Chapter 2
Core of a Sequence and the Matrix Class

(£, 0)

In this chapter, we present a study of the core of a sequence and properties of the
matrix class (¢, £). This chapter is divided into 4 sections. In the first section, we
introduce the core of a sequence and study some of its properties. In the second
section, we prove an improvement of Sherbakoff’s result. This result leads to a short
and elegant proof of Knopp’s core theorem. The third section is devoted to a study of
the matrix class (€, £) in the context of a convolution product *. In the final section,
we prove a Mercerian theorem for the Banach algebra (¢, £) under the convolution
product *.

2.1 Core of a Sequence

The core of a complex sequence is defined as follows.

Definition 2.1 If x = {x;} is a complex sequence, we denote by K,(x), n =
0, 1,2, ..., the smallest closed convex set containing x,,, X,+1, - . - .

H(x) =[] Kulx)
n=0

is defined as the core of x.

It is known [1] that if x = {x;} is bounded,

H ) =) o @

zeC n—>0o0

where C,(z) is the closed ball centered at z and radius r. Sherbakhoff [1] generalized
the notion of the core of a bounded complex sequence by introducing the idea of the
generalized a-core % (“) (x) of a bounded complex sequence as
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(@) — _
H (x)_ﬂcahm |Z_xn|(Z)v 0421 (21)

zeC n—00

When o = 1, 2@ (x) reduces to the usual core % (x). Sherbakhoff [1] showed that
under the condition

o0

lim (Z |ank|) —a, a>1, (2.2)

n—0oQ
k=0

H(Ax)) € ().

Natarajan [2] improved Sherbakhoft’s result by showing that his result works with
the less stringent precise condition

oo
gg(ENWOSa,azL (2.3)

k=0

(2.3) being also necessary besides the regularity of A for
H(A) € K@ (),

for any bounded complex sequence x. This result for the case v = 1 yields a simple
and very elegant proof of Knopp’s core theorem (see, for instance, [3]).

2.2 Natarajan’s Theorem and Knopp’s Core Theorem
Natarajan’s theorem is
Theorem 2.1 ([2, Theorem 2.1]) A = (ayx) is such that
H(AW) € A V@), azl,

for any bounded sequence x if and only if A is regular and satisfies (2.3),

oo

i.e., nan;o (Z |a,1k|) <o a>1.

k=0

Proof Let x = {x,} be a bounded sequence. If y € £ (A(x)), for any z,
ly =zl = lim |z — (Ax)a|.
n—00

If A is a regular matrix satisfying (2.3), then
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ly —zl < nlggolz — (Ax),|

z (2 — xi)

k=0

= lim
n—oo

< alim |z — x|,
k—o00

i, yeC (z) for any z,
Xkl

alim |z —
k— 00

which implies that
H(A(x)) C @ (x).

Conversely, let
H(A(x)) € A (x).

Then, it is clear that A is regular by considering convergent sequences for which

H D (x) = {1im x,,} .

n—00
It remains to prove (2.3). Let, if possible,

A

nlLH;o (kz_(; |ank|) > .

Then,

oo
nlin;o (z |ank|) =« + h, for some i > 0.

k=0

Using the hypothesis and the fact that A is regular, we can choose two strictly
increasing sequences {n(i)} and {k(n(i))} of positive integers such that

k(n(i—1)) h
Z |@ngiykl < g,
k=0

k(n(i)

h
z laniyil > a + 1
k=k(n(i—1))+1
and

N h
Z |an .l < 3

k=k(n(i))+1
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Define the sequence x = {x;} by

X =sgn(aniyk), k(n(@ —1)) <k <km@)),i=1,2,....
Now,

k(n(i)) k(n(i—1))

[(AX)n(i)| = Z laniy.kl — Z |an iy k]

k=k(n(i—1)+1 k=0
o0
- Z lan .kl
k=k(n(i)+1
n h h h
>a+—-—-——
4 8 8
—a, i=1,2,.... (2.4)

By the regularity of A, {(Ax),u}72, is a bounded sequence. It has a convergent
subsequence whose limit cannot be in C, (0), in view of (2.4). Using (2.1), we have,
H (@ (x) € C,(0) for the sequence x chosen above. This leads to a contradiction of
the fact that .# (A(x)) € K@ (x), completing the proof of the theorem. O

Remark 2.1 Condition (2.3) cannot be relaxed if (A (x)) were to be contained in
K@ (x). The infinite matrix

I X=X0 0 O -
01 AX=X0 0-
00 1 X -XO0- ’

where || > «, transforms the sequence {1, 0, 1,0, ...} into the sequence {\, 1 —
AT = ) K@) C Cu(0) while A € # (A(x)) and A\ ¢ C,(0).

Remark 2.2 For a regular matrix A = (a,), note that
7 () <

is equivalent to
o0
nlin;o (;) |ank|) =1

Remark 2.3 The proof of Theorem 2.1, for the case a = 1, yields a very simple and
elegant proof of Knopp’s core theorem. This proof is much simpler than the proofs
of Knopp’s core theorem known earlier (for instance, see [3, p.149]).



2.3 Some Results for the Matrix Class (£, £) 31

2.3 Some Results for the Matrix Class (£, £)

‘We recall that

=[x={xk}:2|xk|<oo].

k=0

Note that ¢ is a linear space with respect to coordinatewise addition and scalar
multiplication and it is a Banach space with respect to the norm defined by

[o¢]
Il =D 1xel. x = {xi} € L.

k=0

(€, £; P) denotes the set of all infinite matrices A = (a,x) € (£, £) such that

DAy =D x, x={u et
n=0 k=0

We recall the following results (see [4—6])
Theorem 2.2 A = (a,x) € (¢, £) if and only if

sup (Z |ank|) < 0. (2.5)

k>0

Further, A € ({,¢; P) ifand only if A € (¢, £) and (1.29) holds.

Theorem 2.3 The matrix class (£, £) is a Banach algebra under the norm

Al = iulg (Z |ank|)v A = (aw) € (£, 0), (2.6)
z n=0

with the usual matrix addition, scalar multiplication, and multiplication.
We shall now prove a few results for the matrix class (£, £) (see [7]).

Theorem 2.4 The class (¢, £; P), as a subset of (£, £), is a closed convex semigroup
with identity, the multiplication being the usual matrix multiplication.

Proof Let A = (au), B = (byr) € (€, £; P) and A + p = 1, A, u being nonnegative
real numbers. Then, there exists M > 0 such that

Sup(z |ank|) sup (Z |bnk|) <M.
k=0 n=0
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Now,
sup Z A + pibu| < Asup (Z |ank|) + psup (Z |bnk|)
k=0, k= n=0 n=0
<A+ M
=M, since \+ p = 1.
Also,

Z()\ank + ,Ubnk) =A (Z ank) + ,u(z bnk)

n=0 n=0
= A1) + (1)
=A+pu
=1,k=0,1,2,...,

o0 o0
since Zank = ank =1,k=0,1,2,...,using (1.29). In view of Theorem 2.2,

n=0
M+ uB e (¢, Z P) so that (Z £; P) is a convex subset of (¢, £).

Let,now, A = (an) € (£, £; P). Then, there exist A™ = (a)),m =0, 1,2, .
such that
|A™ — Al = 0,m — oo.

Thus, given € > 0, there exists a positive integer N such that

[A™ — AJ| < o0,m = N,

i.e.,sup (z |ank — 61n/<|) <e,m>N. 2.7)

k=0 n=0

sup (Z |ank|) < sup (Z i — I) + sup (Z laye | )
= n=0

< €+ sup (Z |a(N) ), using (2.7)

k>0

Now,

< 00,

since AN e (¢, £; P), sothat A € (¢, £). Again,
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o0 o0 o0
N

D an =1 =2 am =D ay|,
n=0 n=0 n=0

o0

N

> (am — ay’)
n=0

00
N
=< Z|ank _a:lk)l

since AW ¢ £, ¢; P)

n=0
< sup (Z |Gk — a,if)l)
=0 \ ;0o
<e k=0,1,2,..., inview of (2.7)
so that
o0
Za”k — 1| < eforall e > 0.
n=0
Consequently,

o0
Zankzl, k=0,1,2,....
n=0

Thus, A € (¢, ¢; P) and so (¢, £; P) is a closed subset of (£, £).

It is clear that the unit matrix is in (¢, £; P), and it is the identity element of
€, ¢; P).

To complete the proof, it suffices to check closure under matrix multiplication.
If A= (anw), B= (by) € (¢, £; P),using Theorem 2.3, AB € (¢, £). Infact, AB €
(¢, ¢; P), since

00 00 [S)
Z Cnk = Z( anibik)
n=0 0

n=0 \i=
00 00

= 2 bik E Api
i=0 n=0

o0 o0
= E b;x, since E a,; =1,i=0,1,2,...
i=0 n=0

o0
=1, since Zbik: Lk=0,1,2,....
i=0

This completes the proof of the theorem. (]
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Remark 2.4 (£, ¢; P) is not an algebra since the sum of two elements of (¢, £; P) is
notin (¢, ¢; P).

We now introduce a convolution product (see [5]).

Definition 2.2 For A = (a,;), B = (bu), define

(A% By = Zaikbn,,,k, nk=0,1,2,.... (2.8)
i=0

A x B = ((A % B),) is called the convolution product of A and B.

We keep the usual norm structure in (¢, £) as defined by (2.6) and replace matrix
product by the convolution product as defined by (2.8) and prove the following result.

Theorem 2.5 (¢, ¢) is a commutative Banach algebra, with identity, under the con-
volution product * as defined by (2.8). Furthermore, (£, £; P), as a subset of (¢, £),
is a closed convex semigroup with identity.

Proof Recall that it was proved in Theorem 2.4 that (¢, £; P) is a convex subset of
(€, £). We will first prove closure under the convolution product *. Let A = (a,),
B = (by) € (£,0),and A x B = (c,x). Then,

oo [e.¢] n
Z |an| = z Zaikbn—i,k
n=0 n=0 |i=0
oo n
< DD laullbail
n=0 i=0

= (g Iankl)(g |bnk|)

<su || Jsu [Dk|

=AIIBI, k=0,1,2,...,

o0
sup( |an|) < 00
k=0 \

n=0

A= Bl < Al lIBI.

so that

andso A x B € (£, £). Also,

Itis clear that A « B = B * A. The identity element is the matrix £ = (e,;), whose
first row consists of 1’s and which has 0’s elsewhere,
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i.e., €0k=1, k=0,1,2,...;
e =0,n=12,...;k=0,1,2,....

We note that E € (¢, ¢; P) and || E|| = 1. It now suffices to prove that (¢, £; P) is
closed under the convolution product *. Now,

o0 o0 n
E Cok = E Aikbn_i
n=0 0

n=0 \i=
= (Z ank) (Z bnk)
n=0 n=0
=1,k=0,1,2,...,

where A, B € (¢, £; P). This completes the proof of the theorem. O

2.4 A Mercerian Theorem

We close the present chapter by proving a Mercerian theorem for the Banach algebra
(€, £) under the convolution product *.

Theorem 2.6 If
Yn = Xn + A"X0 + " x A X+ X0),
lc| < 1 and if {y,} € L, then {x,} € £, provided
Al <1—c.
Proof Since (£, £) is a Banach algebra under the convolution product *, if |\| < m,

A € (¢, 0), then E — \A, where E is the identity element of (¢, £) under *, has an
inverse in (£, £). We recall that

111 .-
00 0 ---
E = (enk) = 0 0 0
We note that the equations
Yo =Xp F A" X0+ X+ ), el <1,n=0,1,2, ...

can be written in the form
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(E+ M) xx' =7,

where

oS O
o o

(e}
(e

X0

xn 0 0 -

It is clear that A € (£, £) with ||A] = ﬁ So, if [\ <1—c¢, (E+ A\A) has an
inverse in (£, £). Consequently, it follows that

X =(E4+ M )xy.

Since y' € (£, £) and (E + MNA)~! € (¢, £), we have, x” € (¢, £). In view of Theorem
2.2, it follows that {x,} € £, completing the proof of the theorem. (]
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