
Chapter 2
Neutron Transport Theory and Simulation

Devoted to describing neutron movement in media and the corresponding laws,
neutron transport theory is the research basis for transmutation and activation,
radiation damage to materials, radiation dose, and biological safety, among other
topics. There are two methods for neutron transport calculation: the Monte Carlo
method (also called the probabilistic method or the stochastic method) and the
deterministic method. The Monte Carlo method is a numerical method based on
probability and statistical theories. It can explicitly describe the characteristics of
randomly moving particles and the process of physical experiments. In contrast, in
the deterministic method, a group of mathematical-physical equations is first built
up to explain the physical characteristics of the target system. Then, by discretizing
the variables including direction, energy, space and time in these equations, an
approximate solution can be obtained with numerical calculation.

This chapter introduces the basic principles of neutron interactions with matter,
neutron transport theory, simulation methods and codes for fusion neutron transport
calculations.

2.1 Interaction of Neutrons with Matter

Interactions of neutrons with matter mainly occur between the neutrons and the
atomic nuclei of the matter [1]. The relevant basic physical quantities include the
reaction cross-section, differential cross-section and reaction rate.

There are two types of reaction cross-sections: microscopic cross-section and
macroscopic cross-section. The microscopic cross-section represents the effective
target area of a single target nucleus for an incident particle. Larger the effective
area is, greater would be the reaction probability. By contrast, the macroscopic
cross-section represents the effective target area of all of the nuclei contained in a
volume of material. For example, consider a plate of area A and thickness x, as
shown in Fig. 2.1. Suppose that the density of nuclei in the plate is N (n/m3). An
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incident neutron beam with intensity I0 (n/m2 s) travels in the direction perpen-
dicular to the plate. Then, the number of times P that the incident neutrons interact
with the nuclei in the plate per unit time is proportional to I0, N, A and x, as follows:

P ¼ rI0NAx ð2:1Þ

where the proportionality coefficient r is the microscopic cross-section, in units of m2

(in practical applications, the unit is expressed in barn “b”, where 1b = 10−28 m2).
The relationship between the macroscopic cross-section (R, in units of m−1), and the
microscopic cross-section r is

R ¼ Nr ð2:2Þ

After the collision of a neutron with a nucleus, the probability of neutron
emission is related to the exit angle of the emitted neutron, which is often described
by the differential cross-section, denoted by dr/dX, with units of b/sr. In cases
where the probability of neutron emission is related to both the exit angle and the
energy, the double differential cross-section, denoted by d2r/(dXdE) and expressed
in units of b/(sr MeV), is used to describe the emission probability.

The reaction rate (n/m3 s) is the total number of times that neutrons interact with
nuclei in a unit volume per unit time and can be expressed as

R ¼ nvR ð2:3Þ

where n is the neutron density, which describes the number of neutrons per unit
volume (n/m3), and v is the velocity of neutron movement (m/s).

The interactions between neutrons and nuclei can be divided into three funda-
mentally different mechanisms, which are called potential scattering, compound
nucleus formation and direct interaction [1].

The simplest type of nuclear reaction that occurs in a nuclear system is potential
scattering, in which a neutron scatters off a nuclear potential without ever pene-
trating the nucleus itself. Potential scattering is a type of elastic scattering that can
occur for neutrons of any energy. In this scattering mode, both the total kinetic
energy and the total momentum of the system (neutron and target nucleus) are
conserved.

I0 N I1

x

Fig. 2.1 Neutron beam
passing through a plate
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In the formation of a compound nucleus, an incident neutron is absorbed by a
target nucleus to form a compound nucleus in an excited state with energy (above
the ground state) equal to the sum of the kinetic energy of both the neutron and
target nucleus and their binding energy, as shown in Fig. 2.2. The excited com-
pound nucleus may decay or disintegrate through various pathways, such as res-
onance elastic scattering, resonance inelastic scattering or fission.

Neutrons of comparatively high energy can also interact with nuclei via direct
interaction. In this process, an incident neutron collides directly with the nucleons
inside a nucleus. As a result, nucleons can be knocked out of the nucleus, whereas the
incident neutron may be retained by the target nucleus. After absorbing the kinetic
energy of the incident neutron, the target nucleus is excited to some higher energy
state. Eventually, this excited nucleus will de-excite by releasing gamma rays.

Depending on the results of the reactions, the interactions between neutrons and
nuclei can be classified into two types: neutron scattering and neutron absorption. In
neutron scattering, a neutron is released after the reaction, and the difference in
energy between the incident and outgoing neutrons becomes internal or kinetic
energy of the target nucleus. Neutron scattering (elastic and inelastic scattering) is
the main reaction process for neutron moderation. In neutron absorption, the
incident neutron is absorbed by the target nucleus, and particles such as photons,
protons are released thereafter. Such reactions include (n, c), (n, p), (n, d), (n, t),
(n, 3He) and (n, a).

The interaction cross-section of a neutron with a nucleus strongly depends on the
incident neutron’s energy. For an incident neutron with energy between 1 eV and
1 MeV, the cross-section for neutron interaction with a heavy nucleus or
medium-mass nucleus may oscillate with the neutron energy. Many large peaks,
which are called resonance peaks, appear in the cross-section; this phenomenon is
called resonance. During the interaction process, the resonance peaks broaden with
increasing temperature; this effect is called Doppler broadening.

Fig. 2.2 Formation and decay of a compound nucleus
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2.2 Foundation of Neutron Transport Theory

Transport theory has a history that goes back more than 100 years. In 1872, L.
Boltzmann derived the conservation expression for the transport of microscopic
molecules in a medium. Similar conservation equations for neutrons, photons and
some other particles were derived, and these relations are known as the particles
transport equations or Boltzmann equations. The neutron transport equation is the
basic equation used to study the neutron transport process in a medium. It is
essential to understand neutron transport theory and perform reactor physics
analysis.

Seven reasonable assumptions are made to simplify the transport problems when
deriving the neutron transport equation [2]: (1) neutrons are considered as points;
(2) neutrons are without charge and thus travel in straight lines between point
collisions; (3) neutron-neutron interactions are neglected; (4) collisions are
instantaneous; (5) the material properties are assumed to be isotropic; (6) the
nuclear properties and compositions of the materials under consideration are
assumed to be known and time independent unless explicitly stated otherwise; and
(7) only the expected or mean value of the neutron density distribution is
considered.

Under these assumptions, the main research aims of neutron transport theory are
to calculate the neutron distribution in the medium and to develop corresponding
models and methods. To describe the neutron distribution in a medium, it is nec-
essary to obtain the neutron distribution with space coordinates r(x, y, z), energy E,
direction X(h, u) and time t. This neutron distribution is usually described by the
neutron angular density n(r, E, X, t), neutron angular flux /(r, E, X, t) and neutron
current J(r, E).

The neutron angular density n(r, E, X, t) is defined as the probable (or expected)
number of neutrons at position r with direction X and energy E at time t per unit
volume per unit solid angle per unit energy. The commonly used unit of neutron
angular density is n/(cm3 sr).

The neutron angular flux /(r, E, X, t) is defined by the product of the neutron
angular density n(r, E, X, t) and neutron velocity v. The unit n/(cm2 sr s) is typi-
cally used in practical applications. It can be expressed as the number of neutrons at
position r with energy E travelling through the unit surface area perpendicular to the
direction X at time t, as shown in Fig. 2.3. /(r, E, X, t)dVdXdEdt describes the
total path length traveled during dt by all particles in the incremental phase space
volume dVdXdE.

The neutron flux /(r, E, t) is obtained by integrating the neutron angular flux
over all directions, as shown in Eq. (2.4). The unit then becomes n/(cm2 s). The
neutron fluence is then obtained by integrating the neutron flux over time, and the
unit is n/cm2. The neutron flux (i.e., the term commonly used in fusion neutronics)
equals the neutron fluence rate according to the following definition.
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/ðr;E; tÞ ¼ vnðr;E; tÞ ¼
Z
4p
/ðr;E;X; tÞdX ¼

Z
4p
vnðr;E;X; tÞdX ð2:4Þ

The neutron current J(r, E, t) in units of n/(cm2 s) is obtained by integrating the
quantity X/(r, E, X, t) over all directions.

Jðr;E; tÞ ¼
Z
4p
X/ðr;E;X; tÞdX ð2:5Þ

2.2.1 Neutron Transport Equation

The conservation of the neutron number is a basic principle in the study of neutron
transport [2] and means that the rate of change of the neutron angular density with
time is equal to the neutron production rate minus the leakage and removal rate in a
given micro-element, as shown in Fig. 2.4. In a steady-state system, the rate of
change of the neutron angular density with time, ∂n/∂t, is zero.

@n
@t

¼ 1
v
@/
@t

¼ Production rateðQÞ � Leakage rateðLÞ � Removal rateðRÞ ð2:6Þ

1. Production rate

There are three sources of neutrons in dVdEdX: (1) the scattering source (Qs),
which refers to neutrons are produced after incident neutrons scatter from energy E′
and direction X′ to energy E and direction X; (2) the fission source (Qf); and (3) the
independent extraneous source (S), such as a spontaneous fission source, natural
radioactive source and others. Thus, the production rate is

νdt

r

Fig. 2.3 Differential neutron
beam
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Q ¼ Qs þQf þ S ¼ dVdEdX
Z 1

0
dE0

Z
X0
Rs r;E0ð Þf r;E0 ! E;X0 ! Xð Þ

�

� / r;E0;X0; tð ÞdX0 þ vðEÞ
4p

Z 1

0
dE0

Z
X0
tRf r;E0ð Þ/ r;E0;X0; tð ÞdX0 þ S r;E;X; tð Þ

�

ð2:7Þ

where f(r, E′ ! E, X′ ! X) is the scattering function, which is defined as the
probability of a neutron being scattered from (E′, X′) to (E, X); Rs is the macro-
scopic scattering cross-section; Rf is the macroscopic fission cross-section; v(E) is
the fission spectrum; and t is the mean number of fission neutrons released per
fission. It should be noted that the time-delaying effects of delayed neutrons are
neglected in Eq. (2.7).

2. Leakage rate

The neutron leakage rate is defined as the difference between the number of neu-
trons exiting the elemental volume (dV) and the number of neutrons entering the
elemental volume (dV) per unit time. As shown in Fig. 2.4, the number of neutrons
entering the volume dV from the surface dA at position r0 + sX, with energy from
E to E + dE having a direction interval dX atX per unit time is /(r0 + sX, E,X, t)
dAdEdX. The number of neutrons streaming out from another surface at position
r0 + (s + ds)X of volume dV with energy from E to E + dE having a direction
interval dX at X per unit time is /(r0 + (s + ds)X, E, X, t)dAdEdX. Thus, the
number of neutrons leaking out from element dV per unit time can be expressed as
in Eq. (2.8), where the condition of ds ! 0 should be applied.

ds
s

r
r0

dA
dV

M

O

æ

Fig. 2.4 Neutron
conservation in
micro-element dV
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L ¼ /ðr0 þ sþ dsð ÞX;E;X; tÞdAdEdX� /ðr0 þ sX;E;X; tÞdAdEdX

¼ d/ðr0 þ sX;E;X; tÞ
ds

dVdEdX ¼ X � r/dVdEdX
ð2:8Þ

3. Removal rate

Neutrons can be removed from dVdEdX in two ways: (1) neutrons can be absorbed
in dV, and (2) neutrons can be scattered out from energy E and direction X in
dV. Therefore, the neutron number removed from dVdEdX per unit time is

R ¼ Rs þRað Þ/ðr;E;X; tÞdVdEdX ¼ Rt/ðr;E;X; tÞdVdEdX ð2:9Þ

where Rs is the macroscopic scattering cross-section, Ra is the macroscopic
absorption cross-section, and Rt is the total macroscopic cross-section.

Substituting Eqs. (2.7), (2.8) and (2.9) into Eq. (2.6), the conservation equation
of neutron in phase space (r � E � X) at any instant t is derived as shown in
Eq. (2.10), which is a classical time-dependent differential-integral neutron trans-
port equation. The steady-state neutron transport equation can be obtained by set-
ting ∂//∂t to zero.

1
v
@/
@t

þX � r/þRtðr;EÞ/ ¼
Z 1

0
dE0

Z
X0
Rs r;E0ð Þf r;E0 ! E;X0 ! Xð Þ

/ r;E0;X0; tð ÞdX0 þ vðEÞ
4p

Z 1

0
dE0

Z
X0
tRf r;E0ð Þ/ r;E0;X0; tð ÞdX0 þ Sðr;E;X; tÞ

ð2:10Þ

The time-dependent integral neutron transport equation can be obtained by
integrating the Eq. (2.10) along the characteristic curve [2].

/ðr;E;X; tÞ ¼
Z 1

0
exp �

Z l

0
Rtðr� l0X;EÞdl0

� �
Q r� lX;E;X; t � l

v

� �
dl

ð2:11Þ

where Q is the neutron source term, including the extraneous neutron source,
scattering source and fission source. For a pure fusion reactor, the source term
contains a scattering source and a neutron source generated from the fusion reac-
tion, but it does not contain any fission source (because there is no fissile or
fissionable material). For a fusion-driven subcritical system, which is also known as
a hybrid nuclear energy system, fissionable materials in the breeding or transmu-
tation blanket introduce a fission source term in addition to the scattering source and
extraneous fusion source.
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4. Boundary and initial conditions

To solve the neutron transport equation, boundary and initial conditions are
necessary. Commonly used boundary conditions are as follows:

(1) The neutron angular flux must be a finite, nonnegative real number in regions
where the equation applies.

(2) The neutron angular flux is continuous across the boundary between two dif-
ferent media if there is no source at the interface.

(3) The outer surface boundary conditions (i.e., explicit boundary conditions) can
be divided into two types: (i) If no neutrons enter from external regions, or if a
neutron cannot return once it leaves the surface, then the surface is called a free
surface, in which the incident neutron angular flux is zero. A convex surface
that meets the vacuum is one example. (ii) The second type is a source surface
with a given incident flux. Usually, the incident flux is treated as an imaginary
surface source, making the source surface being treated as a free surface.

(4) Implicit boundary conditions can be categorized into three types according to
the relationship between the incident and outgoing neutron fluxes: (1) The
incident neutron flux in one direction is equal to the outgoing neutron flux in
the reflected direction on the reflective boundary that appears on the symmetry
plane of the symmetry system. (2) The incident flux on the albedo boundary, is
equal to a known isotropic albedo, a(E), times the outgoing flux on the same
boundary in the direction corresponding to spectral reflection. The special case
of a = 1.0 is referred to as a reflective boundary condition since all outgoing
particles are “reflected” back. (3) All particles passing out of volume V through
a surface element return with an isotropic distribution on the white boundary.

To solve the time-dependent neutron transport equation, the initial condition
(i.e., the angular neutron flux distribution in the phase space at the initial moment)
must be given.

/ðr;E;X; tÞ t¼0j ¼ /0ðr;E;XÞ ð2:12Þ

When performing deep-penetration simulations for radiation shielding, sensi-
tivity and uncertainty analysis, and neutron kinetics analysis, among others, the
adjoint neutron flux is often used to characterize the contribution of neutrons with
position r, time t, energy E and direction X to the target response. The following is
a brief introduction. The adjoint neutron flux is also known as the neutron
importance function.

The adjoint neutron transport equation, which is also known as the neutron
importance conservation equation, can be derived according to the mathematical
conjugation of the neutron transport equation (also called the neutron importance
conservation equation) [2].
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� 1
v
@/�

@t
�X � r/� þRt/

� ¼
Z 1

0
dE0

Z
X0
Rsðr;EÞ

f r;E ! E0;X ! X0ð Þ/� r;E0;X0; tð ÞdX0

þ tRf r;Eð Þ
4p

Z 1

0
dE0

Z
X0
vðE0Þ/� r;E0;X0; tð ÞdX0 þ S�

ð2:13Þ

By solving Eq. (2.13), the adjoint neutron flux can be obtained.
Because the neutrons leaving the surface of the system no longer contribute to

the system, the boundary condition at boundary C of the region is

/�ðr;E;X; tÞ ¼ 0; if ðX � nÞ[ 0 and r 2 C ð2:14Þ

The physical meaning of the time-independent adjoint function can be under-
stood by considering a steady-state system containing an arbitrary steady source
S(r, E, X). S* characterizes a certain response. For instance, in a fission
reaction, S* = Rf and /*(r, E, X) represents the contribution of a neutron with
position r, energy E, and direction X to a certain response.

For time-independent multiplying media without an extraneous neutron source,
S* = 0 and /*(r, E, X) denotes the response of a neutron with position r, energy E,
and direction X to nuclear power.

2.2.2 Fixed Source and Eigenvalue Problems

The neutron transport equation can be expressed in operator notation as follows:

1
v
@/
@t

þM/ ¼ F/þ S ð2:15Þ

where / = /(r, E, X, t), M is the transport operator and F is the fission operator.

M/ ¼ X � r/þRtðr;EÞ/�
Z 1

0
dE0

Z
X0
Rs r;E0ð Þ

f r;E0 ! E;X0 ! Xð Þ/ r;E0;X0; tð ÞdX0
ð2:16Þ

F/ ¼ vðEÞ
4p

Z 1

0
dE0

Z
X0
tRf r;E0ð Þ/ r;E0;X0; tð ÞdX0 ð2:17Þ
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Solutions to the neutron transport equation can be divided into fixed source
problems and eigenvalue problems according to whether an external neutron source
exists. If neutrons from a time-independent external source are supplied, the sub-
critical system will eventually reach an equilibrium state characterized by a
time-independent flux distribution in which the production rate of external and
fission neutrons is in equilibrium with the absorption and leakage. However, if the
system is critical or supercritical, no such equilibrium can exist in the presence of an
external source; thus, the neutron flux distribution will be an increasing function of
time. This is the so-called fixed source problem. Eigenvalue problems need to be
solved (i.e., via criticality calculation) to determine whether a system is subcritical
or supercritical and at which level.

A key step in fixed source problems is obtaining the neutron flux. When the
introduced external source is time independent, the system will eventually reach a
steady state for a subcritical multiplying system. For system without a multiplying
medium, such as a fusion reactor, the fission neutron source Qf is zero. Then, the
fixed source problem is expressed using the following inhomogeneous equation:

M/ ¼ S ð2:18Þ

For systems with a multiplying medium, such as fusion-fission hybrid reactors,
the fixed source problem is expressed by the following inhomogeneous equation:

M/ ¼ F/þ S ð2:19Þ

Eigenvalue problems can be categorized into k-eigenvalue problems and a-
eigenvalue problems. Taking a k-eigenvalue problem as an example, it is necessary
to solve the eigenvalue and the eigenfunction of the homogeneous equation (2.20).
For instance, the effective multiplication factor keff and neutron flux of the breeding
or transmutation blanket must be determined for fusion-fission hybrid reactors.

M/ ¼ 1
keff

F/ ð2:20Þ

In a fusion-fission hybrid reactor that contains an external neutron source gen-
erated by the fusion reaction, the effective multiplication factor keff is not sufficient
to characterize the breeding property of the system. Therefore, the source multi-
plication factor ks is introduced to demonstrate the breeding property of the system
with keff. Thus, ks characterizes the breeding property of the system by considering
the external neutron source.

ks ¼ F/
M/

¼ F/
F/þ S

ð2:21Þ
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2.3 Neutron Transport Computational Methods

The neutron transport equation contains many independent variables, such as space
coordinates r(x, y, z), energy E, neutron motion direction X(h, u) and time t. In
practical problems, the complexity of geometry and structure, heterogeneity of
spatial distribution of the materials and dependence of cross-sections on the neutron
energy for various materials (fissile and non-fissile) should all be considered. Thus,
it is very difficult to obtain an exact analytical solution for the energy-dependent
neutron transport equation, even in the steady-state case. Therefore, approximate
numerical methods must be adopted to solve the transport equation.

The numerical methods used to solve the neutron transport equation are gen-
erally divided into the Monte Carlo method and the deterministic method. The
Monte Carlo method can be used to address any complex geometry, and its results
are more accurate than those of the deterministic method. In contrast, the deter-
ministic method can quickly obtain the approximate solution of the transport
equation by discretizing the direction, energy, space and time. Compared with
fission reactors, fusion systems are characterized by complex geometries, compli-
cated neutron spectrum and anisotropic neutron scattering. Because it uses the
continuous-energy cross-section and accurate geometric descriptions, the Monte
Carlo method has prominent advantages for neutron transport simulations for fusion
reactors. However, some problems, such as the slow convergence rate and difficulty
in addressing problems of deep penetration, still exist. The deterministic method is
faster, but fall short in addressing fusion systems with complex geometries, strong
anisotropy of neutron scattering and complicated energy spectrum. In recent years,
the method of characteristics (MOC) and the discrete ordinates method with
unstructured meshes have been developed with improved geometric processing
abilities. However, problems, such as ray effects and the high cost of large-scale
systems, still need to be solved. Therefore, currently, it is difficult for the deter-
ministic method to meet the requirements for neutron transport calculations in
fusion systems. The Monte Carlo-deterministic coupling method, which combines
the advantages of both the Monte Carlo and deterministic methods, is one of the
most efficient and accurate methods for solving transport problems in fusion sys-
tems [3, 4].

2.3.1 Monte Carlo Methods

With the development of science and technology and the improvement of computer
performance, the Monte Carlo method was proposed and developed as an inde-
pendent method [4] and was first applied in nuclear weapon research. The basic
idea underlying the Monte Carlo method is as follows: When the solution to a
problem is the probability of an event or the mathematical expectation of a random
variable, the occurrence frequency of the event or the arithmetical mean of several
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specific observations of the random variable can be obtained through numerical
experiments. Thus, a solution to that problem is obtained.

The advantages of Monte Carlo methods include realistic descriptions of the
characteristics of objects with stochastic natures, the ability to simulate physical
experiments, few limitations on geometric conditions and parallel computing
adaptability. The disadvantages of Monte Carlo methods include the slow con-
vergence rate and statistical uncertainty [2].

The following section is composed of three parts. The first part discusses the
basic principles of Monte Carlo neutron transport calculations. The second part
introduces the physical quantity estimation methods, and the last part presents the
main acceleration methods, including variance reduction techniques, efficient
geometric processing methods, source convergence acceleration methods and par-
allel computing methods.

2.3.1.1 Basic Principles

When the Monte Carlo method is applied to neutron transport simulations, the
random motion history of a single neutron in a certain geometry is simulated first,
and then, sufficient random experimental values (or sampled values) are obtained by
tracking a large number of neutron histories. Finally, an estimator of the numerical
characteristics of a random variable is obtained as the solution to the problem.

Three processes are involved in solving the neutron transport problem:
(1) source sampling from its probability distribution; (2) tracking of the neutrons’
locations, energies and directions; and (3) contribution recording and result
analysis.

1. Source sampling

The state of the source neutron is determined by seven variables. Thus, before the
transport simulation of a neutron starts, source sampling from its probability dis-
tribution is required. In a steady-state transport problem, sampling the source
position, energy and direction is considered. The types of source position distri-
bution include point source distribution, surface source distribution and volume
source distribution. The types of source energy distribution include single energy
distribution and energy spectrum distribution, and the types of source direction
distribution include single direction distribution, isotropic distribution and aniso-
tropic distribution. In the following, the source sampling process is demonstrated
using an example of an isotropic uniform distribution volume source with a single
energy (E0).

Sampling for the source position: Consider a sphere with radius R and center at
the origin, as shown in Fig. 2.5. Three random numbers n1, n2, and n3 are generated
from a uniform distribution U(0,1), and then, r = R � max(n1, n2, n3) (or
r = R � n1

1/3). h and u are sampled from an isotropic distribution, where cos h and
u obey the uniform distribution U(−1, 1) and U(0, 2p), respectively. Random

32 2 Neutron Transport Theory and Simulation



numbers n4 and n5 are sampled from the uniform distribution U(0, 1), and then,
u = 2pn4, and cos h = 2pn5 − 1. Thus, the three-dimensional (3D) coordinates of
the source are ðr sin h cosu; r sin h sinu; r cos hÞ.

Sampling for the source energy: The source neutron energy is E0.
Sampling for the source direction: Assuming that the source direction is (u, v, w),

let us find the relationship between (u, v, w) and random numbers. Here, two
random number n1 and n2 are generated from the uniform distribution U(0, 1). Let
t1 = 2n1 − 1, t2 = 2n2 − 1 and s = t1

2 + t2
2; if s � 1, then u = 2s − 1,

t3 = [(1 − u2)/s]1/2, v = t1t3 and w = t2t3.

2. Tracking neutrons’ locations, energies and directions

Neutron interacts with materials after covering a certain flight distance. The flight
distance l is sampled as

l ¼ � 1
Rt

lnðnÞ; ð2:22Þ

where Rt is the total macroscopic cross-section, and n is a uniform distribution
random number in the interval [0, 1].

If the substance is a compound or mixture, the nuclide that the neutron reacts
with must be identified. Assuming that the substance consists of n species of
nuclides with macroscopic cross-sections of R1, R2,…, Rn, the total cross-section is
Rt = R1 + R2 + ��� + Rn. Then, the reaction nuclide can be determined by the
following sampling method:

Reaction nuclide ¼
1st nuclide 0� n\ R1

Rt

2nd nuclide R1
Rt

� n\ R1 þR2
Rt

. . . . . .

nth nuclide
Pn�1

i¼1
Ri

Rt
� n\1

8>>><
>>>:

ð2:23Þ

θ

φ

R

Fig. 2.5 Uniformly
distributed spherical source
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After identifying the collision nuclide, the reaction type (e.g., elastic scattering,
inelastic scattering or nuclear fission) must be determined. Assuming that the
microscopic cross-sections are re, rin, …, rf, the total cross-section is rt = re +
in + ��� + rf. Then, the reaction type is sampled by

Reaction type ¼
Elastic scattering 0� n\ re

rt
Inelastic scattering re

rt
� n\ re þrin

rt
. . . . . .
Nuclear fission 1� rf

rt
� n\1

8>><
>>:

ð2:24Þ

After identifying the reaction type, the neutron energy and direction after the
reaction can be determined by sampling. If the neutron is absorbed, its history is
terminated. Otherwise, the energy and direction of the scattered neutron must be
elucidated according to the reaction type. After the elastic scattering, the scattering
angle is first obtained by sampling from the differential cross-section, and then, the
scattering energy is calculated according to the conservation of momentum and
kinetic energy. The method used to identify the neutron energy and direction of
inelastic scattering is similar to that used for elastic scattering, but the threshold
energy and excited state energies of different energy levels must be considered. The
energy of the neutron emitted from the nuclear fission reaction is determined by the
fission spectrum, and the direction is sampled according to the isotropic distribution
in the laboratory system.

3. Contribution recording and result analysis

By tracking a large number of neutron histories and recording the contribution of
each neutron, physical quantities, such as the neutron flux, dose rate, energy
deposition, reaction rates, and eigenvalues, can be obtained by statistical methods,
and the statistical errors on these quantities can be determined. The statistical
method is described in the following section, and examples for the estimation of the
neutron flux and eigenvalue keff are presented.

2.3.1.2 Estimation Methods for Physical Quantities

1. Estimation of the neutron flux

Neutron flux calculations are essential in neutron transport simulations. Three types
of flux exist: point flux, surface flux and cell flux. The methods used to estimate
point flux include the pointing probability method and the reciprocity method. The
estimation methods for surface flux include analytical estimator, the weighting
method, the point flux substitution method, and the cell flux substitution method.
Finally, those used to estimate the cell flux include analytical estimator, the track
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length estimator, the collision estimator, the absorption estimator, and the point flux
substitution method. In this section, cell flux estimation is taken as an example.

The cell flux in a given cell (volume V) is obtained by

/ðVÞ ¼ 1
V

Z
V
/ðr;E;XÞdVdEdX ð2:25Þ

where the angular flux /(r, E, X) can be expressed as the sum of the contributions
of each scattering.

/ðr;E;XÞ ¼ 1
N

XN
i¼1

/iðr;E;XÞ ¼ 1
N

XN
i¼1

XM
n¼1

/i;nðr;E;XÞ ð2:26Þ

where /i(r, E, X) represents the track length of the ith neutron at the phase space
dVdEdX. /i,n(r, E, X)dVdEdX is the average track length of the ith neutron
between the nth and (n + 1)th scatterings at micro-element dVdEdX.

The following is an example of cell flux estimation using the track length
estimator. Assuming that the track length from the nth to the (n + 1)th scattering of
the ith neutron is s, the range of volume element V is s1 * s2, and the flux
contribution of the nth scattering is

/i;nðVÞ ¼
wnðs� s1Þ=V s1 � s� s2
wnðs2 � s1Þ=V s[ s2
0 s\s1

8<
: ð2:27Þ

where wn is the neutron weight after the nth scattering.
Equations (2.26) and (2.27) can be used to calculate the contribution of a single

neutron to the flux (/i). Then, the neutron flux in a certain cell can be obtained by
Monte Carlo simulation of N neutrons.

/ ¼ 1
N

XN
i¼1

/i ð2:28Þ

In the Monte Carlo calculation, the estimated value of the variance is required, in
addition to the estimated flux value for a certain cell. The estimated variance (S2) is

S2 ¼ 1
N � 1

XN
i¼1

/i � /
� �2 ð2:29Þ

where S is the standard deviation of the N neutrons’ contributions. Thus, the sta-
tistical error of / is
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S�/ ¼ S
1ffiffiffiffi
N

p ð2:30Þ

2. Eigenvalue estimation

Theoretically, the effective multiplication factor keff is defined as the ratio of the
neutron counts of two adjacent generations. From neutron transport theory, this
quantity can be expressed as

keff ¼ lim
n!1 kðnþ 1Þ ¼ lim

n!1

R
4p

R Emax

0

R
V tðr;E0ÞRfðr;E0Þ/ðnþ 1Þðr;E0;X0ÞdrdEdX0

R
4p

R Emax

0

R
V tðr;E0ÞRfðr;E0Þ/ðnÞðr;E0;X0ÞdrdEdX0

ð2:31Þ

where

/ðnþ 1Þðr;E;XÞ ¼
Z 1

0
e�sðr;E;XÞ 1

kðnÞ
vðr;E0 ! EÞ

4p

� Z Emax

0

Z
4p
tðr0;E0ÞRfðr0;E0Þ

� /ðnÞðr0;E0;X0ÞdX0dE0 þ
Z Emax

0

Z
4p
Rsðr0;E0;X0 ! E;XÞ

/ðnÞðr0;E0;X0ÞdX0dE0
�
dl

ð2:32Þ

The exponential iteration method is widely used to solve k-eigenvalue problems
in Monte Carlo eigenvalue calculations. The neutrons and their respective sec-
ondary neutrons are all simulated generation by generation. During the simulation
of one generation, the neutrons generated from the fission reaction are stored as the
source neutrons for the next generation. Since the fission source spatial distribution
of the initial generations (i.e., the non-active generations) is not convergent, and the
statistical error is large, the keff of one cycle begins to accumulate from the active
generation. The collision estimator, absorption estimator, track length estimator and
their combinations are often used to estimate keff [4, 5].

2.3.1.3 Monte Carlo Acceleration Method

Considering the slow convergence of the traditional Monte Carlo method, a number
of methods have been proposed to accelerate Monte Carlo transport calculations.
These methods include variance reduction techniques, efficient geometry process-
ing methods, source convergence acceleration methods and parallel computing
methods.
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1. Variance reduction techniques

During a transport simulation, the statistical error is generally required to be less
than a certain value. For example, in a point detector tally, the general requirement
is that the statistical error be less than 5%. Because it is proportional to 1=

ffiffiffiffi
N

p
, the

statistical error can be reduced by increasing the number of simulated particles or
using variance reduction techniques. In variance reduction techniques, the
stochastic probability model that makes the variance as low as possible is selected
to reduce the statistical error while ensure that the calculation result is unbiased.
Variance reduction techniques are divided into two varieties: basic variance
reduction techniques and adaptive variance reduction techniques.

(1) Basic variance reduction techniques

Basic variance reduction techniques are divided into truncation methods, population
control methods, modified sampling methods, and partially deterministic methods,
among others.

Truncation methods are the simplest variance reduction methods. These methods
accelerate calculations by truncating parts of the phase space that do not contribute
significantly to the solution. Typical cutoff methods include the energy cutoff and
time cutoff methods. In the energy cutoff method, particles with energy less than the
cutoff value are killed to reduce the simulation time cost associated with each
particle. In contrast, in the time cutoff method, particles with transport simulation
times exceeding the cutoff value are killed to reduce the simulation time of each
particle.

In population control methods, particle splitting and Russian roulette are used to
control the numbers of sampled particles in various regions of the phase space. In
important regions, many sampled particles with low weights are tracked, whereas in
unimportant regions, few sampled particles with high weights are tracked. Weight
adjustment is performed to ensure that the problem solution remains unbiased.
Typical population control methods include geometry/energy/time split, Russian
roulette, weight cut and weight window. The weight window is a combination of
the split and Russian roulette methods. The basic idea is to define the upper and
lower bounds of the weight window in space, energy and time. If the particle weight
is less than the lower bound of the weight window, Russian roulette occurs; then,
the particle is either killed or the particle weight increased to be within the range of
the weight window. If the particle weight exceeds the weight window upper limit,
the particle is split up so that the weights of all split particles lie within the weight
window. If the particle weight is within the weight window, the particle will
continue to be transported without any special treatment. Using reasonable settings
for the weight window parameters can effectively reduce the variance in the Monte
Carlo transport calculation results.

In modified sampling methods, the sampling processes are altered to increase the
contribution of each particle to tallies. For any random event, it is possible to
sample from any arbitrary distribution rather than the physical probability as long as
the particle weights are adjusted to compensate. Thus, in modified sampling
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methods, sampling is performed from distributions that send particles in desired
directions or into other desired regions of the phase space, such as time or energy,
or that change the location or type of collisions. Typical modified sampling
methods include exponential transformations, implicit capture, forced collisions,
and source biases.

Partially-deterministic methods are the most complicated class of variance
reduction techniques. They avoid the normal random walk process by using
deterministic-like techniques, such as next-event estimators, or by controlling the
random number sequence. Typical partially-deterministic methods include point
detectors and correlated sampling.

(2) Adaptive variance reduction techniques

The basic variance reduction techniques usually require the user to set parameters
manually; thus, they are dependent on the user’s knowledge and experience.
Therefore, adaptive variance reduction techniques that can automatically generate
variance parameters and adapt to different problems must be developed. According
to the tally targets, adaptive variance reduction techniques can be divided into local
adaptive variance reduction techniques and global adaptive variance reduction
techniques. The local adaptive variance reduction techniques include Consistent
Adjoint Driven Importance Sampling (CADIS) [6], which was developed by Oak
Ridge National Laboratory (ORNL); the automatic adaptive mesh generation
method, and CADIS based on weight window smoothing [7], which were devel-
oped by the Institute of Nuclear Energy Safety Technology (INEST), Chinese
Academy of Sciences�FDS Team (referred to as the FDS Team). The global
adaptive variance reduction techniques include Forward Weight-CADIS
(FW-CADIS) [8] (developed by ORNL), the Method of Automatic Generation of
Importance by Calculation (MAGIC) [9] (developed by the Culham Centre for
Fusion Energy, CCFE) and the Global Weight Window Generator (GWWG) [10]
(developed by the FDS Team). The following sections describe adaptive variance
reduction techniques, including the automatic adaptive mesh generation method,
CADIS method based on weight window smoothing and GWWG method, as
examples.

In the automatic adaptive mesh generation method, the mesh can be generated
automatically according to the neutron mean free path during the transport process,
thereby eliminating the dependence of the weight window parameters on the user’s
experience. Additionally, proper numbers of collisions are guaranteed in every
weight window mesh to ensure the validity of the statistical results. The flow chart
of automatic adaptive mesh generation method is shown in Fig. 2.6. Firstly,
according to the geometry characteristics of the target area and radiation source
distribution, the interested mesh region is determined, and the parameters of the
coarse mesh boundary are obtained. Then, according to the radiation source energy,
the spatial scale of the problem and the geometric complexity, the neutron mean
free path in the current region is obtained by pre-calculation. Finally, the optimal
mesh boundary parameters are automatically generated after refining the mesh
boundary according to the neutron mean free path.
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The CADIS method based on weight window smoothing is a local variance
reduction technique that involves deterministic pre-computation. In this method, the
computer-aided design (CAD) model is first converted into a deterministic calcu-
lation model. Then, the adjoint calculation is performed using the deterministic
method to obtain the adjoint flux. During the calculation of the lower bound of the
weight window, the particle is split excessively in the region with drastically
changing adjoint flux, causing the computational efficiency to decrease. Therefore,
the smoothing factor q (0 < q � 1) is introduced, and the lower bound of the
weight window W 0

L is calculated as follows:

Start

Obtain radiation source , target 
region and geometry 

information

Generate  coarse mesh 
boundary parameters

Obtain  the neutron mean free 
path in current materials by 

pre-calculation

Refine mesh boundary 
according to the neutron mean 

free path

Automatically generate 
optimal mesh boundary 

parameters 

End 

Fig. 2.6 Flow chart of the
adaptive mesh generation
method
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W 0
L ¼ C

WL

WL;r

� �q

ð2:33Þ

where WL is the lower bound of the weight window in the CADIS method, WL;r is
the lower bound of the weight window at the reference point, and C is a normal-
ization constant. The lower bound of the weight window calculated in the CADIS
method will be decreased significantly in the region where the material shielding
performance is strong, as shown in Fig. 2.7. By setting a proper value of q, the
tendency of the weights to change rapidly can be avoided, the excessive splitting of
the particles through these regions reduced, and the computational efficiency
increased while maintaining the computational accuracy.

The GWWG method, which utilizes the particle density non-uniformity and
historical mesh importance, is a physical feature prediction-based efficient particle
transport simulation method. This method constructs the particle density uniformity
function to represent the mesh importance and accumulates historical contributions
iteratively to optimize the importance distribution. The mesh importance is defined
as

Ii ¼ Ci

Wi
ð2:34Þ

where Ii is the importance of mesh Pi, Ci represents the contributions of particles
entering mesh Pi to the particle density uniformity, and Wi is the total weight of the
particles entering mesh Pi. The mesh importance is related to the contributions to
the uniformity of the global particle density distribution. With the generated weight
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Fig. 2.7 Lower bound smoothing of the mesh weight window in the z-direction
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window, the flattening of the density distribution of particles can be effectively
realized, and globally uniform statistical error can be obtained. To enhance the
efficiency of iterative weight window optimization, the contribution to the weight
window from the current iteration step and the total particle weight values in
previous steps are multiplied by discount factor q and then delivered to the next
iteration step. After simulating step k, the importance of mesh Pi is

Ii;k ¼
Pk

j¼1 q
k�jcjPk

j¼1 q
k�jwj

ð2:35Þ

where cj is the cumulated contribution in mesh Pi in step j of the simulation, and wj

is the total weight of the particles entering mesh Pi in step j of the simulation. After
obtaining the importance of all meshes, the lower bound of the weight window of
the whole space can be calculated. Then, the convergent neutron flux of the whole
space can be obtained by neutron transport calculation based on the lower bound of
the weight window.

The GWWG method was benchmarked with the International Thermonuclear
Experimental Reactor (ITER) Clite model, which is one of the series of basic
models released by ITER. This model has a large spatial scale. Thus, the significant
deep-penetration problem results in that the flux distribution of the whole space
cannot be effectively calculated with the traditional Monte Carlo method. Based on
the GWWG method, the average standard error of the neutron flux in the whole
space of the Clite model has been reduced from 67.9% to 3.13%, indicating
improvement in the Figure of Merit (FOM, also computational efficiency) a factor
of 634.8. Figure 2.8 shows the results of the Clite model.

2. Source convergence acceleration method

In a fusion-fission hybrid system, the eigenvalues of the breeding and transmutation
blanket must be calculated. In Monte Carlo simulations, the fission source distri-
bution of the system must converge within a prescribed tolerance to achieve reliable
estimates for keff and the power. To ensure the convergence of the fission source, a
large number of non-active generations must be simulated, and the Shannon
entropy is employed to evaluate the convergence of the fission source distribution.
Simulating non-active generation consumes a large amount of unnecessary time,
highlighting the need for fission source convergence acceleration methods.

In Monte Carlo eigenvalue calculations, many methods can be used to accelerate
the convergence of the fission source, including the Wieland method, finite dif-
ference method, fission matrix method, and zero-variance method. Among them,
the Wieland method is most mature and has good acceleration effect. The basic idea
underlying the Wieland method is introduced below.

In the Wieland method, the dominance ratio of the system is reduced by sub-
tracting a fixed fission source from both sides of the transport equation (2.20), and
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(a) Neutron flux distribution 
without GWWG     

(b) Neutron flux distribution 
with GWWG

(c) Standard error distribution
without GWWG

(d) Standard error distribution
with GWWG

Fig. 2.8 Comparison of the calculation results of the ITER Clite model
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fast convergence of the fission source distribution is thus achieved. The transfor-
mation of the transport equation in the Wieland method is

M � 1
ke
F

� �
/ ¼ 1

keff
� 1
ke

� �
F/; ke [ keff ð2:36Þ

where F/=ke is the fission source of the current generation. By transformation, the
following equation can be obtained:

/ðnþ 1Þ ¼ 1
kðnÞ

F1/
ðnÞ ð2:37Þ

where k(n) = (1/keff − 1/ke)
−1, and F1 = F(M − F/ke)

−1. Given k 0ð Þ and /ð0Þ, the
final keff and / can be obtained by iteration.

According to formula (2.37), using the Wieland method, the dominance of the
system is

qW ¼ ke � k0
ke � k1

q ð2:38Þ

However, when using the standard exponential iterative method, the dominant
ratio of the system is q = k1/k0. q

W < q because ke > k1 > k0. Thus, the eigen-
function of Eq. (2.36) converges faster, indicating that the Wieland method can
accelerate the convergence of the fission source.

3. Efficient geometry processing methods

In Monte Carlo particle transport simulations, significant computation time is
usually spent on geometry navigation. Therefore, optimizing the geometry navi-
gation is an important research aim to improve the efficiency of particle transport
simulations. In particle transport simulations, both the particle location and step
length need to be calculated for every step of the random walk, resulting in
low-efficiency calculations. In the traditional method, all geometry objects should
be traversed to identify the geometry object in which the particle is located, and
then, the shortest distance to the geometry boundary along the particle movement
direction is determined. The time complexity of this process grows linearly as the
number of geometry objects increases. To accelerate geometry navigation and
improve the efficiency of particle transport calculations, efficient probabilistic
transport computational methods based on the prediction of position characteristics
have been developed. These methods include the neighbor list method based on
CAD preprocessing, geometry selection method based bounding boxes, and opti-
mized grid segmentation method based on cost estimation function [11].

(1) Neighbor list method based on CAD preprocessing

A neighbor list is constructed for each solid geometry in a complex model by
analyzing the topological relationships between the geometry and its neighbor in
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the CAD model. The neighbor list includes the geometry that the particle may enter
after it leaves the current geometry. When the geometry is located based on the
neighbor list, only the neighbor geometry, and not the whole model, is traversed,
which reduces the average time needed for the geometry search and improves the
efficiency of transport calculations. Figure 2.9 shows the process of constructing a
neighbor list based on CAD preprocessing.

CAD model

Heal/ Simplify/ Check

Check whether the
solids are coplanar

Non-neighbor relationship

Decompose the model into 
convex solids

Describe the convex solids 
with surfaces

Build  neighbor list

Calculate the bounding box of 
the solids

Check whether the bounding 
boxes are intersectant

Neighbor relationship

Yes

Yes
No

Yes

Yes

Yes

Yes

No

Fig. 2.9 The process of constructing a neighbor list based on CAD preprocessing
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(2) Geometry selection method based on bounding boxes

The bounding box method is widely used to accelerate ray tracing and collision
detection in computer graphics. Based on the CAD model, the bounding boxes of
all geometries are constructed. When the geometry steps are calculated, the inter-
section of the ray along the particle motion and the bounding boxes is used to
quickly determine whether the particle track intersects the geometry in the bounding
box. This process can improve the efficiency of geometry processing, as shown in
Fig. 2.10.

(3) Optimal spatial subdivision method based on cost estimation function

In computer graphics, spatial grid subdivision method is widely used for collision
detection in virtual reality simulations. The basic idea is to divide the geometry
model into a series of virtual space grids according to certain rules. In collision
detection, only objects in the certain spatial grid need to be detected; consequently,
the number of objects to be detected is reduced, and the efficiency is improved.
These methods can be divided into two types: the uniform spatial grid subdivision
method and non-uniform spatial grid subdivision method. The advantage of the
uniform spatial grid subdivision method is that the subdivision algorithm is simple,
and all the grids are exactly the same; thus, the grid location with time complexity
O(l) can be realized according to the particle position. The biggest drawback of this
method is that it does not consider the specific distribution of geometry objects in
the model, resulting in large differences in geometry object numbers in the model.
The advantage of the non-uniform spatial grid subdivision method is that it can
consider the spatial distribution of geometry objects in the model, and all the
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geometry objects are divided into different grids. The disadvantage is that the
subdivision algorithm for spatial grid subdivision is relatively complex, and
traversing the tree data structure of the model is time consuming. Additionally, this
method cannot locate the grid with time complexity O(1).

The optimal spatial subdivision method based on cost estimation function can
overcome the shortcomings of the traditional spatial grid subdivision method. The
cost estimation function is

FðCÞ ¼
P

J¼1�NC
MJ;CP

J¼1�NC
NJ;C

ð2:39Þ

where C represents the current subdivision axis, J(1 * NC) is the mesh index, NC

stands for the total number of grids subdivided along axis C, andMJ,C is the number
of geometry objects in the Jth grid (NJ,C = 1 when MJ,C > 0; NJ,C = 0 when MJ,

C = 0). F(C) is the cost estimation function of the spatial subdivision along coor-
dinate axis C. F(C) is used to express the average number of geometry objects in
each non-empty grid. As F(C) decreases, geometry navigation cost decreases, and
the efficiency increases.

When the grid is divided, the minimum bounding box size along each axis is
selected as the grid width. Then, the cost estimation function value for division
along each axis is calculated, and the grid corresponding to the smallest cost
estimation function value is selected as the optimal subdivision scheme. The above
operations are repeated for each of the divided grids until all obtained grid cost
estimation function values are less than the prescribed optimal values. Figure 2.11
shows the basic process of optimal spatial subdivision.
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Fig. 2.11 Optimal spatial subdivision based on cost estimation function
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Geometric localization based on the optimal spatial subdivision model is briefly
described below. First, according to the position of the particle and the size of the
grid, the grid containing this particle can be quickly found. Then, the geometry
objects contained in the grid are traversed to determine which geometry object the
particle is in. Thus, the particle is in a geometry object or stays in the parent
geometry object. In this method, it is necessary only to obtain the geometry
information contained in the grid intersecting the particle trajectory. If a grid does
not intersect the particle trajectory, there is no need to calculate the distance
between the geometry objects in this grid and the particle trajectory; thus, the
computational time can be reduced.

The above-mentioned acceleration algorithms have been verified using the ITER
benchmark model. The neutron flux of the divertor component was calculated by
setting the number of simulated particles to 1,000,000. The above three methods
were compared, and Table 2.1 presents the comparison results. The neutron flux
calculation results of the divertor are shown in Fig. 2.12. The correctness and
efficiency of these methods are demonstrated.

4. Parallel Computing Method

In Monte Carlo particle transport simulations with high fidelity, the computational
speed and memory often represent great challenges. The parallel computing method
is an effective way to overcome these challenges. Because it performs independent
simulations of each particle, the Monte Carlo method has natural parallel charac-
teristics. Three types of typical parallel computing methods exist: parallel on par-
ticles, region decomposition and data decomposition.

Parallel on particles is the basic parallel method for Monte Carlo particle
transport simulations and can be divided into two varieties: parallel computing for
fixed-source problems and parallel computing for eigenvalue problems. The main
idea underlying parallel computing for fixed-source problems is to equally dis-
tribute particles to each process for independent simulation. After each process is
complete, the simulation results are merged into the main process to obtain the final
results. In parallel computing for eigenvalue problems, the fission source particles
are sampled and stored in each process during the simulation of a certain generation
of particles. After this generation is simulated, the fission source particles are
redistributed between the processes based on the neighbor list algorithm or bidi-
rectional traversal algorithm for next-generation calculation.

Table 2.1 Comparison of the calculation times with the ITER benchmark model

Test cases Calculation
time/min

Acceleration
rate

Traditional geometry processing method 130.60 –

Coupled neighbor list and bounding box method 62.91 2.08

Optimal spatial subdivision method 14.10 9.26

Coupled neighbor list, bounding box and optimal spatial
subdivision methods

13.05 10.0
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When using the Monte Carlo method for high-fidelity calculations, especially in
burnup calculations, the memory required may exceed the physical memory of a
single computer node. To solve this problem, region decomposition and data
decomposition algorithms can store memory data in the memory of different nodes.
The main idea of a region decomposition algorithm is that the entire model is
divided into several regions, which are assigned to each process. Each process
stores only the geometry, material, and tally data for that region. When the particles
travel across boundaries from one region to another, the particles will be passed to
the new region by data communication between processes and then simulated by
the corresponding process. Region decomposition algorithms can effectively solve
the problem of memory, but other problems, such as load unbalance, still need to be
overcome. The main idea underlying data decomposition algorithms is that the tally
cells are uniformly distributed to each process and then numbered. During the
simulation, the particles that move through the tally cell generate tally information,
which will be sent to the process for storage according to the process number
corresponding to the tally mesh. Compared with the region decomposition algo-
rithm, the data decomposition algorithm has higher parallel efficiency. However,
currently, the data decomposition algorithm cannot decompose geometry and
material data.

2.3.2 Deterministic Methods

In deterministic methods, the continuous variables in transport equations are
replaced by a set of discrete values. Thus, a matrix equation can be obtained, which
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Fig. 2.12 Simulation results of ITER benchmark model
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can be solved using the matrix-calculation method. The energy is usually discrete
with the multi-energy-group approximation. Angle discretization can be performed
by direct discretization or function expansion. Space discretization is achieved
based on the MOC and the finite difference, finite element, nodal and other
methods. For time-dependent problems, the direct discrete method is also used for
time variables. In deterministic transport methods, several strategies for the dis-
cretization of the angle variable, such as the discrete ordinates method, the spherical
harmonics method, the collision probability method, and the transmission proba-
bility method, can be used. Regarding the discretization of spatial variables, the
neutron transport equation can be solved using the MOC, finite difference method,
finite element method, nodal method and other methods.

Compared with the Monte Carlo method, the numerical calculation process of
the deterministic method is simpler and has a faster convergence rate. However, the
deterministic method has poor adaptability to complex geometries, and its com-
putational time increases significantly with the dimension of the problem.

In this section, some deterministic methods, including the discrete ordinates
method, the spherical harmonics method, the MOC, and some typical deterministic
acceleration methods, are introduced.

2.3.2.1 The Discrete Ordinates Method

The discrete ordinates method (also known as the SN method) was first imple-
mented by B. Carlson to solve the neutron transport equation and has become one
of the most effective methods for studying neutron and photon transport problems
in recent years [2].

The basic idea underlying the discrete ordinates method is that the angular
distribution of the neutron flux is evaluated in a number of discrete directions
instead of using spherical harmonics in phase space (r � E � X). Specifically, for
the angular neutron flux /(r, E,X), the direction X is discretized into a sequence of
discrete points (X1, X2, …, XN) or subdomains (DXi, i = 1, 2, …, N). Then, after
obtaining /(r, E,Xi) values for these discrete points or subdomains, the flux /(r, E,
X) is determined by approximately weighting these values. The solution of the
transport equation using the discrete ordinates method can be divided into three
steps [4]:

The first step is to choose a reasonable and accurate quadrature set {wm, Xm}, in
which wm is the quadrature weight coefficient in direction Xm. In a one-dimensional
(1D) problem, only one variable is needed to represent direction X, whereas in
two-dimensional (2D) or 3D problems, two variables are required. The choice of
the quadrature sets influences the computational accuracy and efficiency of the
discrete ordinates method. No “best” quadrature set suitable for all problems is
available. The reader can refer to the related literature [2] to understand the prin-
ciple of selecting quadrature sets in detail. Taking the fully symmetric quadrature
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sets as an example, Fig. 2.13 depicts the distribution of quadrature points on a 1/8
spherical surface when N equals 2, 4, 6, and 8. N represents the discrete number of
angular directions in one ordinate. Different numbers on the spherical surface
represent different types of quadrature points, and the maximum value is equal to
the number of quadrature weight coefficients wm to be determined.

The second step is to establish the difference equation. After determining the
quadrature sets, the direction variables are then discretized. Next, multi-group
transport equation (2.40) is integrated over DXm, which is near each selected dis-
crete direction Xm(lm, ηm, nm). Ultimately, the discrete ordinates equation (2.44), in
which the energy group symbol g is omitted for brevity, can be obtained using
Eqs. (2.41)–(2.43).

X � r/g r;Xð ÞþRt;g/g rð Þ ¼ Qg r;Xð Þ ð2:40Þ
Z
DXm

X � r/ r;Xð ÞdX ¼ wm X � r/ r;Xð Þ½ �m ð2:41Þ

Z
DXm

/ r;Xð ÞdX ¼ wm/m rð Þ ð2:42Þ

Z
DXm

Qðr;XÞdX ¼ wmQmðrÞ ð2:43Þ

X � r/ðr;XÞ½ �m þRt/mðrÞ ¼ QmðrÞ ð2:44Þ

Then, the discretization of the spatial variables is performed (the finite difference
method is generally used). In a 3D spatial geometry, the difference equation for a
discrete space mesh (i, j, k) is
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Fig. 2.13 Quadrature points on a 1/8 spherical surface when N = 2, 4, 6, and 8
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wmlm Aiþ 1=2/iþ 1=2;j;k;m � Ai�1=2/i�1=2;j;k;m

	 

þwmgmBi;k /i;jþ 1=2;k;m � /i;j�1=2;k;m

	 


þwmnmCi;j /i;j;kþ 1=2;m � /i;j;k�1=2;m

	 

þ Aiþ 1=2 � Ai�1=2
� �

amþ 1=2/i;j;k;mþ 1=2

	

�am�1=2/i;j;k;m�1=2



þwmRt;i;j;k/i;j;k;mVi;j;k ¼ wmQi;j;k;mVi;j;k

ð2:45Þ

where Q is the neutron source term; lm, ηm, nm constitute the direction cosine of the
discrete direction Xm; and am±1/2 is the coefficient to be determined, which satisfies
the condition amþ 1=2 � am�1=2 ¼ �wmlm. Coefficients A, B, C and V have different
expressions in different coordinate systems, as shown in Table 2.2.

The third step is to solve the difference equation (2.45) using the inner and outer
iteration method.

The advantage of the discrete ordinates method is that the numerical process is
relatively simple. When the iterative method is used to solve the equation, the
neutron source term is already known, and the equations in each discrete direction
are independent of each other. The numerical processes for solving the equations in
each direction are similar; thus, they are easy to code. The disadvantages of the
method are that it requires large storage and long computational time when applied
to complex 3D problems.

The “ray effects” problem exists in the discrete ordinates method, especially for
media with relatively small values of the scattering ratio, Rs/Rt. Unrelated to the
error of the numerical process, this problem is caused by approximating the original
continuous direction of the transport equation with a finite number of discrete
directions. The most direct method to eliminate the ray effect is to increase the
number of discrete directions. However, increasing the number of discrete direc-
tions increases the computational time, which is considered not effective. Another
more effective method is to convert the discrete ordinate equation into an equivalent
form of the spherical harmonics approximation equation.

In general, the structured mesh is used in the discrete ordinates method to
discretize the spatial variable r. However, for irregular cells in complex models,
using regular structured mesh for space discretization may result in large errors.
Additionally, for a fusion system with complicated geometry, solving the problem
using a structured mesh SN is difficult. In recent years, the unstructured mesh SN
method has been developed to discretize irregular geometries using tetrahedral

Table 2.2 Area and volume elements in commonly used coordinate systems

Ordinates Ai±1/2 Bi,k Ci,j Vi,j,k

Rectangular x, y, z DyjDzk DxiDzk DxiDyj DxiDyjDzk
Cylindrical r, u, z 2pri±1/2DujDzk DriDzk RiDuj RiDujDzk
Notes (1) Ri ¼ r2iþ 1=2 � r2i�1=2, Du is normalized by 2p
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meshes. This method has a stronger capability to deal with complex geometry
models, especially in fusion reactors, but long computational time and
large computational resources are required.

2.3.2.2 The Method of Characteristics

The MOC, which combines the advantages of both the discrete ordinates method
and the collision probability method, was proposed by Askew [12]. In this method,
the differential neutron transport equation is used. This differential equation is then
solved by integrating along the characteristics of the differential operator that
correspond to the tracking lines.

The MOC can be divided into two types: the MOC with the flat source
approximation and the MOC with the linear source approximation. Furthermore,
several types of sub-methods have been developed. The step MOC developed from
the flat source approximation MOC is the most intuitive, stable and widely used.
This MOC requires the system to be divided into several sub-regions, and the total
cross-section is assumed to be constant. The neutron source is also assumed to be
constant over a certain characteristic line segment k.

Similar to the discrete ordinates method, the first step in the MOC is to choose a
reasonable, accurate quadrature group {wm, Xm} for discretizing the direction
variable. Then, in each discrete direction Xm, a large number of parallel rays pass
through all regions, as shown in Fig. 2.14. The neutron flux is finally calculated by
integrating the differential neutron transport equations along these rays. In
Fig. 2.14, Si,k is the kth characteristic line in region i. dAk is the projection area of
region i along the direction of neutron motion. /in

i;k(Xm) is the incoming neutron

flux, and /out
i;k (Xm) is the outgoing neutron flux.

The multi-group differential neutron transport equation in the steady state is

X � r/gðr;XÞþRt;g/gðr;XÞ ¼ Qgðr;XÞ ð2:46Þ

Fig. 2.14 Characteristic line
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According to the assumptions of the MOC, in region i, both the total
cross-section Rt,i and neutron source term Qi(X) are constant. /i;k(s, Xm) is the
neutron flux along characteristic line k in region i. Thus, the equation in direction
Xm and energy group g is

d/i;k s;Xmð Þ
ds

þRt;i/i;k s;Xmð Þ ¼ Qi;k Xmð Þ ð2:47Þ

Equation (2.47) is a first-order ordinary differential equation, and the general
solution is shown in Eq. (2.48), in which the energy index g is omitted for
simplicity.

/i;k s;Xmð Þ ¼ C � exp �Rt;is
� �þ Qi;k Xmð Þ

Rt;i
ð2:48Þ

where C is a constant. The constant C, the neutron flux along the characteristic line
/i;k(s, Xm), and the outgoing neutron flux /out

i;k (Xm) can be obtained as in

Eqs. (2.49)–(2.51), respectively, according to the incoming neutron flux /in
i;k(Xm).

C ¼ /in
i;k Xmð Þ � Qi;k Xmð Þ

Rt;i
ð2:49Þ

/i;k s;Xmð Þ ¼ /in
i;k Xmð Þ exp �Rt;is

� �þ Qi;k Xmð Þ
Rt;i

1� exp �Rt;is
� �� � ð2:50Þ

/out
i;k Xmð Þ ¼ /in

i;k Xmð Þ exp �Rt;isi;k
� �þ Qi;k Xmð Þ

Rt;i
1� exp �Rt;isi;k

� �� � ð2:51Þ

The average neutron angular flux along the characteristic line can be obtained by
integrating the above equation along the characteristic line.

/i;k Xmð Þ � si;k ¼
Z si;k

0
/i;k s;Xmð Þds

¼ Qi;k Xmð Þ
Rt;i

si;k þ
/in
i;k Xmð Þ
Rt;i

� /out
i;k Xmð Þ
Rt;i

¼ Qi;k Xmð Þ
Rt;i

si;k þ
D/i;k Xmð Þ

Rt;i

ð2:52Þ

The average neutron angular flux in region i is volume weighted, as shown in
Eq. (2.53).
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/i Xmð Þ ¼
P

k /i;k Xmð Þsi;kdAk

Vi
	

P
k /i;k Xmð Þsi;kdAkP

k si;kdAk
ð2:53Þ

After calculating the neutron angular flux in a certain directionXm, energy group
g and region i, the neutron flux is obtained by angular integration of the neutron
angular flux over all directions using the following numerical integral formula,
where M is the number of discrete directions:

/i ¼
Z
4p
/i Xð ÞdX 	

XM
m¼1

xm/i Xmð Þ ð2:54Þ

The main advantage of the MOC compared to the many other deterministic
transport methods is that its geometric description is rather flexible. Therefore, more
attention has been paid to the MOC in recent years. In the MOC, to achieve high
computational accuracy, a large number of parallel lines must pass through each
region, resulting in long computational time and very large memory requirements.
Thus, the 3D MOC transport calculations consume substantial amounts of computer
resources.

The 3D MOC is very costly for fusion systems because of their complex
geometry. Researchers have attempted to improve the performance of the MOC in
recent years. For example, the neutronics analysis of ITER test blanket module was
performed with the 3D MOC and the spherical harmonics coupling method, in
which the MOC was used only for local 3D mesh computations. An efficient 3D
MOC for whole systems needs to be further developed.

2.3.2.3 The Spherical Harmonics Method

The spherical harmonics method (also known as the PN method) was the first
method developed for neutron transport calculations. Some functions containing the
direction variable X, such as the neutron angular flux /(r, E, X) in the original
transport equation, are expanded by the spherical harmonic function Ym

n (r, E, X)
[13]. Then, the transport equation can be transformed into a group of differential
equations. Each coefficient of expansion series is determined by solving these
differential equations. The neutron angular flux is expanded in terms of spherical
harmonics functions as follows:

/ r;E;Xð Þ ¼
X1
n¼0

2nþ 1
4p

Xn
m¼�n

an;m/n;m r;Eð ÞYm
n h;uð Þ ð2:55Þ
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where

an;m ¼ n� mj jð Þ!
nþ mj jð Þ!

2
1þ d0mð Þ ð2:56Þ

Ym
n ðh;uÞ ¼ P mj j

n ðcos hÞ sin mj ju; m ¼ �1; . . .;�n
Pmn ðcos hÞ cosmu; m ¼ 0; 1; 2; . . .; n



ð2:57Þ

In Eq. (2.57), d0m is the Kronecher symbol. d0m = 1 when m = 0, and d0m = 0
when m 6¼ 0. /n,m(r, E) is a coefficient to be determined and can be expressed as

/n;m r;Eð Þ ¼
Z
X

/ r;E;Xð ÞYm
n h;uð ÞdX ð2:58Þ

During calculations, we usually take the expansion of the former N + 1 item;
that is, n ranges from 0 to the order N, where N is the expansion order. The neutron
angular flux is

/ r;E;Xð Þ ¼
XN
n¼0

2nþ 1
4p

Xn
m¼�n

an;m/n;m r;Eð ÞYm
n h;uð Þ ð2:59Þ

Similarly, the scattering cross-section is expanded using Legendre polynomials.

Rs r;E0 ! E; l0ð Þ ¼
XN
n¼0

2nþ 1
2

Rsn r;E0 ! Eð ÞPn l0ð Þ ð2:60Þ

where l0 = X′ � X. Rsn(r; E′ ! E) is the Legendre expansion coefficient, which is
expressed by

Rsn r;E0 ! Eð Þ ¼
Z þ 1

�1
Rs r;E0 ! E; l0ð ÞPn l0ð Þdl0 ð2:61Þ

The scattering source is

Qs r;E;Xð Þ ¼
Z 1

0
dE0

Z
X0
Rs r;E0 ! E; l0ð Þ/ r;E0;X0ð ÞdX0 ð2:62Þ

By substituting Eqs. (2.59) and (2.60) in Eq. (2.62) and using the additive
formula and orthogonal relation of Legendre polynomials, the scattering source can
be derived as follows:
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Qs r;E;Xð Þ ¼
Z 1

0
dE0 XN

n¼0

Rsn r;E0 ! Eð Þ
Xn
m¼�n

2nþ 1
4p

an;m/n;m r;E0ð ÞYm
n h;uð Þ

ð2:63Þ

Substituting Eqs. (2.59) and (2.63) in the neutron transport equation and using
the additive formula and orthogonal relation of spherical harmonic functions, a set
of closely coupled equations can be obtained. Taking a 1D Cartesian coordinate
system and the single energy group as an example, N + 1 equations are written, as
follows:

nþ 1
2nþ 1

d/nþ 1ðzÞ
dz

þ n
2nþ 1

d/n�1ðzÞ
dz

þRn/nðzÞ ¼ SðzÞd0n; n ¼ 0; 1; 2; . . .N

ð2:64Þ

where Rn = Rt − Rsn, S(z) is the neutron source term, and the undetermined
coefficients of the neutron flux can be found after applying the appropriate
boundary conditions.

For the angular flux expanded with spherical harmonics, the direction variable is
continuous. This expansion has characteristics of rotational invariance at any angle.
Thus, the spherical harmonics method does not suffer from ray effects. Moreover,
the variables can be treated with the finite element method, and the spherical
harmonics method is very effective for unstructured meshes of irregular geometry.
However, for complex multidimensional geometry, it is far more complicated to
obtain the solution using the spherical harmonics method. Both the equations and
the processing of the numerical solution are different for different expansion orders.
Therefore, writing general codes for equations with different orders is difficult and
eventually leads to substantial inconvenience under practical engineering calcula-
tions. These shortcomings hinder the application of the high-order spherical har-
monics method.

In the simplified spherical harmonics method (SPN), by replacing the 1D
spatial differential operators of spherical harmonic equations with 3D spatial
differential operators, the SPN equations in a 3D Cartesian coordinate system can
be obtained. The simplified spherical harmonics approximation reduces the
number of coupled differential equation without resulting in substantial loss of
computational accuracy.

2.3.2.4 Acceleration Methods

The neutron transport equations are transformed into linear equations after
numerical discretization and solved by matrix-calculation methods. Because the
order of the matrix is so high, an iterative method is required. The convergence rate
of the commonly used source iteration method is very slow, and sometimes, the

56 2 Neutron Transport Theory and Simulation



solution is not converged. Therefore, it is time consuming to solve the neutron
transport equation for practical problems, and acceleration methods are necessary.
Acceleration can be achieved in several ways, such as by adopting a new iterative
strategy, speeding up the iterative convergence rate or adopting parallel computing.
A variety of acceleration methods have been developed, such as the Discrete Nodal
Transport Method (DNTM) [14], the coarse mesh rebalance method, the diffusion
synthetic acceleration method [2], the transport synthetic acceleration method, and
the Krylov subspace method [15]. This section briefly introduces several acceler-
ation methods.

1. DNTM

The discrete ordinates method discretizes continuous direction variables with a
finite number of discrete directions. To ensure accuracy, the spatial mesh cannot be
too large; thus, the traditional fine mesh finite difference method is used. However,
the computational cost of the fine mesh finite difference in the discrete ordinates
method is very high. Discretizing the spatial mesh with the nodal method can
greatly improve the computational efficiency. DNTM combines the ideas of the
nodal Green’s function method and the traditional discrete ordinates method; thus,
the neutron transport equation can be solved effectively in a Cartesian coordinate
system. However, in actual engineering problems, curve coordinate systems (i.e.,
cylindrical and spherical systems) are often used, and the neutron scattering is
generally anisotropic. Problems arise for the DNTM method due to the scattering
anisotropy and the angular redistribution. DNTM-related theory and solution
method in the curvilinear coordinate system were developed by the FDS Team.
This method can solve the above problems and perform more efficient simulation
for engineering problems while consuming less resources. The following is an
example of the DNTM method in a 1D curvilinear coordinate system.

In a 1D spherical coordinate system, l = X � er, and

l
r2
@ðr2/Þ
@r

þ 1
r
@ ð1� l2Þ/½ �

@l
þRtðrÞ/ðr; lÞ ¼ qðr; lÞ ð2:65Þ

In a 1D cylindrical coordinate system, l = X � er, η = X � eh, and n = X � ez;
then, we have

l
r
@ðr/Þ
@r

� 1
r
@ðg/Þ
@v

þRtðrÞ/ðr; n; vÞ ¼ qðr; n; vÞ ð2:66Þ

Note that the second terms in the left-hand sides of Eqs. (2.65) and (2.66) are the
so-called angular redistribution terms (ARTs) and appear only in curvilinear
geometries. Suppose that there are several nodes along the radial direction r and that
the width of the ith node is Dri. Equations (2.65) and (2.66) are multiplied by rj

(j = 1 for cylindrical geometry; j = 2 for spherical geometry), and the variable
transformation r = ri + air′(r′ 2 [−1 1], ai = Dri/2) is performed. When Eqs. (2.65)
and (2.66) are rearranged (i.e., by moving the ART from the left side to the right
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side) and combined, the following equation is obtained (where r′ is still represented
by r for convenience).

l
@

@r
Fðr;XÞþRiFðr;XÞ ¼ aiRðr;XÞ ð2:67Þ

where the dimensionless (local) variable r is written in terms of the node half-width
ai. ri is the radius of the ith node midpoint, and Ri, F(r, X) and R(r, X) are
represented, respectively by

X ¼ l; for spherical geometry
ðn; vÞ; for cylindrical geometry



ð2:68Þ

Ri ¼ aiRt ð2:69Þ

Fðr;XÞ ¼ ðri þ airÞ j/ðri þ air;XÞ ð2:70Þ

Rðr;XÞ ¼
ðri þ airÞ2qðri þ air;lÞ � ðri þ airÞ

@

@l
ð1� l2Þ/ðri þ air; lÞ
� �

;
for spherical geometry

ðri þ airÞqðri þ air; n; vÞþ @
@v g/ðri þ air; n; vÞ½ �; for cylindrical geometry

8>>><
>>>:

ð2:71Þ

After obtaining the nodal equation, the equation is discretized, and then, the
Green’s function method is used to find the solution. Finally, the neutron flux in
node is calculated by Legendre polynomial expansion. This method can achieve
very high accuracy on coarse spatial meshes and can greatly enhance the compu-
tational efficiency of neutron transport in curvilinear coordinate systems.

2. Coarse mesh rebalance method

The coarse mesh rebalance method is an effective and widely adopted acceleration
method. The basic idea underlying this method is as follows: Based on the original
refined finite difference mesh, a set of regular and non-overlapping coarse meshes
containing several fine meshes is built up with a coincident boundary between the
coarse mesh and the fine mesh. After iterations for the fine mesh, a “coarse mesh
rebalance factor” is calculated according to the neutron balance principle. The final
solution is achieved by multiplying the coarse mesh rebalance factor by the neutron
flux obtained by iteration. This approach can force the solution to satisfy the
neutron balance relationship in the coarse mesh and accelerate the convergence rate.

3. Diffusion synthetic acceleration method

The diffusion synthesis acceleration method aims to accelerate the convergence of
the source iteration for the SN method. The diffusion equation is a good
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approximation of the transport equation based on transport theory. In this method, a
modified diffusion equation is obtained by replacing the original leakage term with
the leakage term calculated by the transport equation. Thus, the solution of the
modified diffusion equation has the accuracy of the transport equation. Then, the
neutron flux obtained in each iteration is rectified by the modified diffusion equation
and used to obtain the next iteration source, thereby effectively accelerating the
source iteration.

4. Krylov subspace method

The Krylov subspace method is an accelerated method that was developed in recent
years. Its core idea is to find a subspace k from n-dimensional vector space and then
to find an approximate solution in subspace k. Assume that the subspace dimension
dim k = m. Then, m constraints are required to derive an approximate solution from
subspace k. Usually, m orthogonal conditions are adopted to solve the linear
equation sets. In the solution of the eigenvalue problem, an m-order small matrix is
usually obtained with the subspace, the eigenvalues of the large matrix are
approximately obtained by solving the small matrix, and m coefficients are deter-
mined from the eigenvectors of the small matrix to linearly combine the subspaces.
In addition to its high computational speed, the Krylov subspace method can solve
many eigenvalues and eigenvectors simultaneously and play an important role in
solving the high-order harmonics of neutron transport equations.

2.4 Transport Simulation Codes

2.4.1 Monte Carlo Codes

The Monte Carlo method can handle neutron transport problems of complex
geometry, complex neutron spectrum and anisotropic neutron scattering and has
been widely employed in neutron transport calculations of fusion reactors.
Currently, the most common codes for neutron transport in fusion systems are
based on the Monte Carlo method. Some typical Monte Carlo transport simulation
codes are introduced in following section.

2.4.1.1 SuperMC

The Super Monte Carlo Program for Nuclear and Radiation Simulation (SuperMC),
which was developed by the FDS Team, is a general, intelligent, accurate and
precise software system for nuclear design and safety evaluation of nuclear systems.
It can be applied in nuclear reactor physics, radiation protection and dosimetry,
radiation shielding, medical physics, nuclear criticality safety, nuclear oil-well
logging and other fields [4, 16]. SuperMC will be introduced in detail in Chap. 7.
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SuperMC supports transport simulations of various types of particles, such as
neutrons, photons, electrons, and protons. The physical reactions of neutrons
include inelastic scattering, elastic scattering and absorption. The thermal scattering
effect of neutrons is considered, and the epithermal energy range of neutrons is
treated. The self-shielding effect in the unresolved resonance range and prompt
neutrons are also considered. The reactions of photons with nuclides include
Compton scattering, coherent scattering, the photoelectric effect, the electron pair
effect and photonuclear reactions. Sources include general sources, critical sources
and user-defined sources. Common physical quantities for nuclear design and
analysis, such as the cell flux, point flux, energy deposition, and reaction rate, and
special quantities, such as ks for an external source-driven system, can be calculated
in SuperMC. A criticality search aiming for a specified eigenvalue within a pre-
scribed confidence interval is designed exclusively for determining assembly
configurations, fuel loadings, and soluble boron concentrations, among others.
Considering the multi-physics feedback effect, the functions of structured mesh,
unstructured mesh, and continuous tallies, among others, are developed. For
shielding calculations, some basic variance reduction techniques, including the
weight window, forced collision, and exponential transformation, and adaptive
variance reduction techniques, such as GWWG, are supported.

For fusion systems, SuperMC has already been widely applied to nuclear design
and analysis, including the accurate evaluation of nuclear heat deposition in the
Toroidal Field (TF) Coils of ITER, nuclear analysis and shielding optimization of
observation systems in vacuum vessels, assessment of radioactive waste, and tri-
tium breeding rate of blankets.

2.4.1.2 MCNP

MCNP, a General Monte Carlo N-Particle Transport Code, was developed by Los
Alamos National Laboratory (LANL) in the USA [17]. It was coded using the
FORTRAN and C programming languages, and the latest version is MCNP6, which
combines the features of both MCNP5 and MCNPX. MCNP6 can be used
to perform transport computations of heavy charged particles and has been widely
applied in many fields, such as fusion/fission reactor design, radiation protection
and dosimetry, medical physics, and nuclear criticality safety. It supports transport
simulations of neutrons, photons, electrons and heavy charged particles and can
perform eigenvalue and fixed-source calculations. Simulations of neutrons with
energies ranging from 10−5 eV to 150 MeV and photons with energies ranging
from 1 keV to 100 GeV are supported. In the latest version of MCNP6, multi-type
descriptions of sources, various tallies and variance reduction techniques are
included. MCNP has already been applied in the neutronics analysis of ITER,
including calculations of neutron wall loading, neutron/photon fluence rate and
nuclear heat deposition.
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2.4.1.3 TRIPOLI

TRIPOLI is a 3D, general-purpose continuous-energy Monte Carlo transport code
developed by the French Alternative Energies and Atomic Energy Commission
(CEA) [18]. It was coded in the C/C++ language and has been applied to
the radiation protection and shielding design of fission reactor core and the design
of fusion reactors and other nuclear facilities. The current version TRIPOLI-4
supports neutron and photon transport simulations and has eigenvalue and
fixed-source computation capabilities. The energy range of the simulated neutrons
is 10−5 eV–20 MeV, and that of the simulated photons is 1 keV–100 MeV.
Physical quantities, such as the flux, reaction rate, energy deposition, perturbation
calculation for the density/differential cross-section and basic variance reduction
techniques, are all supported in TRIPOLI-4. This code has already been applied to
neutronics analyses of fusion systems, such as the calculation of neutron flux in the
ITER blanket, nuclear heat deposition and tritium breeding rate.

2.4.1.4 Serpent

Serpent is a continuous-energy Monte Carlo reactor physics burnup calculation
code developed by the National Technical Research Center of Finland (VTT) [19].
It was programmed in the C language. The current version is Serpent 2, and it
is mainly applied for physics analyses of fission reactors. Serpent 2 supports
neutron and photon transport simulations within the neutron energy range of
10−5 eV–20 MeV. The flux, reaction rate, energy deposition and other physical
quantities can be calculated. For fusion systems, Serpent 2 has been applied to the
design and analysis of fusion systems, such as neutron flux calculations of the ITER
Clite model. Variance reduction techniques for fusion applications are under
development.

2.4.1.5 Geant4

Geant4 is a toolkit for the simulation of the passage of particles through matter that
was developed by the European Organization for Nuclear Research (CERN) [20]. It
is programmed in the C++ language, and the current version (Geant4 10.3) has been
widely applied in high-energy particle physics, heavy ion physics, astrophysics,
space science, radiation medicine and other fields. Geant4 supports transport sim-
ulations of more than 100 types of particles, including gluons, muons, neutrons,
protons and ions. It contains a variety of physical models and simple variance
reduction techniques (section bias and implicit capture). Geant4 has been applied to
the design and analysis of fusion systems.
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2.4.1.6 FLUKA

FLUKA is a fully integrated particle physics Monte Carlo simulation package
developed by CERN and the Italian Institute for Nuclear Physics (INFN) [21]. It is
programmed in the FORTRAN language and has mainly been applied in
high-energy physics, radiation protection, radiation therapy, accelerator design and
other fields. FLUKA supports transport simulations of more than 60 types of
particles, including neutrons, photons, electrons, neutrinos and hadrons, and can
calculate the particle flux, particle yield, energy deposition and other related
physical quantities of charged particles. Basic variance reduction techniques, such
as Russian roulette, particle splitting and source bias, are also supported. FLUKA
has been applied to the design and analysis of fusion systems, such as the cali-
bration of neutron dosimeters.

2.4.1.7 PHITS

PHITS is a particle and heavy ion transport code developed by the Japan Atomic
Energy Agency (JAEA), Research Organization for Information and Technology
(RIST) and High Energy Accelerator Research Organization (KEK). It was pro-
grammed in the FORTRAN language, and the latest version is PHITS2.88. PHITS
is mainly applied in accelerator design, radiation therapy, space radiation and other
fields [22]. It supports transport simulations of multiple particles, such as neutrons,
photons, electrons, protons and mesons, and the energy range of the simulated
neutrons is 10−5 eV–20 MeV. It can calculate the flux, energy deposition and other
physical quantities and support simple variance reduction techniques, such as
importance, weight window and forced collisions. It has been applied to the design
and analysis of fusion systems.

2.4.2 Deterministic Codes

The discrete ordinates method is the main deterministic calculation method applied
in fusion neutron transport calculations. In this section, two deterministic codes,
DOORS and ATTILA, based on the discrete ordinates method are introduced.

2.4.2.1 DOORS

DOORS is a 1D, 2D, and 3D discrete ordinates transport code system for the
deep-penetration transport of neutrons and photons developed by ORNL. The latest
version is DOORS3.2a, which contains independent codes, such as ANISN, DORT
and TORT. DOORS has been widely applied in nuclear reactor physics and nuclear
radiation shielding [23].
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In DOORS, the discrete ordinates method, the multi-group approximation, the
finite difference method and the nodal method are all used to process the variables
of angle, energy and space, respectively. In DOORS, ANISN can calculate the
neutron/photon flux and eigenvalue in 1D coordinate system. DORT can calculate
the neutron/photon flux and eigenvalue in 1D or 2D systems. TORT can be used
to address the deep-penetration problem in radiation shielding and calculate
neutron/photon flux and eigenvalues in 2D and 3D coordinate systems.

DOORS has been applied to the design and analysis of fusion systems, such as
the 3D calculation of radiation field distribution of HT-7U Superconducting
Tokamak to support design optimization of shielding systems and associated
components.

2.4.2.2 ATTILA

ATTILA is a 3D, unstructured tetrahedral mesh discrete ordinates neutron/photon
transport code [24] developed by the Transpire company. It was coded in the
FORTRAN language. It can be used to address complex geometrical transport
problems and has been applied to analyses of fission and fusion reactors, radiation
therapy, nuclear oil-well logging and other fields.

The discrete ordinates method, the multi-group approximation and the tetrahe-
dral mesh are used to process angle, energy and space variables, respectively. For
fusion system, ATTILA has been applied to neutronics analyses, such as the nuclear
design and shielding of ITER diagnostics port plugs.
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