Chapter 2
Low Frequency Dynamic Model

Like other converters in the switched mode power converter family, operation of
matrix converters involves two significant frequency components. These are the
fundamental frequency and the switching frequency. The fundamental frequency
component is associated with power transfer while the switching component is a
byproduct of the operation. If these switching components are injected into the grid
side or to the load side it would lead to undesirable consequences and thus it is
necessary to filter them. The filtering process has been discussed in detail in a later
chapter. For this chapter, it is sufficient to have the understanding that low pass filters
are realized by passive elements in these converters. For a given power level, the size
of these filter components reduces as the switching frequency becomes higher. Hence
a large difference between the switching frequency and the fundamental component
is always preferable as it helps to achieve effective filtering with smaller components
size. The switching frequencies are in the order kHzs, or tens of kHzs, a number
which depends upon the rated power handling capacity of the converter. On the
other hand, the order of the fundamental component is usually tens of Hertz. For
any well designed converter, the switching frequency component in the output vari-
ables are negligible compared to the fundamental frequency component. Therefore,
while deriving a model which represents the dynamic behaviour of the converter the
high switching frequency component can be neglected without any loss of accuracy
in modelling. Thus the control scheme of MC or for many other SMPCs has to be
devised such that the fundamental frequency component and low frequency harmonic
components can be processed with a desired degree of accuracy.

This chapter presents an analysis of the linearized low frequency model of MC,
where it has been used as a 3-phase regulated sinusoidal voltage supply. The objec-
tives of all modulation techniques for MC are attaining the desired—amplitude, phase
and frequency of the output voltages and IDF at the input side. In the first section of
this chapter, the modulation technique adopted in this work is briefly discussed to
describe the low frequency gain of MC. It has been subsequently used to develop the
linearized dynamic model in Sect.2.2 from where the plant transfer function matrix
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24 2 Low Frequency Dynamic Model

is derived. In Sect.2.3 it is demonstrated how the system poles/zeros are affected
by input voltage, input displacement factor, throughput power and parameters of the
input filter. In the process it is found that based on the operating points, right half
zeros may emerge in the control to output transfer functions beyond a critical level
of input power.

2.1 Low Frequency Gain of 3-Phase MC

The phase to input side neutral voltages applied to the converter i.e. the voltages
at terminals a, b and ¢ with reference to the input neutral shown in Fig.2.1 are
represented as

Uy cos(wit — ¢.)
vy | = va® = Vi | cos(wit — g — 120°) | . 2.1)
Ve cos(w;t — ¢, + 120°)

These voltages appear across the input filter capacitor C; depicted in the per-
phase diagram shown in Fig. 1.9b and reproduced in Fig.2.2. MC allows control on
the magnitude, frequency and phase of the output voltage and IDF. Let the desired
output voltages, referred to output neutral n, be described as

Vi, . cos(wyt + ¢,)
Vi = | vi, | =V, | cos(@ot + ¢, — 120°) |, (2.2)
Vg, cos(wot + @, + 120°)
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Fig. 2.2 Input side
equivalent circuit for the
per-phase system

Lin

grid input filter

where * indicates reference signal. The corresponding line to line voltages are

Vi, — VBn Vig . cos(wyt + ¢, + 30°)
VP = vk, — vk, | = | vie | =3V, | cos@ot + @, +30° — 120°)
Ve, — Vhn Vi cos(wot + @, + 30° + 120°)

(2.3)

Indirect space vector modulation (ISVM) [25] method has been adopted in this

work to synthesize the desired voltage output. The basic principle of this method is
discussed in the following section.

2.1.1 Indirect Space Vector Modulation (ISVM) Approach

In ISVM technique the 9 bidirectional switch MC structure is conceptually decoupled
into an equivalent cascaded chain of fictitious current and voltage source convert-
ers (CSC and VSC) as shown in Fig. 2.3. The imaginary DC link voltage and current
i.e. V4. and I, are treated as sources for the VSC and CSC parts respectively. The
duty cycle of each switch in the 9 bidirectional switch MC structure is calculated in
two stages. In the first stage, the duty cycles are calculated separately for each convert-
ers of the decoupled construct using conventional space vector modulation (SVM)

Ve () V) Ve n
Fictitious DC link
a b [¢ A B C
U NI N N N
N— N— N— Ve N— N— N—
Current Source Converter Voltage Source Converter

Fig. 2.3 Decoupled current and voltage source converter construct



26 2 Low Frequency Dynamic Model

approach. In the next stage, the individual duty cycles are combined based on instan-
taneous active power balance between the input and output sides. The duty cycle of
the 12 switch fictitious CSC-VSC structure can be then directly mapped to the 9
bidirectional switch MC topology.

To illustrate this procedure, the VSC part is considered first, where the reference
line to line voltages are used to define the vector

— 2 . .
VoL = \/; (Vis + Vic P 4 vg, ‘fﬂnﬂ) . (2.4)

Here the constant multiplier /2/3 ensures power invariant transformations. Sub-
stituting the line voltages from (2.3) in (2.4), V:L is obtained as

\_I* — i Ao ol (@l +6,+30%) (2.5)

oL «/i

Referring to Fig. 2.3, there are 8 valid switching combinations by which the output
terminals of the VSC can be connected to the fictitious DC link. Here, the term valid
combinations refers to those which ensure that any output terminal is never left open.
The line voltages corresponding to each of these combinations are used to create the
vector

_ 2 . .
VoL z\/; (vAB+vBCe/2”/3+UCA67’2”/3). (26)

Applying (2.6) to each of the 8 combinations result in stationary vectors (SV)
which are sometimes also referred to as switching state vectors. These are tabulated
in Table 2.1 and also shown in Fig.2.4a.

Table 2.1 Switching state vectors for the VSC

A B C VoL Stationary
vectors

e =3 Va0 = Ve e ) = 2V 230° L

+ |+ - \/g [0+ Vge e/?7/3 — Vo e=1273] = 2V, £90° Vs

— = B Vi Vae 7 0] = V2V £150° A

- + + \/g[—Vdc + 0+ Vae e 23] = V2V £210° V4

- |- + @ [0+ —Vpn /23 4V, e 71273 = V2V 2270° | Vs

+ |- + ﬁ (Vpn — Vo €273 + 0] = /2,10 £330° Vs

- |- - \/2 [0+0+0]=0 Vo

+ + +
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Fig. 2.4 a Output voltage stationary vectors and VzL. b Synthesizing V;L

It is evident that there are 6 sets of SVs with non zero magnitude having distinct
spatial onentatlon and 2 sets of SVs with zero magnitude. The objective of SVM is
to synthesize VoL, in a time-averaged sense, over a switching period (Ts), by using

the available SVs as
Ts _, Ts _
/ Vodt = / Vordt. 2.7)
0 0

Since the switching frequency ( fs) is much higher than the fundamental frequency,
V:L practically behaves like a stationary vector over a single switching period. So
with appropriate scahng, many combinations of SVs can be used to synthesize the
target voltage vector VOL However, using two adjacent SVs leads to minimum num-
ber of switching. Additionally, the instantaneous voltage deviation VOL — Vo is
lowest, which ensures minimum current ripple in the inductors connected to the
output terminals. The adjacent SVs, V,, and Vg, are shown in Fig.2.4b trailing and
leading V,; respectively. Ogy is the instantaneous angle between V,; and V. Over
a single switching period T, assumption of a stationary V:L implies a constant Oy .
Therefore, V,; can be synthesized as

VoL = V — + V,g (2.8)
TS
= Vada + Vﬁdﬁ.
Applying properties of triangle,

Vol IVadal  _ |Vpds|
sin 120° sin(60° — Hgy) sin(fsy) ’

(2.9)



28 2 Low Frequency Dynamic Model

Table 2.2 Line voltages, when V;L is in sector I

ON time | A B C VAB VBC vCA
During |dyTs + - + — Ve —Vie 0
de (do)
During dlg Ts + - - —> Ve 0 —Vie
di (dp)

Using (2.5), Table 2.1 and (2.9), d, and dg are determined as

3V,

dy, = V3 sin(60° — Ogy) = m,, sin(60° — Osy),
dc
3V,

dﬁ = \/_ Sin(esv) =m, Sil‘l(@sv). (210)
dc

As an example, let V:L be considered to be lying in sector I. Here V,, = V¢ and
Vg = V. Using Table 2.1, the line voltages corresponding to the two duty cycles
are shown in Table2.2.

Using (2.10) and Table 2.2, the average value of the synthesized output voltages
over Ts, when V., is in sector I, are obtained as

VAB da + dﬁ COS(QSV — 300)
VOL(S) = UBC = _d(x Vdc = My — SiI1(6OO — Gsv) Vdc' (21 1)
VUca —dﬂ - Sin(esv)

Again from Fig.2.4a, b, when V,L is in sector I, fgy can be evaluated in terms of
output voltage frequency and phase as

Osy — (wot + @o + 30°) = 30° = Osy = w,t + ¢, + 60°. (2.12)
Substituting fgy from (2.12) in (2.11), the output voltages can be expressed as
cos(w,t + ¢, + 30°)

Vor.®) = m, | cos(w,t + ¢, +30° — 120°) | Vye = my Vg,

cos(w,t + @, + 30° 4 120°) (2.13)

my

where my represents the low frequency gain matrix of the VSC part.

Using Table 2.1, Fig. 2.4a, b, the ratio of the output voltages to V. and fsy in terms
of output voltage frequency and phase for sectors II to VI are tabulated in Table2.3.
For all the sectors, evaluation of the average value of the synthesized output voltages
results in the expression described by (2.13).
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Table 2.3 Ratio of line voltages to V., sy for sectors II to VI

vas [ Vae vac [/ Ve vea [ Ve Osy
Sector IT dy dg —dy —dp wot + @o
Sector III —dg dy +dp —dy wot + o — 60°
Sector IV —dy —dpg dy dg wet + ¢@p — 120°
Sector V —dy —dg dy +dg wot + @o — 180°
Sector VI dg —dy —dg dy wyt + @o — 240°

Table 2.4 Switching state vectors for CSC

+ - Iin State vectors
a c 214 230° I,

b c 214 290° I,

b a 2140 2150° I

c a V214 2210° L

c b 2140 2270° Is

a b V2140 £330° Is

a a 0 Iy

b b

C C

The low frequency gain matrix of the CSC part is derived in a similar manner.
If ¢; is the desired input displacement angle, the desired input currents are then
represented as
iy cos(wil — @ — ¢;)
5 = | if | =@ | cos(@it — @ — i — 120°) |, (2.14)
i cos(w;t — ¢, — @; + 120°)

&

and therefore the target input current rotating vector is

o 2 : : 3.
L, = \/; (@ +iyel™ P 4ite 175 = \/;Ii,, el @it =00, (2.15)

The valid switching states along with the SVs are tabulated in Table 2.4. Figure 2.5
shows the SVs of the CSC construct.

The duty cycles for the switches of the fictitious CSC part are determined in the
same manner as their VSC counterparts. They are

I I
dy = - sin(60° — Og7) = m; sin(60° — Os;) & dy = ~“sin(@sy) = m; sin(Osy).
1gc Tqc
(2.16)
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Table 2.5 Input currents when ii*n is in sector I

2 Low Frequency Dynamic Model

+ - iq ip ic
During a b — Ly Iy 0
de (dy.)
During a c — Iyc 0 —lac
d (dy)
Fig. 2.5 Input current 1,
vectors
I, @ @ I,
@ 2 eeorD  wyt-0:-0i-0
1, 6

Is

Here, 6g;, 1, y are analogous to 6sy, «, B in Fig.2.4b. When i;:l is in sector I,
where I, = I and I,, = I, the input currents are shown in Table 2.5.

Additionally, for sector I, 85; can be expressed as

Os1 = wit — @ — @; + 30°.

2.17)

Using (2.16), (2.17) and Table 2.5, the synthesized input phase currents are

iy d,+d, cos(wif — @ — ¢i)
i =i | = —d, lic = m; | cos(wit — @ — @; — 120°) | I
I. —d, cos(w;t — . — ¢; + 120°)
m;
=m;ly,
(2.18)

where m; represents the low frequency gain matrix of the CSC part. The ratio of the
input current to /;. and fg; in terms of input current frequency and phase for sectors

II-VI are tabulated in Table 2.6.

From the discussion based on separate CSC and VSC structure, it seems that both
v @ and i;kne) can be synthesized independently. This would imply that the duration
of active vectors in one converter, i.e. those corresponding to active power flow, can
be independent of the active power flow duration in the second converter. However
this is not possible. As an example, a zero vector for VSC means all 3 output phases
are connected to the same DC link terminal—resulting in zero /.. Hence, a nonzero
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Table 2.6 Ratio of input currents to /., s; for sectors II-VI

ia [ lac ip [ lac ic[lac Os1
Sector II d, d, —dy —dy Wit = Qe — @i —
30°
Sector 111 —d, dy +d, —dy Wit — Qe — Yi —
90°
Sector IV —dy, —d, d, dy Wit — Yc — Qi —
150°
Sector V —d, —d, dy +d, Wit — Qe — Qi —
210°
Sector VI d, —d, —d, d, Wit — Qe — P; —
270°

i:n cannot be synthesized during this period. Therefore, at a given instant of time, it
is not possible to have an active vector in one converter and a zero vector in the other
one. This is where the second stage of duty cycle computation begins as described
in the following.

Absence of any intermediate storage element in the power stage of MC implies
that instantaneous active power at the input and output side must be same. This power
balance necessarily requires that the active vector states of VSC and CSC must be
chosen at the same instant and applied for exactly the same duration. This requires
combining the gain matrices of the VSC and CSC parts. If P;, be the throughput
power, then using (2.18),

in

Va® = Ve = (m;} vy,

(2.19)
Subsequently, substituting V. in (2.13) by using (2.19), the voltage gain relation
is obtained as

Py = {in@} ver® = (my)" Lievee® = (my)"
dc
Vor ¥ = my fmy} v (2.20)

Hence my{m;}” is the input phase to output line voltage low frequency gain
matrix. Using (2.13) and (2.18), this gain is evaluated as

cos(@ot + o + 30°) cosit —gc —¢p) "
my{m;}’ = mym; | cos(wot + o +30° — 120°) | | cos(wit — g — @i — 120°) |
p cos(wot + @ + 30° + 120°) cos(wjt — ¢c — @; + 120°)
(2.21)

where m is commonly referred to as modulation index. The output voltage referred
to output neutral n, can thus be represented as

Von'? = mPve ™, 2.22)
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where, the input-output phase voltage gain matrix m® is obtained from (2.21) as

T
cos(w,t + ¢o) cos(wit — e — ¢i)
m® = (m/v/3) | cos(w,t + ¢, — 120°) cos(wit — ¢ — i — 120°)
cos(w,t + ¢, + 120°) cos(w;it — ¢. — ¢; + 120°)
(2.23)
From power balance and gain relationship of (2.22),
. T,
in® = (m?)" i,?. (2.24)
Instantaneous input-output power balance also implies that
A A 3.4 4
5 chin COS ¢; = EV{)I{) COS YoL 5 (225)

where, ¢, is the output displacement angle and I, is the amplitude of the output

current (i,). So for a given v* (3), load and v, it is not possible to independentl
g on p p y

control ¢; and fin. Using (2.25) along with m, and m; defined in (2.10) and (2.16)
respectively, the modulation index m is evaluated as

3 ‘70 fin 3 Voiin ‘70
m = m,m; :(f )(—): V3 = . (2.26)

Vie Lye Pn 3.
- f cos(g;)

Using (2.25) and (2.26), the magnitude of the input output variables are related
as

3 - A 3 .
V, = %_m Vercos(e;) and [, = %_m 1, cos(p,L). 2.27)

Now, when both ViL and i;kn are in sector I of their corresponding hexagons, using
(2.11) and (2.18), the input phase to output line voltage low frequency gain matrix
is obtained as

T
dy +dg d, +d,
m,{m;}’ = —d, —d, . (2.28)
—dg —d,

Therefore the average output line voltages over a switching cycle T are
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VAB da+d/3 dﬂ +dV Vg
VpC = —da —d,4 Up
VUca —dﬁ —dy Ve

_du(dot + dﬂ)(va - Ub) - dy(dot + dﬁ)(vc - Ua)
= _dutdu(va - Ub) + dady (vc - va)
—dgd, (v, — vp) + dpd,, (Ve — V4)

_dﬂ (do +dpg) —d, (dy + dp)
= —dyd, Vb + dod, Veg- (2.29)
—dgd, dgd,

Thus there are four combinations of duty cycles d,d,, d.d,, dgd,, and dgd,
corresponding to the active states Vo1, VoI, Vgl and VgI,. Using (2.10), (2.16)
and (2.26), the duty cycle for the active state V, 1, is

3V, I
dod, = V3V 2 5in(60° — Oy ) sin(60° — Os;)
Vdc dc
= m sin(60° — Osy) sin(60° — Og;). (2.30)

Similarly, the following are derived

dod,, = msin(60° — gy ) sin(fys;),
dgd,, = msin(Bsy) sin(60° — Os;),
dgd, = msin(Osy) sin(bg;). (2.31)

The input-output connections over a switching period in the decoupled con-

struct and the corresponding connections in the actual matrix topology are shown in
Table2.7.

Table 2.7 Mapping from CSC VSC construct to 9 Qsw MC

CSC VSC construct 3 Ph MC
ON time | A B C + - A B C
dod, Ts |+ - + a b a b a
dgd, Ts |+ - - a b a b b
dyd, Ts |+ - + a ¢ a c a
dgd,Ts |+ - - a c a c c
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2.1.1.1 Transformation of 3 Phase Variables in abc Domain to dgq
Domain

In this analysis the modelling of the system has been carried out in a synchronously
rotating (dq) domain. The advantage of working in the dg domain are that the
fundamental frequency components of all variables which were varying sinusoidally
in abc domain are transformed to time invariant quantities in steady state. This greatly
simplifies the task of analysis and controller design.

The 3 Ph variables of (2.22) in abc domain are transformed to a synchronously
rotating (dq) frame using the transfer matrix

) cos(wrt) cos(wrt — 120°) cos(wrt + 120°)
o[z

sin(wrt) sin(wrt — 120°) sin(wrt + 120°) |, (2.32)
1//2 1/v/2 1/V/2
in the following manner
Vond Vefd
Von = | Vong | = Tven® = (Tm(S)T_l) Tvg® =m Verg | =mve.  (2.33)
Von0 Ucfo

Here, w7t is estimated by a PLL locked to the phase—a of the point of common
coupling (PCC). For synchronous applications, wr = w, = w;. Since balanced 3-
phase system has been considered, the zero sequence components can be neglected.
The output-input voltage relationship in (2.33) gets modified to

Uon UC
vo,,:[v d]zmvcf:m[v-fff’] (2.34)
ong crq

where, the gain matrix m is obtained using (2.22), (2.23) and (2.32), as

m = ém |:COS('0”1| [cos@i sin@i] = |:Z{| [COSG[ sin@i]. (2.35)

2 sin ¢, q

Here,
0 = @i + ¢c. (2.36)

mg and m, allow complete control on the voltage gain of MC and 6; on the input
displacement angle.

The input currents are obtained as

i = m7i,. (2.37)
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Vin—> m —>Von ip— m —j

Fig. 2.6 Low frequency gain of MC

This concludes the discussion on the low frequency gain of MC. The ‘black box’
model of the low frequency gain of MC is shown in Fig.2.6. Dynamic modelling is
discussed in the next section.

2.2 Linearized Model

Figure 2.7 shows the single phase equivalent of the overall system where the source
impedance has been modelled as an inductance L;. P represents the PCC. An output
ripple filter is also necessary to attenuate the switching frequency components in the
voltage waveforms.

Referring to Fig.2.7, dynamic equations for i, and v.s in abc domain are,

d 1

(3) (3) 3 —

v \ and \ =
( on co ) It cf Cf

(% —im™).  (238)
Substituting ven® and i, ® in (2.38) by applying the gain equations (2.22) and
(2.24), leads to

d. 1 3 3 e L. N7 .
Zio® = — (mPvg® — v(o®) and Evcfm - (15(3) — (m®) ,0(3>) .

dt L, Cf
(2.39)

These equations are transformed to dg domain using the transfer matrix T in
(2.32). Subsequent omission of the zero sequence components in the transformed
equations results in

Is P| Ra | ! C(r)rr]f\lgir)t(er
OO0 o
| L P
N

oo . output filter

Zgi |t{> input filter <:, Z |
SO
Yoo |i>

Fig. 2.7 Single phase diagram including source inductance
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d . 0 —owr |. 1

El{) = [a)T O g ] I + L_U (mvcf - VCO) 5 (2'40)
d 0 — [ .
Ve = [wT o ] vat o (is — m"i,) . (2.41)

Equations (2.40) and (2.41) are nonlinear as product of states (v, i,) and
inputs (m) are involved. These are linearized around an equilibrium point (/s4, Iy,
Infas Irsgs Veras Vergs Loas Logs Veods Veog» Vsa and V). Denoting equilibrium value
of a variable x as X and a small perturbation in x around X as X, the equations
corresponding to (2.40) and (2.41) in the linearized model are

d v 0 —Q 4 1 ~ ~ ~

Elu = |:CUT 0 r i| 1, + L_o MV + M Vet — Vo) (2.42)
d ~ 0 —w ~ 1 7 ~ 7
TV = [wT OT] Vat o (ls — @1, - M’ 10) . (2.43)

m and M are obtained using (2.35) as,

. -
m=M 4= |:Md+md:| [005(91'4-9;')}

M, +my, || sin@; +6)
My My —MySy MyCo | 5
= Co S + ~ Cy So | + 0;
[MJ L€o 5] [mq} L€ 5] [—MqSe che} (2.44)
M i
where
cos; =Cy and sin6; = 5. (2.45)

So far, the analysis was carried out in time domain to highlight the source of
nonlinearity in the dynamic equations and the consequent requirement of lineariz-
ing them. Continuing the system description with dynamic equations in time domain
invariably leads to state space description and subsequently eigenvalue analysis using
computational tools. It is very difficult to correlate the eigenvalues with the passive
components, among which the filter elements are actually design parameters. Con-
sequently, an understanding of how the system dynamics are affected by hardware
design and different operating points cannot be developed. Hence, this route has
been consciously avoided in this book. Therefore, the system modelling from now
onwards will be discussed in s domain which enables use of transfer functions.

Before detailing the 3 Ph small signal model, the transfer functions of interest in
the per-phase system of Fig.2.7 are described. The input filter output impedance,
Z, 1s defined as
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Z(”__w@) _ s’LyLy + Ry(Ly + Ly)s
> iin(8) |y )0 $7LsLyCy+s*(Ls+ Ly)RyCy+sLy+ Ry
(2.46)
Input impedance seen from source, Zj; is
Vs s?LyLCy+s*(Ly+ Ly)R;Cy+sL;+ R
Z.i(s) = .‘(s) _ SLiLsCy (L, IR4Cy I 247
i;(s) i1 (5)=0 (SLy+ Rg)sCy
and the output admittance seen from the converter output terminals Y, is
1 o 1 1+sR,C,
Ym()(s) = Z = —l (S) = R_ +S L . (2 48)
mo(S) Von (8) 0S2L0C0+s—0—|—1 .
R,
The forward gain for the input and output filter are
Ver (5) is(s) 11
Gruls) = == = —= =—c—, (2.49)
v (s) iin (5)=0 iin(s) v, (5)=0 Scf Zsi(s)
oo (5) Veo(8) 1
vof(8) = = I . )
Uun(s) SZLOC(, + S_O + 1 ( 50)
R,
Hence in the per-phase system, is(s) can be described as
. s (s) . is(s)
is(s) = - iin(s) + g (s)
lin($) |y, =0 s ($) [, =0
= Gr(®in(s) +  Zg ()vs(s). (2.51)
Therefore in abc domain for a balanced 3 Ph system,
ii9() = G ;,in® )+ BZ; v ), (2.52)

where I3 represents a 3 x 3 identity matrix.

Whenever any transfer function matrix for a balanced 3 Ph system I3G (s) in abc
domain is transformed to dg domain, it results in a non-diagonal (coupled) transfer
matrix G(s) [41]. The transformed matrix G(s) is represented in the form

— G11(S) GIZ(S)
G@)_[—GuG)G“@J’ (2.53)

where the individual elements are
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1
Gui(s) = 3 {GGs + jor) + G(s — jor)},
Gia(s) = =3 (G(s + jor) — G(s — jor)). (2.54)
For example, I3G £, (s) is transformed to Ggy (s) as

Gro11(s) G ro12(s)
=G rv12(5) Gpp11(5)

1
Grp11(s) = 3 {Gro(s + jor) + Gro(s — jor)} &

G (s) = |: :| , where,

Gr12(s) = —% {Gro(s + jor) — Gro(s — jor)}. (2.55)

Z; !(s) can be similarly derived from its per phase counterpart Z;il (s). Hence (2.52)
can be described in dg domain as

is(9) = Gry(iim(s)  +  Zg' (5)vs(s). (2.56)
From (2.56), the perturbed variable is(s) in the linear model can be described as
1(5) = Gry(9) Tin(s) + Zg' (5)¥s(s). (2.57)

Using the transfer matrix notation of (2.53), (2.57) can be expanded as

[iw(s)]z{ G fon (s) valz<s)][§,~mz<s>]+ Zin@) Zan() [asd@)] (2.58)
5q () =G pu12(8) G po11(8) | [ ding () ~Z1,) Zgh () [ LOsg) J7

Similarly, other perturbed variables in dg domain can be described using the
per-phase equations (2.46)—(2.50), as

Vet (5) = Gy (5)Vs(5) — Ziso(5) Tin(s), (2.59)
i0(5) = Ymo(5) Von(s) = Zip (5) Von(s), (2.60)
i'co(s) = Gvof(s) von(s)- (261)

Using (2.34), (2.37) and (2.44), the gain equations in the linearized model are
obtained as

Von(s) = m(s)Ver + MVee(s), (2.62)
in(s) = @) T I, + M7 iy (s). (2.63)

The 3 Ph small signal model in dg domain is completely described by (2.57)—
(2.63), the equivalent circuit of which is shown in Fig.2.8. Figure 2.8a, b represent



2.2 Linearized Model 39
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Fig. 2.8 Equivalent circuit of the linearized system. a, b Input, ¢, d Output side

the input side described by (2.57), (2.59) and (2.63). The output side described by
(2.60), (2.61) and (2.62) is represented by Fig.2.8c, d.

The output variables in this model are the voltages V¢, (s) across the output filter
capacitors and the g-axis (reactive) component of source current, fsq (s). From (2.44),
the control inputs are r1,4(s), 1,4 (s) and 6;(s). In the present analysis, the output filter
voltages are the only variables which are being controlled. Thus, 6; is assumed to be

set at an arbitrary constant value 0;, leaving [n~1d (s) my (s)] ’ as the only control inputs
while Veo ($)(=[ Tcoa (5) Teog (5) ] "y are the output variables of the dynamic model. The

steps for deriving the input to output transfer matrix are described subsequently,
where, the distu~rbance inputs Vg(s) are not considered.
Substituting iy (s) from (2.63) in (2.59), and dropping the Laplace operator in the
notation yields
Vep = —Zgoi I, — ZgoMT i, (2.64)
Subsequent substitution of io from (2.60) in (2.64) results in
Vet = —Zgoi Iy — ZgoM” Yoo Von. (2.65)
Thereafter substituting vt from (2.65) in (2.62) yields
f’on = Ithf - MZsoﬁlTIO - MZsoMT Ymo Von

— (I + MZoM” o) Vo = (ﬁlvcf - MzsomTL,) . (2.66)
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where I, represents a 2 x 2 identity matrix. Denoting I + MZSOMTYmo as

Gi=L +MZ M"Y, (2.67)
Von 10 (2.66) can be expressed as

Von = G[! (mvcf - MZsoﬁnTlo) . (2.68)

Expanded form of Gy !is derived in (A.3) of Appendix A.l. It has also been
shown in Appendix A.2 that mV¢s — MZSOrﬁTI0 can be simplified to

(ﬁlvcf — MZSOﬁlTIO) — Ga(s) [Zd} , (2.69)
q
where
_|av— MdZmllIod _MdZsollloq
Ga(S) - |: _qusolllad ay — Mquollluq:| (270)
and
3 .
ay = 3 Ver cos @;. 2.71)
Therefore using (2.68) and (2.69),
- _ m
Von = G 'G, [mﬂ . (2.72)

Finally, substituting V,, from (2.72) in (2.61), the input to output equations after
re-introducing the Laplace operator are

o L ] o [als)
Veo($) = Got($)Von(s) = Gvof(s)G[ (5)Ga(s) [th(s)] = Gc(s) |:n~1q(s)i| .

The control plant transfer function matrix G¢(s) is a function of both input and
output filter parameters as well as the operating points. However it is not apparent how
these factors affect the poles and zeros of G¢(s). From the perspective of controller
design the question that immediately arises is whether the plant is stable under all
operating conditions. Another related concern is the possibility of non-minimum
phase zeros appearing in the plant. These are discussed in the following section.



2.3 Composition of G¢(s) 41

2.3 Composition of G.(s)

The first objective of the analysis is to examine whether the plant is stable at all
operating points i.e. to detect the presence of any right half poles (RHPs) in G.(s).
This is accomplished by looking into the 3 component matrices of Gc(s). Also,
another objective is to find out whether the plant contains any right half zeros (RHZs).
It has been shown in Appendix A.3, that all the component matrices of G(s)
belong to a special category, where all four elements in each of the component matri-
ces have a common denominator polynomial. Therefore all entries in G,(s) have
a common denominator polynomial and the same holds true for both G '(s) and
Gyot(s). Analysis of poles and zeros for this specific sub class of common denomi-
nator transfer function matrices (CdTM) are described in the following section.

2.3.1 Poles and Zeros of CdATM

A 2 x 2 transfer matrix G(s) with normal rank 2 is considered where

(2.74)

G(s) = |:G11(S) G12(S)] 1 [Nn(s) N12(S)].

Gai(s) Ga(s) |~ d(s) | Nar(s) Naao(s)
d(s) is the common denominator polynomial of each elements and Nj;(s), Ni2(s),
N3 (s) and Ny, (s) are the numerator polynomials. The common denominator d(s)
and the matrix composed of numerator polynomials will be denoted here as

(2.75)

Cs(G) =d(s) and N(G) = [Nll(s) le(s)} -

Noi(s) Nao(s)

Identifying the poles and zeros of the 2 x 2 matrix G(s), requires deriving a
diagonal matrix L(s) from G(s) as [42, 43],

L(s) = Ul(s)G(s)U2(s). (2.76)

Here Ul(s) and U2(s) are the pre and post multiplication matrices used to trans-
form G(s) to the diagonal matrix L(s). Therefore determinant of both Ul(s) and
U2(s) are constant. L(s) is obtained as

a(s)

Lo =| "% ol @.77)

by (s)

where a;(s), by (s) are factors of a,(s) and b, (s) respectively. Then the poles and
zeros of G(s) are obtained as the roots of the following equations
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p(s) =b1()ba(s) =0 & z(s) =a;(s)ax(s) =0. (2.78)

So at any frequency, if control on any single output is lost, it indicates that a zero of
the multivariable system resides at that particular frequency.
An alternative procedure for finding the poles and zeros is [42, 44]

e pole polynomial is the least common denominator of all non-zero minors of all
orders of G(s).

e zero polynomial is the greatest common divisor of the minor of order 2 i.e. the
determinant of G(s), where the determinant has been adjusted to have the pole
polynomial as the denominator.

Without using computational softwares, finding all the pole and zeros, adhering
to the described procedures, is a difficult exercise if the order of the polynomials
are high. This difficulty becomes greater if the transfer function matrix is composed
of several component matrices as in G.(s). For the purpose of controller design, it
is important to correctly identify non-minimum phase poles and zeros, if there are
any. As would be seen in a later chapter, this knowledge is sufficient for designing a
controller.

In (2.77), L(s) is obtained by applying standard matrix row/column operations
on G(s) and therefore determinant of each is a constant multiple of other. Therefore
the determinant of G(s) will be probed, where,

det(G(s)) = {N11(s)N2n(s) = Ni2(s) N1 ()} =

det (N (G)).

(2.79)
There may be some common factors between Cj (G) and det (N (G)) in (2.79),
which remains in addition to roots of p(s) and z(s). Hence, it cannot be said that
Cﬁ (G) has the same factors as p(s) described in (2.78) or whether it is the least
common denominator of all non-zero minors of all orders of G(s). However at the
same time, it can definitely be said that the p(s) is a factor of C§ (G). Similarly, z(s)
is a factor of det (N (G)). Hence for detecting non-minimum phase poles and zeros
of G(s), it is sufficient to investigate the roots of

1
d2(s) C3(G)

Cs(G) =0 and det(N(G)) =0. (2.80)

2.3.2 Poles and Zeros of G.(s)

On basis of the conclusions of the last section, G.(s), which can be represented using
(2.73) as,

1 1
G.(s) = ———N(Gy, — N (G{! ———N(Gy), 2.81
0 = GG C0 e N O) X gy N G 28D
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roots of the following needs to be investigated

Cy (Gvof) =0 and der (N (Gvof)) =0,
Cs(Gy') =0 and det(N(G;')) =0,
Ca(Ga) =0 and det(N(Gyp)) = 0. (2.82)

All the per-phase transfer functions defined in (2.46)—(2.50), can be represented
in the form
_ Dz(s)

"~ Dp(s)’

D(s) (2.83)

where Dz (s) and Dp(s) are the numerator and denominator polynomials respec-
tively. Using (2.53) and (2.54), the individual elements of the corresponding transfer
matrix D(s) in dg domain are

1l [Dz(s+ jor)  Dz(s — jor)
Dy(s) = 5 , . ,
2 | Dp(s+ jor) Dp(s— jor)
(D : Do(s — i

Dia(s) =~ I zistjer) Dzl = jor) ] (2.84)

2 [ Dp(s+ jor) Dp(s— jor)

Therefore the common denominator polynomial is

Ca (D) = Dp(s + jor) Dp(s — jor). (2.85)

The roots of common denominator C; (D) of the transfer matrices are obtained by
shifting only the imaginary part of the roots of Dp(s). Therefore the real part of the
roots remain unaffected as shown in Fig. 2.9. Hence, if D (s) does not have any RHP,
then all the roots of C,; (D) lie in the left half and consequently D(s) cannot have a
RHP. So a stable transfer function remains stable after the abc to dq transformation.

Again, determinant of N (D) is

det (N(D)) = Dz(s + jor)Dp(s — jor)
X Dz(s — jor)Dp(s + jor). (2.86)

Fig. 2.9 Roots of D(s) and
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Cy (D) fm
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- % XXX
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So, if D(s) do not have any RHP or RHZ, then der (N) cannot have any root
with positive real part either and hence D(s) cannot have a RHZ. Therefore, since
Z0(5), Gyor (s) and Y,,,(s) do not have any RHP or RHZ, the corresponding transfer
matrices in dg domain i.e. Zgy(s), Gyor(s) and Yo (s) do not contain any RHP/RHZ
either. Therefore Cy (Zso), Cq (Ymo) and Cy (Gyor) do not have any root in the right
half of s plane.

Now the poles and zeros of the two component matrices G ! (s) and G, (s) will
be examined.

2.3.2.1 Poles of Gy L(s) and G,(s)

Expression for the common denominator of G ! (s) has been derived in (A.18) as

3
Ca (G1'(9)) = Cy (Ymo(5)) Cu (Zso(s)) 1+Zm2Ymon<s>Z.mn(s) . (2.87)

G2

Ci (Ymo(s)) Ca (Zso(s)) donot have any root with positive real part. To reduce losses,
all input filters are designed to be under damped. Consequently, Z;,(s) in (2.46) can
be represented with reasonably high accuracy for all frequencies as

Zso(s) = 2 450 L2 . (2.88)

s2(Ly + L)Cy+s +1

5

In terms of corner frequency (w,) and quality factor (Q), Z;,(jw) can be repre-

sented as
Zoo(jw) = (Lg+ L s
so(j@) ( f) 1 P N o
) " 0w,

(2.89)

where

1 Cr 15 Ls
We " ——— O~ Rd — ) +n)” &n=—. (290)
,/(I’l—i— I)Lfo Ls Lf
Denoting the following

Yo =

& K=L,+Lj, 2.91)

w
Wc

Zso(jw) in (2.89) can be expressed as
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ﬂwhl—%)—j%]

Zo(j) = Ko—20—— — Ko, .
(1—V£)+J'§w (1-r2) + Lo
- Pj[(l—rg)—jr—“’]=P[rﬁ+j(1—r§)], (2.92)
Q Q
where P is a positive number. Therefore
WMZ,(jow)} >0 Vo (2.93)

At the output side for any kind of load, virtual damping can be introduced which
would be discussed in a later chapter. So the quality factor of the output filter can
be controlled. Consequently, for any kind of load, it can be shown in a very similar
manner as done for Z;,(jw) that

MY mo(jw)} >0 Yo (2.94)
Therefore, using (2.84)
WMZon (o)} >0 and M{Yuoni (jow)} = 0. (2.95)

Hence denoting the phase of both Z;, | (jw) and Y, (jw) as £Zs,11(jw) and
LY mo11(jw) respectively, the following can be stated

—90° < LZp11(jw) <90° & —90° < LY o1 (jw) <90°, (2.96)

and therefore,
—180° < £Zp11(j@) Yimon1 (jw) < 180°. 2.97)
Hence, plot of Y,,,11(jw)Zs11(jw), for all possible values of filter parameters

and load, never encircles the (—1 + j0) point as shown in Fig.2.10. Therefore from

Fig. 2.10 Shaded area Im
encompassing all possible
plots of

Ymal 1 (jw)Zsoll (Jw)

Z.m]l (./0)) Ymo]l(jw)
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Nyquist criterion it can be concluded that in (2.87), (1 + G2) does not have a root
with positive real part. Therefore G !(s) does not contain a RHP.
G, (s) cannot have a RHP either, as from Appendix A.3, its common denominator
is
Ca (Ga(s)) = Ca (Zso(5)) - (2.98)

Since Gy 1(5), Gyor(s) and G, (s) do not contain any RHP, it is therefore concluded
that G.(s) cannot have any RHP.

2.3.2.2 Zeros of Gf L(s) and G,(s)

Recalling that
Ge(5) = Gyot(5)Gy ' (5)Gals), (2.99)

determinant of N (G ' (s)) has been derived in Appendix A.3 as
det(N(G'(5))) = Ca (G (5)) Ca (Ymo(s)) Ca (Zso(5)) - (2.100)

It has been discussed in the last section that Cy (GI_ 1(s)) does not contain any
right half zeros and neither does Cy (Ymo(s)) nor Cy (Zso(s)). Hence, G I(s) can
not have any RHZ.

So, now focusing on the zeros of G,(s), from (A.21)

Myl,; + Mqlo

det(N(Ga(5))) = C3 (Zso(5)) ay, [1 1 Zmnm} . (2.101)

ay
where,
Iod \/§ T COS(‘po + (poL)
==L . 2.102
|: qu i| 2 |: Sln((/)o + woL) ( )
Using (2.27), (2.35), (2.44) and (2.102)
Malos + Mylog = /3 T (2.103)

Substituting (2.103) in (2.101),

det(N(Ga(5)) = Cj (Zgo(s)) ay | 1 —

Zso11(8) | . (2.104)

37
\/;Iin
Vv

a

Thereafter using (2.25) along with (2.71) in (2.104),
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Fig. 2.11 Frequency response of Zg,11(s)

P,
det(N (Gy(s))) = C (Zuw(s)) [1 " e Zsoll(s>}
(2.105)
2 2 1
= Cd (Zso (5)) ay |:1 - R_Zmll(s)] .

Frequency response of Z,1(s) is shown in Fig.2.11. The magnitude plot shows
two adjacent peaks near the input filter corner frequency. Also, multiple zero crossing
of phase plot is observed. The frequency of the zero phase corresponding to the
maximum magnitude is chosen. For a given set of parameters, let point B be that
maximum, as shown in Fig.2.11, corresponding to frequency wj;. Owing to the
presence of negative sign preceding (1/R,,) Z,1; in (2.105), sufficient condition for
avoiding RHZ in G,, from Nyquist criterion, is

372 2
P s V= cos” g;
| ZouGomw)| < 1, or P, < =L —— =P, (2.106)
3VZcos? g | Zsor1(jeom)|

So, emergence of RHZ depends on the magnitude of voltage at the input terminals,
input power factor, power transfer, input filter parameters and source inductance.
Moreover, ||Zs11(jw)||loo increases with L;/L ¢ ratio and so does |Z,11(jwum)l.
Hence a higher L brings down the P;, limit (P,,) for RHZ.

It is noted that the present modelling is achieved without considering the parasitic
resistances of the filter elements which increase the overall damping in an actual
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plant. Hence, strictly following (2.106) would lead to conservative design. In this
context, the parasitic resistances for the inductors depends on the construction, wire
gauge etc. which makes it very difficult to address all these aspects in a generic
model.

Nevertheless, this analysis gives the system designer an insight into the plant
model and a rule to approach the design in an integrated manner. There are two
choices—either working with a minimum phase system by appropriate input filter
design or designing a suitable controller for a non-minimum phase plant. The former
choice simplifies the controller design. However if the load requirement makes the
later situation inevitable, then, a proper controller design ensuring stable closed loop
operation becomes imperative.

2.4 Concluding Remarks

A model of a grid connected 3¢ MC has been derived incorporating input, output
filters and source inductance. It has been clearly shown that based on a given operating
point, RHZs may appear in the control to output transfer function which depends
upon the input filter parameters. The power stage of MC along with the presence of
input filter is responsible for the emergence of these RHZs in the linearized model.
This is clarified with the following example of a generic DC-DC converter having a
power stage equivalent to MC.

Example: Figure2.12 shows the a DC-DC converter where the control objective is

to regulate i,. The input and output voltages and currents are related as

dzvcf
R

Von = dvyy & iy =di, = (2.107)

where d, the duty cycle is the control input. The dynamic equation of the
state v,y is

i R, i,
—» | | .- —>
W L A O
Lf T 3 i[n
" o gy O .
3 Von
A o

Fig. 2.12 Generic DC-DC converter having same power stage as MC
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Fig. 2.13 Equivalent circuit of the linearized system

dve 1 4P,
LI PR LLTAY (2.108)
dt Cf R

Due to product of the state and control input in (2.108), linearization
becomes necessary. In the linearized model shown in Fig. 2.13, the control
transfer function is obtained as

2LsCy+sL ( : D2)+1
H STLyCprsby\ 5 — &%
o VC X X R R
L) _ Yy s (2.109)
A& Rop e v (—+2) 11

Ad f R, R
Hence RHZs emerge if,

R

— <Ry, (2.110)

D2

i.e. when the load resistance referred to source side is less than the damp-
ing resistor. Again since,

R Von _ ch _ chf

D2 LD I, P

: 2.111)

therefore, the condition for RHZs described in (2.110), can also be rep-
resented as
B ! (2.112)
— > —. .
Vi Ry
Meeting the control requirement i.e. regulation of i, leads to the origin of the RHZ.
From the small signal model, the input side and the output side variables are related
as
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5011 (s) = Dﬁcf (s) + chdh‘(s)a
iin(s) = Di,(s) + Ld(s). (2.113)

Tightly regulated i, means that irrespective of the variation in vy, the power
transferred to the load P;, remains constant. In other words, perfect control demands
the following

Ton(s) =0, i,(s) = 0. (2.114)

Using (2.113) and (2.114) results in the following

Ues () Vep Ve R

;in(s) B DIO B Iin _ﬁ

(2.115)

Therefore, under the assumption of perfect regulation the load appears as a nega-
tive resistance in the linear model. Any increment in v is met with a simultaneous
decrement in i;,, thus exhibiting the typical RHZ characteristics.

The presented analysis is applicable to any other modulation or modelling tech-
nique. Thus a design constraint for overall system design has been established which
will be used in subsequent chapters where filter and controller design has been
detailed.
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