m2

B, 1−loop) in units of

M2
P/16π2 for � = MP . For

comparison, we also plot the
quartic coupling λ at the
Planck scale with the red
dotted line. The central
values αs(mZ ) = 0.1185 and
mH = 125.9 GeV are used
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2.4 The Relation Between Dimensionless Bare Couplings
and MS Couplings

We have approximated the bare couplings byMS ones. In this section, we present the
justification of this approximation. The relation between dimensionless bare coupling
andMS coupling can be obtained by calculating a physical quantity. Here we present
the relation inφ4 theory by performing the one loop integral of the four point function
〈φ(p1)φ(p2)φ(p3)φ(p4)〉. As there is no wavefunction renormalization at the one
loop level, we can take φB = φ. The one loop calculation in the MS scheme can be
found in Eq. (2.12). In the momentum cutoff scheme, we get

− iλB + (−iλB)2

2

∫
d4k

(2π)4

i2

k2(P + k)2
× 3

= − iλB + 3

2
iλ2

B

∫ �2

0

∫ 1

0
dx

d4lE
(2π)4

1

(l2E − x(1 − x)P2)2
. (2.52)

Taking P2 = −�2, we obtain

〈φ(p1)φ(p2)φ(p3)φ(p4)〉 = −iλB + 3

32π2
iλ2

B

log(161 + 72
√
5)

2
√
5

� −iλB + 0.01 × iλ2
B . (2.53)

Finally we have

−iλ(μ) + 3

32π2
iλ(μ)2

(
log

(
μ2

�2

)
− 2

)
= −iλB + 3

32π2
iλ2

B

log(161 + 72
√
5)

2
√
5

,

(2.54)
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and the relation between bare and MS coupling can be derived as

λB = λ(�) − 3

32π2
iλ(�)2

(
2 + log(161 + 72

√
5)

2
√
5

)
. (2.55)

Now we have confirmed that the difference between two couplings are very small,
and the approximation λB � λ(�) is justified.

Now let us evaluate the effect of above approximation on the scale where the bare
Higgs mass vanishes. The relation between the bare and MS coupling in the SM is
generally written as

λi
MS

(μ) = λi
B +

∑

jk

ci jk(μ/�) λ
j
Bλk

B + O(λ3
B), (2.56)

ci jk(x) := f i jk + bi jk ln x + O(x2), (2.57)

where bi jk represents the one loop coefficient of the beta function, f i jk represents
the finite correction and λi

B represent (
{
g2Y B, g22B, g23B, y2t B,λB

}
). Since the all SM

couplings are perturbative up to the Planck scale, we have

μ � �,

∣∣∣∣∣
λi
MS

16π2
ln(μ/�)

∣∣∣∣∣ � 1, (2.58)

and therefore

λi
MS

(μ) = λi
B +

∑

jk

(
f i jk + bi jk ln

μ

�

)
λ
j
Bλk

B, (2.59)

is the good approximation. On the other hand, the scale dependence of MS coupling
can be written by using beta function,

λi
MS

(�) = λi
MS

(μ) +
∑

jk

bi jkλ j
MS

(μ)λk
MS

(μ) ln
�

μ
, (2.60)

at one loop level. Combining Eqs. (2.59) and (2.60), we obtain the following formula:

λi
MS

(�) = λi
B +

∑

jk

f i jkλ j
Bλk

B . (2.61)

This is generalization of Eq. (2.55).
As a result, the correction to the bare Higgs mass is given by

�m2
B =

⎛

⎝aiλi
MS

(�) −
∑

i jk

ai f i jkλ j
MS

(�)λk
MS

(�)

⎞

⎠ I1, (2.62)
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Here ai is the coefficient of the one loop bare mass. We denote the scale where the
bare mass without correction vanishes by �0,

aiλi
MS

(�0) = 0. (2.63)

Then, the scale where the corrected bare mass takes zero becomes

�|m2
B=0 := eδt�0, δt =

∑
i jk a

i f i jkλ j
MS

(�0)λk
MS

(�0)
∑

i jk a
i bi jkλ j

MS
(�0)λk

MS
(�0)

. (2.64)

Since δt is the order of one, we expect that

0.1 �
�|m2

B=0

�0
� 10. (2.65)

This is the uncertainty coming from the difference between the bare and MS cou-
plings.

2.5 The Effect of the Graviton

Since we consider the scale close to the Planck scale, the effect of the gravitational
interaction may become relevant. Here, we estimate the impact on the bare Higgs
mass from gravity. When we take into the gravity, the action becomes

S 

∫

d4x
√−gLSM. (2.66)

We expand the gμν around the flat space:

gμν = ημν + 1

MP
hμν, (2.67)

where ημν is the flat space metric, diag(+ − −−), and hμν is the fluctuation corre-
sponding to the graviton. It is found that the interaction is

∫
d4x

(
δ

δgμν
(
√−gLSM)

∣∣∣∣
g=η

hμν + 1

2

δ

δgρσ

δ

δgμν
(
√−gLSM)

∣∣∣∣
g=η

hμνhρσ + · · ·
)

=
∫

d4x
√−g

(
T μνhμν + · · · ) . (2.68)

In the second line, we have used the definition of the energy momentum tensor,
Tμν := 1√−g

δ
δgμν

(
√−gLSM).
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The part of Tμν related to the Higgs is given by

Tμν ∼(DμH)†(DνH) + (DνH)†(DμH)

− gμν

(
(DμH)†(DμH) − m2

B H
†H − λB (H†H)2yu Q̄ H̃U + yd Q̄HD + yl L̄H E + h.c.

)
.

(2.69)

Among the terms in Eq. (2.69), only the kinetic term is relevant for one loop calcu-
lation of the bare mass. However, this contribution vanishes since the momentum
of the external line is zero, and there are no correction to the bare mass at the one
loop level. As for the second term in Eq. (2.68), the possible interaction is the type
of hh∂H∂H , which gives no contribution at one loop level.

In general, gravitons give the correction to the Higgs mass of the order of
O(�4/M2

P) at the two loop level. If the theory of gravity is weak coupled, this
contribution is two loop suppressed. For example, in perturbative string theory, the
string coupling, determined by the dilation background, is small and the perturbative
expansion is valid. In this sense, our analysis of the bare Higgs mass is valid taking
into account the gravitational effect. If the physics around the Planck scale is strong
coupled or the cutoff scale becomes much higher than the Planck scale, we can not
neglect the effect of gravitons.

2.6 Metastability of the Electroweak Vacuum

We have seen that our electroweak vacuum is in the critical point, the border between
stable and unstable vacuum. However, in practice, even if the electroweak vacuum
is unstable, there are no problems provided that the lifetime is sufficiently large
compared with the age of the universe. In this case, we call the electroweak vacuum
ismetastable. Therefore, it is phenomenologically important to determine the lifetime
of false vacuum. The way of calculation is developed by Coleman [19].

In the actual calculation, the bounce solution of the Euclidean equation of the
motion plays the crucial role. By using the bounce action S0, the decay rate per unit
volume is

�

V
∼ 1

R4
e−S0 , (2.70)

where R is a typical size of the bounce solution.
At the tree level, the equation of the motion is

− d2

dr2
ϕ − 3

r

d

dr
ϕ + λϕ3 = 0. (2.71)

The boundary condition of the bounce solution is given by

ϕ′(0) = 0, ϕ(∞) = 0, (2.72)
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The solution of the equation is [20]

ϕ(r) =
√

2

|λ|
2R

r2 + R2
, Sbounce = 8π2

3 |λ(μ)| , (2.73)

Note that the action has the scale invariance at the classical level,

ϕ(r) → 1

C
ϕ(Cr). (2.74)

Hence, if ϕ(r) is a solution of the equation, 1
C ϕ(Cr) is also a solution for arbitrary

constantC . This means that, at the classical level, there is huge uncertainty due to the
arbitrary choice of scales R and μ. In order to resolve the situation, the one-loop level
calculation is needed. The resultant one-loop calculation suggests that the tunneling
probability becomes [20]

p ∼ Max
R

1

H 4
0 R

4
exp

(
− 8π2

3 |λ(μ = 1/R)|
)

, (2.75)

where H0 is the current Hubble parameter. Here we have not included the one-loop
correction to the exponent for simplicity. Figure2.8 shows the phase structure of the
SM. We can see that the error of the top mass is larger than that of the Higgs mass,
and that we indeed live in the stable or metastable vacuum depending on the mass
of the top quark.

Fig. 2.8 The phase diagram
of the SM. The upper,
middle and lower region
correspond to unstable,
metastable and stable
electroweak vacuum. The red
and blue circles represent the
1σ and 2σ deviations
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We note that the above estimate is valid when we consider the zero temperature
field theory and vacuum to vacuum transition. The condition of the metastability
becomes severe if we take into account the finite temperature effect or dynamical
evolution of Higgs field during inflation and preheating, although these estimations
highly depend on the assumption of cosmological history. In this sense, Eq. (2.75)
gives conservative condition of metastability of electroweak vacuum.
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