
Chapter 2
Basic Introductory Results

Abstract The goal of this chapter is to present basic introductory techniques of
model theory. The main results presented are Łoś fundamental lemma on ultra-
product of structures, compactness theorem and quantifier elimination. These are
cornerstones of model theory. A large number of applications given in this chapter
bear testimony to the importance of these results. We also introduce the notion of
independence and dimension in minimal sets. Finally we give several applications
of the results proved in this section in algebra and geometry. A large number of
examples and exercises are given as we go along.

2.1 Ultraproduct of Structures

In this section, we introduce ultraproduct of models. It is a notion of the product of
structures and a basic technique of constructing new models from old ones. It made
its first appearance in Skolem [57]. The fundamental lemma was proved by Łoś in
[36]. Since then ultraproduct has become a basic tool in model theory.

Let L be a first-order language and F a filter on a non-empty set I . Suppose for
each i ∈ I we are given an L-structure Mi of L . Set

M = ×i∈I Mi .

For α, β ∈ M , define

α ∼ β ⇔ {i ∈ I : α(i) = β(i)} ∈ F .

Since I ∈ F , ∼ is reflexive. Clearly, it is symmetric. Since F is closed under finite
intersections and supersets, ∼ is transitive. Thus, ∼ is an equivalence relation on
×i Mi . For α ∈ M , [α] will denote the ∼-equivalence class containing α. We set

M(F) = M/ ∼ = {[α] : α ∈ M}.
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46 2 Basic Introductory Results

We interpret the nonlogical symbols of L as follows:

1. If c is a constant symbol, cM(F) = [α], where α(i) = cMi , i ∈ I .
2. If p is an n-ary relation symbol,

pM(F)([α1], . . . , [αn]) ⇔ {i ∈ I : pMi (α1(i), . . . , αn(i))} ∈ F .

3. If f is an n-ary function symbol, we define

[β] = f M(F)([α1], . . . , [αn]),

where
β(i) = f Mi (α1(i), . . . , αn(i)), i ∈ I.

We need to show that pM(F) and f M(F) are well defined. Suppose α j ∼ β j ,
1 ≤ j ≤ n. Since F is closed under finite intersections, there is an X ∈ F such that
α j (i) = β j (i) for all 1 ≤ j ≤ n and all i ∈ X . This implies the well-definedness of
pM(F) and f M(F).

Proposition 2.1.1 For every term t[x] and every α0, . . . , αn−1, β ∈ M,

tM(F)[[α0], . . . , [αn−1]] = [β] ⇔ {i ∈ I : t Mi [α0(i), . . . , αn−1(i)] = β(i)} ∈ F .

Proof The result is proved easily by induction on the length of t . The details are left
for the reader as an easy exercise. �

Proposition 2.1.2 For every atomic formula ϕ[x] and every α ∈ M,

M(F) |= ϕ[[α0], . . . , [αn−1]] ⇔ {i ∈ I : Mi |= ϕ[α0(i), . . . , αn−1(i)]} ∈ F . (∗)

Proof Let t[x], s[x] be terms and α0, . . . , αn−1 ∈ M . Define

β(i) = t Mi [α0(i), . . . , αn−1(i)], i ∈ I

and
γ (i) = sMi [α0(i), . . . , αn−1(i)], i ∈ I.

By the last Proposition 2.1.1,

t M(F)[[α0], . . . , [αn−1]] = [β]

and
sM(F)[[α0], . . . , [αn−1]] = [γ ].

Thus, (∗) holds for t[x] = s[x] and α0, . . . , αn−1.
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Let ϕ[x] be an atomic formula p[t1[x], . . . , tm[x]] and every α0, . . . , αn−1 ∈ M .
Set

β j (i) = t Mi
j [α0(i), . . . , αn−1(i)], i ∈ I, 1 ≤ j ≤ m.

Then

M(F) |= p[t M(F)
1 ([α0], . . . , [αn−1]), . . . , t M(F)

m ([α0], · · · , [αn−1])]
⇔ M(F) |= p[[β1], . . . , [βm]]]
⇔ {i ∈ I : Mi |= p[t Mi

1 [α0(i), . . . , αn−1(i)], . . . , t Mi
m [α0(i), . . . , αn−1(i)]]} ∈ F

The first equivalence holds by the last Proposition 2.1.1 and the last equivalence
holds by definition. �

In a fundamental contribution to model theory Łoś showed that (∗) holds for every
formula if F is an ultrafilter on I .

Theorem 2.1.3 (Łoś Fundamental Lemma) Let U be an ultrafilter on I , ϕ[x] an
L-formula and [α0], . . . , [αn−1] ∈ M(U). Then

M(U) |= ϕ[[α0], . . . , [αn−1]] ⇔ {i ∈ I : Mi |= ϕ[α0(i), . . . , αn−1(i)]} ∈ U .

(∗∗)

Proof For atomic ϕ, (∗∗) follows from the last Proposition 2.1.2. Suppose ϕ satisfies
(∗∗) and ψ is the formula ¬ϕ. Take [α0], . . . , [αn−1] ∈ M(U). Then

M(U) |= ψ[[α0], . . . , [αn−1]] ⇔ M(U) �|= ϕ[[α0], . . . , [αn−1]]
⇔ {i ∈ I : Mi |= ϕ[α(i)]} /∈ U
⇔ {i ∈ I : Mi |= ψ[α(i)]} ∈ U ,

whereα(i) = (α0(i), . . . , αn−1(i)). The second equivalence holds becauseϕ satisfies
(∗∗)whereas the third equivalence holds becauseU is an ultrafilter. Similarlywe show
that if ϕ and ψ satisfy (∗∗), so does ϕ ∨ ψ .

Now assume that (∗∗) holds for ψ[x0, x1, . . . , xn], n ≥ 0 and all (α0, . . . , αn) ∈
Mn+1. Consider ϕ = ∃x0ψ . Take any α1, . . . , αn ∈ M such that

M(U) |= ϕ[[α1], . . . , [αn]].

Then there exists [α0] ∈ M(U) such that

M(U) |= ψ[[α0], . . . , [αn]].

By our hypothesis,

{i ∈ I : Mi |= ψ[α0(i), . . . , αn(i)]} ∈ U .

This clearly implies that
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{i ∈ I : Mi |= ϕ[α1(i), . . . , αn(i)]} ∈ U .

To prove the converse, assume that the set

U = {i ∈ I : Mi |= ϕ[α1(i), . . . , αn(i)]} ∈ U .

So, for each i ∈ U there exists an α0(i) ∈ Mi such that

Mi |= ψ[α0(i), . . . , αn(i)].

Take any extension α0 of i → α0(i), i ∈ U , to I . Then by our assumption

M(U) |= ψ[[α0], . . . , [αn]].

Thus,
M(U) |= ϕ[[α1], . . . , [αn]].

The result is thus seen by induction on the rank of ϕ. �
If U is an ultrafilter on I , the structure M(U) is called the ultraproduct of Mi ’s.

If each Mi = M , it is denoted by MU and is called an ultrapower of M .
Let {Mi : i ∈ I } and {Ni : i ∈ I } be families of sets and U an ultrafilter on I . Let

gi , hi : Mi → Ni , i ∈ I , be arbitrary maps. Define

{gi : i ∈ I } ∼U {hi : i ∈ I } ⇔ {i ∈ I : gi = hi } ∈ U .

It is easy to see that ∼U is an equivalence relation.
Fix {gi : i ∈ I } ∼U {hi : i ∈ I } and a = (ai ) ∼ (a′

i ) = a′. Then (gi (ai )) ∼
(hi (a′

i )). Hence, we have a well-defined map

(�igi )
U ([(ai )]) = [(gi (ai ))].

We make a series of simple observations whose proofs are left to the reader as a
simple exercise.

1. If {i ∈ I : gi is onto} ∈ U , then (�igi )
U is onto.

2. If {i ∈ I : gi is one-to-one} ∈ U , then (�igi )
U is one-to-one.

Next assume that each Mi and each Ni , i ∈ I , are L-structures.

3. If {i ∈ I : gi is a homomorphism} ∈ U , then (�igi )
U is a homomorphism. It

follows that if {i ∈ I : gi is an embedding (isomorphism)} ∈ U , then (�igi )
U is

an embedding (isomorphism).
4. Using Łoś theorem (Theorem 2.1.3), it is easy to see that if {i ∈ I : gi is

elementary} ∈ U , then (�igi )
U is elementary.

Corollary 2.1.4 Let T be an L-theory and {Mi : i ∈ I } a family of models of T .
Then for every ultrafilter U on I , the ultraproduct M(U) is a model of T .
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Remark 2.1.5 Ultraproduct gives a new notion of product in the category of models
of T ; in particular, in any category of algebraic structures such as groups, rings,
fields, etc. Further, by choosing the ultrafilter U suitably, one gets a model M(U)

with some desired properties.

SinceM(U) is in a sense a limit of {Mi : i ∈ I }, in general, no reasonable converse
of the corollary exists. However, if T has only finitely many axioms, a converse of
the corollary is true.

Proposition 2.1.6 Let {Mi : i ∈ I } be a family of L-structures and U an ultrafilter
on I . Suppose an L-theory T has finitely many axioms only and M(U) |= T . Then
{i ∈ I : Mi |= T } ∈ U .

Proof Let ϕ1, . . . , ϕn be all the axioms of T . Since M(U) |= T , for each 1 ≤ k ≤ n,
the set Ak = {i ∈ I : Mi |= ϕk} ∈ U . Then A = ∩1≤k≤n Ak ∈ U and for every i ∈ A,
Mi |= T . �

Corollary 2.1.7 Let {Ki : i ∈ I } be a family of rings, U an ultrafilter on I and
p > 0 a prime. Then the ultraproduct K(U) is a field of characteristic p if and only
if {i ∈ I : Ki is a field of characteristic p} is in U .
Example 2.1.8 For each prime p > 0, let Kp be a field of characteristic p and U
a free ultrafilter on the set of all primes. Then the ultraproduct K(U) is a field of
characteristic 0. To see this, let P denote the set of all primes. Fix a prime p. Since U
is free, {q ∈ P : q > p} ∈ U . SinceKq |= p �= 0 for every q > p, char(K(U)) �= p
by Łoś Theorem 2.1.3. Our claim follows.

Proposition 2.1.9 A class C of L-structures is elementary if and only if C is closed
under elementary equivalences and ultraproducts.

Proof The only if part is clear from Łoś theorem (Theorem 2.1.3). So, assume that C
is closed under elementary equivalences and ultraproducts and T = Th(C). We now
show that C is precisely the class of all models of T . Clearly, if M ∈ C, M |= T .

Now assume that M |= T . Let I denote the set of all non-empty finite subsets of
Th(M). Note that for each i ∈ I there is a Mi ∈ C such that Mi |= ∧i . If not, then
¬(∧i) ∈ T . But then both ∧i and ¬(∧i) are true in M which is a contradiction. For
each sentence ϕ ∈ Th(M), set

Aϕ = {i ∈ I : ϕ ∈ i}.

Given ϕ1, . . . , ϕk ,
{ϕ1, . . . , ϕk} ∈ ∧k

j=1Aϕ j .

This implies that there is an ultrafilter U containing each Aϕ , ϕ ∈ Th(M). Set

N = ×i∈I Mi/U .
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By our hypothesis N ∈ C. Our proof will be complete if we show that M is elemen-
tarily equivalent to N . But for any ϕ ∈ Th(M),

Aϕ ⊂ {i ∈ I : Mi |= ϕ}.

Thus, Th(M) ⊂ Th(N ). This implies that these two sets are equal, i.e. M and N are
elementarily equivalent. �

This result can be easily used to show that various classes of structures are
not elementary. To illustrate this let L have no nonlogical symbol. So any
non-empty set is an L-structure. Let C be the class of all finite sets. For k > 0,
let Xk = {0, . . . , k − 1}. Take any free ultrafilter U on the set of all positive inte-
gers. Now consider X = ×k Xk/U . For any positive integer m, let αm ∈ ×k Xk be a
sequence which is eventually m. Then for m �= n, [αm] �= [αn]. Thus, X is infinite.
Hence, C is not closed under ultraproducts. So, C is not elementary.

We saw earlier that the class of all fields of positive characteristic is not closed
under ultraproducts. Hence, the class of all fields of positive characteristic is not
elementary.

Exercise 2.1.10 Let U be an ultrafilter on I with ∩U = { j}. Suppose {Mi : i ∈ I }
is a family of L-structures. Show that M(U) is isomorphic to Mj .

Exercise 2.1.11 Let M be an L-structure and U an ultrafilter on I . Define the inclu-
sion map j : M → MU by

j (x) = [cx ], x ∈ M,

where cx : I → M is the constantmap cx (i) = x , i ∈ I . Show that j is an elementary
embedding.

2.2 Compactness Theorem

In this section, we prove the compactness theorem for first-order theories. Because
of its great importance, we also give several variants of this theorem. This was
first proved for countable theories by Gödel in [15]. For general theories, it was
independently proved by Mal’tsev in [39, 40] and by Henkin in [18].

Theorem 2.2.1 (Compactness theorem) An L-theory T has a model if and only if
each finite T ′ ⊂ T has a model.

Proof If part: For each finite i ⊂ T , letMi be amodel of i . Set I = {i : i ⊂ T finite}.
For each sentence ϕ, set

Bϕ = {i ∈ I : ϕ ∈ i}.

Let ϕ1, . . . , ϕn ∈ T . {ϕ1, . . . , ϕn} ∈ ∩n
i=1Bϕi . Thus, the family {Bϕ : ϕ ∈ T } has

finite intersection property. Hence, it is contained in an ultrafilter U .
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We claim that M(U) |= T . Let ϕ ∈ T . Then for every i ∈ Bϕ , Mi |= ϕ. Hence,
by Łoś theorem, M(U) |= ϕ.

The only if part is entirely trivial. This completes the proof of the compactness
theorem. �

We give an alternative proof of compactness theorem. This is essentially the
semantic version of the syntactical proof given originally. This proof gives yet another
technique of building models which will be used later also.

Let T be a finitely satisfiable set of L-sentences. The following observation is
trivially seen.

Fact. For any L-sentence ϕ, at least one of T ∪ {ϕ} and T ∪ {¬ϕ} is finitely
satisfiable.

A finitely satisfiable set T of L-sentences will be called complete if for every
sentence ϕ, ϕ or ¬ϕ is in T . Using Zorn’s lemma, it is immediately seen that.

Theorem 2.2.2 (LindenbaumTheorem) Every finitely satisfiable set of L-sentences
is contained in a complete set of finitely satisfiable L-sentences.

We leave the detail for the reader as a simple exercise.
A set of finitely satisfiable L-sentences T will be called Henkin if whenever a

closed sentence of the form ∃xϕ ∈ T , there is a constant symbol c such that ϕx [c] ∈
T . Note that if T is complete and finitely satisfiable, then the sentence ∃x(x = x) ∈
T . Otherwise, ¬∃x(x = x) ∈ T , contradicting that T is finitely satisfiable. This, in
particular, implies that L has constant symbols.

The main idea of the proof is the following.

Theorem 2.2.3 Every complete, Henkin set of finitely satisfiable L-sentences T has
a model.

Proof Let M ′ denote the set of all variable-free L-terms. By the above remark,
M ′ �= ∅. If t and s are variable-free terms, define

t ∼ s if t = s ∈ T .

Using finite satisfiability and completeness of T , it can be easily proved that ∼ is an
equivalence relation on M ′. For instance, if t1, t2, t3 are variable-free L-terms and
t1 ∼ t2 and t2 ∼ t3 hold, then t1 ∼ t3 must hold. For otherwise, by completeness of
T , t1 = t2, t2 = t3, t1 �= t3 ∈ T . This contradicts the finite satisfiability of T .

LetM = M ′/ ∼, the set of all∼-equivalence classes. For any variable-free term t ,
let [t] denote the equivalence class containing t . For any constant symbol c, take cM =
[c]. Let f be a n-ary function symbol, R a n-ary relation symbol and [t1], . . . , [tn] ∈
M . Define

f M([t1], . . . , [tn]) = [ f (t1, . . . , tn)]
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and
RM([t1], . . . , [tn]) ⇔ R[t1, . . . , tn] ∈ T .

Using completeness and finite satisfiability of T it is easy to see that these are well
defined. Thus, we have defined an L-structure M .

By induction on the rank of ϕ, we now show that for every LM -sentence ϕ,

M |= ϕ ⇔ ϕ ∈ T . (∗)

(∗) is true for all atomic ϕ by the definition of M . Suppose (∗) holds for ϕ and
ψ = ¬ϕ. Then

M |= ψ ⇔ M �|= ϕ ⇔ ϕ /∈ T ⇔ ψ ∈ T .

The second equivalence holds by the induction hypothesis and the third equivalence
holds because T is complete.

Next,we assume that (∗) holds forϕ andψ and ξ = ϕ ∨ ψ . SupposeM |= ξ . Then
M |= ϕ or M |= ψ . Without any loss of generality, assume that M |= ϕ. Then by
induction hypothesis, ϕ ∈ T . Hence, by the completeness of T , ξ ∈ T . Conversely,
let ξ ∈ T . Then by the completeness of T , ϕ ∈ T or ψ ∈ T . Hence, by induction
hypothesis, M |= ϕ or M |= ψ . In either case, M |= ξ .

Finally, let (∗) holds for all LM -sentences of length less than the length of ∃xϕ[x]
which is assumed to be closed. Suppose M |= ∃xϕ. Then there exists [t] ∈ M such
thatM |= ϕ[[t]]. So, by induction hypothesis, ϕ[[t]] ∈ T . Hence, by completeness of
T , ∃xϕ[x] ∈ T . Now assume that ∃xϕ[x] ∈ T . Since T is Henkin, there is a constant
c such that ϕx [c] ∈ T . So, by induction hypothesis, M |= ϕx [c]. Thus, M |= ∃xϕ[x].

�

The model of T obtained in the last proposition is called the canonical model of
T . To complete the proof of compactness theorem, we need one more result.

Proposition 2.2.4 Let T be a finitely satisfiable set of L-sentences. Then there is
an extension L∞ of L obtained by adding new constant symbols only and a finitely
satisfiable, Henkin set of L∞-sentences T∞ that contains T .

Proof Set L0 = L and T0 = T . Suppose Ln and a finitely satisfiable set of Ln-
sentences Tn have been defined. For each Ln-sentence of the form ∃xϕ[x] which is
not an Lm-sentence for anym < n, we add a new constant symbol c∃xϕ to Ln and the
sentence ∃xϕ[x] → ϕx [c∃xϕ] to Tn . Call the resulting language Ln+1 and resulting set
of Ln+1-sentences Tn+1. It is straightforward to check that Tn+1 is finitely satisfiable.

We put L∞ = ∪n Ln and T∞ = ∪nTn . These satisfy the conclusions of the propo-
sition. �

Proof of the compactness theorem. Let T be a finitely satisfiable set of L-
sentences. Then we obtain L∞ and T∞ as in the last proposition. By Lindenbaum
Theorem 2.2.2, there is a complete finitely satisfiable set of L∞-sentences T ′ con-
taining T∞. Then T ′ is Henkin. The canonical model of T ′ is a model of T . �
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Exercise 2.2.5 Let L be a first-order language and T the set of all complete L-
theories. This set of exercises defines a topology on T making it into a compact,
Hausdorff, zero-dimensional space. For each L-sentence ϕ, set

Bϕ = {T ∈ T : ϕ ∈ T }

and B = {Bϕ : ϕ an L − sentence}. Show the following.

1. B is closed under finite intersection and complementation. Thus, it is a base of a
zero-dimensional, topology τ on T .

2. Show that (T , τ ) is a compact, Hausdorff topological space.
3. Show that (T , τ ) is metrizable if the language L is countable.

There are some variants of compactness theorem which are quite useful.

Theorem 2.2.6 For any sentence ϕ, T |= ϕ if and only if T ′ |= ϕ for some finite
T ′ ⊂ T .

Proof The if part is clear. For only if part, suppose for no finite T ′, T ′ |= ϕ. This
implies that every finite part of T ′′ = T ∪ {¬ϕ} has a model. Hence, by compactness
theorem, T ′′ has a model, say M . But then M |= T and M �|= ϕ. So, T �|= ϕ. �

Let L be a first-order language and 
 a set of formulas of L . Let v0, v1, . . . be all
the variables (finitely or countably many), vi ’s distinct, that has a free occurrence in a
ϕ ∈ 
. We say that
 is satisfiable if there is a structure M for L and a0, a1, . . . ∈ M
such that for all ϕ[v0, . . . , vn−1] ∈ 
, M |= ϕ[a]. We say that
 is finitely satisfiable
if every finite 
′ ⊂ 
 is satisfiable.

Proposition 2.2.7 Every finitely satisfiable 
 is satisfiable.

Proof Introduce in L a new constant ci corresponding to each vi that has a free
occurrence in 
 and call the resulting language L ′. Now consider


′ = {ϕ[c] : ϕ[v] ∈ 
}.

Note that
 is satisfiable if and only if
′ has a model. By the compactness Theorem
2.2.1, it is sufficient to prove that each finite part of 
′ has a model. This follows
because 
 is finitely satisfiable. �
Proposition 2.2.8 Let M be an L-structure and 
 a set of L-formulas such that
every finite 
′ ⊂ 
 is satisfiable in an elementary extension of M. Then there is an
elementary extension N of M in which 
 is satisfiable.

Proof Consider � = 
 ∪ Diagel(M). By our hypothesis, � is finitely satisfiable.
Hence, there is an L-structure N in which � is satisfiable. Since N |= Diagel(M),
N is an elementary extension of M . The proof is complete. �
Remark 2.2.9 Let L be a first-order language with uncountably many variables and

 a set of L-formulas. In this case also the notion of finite satisfiability and satisfia-
bility for 
 makes sense. Further, the last two propositions are seen to be true.
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2.3 Some Consequences of Compactness Theorem

Proposition 2.3.1 Let L be the languagewith constants0,1, binary function symbols
+ and · and a binary relation symbol <. Let N denote the standard model of natural
numbers. There is a structure M for L elementarily equivalent to the standard model
N and having an element b such that for every natural number n, n < b.

Proof Introduce a new constant symbol c to LN. For each natural number m, let Am

be the formula m < c. Now consider the theory

N ′ = Diagel(N) ∪ {Am : m ∈ N}.

Since every finite set of natural numbers has an upper bound in N, N is a model of
each finite part of N ′. Hence, by the compactness theorem, N ′ has a model M . This
model has the required properties with b = cM . �

Proposition 2.3.2 There is a non-Archimedean ordered field ∗
R elementarily equiv-

alent to the ordered field R.

Proof Let L denote the language of the theory of ordered fields. Add a new constant
symbol c to LR. For natural numbers n, let An be the formula n < c and consider

T = Diagel(R) ∪ {An : n ∈ N}.

Since the real line R is a model of each finite T ′ ⊂ T , by the compactness theorem,
T has a model. Any model ∗

R of T does the job. �

Proposition 2.3.3 The class of all well-ordered sets is not elementary.

Proof If possible, suppose there is a first-order theory T whose models are precisely
well-ordered sets. Add to T a sequence {cn} of distinct and new constants and set
T ′ = T ∪ {cn+1 < cn : n ∈ ω}. Then, T ′ is finitely satisfiable. Hence, by compact-
ness theorem, T ′ has a model, say M . But then {cMn } is a non-empty subset of M
with no least element. This is a contradiction. �

Proposition 2.3.4 The class of all fields of characteristic 0 is not finitely axiomati-
zable.

Proof Let T be the theory of fields and ϕn denote the sentence n �= 0, n > 1. If
possible, suppose ψ is a sentence in the language of rings such that M |= ψ if and
only if M is a field of characteristic 0. So, T [{ϕn : n > 1}] |= ψ . By compactness
theorem, there is a positive integer N such that

T [∧N
i=2ϕi ] |= ψ.

Let p > N be prime. It follows that Fp |= ψ , a contradiction. �
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Exercise 2.3.5 Show that the class of all algebraically closed fields is not finitely
axiomatizable.

(Hint: Use Proposition B.1.4)

Exercise 2.3.6 Show that the class of all archimedean ordered fields is not elemen-
tary.

Exercise 2.3.7 A graph (V, E) is called connected if for every x �= y ∈ V , there
exist x0, . . . , xn ∈ V such that x0 = x , xn = y and for all i < n, E[xi , xi+1]. Show
that the class of all connected graphs is not elementary.

Exercise 2.3.8 Show that the class of all torsion-free groups is not finitely axioma-
tizable.

Exercise 2.3.9 Show that a class C of L-structures is finitely axiomatizable if and
only if both C and its complement are elementary.

Exercise 2.3.10 LetF denote the class of all finite fields. Call a field F pseudofinite
if it is infinite and a model of Th(F). Show that the class of all pseudofinite fields is
elementary and non-empty.

Using compactness theorem we now show that every field is a subfield of an
algebraically closed field. By easy algebra arguments, this will imply the existence
of the algebraic closure of each field.

We shall use a standard fact from algebra. Let F be a field and f (X) ∈ F[X ]
an irreducible polynomial. Let ( f ) denote the ideal in F[X ] generated by f . Then
F[X ]/( f ) is a field extension of F in which f has a root. It then follows that given
finitely many polynomials f1, . . . , fn ∈ F[X ] there is a field extension K of F in
which each of f1, . . . , fn has a root.

Proposition 2.3.11 Let F be a field. Then there is a field extension K of F such that
every polynomial f (X) ∈ F[X ] has a root in K.

Proof Let T denote the theory of fields in the language L of rings with identity. For
each polynomial f (X) ∈ F[X ] introduce a new constant symbol c f to LF. Let ϕ f

be the sentence f (c f ) = 0 of LF ∪ {c f : f ∈ F[X ]}. By the above observation, each
finite subset of the theory

T ′ = T ∪ Diag(F) ∪ {ϕ f : f ∈ F[X ]}

has a model. Hence, by compactness theorem, T ′ has a model, sayK. Such aK does
our job. �

Proposition 2.3.12 Every field is a subfield of an algebraically closed field.

Proof Let F0 be a field. By repeatedly applying the last Proposition 2.3.11, we
get a chain of fields F0 � F1 � F2 � . . . such that for each n, every polynomial
f (X) ∈ Fn[X ] has a root in Fn+1. Now take K = ∪nFn . �
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2.4 Preservation Results

In this section, we use compactness theorem and prove several so-called preservation
results.

Proposition 2.4.1 Let N be a substructure of an L-structure M. Then N is exis-
tentially closed in M if and only if there is an extension M ′ of M in which N is
elementarily embedded.

Proof ‘If part’ is easy and was left as an exercise in Chap.1. Assume then N is
existentially closed in M . Take T = Diagel(N ) ∪ Diag(M). Sufficient to prove that
T has a model. If not, then by the compactness theorem, there is an open L-formula
ϕ[x] and a ∈ M such that M |= ϕ[a] and Diagel(N ) �|= ϕ[a]. Hence, there exists an
elementary extension N ′ of N such that ϕ[a] is not satisfiable in N ′. This implies that
N ′ �|= ∃xϕ[x]. Hence, N �|= ∃xϕ[x]. This contradicts that N is existentially closed
in M . �

Proposition 2.4.2 1. Let T be a first-order theory. Then M |= T∀ if and only if it
is a substructure of a model N of T .

2. A theory T is universal if and only if every substructure of a model of T is a
model of T .

Proof (1): ‘If part’ was given as an exercise in Chap.1. Conversely, let M |= T∀.
Set T ′ = T ∪ Diag(M). It is sufficient to show that T ′ is consistent. If not, then by
compactness theorem, there is afinite set
 ⊂ Diag(M) such thatT [
]has nomodel.
Let ϕ1[x], . . . , ϕn[x] be open formulas and c ∈ M such that 
 = {ϕ1[c], . . . , ϕn[c]}.
It now follows that T [∃x ∧n

i=1 ϕi [x]] has no model. So, T |= ∀x¬ ∧n
i=1 ϕi [x]. In

other words, ∀x¬ ∧n
i=1 ϕi [x] ∈ T∀. So, M |= ∀x¬ ∧n

i=1 ϕi [x]. This contradicts that
∧n
i=1ϕi [c] ∈ Diag(M).
(2) follows from (1) because T is universal if and only if T and T∀ have the same

class of models. �

Proposition 2.4.3 Let T be a theory and ϕ[x] a formula. The following are equiv-
alent:

1. There is a universal formula ψ[x] such that T |= ∀x(ϕ[x] ↔ ψ[x]).
2. Whenever M, N |= T , N � M and a ∈ N, M |= ϕ[a] ⇒ N |= ϕ[a].
Proof (1) implies (2) is easy and was given as an exercise in Chap. 1. So, assume (2).
Add new constants c to the language of T and consider the theories, T1 = T [ϕ[c]]
and T2 = T [¬ϕ[c]]. Then (2) says that no substructure of a model of T1 can be a
model of T2. But substructures of models of T1 are precisely models of (T1)∀. Thus,
by (2), (T1)∀ ∪ T2 is inconsistent. Since a finite conjunction of universal sentences is
tautologically equivalent to a universal sentence, by compactness theorem, we get a
ψ[c] ∈ (T1)∀ such that T2[ψ[c]] has no model. It follows that

T [ϕ[c]] |= ψ[c] & T [¬ϕ[c]] |= ¬ψ[c].

http://dx.doi.org/10.1007/978-981-10-5098-5_1
http://dx.doi.org/10.1007/978-981-10-5098-5_1
http://dx.doi.org/10.1007/978-981-10-5098-5_1
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Hence,
T |= ∀x(ϕ[x] ↔ ψ[x]).

�

Proposition 2.4.4 M |= T∀∃ if and only if there is a N |= T such that M is an
existentially closed substructure of N .

Proof ‘If part’ is easy and was given as an exercise in Chap.1. For the converse, let
M |= T∀∃ and T ′ be the set of all universal LM -sentences true in M .

Sufficient to show that T ∪ T ′ has amodel, say N : Then N |= T . Since T ′ contains
the atomic diagram of M , M has an embedding in N . Let ϕ be an existential LM -
sentence true in N . If possible suppose ϕ is not true in M . Then ¬ϕ, a universal
LM -sentence, is true in M . But then N |= ¬ϕ which is a contradiction.

If possible, suppose T ∪ T ′ is inconsistent. By compactness theorem, there exist
universal LM -sentences ϕ1, . . . , ϕk true inM such that T |= ¬ ∧k

i=1 ϕi . Since¬ ∧k
i=1

ϕi is equivalent to a closed existential formula, it belongs to T∀∃. So,M |= ¬ ∧k
i=1 ϕi .

Hence, M |= ¬ϕi for some 1 ≤ i ≤ k. This contradicts that M |= ϕi . �

A model M of a theory T is called an existentially closed model of T if M is
existentially closed in every extension N � M which is a model of T .

Corollary 2.4.5 Let T be a ∀∃ theory and T ′ = T∀. Then every existentially closed
model of T ′ is a model of T .

Proof LetM be an existentially closedmodel of T ′ = T∀. By Proposition 2.4.2, there
is an extension N of M that models T . Let ∀x∃yϕ[y, x], ϕ open, be in T∀∃. Take
any a ∈ M . Then N |= ∃yϕ[y, a]. Note that M, N |= T ′. Since M is an existentially
closed model of T ′, M |= ∃yϕ[y, a]. �

Corollary 2.4.6 A theory T is ∀∃ if and only if T is inductive.

Proof ‘Only if’ part is easy and was proved in Proposition 1.5.12. So, assume that
the class of models of T is closed under unions of chains. Let M0 |= T∀∃. We shall
find an elementary extension M∞ of M0 which is a model of T . This will prove that
M0 |= T and the proof will be complete.

Applying Propositions 2.4.4 and 2.4.1 alternatively, we have

M0 � N0 � M1 � N1 � M2 � · · ·

such that for each k, Mk is existentially closed in Nk , Nk |= T and Mk+1 is an
elementary extension of Mk . Set N∞ = ∪k Nk and M∞ = ∪kMk . By our hypothesis,
N∞ |= T . But M∞ = N∞. So, M∞ |= T . Further, M0 � M∞. �

http://dx.doi.org/10.1007/978-981-10-5098-5_1
http://dx.doi.org/10.1007/978-981-10-5098-5_1
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2.5 Extensions of Partial Elementary Maps

In this section using compactness theorem, we prove results on the extensions of
partial elementary maps.

Proposition 2.5.1 Let M, N be L-structures, A ⊂ M, f : A → N a partial ele-
mentary map and a ∈ M. Then there is an elementary extension N ′ of N and a
partial elementary map g : A ∪ {a} → N ′ that extends f . Moreover, if L, A and N
are countable, we can choose N ′ to be countable.

Proof Suppose a ∈ A and ϕ[x, x], an L-formula, is such that M |= ϕ[a, a]. Then
M |= ∃xϕ[x, a]. Since f is partial elementary, N |= ∃xϕ[x, f (a)]. From this it is
entirely routine to see that every finite subset of

T = Diagel(N ) ∪ {ϕ[x, f (a)] : a ∈ A ∧ M |= ϕ[a, a]}

is finitely satisfiable in N . Hence, by compactness theorem, it is satisfiable. Therefore,
there is an elementary extension N ′ of N and a b ∈ N ′ such that N ′ |= ϕ[b, f (a)]
whenever M |= ϕ[a, a]. Now take g = f ∪ {(a, b)}.

In case L , A and N are countable, T is countable. Therefore, a countable model
N ′ of T exists. �

Applying this result repeatedly, by transfinite induction,we alsohave the following
result.

Proposition 2.5.2 Let M, N0 be L-structures, A ⊂ M and f0 : A → N0 partial
elementary. Then there exists an elementary extension N∞ of N0 such that f0 can be
extended to an elementary embedding f∞ : M → N∞. Moreover, if L, M and N0

are countable, we can choose N∞ to be countable.

Proof Fix an enumeration {aα : α < |M |} of M . By transfinite induction, for each
α < |M |, we shall get an L-structure Nα and a partial elementary map fα : A ∪ {aβ :
β < α} → Nα satisfying the following conditions:

1. Nα+1 is an elementary extension of Nα , Nα = ∪β<αNβ if α is a limit ordinal.
2. fα+1 extends fα and fα = ∪β<α fβ if α limit.

Suppose fα , Nα satisfying the desired properties have been defined. If aα ∈
domain( fα), we set Nα+1 = Nα and fα+1 = fα . Otherwise, by the last Proposi-
tion 2.5.1, there is an elementary extension Nα+1 of Nα and a partial elementary
map

fα+1 : A ∪ {aβ : β ≤ α} → Nα+1

extending fα . Finally take N∞ = ∪α<|M |Nα and f∞ = ∪α fα .
In case L , M and N0 are countable, enumerate M = {an} and proceed as above

but choose at each stage Nn countable. �
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Proposition 2.5.3 Let M, N be L-structures and A ⊂ M, B ⊂ N. Suppose f :
A → B is a partial elementary map. Then f has a partial elementary extension
f ′ : acl(A) → acl(B). Moreover, if f is surjective, we can choose f ′ to be surjective
also.

Proof By Zorn’s lemma, there is a maximal elementary extension f ′ : A′ → B ′
of f with A′ ⊂ acl(A) and B ′ ⊂ acl(B). Note that acl(A′) = acl(A). If possible,
suppose there exists a ∈ acl(A′)\A′. Get an L-formula ϕ[x, y], a ∈ A′ and n ≥ 1
such that

M |= ϕ[a, a] ∧ ∃=nxϕ[x, a].

Choose ϕ and a such that n is minimal possible. Since f ′ : A′ → B ′ is partial ele-
mentary,

N |= ∃=nxϕ[x, f ′(a)].

Clearly, there exists b ∈ acl(B) such that N |= ϕ[b, f ′(a)].
We claim that f ′ ∪ {(a, b)} is partial elementary. (This will complete the proof

of the first part of the result.) Let ψ[x, y] be an L-formula, b ∈ A′ such that M |=
ψ[a, b]. By the minimality of n,

M |= ∀x(ϕ[x, a] → ψ[x, b]).

Hence,
N |= ∀x(ϕ[x, f ′(a)] → ψ[x, f ′(b)]).

Thus, N |= ψ[b, f ′(b)].
Now assume that f is surjective. Then acl(B) = acl(B ′). Let b ∈ acl(B). Since

f is surjective, there exist an L-formula ϕ[x, y], an a ∈ A and a n ≥ 1 such that

N |= ϕ[b, f (a)] ∧ ∃=nxϕ[x, f (a)].

Then M |= ∃=nxϕ[x, a]. Let a1, . . . , an be all a ∈ acl(A) such that M |= ϕ[a, a].
Since f ′ is defined on acl(A), b = f ′(ai ) for some i . �

2.6 Upward Löwenheim–Skolem Theorem

In Theorem 1.7.6 we proved Downward Löwenheim–Skolem Theorem which can
be viewed as a method for building models of smaller cardinalities. In this section,
we present a technique for building large models. First such result was proved by
Tarski in 1928 who showed that every first-order theory with an infinite model has an
uncountable model. The so-called Upward Löwenheim–Skolem theorem (Theorem
2.6.3) appeared in a paper by Tarski and Vaught in [63].

http://dx.doi.org/10.1007/978-981-10-5098-5_1
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Proposition 2.6.1 If a theory T has arbitrarily large finite models, it has an infinite
model.

Proof Let {cn : n ∈ N} be a sequence of distinct symbols not appearing in L . Let T ′
be the extension of T obtained by adding each cn as a new constant symbol and for
each m < n, let the formula cn �= cm be an axiom.

Since T has arbitrarily large finitemodels, eachfinite T ′′ ⊂ T ′ has amodel.Hence,
by the compactness theorem, T ′ has a model. Clearly, any model of T ′ is infinite and
a model of T . �

Theorem 2.6.2 Let κ be an infinite cardinal and T a consistent κ-theory. Assume
that T has an infinite model M. Then T has a model of cardinality κ .

Proof Fix a set {cα : α < κ} of cardinality κ of distinct symbols not appearing in L .
Let L ′ be the extension of L obtained by adding each cα as a constant symbol. Set

 = {cα �= cβ : α < β < κ} and consider the theory T ′ = T [
] with language L ′.

We claim that T ′ is finitely satisfiable. To see this, fix a finite subset 
′ of 
.
Let cα1 , . . . , cαk be all the new constants that appear in a formula in 
′. Since M is
infinite, there exist distinct elements b1, . . . , bk of M . Interpret cαi by bi , 1 ≤ i ≤ k.
Thus we get a model of T [
′]. Hence, by the compactness theorem, T ′ has a model.
Now note that any model of T ′ is of cardinality at least κ and a model of T .

Fix a model M of T ′. By downward Löwenheim–Skolem Theorem 1.7.6, M has
an elementary substructure N of cardinality at most κ . Evidently |M | = κ. �

Theorem 2.6.3 (Upward Löwenheim–Skolem theorem) Let κ be an infinite cardi-
nal and L a κ-language. Then every infinite structure N of L of cardinality at most
κ has an elementary extension M of cardinality κ .

Proof Note that elementary diagram Diagel(N ) of N is a consistent κ-theory. Fur-
ther, N is an infinite model of Diagel(N ). Hence, Diagel(N ) has a model M of
cardinality κ by the last theorem. Since M |= Diagel(N ), M is an elementary exten-
sion of N . �

Exercise 2.6.4 Show that there are structures of arbitrarily large infinite cardinality
elementarily equivalent to N |= PA.

2.7 Some Complete Theories

The following theorem was independently proved by Łoś in [37] and Vaught in [65].

Theorem 2.7.1 (Vaught’s Categoricity Theorem) Let κ be an infinite cardinal and
T a consistent κ-theory all of whose models are infinite. If T is κ-categorical, T is
complete.

http://dx.doi.org/10.1007/978-981-10-5098-5_1
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Proof Suppose a sentence ϕ is not decidable in T . The theories T1 = T [ϕ] and
T2 = T [¬ϕ] are consistent. Since T has no finite models, both T1 and T2 have infinite
models. So, T1 and T2 have models M1 and M2 respectively of cardinality κ by
Theorem 2.6.2. Hence, by the hypothesis of the theorem, they are isomorphic. But
ϕ is true in M1 and false in M2 contradicting that T is κ-categorical. Hence, T is
complete. �

Example 2.7.2 The theory T of infinite sets isκ-categorical for every infinite cardinal
κ , Hence, it is complete.

We saw in Chap.1 that DLO is ℵ0-categorical and DAG and ACF(p), p = 0
or prime, are κ-categorical for all uncountable κ . Further, these three are countable
theories with all models infinite. Hence,

Example 2.7.3 DLO , DAG and ACF(p), p = 0 or prime, are complete theories.
In particular, any two models of these theories are elementarily equivalent.

Exercise 2.7.4 Let G be an infinite group and T the theory of free G-spaces. Show
that T is complete.

Exercise 2.7.5 Show that the theory of random graphs is complete.

2.8 Amalgamation

We continue with applications of compactness theorem and give quite handy condi-
tions under which two structures have a common elementary extension.

Proposition 2.8.1 Let A and B be elementarily equivalent L-structures. Then there
is an elementary extension C of A such that there is an elementary embedding
g : B → C.

Proof Let B ′ be an L-structure, f : B → B ′ an isomorphism and A ∩ B ′ = ∅. Take

T = Diagel(A) ∪ Diagel(B
′).

Let ψ1[b], . . . , ψn[b] ∈ Diagel(B ′). Then B ′ |= ∃y ∧n
j=1 ψ j [y]. Since A and B ′ are

elementarily equivalent, A |= ∃y ∧n
j=1 ψ j [y]. Thus, A is a model of each finite part

of T . Hence, by compactness theorem, T has a model, say C . Take g = i ◦ f . Then
g : B → C is elementary and C an elementary extension of A. �

The following theorem is due to Abraham Robinson ([51], Theorem 4.2.2).

Theorem 2.8.2 (ElementaryAmalgamation Theorem) Let A and B be L-structures
and a ∈ A, b ∈ B be such that (A, a) is elementarily equivalent to (B, b). Let 〈a〉A
be the substructure of A generated by a and f : 〈a〉A → B the embedding such
that f (a) = b. Then there is an elementary extension C of A and an elementary
embedding g : B → C such that g( f (a)) = g(b) = a.

http://dx.doi.org/10.1007/978-981-10-5098-5_1
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Proof Replacing B by an isomorphic copy if necessary, without loss of generality,
we assume that A ∩ B = ∅. Set

T = Diagel(A) ∪ {ϕ[a, c] : ϕ[b, c] ∈ Diagel(B) ∧ b ∩ c = ∅}.

Note that since (A, a) and (B, b) are elementarily equivalent, A |= ∃yϕ[a, y],
whenever ϕ[b, c] ∈ Diagel(B) and b ∩ c = ∅. Now, it is fairly routine to see that A
models every finite part of T . Hence, by compactness theorem, T has a model.

LetC |= T . ThenC is an elementary extension of A. Define g : B → C be g(b) =
a and g(b) = bC , if c /∈ b. Then g is an elementary embedding of B into C . �

Let A, B, C and D be L-structures such that A is a common elementary sub-
structure of B and C and B and C are elementary substructures of D. We call D a
heir-coheir amalgamation of B and C over A or a coheir-heir amalgamation of C
and B over A if for all L-formulas ϕ[x, y], whenever b ∈ B, c ∈ C and D |= ϕ[c, b],
there is an a ∈ A such that B |= ϕ[a, b].

The following theorem is due to Lascar and Poizat [35].

Theorem 2.8.3 Let A, B, C be L-structures with A a common elementary substruc-
ture of B and C. Then, there is a common elementary extension D of B and C which
is a heir-coheir amalgamation of B and C over A.

Proof Replacing B by an isomorphic copy if necessary, without loss of generality,
we assume that B ∩ C = A. Let T ′ be the theory

{¬ϕ[c, b] : b ∈ B ∧ c ∈ C ∧ ∀a ∈ A(B |= ¬ϕ[a, b])},

and
T = Diagel(B) ∪ Diagel(C) ∪ T ′.

Clearly, it is sufficient to show that T has a model. This will follow if we show
that B models every finite part of Diagel(C) ∪ T ′.

Let a ∈ A, b ∈ B, c ∈ C\A, ¬ϕ1[a, c, b], . . . ,¬ϕk[a, c, b] ∈ T ′ and ψ[a, c] ∈
Diagel(C). So, for all a′, a′′ ∈ A, B |= ¬ϕi [a′, a′′, b], 1 ≤ i ≤ k.

Now, C |= ψ[a, c] implies that C |= ∃yψ[a, y]. Hence, A |= ∃yψ[a, y]. So,
there exists a′′ ∈ A such that A |= ψ[a, a′′]. Thus, B |= ψ[a, a′′]. Clearly, B |=
¬ϕi [a, a′′, b], 1 ≤ i ≤ k. �

Remark 2.8.4 By interchanging the role of B and C in the above proof, we get a
coheir-heir amalgamation of B and C over A. We shall see later that in a stable
theory, every heir-coheir amalgam is a coheir-heir amalgam.

Remark 2.8.5 Let D be a heir-coheir amalgamation of B and C over A. Suppose
b ∈ B, c ∈ C and D |= b = c. Then there exists a ∈ A such that B |= b = a. So, the
overlap of B and C in D remains A. Such amalgamations are called strong.
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2.9 Quantifier Elimination

In this section, we introduce yet another important technique inmodel theory, namely
quantifier elimination. Thiswas introduced and systematically studied byTarski [62].
Results and examples that follow are due to him.

Let T be an L-theory. We say that T has quantifier elimination if for every L-
formula ϕ[x] there is an open L-formula ψ[x] such that

T |= ∀x(ϕ[x] ↔ ψ[x]).

Example 2.9.1 Let ϕ be a sentence decidable in T and the language of T have a
constant symbol, say c. Then T |= ϕ ↔ c = c if T |= ϕ, else T |= ϕ ↔ c �= c.

In the rest of this section, we present some necessary and sufficient conditions
for T to have quantifier elimination. Some examples of theories having quantifier
elimination are given in the next section.

Proposition 2.9.2 A theory T has quantifier elimination if and only if for every open
formula ϕ[x, y], there is an open formula ψ[y] such that

T |= ∀y((∃xϕ[x, y]) ↔ ψ[y]).

Proof Since only if part of the result is clear, we need to prove if part only. By
induction on the rank of formulas, we prove that for every formula ϕ[x] of L there
is an open formula ψ[x] such that

T |= ∀x(ϕ[x] ↔ ψ[x]). (∗)

(∗) is clearly true for open ϕ. It is easy to prove that if (∗) is true for ϕ, it is true for
¬ϕ. If (∗) holds for ϕ = ϕ1 and ϕ = ϕ2, it holds for ϕ1 ∨ ϕ2.

To complete the proof, assume that (∗) holds for ϕ[x, y]. Get an open formula
η[x, y] such that

T |= ∀x∀y(ϕ[x, y] ↔ η[x, y]).

This implies that
T |= ∀y((∃xϕ[x, y]) ↔ ∃xη[x, y]).

By our hypothesis, there is an open formula ψ[y] such that

T |= ∀y((∃xη[x, y]) ↔ ψ[y]).

Now it is clear that
T |= ∀y((∃xϕ[x, y]) ↔ ψ[y]).

Our proof is complete. �
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Theorem 2.9.3 Let T be a theory with a constant symbol c and ϕ[x] a formula of
T . The following are equivalent:

(1) There is an open formula ψ[x] such that

T |= ∀x(ϕ[x] ↔ ψ[x]). (∗)

(2) For any two models M, N |= T , for any common substructure A of M, N and
for any a ∈ A,

M |= ϕ[a] ⇔ N |= ϕ[a].

(3) For any twomodels M, N |= T , for any common finitely generated substructure
A of M, N and for any a ∈ A,

M |= ϕ[a] ⇔ N |= ϕ[a].

Proof (1) implies (2): Take M , N , A and a as in (2). By (1), there is an open formula
ψ[x] such that T |= ∀x(ϕ(x) ↔ ψ(x)). So,

M |= ϕ(a) ⇔ M |= ψ[a]

and
N |= ϕ(a) ⇔ N |= ψ[a].

But A being a common substructure of M and N , since a ∈ A and ψ is open,

M |= ψ(a) ⇔ A |= ψ(a) ⇔ N |= ψ(a).

Hence,
M |= ϕ(a) ⇔ N |= ϕ(a).

(3) is a special case of (2).
(3) implies (1): Assume that ϕ[x] satisfies (3). When a closed formula ϕ satisfies

(3), ϕ is either true in all models or in none. Now note that T |= ϕ ↔ c = c if T |= ϕ.
Otherwise T |= ¬ϕ when T |= ϕ ↔ c �= c. The same argument works when ϕ[x]
is not closed but decidable in T , i.e. ∀xϕ[x] is decidable in T .

It remains to prove the result in case both T [ϕ[x]] and T [¬ϕ[x]] are satisfiable.
Introduce new constants c to the language to get a new language, say L ′. Let T ′ be
the new theory whose language is L ′ but no new nonlogical axiom. Consider


 = {ψ[c] : T ′ |= ϕ[x] → ψ[x], ψ open}.

We first see that it is sufficient to prove that

T ′[
] |= ϕ[c]. (∗)
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Then by compactness theorem, there exist ψ0[c], . . . , ψn−1[c] ∈ 
 such that

T ′ |= ∧i<nψi [c] → ϕ[c].

Since c are new constants, it follows that

T |= ∀x(ϕ[x] ↔ ∧i<nψi [x])

and ∧i<nψi [x] is open.
We prove (∗) by contradiction. So, assume that

T ′[
] �|= ϕ[c].

Let
M |= T ′[
] ∪ {¬ϕ[c]}.

Let A be the substructure of M generated by cM . So A is finitely generated. Now
consider

� = T ∪ Diag(A) ∪ {ϕ[c]}.

We claim that � has a model. If not, then by compactness theorem, there exist
ψ1[c], . . . , ψn[c] ∈ Diag(A) such that

T ′ |= ∧n
i=1ψi [c] → ¬ϕ[c].

Since c are new constants,

T |= ∧n
i=1ψi [x] → ¬ϕ[x].

Set ψ[x] = ¬ ∧n
i=1 ψi [x]. Note that ψ is open. We have,

T |= ϕ[x] → ψ[x].

Thus, ψ[c] ∈ 
. Hence, M |= ψ[c]. Since ψ is open and cM ∈ A, A |= ψ[c], con-
tradicting that ψ1[c], . . . , ψn[c] ∈ Diag(A).

Now take a model N |= �. By the Atomic diagram Theorem 1.5.13, A is a sub-
structure of N . But M |= ¬ϕ[c] and N |= ϕ[c]. This contradicts (3) and proves (∗).

�

Since every open formula is equivalent to an open formula in disjunctive normal
form (DNF), we now easily see that

Proposition 2.9.4 Let T be a theory with a constant. The following are equivalent:

(1) T has quantifier elimination.

http://dx.doi.org/10.1007/978-981-10-5098-5_1
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(2) For every conjunction of literals ϕ[x, y], for any two models M, N |= T , for
every common substructure A of M, N and for every a ∈ A, if there is a b ∈ M
such that M |= ϕ[b, a], there is a c ∈ N such that N |= ϕ[c, a].

The simple proof of this result is left to the reader as a simple exercise.
Let T be an L theory, M, N |= T , A ⊂ M and B ⊂ N . A map f : A → B is

called a partial isomorphism if f is onto and for every atomic L-formula ϕ[x] and
every a ∈ A,

M |= ϕ[a] ⇔ N |= ϕ[ f (a)]. (∗)

It is easy to see that every partial isomorphism f : A → B is a bijection and for
every open L-formula ϕ[x] and every a ∈ A,

M |= ϕ[a] ⇔ N |= ϕ[ f (a)].

If, moreover, (∗) is satisfied for every formula ϕ[x] and every a ∈ A, we call f a
partial elementary. In the next chapter, we shall study partial elementary maps in
detail.

Theorem 2.9.5 A theory T has quantifier elimination if and only if for every pair
of models M, N of T every finite partial isomorphism M � a → b ∈ N is partial
elementary.

Proof The only if part of the result being clear, we prove the if part only. Take an
L-formula ϕ[x], x = (x0, . . . , xn−1).


[x] = {ψ[x] : ψ[x] an open L − formula & T |= ∀x(ϕ[x] → ψ[x])}.

Add new constants c0, . . . , cn−1 and consider


[c] = {ψ[c] : ψ[x] ∈ 
[x]}.

Claim. T [
[c]] |= ϕ[c].
Assuming the claim, we complete the proof first. Since 
[c] is closed under

conjunctions, by compactness theorem, there is a ψ[c] ∈ 
[c] such that T [ψ[c]] |=
ϕ[c]. It follows that

T |= ∀x(ψ[x] → ϕ[x]).

But we already have
T |= ∀x(ϕ[x] → ψ[x]).

Hence,
T |= ∀x(ϕ[x] ↔ ψ[x]).



2.9 Quantifier Elimination 67

Proof of the claim. Suppose the claim does not hold. Then there exists a M |=
T [
[c]] ∪ {¬ϕ[c]}. Let ai = cMi , i < n. Set

p[x] = {ξ [x] : ξ [x] an open L − formula & M |= ξ [a]}.

Then T ∪ p[x] ∪ {ϕ[x]} is satisfiable: If not, then it is not finitely satisfiable. Hence,
there is a formula ξ [x] ∈ p[x] such that

T |= ∀x(ϕ[x] → ¬ξ [x]).

This forces ¬ξ [x] ∈ 
[x] which is a contradiction.
Thus, there exist N |= T and b ∈ N such that N |= ϕ[b] and for every open

formula ξ [x],
M |= ξ [a] ⇔ N |= ξ [b].

Since M |= ¬ϕ[a], we have arrived at a contradiction. �

We close this section by giving an application of partial elementary maps to
quantifier elimination. Let M be a model of a theory T and A � M . We say that M
is prime over A or that M is a prime model extension of A if for every model N of
T and every partial elementary map h : A → N , there is an elementary embedding
g : M → N such that h = g|A. We say that T has algebraically prime models if
every model A of T∀ has an extension M |= T such that M is prime over A. Recall
that A |= T∀ if and only if it has an extension to a model of T (Proposition 2.4.2).

Example 2.9.6 Consider the theory ACF of algebraically closed fields. Let D be
an integral domain and F the algebraic closure of the fraction field of D. We know
that given anyK |= ACF and a partial elementary map h : D → K (an embedding,
in particular), there is an embedding g : F → K such that h = g|D. Since ACF has
quantifier elimination, g is elementary.

Example 2.9.7 Consider the theory RCOF of real closed fields. Let D be an ordered
integral domain andF the real closure of the ordered fraction field of D.We know that
given anyK |= RCF and an elementary map h : D → K, there is an embedding g :
F → K such that h = g|D. Since RCOF has quantifier elimination, g is elementary.

Example 2.9.8 Consider the theory DLO of dense linearly ordered sets with no end
points. Let (A,<) be a linearly ordered sets. We define a dense linearly ordered set
A∗ as follows: If A has a least element, say x , add a copy ofQwith the usual order to
the left of x , if A has a greatest element, say y, add a copy ofQ with the usual order
to the right of y and if x < y are two elements of A with no element in between, add
a copy ofQwith the usual order between x and y. There is a canonical inclusion map
f : A ↪→ A∗. Now given any B |= DLO and a partial elementary map h : A → B,
it is easy to define an embedding g : A∗ → B such that h = g ◦ f . Since DLO has
quantifier elimination, g is elementary.

We leave the proof of following theorem for readers as an exercise:
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Theorem 2.9.9 Let T be a theory such that

1. T has algebraically prime models, and
2. for any two M, N |= T with M � N, for any conjunction of literals ϕ[x, y] and

for every a ∈ M,
N |= ∃xϕ[x, a] ⇒ M |= ∃xϕ[x, a].

Then T has quantifier elimination.

Exercise 2.9.10 Show that the theory T of vector spaces over a fixed field has
quantifier elimination.

2.10 Examples of Quantifier Elimination

In the following examples, we use Proposition 2.9.4 without mentioning it.

Example 2.10.1 The theory DLO of dense linear orders without end points has
quantifier elimination.

Proof Let ϕ[x, y] be a conjunction of literals. For instance, suppose

ϕ[x, y] = y1 < · · · < yi−1 < x < yi < · · · < yn .

Suppose M, N |= DLO , A is a common substructure of M, N , a ∈ A and there is
a b ∈ M satisfying

a1 < · · · < ai−1 < b < ai < · · · < an .

This, in particular, implies that

a1 < · · · < ai−1 < ai < · · · < an .

Since N |= DLO , there is a c ∈ N such that

a1 < · · · < ai−1 < c < ai < · · · < an .

Cases when ϕ[x, y] is “x < y1 < · · · < yn” or “y1 < · · · < yn < x” are dealt with
similarly because N has no end points. �

Example 2.10.2 The theory DAG of torsion-free divisible abelian groups has quan-
tifier elimination.

Proof We takeG1,G2 |= DAG, a common subgroup H ⊂ G1,G2. Let ϕ[x, y] be a
conjunction of literals. Suppose a ∈ H . Replacing H by its divisible hull considered
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as a common subgroup of both G1 and G2, we further assume that H too is divisible.
Now ϕ[x, y], being a conjunction of literals, it can be assumed to be of the form

∧k−1
i=0

mi∑

j=1

(ni j y j + ni x = 0) ∧ ∧l−1
p=0

rp∑

j=1

(n′
pj y j + n′

px �= 0)). (∗)

Assume that there is a b ∈ G1 such that

G1 |= ϕ[b, a].

We need to show that there is a c ∈ G2 such that

G2 |= ϕ[c, a].

Since H is a substructure of G2, it is sufficient to show that there is such a c in H .
If any ni �= 0, as H is divisible,

b = −
∑mi

j=1 ni j a j

ni
∈ H

and we are done. So, assume that all ni = 0. Then b disappears from the equalities
appearing in (∗). Since H is infinite, we can certainly find a c ∈ H satisfying all
inequalities in (∗). �

Example 2.10.3 The theory ODAG of ordered divisible abelian groups has quanti-
fier elimination.

Proof As in the above case, we take ordered divisible abelian groups G1 and G2,
a common subgroup H , a conjunction of literals ϕ[x, y] and an a ∈ H . Assume
that there is a b ∈ G1, such that G1 |= ϕ[b, a]. Again, as in the last example, it is
sufficient to show that if H ′ is the ordered divisible hull of H , there is a c ∈ H ′ such
that H ′ |= ϕ[c, a]. Towards showing this, note that we can assume that ϕ[x, y] is of
the form

∧k−1
i=0

mi∑

j=1

(ni j y j + ni x = 0) ∧ ∧l−1
p=0(

rp∑

j=1

n′
pj y j < n′

px).

Since H ′ is order-dense, arguing as in the last example, we get a required c ∈ H ′. �

Example 2.10.4 LetK be a field. Then the theory T of infinite vector spaces overK
has quantifier elimination.

Proof Let V1, V2 |= T and V be a common subspace of V1 and V2. Let ϕ[x] be an
open LV -formula and there exists an a ∈ V1 such that V1 |= ϕ[a]. We need to show
that V2 |= ∃xϕ[x].
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If a ∈ V , since V is a substructure of V1 and V2 and ϕ open, V2 |= ϕ[a].
Next assume that a /∈ V . If V = V2, since V2 is infinite, it has a proper elemen-
tary extension, say V ′

2. If V
′
2 |= ∃xϕ[x], V2 |= ∃xϕ[x]. Hence, without any loss of

generality, we assume that V �= V2. Let b ∈ V2\V . Set L1 = span(V ∪ {a}) and
L2 = span(V ∪ {b}). There is a linear isomorphism f : L1 → L2 fixing V point-
wise and f (a) = b. This implies that L2 |= ϕ[b]. Since ϕ is open, V2 |= ϕ[b]. �

Example 2.10.5 The theory ACF of algebraically closed fields has quantifier elim-
ination.

Proof Note that a substructure of a field is an integral domain. Also, recall that if
D is an integral domain, its quotient field embeds into every field in which D is
embedded. Therefore, as in the last two cases, we only need to show that whenever
F ⊂ K are algebraically closed fields, ϕ[x, y] a conjunction of literals and a ∈ F, if
there is a b ∈ K such that K |= ϕ[b, a], there is a c ∈ F such that F |= ϕ[c, a]. Now
note that we can take ϕ[x, a] in the form

∧k−1
i=0 (Pi (x) = 0) ∧ ∧l−1

j=0(Q j (x) �= 0),

Pi [X ]’s and Q j [X ]’s are polynomials over the smallest subfield of F generated by
a. If k ≥ 1, b ∈ F because it is algebraically closed. Otherwise, since F is infinite, it
certainly has a c which is not a root of any Q j [X ] which works for us. �

It is interesting to ask if the converse of Proposition 1.9.17 is true? We shall come
back to this question later.

Corollary 2.10.6 Let K be an algebraically closed field and A ⊂ K. Then a ∈
acl(A) if and only if a is algebraic in usual algebra sense over the subfield k gener-
ated by A.

Proof Let a ∈ acl(A). By quantifier elimination and the fact that every open formula
is equivalent to a formula in disjunctive normal form, there exist polynomial terms
pi (x, y), i < n, q j (x, y), j < m, and a ∈ A such that

∧i pi (a, a) = 0 ∧ ∧ j q j (a, a) �= 0,

and that this equation has only finitely many solutions. But then n > 0. Hence a is
algebraic over k. If part is straight forward. �

Exercise 2.10.7 Let G |= DAG and A ⊂ G. Show that acl(A) = dcl(A) and it
equals the smallest divisible subgroup of G generated by A.

Exercise 2.10.8 Let V be an infinite vector space over a field K and A ⊂ V . Show
that acl(A) = dcl(A) and it equals the vector subspace of V generated by A.

Example 2.10.9 The theory RCOF of real closed fields has quantifier elimination.

http://dx.doi.org/10.1007/978-981-10-5098-5_1
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Proof As in the cases of say ODAG and ACF etc. we only need to show that if
ϕ[x, y] is a conjunction of literals, F ⊂ K |= RCOF and a ∈ F, then

K |= ∃xϕ[x, a] ⇒ F |= ∃xϕ[x, a].

We can assume that ϕ[x, y] is of the form

∧n
i=1(pi (x, y) = 0) ∧ ∧m

j=1(q j (x, y) > 0),

with pi , q j being terms.
Choose a b ∈ K such that

K |= ϕ[b, a].

If any of the equality term is present, since F has no proper real algebraic extension
(Theorem B.3.10), b ∈ F.

So, assume no pi is present. Since F has no proper real algebraic extension, roots
of q j ’s, if any, belong to F. If a q j has no root in the field and since q j (b, a) >

0, by Weierstrass Nullstellensatz (Theorem B.3.9), q j (c, a) > 0 for all c ∈ F. By
considering finitely many roots of all q j ’s (all of which belong to F), we find a
non-empty open interval I inKwith end points inF such that b ∈ I and q j (x, a) > 0
for all x ∈ I and for all 1 ≤ j ≤ m. Using the order-denseness of F, we have a b ∈ F

that lies in I . This b witnesses F |= ϕ[b, a]. �
Exercise 2.10.10 Show that the theory of random graphs has quantifier elimination
and it is complete.

Exercise 2.10.11 Let K be a field. Show that the theory of infinite vector spaces
over K is complete.

2.11 Strongly Minimal and O-Minimal Theories

As a consequence of the fact that ACF has quantifier elimination, we get

Proposition 2.11.1 Let F be an algebraically closed field. Then F is infinite and
D ⊂ F is definable if and only if D is either finite or cofinite in F.

Proof Note that a subset D of F is defined by an atomic formula if and only if it is
the set of all roots of a polynomial in F. Hence, such a set D ⊂ F is finite. Boolean
algebra of subsets of F generated by all finite sets consists of all finite and cofinite
sets. These are precisely sets defined by open formulas. Our claim is followed by
Example 2.10.5. �

The same argument shows the following.

Proposition 2.11.2 LetG bea torsion-free divisible abeliangroup. ThenG is infinite
and D ⊂ G is definable if and only if D is either finite or cofinite in G.
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Corollary 2.11.3 R is not a definable subset of the field C of complex numbers.

Corollary 2.11.4 Z and N are not definable subsets of the group Q of rational
numbers.

Remark 2.11.5 In a remarkable discovery, J. Robinson produced a formula ϕ[x] in
the language of rings such that for a rational number r ,

Q |= ϕ[r ] ⇔ r ∈ N.

(See [13, 52]).

Let M be an L-structure and A ⊂ Mn . We call A minimal if A is infinite and if for
every LM -formula ϕ[x] either A ∩ ϕ(M) or A\ϕ(M) = A ∩ ¬ϕ(M) is finite. Thus,
M is a minimal structure if and only if M is infinite and every definable subset of M
is either finite or cofinite in M .

An LM -formula ϕ[x] is called minimal in M if ϕ(M) is minimal; it is called
strongly minimal in M if ϕ is minimal in every elementary extension of M .

A theory T is called strongly minimal if every M |= T is minimal. It follows that
if T is strongly minimal, every model of T is strongly minimal. Whatever may be
the language L , clearly all finite subsets and their complements in an L-structure
M is definable. Thus definable subsets of models of a strongly minimal theory have
simplest possible structure. This notionwas introduced byMarsh [42]. Its importance
was shown by Baldwin and Lachlan to give a simpler proof of Morley categoricity
theorem [5].

Example 2.11.6 ACF and DAG are strongly minimal.

Remark 2.11.7 Consider the theory RCF of real closed fields (without order rela-
tion). The field of real numbers R is a model of it. We also have

x ≥ 0 ⇔ ∃y(x = y · y).

This shows that the real closed field R is not minimal. Hence, RCF does not admit
quantifier elimination.

Exercise 2.11.8 Show that the theory T of vector spaces over a fixed field is strongly
minimal.

Proposition 2.11.9 Let M be an L-structure and ϕ[x] an L-formula. The following
conditions are equivalent:

1. ϕ is strongly minimal in M.
2. ϕ is minimal in every structure N which is elementarily equivalent to M.

Proof Since every elementary extensionofM is elementarily equivalent toM , clearly
(2) implies (1).
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Now assume (1) and let N be elementarily equivalent to M . By Proposition
2.8.1, there exists an elementary extension A of M and an elementary embedding g :
N → A. Let ψ[x, y] be an L-formula and a ∈ N . By (a), either ϕ(A) ∩ ψ(A, g(a))

or ϕ(A) ∩ ¬ψ(A, g(a)) is finite. Since g is elementary, either ϕ(N ) ∩ ψ(N , a) or
ϕ(N ) ∩ ¬ψ(N , a) is finite. Thus, (1) implies (2). �

Let (X,<) be a linearly ordered set. An interval in X is a subset I of X such that
whenever x ≤ y are in I and x ≤ z ≤ y, z ∈ I .

Here is a very important class of theories. Let T be a theory whose language has
a binary relation symbol < such that for every M |= T , <M is a linear order on M .
We call T O-minimal if for every M |= T , D ⊂ M is definable if and only if D is
a finite union of intervals. Here ‘O’ stands for order. This concept was defined by
Pillay and Steinhorn in [48, 49]. Today O-minimality is a major tool in geometry.

Since the theories DLO , ODAG and RCOF have quantifier elimination, we
have the following example.

Example 2.11.10 Theories DLO , ODAG and RCOF are O-minimal.

Example 2.11.11 The theory ODAG of ordered abelian groups has definable
Skolem functions. To see this, let ϕ[x, y] be a formula. By quantifier elimination,
we know that “{y : ϕ[x, y]} is a finite union of intervals and singletons.” We define
ψ[x, y] as the disjunction of following formulas:

(∀z¬ϕ[x, z] ∨ ∀zϕ[x, z]) ∧ y = 0,

∃z(∀u < zϕ[x, u] ∧ ∀w > z∃v < w¬ϕ[x, v] ∧ y = z − 1),

∃z(∀u > zϕ[x, u] ∧ ∀w < z∃v > w¬ϕ[x, v] ∧ y = z + 1),

∃z1, z2(∀u < z1¬ϕ[x, u] ∧ ((∀z1 < u < z2ϕ[x, u]) ∨ (z1 = z2 ∧ ϕ[x, z1]))

∧∀v > z2∃z2 ≤ u < v¬ϕ[x, u] ∧ y = z1 + z2
2

).

Then

ODAG |= ∀x(∃=1yψ[x, y] ∧ (∃yϕ[x, y] → ∀y(ψ[x, y] → ϕ[x, y]))).

Further, ψ[x, y] defines a function F whose graph is the set defined by ψ[x, y]. We
also have

ODAG |= ∀x∀x ′(∀y(ϕ[x, y] ↔ ϕ[x ′, y]) → F(x) = F(x ′)).

In this sense, we call F invariant.
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Example 2.11.12 We extend the idea contained in the last Example further. Let
ϕ[x, y] be a formula of ODAG. By induction on the arity n of y, we show that there
exists an invariant definable function y = F(x) such that

ODAG |= ∀x(∃yϕ[x, y] → ϕ[x, F(x)]).

For n = 1, this is done above.
For inductive step, take a formula ϕ[x, y1, . . . , yn+1]. By induction hypothesis,

there exists an invariant, definable Skolem function f (x, y1) such that

ODAG |= ∀y1∀x(∃y2 . . . ∃yn+1ϕ[x, y] → ϕ[x, y1, f (x, y1)]).

By case n = 1, there exists an invariant definable Skolem function g(x) such that

ODAG |= ∀x(∃y1ϕ[x, y1, f (x, y1)] → ϕ[x, g(x), f (x, g(x))]).

Now take
F(x) = (g(x), f (x, g(x))).

Then F(x) is an invariant function such that

ODAG |= ∀x(∃yϕ[x, y] → ϕ[x, F(x)]).

Further note that if ϕ[x, y] is an equivalence formula, then F(x) is a definable section
of ϕ.

Example 2.11.13 Exactly the same arguments as in the last two examples show
that RCOF has definable Skolem functions. Further, since we can introduce < in
an extension by definition of RCF , we see that RCF too has definable Skolem
functions.

Example 2.11.14 By Theorem 1.12.3 it follows that ODAG, RCOF and RCF
admit uniform elimination of imaginaries.

The theory of algebraically closed fields ACF also admits uniform elimination of
imaginaries. However, it requires considerable work. This will be proved in Sect. 4.3.

2.12 Independence and Dimension in Minimal Sets

In this section, we generalise the notions of independence and basis to models of
strongly minimal theories.

Theorem 2.12.1 (Exchange Lemma) Let M be an L-structure, A ⊂ M and X an
L A-definableminimal set. Let a, b ∈ X be such that b ∈ acl(A ∪ {a}) \ acl(A). Then
a ∈ acl(A ∪ {b}).

http://dx.doi.org/10.1007/978-981-10-5098-5_1
http://dx.doi.org/10.1007/978-981-10-5098-5_4
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Proof If possible, suppose there exists b ∈ acl(A ∪ {a}) \ acl(A) such that a /∈
acl(A ∪ {b}). We shall arrive at a contradiction.

Since b ∈ acl(A ∪ {a}), there exists an L A-formula ϕ[x, y] and n ≥ 1 such that

M |= ϕ[b, a] ∧ ∃=nxϕ[x, a].

Since X is minimal A-definable and a ∈ X\acl(A ∪ {b}), there exists a finite set
Y ⊂ M such that for all c ∈ X\Y ,

M |= ϕ[b, c] ∧ ∃=nxϕ[x, c].

Let ψ[y] be an LA-formula that defines X and |Y | = m. We have

M |= ∃y1 . . . ∃ym(∀y((∧i (y �= yi ) ∧ ψ[y]) → (ϕ[b, y] ∧ ∃=nxϕ[x, y])).

Since b /∈ acl(A), there exists an infinite set Z ⊂ M such that for all b′ ∈ Z ,

M |= ∃y1 . . . ∃ym(∀y((∧i (y �= yi ) ∧ ψ[y]) → (ϕ[b′, y] ∧ ∃=nxϕ[x, y])).

Take distinct elements b0, . . . , bn ∈ Z . Then there exists a c ∈ X such that

M |= ∧n
i=0ϕ[bi , c] ∧ ∃=nxϕ[x, c].

This is a contradiction. �

We say that A ⊂ M is independent if for every a ∈ A, a /∈ acl(A\{a}). IfC ⊂ M ,
we say that A is independent over C if for every a ∈ A, a /∈ acl(C ∪ (A\{a})). This,
in particular, implies that A ∩ C = ∅. A subset B of A is called a basis of A if B is
independent and acl(B) = acl(A). Equivalently, B is a maximal independent subset
of A.

Proposition 2.12.2 Let X be an ∅-definable minimal subset of an L-structure M
and A, B independent subsets of X with A ⊂ acl(B). Then

1. Let A0 ⊂ A, B0 ⊂ B and A0 ∪ B0 a basis for acl(B). Then for every a ∈ A\A0,
there is a b ∈ B0 such that A0 ∪ {a} ∪ (B0\{b}) is a basis of acl(B).

2. |A| ≤ |B|.
3. For every Y ⊂ X, any two bases of Y have the same cardinality.

Proof LetC ⊂ B0 be a set of minimum cardinality such that a ∈ acl(A0 ∪ C). Since
A is independent, C �= ∅. Take a b ∈ C . Because C is of minimum possible cardi-
nality,

a ∈ acl(A0 ∪ C) \ acl((A0 ∪ C) \ {b}).
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Therefore, by exchange lemma (Theorem 2.12.1),

b ∈ acl((A0 ∪ {a}) ∪ (C\{b})).

Hence,
acl(B) = acl((A0 ∪ {a}) ∪ (B0\{b})).

Weclaim thata /∈ acl(A0 ∪ (B0\{b})). For otherwise,b ∈ acl(A0 ∪ (B0\{b}))which
contradicts that A0 ∪ B0 is a basis of acl(B). Using exchange lemma (Theo-
rem 2.12.1) it is easy to see that (A0 ∪ {a}) ∪ (B0\{b}) is independent. Thus,
(A0 ∪ {a}) ∪ (B0\{b}) is a basis of acl(B). This proves (1).

First we prove (2) when B is finite. Let |B| = n. Set A0 = ∅. Take any a1 ∈ A.
Get b1 ∈ B such that {a1} ∪ (B\{b1}) is a basis of acl(B). Such an a1 exists
by (1). Suppose 1 ≤ i < n and a1, . . . , ai ∈ A and b1, . . . , bi ∈ B be such that
{a1, . . . , ai } ∪ (B\{b1, . . . , bi }) is a basis of acl(B). If A �= {a1, . . . , ai }, take any
ai+1 ∈ A\{a1, · · · , ai }. Get bi+1 ∈ B\{b1, . . . , bi } such that {a1, . . . , ai+1} ∪
(B\{b1, . . . , bi+1} is a basis of acl(B). Such an ai+1 exists by (1). This process
must stop in a maximum of n steps. Thus, |A| ≤ n. If B is infinite

A = ∪{A ∩ acl(B0) : B0 ⊂ B finite}.

Hence, |A| ≤ |B|. Thus, (2) is proved.
(3) is a direct corollary of (2). �

Let M be an L-structure, X a ∅-definable minimal set in M and A ⊂ X . Then any
two bases of A have the same cardinality which we call the dimension of A, denoted
by dim(A).

Proposition 2.12.3 Let M and N be L-structures, X ⊂ M, Y ⊂ N and g : X →
Y partial elementary. Suppose ψ[x] is an L-formula minimal in both M and N,
{aα : α < κ} a sequence in ψ(M) independent over X and {bα : α < κ} a sequence
in ψ(N ) independent over Y . Then the extension g : X ∪ {aα : α < κ} → Y ∪ {bα :
α < κ} of g (which we denote by g itself) defined by g(aα) = bα , α < κ , is partial
elementary.

Proof Set gβ = g|(X ∪ {aα : α < β}), β < κ . Suffices to show that each gβ is partial
elementary. This will follow if we show that whenever gβ is partial elementary, so is
gβ+1.

Assume that β < κ and gβ is partial elementary. Take an L-formula ϕ[x, y, z],
a ∈ {aα : α < β} and b ∈ X . Suppose

M |= ϕ[a, b, aβ ].

Sinceψ(M) is minimal and aβ /∈ acl(X ∪ {aα : α < β}), there exists a natural num-
ber m such that

M |= ∃=mz(ψ[z] ∧ ¬ϕ[a, b, z]).
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Since gβ is partial elementary, we have

N |= ∃=mz(ψ[z] ∧ ¬ϕ[gβ(a), gβ(b), z].

As ψ(N ) is minimal and bβ /∈ acl(Y ∪ {bα : α < β}), we must have

N |= ϕ[gβ(a), gβ(b), bβ ].

If M �|= ϕ[a, b, aβ ], we repeat the above argument with ¬ϕ to see that N �|=
ϕ[gβ(a), gβ(b), bβ]. Our proof is complete now. �

Ournext fewexercises show that these notionof independence andbasis generalise
corresponding notions in vector spaces and fields.

Exercise 2.12.4 Let K be a field, V an infinite vector space over K and A ⊂ V .
Show the following:

1. A is an independent set if and only if A is linearly independent.
2. A is a basis of V if and only if A is a basis of V in linear algebra sense.
3. dim(V ) equals the vector space dimension of V .

Exercise 2.12.5 Let F be an algebraically closed field and A ⊂ F. Show the follow-
ing:

1. A is an independent set if and only if A is algebraically independent.
2. A is a basis of F if and only if A is a transcendence basis of F.
3. dim(F) equals the transcendence degree of F over the prime field.

2.13 More Complete Theories

Quantifier elimination can be used to prove completeness of theories.

Proposition 2.13.1 Let T have quantifier elimination and M an L-structure such
that T ∪ Diag(M) is consistent. Then T ∪ Diag(M) is complete.

Proof Let M1, M2 |= T ∪ Diag(M). Then M � M1, M2 and M1, M2 |= T . Take a
sentence ϕ. By quantifier elimination of T , there is an open sentence ψ such that
T |= ϕ ↔ ψ . Now

M1 |= ϕ ⇔ M1 |= ψ ⇔ M |= ψ ⇔ M2 |= ψ ⇔ M2 |= ϕ.

This completes the proof. �

An L-structureM is called a prime structure of an L-theory T if M is embeddable
in every model of T .
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Corollary 2.13.2 If T has quantifier elimination and a prime structure M, then T
is complete.

Proof This follows from the fact that if N |= T , then N |= T ∪ Diag(M). �

Now note the following:

1. Q |= DLO and it embeds into all models of DLO .
2. Q |= DAG and it embeds into all models of DAG.
3. Q |= ODAG and it embeds into all models of ODAG.
4. The field of all algebraic numbers is a model of ACF(0) that embeds into all

models of ACF(0).
5. Let p be a prime and Fp the algebraic closure of the field Fp. Then Fp is a model

of ACF(p) that embeds into all models of ACF(p).
6. The field Ralg is a real closed field that embeds into all models of RCF .

Thus,

Theorem 2.13.3 The theories DLO, DAG, ODAG, ACF(p), p = 0 or prime,
and RCF are all complete. Hence, models of these theories are elementarily equiv-
alent.

A model M of a theory T is called a prime model of T if it is elementarily
embeddable into every N |= T . If T has quantifier elimination, then every model of
T which is a prime structure of T is a prime model of T . So, DLO , DAG, ODAG,
ACF(p), p = 0 or prime, and RCF have prime models.

Remark 2.13.4 Aword on decidability of theories and decidable structures: Suppose
T is a theory with finitely many nonlogical symbols. Then Gödel coded each formula
of T , a finite sequence of logical and nonlogical symbols, by a natural number. The
theory T is called axiomatised if the set of codes of its axioms is computable. In a
landmark result, Gödel showed that a complete, axiomatised theory is decidable. It
follows that every model of such a T is decidable. Thus, we get many examples of
classical structures such as R as a real closed field, C, Fp, p a prime, etc. which are
decidable. All these results are due to Tarski. Since this topic is beyond the scope of
this book, we refer the reader to [59] for details.

2.14 Model Completeness

A theory T is calledmodel complete if whenever M, N |= T and N is a substructure
ofM , N is an elementary substructure ofM . This notionwas introduced and used, for
instance, to proveHilbertNullstellensatz (Theorem2.15.8) and give amodel theoretic
proof of Artin’s theorem on Hilbert’s seventeenth problem (Theorem 2.15.9) in [51].

Proposition 2.14.1 If T is model complete and has a model which is a prime struc-
ture of T , then T is complete.
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Proposition 2.14.2 If T has quantifier elimination, it is model complete.

Proof Let M, N |= T and M be a substructure of N . We need to show that the
inclusion map i : M ↪→ N is an elementary embedding. Take a formula ϕ[x] and an
a ∈ M . By elimination of quantifiers, there is an open formula ψ[x] such that

T |= ∀x(ϕ[x] ↔ ψ[x]).

So,
M |= ϕ[a] ⇔ M |= ψ[a],

N |= ϕ[a] ⇔ N |= ψ[a]

and since M is a substructure of N ,

M |= ψ[a] ⇔ N |= ψ[a].

The result follows now. �

Corollary 2.14.3 The theories DLO, DAG, ODAG, ACF, RCF and RCOF are
model complete.

Proposition 2.14.4 Let T be a model complete theory. Then

1. The class of all models of T is closed under unions of chains.
2. T is a ∀∃ theory.

Proof By model completeness, every chain of models of T is an elementary chain.
Hence, their unions are models of T . By Corollary 2.4.6, (1) implies (2). �

Proposition 2.14.5 An L-theory T is model complete if and only if for every model
M of T , T ∪ Diag(M) is a complete theory.

Proof Note that T ∪ Diag(M) is complete if and only if every model of T ∪
Diag(M) is elementarily equivalent to M . Further, every model of T ∪ Diag(M) is
elementarily equivalent to M if and only if T is model complete. The result follows.

�

Proposition 2.14.6 Let T be a theory. The following statements are equivalent:

1. T is model complete.
2. For every M, N |= T with N � M, for every formula ϕ[x] without parameters,

for every a ∈ N,
M |= ϕ[a] ⇒ N |= ϕ[a].

3. Every model of T is an existentially closed model of T .
4. Every existential formula is equivalent in T to a universal formula.
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5. Every formulaϕ[x] (without parameters) is equivalent in T to a universal formula
ψ[x] (without parameters).

6. Every formula ϕ[x] (without parameters) is equivalent in T to a existential for-
mula ξ [x] (without parameters).

Proof (1) implies (2) because for a model complete theory T , every submodel of a
model of T is an elementary submodel. (3) is a special case of (2).

Now assume (3). Take M, N |= T with N � M . Let ϕ[x] be an existential for-
mula, and a ∈ N . By (3), N is existentially closed in M . Hence, M |= ϕ[a] ⇒ N |=
ϕ[a]. Therefore, by Proposition 2.4.3, ϕ is equivalent to an universal formula.

Clearly, (4), (5) and (6) are equivalent. (5) and (6) together imply that T is model
complete. �

Let T be an L-theory. An L-theory T ′ is called a model companion of T if it
satisfies the following three conditions:

1. T ′ is model complete.
2. Every model T has an extension which is a model of T ′.
3. Every model T ′ has an extension which is a model of T .

Example 2.14.7 1. The theory of infinite sets is a model companion of the empty
theory.

2. DLO is a model companion of the theory of linearly ordered sets.
3. DAG is a model companion of the theory of torsion-free abelian groups.
4. ODAG is a model companion of the theory of ordered groups.
5. ACF is a model companion of the theory of integral domains.

Proposition 2.14.8 A theory T can have at most one model companion.

Proof Let T0 and T1 be model companions of T . Start with a model M0 of T0. Get an
extension M of M0 that models T . Then get a model N0 of T1 that extends M . There
exists a model N of T that extends N0, Now get a model M1 of T0 that extends N .
Proceeding similarly, we get a chain of L-structures

M0 � N0 � M1 � N1 � · · ·

such that {Mk} is a chain of models of T0 and {Nk} is a chain of models of T1.
But T0 and T1 are model complete. Hence these two chains are elementary. Let
M ′ = ∪kMk = ∪k Nk . Then M0 is an elementary substructure of M ′ and M ′ |= T1.
Thus, every model of T0 is a model of T1. Likewise, every model of T1 is a model of
T0. �

Exercise 2.14.9 A linearly ordered set (D,<) is called discrete if every element
of D that is not the least element has an immediate predecessor and every element
that is not the greatest element has an immediate successor. Show that the theory
of discrete linear orders with no least element and no greatest element is not model
complete. In Exercise 4.7.8 it is shown that this theory is complete.

http://dx.doi.org/10.1007/978-981-10-5098-5_4


2.15 Some Applications to Algebra and Geometry 81

2.15 Some Applications to Algebra and Geometry

Let F be a field. A set C ⊂ F
n is called constructible if and only if it belongs to

the algebra of subsets of Fn generated by sets of the form {a ∈ F
n : f (a) = 0},

f ∈ F[X1, . . . , Xn]. Since ACF has quantifier elimination, we have the following
result:

Proposition 2.15.1 For every algebraically closed field F, C ⊂ F
n is constructible

if and only if it is definable.

This is a generalisation of

Theorem 2.15.2 (Chevalley Projection Theorem) If F is an algebraically closed
field and C ⊂ F

n+1 constructible, then its projection πFn (C) ⊂ F
n is constructible.

If F is a real closed ordered field, then D ⊂ F
n is definable if and only if it belongs

to the algebra An of subsets of Fn generated by sets of the form {a ∈ F
n : p(a) <

0}, where p ∈ F[X1, . . . , Xn]. Geometers call sets in An , n ≥ 1, semi-algebraic. A
function f : Fn → F

m is called semi-algebraic if its graph is semi-algebraic. So,
semi-algebraic sets and functions in a real closed field are precisely those which are
definable. This can be thought of as the counterpart of Chevalley’s theorem in real
case. We now have the following result of Tarski and Seidenberg.

Theorem 2.15.3 (Tarski–Seidenberg Theorem) If F is a real closed field and
f : Fn → F

m, C ⊂ F
n and D ⊂ F

m semi-algebraic, then f (C) and f −1(D) are
semi-algebraic.

Since RCF is complete, every model of RCF is elementarily equivalent to the
ordered field of realsR or of real algebraic numbersRalg . Hence, Th(R) = Th(Ralg)

is the set of all theorems of RCF . This is very useful in proving many theorems of
RCF . We illustrate it by proving Rolle’s theorem for real closed fields.

Let F be any field and
∑n

i=0 ai X
i ∈ F[X ]. Then the formal derivative of f is the

polynomial f ′(X) = ∑n
i=1 iai X

i−1.

Theorem 2.15.4 (Rolle’s Theorem for Real Closed Fields) Let F be a real closed
field, a < b in F and f ∈ F[X ] be such that f (a) = f (b). Then there is a < c < b
such that f ′(c) = 0.

Proof For each d ≥ 1, consider the sentence ϕ given by

∀x∀x∀y((x < y ∧
d∑

i=0

xi x
i =

d∑

i=0

xi y
i ) → ∃z(x < z < y ∧

d−1∑

i=0

i xi z
i = 0)).

By classical Rolle’s theorem for R, ϕ ∈ Th(R). Since RCF is complete, it follows
that RCF |= ϕ. �
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Theorem 2.15.5 Let ϕ be a sentence of the language of the theory of fields. The
following statements are equivalent:

(i) C |= ϕ.
(ii) ϕ is true in some algebraically closed field of characteristic 0.
(iii) ACF(0) |= ϕ.
(iv) There is an m such that for all prime p > m, ACF(p) |= ϕ.
(v) There is an m such that for all prime p > m, ϕ is true in some algebraically

closed field of characteristic p.
(vi) ACF(p) |= ϕ for infinitely many primes p.

Proof Clearly (i) implies (ii). Since any two models of ACF(0) are elementarily
equivalent, (ii) implies (iii). Clearly (iii) implies (i).

Now assume (iii). Then by the compactness theorem, T |= ϕ, where T consists of
some finitely many axioms of ACF(0). Hence, there is an m such that for no prime
p > m, p �= 0 belongs to T . Thus, ACF(p) |= ϕ for all p > m. Thus, (iii) implies
(iv).

Clearly (iv) implies (v). The statement (v) implies (iv) because each ACF(p) is
complete. (iv) clearly implies (vi).

We now show that (vi) implies (iii). Let ACF(0) �|= ϕ. Since ACF(0) is complete,
it follows that ACF(0) |= ¬ϕ. Since (iii) implies (v), there is an m such that for all
primes p > m, ACF(p) |= ¬ϕ. This completes the proof. �

Let p > 0 be a prime and Fp the algebraic closure of the field with p elements.
It is a standard fact of algebra that every finitely generated subfield of Fp is finite.
Using this we easily get the following result.

Proposition 2.15.6 Let f1, . . . , fn ∈ Fp[X1, . . . , Xn] be such that f = ( f1, . . . ,
fn) : Fn

p → F
n
p is injective. Then f is surjective.

Proof Assume that f is not surjective. Take any b /∈ range( f ). LetK be the smallest
subfield of Fp that contains b and coefficients of f1, . . . , fn . As observed above K
is finite. But then f : Kn → K

n is one-to-one but not onto. This is a contradiction
since Kn is finite. �

Theorem 2.15.7 (Ax [1]) Let F be an algebraically closed field and f1, . . . ,
fn ∈ F[X1, . . . , Xn] be such that f = ( f1, . . . , fn) : Fn → F

n is injective. Then f
is surjective.

Proof Let each fi be of degree at most d. It is not hard to see that there is a sentence
ϕ of the language of fields saying that if f1, . . . , fn are polynomials of degree at
most d and if the map f = ( f1, . . . , fn) is injective, it is surjective.

LetF be of characteristic p for some prime p > 1. By the last propositionFp |= ϕ.
Since any two models of ACF(p) are elementarily equivalent, F |= ϕ. As Fp |= ϕ

for all prime p > 1, by the above theorem, ACF(0) |= ϕ also. �
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We now give some applications of model completeness.
Recall that for an ideal I ⊂ K[X ],

√
I = { f ∈ K[X ] : f n ∈ I for some n ≥ 1}.

Then
V(I ) = V(

√
I ).

Theorem 2.15.8 (Hilbert Nullstellensatz) LetK be an algebraically closed field and
I an ideal in K[X ]. Then

I(V(I )) = √
I .

Proof Weclearly have
√
I ⊂ I(V(I )). If possible, suppose there is an f ∈ I(V(I )) \√

I . By prime decomposition theorem (Theorem B.2.4), there is a prime ideal P ⊃√
I not containing f . Since P is a prime ideal in K[X ], K[X ]/P is an integral

domain.
Let F be the algebraic closure of the quotient field ofK[X ]/P . By Hilbert’s basis

theorem (Theorem B.2.3), we fix a basis g1, . . . , gk ∈ √
I generating

√
I . Note that

each Xi can be regarded as an element ofK[X ]. Because f /∈ P and g1, . . . , gk ∈ √
I ,

we have

F |= ∧k
i=1gi ([X1], . . . , [Xn]) = 0 ∧ f ([X1], . . . , [Xn]) �= 0.

In particular,
F |= ∃y(∧k

i=1gi (y) = 0 ∧ f (y) �= 0).

By model completeness of RCF ,

K |= ∃y(∧k
i=1gi (y) = 0 ∧ f (y) �= 0).

This gives an a ∈ K such that for all 1 ≤ i ≤ k, gi (a) = 0 and f (a) �= 0. But if
gi (a) = 0 for all 1 ≤ i ≤ k, as g1, . . . , gk generate

√
I , a ∈ V(

√
I ) = V(I ). Since

f ∈ I(V(I )), f (a) = 0. This contradiction proves the result. �

17th problem in Hilbert’s famous list of 23 problems was

Hilbert’s Seventeenth problem Let f ∈ R(X) be a rational function such that
for no x ∈ R

n, f (x) < 0. Then is it true that f is a sum of squares of finitely many
rational functions?

This problem was answered in the affirmative by Artin. Abraham Robinson
pointed out a strikingly beautiful proof of Artin’s theorem using model completeness
of RCOF. We refer the reader to the appendix in algebra and geometry for relevant
definitions and results on real closed fields.
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Theorem 2.15.9 Let F be a real closed field and f ∈ F(X) = F(X1, . . . , Xn) a
rational function over F in n variables such that for no x ∈ F

n, f (x) < 0. Then f
is a sum of squares of rational functions over F.

Proof By Proposition B.3.4, the field of rational functions F(X) is real. Suppose f
is not a sum of squares. By Theorem B.3.7, there is a linear order< on the field F(X)

of rational functions over F making it into an ordered field such that f < 0.
Let K be the real closure of F(X) order compatible with <. Then

K |= ∃x( f (x) < 0).

(Take xi = Xi ∈ K.) By model completeness of RCF ,

F |= ∃x( f (x) < 0).

But there is no a ∈ F such that f (a) < 0. Hence, f must be a sum of squares of
rational functions over F. �
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