Chapter 2
New Generation Parametric Optimality

Applying the new notion of the generalized (¢, 7, p, 6, m)-invexity, a set of higher
order parametric necessary optimality conditions and several sets of higher order
sufficient optimality conditions in semi-infinite framework for a discrete minmax
fractional programming problem applying various classes of (¢, 1, p, 8, m)-invexity
assumptions are presented. In this chapter, the presented results are new, especially on
the semi-infinite aspects for the discrete minmax fractional programming problems.
The obtained results offer greater opportunities for the interdisciplinary collaborative
research and beyond.

1 The Significance of Semi-infinite Fractional
Programming

In this section, we aim at describing the significance of semi-infinite fractional pro-
gramming for a set of second-order necessary optimality conditions in conjunction
with numerous sets of second-order sufficient optimality conditions using the gen-
eralized (¢, 7, p, 6, m)-invexities of higher orders to the context of the following
semi-infinite discrete minmax fractional programming problem:

i (x
(P) Minimize max fix)
1sisp gi(x)
subject to
Gj(x,t) <0 forallt € T}, j €49,
Hi(x,s) =0 foralls € S;, ker,
x e X,
© Springer Nature Singapore Pte Ltd. 2017 17

R.U. Verma, Semi-Infinite Fractional Programming, Infosys Science
Foundation Series in Mathematical Sciences, DOI 10.1007/978-981-10-6256-8_2
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where p, ¢, and r are positive integers, X is a nonempty open convex subset of R”
(n-dimensional Euclidean space), for each j € ¢ = {1,2,...,gq}and k € r, T;
and S; are compact subsets of complete metric spaces, for each i € p, f; and g;
are twice continuously differentiable real-valued functions defined on X, for each
J € g, 2 — Gj(z,1) is a twice continuously differentiable real-valued function
defined on X forall ¢ € T;, foreach k € r, z — Hi(z, s) is a twice continuously
differentiable real-valued function defined on X for all s € S, for each j € ¢
andk er, t - Gj(x,t) and s — H(x,s) are continuous real-valued functions
defined, respectively, on T; and Sy for all x € X, and for eachi € p, g;(x) > 0 for
all x satisfying the constraints of (P). N

There is an enormous amount of research work available in the literature on the
general fractional programming problems, while there are plenty of opportunities
for the advanced research to the context of semi-infinite aspect of the fractional pro-
gramming problems. We plan first to examine and explore the direct impact of the
new version of the notion (¢, 7, p, 0, m)-sonvexities (which we present in the next
section) on the semi-infinite fractional programming in general, and then we apply
it to the context of the second-order necessary and sufficient optimality conditions
for minmax fractional programming problem (P), especially, we intend to discuss
the second-order optimality aspects of our principal problem (P) to the context of
the semi-infinite discrete fractional programming. Our second-order sufficient opti-
mality results will be established using the properties of (¢, 7, p, 0, m)-sonvexities.
Sometimes, second-order (¢, 1, p, 8, m)-invexities are referred to as "sonvexities"
in the literature.

The optimality results thus obtained in the present chapter can further be applied
for constructing several second-order parametric and nonparametric duality models
for (P) and proving numerous duality theorems. Our observation at this point is that
the field of semi-infinite discrete fractional programming is still fast-expanding in the
literature, the results established in this chapter would impact constructively to devel-
oping several second-order parametric and nonparametric duality models for (P) and
achieving numerous duality theorems. We remark that the most of optimality results
obtained for (P) are also applicable under appropriate specialized settings to other
classes of problems with semi-infinite discrete maxm, fractional, and conventional
objective functions.

2 Basic Concepts and Auxiliary Results

In this section, we introduce some new definitions of certain classes of generalized
sonvexities of functions of higher orders. For more details on invex functions, we
refer the reader [1]. Recall that a function F : R* — R is said to be superlinear if
Fx+y) > Fx)+F(y) foralx,y e R", and F(ax) = aF(x) forall x € R" and
a € Ry =[0,00). Let x* € X and assume that the function f : X — R is twice
differentiable at x*.



2 Basic Concepts and Auxiliary Results 19

Definition 2.1 The function f is said to be (strictly) (¢, n, p, 0, m)-sonvex at x*
if there exist functions ¢ : R - R, n: X x X - R", p: X x X — R, and
0 : X x X — R”, and a positive integer m such that for each x € X (x # x*) and
ze R,

1
O(f(x) = (M) (>) = (Vf(x™) + ZVZf(x*)z, n(x, x%))

1 .
+Z<Z*’ V2 ()z) + ple, )10, )™,

The function f is said to be (strictly) (¢, 1, p, 6, m)-sonvex on X if it is (strictly)
(¢,m, p, 0, m)-sonvex at each x* € X.

Definition 2.2 The function f is said to be (strictly) (¢, n, p, 0, m)-pseudosonvex
at x* if there exist functions  : R - R, n: X x X - R", p: X x X — R, and
0 : X x X — R", and a positive integer m such that for each x € X (x # x*) and
ze R,

1
(V™) + szf(x*m n(x, x*))

1 _
+ Z<Z*’ V2 (x9)z2) = =p(e, x)00, xH™ = o(f () = F(H))(>) =0,

equivalently,
1
(f(x) — fFEM)(L) <0= (V™) + szf(x*)z, n(x, x*))

(2%, V2 (xM)z) < —plx, x)[[00x, x*)||™.

=

+

The function f is said to be (strictly) (¢, 1, p, 8, m)-pseudosonvex on X if it is
(strictly) (¢, 1, p, 6, m)-pseudosonvex at each x* € X.

Definition 2.3 The function f is said to be (prestrictly) (¢, n, p, 0, m)-quasisonvex
at x* if there exist functions p : R - R, n: X x X - R", p: X x X — R, and
0 : X x X — R", and a positive integer m such that for each x € X and z € R”,

1
P(f) = fH)(<) =0 = (VI + szf(x*)z, n(x, x*))

+= (2%, V2 f(x")z) < —p(x, x9)10(x, x*)|™,

=
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equivalently
1
(V™) + szf(x*)z, n(x, x*))

1 B
+( V2 f(xM)z) > —p(x, xH)00x, x) " = ¢(f(x) — fF(x*)) (=) > 0.

We conclude this section by recalling a set of parametric necessary optimality
conditions for (P) based on the following result.

Theorem 2.4 [2] Let x* € F and \* = max<;<p f;(x*)/g;(x*), for each i € p, let
fi and g; be twice continuously differentiable at x*, for each j € gq, let the function
7 — Gj(z, 1) be twice continuously differentiable at x* for all t € T;, and for each
k € r, let the function 7 — Hy(z, s) be twice continuously differentiable at x* for
all s € Sg. If x* is an optimal solution of (P), if the second-order generalized Abadie
constraint qualification holds at x*, and if for any critical direction y, the set cone

{(VGj(x*,t), (v, V3G, (x*, t)y)) e T, j eq)
+ span{(VHk(x*, $), {y, Vsz(x*,s)y)) is € S ker},

where Tj(x*)={t € T; : G;(x*,1) =0},

is closed, then there exist u* € U = {u € R? : u > 0, Zle u; = 1} and integers
vy and v¥, with 0 < v§ < v* < n + 1, such that there exist v indices j,, with
1 < ju < q, together with v§ points t™ € Tj, (x*), m € vy, v* — v indices ky,

with 1 < k,, <, together with v* — v points s™ € S, form e v\, and v* real
numbers v, with v, > 0 for m € vy, with the property that

p 29
> UiV AG) = M (Vg + Y vsIVG, (@, 1)

i=l m=1
+ Z v VHi(x*,s™) =0, (1)
m=v;+1
P %
0, [ DIV A = XV + D 0 VG, (1)
i=1 m=1
+ D UV H(", 8" ]y) >0, 2
m=v;+1
UG = N gi (a1 =0, i€ p(x®), 3)
VIG;(x*) =0, j € q(x*), S

where v \ vy is the complement of the set vy relative to the set v.
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3 Sufficient Optimality Theorems

In this section, we shall present several second-order sufficiency results in which
various generalized (¢, 1, p, 8, m)-sonvexity assumptions are imposed on the indi-
vidual as well as certain combinations of the problem functions. Now we need to
introduce the following suitable notations for our work on hand.

0]
C(x,v) = vaGjm(x, "™, m ey

m=1

Dy, (x,s™) = wy, Hy,

m m

(x,s™),mev\1

D(x,s") = D wnH,(x,s"),mev\n,

m=vp+1

Ei(x, N) = fi(x) — Agi(x),

p
EC,u, ) =D i f;(x) = Agi ()],

i=1

12 v
G v, w) = D 0uG, (e ")+ D wy Hy, (x, s™),
m=1

m=vy+1
I (u)={i € p:u; >0}

In the proofs of our sufficiency theorems, we shall make frequent use of the
following auxiliary result which provides an alternative expression for the objective
function of (P).

Lemma 2.5 [2] For each x € X,

_ fitx) Dy ui fi(x)
P = A ) e ST g

Theorem 2.6 Let x* € F, let \* = @o(x*) > 0, and assume that the functions
fi, gi, 1 € p, be twice continuously differentiable at x*, for each j € q, let the
function z —>_G_j (z, 1) be twice continuously differentiable at x* for all t € T;, and
for each k € r, let the function z — Hy(z,s) be twice continuously differentiable
at x* for all s € Sy, and let us assume that for each critical direction z*, there exist
u* € U and, integers vy and v with 0 < vy < v < n + 1 such that there are v
indices j, with 1 < j,, < q together with vy points t"* € 7A"] (x*) form € vy, v — 1y
indices ky, with 1 < ky,, < r together with v — 1y points s™ € Sy, form € v\ v,
and v real numbers v* € R for m € vy such that

m
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14 1<
D wilVAE) = Vg (N + D v VG, (%, ") (5)

i=1 m=1

+ D waVH, (5" =0,

m=vy+1

14 0]
[ DIV A6 = N VRG] + D 0 V26, (6 1)
i=1 m=1

+ > meZHkm(x*,s’")}z*)ZO, 6)

m=vy+1
uilfix*) = Ngi(x")] =0, i€ p, (7

v, G, (x*,t") =0, m e v,

w,, VH, (x*,s™) >0 forallm e v\ . )

Assume, furthermore, that any one of the following six sets of conditions holds:

(@ () foreachi € I, = I.(w*), fi is (¢,n, pi, 0, m)-sonvex and —g; is
(¢, n, pi, 0, m)-sonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is (qASm, 7, pj, 0, m)-quasisonvex at x*, quSm is
increasing, and (;ASm (0) = 0 for each m € vy;
(iii) the function z — Hy,(z, s™) is (gZ;m, 1, Pk, 0, m)-quasisonvex at x*, gZ;m is
increasing, and qvbm (0) =0foreachm € v\ w;
(V) p*Ce, x*) + 20 Up P (6, X5 20w P (x, xF) > Oforall x € TF,
where p*(x, x*) = 2 uf[pi(x, x*) + XNpi(x, x*)];
(b) (i) foreachi € I, f;is (¢,n, pi, 0, m)-sonvex and —g; is (¢, n, p;, 0, m)-
sonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is (qg, n, p, 0, m)-quasisonvex at x*, é is
increasing, and (E(O) = 0 for each m € vy;
(iii) the function z — w Hy, (z, s™) is (gz;m, 1, Pm, 0, M)-quasisonvex at x*, q;m
is increasing, and qVSm (0) =0foreachm € v\ w;
(iv) p*(x, x*) + p(x, x*) + an:%H W pm (x, x*) > 0 forall x € F;
(¢c) (i) foreachi € I, f;is (p,n, pi,0,m)-sonvex and —g; is (P, n, pi, 0, m)-
sonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z, ™) is (@m, 1, Pm, 0, M)-quasisonvex at x*, (ﬁm is
increasing, and qASm (0) =0 foreachm € vp;
(iii) the function z — Hy,(z,s™) is ((5, n, p, 0, m)-quasisonvex at x*, <5 is
increasing, and <;3(0) = (0 foreachm € v\ vp;
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Av) p*(x, x*) + D00 vk p (x, x*) + plx, x*) > 0 for all x € F;
(d) (i) foreachi € I, f;is (¢, n, p;, 0, mm)-sonvex and —g; is (¢, n, p;, 0, m)-
sonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t™") is (qB, n, p, 0, m)-quasisonvex at x*, é is
increasing, and (5(0) = 0 for each m € vy;
(iii) the function z — Hy,(z,s™) is (q;, n, p, 0, m)-quasisonvex at x*, gZ; is
increasing, and <ju>(0) = 0 foreachm € v \ vy;
@iv) p*(x, x*) + p(x, x*) 4+ p(x, x*) > O forall x € F;
(e) (i) foreachi € I, f;is (¢,n, pi,0, m)-sonvex and —g; is (¢, n, p;, 0, m)-
sonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(i) &€ — G(&, v, vY) is (qAS, 7, C, p, 0, m)-quasisonvex at x*, ngS is increasing,
and $(0) = 0;
(i) p*(x, x*) 4+ p(x, x*) > O for all x € FF;
(f) (i) the Lagrangian-type function
P
§— L& u", v, w*, \) = D wlfi(§) = Ngi(©)]

i=1

+D G E M+ D vl H, (€ s™)

m=1 m=vy+1

is (¢, n, p, 0, m)-pseudosonvex at x*, p(x,x*) > 0 for all x € F, and
¢(a) >0=a>0.

Then x* is an optimal solution of (P).

Proof Let x be an arbitrary feasible solution of (P).
(a): Using the hypotheses specified in (i), we have for eachi € 1,

1 1
o(fitx) — fi(x™) = (Vfilx™) + szﬁ(X*)z*, NG, x) + 2 (2 V2 fi(x*)z")
+pi (x, x )10 Cx, x*) ||
and
1 1
(= gi(x) + gi (™) = (=Vgi (x*) — szgi (x"z", nlx, x*)) — Z<Z*’ V24 (x*)z*%)

+pi (x, x)0Cx, x|
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In as much as \* > 0, u* >0, Z;”:l uf =1, and ¢ is superlinear, we deduce from
the above inequalities that

p p
o Dl = N g0l = Dl i) = X gi())) ©)

i=1 i=1

=

1 P
> ( DUV AG) = NGO+ 7 DIV = Mg G, )
i=l i=l
P

3 v et - g

i=1

D i (e, x) 4 A (x, X0 e, x|

iely

Since x € F and (7) holds, it follows from the properties of the functions g?) ; that for
eachm € 1y, q@m (G i) =G (x*, t’")) < 0 which in view of (ii) implies that

* m 1 2 *my %k * 1 * 2 kL my K
<VGj,,,(-x 7t )+ZV G]m(x 5t )Z 777(x7x )>+Z(Z 7V Gj,,,(-x 7t )Z >
< =P (x, X0, x5,

As v;f > 0 foreachm € vy, the above inequalities yield

vy
<Z”:ZVGjm(X*Jm)

m=1

1 &
*2 Do VEG, (F Mz n(x, x*)>

m=1

1 al
+Z<Z*v Z v;anZGjm (x*’ lm)Z*>
m=1

< =D v pn e, X0, x| (10)

m=1
Similarly, we can show that (iii) leads to the following inequality:
< S wiVH, (", s™)
m=vy+1

1 14
+4—1 Z wiVAH, (x*, ™)z, n(x, x*)>

m=vp+1
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1 v
+Z<Z*, Z w) V2 Hy, (x*, sm)z*>

m=vp+1

<= D whin(x, x)00c, . (11)

m=vy+1

Now, using (4), (5), and (8)—(10), we see that

P P
o D) = N = P w1 = X))
i=1 i=1

I 1
> — v VG, (x*, ") + = v;’;VzG~ x*, "7, nix, x* >
|:<r; ]m( ) 4’/'; ]m( ) 17( )
1 -
* * 72 * *
+ Z<z ,mzz‘;umv G, (x*. 1)z >

v 1 v
(D0 wRVHL G 4 g D WV H, (8T )

m=vy+1 m=vy+1

1 14
e o]

m=vp+1

+ Z i [5i (6, X%) 4 X5 (e, x )10, x)™ (by (), (6), and (9))

iely

> { D ufpi(x, x) + N i (x, x)]

iely

1%0) v
+ > U+ D w;ﬁm(x,x*)}||9(x,x*)||m
m=1

m=vy+1
(by (10) and (11))

=0 (by (iv)).
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But ¢(a) > 0 = a > 0, and hence we have

p P
D ullfi) = Mgl = D ullfi(x*) — X (x*)] =0, (12)

i=1 i=1

where the equality follows from (6). Now using (11) and Lemma?2.5, we find that

- Do uy fix) < max Djuifi(x)

X =A< < =
v ST uig) el S i)

o(x).

Since x € F is arbitrary, we conclude from this inequality that x* is an optimal
solution of (P).

(b): Based on part (a), for each m € vy, we have G, (x,t") — G, (x*,t") <0,
and hence using the properties of the function é, we get

¢(Z v, G, (e, 1) = Z v, G, (X7, t'”)) <0,
m=1 m=1

which in view of (ii) implies that

I )
1
<§ VG, () 1D v;;vzcjm(x*,t’”)z*,n(x,x*)>
4
m=1 m=1
vy

1 m
+Z<z*, Z_;v;Vszm(x*,t )z*>
< —pCx, xH)Cx, x*)||™.

From now on, proceeding as in the proof of part (a) and using this inequality
instead of (9), we arrive at (11), that leads to the desired conclusion that x* is an
optimal solution of (P).

(c)—(e): The proofs using (c)—(e) are similar to those of parts (a) and (b).

(f): Since p(x, x*) > 0, (4) and (5) yield

1
(VL(x*, u*, v*, w*, \*) + ZVZL(x*, u*, v*, wh, A n(x, X))
1 _
+7 (@ VLGOS, w0t wh A2 = 0= —p(x, 29100, 297
which in view of our (¢, 1, p, 0, m)-pseudosonvexity assumption implies that

G(L(x,u*, v*, w*, N — L(x*, u*, v*, w*, X)) > 0.

But ¢(a) > 0 = a > 0 and hence we have
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L(x,u™, v, w*, \*) > L(x™, u*, v*, w*, \").

Because x, x* € F, v* > 0, and (2) and (3) hold, the right-hand side of the above
inequality is equal to zero, and so we get

)4
> Uil = XNgi(0)] = 0,

i=1

thatis, (11). Based on the proof of part (a), we conclude that x* is an optimal solution
of (P). O

In Theorem 2.6, separate (¢, 1, p, €, m)-sonvexity assumptions were imposed on
the functions f; and —g;, i € p. It seems to establish a wide range of additional
sufficient optimality results in which various generalized (¢, 1, p, 6, m)-sonvexity
constraints are placed on certain combinations of these functions. Next, we examine
a series of sufficiency theorems in which appropriate generalized (¢, 1, p, 0, m)-
sonvexity assumptions are imposed on the functions involved.

Theorem 2.7 Let x* € F, let \* = o(x*) > 0, and assume that the functions
fis gi, 1 € p, be twice continuously differentiable at x*, for each j € q, let the
function z —>_Gj(z, t) be twice continuously differentiable at x* for all t € T}, and
for each k € r, let the function z — Hy(z, s) be twice continuously differentiable at
x*foralls € S, j € q, k € r and let us assume that for each critical direction z7*,
there exist u* € U and, integers vy and v with 0 < vy < v < n + 1 such that there
are vy indices j, with 1 < j,, < q together with vy points t" € f", (x*), m € vy for
m € vy, v — vy indices k,, with 1 < k,, < r together with v — v points s" G_Skm
Jorm € v\ vy, and v real numbers v* € RY form e v and w,, # 0 form € v\ vy
such that

14 Y
Do wilVAET) = NVg (O] + D va VG, (x*, ")
i=1 m=1
+ D waVH, (", s") =0, (13)
m=vy+1

14 0]
([ DDl = NV O+ D 0 VA6, (6 1)
i=1 m=1

+ D wa VP H, (s ) 2 0, (14)

m=vy+1

wilfi(x) = A gi(x)] =0, 15)
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v, G, (x*,t") =0, m € v,

w, VH, (x*,s™) >0 forallm e v\ v. (16)

m

Assume, further that any one of the following six sets of conditions holds:

(@ (i) foreachi € Iy = I, (), fis (q_S,_n, p, 0, m)-pseudosonvex and —g; is
(¢, n, p, 6, m)-pesudosonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a >
0;
(ii) the function z — G, (z,t"™) is (g?)m, 1, Pm, 0, M)-quasisonvex at x*, qgm is
increasing, and qgm (0) = 0 for each m € vyg;
(iii) the function z — Hi, (z, s™) is (¢V>m, 7, Pm, 0, M)-quasisonvex at x*, ¢V>m is
increasing, and qvﬁm (0) =0foreachm € v\ w;
1Av) p*(x, x*) + D00 vk Dy (x, x*) + Z,’;:DOH Wk P (x, x*) > Oforallx €,
where p*(x, x*) = Zieh wfpi(x, x*) + Npi(x, x*)];
(b) (i) for each i € I, fis (¢,7,p, 0, m)-pseudosonvex and —g; is (é,m, p,
0, m)-pseudosonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is (QAS, 1, p, 0, m)-quasisonvex at x*, QAS is
increasing, and QAﬁ(O) = 0 for each m € vy;
(iii) the function z — Hi, (z,s™) is (qvﬁm, 17, Pm, 0, M)-quasisonvex at x*, qvﬁm is
increasing, and (Em (0) =0foreachm € v \ w;
(V) p* (e, x*) 4+ PO, x*) 4+ 200 1y Pm(x, x*) > O forall x € T
(¢) () foreachi € I, f;is ((/3,_77, p, 0, m)-pseudosonvex and —g; is (é,m, p, 0,
m)-pseudosonvex at x*, ¢ is superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t™) is (ém, 1, Pm, 0, M)-quasisonvex at x*, q@m is
increasing, and (ﬁm (0) = 0 for each m € vy;
(iii) the function z — v} Hy, (z,s™) is (J), 1, p, 0, m)-quasisonvex at x*, J) is
increasing, and (E(O) = 0 foreachm € v \ vy;
Av) plox, x*) + D00 vk py(x, x*) + px, x*) > 0 forall x € F;
(d) (i) for each i € I, f; is (|barg,n, p, 0, m)-pseudosonvex and —g; is
(¢, n, p, 0, m)-pseudosonvex at x*, ¢ is superlinear, and ¢(a) > 0 =
a > 0;
(ii) the function z — G, (z,t") is ((5, 1, p, 0, m)-quasisonvex at x*, dg is
increasing, and QAS(O) = 0 for each m € vy;
(iii) the function z — Hj, (z,s™) is ((;vS, 1, p, 0, m)-quasisonvex at x*, gZ; is
increasing, and (;VS(O) = 0 foreachm € v \ vy;
1v) p*(x, x*) + plx, x*) + p(x, x*) > 0 forall x € F;
(e) (i) & — E(&, u*, \*) is (¢, n, p, 0, m)-pseudosonvex at x*, and ) > 0 =
a=0;
(ii) é_) G, v*, w*)is ((;3, n, p, 0, m)-quasisonvex at x*, qASis increasing, and
#»(0) =0;
(i) p(x, x*) + p(x, x*) > O forall x € F.

Then x* is an optimal solution of (P).
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Proof (a): Based on (ii) and (iii), applying (12), (13) and (iv), we have

<Z uf [V fi(e") = A"V (D] + o D iV f(x) = NV g (x )]z, (. x*)>
i=1 i=1
p
" 211<Z*’ ; w1V i) = X'V, ()]z)
= > V6,6 + % P A IR )

m=1 m=1

1 &
+Z<z*, PIALIRENOEY
m=1

1z 1 14
+< > wy, V Hy, (7, 5") + 4 > w:;Vszm(x*,sm)z*,n(x,x*))

m=vy+1 m=vy+1

1 v
7 2wV H, )]
m=vy+1

vy v

(D vnfne 2+ D wy pn (e, xINOC, 2)”

m=1 m=vy+1

—p(x, x*)|0Cx, x*)||™.

v

v

This implies using (i) that
Jilx™) = XNgi(x*) = 0,

which means x* is an optimal solution to (P). On the other hand, the proofs using
(b)—(e) are similar to that of (a). O

Theorem 2.8 Let x* € F, let \* = @o(x*) > 0, and assume that the functions
fi, gi, 1 € p, be twice continuously differentiable at x*, for each j € q, let the
function z —>_G_,- (z, 1) be twice continuously differentiable at x* for all t € T;, and
foreach k € r, let the function z — H(z, s) be twice continuously differentiable at
x* foralls € S, j € q, k € r and let us assume that for each critical direction z7*,
there exist u* € U and, integers vy and v with 0 < vy < v < n + 1 such that there
are vy indices j, with 1 < j,, < q together with vy points t"" € YA"] (x*), m € vy for
m € vy, v — 1 indices ky, with 1 < k,, < r together with v — 1 points s™ € Sy, for
m € v \ v, and v real numbers v* € R% form € vy such that

P o
D wilV i) = AN Vg )]+ D va VG, (x*, 1)

i=1 m=1

+ Z wa VH, (x*,s™) =0, (17)

m
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P
([ Dol A = X V2] +vav26,,,,(x ")
i=1 m=1
+ > meZHkm(x*,sm)}z*)zo, (18)
m=vy+1
WA = Mg (] =0, (19)

v, G, (x*,t") =0, m € v,

wy, VH, (x*,s™) >0 forallm e v\ v. (20)

Assume, furthermore, that any one of the following five sets of hypotheses is satisfied:

(@) (i) foreachi € I, = I (u*), f;is prestrictly (&, n, p, 0, m)-quasisonvex and
—g; is prestrictly (¢, n, p, 0, m)-quasisonvex at x*, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z, ™) is (@m, 1, Pm, 0, M)-quasisonvex at x*, (ﬁm is
increasing, and qASm (0) =0 foreachm € vp;
(iii) the function z — Hy, (z, s™) is (qu, 1, Pm, 0, M)-quasisonvex at x*, J)m is
increasing, and ggm (0) =0 foreachm € v\ vp;
(Av) plo, x*) + D00 vk p (x, x*) + Z::l:Vo+l W P (x, x*) > O forall x € F;
(b) (i) foreachi € Iy, f; is prestrictly (&, m, p, 0, m)-quasisonvex and —g; is
prestrictly (¢, n, p, 8, m)-quasisonvex at x*, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is ((13, 1, p, 0, m)-quasisonvex at x*, QAS is
increasing, and Q;(O) = 0 for each m € vy;
(iii) the function z — H; (z,s™) is (qu, 7, Pm, 0, M)-quasisonvex at x*, qu is

m

increasing, and (bm (0) =0foreachm € v \ w;
(iv) plx, x*) + p(x, x*) + Z,’;:DOH w P (x, x*) > 0 forall x € F;

(c) (i) foreachi € I, f; is prestrictly (¢, n, ,6, ¢, m)-quasisonvex and —g; is
prestrictly (¢, n, p, 0, i)- quas1s0nvex at x*, and ¢(a) > 0 = a > 0;
(ii) the functionz — G, (z,t") is (ngm, 7, Pms 0 m)-quasisonvex at x* (bm is
increasing, and (bm (0) = 0 for each m € vy;

v

(iii) the function z — Hy,(z,s™) is (d) 1, p, 0, m)-quasisonvex at x*, ¢ is
increasing, and qS(O) =0foreachm € v\ vp;
Av) plox, x*) + D00 vk f (x, x*) 4+ plx, x*) > 0 forall x € F;
(d) (i) foreachi € I, f; is prestrictly (g{), 1, p, 0, m)-quasisonvex and —g; is
prestrictly (é, 1, p, 0, m)-quasisonvex at x*, and (;_S(a) >0=a>0;
(ii) the function z — G, (z,t") is (qAS, 1, p, 0, m)-quasisonvex at x*, (5 is

increasing, and qAS(O) = (0 foreachm € Vo5
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v

(iii) the function z — Hy, (z,s™) is ((5, 1, p, 0, m)-quasisonvex at x*, ¢ is
increasing, and ¢(0) = 0 foreach m € v\ vy;
(iv) p(x, x*) + p(x, x*) + p(x, x*) > 0 forall x € F,;

(e) (1) & — E(&, u*, \*)isprestrictly (&, 7, p, 8, m)-quasisonvex at x*, and bla) >
0=a=>0;

(i) &€ — G(& v*, v") is (gi;, n, p, 0, m)-quasisonvex at x*, ngS is increasing, and
¢(0) =0;
(iii) p(x, x*) + p(x, x*) > O forall x € F.

Then x* is an optimal solution of (P).

Proof Let x be an arbitrary feasible solution of (P).
(a): In view of our assumptions specified in (ii) and (iii), (16) and (17) remain
valid for the present case. From (16)—(19), and (iv) we deduce that

P

<Zu[Vﬁ<x)—A*Vg,<x W DIV ) = XV e e, 1))
i=1 i=1
P

e v ) - Vo)

i=1

>—[[ > uveLen Zv V3G, (7, M) (1)

m=1yy

vy

< S0 viG, o '”)z>

m=1

v 1 v
(D0 W VHL G+ g D WV (s e x))

m=vy+1 m=vy+1

1 v )
Z<Z*’ > wpv Hkm(x*,s’")z*”
m=vy+1

[Z Gnex )+ D Wi x”) I8 X1 by (10) and (1)
m=vy+1
> —p(x, x) 00, x| (by (iv),
which in view of (i) implies that
q_S(E(x, ut, NN — ExF,ut, )\*)) > 0.

It follows using the properties of the function ¢ that
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where the equality follows from (19). Now based on the proof of Theorem?2.6, we
conclude that x* is an optimal solution to (P).
(b)—(e) : The proofs are similar to that of part (a). O

Theorem 2.9 Let x* € F, let \* = o(x*) > 0, and assume that the functions
fi» gi, I € p, be twice continuously differentiable at x*, for each j € q, let the
function z -~ G j(z, t) be twice continuously differentiable at x* for all t € T;, and
foreach k € r, let the function z — Hy(z, s) be twice continuously differentiable at
x* foralls € Sy, j € q, k € r and let us assume that for each critical direction z*,
there exist u* € U and, integers vy and v with 0 < vy < v < n + 1 such that there
are vy indices j, with 1 < j,, < q together with vy points t" € fjm (x*), m € v for
m € vy, Vv — 1 indices ky, with 1 < k,, < r together with v — v points s™ € Sy, for

m € v\ v, and v real numbers v* € R form € vy such that

P 0]
D wlVAE) = NV )+ D wa VG, (x*, 1)
i=1 m=1
+ D v VH, (x*,s") =0, Q21
m=vy+1

P 0]
([ DDl = NV O]+ D 0 VA6, (6 1)
i=1

m=1

D WV HL (s 2 0, 22)

m=vy+1

ui [fi(x®) = XN gi(x*)] = 0, (23)
v, G, (x*,t") =0, m e v,

w, VH, (x*,s™) >0 forallm e v\ v. (24)

Assume, furthermore, that any one of the following five sets of hypotheses is
satisfied:

(@) (i) foreachi € I, = I;(u"), f;is prestrictly (&, n, p, 0, m)-quasisonvex and
—g; is prestrictly (¢, 1, p, 0, m)-quasisonvex at x*, ¢(a) > 0= a > 0;
(ii) the function z — G, (z, ") is strictly (q@m, 1, Pm, 6, m)-pseudosonvex at
x*, qASm is increasing, and (;Aﬁm (0) =0 for each m € Y5
(z,s™) is (qvbm, 1, Pm, 0, M)-quasisonvex at x*, ém
is increasing, and ggm (0) =0foreachm € v\ w;
(V) PO, x™) + 20 v o (6, %) + D00 Wi o (x, xF) > 0 for all x € T

m=1

(iii) the function z — v}, Hy

m
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(b) (i) foreachi € Iy, f; is prestrictly (&, n, p, 0, i)-quasisonvex and —g; is
prestrictly (¢, 0, p, 8, m)-quasisonvex at x*, ¢ is superlinear, and ¢(a) >
0=a=>0; R

(ii) the function z — G, (z, ™) is strictly (¢, n, p, 6, m)-pseudosonvex at
, ¢ is increasing, and ¢(0) = 0 for each m € Vo5

v

(111) the function z — v} Hy,, (z, s™) is (¢m, 1, Pm, 0, M)-quasisonvex at x*, ¢,,
is increasing, and gbm (0) =0foreachm € v\ w;

(iv) px, x*) + plx, x*) 4+ 20, o Wi pm(x, x) > 0 for all x € F;

(c) (i) foreachi e I, f; is prestrictly (¢, 7, p, ¢, m)-quasisonvex and —g; is
prestrictly (¢, 1, p, 0, i)-quasisonvex at x*, ¢ is superlinear, and ¢(a) >
0=a=>0;

(ii) the function z — G, (z, ") is (<;A§m, 1, Pm, 0, M)-quasisonvex at x*, qgm is
increasing, and (im (0) = 0 for each m € vy;
(iii) the function z — Hj, (z, s™) is strictly (qVSm, 1, Pm, 0, m)-pseudosonvex at
x* gZ;m is increasing, and me (0) =0 foreachm € v\ vy;
Av) P, x*) + D00 vk P (X, X*) + D0 ot W P (0, x*) > 0forall x € F;

(d) (i) for each i € I, f; is prestrictly (¢, 7, p, ¢, m)-quasisonvex and —g; is
prestrictly (¢, n, p, 0, i)- qua51sonvex at x*, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is (qS, 7, P, 0, n)-quasisonvex at x*, quS is
increasing, and ¢A>(O) = (0 foreachm € Vo5
(iii) the function z — Hk (z, s™) is strictly ((b 7, p, 0, m)-pseudosonvex at x*,
¢ is increasing, and gb(O) = 0 foreachm € v\ vy;
(iv) PO, x*) + 20 vr ple, x*) 4+ 300wy plx, x%) = 0 forall x € T

(e) (i) & — E(&, u*, \*)isprestrictly (¢, 1, p, 0, iir)-quasisonvex at x*, and ¢(a) >
0=a=>0;
(i) & — G(&, v*, v*)isstrictly (¢A>, 1, p, 0, m)-pseudosonvex at x*, qAﬁis increas-
ing, and g?)(O) =0;
(iii) the function z — Hy,(z,s™) is (QS 1, p, 0, m)-quasisonvex at x* gZ; is

increasing, and qS(O) = 0 foreachm € v \ vy;
(i) p(x, x*) + p(x, x*) + p(x, x*) > 0 forall x € F.

Then x* is an optimal solution of (P).

Proof The proof is similar to that of Theorem2.6 with suitable adjustments to
involved constraints. U

Finally, we present the following variant of Theorem 2.6, while its proof is almost
identical to that of Theorem 2.6 and hence omitted.

Theorem 2.10 Let x* € T, let \* = o(x*) > 0, and assume that the functions
fis gi, i € p, be twice continuously differentiable at x*, for each j € g, let the
function z — G(z, t) be twice continuously differentiable at x* for all t € T;, and
foreachk €r, let the function 7 — H(z, s) be twice continuously dlﬁ‘erentlable at
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x* foralls € Sy, j € q, k € r and let us assume that for each critical direction z*,
there exist u* € U and, integers vy and v with 0 < vy < v < n + 1 such that there
are vy indices j,, with 1 < j,, < q together with v points t"" € fj (x*), m € vy for
m € vy, v — 1y indices ky, with 1 < k,, < r together with v — v points s™ € Sy, for
m € v \ v, and v real numbers v* € RY form € vy such that

14 0]

(D wlV ") = XVgaHI+ D 0a VG, (67,1
i=1 m=1

+ > waVH, (", 5™, n(x,x*)> >0Vx e, (25)
m=vy+1

WV f,(x%) = XV (x)] + D va VG, (5%, 1)

i=l1 m=1

A
~N
*
e,
'Mw

D WV HL (s 2 0, (26)

m

m=vy+1

ui[fi(x*) = XNg;i(x™)] =0, (27)

VLG (") =0, m e v,

w,, VH, (x*,s™) >0 forallm e v\ . (28)

Furthermore, assume that any one of the six sets of conditions specified in Theo-
rem 2.6 is satisfied. Then x* is an optimal solution of (P).

Proof The proof is similar to that of Theorem 2.6 with some appropriate manipula-
tions. (]

In this section, we made some observations and remarks on the results and appli-
cations for the future research and applications in the interdisciplinary sense.

4 General Remarks

There exists an enormous amount of investigations on discrete minmax fractional
programming problems ranging from generalized invexities to generalized univexi-
ties, notably the recent work of Zalmai [3], while we have established a set of higher
order parametric necessary optimality conditions and numerous sets of second-order
sufficient criteria to the context of a semi-infinite discrete minmax fractional program-
ming problem using a variety of generalized (¢, 7, p, 6, m)-sonvexity constraints.
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Note that the field of semi-infinite discrete minmax fractional programming is still
developing, the obtained results have a greater potential for applications to higher
order generalized univexity in general semi-infinite discrete minmax fractional pro-
gramming.

We further remark that the results presented in this chapter can be further applied
in generalizing by using the some new upgrades for definitions of certain classes of
generalized sonvexities of functions of higher orders as follows. Let x* € X and
assume that the function f : X — R is twice differentiable at x*.

Definition 2.11 The function f is said to be (strictly) (¢, n, C, p, 8, m)-sonvex at x*
if there exist functions ¢ : R - R, n,(: X x X - R", p: X x X — R, and
0: X x X — R", and a positive integer m such that for each x € X (x # x*) and
z e R,

1
O(fx) = M) (>) = (Vf(x™) + ZVZf(x*)z, n(x, x*))

1 _
70,27, V2 £ ()2 + plx, x) 100, x|
The function f is said to be (strictly) (¢, 1, C, p, 8, m)-sonvex on X if it is (strictly)
(6,1, ¢, p, 8, m)-sonvex at each x* € X.

Definition 2.12 The function f is said to be (strictly) (¢,n,(, p, 0, m)-
pseudosonvex at x* if there exist functions p : R - R, 1, (: X x X - R", p:
X xX — R,yand 6 : X x X — R”, and a positive integer m such that for each
xeX (x A#x*)and z € R,

1
(V") + ZVZf(X*)z, nx, x*))

1 ~
+Z(C(x,X*), VZ(x*)2) = —ple, )0, 2™ = (f(0) = F&)(>) =0,

equivalently,

1
P(fx) — FX)() < 0= (V™) + sz.f(x*)z, n(x, x*))

1 -
+7 (2, V2F(xM)z) < —plx, x*)10(x, x*)||™.

The function f is said to be (strictly) (¢, 1, C, p, 8, m)-pseudosonvex on X if it is
(strictly) (¢, n, C, p, 0, m)-pseudosonvex at each x* € X.

Definition 2.13 The function f is said to be (prestrictly) (¢,n,C, p, 0, m)-
quasisonvex at x* if there exist functions ¢ : R — R, n,(,: X x X - R", p:
XxX — R,yand 6 : X x X — R”, and a positive integer m such that for each
x € X and z € R”",
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1
(L) = FOHN(<) <0 = (Vf(x")+ szf(x*)z, n(x, x%))

+—(Clx, x*), V2 F(x*)z) < —p(x, x)10Cx, x|,

Bl—

equivalently
1
(Vf(x*) + ZVZf(x*)z, n(x, x%))

+-(C(x, x), V2 F(X)2) > —p(x, x)0(x, x)|" = ¢(f (x) — f(x*)) (=) > 0.

Bl—=
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