Chapter 2
Reverse Order Law

The problem of finding the generalized inverse of a product of matrices led to the
investigation of the so-called “reverse order law”. The reverse order law for many
types of generalized inverses has been the subject of intensive research over the years.
In the 1960s, Greville was the first to study it by considering the reverse order law
for the Moore-Penrose inverse and gave a necessary and sufficient condition for the
reverse order law

(AB)" = BT AT, 2.1)

to hold for matrices A and B. This was followed by further research on this subject
branching in several directions:

e Products with more than two matrices were considered;
e Different classes of generalized inverses were studied;
e Different settings were considered (operator algebras, C*-algebras, rings etc.)

Over the years this topic has been the subject of interest in various investiga-
tions. In this chapter we will set as our primary goal a chronological and systematic
presentation, thus taking into account both the time of publication and the level of
generalization, of all the published results covering this topic and to point to some
problems that are still open and the difficulties that one is faced with when attempt-
ing to solve them. Such an approach is intended to give the reader a clear picture of
the current status of the research concerning this topic and also some guidelines for
future research that they might be interested in doing.

We will discuss the reverse order laws for K-inverses when K € {{1}, {1, 2},
{1,3}, {1, 2, 3}, {1, 3, 4}} and present all recently published results on this subject as
well as some simple examples and open problems.

When we are talking about the reverse order law for the K-inverse, where K C
{1, 2,3, 4}, we are actually considering the following inclusions:
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BK - AK C (AB)K,
(AB)K C BK - AK,
(AB)K = BK - AK.

The reverse order law problem for each of the above mentioned types of gen-
eralized inverses will receive special attention, and we will describe necessary and
sufficient conditions in various settings such as that of matrices, algebras of bounded
linear operators, C*-algebras and, when possible, in general rings. Beside presenting
to the reader some results that have large application, primarily in solving different
types of matrix and operator equations, they will have the opportunity to familiarize
themselves with the techniques that are used to generalize results obtained in the
case of matrices to more general settings such as those of algebras of bounded linear
operators, C*-algebras or rings.

2.1 Reverse Order Laws for {1}-Inverses

In this section, we address the question of when the reverse order laws for {1}-inverses
is valid. It is interesting that although the reverse order law has been considered for
many types of generalized inverses and from various aspects too, there are only a
few papers which are concerned with this problem for the {1}-inverse.

In his article, Rao [1] proves that if A and B are complex matrices such that AB
is defined, and if either A is of full column rank or B is of full row rank, then

B{1}A{1} < (AB){1}. 2.2)

After this, Pringle and Rayner [2], state incorrectly that any of the two conditions
from the Rao’s result (i.e., if A is of full column rank or B is of full row rank) imply
that

(AB){1} = B{1}A{l} (2.3)

which is noted in 1994 by Werner [3], who gives a simple counterexample to this
assertion and proves that for given matrices A and B of appropriate sizes, (2.2) holds
if and only if

N (A) € Z(B) or Z(B) S A (A),

where 4 (A) and Z(B) are the null space of A and the range of B, respectively.
It can easily be seen that Werner’s proof, when suitably modified, carries over to
operators on Hilbert spaces.

Theorem 2.1 Let A € B(H, *) and B € B(L, ) be regular operators such
that the product AB is also regular. Then B{1}A{1} C (AB){1} if and only if



2.1 Reverse Order Laws for {1}-Inverses 13
N (A) C Z(B) or AB = 0. (2.4)

Also he proves that (2.3) holds in particular in each of the following cases:

(i) A and B are both of full column rank
(i1) A and B are both of full row rank
(iii) A is nonsingular and/or B is nonsingular

but in general, the more difficult problem of finding equivalent descriptions of the
condition (2.3) still remains open. The next paper on this topic was by M. Wei [4]
where, using P-SVD of matrices A and B, some equivalents of (2.2) are derived
and compared with the conditions given by Werner and finally certain necessary and
sufficient conditions for (2.3) to hold are given.

Theorem 2.2 ([4]) Let A € C™" and B € C"*?. The following conditions are
equivalent:
1) (AB){1} = B{1}A{l1}
(i1) One of the following conditions hold:
(a) 1(AB) =0, n > min{m +1(B), p +1(A)},
(b) r(A) +r(B) —r(AB) =nand (r(A) = m orr(B) = p)

(iii) One of the following conditions hold:

(@) Z(B) € A (A), n > min{m +r(B), p +r(A)},
(b) A (A) C Z(B) and (r(A) = m orr(B) = p).

Let us now take a look at the following few examples.

Example 2.1 Tfm = nand A = I, then forany B € C"*? we have (AB){1} = B{1}
and A{1} = {I}, so (AB){1} = B{l1}A{1}, which can also be concluded from
Theorem 2.2,(iii)b.

Example 2.2 Let A = |:8 ii| and B = [(1) 8] Then evidently AB = 0 and from

Theorem 2.1 (or using the fact that (AB){1} = C>*?) we have that B{I1}A{l} C
(AB){1}. On the other hand, since

A{l}:“:a1 @ i|:a1,a2,a3e(C}

as 1— as
and
o,
B{l} = H:bz b2i| : b],bz,b_?, € (C] y
we can check that |:(1) _01 ] € (AB){1} can not be written as a product BV AM for

some AV € A{1} and BV € B{1}. This means that (AB){1} # B{1}A{1} which
can be checked also using Theorem 2.2.
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Also, the inclusion (2.2) in the case of the product of more than two matrices was
considered by M. Wei [4] by applying the multiple product singular value decompo-
sition.

Theorem 2.3 ([5]) Let A; € C™*mivt | =1, n, n > 3. The following conditions
are equivalent:

(1) An{l} : Anfl{l} e Al{l} c (AIAZ to An){l}
(i1) One of the following conditions hold:

(@) r(A;---A,) =0
(b) r(Ay---A) +r(Ajp1) —1(A1---Ajp) =mi, i =1,n—1

(iii) One of the following conditions hold:

(@) Z(Ajz1---A) S AN (Ay---A)), forsomei e{l,...,n— 1}
(b)y N(A---A) CSHAip1),i=1,n—1

Recently, the previous result was generalized by Nikolov-Radenkovi¢ [6] for bounded
linear operators on Hilbert spaces. We will give a proof of this result.

Theorem 2.4 ([6]) Let A; € B(Hiy\, H), i = 1,n, be such that A;, i = 1,n
and A1Ay---Aj, ] = 2,n, are regular operators. The following conditions are
equivalent:

D A1} Api {1} - Ar{l} © (A1 Ag -+~ A (L) .
(i1)) AjA,---A, :OOFJV(A] "'Aj—l) - %(Aj),forj =2,n
(i) AjAz--- Ay = 0o0r A{1} - Aga{1)--- Ar{1} © (A1 Ay -+~ AD{1), for k =
2,n.

Proof (i1) = (i) : If AjA,--- A, = 0, it is evident that (iii) holds. Suppose that
A1Ay--- A, #0and

N (A Aj_) SR(A)), for j =2,n. (2.5)

We will prove by induction on k that
A1} A {1} - - Ay{1} © (A1 Ay - - Ap {1} (2.6)
holds for k = 2, n. From (2.5) it follows that .4 (A;) € Z(A,) which by (2.4)
implies that (2.6) holds for k = 2. Suppose that (2.6) holds for k = [ — 1, where

le{2,3,...,n},ie,

A {1} - Ao {1} - - A{1) C (A1 Az - - AT 2.7
We prove that it must also hold for k = /. Since (2.5) holds for j = [, by (2.4) we

have
A{l} - (A1Ay - A_D{1} C (A1Ay - Al ADLTY, (2.8)
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which by (2.7) implies that (2.6) holds for k = [. Hence, by induction it follows that
(2.6) holds for k =2, n.

(iii) = (i) : This is evident.

(i) = (ii) : Suppose that A1A; --- A, # 0 and that n > 2 since the assertion in the
case n = 2 follows by Theorem 2.1. Let j € {3,4,...,n}andi € {1,2,...,j — 2}
be arbitrary. Then for arbitrary Afl) € A;{1} and AEI) € A;{1}, we have that

<A<”+<uﬂ. —A“>A )X> A(” ~A§”A1~-~An b, '

holds for every X € Z(, #11) and every Y € (11, 7). Substituting
X =0in(2.9), we get

AyA A Al AL (A Y (L = A AT AL - A AT (2.10)
AV ADA A, = A A, )
Subtracting (2.10) from (2.9), we get that

Af‘jl(lﬂﬂ - A‘”A )XA(') -Aﬁ“A1 - -~An =0.
Substituting ¥ = 0 in (2.11), we get
ArAy - A AL AL AT AT AT (o, — ATV ADX (2.12)
Al(yl...Agl)Al...Anzo, .
Finally, from (2.12) and (2.11), we get that
AAy - A AN A Y Ly — A AT)AY AT o)
L, — AV ANXAD, . APA .4, =0
holds for arbitrary X € #(J4, Hi11) and Y € B(H 41, 76).
Now, it follows that either
AAy - AAD AN =0 (2.14)
or
(Lg, — A;AN AL AL (Lo, — AV A) =0 (2.15)
or

AV L APA A, =0 (2.16)
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It is easy to see that (2.14) and (2.16) imply A A, - - - A, = 0 which is not the case,
s0 (2.15) must hold. Hence, for arbitrary j € {3,4,...,n}andi € {1,2, ..., j—2},
we have that

(L, — AJA ALY A AP A = (L, — A;AD ALY AT 217)
Let j € {2,3, ..., n}, be arbitrary. Then by (i) it follows that

AAy-- A AL - A

(AP + YLy, — A;A DAY + (L, — AP A, X). (2.18)
A;Bz"‘Asl)Al"'An = A A,

holds for arbitrary X € (-1, 7¢;) and Y € HB(H;, 7 1). Analogously to the
previous part of the proof, we get that for arbitrary j € {2, 3, ..., n}

(I, — A; A Ly, — ASD A2 = 0. (2.19)
Taking j = 2 in (2.19), we conclude that
N (A1) € Z(Ar). (2.20)
Now, choose arbitrary j € {3,4, ..., n}. Using (2.17) and (2.19), we have

AV =AY AVAD A A A A

2.21)
(1) (1) 4 (1)
— 71— AY, .-.A2 AVA A Ay A,
which implies that A4 (AjAy -+ Aj_1) € Z(A)). O
In [7] some necessary and sufficient conditions are given under which, in the matrix
case, for some (AB)V e (AB){1} satisfying some special conditions there exist
AD e A{1} and BY e B{1} such that (AB)(V = B AD:

Theorem 2.5 ([7]) Let A € C™*" and B € C"*? and let (AB)"V € (AB){1} be
arbitrarily given, and let

t((AB)V) = dim (Z((AB)Y) N A (B)) and
v((AB)D) = dim (Z([(AB)V]*) N A (A%)).
Then (AB)Y) € B{1}A{1} if and only if:

r((AB)") —t((AB)V) —v((AB)) > 1(A) 4+ r(B) — n.
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The reverse order law
(AB){1} € B{1}A{1} (2.22)

in the setting of matrices was completely solved in 1998 in [8], where using P-SVD
of matrices A and B it was proved that (2.22) holds if and only if

dim 4/ (A) — dim (4 (A) N Z(B)) > min {dim 4 (A*), dim .4 (B)} .

In [9], some other necessary and sufficient conditions for (2.22) to hold were pre-
sented without using SVD or P-SVD of matrices A and B, potentially allowing for
our purely algebraic proof to be generalized to more general settings:

Theorem 2.6 Let A € C"*" and B € C"*P. The following conditions are equiva-
lent:

(i) (AB){1} C B{1}A{l},
(ii) r(A) +r1(B) —n < 1(AB) — min{m — r(A), p — r(B)}.

Proof Since (i) is equivalent with
(B*A"{1} € A*{1}B*{1}, (2.23)
without loss of generality we can suppose throughout the proof that
min{m — r(A), p —r(B)} = m — r(A). (2.24)

Indeed, if this is not the case we can have (2.24) by simply replacing A with B* and
B with A*, given that m — r(A) = dim .4 (A*) and p — r(B) = dim ./ (B). Now,
assuming (2.24), we need to prove that (i) is equivalent withm —r(AB) < n —r(B).

Evidently, (i) is equivalent with the fact that for any (AB)D e (AB){1} there
exist AV € A{1} and B!V € B{1} such that

(AB)(I) = BMAD.

Using Lemma 1.1 from [9] (or the more general version of it—Lemma 3.5) as
well as appropriate notations used therein, (i) is equivalent with the fact that for
any (A1B)"" € (A1B)(1}, Zy € B(N (A*), Z#(BY)), Zs € B(Z(A), N (B))
and Z, € BN (A*), A (B)) there exist matrices Y, € B(N (B*), Z(B*)),

Ys € B(R#(B), V¥ (B)) and Yy € B(N (B*), #/(B)) and X = |:X1 X

X3 X4
H(A Z(B o
|:</VEA2)i| — [JVEB’E)} satisfying

A1 X1+ A2 X3 = Iz, (2.25)

such that
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[(AiB)D Z ] =[B]' 1L ] X (2.26)
[Z3 Z4 ] =[Ys V4] X. (2.27)

In general for fixed Y, the Eq.(2.26) is solvable for X and we have that the set of
solutions is given by

S= [ [BO‘] [(ABHD Z,] + (1— [%1][3;‘ Yz])W:

W IS Cnxm]

(2.28)
_ [ [31(A1B1)(1) — BiYL2Ws B1Z, — B1Y2W4} .

Ws Wy
Wi Wy | | Z(A) | | Z(B)
Wi Wa | | A (A%) N(BY) | ]

given that obviously |:l(?)l ] € [Bfl Yz] {l}

Thus (i) is equivalent with the existence of at least one X € S N A{1} for which the
Eq.(2.27) is solvable for [ Y3 Y4 ]. The solvability of Eq.(2.27) is equivalent with

[Z5 Zs](1 = xVX) =0, (2.29)

for some (any) XV e X{1}.
Hence (i) is equivalent with the existence of X € SN A{1} for which (2.29) holds.
Write X = [ K| K |, where

K, — [Bl(AlBl)(D _ B]Y2W3:| and Ky — [Blz2 - BIY2W41|'
W; Wy

Using Lemma 2.3 [10], we have that one inner inverse of X is given by X =
K" — K"K, TV Ry,
TDOR e
is equivalent with

}, where T = Ry, K, and Rx, = I — K, K" . Thus (2.29)

(Zy — Zs KV K)(I —TOT) =0, Z3(1 — K"K}) =0, (2.30)

for some TV e T{1}.

(i) = (ii): Taking (A;B))" = (A, B)), Z, = 0, Z3 = 0 and a left invertible Z,
(such Z4 exists since dim .4 (A*) < dim .4'(B)), by (2.30) we get that 7 must be
left invertible. Since T = P{A,(KIK{I)),%(K])KZ, we get that A4 (T) = {0} if and only
if A/ (K>) = {0} and Z(K;) N Z(K,) = {0}. The first condition, .4 (K;) = {0}
is satisfied if and only if 4" (W,) = {0}, which is possible only if dim .4/ (A*) <
dim .4 (B*). The second condition Z(K,) N Z(K>) = {0} (in the case when K|
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and K, are left invertible) is equivalent with .4/ (X) = {0}, i.e.,
A ([Bi(AB)TO])nA ([Ws Wa]) = {0} (2.31)

Thus .4 ((A1B))") N A (W3) = {0}, so the condition (2.31) is equivalent with
%(W3 |</V((AIB])%))0%(W4) = {0},WhICh is possible only when dim JV((A]B[)U-F
dim A (A*) < dim .4 (B*). Since dim .4 ((A; B;)") = r(A) — r(AB), we get that
m—r1(AB) <n—r1(B).

(i) = (i): Suppose (A B)V € (A B){1}, Z, € B(N (A*), Z(B*)), Z3 €
B(KH(A), N (B))and Zy € B(N (A*), A (B)) are given. We will show that there
exists a left-invertible matrix X € S N A{1}. Let Y = (A;B))V A, and W5 = X},
X . Z(B*)
x; | H(A) — N (B)

Theorem 2.7 from [11], we will show that there is some W, such that

where :| is an arbitrary right inverse of [Al Ay ] Using

(2.32)

X = Bi(A;B)Y B, Z,
o W3 Wy

is left invertible. It is easy to check that the first column of X" is left-invertible. Thus
it remains to check the inequality

n(Xo) < d(Ws) +dim (Z(W5) N Z((B1(A1B)"D)Y* |y, zey)  (2:33)

where X =

Bi1Z> Bi(A BV
0 W; ’

Note that

n(Xg) = n(Wy) + n((Bi (A BD)™)* |y s,2)
+ dim (Z(W5) N Z((B1 (A1 B |y (8,220))

and since n(Xo) = m — n + n(Xy), that (2.33) is equivalent with
m —n+n((Bi(A1B)")* |y s 2,) < 0. (2.34)

Asn((B1(A;B)")*) <r(B) —1(AB) andr(B) —r(AB) —n +m < 0, we get that
(2.34) holds for any (A;B;)" € (A;B)){1} and any Z, € B(N (A*), Z(B*)).

Now by Theorem 2.7 from [11] there is some W, such that X’ given by (2.32) is left
invertible. It is easy to see that

X — Bi(A1B)" — BiY,Ws  BiZ, — BiY,W,
- Ws Wy

is left invertible as well. O
Let us take a look at the following examples.
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Example 2.3 We will show that in the case when (ii) of Theorem 2.6 is not satisfied,
which means that (AB){1} ¢ B{1}A{1}, we can find a general form of the inner
inverses of AB, (AB)(" for which there does not exist AV and B such that

(AB)D = BWAD Let A = |:(1) 8] and B = |:(1) 8] Then evidently AB = 0 and

consequently (AB){1} = C*>*2. Since

A{1}= I|:1 a;i| .ap,a, as E(C]

and
_ b 1.
B{l}—[l:b2b3j|.b1,b2,b3€(:]

we can check that none of the matrices of the form |:8 S}], where w # 0, can be

written as a product BV AD for some A" € A{1} and BV € B{1}.

Example 2.4 1f A € C"™*" is left invertible and B € C"*?, then by Theorem 2.1 we
have that B{1}A{1} € (AB){1}. In this case (AB){1} = B{1}A{1} if and only if

r(B) <r(AB) —min{m —n, p —r(B)}.

The last inequality is satisfied if and only if m < n or r(B) = p. Since A € C"*"
is left invertible, we have n < m, so we can conclude that (AB){1} = B{1}A{1} if
and only if A is invertible (m = n) or B is left invertible.

In spite of the many results obtained by various authors the problem of settling the
reverse order law (2.22) for operators acting on separable Hilbert spaces remained
open until 2015. This was finally completely resolved by Pavlovic et al. [12] and this
was using some radically new approaches involving some of the previous research
on completions of operator matrices. These results will be presented in the Chap. 3.

2.2 Reverse Order Laws for {1, 2}-Inverses

In this section, we address all the known results so far results on the the reverse
order laws for {1, 2}- generalized inverses. Shinozaki and Sibuya [7] proved that for
matrices A, B such that the product AB is defined

(AB){L,2} € Bf1,2}A{l1, 2} (2.35)
always hold. To verify Shinozaki and Sibuya’s result in the case of regular bounded

linear operators on Hilbert spaces we will consider suitable representations of given
regular operators A € B(H, %) and B € B(L, ) to first prove the lemma
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given below. More precisely if A € B(J, %) and B € B(L, ) are arbitrary
regular operators, then using the following decompositions of the Hilbert spaces .Z,
S and A,

£ =RB")® N (B), H =R(B)DN(B), & =ZA) SN (A",

we have that the corresponding decompositions of A and B are given by
_ A1 A | | Z(B) H(A)
=[50 - LT )
| Bi10] . | Z(B" Z(B)
m=[ 5[50 - [ 75 )

R(B*)
N (B)

(2.36)

where Bj is an invertible operator and [A1 Az] : [ ] — Z(A) is a right

invertible operator. In that case AB is given by

LS #(A)

[AB O
AB‘[ 0 o}'[/(B)}_’[JV(A*)]'

Now, using decompositions given above, we have the following result.

Lemma 2.1 Let A € B, #) and B € B(L, H°) be regular operators given
by (2.36). Then

(i) an arbitrary {1, 2}-inverse of A is given by:
w520 [22)
where X1 and X3 satisfy
A1 X1+ Ay X3 = Iz,

and X, and X4 are of the form

X, =X 1A1Z + X1ArZ,,
Xy = X3A\Z, + X3A22>,

for some operators Z, € B(N (A*), Z(B)) and Z, € B(N (A*), N (BY)).
(ii) an arbitrary {1, 2}-inverse of B is given by:

a» _ [BY U N[ %2B) K (B*)
BT = [ v VBlUi| : [JV(B*)] - |:</V(B)]

where U € B(N (B*), Z(B*)) and V € B(#(B), .V (B)).
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(iii) if AB is regular, then an arbitrary {1, 2}-inverse of AB is given by:

a2 _ [(ABDI2 Y, [ Z(A) Z(B*)
(AB) _[ Y5 Y| |an| T s

where (A1 B2 € (A;B){1,2Yand Y;, i =2, 4 satisfy the following system
of the equations:

Y, = (A1 B)"PA B Ys,
Y3 = YV3A,B,(A,B)"?, (2.37)
Yy = Y3A B, Y>.

Proof (1) Without loss of generality, we can suppose that an arbitrary {1, 2}-inverse

of A is given by:
a2y _ | Xi Xa | | Z(A) Z(B)
A _[szzt][wm*)]*[mg*)]

FrorrﬁXA = Aand XAX = X, we get that X € A{1, 2} if and only if for X;,
i = 1, 4 the following equations

(A Xy + A XA = Ar, i=1,2 (2.38)
XA X1 +AX3)=X;, j=13 (2.39)
X1(A1 X2 + A2 Xy) = Xo, X3(A1Xo + AsXy) = Xy, (2.40)
are satisfied. Since S = [ A} Az ] : V(B) — Z(A) is aright invertible operator,

Z(B*)

: -1,
there exists S : Z(A) — |:JV(B)

:| such that [ A; A2 ] S = I 4. Notice that
(2.38) is equivalent to

[ A Az][ii][m A=A A]. (2.41)

Multiplying (2.41) by S ! from the right, we get that (2.41) is equivalent with
X .
[A] Az] |:X3:| = I%’(A), 1.€.,

ALX + AyXs = Iga). (2.42)

Note, that for X; and X3 which satisfy (2.42), (2.39) also holds. Condition (2.40) is

equivalent to
X1 X _ X>
e [5]
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ie.,
X |
("P)[xJ =0,
X1 . . ..
where P = [A1 As ] Since P is a projection,
X3
X | Z
x]-r2]
i.e.,

Xo | _ | XiAiZi + X1 Az 2y
X4 X3A1Z) + X3A27Z, |’

where Z, and Z, are operators from appropriate spaces.
(ii) Suppose that an arbitrary {1, 2}-inverse of B is given by:

gy _ [ S UL Z(B) N X (B*)
VWI| | /(B N (B) |’
From BB B = Bt follows that B;SB; = B; and since B; is invertible, S = Bl_l.
From B1YBB1? = B weeasily get W = V B, U, where U and V are operators

from appropriate spaces.
(iii) Let an arbitrary {1, 2}-inverse of AB be given by:

a2 _ | 2| | Z(A) Z(B*)
an@ =[] [ V] [ ]
From AB(AB)"?AB = AB, we get

A1B Y/AB, = A By, (2.43)

and from (AB)"?AB(AB)? = (AB)1?, we get

YA B Y, =Y, (2.44)
YiAB, Y, = Vs, (2.45)
YsA1 B Y, = Vs, (2.46)
Y3A 1B Y, = Yy (2.47)

Now, by (2.43) and (2.44), we get that ¥, € (A;Bj){l,2}. Substituting ¥, =
(A1B))? in (2.45), (2.46) and (2.47), we get (2.37). (]
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Finally, we will give the proof of the result of Shinozaki and Sibuya in the case
of regular bounded linear operators on Hilbert spaces the product of which is also
regular.

Theorem 2.7 Let A € B(H, * ) and B € B(L, H) be regular operators such
that AB is regular. Then

(AB){1,2} € B{l,2} - A{1,2}.

Proof Take an arbitrary (AB)"? e (AB){1,2}. We will show that there exist
A12 ¢ A{l1,2} and B"? ¢ B{1,2} such that (AB)"? = BUD A2 With-
out loss of generality, we can suppose that A and B are given by (2.36). By Lemma
2.1, we have that

ay _ [ABYI2 Y, [ 2(A) Z(B*)
(4B) _[ Y Yy | |y | T s ]

for (A;B))"? € (A B)){1,2} and some Y;, i = 2, 4 which satisfy system (2.37).
. | Z(B) . C . .

Since [Al Az] : |: A( B):| — Z(A) is aright invertible operator, there exists (not

. X X (B*) , /

unique in general) |:Xii| T R(A) — |:</V(B):| such that A1 X + A2 X} = Iza).

Since Bj is invertible, we have that (A B1)(A;B))"? A1 X| = A1 X|. Let X5 = X}
and X| = By (AlBl)(l*z)AlX’l. Obviously, A1 X + A2X3 = Iza). Now, let

c_[XxiaBn] T 24 ] [ 23
T X3 X34 B, || A (A% N (B*) |

B U [ %) #(B*)
b= [Y;Al Y3AlBlU] ‘ [,/V(B*)} - [JV(B)}’

where U = (4,B;)"? A,. We will show that C € A{1,2}, D € B{l, 2} and that
(AB)1? = DC.UsingLemma?2.1, wecancheckthat C € A{l,2}and D € B{l1, 2}.
To prove that (AB)!-? = DC, it suffices to show that the following system of the
equations is satisfied:

(A1B)"? = B 'X, + UX3,

Y, = B{'X|A\B, Y, + UX3A B Y»,

Y; =Y3A: X, + Y3A1B1UX3,

Yy = Y3A XA B\Y, 4+ Y3A B{UX3A, B, Y>.

The first equation is satisfied, since X| = By (A B;)"? (I — A, X3), while the other
three equations are satisfied by virtue of (2.37). (]
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The reverse inclusion of (2.35) was considered by De Pierro and M. Wei [8].
Using the product singular value decomposition of matrices they investigated when

B{1,2}A{1,2} € (AB){1, 2} (2.48)

is satisfied and proved the following:

Theorem 2.8 ([8]) Let A € C™*" and B € C"*P. The following conditions are
equivalent:

(1) B{l1,2}A{1,2} € (AB){1,2};
(i) A=00r B=0or r(B) =nor r(A) =n.

The following two examples are in order.

Example 2.5 In the case when (ii) of Theorem 2.8 is not satisfied, which means
that B{1, 2}A{1, 2} Q (AB){1, 2}, we can find particular reflexive inverses of A

and B, A? and B"-? such that BEP A2 € (AB){1,2}). Let A = |::} i] and

. Then evidently AB = 0 and consequently (AB){1, 2} = {0}. But for

ALY = |:(1) 8] and B2 = |:(1) 8], we have that B42 A1 =0 e (AB){l, 2).

Example 2.6 If A € C™" and B € C"*?, then B{1,2} - A{l,2} € (AB){1, 2}
implies B{1} - A{1} € (AB){1} (see Theorems.?2.1 and 2.8).

Using a completely different approaches, Cvetkovi¢-1li¢ and Nikolov [13]
improved the results from [8] and verified Shinozaki and Sibuya’s results in the
case of regular bounded linear operators on Hilbert spaces the product of which is
also regular. Notice that all the results stated in the sequel can be generalized to the
C*-algebra case.

Theorem 2.9 ([13]) Let A € B(H, %) and B € B(L, H) be such that A, B
and A B are regular operators. The following conditions are equivalent:

) B{1,2}- A{l1,2} < (AB){l, 2},
(i) A=00rB=0o0rAec B (A, H)orBe B (H, N).

Proof (i) = (ii) : If (i) holds, then evidently BFA™ € (AB)({1, 2}, so
ABB'ATAB = AB (2.49)

and
BTATABBTAT = BTAT. (2.50)

Since, for any X € B(# , ), AT+ (1 — ATA)XAAT € A(1, 2}, we get
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ABBT(A"+ (I — ATA)XAA")AB = AB,
which using (2.49) further implies that
ABB'(I — ATA)XAB =0,

forany X € B(x , 7).
Similarly, for any Y € B(s¢, %), B' + B'BY(I — BB") € B{1,2}, so

AB(B"+ B'BY(I — BB"))ATAB = AB,
which using (2.49) implies that
ABY(I — BB"HATAB =0,

forany Y € B, .2L).
Since, forany X € (A, 7)) and Y € B(A°, L), we have that

AB(B" + B"BY(I — BB")(A"+ (I — ATA)XAA")AB = AB,
using (2.49), (2.51) and (2.52), we get that
ABY(I — BB)Y(I — ATA)XAB =0,
forany X € B(H ', ) and Y € B(H, L). Now,
AB=0 or (I —BB")(I —ATA)=0.
Since, for any X € B(x, ),

BY'(AT+ (I — ATA)XAANHABBT (AT + (I — ATA)XAAT)
=B'(AT+ (I — ATA)XAAT)

using (2.50) we get that

BTATABB'(I — ATA)XAA" + B'(I — ATA)XABB' AT
+B'(I — ATA)XABB'(I — ATA)XAA" = BT(1 — ATA)XAA'.

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

Now by (2.54), we get that the first and the third term on the left-hand side of (2.55)

are z€ro, so

B'(I — ATA)X(ABBTAT — AAT) =0,

forany X € #B(%, 7). Hence,
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B"=B'ATA or ABB'AT = AA".

Now, following (2.54) we have two cases:
Case 1.If AB = 0, then if BY = BTATA it follows that B = 0.If ABBTAT = AAT,
we easily get that A = 0.
Case 2.1f (I — BBT)(I — ATA) = 0, thenif B" = BTATA, it follows that ATA = I,
i.e., Aisleftinvertible. If ABBTAT = AAT, then multiplying (I — BB")(I—ATA) =
0, by A from the left, we get

A= ABB'".

Now, given that ATA and BB' commute, we have that BBT = I, i.e., B is right
invertible.

(i) = (1) : If A or B is zero, it is evident that (i) holds. Now, suppose that B
is right invertible and let BY? € B{l, 2} be arbitrary. Evidently, B""? is a right
inverse of B, i.e., BB"? = I. Then, for arbitrary A2 e A{1, 2},

ABBYY AN AR = AAVYAB = AB

and
BUD AU g pU2 41D — pU2) (1D 4 41D _ g1.2) 4(1.2)

If A is a left invertible operator, for any AY» e A{1, 2} we have that AP A =T,
Then, for arbitrary A2 e A{1,2} and B"? € B{l, 2},

ABB"? A" AB = ABB"?'B = AB

and
B2 412 g g2 41.2) — g2 pp12) 4(1.2) _ B(1.2) 4(1.)).

O
It is interesting to note that by the first part of the proof of Theorem2.9, we can
conclude that
B{1,2}- A{l,2} € (AB){1}

if and only if
AB=0 or (I —BBH(I—-ATA)=0

i.e.
AB =0 or A4 (A) C Z(B),

which is equivalent with B{1} - A{1} € (AB){1} (see [3, 14]).

The proof that (2.48) is always satisfied in the case of a multiple product of regular
operators is very similar to the one given in [5] (see [Theorem 4.1, [5]]) for the matrix
case. We give it here for completeness’ sake.
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Theorem 2.10 Ler A; € B(Hyy, H), be such that A;, i =1, nand A\ A, - - - Aj,
Jj = 2, n, are regular operators. Then

(A1Az--- AD{1, 2} € Apf1, 2} - Ay {1, 2} - Ag{1, 2} (2.56)

Proof Suppose that A; € B(Hiy, #),i = I,nand AjAy---Aj, j = 2,n, are
regular operators. We will prove that (2.56) holds by induction on n. For n = 2,
the assertion holds by virtue of Theorem 2.7. Now suppose this is true for 2 <
k <n.Fork=n+1,let AjA;--- Ay = B. Using again Theorem 2.7, we obtain
(BA+1){1,2} € A,11{1,2}B{1, 2}. From the induction hypothesis,

(Ap---AD{1,2) C A {1,2}--- A{1, 2},
So we get

(Al e AnAn+1){lv 2} - An+l{11 2}(A1 e An){lv 2}
C Apni{l, 2}A,{1, 2} - - A{1, 2}

O

The reverse inclusion of (2.56) in the case of matrices was considered by M. Wei
[4] who, applying the multiple product singular value decomposition (P-SVD), gave
necessary and sufficient conditions for

Anfl, 2} - Api{1,2} - A1, 2} € (A1 Az - - AT, 2}

Theorem 2.11 ([4]) Suppose that A; € C**i+1 | = 1,2, ...n. Then the following
conditions are equivalent:

1) An{1,2} - Api{1, 2} - Ar{1, 2} € (A1 Ay~ - AL, 2);
(i) One of the following conditions is satisfied:

(@) r(Ay---Ap) > Oandforeach j € {1,...,n—1}, A;is of full column rank

(b) r(Ar---Ay) > O0and foreach j € {2,...,n}, A is of full row rank

(c) 1(Ay---An) > 0 and there exists an integer q € {2, ...,n — 1} such that
foreach j € {1,...,q9 — 1}, A; is of full column rank and for each j €
{q,...,n}, Ajis of full row rank

(d) There exists an integer g € {1, ..., n}, such thatr(A,) = 0.

The generalization of the previous result for the case of bounded regular operators
on Hilbert spaces is given in [6] as follows:

Theorem 2.12 ([6]) Let A; € HB(Hiy1, H), be such that A;, i = 1,n and

A1Ay--- A}, j = 2,n are regular operators. The following conditions are equiva-
lent:

) An{1,2}- Ay, 2} - Arf{l, 2} = (A1 Az - - A){L, 2},
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(i) A, {1,2}- A, 1{1,2}--- A1{1,2} C (A1 Az -+ A){1, 2},
(iii) There exists an integer i, 1 <i < n, such that A; =0,

or

AjAy - A, #0and A; € B (A, HB), fori =2,n,

or

A1Ay-- Ay #0and A; € By (A, A, fori =T,n—1,
or

A1Ay .-+ A, # 0 and there exists an integer k, 2 < k <n — 1, such that A; €
B (A, ), fori =1,k — 1, and A; € B (A, ), fori =k + 1, n.

Proof (i) < (ii) : Follows from Theorem 2.10.

(i) = (iii) : We prove this by induction on n. For n = 2, this follows from
Theorem 2.9. Assume that (ii) = (iii) holds for n = k — 1; we will prove that the
implication still holds for n = k. Suppose that

Ar{1,2} - A1, 2} - - A {1, 2} © (A1 Az - - AL, 2} (2.57)
By virtue of Theorem 2.10, we have

Afl, 2} - (A1Ag -+ A1, 2} € (A1 Az - AT, 2} (2.58)
which by Theorem 2.9 implies that at least one of the following cases must hold true:
AjAy-- A1 =0o0or Ay=00r AjAy--- Ay € %;1(%,%)

or Ay € B (M, ).

Now, we will consider all these cases:
Case 1. A1A2 s Ak,1 = 0. Then A1A2 s AkflAk = 0 which by (ll) 1mphes

A{1,2) - Ay {1, 2} - A{1, 2} = {O). (2.59)
Let A" € A;{1,2},i =T,k — I be arbitrary. Then from (2.59) we have
AANY Al =, (2.60)
Since for any Z € B(H4, 1), AL + AL AcZ(Ly, — ArA}) € Ai{l, 2}, we get
(Al + AJ A Z (L — ALAD) ALY ALY A =,
which by (2.60) gives that A] A, ZA DAY ... A = 0. Now,

Ay=0 or AY...AlMP =o. (2.61)
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If Ay = 0, then (iii) holds. Suppose that A; # 0. Then A\"? A2 ... A2 = 0 for
arbitrary A" € A;{1,2},i =T,k — 1, implying

Aroi{1, 2} A 2{1,2} - - A{1, 2} = {0} C (A1Ay - - Ag2 A D{1, 2}, (2.62)

By the induction hypothesis, from (2.62) it follows that at least one of the following
conditions is satisfied:

(1) There existsi € {1,2,...,k — 1} such that A; =0,

2) Ai € B (S, A, i =1,k =2,

(3) A; € B, (M. A, i =2k — 1,

(4) There exists i € {1,2,...,k — 1} such that A; € B, (S, ;) for j =
l,i—land A; € B WA, H5), j=i+ 1, k—1.

If (1) holds, then (iii) is satisfied. Suppose that (2) is true. Since AjA, -+ - Ap—; =0
we get that A;_; = 0 so (iii) holds. If (3) holds, then from AjA;--- Ay = 0
we get that A; = 0. Suppose that (4) holds. Multiplying AjAy -+ Ag—1 = 0 by
Al AT .- A] from the left, we get

AiAisr - Ary = 0. (2.63)

Multiplying (2.63) by A£71A£72 e A;LH from the right we get A; = 0. Hence, (iii)
is satisfied.

Case 2. If Ay = 0, then (iii) obviously holds.

Case 3. Suppose that AjA;---Ap_; € %’l_l(%ﬁ(, 7). Then A,_ € %I_I(Jﬁ(,
H,_1). From Theorem 2.9, we have

(A1 A1, 2} © A{l, 2} A {1, 2},

so it follows that

(A1 AL, 2} - Aga{1, 2} - - - A1, 2}
C AL 2} Apn{1, 2} - Ag{LL 2} © (A Ay -+ - AL 2} (2.64)

By the induction hypothesis, from (2.64) it follows that at least one of the following
conditions is true:

(1) Thereexistsi € {1,2,...,k—2}suchthat A; =0or A;_1A; =0,

Q) A€ B (A, A, i=1k=2,

(3) A€ BN A, ), i =2,k =2, and Ay A € B (A, H—y),

(4')  There exists i € {1,2,...,k — 1} such that A; € L@l_l(jfﬁl,%) for
j = 1,i — 1 and Aj S e@;l(%J’»l,%), j = i+1,k—2and Ay_1A; €
BN (A1, A1),
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As before, we can check that in all these cases, (iii) is satisfied.
Case 4. Suppose that Ay € B, (11, 74). Then AkA,(cl’z) = I, for arbitrary
AN € A{1,2). Let A" € A;{1,2},i =T, k be arbitrary. Then
AlAy - AkA](clz)Al(cl_’zl) s A§1’2)A1A2 A= A1Ay - Ag (2.65)

and

AP ALY ATD A Ay A AP ALY LAY

2) 4.2 2
= AP ALY AT (2.66)

Multiplying (2.65) by A\"? from the right and (2.66) by A, from the left, we get

AAy - A ANTY AN AP A A A = A A A (2.67)

and
ALDALD - AVDA Ay A AL ALY A
=AMPAY) Al (2.68)
Evidently,
AL, 2} - Ago{1,2}- - Ay{1, 2} € (A1 Az - - Ap-){T, 2} (2.69)

By the induction hypothesis, from (2.69) it follows that at least one of the following
conditions is true:

(1”) Thereexistsi € {1,2,...,k — 1} such that A; = 0,

Q") A€ B (A, A, i =1,k =2,

(3" A€ BN A, H), i =2,k —1,

(4") Thereexistsi € {1,2,...,k — 1} suchthat A; %[1(%?+1,%) for j =
Li—land A; € B (A, A, j=i+1,k—1.

It is easy to check that in all these four cases (iii) is satisfied.

(i) = (i) : If AjAy--- A, = 0, then it is evident that (ii) holds. Suppose that
A1Ay--- A, #0and let A;l’z) e A{1,2),i=1,nbe arbitrary.

If A; € B (i1, H) fori =2, n, then A;A"? = I, fori =2, n. Now,
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1.2 1,2
AlAy - Ay A AT ALY Al

1,2 1,2 1,2
=AAy Ay A AP ATD 4D

n—1
' (2.70)
= AL A ANP AN = 4,402
From (2.70), it follows
AtAy - A AP ALY AT A A Ay = Ay A,
and

ATDALD L AD 4 A4, AT ATD 402 40D 4 (D)
50 A AN A € (A4, -+ A,){1, 2). Hence (ii) holds.
Analogously, if A; € %' (S, #7) for i = 1,n— 1 or if there exists k €
{2,..,n — 1} such that A; € B, '(Jy, ) fori = 1,k—1, and A; €
%r’l(%+1,<%€) fori = k+1,n, we can prove that Afll'2)Afl]_’21)~-~A§l’2) €
(A1A; - -+ Ap){1, 2}. Thus (i) holds. O

Since the proof of the previous result is algebraic, it can easily be generalized to C*-

algebras and rings. It is thus safe to say that the reverse order law for {1, 2}-inverses
has been completely solved.

2.3 Reverse Order Laws for {1, 3} and {1, 4}-Inverses

The reverse order laws for {1, 3} and {1, 4}-inverses were for the first time consid-
ered by M. Wei and Guo [15] in the matrix case. They presented some equivalent
conditions for

B{1,3}A{1, 3} € (AB){1, 3} (2.71)

and

(AB){1, 3} € B{l1,3}A{1, 3} (2.72)
obtained by applying the product singular value decomposition (P-SVD) of matrices.
Namely, in [15] they proved that for A € C"*" and B € C"*? one has B{l, 3} -
A{l1, 3} € (AB){l1, 3} if and only if

le =0and 214 =0

and that that (AB){1, 3} € B{1, 3} - A{1, 3} holds if and only if
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dlm(%(zM) = dlm(%(zlz, Z]4)), and

0 <min{p —ro,m—ri} <n—ri—r; —r(Zu),

where the submatrices Z,, Z4 and the constants ry, 5, 1’22 are described in the P-SVD
of matrices A and B given in Theorem 1.1 and Corollary 1.1 of [15].

Evidently a disadvantage of the results presented in [15] lies in the fact that the
necessary and sufficient conditions for (2.71) and (2.72) to be satisfied contain infor-
mation about the subblocks produced by P-SVD. In other words, they are dependent
on P-SVD. In order to overcome this shortcoming, two methods are employed. One
of the methods use certain operator matrix representations (see [16]) and the other
one is based on some maximal and minimal ranks of matrix expressions (see [17]).
Using these two different methods, in both of the papers [16, 17] it is proved that

B{1,3}A{l,3} C (AB){1,3} & Z(A*AB) € #(B)

but in the first one in the case of regular operators and in the second one in the setting
of matrices. These results are more elegant because they require no information
on the P-SVD. Note that in the matrix case Z(A*AB) C Z(B) is equivalent to
(B, A*AB) =1(B).

All these results were generalized in the paper of Cvetkovi¢-Ili¢ and Harte [18]
where purely algebraic necessary and sufficient conditions for (2.71) in C*-algebras
are offered, extending rank conditions for matrices and range conditions for Hilbert
space operators. To present the result form [18] and its proof, first we will introduce
some notations and give some preliminaries.

Let .o/ be a complex unital C*-algebra. Then we have the following characteriza-
tion of a{l, 3}, where a € .o/ is regular:

Lemma 2.2 Let a € </ be regular and b € /. Then b € a{l, 3} if and only if
a‘ab=a’.
Lemma 2.2 can be expressed by saying

a{l,3}={a"+ (1 —d'a)y : y € &}. (2.73)

Theorem 2.13 ([18]) Ifa, b € </ are suchthata, b, ab and a(1 — bb") are regular,
then the following conditions are equivalent:

(1) bbta*ab = a*ab,

(2') b{1,3}-afl,3} < (ab){1, 3},
3 b'a’ e (ab){l1, 3},

@) b'a’ e (ab){1,2,3).

Proof With p = bb', g = b'b and r = aa’, we have that b = [g 8] and a =
P

|:68 662 i| . Using Lemma 2.2 and (2.73), we see that arbitrary 51> € b{1, 3} canbe
rp
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b" 0

represented as b3 = |:
uv

] ,forsomeu € (1—q)«/ pandv € (1—q)</ (1—p),
q.p

ard™ 0

azd™ 0

that d € r</r is invertible in that subalgebra, (d)r_;{r =d" and dd” = d'd = r.

Also, again by (2.73), any a*¥ has the form a"? = a' + (1 — a’a)x, for some
X1 X2

. 1z
x = ie,ald =1 2] , where
RS P 324,y

as well as that a¥ = a*(aa®)" = [ i| , where d = ajaj + aya;. Remark
p.r

7] = a;‘dT +(1 - ai‘dTal)xl — aTdTa2x3,
2 =(1-— aideal)xz - ai‘d*azm,
3 = a;dT - a;‘dTalxl + 1 - a;dTaz)x3,

4 = —a;d"'alxz + (1 - a;dj'az)xét.

With these preliminaries, we turn to the four conditions of the statement; we will
show (1) = (2') = (3’) = (1) and then (') = (4) = (3).

(1) = (2'): Suppose that bb'a*ab = a*ab which is equivalent to aja; = 0, i.e.,
atay = 0. For arbitrary a!> and "3 we have that

a3 (13 . | aizia1b 0
abb*"a ab_|: 0 0 ,q.

Lets = ala}'. Since d € so/s + (1 — 5).Z (1 — s), we have that d € sof's + (1 —
s)e/ (1 — 5). Now, afd*az e s (s + (A —s5)d(1—5))-(—s5) = {0}
Hence, ajd’a, = 0, i.e., a5da; = 0.

Since,

ajz1a; = aladeaI +a;(1— ai‘d%al)xlal
= (d — wmay)d a; + (a — (d — axa3)d ar)xiay

=day,

it follows that abb"¥a""3ab = ab. To prove that abb"¥a"-? is Hermitian it is
sufficient to prove that a;z; is Hermitian and a;z, = 0. By computation, we get that
az; = alade = ala?‘(alai*)T which is Hermitian. Also,

a1z = (ag — alai‘dTal)xz - alaTdTazm
= (a1 — (d — ama3)d a))x;
= agai"dTalxg
=0.
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(2") = (3/): This is evident.

(3) = (1'):Fromabb’atab = abitfollowsthatala’fd";'al = a],i.e.,azaé‘d"'al =
0. Similarly, from (abba™* = abb'a’, we get that a]a]kdT is Hermitian. Now,
dTalai‘al = ay, i.e., axaja; = 0. Multiplying the last equality by ag from the left
side, we get aja; = 0 which is equivalent to the statement (1').

(4') = (3): This is obvious.

(') = (4): We need to prove that b'a'abb’a® = b'a™ which is equivalent to
biaid ajatd’ = b'a}d’. The last equality follows from the fact thatdaya} = s. O

Example 2.7 Let b € </ be right invertible. Then for any a € o7 such that a, ab are
regular, we have b{1, 3} - a{l, 3} < (ab){1, 3}.

Example 2.8 Let p,q € </ be orthogonal projections. Then g{1, 3} - p{1,3} <
(pg){1, 3} if and only if gpg = pq, which is equivalent with the fact that p and ¢
commute, which is in turn equivalent with the fact that pg is an orthogonal projection.

A similar result in the case K = {1, 4} follows from Theorem 2.13 by reversal of
products:

Theorem 2.14 Ifa, b € < are such that a, b, ba and (1 — a‘a)b are regular, then
the following conditions are equivalent:

1"y abb*a*a = abb*,

(2") b{1,4} -afl, 4} C (ab){1, 4},
(3") biat e (ab){l, 4},

@" bfat e (ab){1,2,4).

Example 2.9 Let a € of be left invertible. Then for any b € o7 such that b and ba
are regular, we have b{1, 4} - a{l, 4} C (ab){1, 4}.

Example 2.10 Let p, q € </ be orthogonal projections such that pg, (1 — p)q and
p(l — gq) are regular. Then ¢{1, 3} - p{1,3} € (pg){1, 3} if and only if ¢{1, 4} -
p{l,4} € (pg){1, 4} if and only if pqg is an orthogonal projection.

The inclusion (AB){1, 3} € B{l1, 3}A{1, 3} was considered by Liu and Yang [19]
in the matrix case.

Theorem 2.15 ([19]) Let A € C™*", B € C"**. Then (AB){1, 3} C B{1, 3}A{1, 3}
if and only if

r(A*AB B) +1(A) =r(AB) + min{r(A* B), max{n +r(A) —m,n +r(B) — k}}.

For (2.72), some equivalent conditions with the one given in [15, 19] can be found
in [20]:

Theorem 2.16 ([20]) Let A € C"™"™ and B € C"*k. Then the following conditions
are equivalent:
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(i) (AB){1,3} € B{1,3}- A{l, 3},
(i) (I — SSH((AB)' — BTAT) = 0 and r(C) > min{n — r(A), k — r(B)},

where S = BT (I — ATA)and C =T — ATA — ST8.
Notice that C = P_y (a)n.x(8+)> 80 1(C) = dim(A"(A) N A (B*)).

Example 2.11 Let A € C"™ be left invertible and B € C"™**. Then (AB){1, 3} C
B{1, 3} - A{1, 3} if and only if (AB)" = BTAT and either A is invertible or B is
left-invertible.

Corollary 2.1 Let A € C™" and B € C™*. Then the following conditions are
equivalent:

(i) (AB){1,3} < B{l,3} - A{1, 3},
(ii*) (I — SSH((AB)" — BTA") = 0, and at least one of the two conditions below
holds:

(@) r(C)>k—r1r(B), k—1(B) <n—r(A),
(®) r(C) =n—r1(A),k —1(B) = n —r(A),
where S = B"(I — ATA) and C =T — ATA — S78.

Example 2.12 Let A € C"™ and B € C™*. If m < n and m < k then
(AB){1, 3} g_ B{1,3} - A{l, 3}.

Open question: As we can see, in contrast to the case of inclusion (2.71) of which
Theorem 2.13 provides a purely algebraic characterization, none of the results we
have presented do so for the inclusion (2.72). To our knowledge no such results can
be found in literature so far, which leaves the formulated problem still unsolved.

The reverse order law problem for {1, 3} and {1, 4}-inverses, in the matrix setting,
was considered by M. Wei [4]. He obtained necessary and sufficient conditions for
the following inclusions to hold:

An{l, 3} Ayt {1, 3} -+ - Ay{1, 3} © (A1 Ay -+ - Ap){], 3}

and
Ap{l,4} - Ap i {1,4) - Ar{1,4) € (A1 Ay --- Ap){], 4}

by applying the multiple product singular value decomposition (P-SVD).

Using the next lemma, his results were generalized in [21] in the case of regular
bounded linear operators on Hilbert spaces and new simple conditions which involve
only ranges of operators were presented.

Lemma 2.3 Let A € B(H, *') be regular. Then

X € A{1,3} & A*AX = A*.
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Theorem 2.17 Let A; € B(F 4, F) be regular operators such that A1A, - -+ A,
is regular. The following are equivalent:

) Ap{1,3}- Apif1, 3} Ayfl, 3} € (A1 Az - - AL, 3},
(i) Z(A;A; |- ATA1Ay---Ay) € R(Ari), fork =T, n— 1.

Proof (i) = (i) : If A1 Az - - A, = 0, then

R(ALAy - ATA1Ay - Ay) = {0} € Z(Aky),

fork =1,n — 1, so (ii) holds. L
Assume now that AjA,--- A, # 0. Let A§1’3) € Ai{1,3},i = 1, n be arbitrary. By
Lemma 2.3 it follows that

(AAy-- A A Ay - A ATD AT A — (44,0 A% (274)

Leti € {1,2,...,n — 1} be arbitrary. Since, for arbitrary X € B(5, 7 11), we
have that A""Y + (I, — A" A;)X € A;{1, 3}, by Lemma 2.3 we have

(A1Ay--- A A1Ay--- A,
AGY (1 3>(A(1 3L (L., — (1 34 )X)A(l 3) Ail,B) 2.75)
= (A1A2~~A,,)*.

Substracting (2.74) from (2.75), we get that

(A1Ay--- A" A1A -+ Ay
ALY A<1 (U, — AL 3>A )XAD Al =0, (2.76)

From (2.76) it follows that
ALY A =0 (2.77)

or

(AiAs - A) A Ay A AN AN (1 — ATV Ay =0, (278)
If (2.77) holds, then from (2.74) it follows that A A, - - - A, = 0, which is a contra-
diction, so (2.78) must hold for arbitrary i € {1,2,...,n — 1}.

Condition (ii) is equivalent to

(AjAy- - A A1Ay - Ay Ay k+1A,, k+1

(2.79)
=(A1Ar- A)A1Ay - Ay, k=1,n—1.

Now, we will prove (2.79) by induction on k.
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From (2.78) and (2.74) it follows that

(AjAs - A AL Ay - A, A ALY

= (AjAr- - A) A Ay AATDAD A,
= (AjAr- - A) A Ay A AT ATV AN A, H A,
= (A1Ay- A A1 Ay AnAle’3)A,(11i31) . A§1’3)A1A2 Ay A,y

=(A1Ay---A)"A1Ar - Ay A,

so (2.79) holds for k = 1.
Assume now that (2.79) holds fork <[ <n,ie.,

(A1As- - A) AL As - Ay g Ay ALY 2.80)
=(A1Ar- - A A Ay Ay, k=1,2,...,1—1 ’

and prove that (2.79) is true for k = [. Using (2.80), we have

(A1As- - A AtAy - Ay Ap 111 AL 281

3 3
=(A1Ay- A AL Ay AnAle’3)Af,1_1) .. qul_ll].

Now, using (2.81) and (2.74), we get

(AtAs-- A A Ay - Ay A AN
=(A1Ay--- A A Ay Ay,

s0 (2.79) holds for k = .

(i) = (i) : Let A" € A;{1,3},i = T, n be arbitrary. Condition (ii) is equivalent
to

(A]A2An)*AlAZAn—kAn—k"r]Aill—’?lﬁ-l (2 82)
=(A1Ar- A ALAy Ay, k=1,2,...,n—1. ‘

Now, from (2.82) it follows



2.3 Reverse Order Laws for {1, 3} and {1, 4}-Inverses 39

(AtAz- - A AAr - Ay AL ATV ALY AT
= (A1Ay- - A A Ag - Apa A ALY ALY - AT

n—1

= (A1Ay- - A A Ay Ay A Al

= (A1Ay--- A" A ALY
= (A14y- - An)*-

Hence by Lemma 2.3 it follows that
ATIALY AT e (A4, AN, 3).
O

The next result follows from Theorem 2.17 by taking adjoints:

Theorem 2.18 Let A; € B(Hi, 1, H) be regular operators such that A1A; - - - A,
is regular. The following are equivalent:

1) An{l,4}- Ay {1, 4}--- A{1, 4} € (A1 A2--- AL, 4},

(11) %(Ak+1Ak+2 s AnAZA:71 s AT) - %’(A;:)fork = 1, n—1.

2.4 Reverse Order Laws for {1, 2, 3} and {1, 2, 4}-Inverses

The reverse order law for {1, 2, 3}-inverses for the matrix case was considered by
Xiong and Zheng [22]. They presented necessary and sufficient conditions under
which

B{1,2,3}A{1,2,3} C (AB){1,2,3) (2.83)

is satisfied. The method of the proof of their result, which will be stated below,
involved expressions for maximal and minimal ranks of the generalized Schur com-
plement.

Theorem 2.19 ([22]) Let A € C"*" and B € C"™**. Then the following statements
are equivalent:

(1) B{1,2,3}A{1,2,3} € (AB){l1, 2,3}

(i) r(B, A*AB) =1(B) andr(AB) = min {r(A),r(B)} =r(A)+r(B)—r (;*) .
This result was generalized to the C*-algebra case by Cvetkovié-Ili¢ and Harte [18]
using the following characterization of the set a{l, 2, 3}:

Lemma 2.4 Let a € o/ be regular and b € </. Then b € a{l, 2, 3} if and only if
a*ab = a* and baa’ = b.



40 2 Reverse Order Law

Theorem 2.20 ([18] Ifa, b € < are such that a, b, ab and a — abb’ are regular,
then the following conditions are equivalent:

(1) b{1,2,3}a{l,2,3} C (ab){l, 2, 3},
(i) bbTa*ab = a*ab and (bb" — (abb") abb™) ot (aa® — (ab)(ab)") = {0}.

_lar a2
anda—|:0 0] .
rp
b0

We have that b{1, 2,3} = “: i 0:| ue(l —q)mfp} and a' = a*(aa®)’ =
q.p

Proof Letp = bb’,q =b'bandr = aa’. Thenb = |:g 8:|
P

a;kd+ 0
aja1zi +ajaxzz = af, a;a121 + ayazz = as, 71 € pAr,z3 € (1 — p)/r}.

N

Hence x € b{l,2,3} - afl, 2,3} if and only if x = [l;;l 8
1

(1 — g)</ p and some z; € p</r such that for some z3 € (1 — p).oZr the following

hold:

aikd'i' 0
z3 0

} ,whered = aa +aa}. UsingLemma 2.4, a{1,2, 3} = [Z‘O] :
p.r p.r

i| for some u €
q.r

ajaizy +afarzz = af, daizy + ayarzz = aj. (2.84)

By Lemma 2.4, b{1, 2, 3}a(l, 2, 3} C (ab){l, 2, 3} if and only if

(ab)*(ab)b'"*? - a2 = (ab)*,
b(1.2,3) . a(1,2,3)(ab)(ab)+ — b(1,2,3) . a(1,2,3) (285)

hold for any a":>* and 513,
Now, using the matrix forms introduced above, we find that (2.85) is equivalent to
the following equalities:

(ab)*(ab)b'z) = (ab)*,

. (2.86)
z1(ab)(ab)' = z,
for any z; € p.o/r which satisfies (2.84).
(i) = (i) : Suppose that (ii) holds. Since bbTa*ab = a*ab, is equivalent to
asa; =0, i.e., afa, = 0, we have that (2.84) is equivalent to

alaizy = af, diarzz =a;.
Now, to prove that b{1, 2, 3}a{l, 2, 3} € (ab){l, 2, 3} it is sufficient to prove that

(2.86) holds forevery z; € p.o/r which satisfies the equationa;z; = a, alT. Denote the
set of all such z; by Z. Note that z; = bb'zaa" for some z € o7 which is a solution
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of the equation abb'zaa® = abb'(abb™)'. So, Z = {(abb")'aa’ + bb'yaa’ —
(abb")abb'yaa' : y € o).
The first equality from (2.86) is satisfied because for every z; € Z:

(ab)*(ab)b'z; = (a1b)*a1bb'z) = b*ataiz; = b*a} = (a1b)* = (ab)*.

Now, the second equality from (2.86) is equivalent to

(abb"Y'aa" + bbTyaa® — (abb")Tabb’yaa = (abb”)' (ab)(ab)’

. 2.87
+ bb'y(ab)(ab)’ — (abb") abb’y(ab)(ab). (257)

Since, (ab)(ab)’ = abb'(abb™)T, we get that (abb")(ab)(ab)’ = (abb")T =
(abb") aa’, so (2.87) is equivalent to

(bbT - (abb*)*(abb*)) y(aa* - (ab)(ab)T) =0

which holds since (bb" — (abb™)Tabb™) o7 (aa™ — (ab)(ab)™) = {0}.

(i) = (ii) : If (i) holds, then b'a™ € (ab){1, 2, 3}. Now, from abb’a’ab = ab,
it follows that alaTdTal = a, ie., aza;dTal = 0. Similarly, from (abbTay* =
abb'a’, we get that aja}d’ is Hermitian. Now, d'ajafa; = ai, ie., apaja; = 0.
Multiplying the last equality by az from the left side, we get aja; = 0 which is
equivalentto bb'a*ab = a*ab.Now, (2.86) holds forevery z; € p.</r which satisfies

the equation a,z; = ala}L. Hence, (bb’f - (abb*)“(ablf))y(azfr — (ab)(ab)T) =0,
forevery y € &, i.e., (bb" — (abb")Tabb") o/ (aa’™ — (ab)(ab)") = {0}. O

Note that if the algebra .o/ is prime, in the sense that
adb={0} = 0 € {a, b},
then the second half of condition (ii) of Theorem 2.20 is equivalent to
bb" — (abb")'abb" =0 or aa’ — (ab)(ab)’ = 0.

The C*-algebra of = () of operators on Hilbert space is prime, in particular
(Lemma 3 [23]) the matrix algebra. We thus have the following results.

Corollary 2.2 Let A € C™" and B € C"™ . Then the following statements are
equivalent:

() B{1,2,3}A{1,2,3} € (AB){l, 2,3},

(ii) BB'A*AB = A*AB and ((ABB")'ABB" = BB" or (AB)(AB)" = AAY).

Example 2.13 We will show that in the case when B{l,2,3}A{1,2,3} ¢
(AB)({1,2,3} we can find particular A>3 and B2 such that B1>9A01:23) ¢
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(AB){1,2,3}: Let A = |:(1) 8i| and B = |:(1) 8i| Then evidently AB = 0, which
implies (AB){1,2,3} = {0} and by Corollary 2.2 that B{1,2,3}A{1, 2, 3} g
10 01

(12,3) _ (12,3) _
(AB){1, 2, 3}. But for A =100 and B = [Od

complex number, we have that B(:23 A(0:23 =0 e (AB){1, 2, 3}.

], where d is any

Example 2.14 Let b € <f be right invertible and a € .o/ be regular such that ab
is regular. Then b{1, 2, 3} - a{l, 2,3} C (ab){1, 2, 3} if and only if either a is left
invertible or aa® = (ab)(ab)’.

Also, in [24] using some block-operator matrix techniques, the authors presented
some different conditions than the one presented in Corollary 2.2 for (2.83) to hold
in the case of linear bounded operators on Hilbert spaces:

Theorem 2.21 ([24]) Let A € B(H, # ) and B € B(L, ) be such that A, B,
AB are regular operators and AB # 0. The following conditions are equivalent:

(i) B{1,2,3}A{1,2,3} € (AB){1, 2, 3};
(i) Z(B) = Z(A*AB) ®* [#Z(B) N N (A)], Z(AB) = Z(A).

In the matrix case, in [25], it is shown that B{1, 2, 3} - A{1, 2,3} € (AB){l1, 2, 3}
implies B{1, 2, 3} - A{l, 2,3} = (AB){l, 2, 3}. Here we will present a completely
different proof which can easily be adapted to more general cases.

Theorem 2.22 Let A € C"™" and B € C™**. The following conditions are equiv-
alent:

(i) B{1,2,3}-A{1,2,3} € (AB){1,2,3},
(i) BB'A*AB = A*AB and ((ABB")'ABB" = BB" or (AB)(AB)" = AA"),
(iii) B{l,2,3}- A{1,2,3} = (AB){1,2,3}.

Proof (1) < (ii): Follows from Corollary 2.2.

(i) = (ii): Let P = BB", Q = B'Band R = AA". We have that A =
Ay + Ay, where A; = AP and A, = A(I — P). To prove (iii), take arbitrary
X € (AB){1, 2, 3}. We will show that there exist Y € B{1,2,3}and Z € A{l, 2, 3}
such that X = Y Z. Since X € (AB){l, 2, 3}, it is of the form X = QX R+ (I —
0)X3R, for some X; € C**" and X3 € CF** such that QX R € (A;B){1, 2, 3} and
(I — Q)X3ABX,R = (I — Q)X5R.
Let Z = BX;R+ A} and Y = B" + (I — Q)X3A,. We have B{1,2,3} = {B" +
(I—-QUP:U € Ckx”’}, so Y € B{l,2,3}. To prove that Z € A{l, 2, 3}, we
can check that the first three Penrose equations are satisfied using that AjA; = 0,
which follows from the condition BBTA*AB = A*AB. Since X = Y Z, it follows
that B{l, 2, 3} - A{l, 2,3} = (AB){l1, 2, 3}.

(iii) = (i): This is evident. ([l
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The opposite reverse order law

(AB){1,2,3) € B{1,2,3} - A{1,2, 3} (2.88)

on the set of matrices is considered in [25] where purely algebraic necessary and
sufficient conditions for (2.88) to hold are offered.

Theorem 2.23 ([25]) Let A € C"™ and B € C"**. The following conditions are
equivalent:

(i) (AB){1,2,3} C B{1,2,3}- A{l,2,3],
(i) (I — B(BT(I — ATA))")((AB)' — BTAT) =0

It is very important to remark that the results from Theorems 2.23 and 2.22 can
be generalized to the setting of bounded linear operators on Hilbert spaces and to
the C*-algebra setting by imposing the additional condition of regularity of suitable
elements.

Example 2.15 We will show that (AB){1,2,3} C B{l,2,3}A{1, 2,3} doesn’t
imply that B{1, 2, 3}A{1, 2,3} € (AB){l, 2, 3}, although the reverse implication

. _[10 _ 100 ; i |10
is always true. LetA_|:00i| andB_[lo].ThenewdentlyA _[00} and
01

B' = 00
2.23 that (AB){1, 2,3} € B{1, 2,3} - A{l, 2, 3}. On the other hand, neither of the
conditions (ABB")TABBT = BB™ and (AB)(AB)" = AAT is satisfied, so from
Theorem 2.22 it follows that B{1,2, 3}A{1, 2,3} ¢ (AB){1,2.3)

. So, we can check that (AB)T = BTAT, which implies by Theorem

By taking adjoints, we obtain analogous results for {1, 2, 4} — generalized inverses.

Theorem 2.24 Leta, b € < be such thata, b, ab and (1 —ata)b are regular. Then
the following conditions are equivalent:

@) b{l1,2,4}a{l,2,4} C (ab){1,2, 4}
(ii") afabb*a* = bb*a* and (a*a — a’ab(a’ab)") </ (b'b — (ab)' (ab)) = {0}.

Theorem 2.25 Let A € C"" and B € C"™ . Then the following statements are
equivalent:

(i) B{l,2,4}A{1,2,4} C (AB){1,2,4},
(i) ABB*ATA = ABB*and ((A"AB)(ATAB)" = A"Aor (AB)"(AB) = B'B),
(iii) B{l1,2,4}A{1,2,4} = (AB){1, 2,4},

Theorem 2.26 ([24]) Let 7, % and £ be Hilbert spaces and let A € B(H, X),
B € B(L, H) be such that Z#(A), Z(B) and % (AB) are closed and AB # O.
Then the following statements are equivalent:

(1) B{1,2,4}A{1,2,4} € (AB){1,2,4}.
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(i) Z#(A*) = Z(BB*A*) &+ [Z(A*) N N (B¥)], /' (AB) = A (B)
Theorem 2.27 Let A € C"™™ and B € C"**. The following conditions are equiv-

alent:

(i) (AB){1,2,4} C B{1,2,4}- A{l,2, 4],
(i) (AB)" — BTA"Y(I — ((I — BBHANHTAT) =0

2.5 Reverse Order Laws for {1, 3, 4}-Generalized Inverses

Reverse order laws for {1, 3, 4}-generalized inverses of matrices A € C"™ and
B € C"** were considered by Liu and Yang [26], who gave certain necessary and
sufficient conditions for

B{1,3,4}- A{1,3,4} € (AB){1, 3,4} (2.89)
and
(AB){1,3,4} € B{1, 3,4} - A{1, 3, 4}. (2.90)
Let
S N I o [ Py
B*A*A B*A*AB B*A*AA ABB
and

[ AA* ABB*A*
M =T| pxA* B*BR*A*

With this notations the following is proved:

Theorem 2.28 ([26]) Let A € C"™™ and B € C"**. Then the following conditions
are equivalent:

(1) B{l1,3,4}-A{1,3,4} C (AB){l1, 3,4},
(i) r(A) = min{nz, ny + k —r(B)}, r(B) = min{n;, n, + m —r(A)}.

Theorem 2.29 ([26]) Let A € C"™"™ and B € C"*k. Then the following conditions
are equivalent:

(i) (AB){1,3,4} C B{l, 3,4} - A{l, 3,4},
(ii) r(AB) = max{min{n;, n4}, min{fk —r(B),n —r(A)} — m + n; + n3}.

What the authors of [26] did not realize was that (AB){1, 3,4} € B{l, 3,4} -
A{l, 3,4} is actually equivalent to (AB){1, 3,4} = B{l, 3,4} - A{1, 3, 4}, which
was shown in [27] in the matrix case and later generalized in [28] to the C*-algebra
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setting. In the following theorem the proof of this factin C*-algebras will be presented
together with some necessary and sufficient conditions for (2.90) to hold.

Theorem 2.30 ([28]) Leta, b € o/ be suchthata, b, ab, a(1—bb") and (1—a’a)b
are generalized invertible. Then the following conditions are equivalent:

(i) (ab){l1,3,4} C b{1,3,4}-all, 3,4},
(ii) (ab){1, 3,4} =b{1,3,4}-a{l, 3,4},
(iii) (ab)" =b'a, (bTb—(ab)T(ab)),sa/(aaT—(ab)(ab)*) = {0} and the equation

(1 =b"b)z(1 —aa®y = (1 = b b)x(1 = s253) frea(1 — 51 s1)y(1 —aa®), (2.91)

is solvable for any 7 € <, where sy = 1 — (ab)'(ab), s, = (1 — bbHa',
e, =1 —a+aandfb =1-—bb.

To give a proof of Theorem 2.30, we will need some auxiliary results given as
follows:

Lemma 2.5 Let a € o/ be generalized invertible and b € <. Then the following
statements are equivalent:

(1) beafl,?3,4}
(2) a*ab = a* and baa* = a*.
(3) There exists y € < such that b = at + (1 - aTa)y(l —aah).

Proof (1) = (2) If b € a{l, 3, 4}, then

a*ab = a*(ab)* = (aba)* =a* and baa®™ = (aba)* = a”.

2) = (1) If a*ab = a* and baa*™ = a*, then

aba = aa‘aba = (a")*a*aba = (a")*a*a = a,
ab = b*a*ab = (ab)*(ab),
ba = baa*b* = (ba)(ba)*,

so, b € a{l, 3, 4}.

()= B)Ifbecafl,3,4),thenb € a{l,3},s0b =a’ + (1 —a'a)t, for some
t € o/. Then ba = a'a, so (1 —a'a)ta = 0. Put z = (1 — a'a)r. We have that z
is a solution of the equation za = 0, so z = y(1 — aa'), for some y € </. Now,
b=a"+ ({1 —-a'a)y(l —aa").

(3) = (1) This is evident. O

Now, let p = bb', g = b'b and r = aa’.

bt o

Remark 2.1 ByLemma?2.5, we getthatb{1, 3,4} = H 0 u

] ue(l—-—q)(1—p)
q.p

and
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_ aTdT 70 — a’fd+a1zZ — a’dea2Z4 )
a{ls 374} - [[a;d'r Z4 _ azﬁd%lllZz —a;dT02Z4 o . ZZ € pr{(l - r)7

e —pa(l— r)}.
Lemma 2.6 Leta,b € < be such that a, b, ab € <% and (ab)! = ba’. Then
(abb")" = b(ab)". (2.92)
Proofof Theorem2.30: (i) < (iii) : The factthat (ab){1, 3, 4} C b{1, 3, 4}-a{l, 3, 4}

is equivalent to the fact that for every (ab)":3* there exist a">*# and »> such
that (ab)(134) = p(:34) . q(139)

Since, ab = a(l)b 8] , by Lemma 2.5,
rq
s (' — (alb)T(Cllb)))’2i|
b 1, 3, 4 = + .
(ab)il, 3,4} “maa* — (ab)(ab)") Vi .

y = |:Y1 yz} et
Y3 Yal,,
where s = (a10)" + (1 — (alb)*(alb))yl (1 — (alb)(alb)T).
Now, using (ii) of Remark 2.1, we may conclude that (ab){1, 3,4} C b{1, 3,4} -
Y12

€ o/ ,thereexistu, z € of
Y3 Y4, ,

a{l, 3, 4} holds if and only if for arbitrary y = [

such that

@b)" + (1 — @b (@b))yi (1 — (@b)(aib)’) = b'ajd’,  (2.93)

(b'b — (a1b) (a1b))y> = b'(zo — ajd’arzo — ajd arzs), (2.94)
yi(aa® — (ab)(ab)") = (1 — b'byuaid", (2.95)
ya = (1 =b"D)u(zq — ajd'a1zo — aid arz), (2.96)

where zp = pz(1 —r)and z4 = (1 — p)z(1 —r).
The fact that the equation (2.93) holds for every y; € g.o7r is equivalent to

@by =bTa*d" =b'a’, (b'b — (ab)'(ab)) o (aa’ — (aby(ab)?) = {0}). (2.97)

Now, using Lemma 2.6 and the fact that (ab)" = b'a™ = a}d’a, = 0, we have that
the equations (2.94), (2.95) and (2.96), respectively have the forms:
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(1 = (ab)'(ab))b'by(1 — aa’) = (1 — (ab)'(ab))b’z(1 —aa’), (2.98)
(1 =b'p)ya(1 — bb")a" = (1 — b'b)u(l — bb")a", (2.99)
(1 =b'b)y(1 —aa®) = (1 = b'b)ufre,z(1 — aa’). (2.100)

It is evident that the equations (2.98) and (2.99) are solvable for any y € 7 and that
solutions of these equations are respectively, given by

z=by+t —sisin(l —aa’), u=ya+t—(1—>bbnsys],

for t,t, € /. Notice that s; € /7 because it is a projection and s, € /T since
a(l —bb") e s{1}.
Since abb™ = ab(ab)’a, we have that

a(l1=bbH(1 —a’a)(1 —bb") =0. (2.101)
Also, from aideal = 0, we get that
(1 =bb"H(1 —aa)(1 —bb")y =1 —bb"(1 —daa). (2.102)

Now, by (2.101) and (2.102), it follows that for z and u satisfying the equations (2.98)
and (2.99), respectively, the equation (2.100) is equivalent to

(1=b'b)y(1 —aa®y = (1 = b*b)2(1 = s25]) frea(1 = s]s)1 (1 — aa®).  (2.103)

Now, (i) holds if and only if (2.97) holds and for arbitrary y € o7 thereexistt;, t, € o/
such that the equation (2.103) is satisfied.

(i) = (ii) : If (i) holds, then there exist a("'3* and b(:3* such that (ab)" =
b1:3Hq139 Now, if we multiply the last equality by »'h from the left and by aa’
from the right, we get that (ab)’ = b'bb!3Ya13Yaa™ = bTbbTa’aa® = bTa’.
Now, by Theorem 2.32, we get that (ii) holds.

(i1) = (1) : This is evident. ([l

For matrices in the special case when k = n it was proved in [27] that the
solvability of the equation (2.91) is equivalent to the condition n < m. Hence, when
n > m then

(AB){1,3,4} € B{1,3,4} - A{1, 3,4]. (2.104)

The case n < m is treated in the next result.
Theorem 2.31 ([27]) Let A € C"™ and B € C™" and n < m. The following
conditions are equivalent:

() (AB){1,3,4} C B{1,3,4} - A{1,3,4),
(i) (AB)" = B'A"and (B =A"AB or A= ABB").



48 2 Reverse Order Law

Example 2.16 We will show that (AB){l1,3,4} € B{l,3,4} - A{1, 3,4} is not
equivalent with B{l, 3,4} - A{1, 3,4} <€ (AB){l,3,4}. Also, in the case when
(AB){1,3,4} ¢ B({1,3,4} - A{1, 3, 4}, for some (AB)13% we will find particu-
lar A03% and B(:34 such that (AB)(134 = BU3H A3 ¢ (AB){1, 2, 3): Let
A= |: (1) 8i| and B = |:(1) 8i| Then evidently AB = 0, which implies by Theorem
2.31that (AB){1, 3,4} ¢ B{l1,3,4}-A{l, 3,4}, and also that (AB){1, 3,4} = C>*2.
This further implies that B{1, 3,4} - A{1, 3,4} € (AB){1, 3, 4}. Since A{l, 3,4} =

{[(1) (c)] I c€ (C], B{1,3,4} = ”:2 (l)i| i de C] then for each bidiagonal matrix

of the form I:g f):| e (AB){l, 3,4}, there exist A"> and B34 such that

0x — p(1.34) 401,34
y 0 '

Example 2.17 1t can be shown that for A € C"*" and B € C™*k | the condition
min{n, k} < m is necessary for (AB){1, 3,4} € B{l1, 3,4} - A{l, 3, 4} to hold.

Recently, some algebraic conditions for B{l, 3,4} - A{1, 3,4} € (AB){l1, 3,4}
to hold in the matrix case were given in [27] and their generalization in the case
of C*-algebras in [28]. Here, we will present only the more general version in the
C*-algebra case.

Theorem 2.32 ([28]) Leta, b € <f be suchthata, b, ab, a(1 —bb") and (1 —a’a)b
are generalized invertible. Then the following conditions are equivalent:

() b{1,3,4}-a{l,3,4} C (ab){1, 3,4},
(i) bb'a*ab = a*ab and abb*a’a = abb*,
(iii) ba’ = (ab)'.

Proof (i) = (ii) Since b'a’™ € (ab){1, 3,4}, from abb'a’ab = ab it follows that
alaTdTal = aqa ie., azaz‘d*al = 0. Similarly, from (abba™* = abbTa®, we get
that ajajd’ is Hermitian. Now, d'ajafa, = ai, i.e., apaja; = 0. Multiplying the
last equality by a; from the left side, we get aja; = 0 which is equivalent to
bb'a*ab = a*ab. Similarly, we get that abb*a’a = abb*.

(i) = (i) The condition bb'a*ab = a*ab is equivalent to ajay =0,1e.,ajay =
0.Lets = ajal. Since d € s.o/s + (1 —s).a/ (1 —s), we have that d* € s.o/s + (1 —
s)/ (1 — 5). Now, ai‘d'raz e ds - (sds+ A - —s)) (1 -5 = {0}
Hence, a’fd*az =0,1ie., aé‘dTal =0.

For arbitrary a":3% and h1->% we have that

abb(134 4134 4p — ajaid’a;b 0
0 0]

Since
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aad’a; = (d — aya3)d'a; = ay,

it follows that abb"3Ya1-3Yab = ab. To prove that abb"¥ a3 is Hermitian
it is sufficient to prove that ajajd’ is Hermitian and a;(zo — a}d'a;z2) = 0. By
computation, we get that a1z, = ajajd’ = ajaj(aia})’ which is Hermitian. Also,

ayzy — alaTdTalzz = (al — (d — aza;)dTal)Zz =0.

Hence, b{1, 3,4} -a{l, 3,4} C (ab){1, 3}. Similarly, the condition abb*ata = abb*
implies that b{1, 3,4} - a{l, 3,4} C (ab){1, 4}, so (i) holds.

(i) = (iii) : It is sufficient to prove that 57a" is an outer inverse of ab. That is
equivalent to b*a]*d"'a]a’fa'+ = bTa’fa'+ which holds since ai‘d"'a]a;k =aj.

(iii) = (ii) : The proof of this part follows directly from the proof of the part
(1) = (). O
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