Chapter 2
Maximum Likelihood Estimation
of a Natural Parameter for a One-Sided TEF

For a one-sided truncated exponential family (0TEF) of distributions with a natural
parameter 6 and a truncation parameter y as a nuisance parameter, the maximum
likelihood estimators (MLEs) ényu and 6y, of 0 for known y and unknown y and the
maximum conditional likelihood estimator (MCLE) fyc;. of 6 are asymptotically
compared up to the second order.

2.1 Introduction

In the presence of nuisance parameters, the asymptotic loss of the maximum like-
lihood estimator of an interest parameter was discussed by Akahira and Takeuchi
(1982) and Akahira (1986) under suitable regularity conditions from the viewpoint
of higher order asymptotics. On the other hand, in statistical estimation in multipara-
meter cases, the conditional likelihood method is well known as a way of eliminating
nuisance parameters (see, e.g., Basu 1997). The consistency, asymptotic normality,
and asymptotic efficiency of the MCLE were discussed by Andersen (1970), Huque
and Katti (1976), Bar-Lev and Reiser (1983), Bar-Lev (1984), Liang (1984), and
others. Further, in higher order asymptotics, asymptotic properties of the MCLE of
an interest parameter in the presence of nuisance parameters were also discussed by
Cox and Reid (1987) and Ferguson (1992) in the regular case. However, in the non-
regular case when the regularity conditions do not necessarily hold, the asymptotic
comparison of asymptotically efficient estimators has not been discussed enough in
the presence of nuisance parameters in higher order asymptotics yet.

For a truncated exponential family of distributions which is regarded as a typical
non-regular case, we consider a problem of estimating a natural parameter 6 in the
presence of a truncation parameter y as a nuisance parameter. Let GAA];L and Gy, be
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the MLEs of 6 based on a sample of size n when y is known and y is unknown,
respectively. Let 6cr be the MCLE of 6. Then, it was shown by Bar-Lev (1984) that
the MLEs éA]fIL ,éML and the MCLE éMCL have the same asymptotic normal distribution,
hence they are shown to be asymptotically equivalent in the sense of having the same
asymptotic variance. A similar result can be derived from the stochastic expansions
of the MLEs 6}, and 6y, in Akahira and Ohyauchi (2012). But, 6}, for known y
may be asymptotically better than 6y, for unknown y in the higher order, because
éﬂylL has the full information on y . Otherwise, the existence of a truncation parameter
y as a nuisance parameter is meaningless. So, it is a quite interesting problem to
compare asymptotically them up to the higher order.

In this chapter, following mostly the paper by Akahira (2016), we compare them
up to the second order, i.e., the order of n=L, in the asymptotic variance. We show
that a bias-adjusted MLE éML* and éMCL are second order asymptotically equivalent,
but they are asymptotically worse than éﬁyﬂ in the second order. We thus calculate
the second-order asymptotic losses on the asymptotic variance among them. Several
examples are also given.

2.2 Preliminaries

Suppose that X;, X5, ..., X,, ... is a sequence of independent and identically dis-
tributed (i.i.d.) random variables according to Py ,, in a oTEF &, with the density
(1.7). In Bar-Lev (1984), the asymptotic behavior of the MLE éML and MCLE éMCL
of a parameter 6 in the presence of y as a nuisance parameter was compared and
also done with that of the MLE GAAZL of 8 when y was known. As the result, it was
shown there that, for a sample of size n(> 2), the éML and éMCL of 6 existed with
probability 1 and were given as the unique roots of the appropriate maximum likeli-
hood equations. These two estimators were also shown to be strongly consistent for
6 with the limiting distribution which coincides with that of the MLE 67, of 6 when
y was known. Denote a random vector (Xj, ..., X,) by X and let X(;) < -+ < X,
be the corresponding order statistics of a random vector X. Then, the density (1.7)
is considered to belong to a regular exponential family of distributions with a nat-
ural parameter 6 for any fixed y, hence log b(6, y) is strictly convex and infinitely
differentiable in 6 € ® and
j

0
Aj(0,y) = o5 logh(0, y) 2.1)

is the j th cumulant corresponding to (1.7) forj = 1,2, ....
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In the subsequent sections, we obtain the stochastic expansions of é{l , éML, and
Oyt up to the second order, i.e., 0,(n~"). We get their second-order asymptotic
variances and derive the second-order asymptotic losses on the asymptotic variance
among them. The proofs of theorems are located in Appendixes Al and A2.

2.3 MLE éA’;L of a Natural Parameter § When a Truncation
Parameter y is Known

For given x = (x,...,x,) satisfying y < xg) = minj<i<,x; and xqy =
max;<;<, X; < d, the likelihood function of 6 is given by

LY(0;x) = b”(@l ) [Ha(xi)] exp[@ Zu(x,-)} .

i=1 i=1

Then, the likelihood equation is
1 n
~ D ulXi) =210, y) = 0. 22)
i=1

Since there exists a unique solution of Eq. (2.2) with respect to 8, we denote it by GAA’}L
which is the MLE of 0 (see, e.g., Barndorff-Nielsen (1978) and Bar-Lev (1984)). Let
A =Ai0,y) (i =2,3,4) and put

7 = ﬁ;{u(xi)—m, Uy = aan (6, — 0).

Then, we have the following.

Theorem 2.3.1 For the oTEF &, of distributions with densities of the form (1.7)
with a natural parameter 0 and a truncation parameter y, let QA’;L be the MLE of 6
when y is known. Then, the stochastic expansion of U, is given by

U, =27 A3 zz+1 S Z2+o0 1
s T G )T T T )

and the second-order asymptotic mean and variance are given by
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EU)=——22 4o
0= SR

)0l

V@(Uy)zl—i- (W_P)—i_o
Since U, = Z; + 0p(1), it is seen that U,, is asymptotically normal with mean O
and variance 1, which coincides with the result of Bar-Lev (1984).

respectively.

2.4 Bias-Adjusted MLE OAML* of & When p is Unknown

For givenx = (xy, ..., x,) satisfying y < x(;) and x(»,) < d, the likelihood function
of 8 and y is given by

L@, y;x) = bn(9 2 [Ha(x, ]eprGZu(x, ] (2.3)

i=1

Let GML and ;. be the MLE:s of 8 and y, respectively. From (2. 3) it is seen that
Pur = Xy and L(OML,X(l),X) = Supyp L(0, X1); X), hence GML satisfies the
likelihood equation

n

1 A
0=1 D 1X) = ki Ouz. Xav). (2.4)

i=1

where X = (X, ---,X,). Let A, = A,(0, y) and put U = «/)\zn(GAML — 0) and
Ty := n(X(1y — y). Then, we have the following.

Theorem 2.4.1 For the oTEF &, of distributions with densities of the form (1.7)
with a natural parameter 0 and a truncation parameter y, let Oy be the MLE of 0
when y is unknown, and QAML* be a bias-adjusted MLE such that éML has the same
asymptotic bias as that of éjf, , e,

~ ~ 1 3);] A
b = by + SO xe)p @9
k@, X(l)))\2(9ML, Xuyn

where k(9 y) = a(y)eeu(y)/b(e y). Then, the stochastic expansion of U* =
«/)LG(GML* — 0) is given by

=Yt eTon khan k\ao ay )| TP\ )
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where k = k(6, y),
8)»1 aro
)»2 By dy
~ Moo, 1 axl) b) L (2 M.
U=z — 77— T+ —ZiToy +— (2 - 22 ) Z
: 2?»;/2\/51 Azn(ay EPPYEE T VERETE) A

+0,(7):

and the second-order asymptotic mean and variance are given by

. A3 1
Eyy(U") = — +0( )
0,y 2A3/2\/ﬁ nﬁ

Vo (0% =14~ (Si—ﬁ) —{()—/\}2+0( 1)
0.y - 2)\3 )\% )\2 uly 1 \/ﬁ P

respectively.

Since U = U* =Z, + 0,(1), it is seen that U and U* are asymptotically normal
with mean 0 and variance 1 in the first order, which coincides with the result of Bar-
Lev (1984). But, it is noted from Theorems 2.3.1, and 2.4.1 that there is a difference
between V,(U,) and Vg,y(l} *) in the second order, i.e., the order n~!, which is
discussed in Sect.2.6. It is also remarked that the asymptotic distribution of Ty is
exponential in the first order and given up to the second order (see Lemma?2.9.1 in
later Appendix Al).

2.5 MCLE ¢y of 8 When y is Unknown

First, it is seen from (1.7) that there exists a random permutation, say Y5, - - - , ¥}, of
the (n — 1)! permutations of (X, ..., X¢y) such that conditionally on X}y = x(),
Y,, ..., Y, are ii.d. random variables according to a distribution with density
a(y)eg"(y)
gy;0,x1) = ———— forxg <y<d
1 b, x(l)) (1)

with respect to the Lebesgue measure (see Quesenberry (1975) and Bar-Lev (1984)).
For given X(;y = x(1), the conditional likelihood function of 8 fory = (y2, ..., y»)
satisfying x() <y, <d (i=2,...,n)is

L®:ylxa) = o= 1(9 [Ha(yz ]CXP[9 > uly) ]
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Then, the likelihood equation is

n

ZMO’i) — 1100, x1)) = 0. (2.6)

i=2

n—1

Since there exists a unique solution on 6 of (2.6), we denote it by the MCLE éMCL,
i.e., the value of 6 for which L(6;y|x()) attains supremum. Let A; := A;(, x(1))
(i=1,2,3,4) and put

7= ;i{u(ﬁ) —5»1}, Uy == \/E(éMCL —9)-

Vio(n—1) i=2

Then, we have the following.

Theorem 2.5.1 Fora oTEF 2, of distributions with densities of the form (1.7) with
a natural parameter 6 and a truncation parameter y, let Oyc be the MCLE of 6
when y is unknown. Then, the stochastic expansion of Uy is given by

by = 5,2 22+1[1 1(ax2)T ]Z
0=21——=r = — N4
233 m " 2 oy )
122 i \as 1
+—\=-——=1Z+0,{—),
2n ( 2oz ) P \nyn
and the second-order asymptotic mean and variance are given by

~ A3 1
Es. (U):— ‘ +0( )
0,y 0 2A3/2f nﬁ

50 1 5
Vay(Uo)—1+ (2A*_A_§)+E{”(y)_m +0(

1
Remark 2.5.1 From Theorems 2.4}.1, and 2.5.1, it is seen Ihat the secgnd—order
asymptotic mean and variance of U, are the same as those of U* = /A,n(Oy- —6).

It is noted that éMCL has an advantage over éML in the sense of no need of the bias-
adjustment.

Remark 2.5.2 As is seen from Theorems?2.3.1, 2.4.1, and 2.5.1, the first terms of
order 1/n in V4(U,), Vg.y(l}*), and Vg,y((jo) result from the regular part of the
density (1.7), which coincides with the fact that the distribution with (1.7) is consid-
ered to belong to a regular exponential family of distributions when y is known. The
second terms of order 1/n in ngy(lj *) and ngy(ﬁo) follow from the non-regular
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(i.e., truncation) part of (1.7) when y is unknown, which means a ratio of the variance
Ay = Vg, (u(X)) = Ey ,, [{u(X) — X1}%] to the distance {uly) — X1}? from the mean
A of u(X) to u(x) atx = y.

2.6 Second-Order Asymptotic Comparison Among éAZL,
Omr=, and OycL

From the results in the previous sections, we can asymptotically compare the estima-
tors G;IL, Omrx, and By using their second-order asymptotic variances as follows.

Theorem 2.6.1 Fora oTEF &, of distributions with densities of the form (1.7) with
a natural parameter 6 and a truncation parameter y, let QML, QML* and QMCL be the
MLE of @ when y is known, the bias-adjusted MLE of 6 when y is unknown and the
MCLE of 6 when y is unknown, respectively. Then, the bias-adjusted MLE é;u and

the MCLE 6y, are second order asymptotically equivalent in the sense that
Oz Buce) = n Vo, (0% = Vi, (@)} = o(1) @7

as n — oo and they are second order asymptotically worse than éAZL with the
following second-order asymptotic losses of Oyr-and Oycy, relative to 0y, :

A A
B8 = Vo, 0~ Vi) = PO oy )
do@uct, 6) 1= n{Va,, (o) = Vo) | = M +o()  29)

as n — oo, respectively.
The proof is straightforward from Theorems2.3.1, 2.4.1, and 2.5.1.

Ren}ark 2.6.1 Ttis seen from (1.6) and (2.8) that the ratio of the asymptotic variance
of U* to that of U,, is given by

A N {u(y) — 1) 1
Rn(QML*,GA):[L)Z 1+)~2—”l+0 R
and similarly from (1.6) and (2.9)

n A u(y) — a2 1
Rn(QMCL, GA]:IL) =1+ % +o (;) .
2

From the consideration of models in Sect. 1.1 usmg (1.5),(1.6), and (2 8) we see that
the difference between the asymptotic models M (Omr y) and M (QM , ¥) 1s given
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by dyOpr, 0),) or Ry @z, 01, up to the second order, through the MLE of 6. In
a similar way to the above, the difference between M (éMCL, y) and M (é,}:,CL, y) is
given by d,,(Oycr, 0),) or Ry(Bycr, 61;;) up to the second order.

2.7 Examples

Examples on the second-order asymptotic losses of the estimators are given for a
lower-truncated exponential, a lower-truncated normal, and Pareto, a lower-truncated
beta and a lower-truncated Erlang type distributions.

Example 2.7.1 (Lower-truncated exponential distribution) Letc = —00,d = oo,
a(x) = 1, and u(x) = —x for —co < y < x < oo in the density (1.7). Since
b@,y) =e /6 for € ® = (0, 00), it follows from (2.1) that

9, b, y) = !
A 0 9 = — - _’
5g logb®.y 1%

Al 7

2

0
M = Wlogb(@, y) = k@,y)=26.

0_2 )
From (2.2) and (2.4)—(2.6), we have

0, =1/ X —p), G =1/(X —Xq)),

~ ~ 14 ~ 1
Omrs = Our — —Our, Oucr = 1/(
n n

n
7 me —X<1))~
i=2

Note that GML* = GMCL In this case, the first part in Theorem2.6.1 is trivial, since
d, (OML* GMCL) = 0. From Theorem2.6.1, we obtain the second-order asymptotic
loss

dy Oz éLL) = d,Ouce» é}\)}L) =1+0(1)

as n — o0o. Note that the loss is independent of y up to the order o(1). From
Remark2.6.1, we have the ratio

~ ~ ~ ~ 1 1
Ry (yr+, O4yp) = RuOucr, Oyp) = 1+ p +o (;) .

In this case, we have the uniformly minimum variance unbiased (UMVU) estimator

Oy = (0 = 1)/(2Xi —ny),
i=1
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where y is known (see Voinov and Nikulin 1993). Then,

QA):IL =<

hence 4], is not unbiased for any fixed n. When y is unknown, we obtain the UMVU
estimator

24
) QUMVU’

Qumvy = (n — 2)/ [Zx(z) —(n— 1)X(l)]

which is derived from the formula in the lower-truncated exponential distribution of
a general type discussed by Lwin (1975) and Voinov and Nikulin (1993). Then,

1 A
9 )
I’l—2) umMvu

hence QML* and QMCL are not unbiased for any fixed n. Note that QML* and GMCL are
asymptotically compared with OAZL after such a bias adjustment that 6y has the same
asymptotic bias given in Theorem2.3.1 as 911:11; Since A, = 1/62,

Bue = Byrcr, = (

2 92

Ve(éngy) =5 VQ,y(éUMVU) =3

we have the second-order asymptotic loss

~ A n A n o a
dy@uravur, 0y = [ve,y (%(eumu - 9)) ~Vy (%(%W - 9))]

n?

= = l + o l
(n—=2)(n—-3) W
asn — 00.
Example 2.7.2 (Lower-truncated normal distribution) Let ¢ = —o0, d = oo,
alx) = e'/2 and u(x) = x for —oo < y < x < oo in the density (1.7). Since

b, y) = 27" P @B — y)

for 8 € ® = (—o00, 00), it follows from (2.1) and Theorem 2.4.1 that

oA
MO, y) =604 p0 —y), a—y‘(e, Y) =0 —y)p@ —y)+ 0O —y),

20, )=1—0 —y)p@ —y)—p*O —y), k@, y)=p@-y),
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Table 2.1 Values of dy, (9z+, 83y, and Ry (Gyrs, 0)y;) fort =6 —y =2,4,6

T dn(éML*? éA}:[L) Rn(éML* AA}:[L)
4.7640 1
2 47640 + o(1) 1+ 222 4o (—)
n
9. 1486 1
4 9.1486 + o(1) 1+ 2 4 (—)
n
16. 0096 1
6 16.0096 + o(1) 1+ +o ( )
n n

where p(¢) := ¢()/PD(¢) with D (x) = ffoo ¢ (t)dt and ¢ (1) = (1/\/271)e”2/2 for
—00 < t < 00. Then, it follows from (2.2), (2.4), and (2.6) that the solutions of 6 of
the following equations

0+pO—y)=X, 0+pO—Xa) =X,

1 n
0 60— X = — X
+ po( ) n—lé" ()

become OML, O, and Oycr, respectively, where X = (1/n) >, X;. From (2.5), the
bias-adjusted MLE is given by
Ovr — Xy + 0Bz, — X))

Ome = O + = = S 7 .
1 — O — X)) pOmr, — Xa1y) — P> Oz — X1y)

From Theorem2.6.1, we obtain the second-order asymptotic losses

dn(Ovmz+, Oycr) = o(1),
{0 —y+p0O—-p)

dp Oy 0y) = du@uice. Oiyy) = +o(1)
ML L MM — 0 = y)p@ — ) — P20 — )
asn — oo.
When 7 := 6 — y = 2,4,6, the value of second-order asymptotic loss

Bz, 0),) and the ratio R,(Oyy+, 0);,) up to the order 1/n are obtained from
(2.8) and Remark 2.6.1 (see Table2.1 and Fig.2.1).

Example 2.7.3 (Pareto distribution) Let c = 0, d = o0, a(x) = 1/x, and u(x) =
—logx for 0 < y < x < oo in the density (1.7). Then, (8, y) = 1/(©y?) for
0 € ® = (0, 00). Letting t = logx and yy = log y, we see that (1.7) becomes

0efre=0 fort > yy,

t; 0, =
s ) {O fort < yp.

Hence, the Pareto case is reduced to the truncated exponential one in Example2.7.1.
Replacing X and X;) (i = 1,...,n) by logX := (1/n) > __,logX; and log X;
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4.0

3.0 35

Rn
2.0 25

1.5

1.0

Fig. 2.1 Graph of the ratio R, Byrr, éA’;L) up to the order 1/nfort =0 —y =2,4,6

(i =1,...,n), respectively, in Example2.7.1, we have the same results including
the UMVU estimation as those in Example2.7.1. For Pareto distributions, see also
Arnold (2015).

Example 2.7.4 (Lower-truncated beta distribution) Letc = 0,d = 1, a(x) = x~!
and u(x) = logxfor0 < y < x < linthedensity (1.7).Since b(8, y) = 6~ (1—y?)
for8 € ® = (0, 00), it follows from (2.1) and Theorem 2.4.1 that

1 (ogy)y? o y?! 0
20, = - — (9, =——(1— 01 s
10, y)=—3 e By( Y) (1—)/9)2( v’ +6logy)
1 (logy)*y? 6y?!
M@, y) = — ——=" 1 k@, y) = ——.
2(0,v) FERNTEOe ©.y) T

Then, it follows from (2.2), (2.4), and (2.6) that the solution of 8 of the following
equations

| — 1 9
_ZlogXl_i___i_%:O’
n = 0 1—vy

1 — 1 (IOgX(l))X(g])
25 log X+ - + 2t
7 ; ety T — X7,

1

10 X,+—+
n—lg gdo Ty 1—x;,

1 (IOgX(l))X(al) —0
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Table 2.2 Values of d,(yz+, O3y;) and Ry (Ouz+, O3y, ) for 6 = 2 and y = 1/2,1/3,1/5

Y dn (éML* ) éA}:[L) Rn (éML* ) éA}:[L)
4.9346 1
1/2 4.9346 + o(1) 1+ ——+4of-
n n
6.7471 1
1/3 6.7471 + o(1) 1+ +of-=
n n
10.0611 1
1/5 10.0611 + o(1) 1+ +o(7)
n n

becomes éﬁ};L, éML, and éMCL, respectively. From (2.5), the bias-adjusted MLE of
is given by

. (1= XDy (1 - ff;L+eMLlogxm)

Ov = O —
ML ML 1 — 9ML 2 92 O log X 11)2
nf( X ) X1y (log @)}

From Theorem 2.6.1, we obtain the second-order asymptotic losses

Oz, Oycr) = o(1),
(1—y? +6logy)?

dOpiz=, 00)) = dyOpicr, 01) = .
( ML ML) ( MCL ML) (1 — ]/0)2 — 92)/9(10g)/)2

When 6 = 2 and y = 1/2,1/3,1/5, the values of second-order asymptotic loss
d, (GML* ML) and the ratio R (GML* ML) up to the order 1/n are obtained from (2.8)
and Remark 2.6.1 (see Table2.2 and Fig.2.2).

Example 2.7.5 (Lower-truncated Erlang type distribution) Let ¢ = 0,d =
00, a(x) = |xf~'and u(x) = —|x| for —oo < y < x < oo in the density (1.7), where
j=1,2,....Note that the distribution is a lower-truncated Erlang distribution when
y > 0 and a one-sided truncated bilateral exponential distribution when j = 1. Since
foreachj=1,2,...,

S .
bi(0,y) = / Ix~te ™ ax,
Y

it follows that & = (0, co). Let j be arbitrarily fixed in {1, 2, ...} and A;(0, y) =
(07/060")log bj(0, y) (i = 1,2,...). Since db;/30 = —bj 4, it follows from (2.1)
and Theorem 2.4.1 that
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4.0

Rn
25 3.0
L

2.0

1.5

1.0

Fig. 2.2 Graph of the ratio R, (Oyz+, éﬁyﬂ) up to the order 1/n for6 =2 andy =1/2,1/3,1/5

210, y) = _2y)
b0, v)
i=1e=07 [ biy1(6,y)
ﬂ(e ) = B0 {ZW +V} fory >0,
)= iy [ ©0.)
dy (—1V s { e +y} fory <0,
bi42(6, b1, y))?
A0, y) = 206, y) _I 41 ( )’)] ’
b0, y) b0, y)
ra(. ) = 3@ V) | 3616 Vb6, ) _z[b,-+1(9,y)]3
o bj(6,v) b; (0, y) b, y) |’
[y P—le 0¥l
ki@,y) = ———
bi(0,v)

Then, it follows from (2.2), (2.4), and (2.6) that the solutions of 6 of the equations

o bi0,y) _ % bj1 Ours X1y) _0
b6, y) ’ bi(Omr, X1y)
| bj+1(0,X
3 x i+10. Xa)

n—14 O b0, Xa)
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becomes HAA};L, éML, and éMCL, respectively, where X = (1/m) Zle X;.From (2.5), we
have the bias-adjusted MLE éML* of 6. From Theorem2.6.1, we obtain the second-
order asymptotic losses

Oy, Oucr) = o(1),

A oy 5 gy bii\* /b2 (b))
dnOprr, Oyy) = dnOmcer, Oyyr) = v — b_ b_ - b_ ,
j j j

where b; = b;(0, y). In particular, we consider the case when y > 0 and j = 2.
Since

1 1 1 2 2
by = *(7/-1-7)879}’, by = 5()/2-&-%4-97)679)',

1 32 6y 6\ _ 1 4y3 1292 24y 24\ _
ba = — 3 r e e 0}/7 bs = — 4 T _r = 0}/’
49()/4- + 5+ o3 )e s=o\V' ot s e

we obtain Ay, Ay, and Ay3. From (2.2), (2.4), and (2.6), we have

—1
Oy, =4 [)'(—2;/ +4rX —y) +5(2] :

—1
Oy =4 [X — 2X(1) + \/4X(1)(X — X(l)) +X2} s

-1
Omcr =4 [X —2X) + \/4X(1)(X - Xay) +X2] ,

where X = (1/(n—1)) X", X(. From (2.5), we also obtain the bias-adjusted MLE
Oy~ of 6. Further, we have the second-order asymptotic loss

Oy +2)°

Gy 122 +o(1)

d Oz, é[[);[‘) = d,(byct, é;t:;L) =
and the ratio

. o @y +2)> 1
Ry(Omr+. 03y) = RyOmce, Opy) = 1+ 2Oy +22 =2 +0 -

If y =0, then 0, = 2/X and
duOur-, 091) = dn(Oucr, Oiy) = 2+ o(1),

A A0 A A0 2 1
Ry (Omr+, Opp) = Ru(Omcr, Oyy) = 1+ - +0 -
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IAn Vancak et al. (2015), the ratio of the mean squared error (MSE) of éML to that
of 91?4L is calculated by simulation and its graph is given as a function of n when
6 = —1. Here, we can theoretically obtain the function. Indeed, letting ¥ = 0 and

Up = v/222(0, 00, — 6),

we have from (2.13) in Appendix Al later

1|11,\§3(9,0) 124(9,0)]+0( 1 )

Eg(UD) =1+~ - —
o) n | 423,60,00  32,6,0) ny/n

hence the MSE of é,om is given by

MSEy(65;) = Eol (65, — 6)*1 = Ep(U)

1
)\22(9,0)}’1
B 1 1 11x§3(9,0)_xz4(9,0)] (L)}

T (6, 0)n [1+n[4,\32(9,0) 23,(0,0) +o nyn)|

When y is unknown, letting

U =20, y) O — 0),

we have from (2.24) in Appendix A1 given later

N 2 8)\.21 1 a)‘ZI 11)‘%3
Ey(U?) =1 — - —dat o)t
0o (U7 kodoon ( ay ) [u(y) 2 k2 ( ady )] 4r3,n

3A ar 2 ar A 1
+ 223 ( 21 ) _ ( 22) _ 224 + 0 ( ) ’
kaAs,n oy kodpn \ 9y Apn l’l\/;l

where ky = ka(0,y) = a(y)e? ) /by(0, y) and Ay = Xp;(0,7) ( = 1,2,3,4).
From (2.28), and (2.29) in Appendix Al given later, we have

oA ok
T;l(& Y) =k (0, y){A21(0, y) — u(y)}, 8792(0’ y) =k (0, y){u(y) — 22106, v)}.

Since
ob
B—;w, ) = —ka(6, )b (6, ¥),

it follows that

a)\.zz 82k2

5, O v)=—750.7)=—k® y){uy) - M} +ka (6, YA, y),
y a0
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hence

. 1122 A 3A
E@qy(U2) =1+ 23 24 23

- (u(y) — A21)
4)3211 )\gzn A%zn

> (u(y) — )2—%+0(L)
Azznuy 21 p nn)

Denote the ratio of the MSE of éML at y = 0 to that of él?ﬂ by

+

Ruse Oz 00,) = [MSEg., Ouur)],—o / MSEy(85,).
Since
~ ~ 1 ~
MSEp , Our) = Eo, [(Our, — 0)*1 = ——Eq,, (U?),
)\22}’1

we have

1 {1 133,0.0)  3240.0) 3221 (6, 0)223(6, 0)
 322(6,00n 433,0,0m  13,0,0)n 22,6, 0)n

N 213,(0,0) _%+0(L)]
A0n(@,0n  n nyn ’

[MSEj., Byr)y=o

Hence, we obtain

11235(0,0)  224(6,0) | 3421(6,00223(6,0) | 223,(6,0)
433,0,0n 13,0, 0)n 13,(0, 0)n 222(8, O)n

2 YRR 112356, 0) _ Au(6,0) e
T +0(nﬁ)] [1 n[ 13,(6.0) A%Z(G,O)}+O(nﬁ)}

2
:1+}11[3x21(9,0)x23(9,0) 232,(6,0) _2]+ ( 1 )

Ruse O, Byr) ={1 +

23,(6,0) An(8,0)n nyn
Since
b3(0, 0) 2
A1 (0,0) = ——2 L =2
21(6,0) b>(6.0) 7
bs(0,0) [b3(0,0))% 2
)\- 0,0 = —_ = —,
2(0.0) b, (0, 0) [bz(Q,O)] 62
bs5(0,0 3b3(8,0)bs (0,0 b3(6,0 2 4
k23(0,0)=—5( )+ 3(2)4( )_2| 3( )] S
b,(8,0) b3(6,0) b,(8,0) 0
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it follows that

A A 8 1
Ruise Our, Oyy) = 1+ - +0 (m) ,

which is the required function of n. The ratio Rysg (HML, L) seems to be fit for the
simulation result, i.e., Fig. 3 by Vancak et al. (2015).

Example 2.7.6 (Lower-truncated lognormal distribution) Let ¢ = 0,d = oo,
a(x) = x 'exp{—(1/2)(logx)?} and u(x) = logx for 0 < y < x < oo in the
density (1.7). Then, b0, y) = @@ —logy)/¢ () for 6 € ® = (—o0, 00), where
®(x) = [*_p)dr with ¢(r) = (1/v/27)e™"/? for —00 < 1 < 0. Letting 1 =
log x and yy = log y, we see that (1.7) becomes

1

1L =072 _
f(t:0,%) = I\/queyo)e for =00 <y =t < o0,
0

otherwise.

Hence, the lower-truncated lognormal case is reduced to the truncated normal one
in Example 2.7.2.

For a truncated beta distribution and a truncated Erlang distribution, related results
to the above can be found in Vancak et al. (2015).

2.8 Concluding Remarks

In a oTEF of distributions with a two-dimensional parameter (6, y), we considered
the estimation problem of a natural parameter 6 in the presence of a truncation
parameter y as a nuisance parameter. In the paper of Bar-Lev (1984), it was shown
that the MLE @), of 6 for known y, the MLE 6, and the MCLE 6y of 6 for
unknown y were asymptotically equivalent in the sense that they had the same
asymptotic normal distribution. In this chapter, we derived the stochastic expansions
of GAA’:,L, éML, and éMCL. We also obtained the second-order asymptotic loss of the bias-
adjusted MLE Oy~ relative to é,{fm from their second-order asymptotic variances and
showed that 6y, and Oy, were second order asymptotically equivalent in the sense
that their asymptotic variances were same up to the second order, i.e., o(1/n) as
in (2.7). It seems to be natural that éﬂ)f,L is second order asymptotically better than
éML* after adjusting the bias of éML such that éML has the same as that of éj}L The
values of the second-order asymptotic losses of QAML* and éMCL given by (2.8) and
(2.9) are quite simple, which results from the truncated exponential family %, of
distributions.

The corresponding results to Theorems2.3.1, 2.4.1, 2.5.1, and 2.6.1 can be
obtained in the case of a two-sided truncated exponential family of distributions


http://dx.doi.org/10.1007/978-981-10-5296-5_1
http://dx.doi.org/10.1007/978-981-10-5296-5_1
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with a natural parameter 6 and two truncation parameters y and v as nuisance para-
meters, including an upper-truncated Pareto distribution which is important in appli-
cations (see Chap. 3). Further, they may be similarly extended to the case of a more
general truncated family of distributions from the truncated exponential family &7,.
In relation to Theorem?2.4.1, if two different bias-adjustments are introduced, i.e.,
éML + (1 /n)c,-(éML) (i = 1,2), then the problem whether or not the admissibility

result holds may be interesting.

2.9 Appendix A1l

The proof of Theorem 2.3.1 Let ; = A;(6, y) (i =1, 2, 3, 4). Since

Z) =

m Z WX —n}, U, :=rn@), —0),
2

by the Taylor expansion, we obtain from (2.2)

o—,/“z ‘/ ha U+ 0, :
L= 2)%” V 6A3/2 N 2
which implies that the stochastic expansion of U,, is given by
A3 S 2 S Vi G 1
U, =2 ——Z{+ —| = — Zi+0,\—=).
v ! 20 /n U on ()L% 3A2 P\ nyn
Since

Eg(Z1) =0, Vo(Z)) = Eo(Z}) = 1,

E, (Z3) = 3 E, (Z4) =34+ 4
0 ) 6 )
! )\;/2\/‘” ! A%n
it follows that
Ey(U,) 3 0( ! )
0 s
A;/zf nyn

E(U)—1+1(m”2 A“)Jro( ! )
¢ a3 A nyn)’

(2.10)

@2.11)

(2.12)

(2.13)
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hence, by (2.12) and (2.13)

vy =1+ (Z2 M) 1o
A" U Y E R E

(#) . (2.14)

From (2.10), (2.12), and (2.14), we have the conclusion of Theorem2.3.1.
Before proving Theorem2.4.1, we prepare three lemmas (the proofs are given in
Appendix A2).

Lemma 2.9.1 The second-order asymptotic density of T is given by
fT(U (t) :k(e7 y)efk(G,y)t

6 { 9 log k(6, y)] k@, y)i* =2t} k@, y)e *O" 4+ 0 (12)
n

2n | oy
(2.15)
fort > 0, where k(0, y) 1= a(y)e®* ™) /b0, y) and
Eyy Ty =+ 20 0 (L), B2y = o+ 02
G = k6. y) n n2) TR 2, y) n)’
(2.16)
where
A@©,y) 81 k@®,y)
- — 10 ) .
VT 0w,y Loy 2T

Lemma 2.9.2 It holds that

1 2 [0\ 1
Ey,(ZiT) = —— A+ — +0(\——=), 2.17
0.y 1 Tq)) PN [M(V) 1tz (ay)] (nﬁ) (2.17)
where k = k@, y) and »; = A;(0,y) (i = 1,2).

Lemma 2.9.3 It holds that

1 1
Eoy(ZiTq)) = ;o (;) , (2.18)

where k = k(6, y).
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The proof of Theorem 2.4.1 Since, for (0, y) € © x (¢, X))
A B, X))

a A a
=M. y) + [%M(G, J/)] (O — 0) + [5?»1(9, J/)] Xy =)

1 2 . 92 R
+3 [802)»1(9 Y) (QML_9)2+[898 )»1(9,)/)](9ML—9)(X(1)—V)
1 2 11 83 "
+ 1m0 Xy =)+ - {20, )| O —60)°
2 | 9y2 6 | 363
+ L i — 700, 9) 9 CRANYC 0)2(X )+ (2.19)
2 1902 1 Y oy 1o,y ‘ML o —VY , .

noting U= «/kzn(éML —0) and T(1y = n(X(1y — y), we have from (2.4) and (2.19)

Py b I A A 1 [ox
0=,/ 2Z1 V5 2 ——(—I)Tm— Shy ) ( Z)UT(I)
2Aon Ann \ Oy
1
3/2 i +0p (;),

where 4, = 4;(0,y) G = 1,2,3,4) are defined by (2.1), hence the stochastic
expansion of U is given by

U=z L (%), LB LI
T e oy )T e Y
4 1 Z +0 ! (2.20)
20\ 322 P\nyn)” '
It follows from (2.11) and (2.20) that
Ay 1 dAp A3 8 1
Ey,(U) = 7«/@(%’) Egy (Tq1)) — 72)»;/2\/%4_ o —Eyg y(ZlT(I))+O( f) (2.21)

Substituting (2.16) and (2.17) into (2.21), we obtain

E, (0)=—#[ (“‘)+A—3]+0(L) @22)
i Vian |k \ dy 22 nyn)’ ’
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where k = k(0, y) is defined in Lemma?2.9.1. We have from (2.20)

. .1 an A3 X
Ey,,(U") =Ey,(Z)) — 2 Ey o (Z1Tq1)) + E9 2 (Z))

VAan 8y
1 (or)? ) 1 A
— =) E, (T — 28t Ep ., (Z7T,
+)»2n(31’) o (1))+/\2n[/\2 (37 * oy ZiT)
1(5)\% A )E (Z4)+0( ! ) (2.23)
n\423 323 oy nyn)’ '

Substituting (2.11) and (2.16)—(2.18) into (2.23), we have
Ey (0% = 1 2 [(on () — Ap + 1 [(x N 1123

= —_ [ES— u — — P
4 on \ay ) 17~ Tk Gay 433n

L 33 (8)»1) 2 (8)»2) A4 +0( 1 ) (2.24)
kisn \ dy kxon \ 9y A3n nyn)’ ’

Since

V32 (3/3y )21 Our, X))}
k@yr, X)) 22O, X)) /n

_@0fm@y) 1 [0k A 1ok [9h 1
T kfen +kkzn[ @ )_(*Uae)(a )}UW”(E)’

it follows from (2.5) that the stochastic expansion of U* is given by

VA2(@/3Y)A1 Bz, X1)))
A 9 «—0 A 9 —0)+
= A2n(Ou ) =/ An(Oy —0) k@on. X/

. (a)\l) 1 5+1(ak)(axl z+0( 1 )
k/2an khan k\ao ) \ oy PP\ )

(2.25)

where U is given by (2.20),1; = 1;(8,y) (i=1,2,3)and k = k(0, y). From (2.11)
and (2.22), we have

o el
Ey,, (U") = 2A§/2ﬁ+0(nﬁ)' (2.26)
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It follows from (2.22), (2.24), and (2.25) that

2 (o 3 (0 1123
Eo,(U)=1-— (= A
0.y (U™) T ( J/)[u(y) 1+2k( )]+4/\%n

Ay 2 oA ok Lo 1
Mn k*aon \ oy ) \ o6 nyn)’
hence, by (2.26)

Vo (0% — 1+ 50 4 2 [or ) — A + ok
= — — — ) - — u —
by 23 32)  kan \ay J 1" T Tk e

3 (o)’ 1
(1) +o(es): e
Since, by (2.1)
1 d
M0, y) = —Qlogb(9 y) = b . y)/y a@)u(x)e”Vdx,

it follows that

I, y) a(y)e’™)
dy b@,y)

MO, y) —u()} =k@, Y){10, y) —u(y)}. (2.28)
Since

ak
8—9(973/) = k0, y){u(y) — 1106, v)} (2.29)

it is seen from (2.27)—(2.29) that

1 (53 M4 1 )
Vo, (U =1+ - ( ——)+—A {Al—u(y)}+0(
2n

2.30
203 A3 (&30)

1
From (2.25), (2.26) and (2.30), we have the conclusion of Theorem?2.4.1.
The proof of Theorem 2.5.1 Since, from (2.6)
0 : Zn:{ (Y) — 2100, x))} 1 M (0, x1))N/n (@, )
= — u(Y;) — Y - — Y n —
P 2 1 ) N 2 ) MCL

1 o
— — 300, Ovicr — 6)?
o 3(60, x))n(Oucr — 0)

1 A \ 1
- 6nﬁk4(9,x(1))n«/ﬁ(9MCL -6 +0, (n_z) ,
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letting

Z, = Z{M(Y) — 110, x0))}, U =+/3on(BycL — ),

\/Az(n— 1) i=2

where 5\,- =10, x1y) (i=1,2,3,4), we have

,/ Mg, (-
g 2A2n 61 nyn "\n2)’

hence, the stochastic expansion of U is given by

U=7 z 24tz L B Z3+0( 1) 2.31)
=4 25\;/2\/%1 M 1 n )L3 3):% 1 4 nﬁ . .

Since

"‘-2 - "‘-2 67‘<(l) - "‘-2 67 Y a 7(1) Cp 2 ’
we ()l)tai]l

= /Aan(Oucr — 6) [ ! (8)\2) 1) + Op ( ! )] , (2.32)

2 Aoy 3]/

where T(1y = n(Xq) —y) and A, = A,(6, y). Then, it follows from (2.31) and (2.32)
that

Uo = v/ 2an@Oucr — 6)

P N PR LA AP
=41 — 2)\3/2\/_ n 8}/ 1
132 s, (1)
—NZ2-= 1z +0,—). 2.33
(BB (L .

For given X1y = x(1), i.e., Ty = t := n(x(1y — ¥), the conditional expectation of Zl
and Z} are
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n

~ 1

Ey(Zi]1) = ——— Z {Eo. [u(Y)|t] — 21(0, x1))} = 0,
’ Via(n — 1) i=2 ’

- 1 "

Ep,(Z}t) = —— E Y) — 116, 2
oy @0 = T [; .y [{u(Ys) = 110, x0)111]
+ D> gy [{u(¥i) — 2100, xa) Hu(¥)) — 21(0, x1)} | t]]
ZSlii'an
=1, (2.34)

hence, the conditional variance of Z; is equal to 1, i.e., V@,y(Z [t) = 1. In a similar
way to the above, we have

xi "

Eo,(Z1) = o, Eg,(Z}|) =3+ ——. (2.35)
0,y ]| )\g/zm 0,y 1| )\,%(n—l)
Then, it follows from (2.33)—(2.35) that
Ey,(Uo|Tir) A3 +0( ! ) (2.36)
0.y (Uo =—— , .
4 @ Zkg/z\/ﬁ "\nyn
- 1 11122 X 1 [0x,
Ep, (U2 Ty =14+-+-| —=-=)-— (=)
0.y (UgT() +n+n(4k% A%) Agn(ay) (1
1
o,|——), 2.37
o) @30
where )2,- = A0, X)) (i =2,3,4). Since, fori =2,3,4
- 1 1
)"i = )"i(93 X(l)) = )"i(es V) + Op ; = )"i + Op ; ) (238)
it follows from (2.36) that
Ey., (Uy) As +0( ! ) (2.39)
, 0) — ——=>» — — ). .
"y 237 gn \adm
It is noted from (2.12), (2.26), and (2.39) that
oy (Uy) = Ey (0%) = Ey () = ——22 +0(1 )
)= B 0= )
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In a similar way to the above, we obtain from (2.16), (2.37), and (2.38)

Eay @) =14 L 115 e 1 (0 (] (2.40)
GriTes T no 43n An ki \ 9y nyn)’ '

Since, by (2.28) and (2.29)

1 3)»2 N 1[0k A k 8)Vl _ 2 2 A
§(W)_;[£( 1 —u(y)) + (W)]__( 1 —u(y))” + A,

it follows from (2.40) that

123 A
4x3n An

Ep, (U} =1+ + L{/\1 —u(y)}2+0(L),
)\.21’1

ny/n

hence, by (2.39)

- 1 /502 2
Vo, U)=14+-Z22 -
%,y (Up) +n (2)»% 2

1 ) 1

From (2.33), (2.39) and (2.41), we have the conclusion of Theorem2.5.1.

2.10 Appendix A2

The proof of Lemma 2.9.1 Since the second-order asymptotic cumulative distribu-
tion function of 7y is given by

Fro (1) =P, {Tay <t} =Py, {n(Xgy —y) <t} =1-— [

N 2 [0k, y) 1
=1—e*O |1 1222 Lol =
¢ 2n oy + n?

for t > 0, we obtain (2.15). From (2.15), we also get (2.16) by a straightforward
calculation.

b(©®,y + (t/n) ]
b®,y)

The proof of Lemma 2.9.2 As is seen from the beginning of Sect.2.5, Y5, ..., 7,
are i.i.d. random variables according to a distribution with density

a(y)ee"(y)

10, x0)) =
g(y ) b0, x)

for Xy =y< d (2.42)
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with respect to the Lebesgue measure. Then, the conditional expectation of Z; given
T(y) is obtained by

Ey, (Zi|Tq)) = IM(X(I)) + ZEG,;/[M(Yi)|T(1)] - ”)»1] , (2.43)

1
Vaan i=2
where A; = X;(8,y) (i =1,2). Since, foreachi =2, ..., n, by (2.42)

] N
Eo o, [u(Y)| Tyl = 30 logb(8, X1y) = A1(60, X1y) =: A1 (say),

it follows from (2.43) that

1 A A
Eq , (Z1|Tq)) = N [M(X(l)) + @ - 1))»1} - \1/?,
2 2

hence, from (2.16) and (2.43)

1 ~
Ey, (ZiTq)) = «/ﬁ {Ee,y[u(X(l))T(l)] +(n— 1)E9,y()»1T(1))}

1 A@©,y) 1
JE A (D)) s

where k = k(0, y). Since, by the Taylor expansion

u<X<1>>=u<y>+“iy)T<1>+ ) 1)+0( )

1
=200, X)) = 1(0,y) + - [—)»1(9 V)}

1 92
+22 )\1(9 V) ])+0p ; )

it follows from (2.16) that

2u 1
Ep [uX1y))Ty] = (]i/) + - [Au(y) + Mk(z)/)] +0 (;) , (2.45)
~ A 1 2 (oX 1
Eg (M Ty = Tl + - [ AMA+ 2 (8—1)] +0 (;) , (2.46)

where k = k0, y),A = A0, y),and .; = A;(0, y). From (2.44)—(2.46), we obtain
(2.17).
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The proof of Lemma 2.9.3 First, we have
2 1 2
Eo . (Z{|Tay) = — {u(Xa)) — i}
)»2]’1

2 n
+ Ton {uXa) = 2} ;quy [u(Y;) — 21T )]

1 n
+ o ;Ee.y [{u(¥D) — 1) 1Toy]

1
+ M—nZ#ZEe,y [{u(¥) — 1} {u¥) — 2} 1 Toy]. (247
i#j

2<i,j<n

For 2 < i < n, we have

E vy — Tl = (Y0 Lo (L) 2o (! 2.48
0,y [u(Y;) — Ayl (1)]—(5 — +0, —)— p(;), (2.48)

n

andfori #jand2 <i,j<n

Egy [{u(Yp) — 2} {u(¥)) — M} Ty] = Egy [u(¥d) — 21 | Ty | Eo.y [u(Y)) — 11|T (1]

a\2 Ta 1 1
_ (W) O (?3) —o, (,72) . (2.49)

Ep, [i* (YD) Tl = A3 + Aa,

Since, fori=2,...,n

where )A»,- =Ai0,X1y) (i=1,2),wehavefori=2,...,n

Ep , [{u(Y) — 22 | Tay] = A %2V ro0 (L) =n 10, (L
o,y Llu(Y; ol =r 4o\ 5 o+ O ) =20 ;)
(2.50)

From (2.47)—(2.50), we obtain

1
Ey,(ZHTy) =1+ 0, (;) ,
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hence, by (2.16)

1 1 1
By (Z{Ta)) = Eoy [Tt Es y (Z{Ta)] = Es  (Tay) + O (;) =10 (—) :

Thus, we get (2.18).
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