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Abstract Thisis an attempt to present a uniform algebraic framework for semantical
approach to cut elimination. The basic idea came from a paper by S. Maehara of 1991.
Using the notion of quasi-homomorphisms essentially due to Maehara, an algebraic
condition called semi-completeness of a given sequent system is introduced. It is
shown that for a given sequent system S, semi-completeness for the system S~
implies cut elimination for S, where S~ is obtained from S by deleting cut rule.
In the present paper it is confirmed that many of existing semantical proofs of cut
elimination using either Kripke semantics or algebraic one will fall into our algebraic
framework. In fact, semi-completeness is considered to be an intelligible algebraic
criterion of cut elimination which is applicable to both single- and multiple-succedent
sequent systems for wide variety of nonclassical logics, including modal logics and
substructural logics. For modal logics and intuitionistic logic, connections of quasi-
homomorphisms with downward saturations, the conditions which are used in the
constructions of canonical Kripke models, will be clarified. On the other hand, for
substructural logics, quasi-homomorphisms will be discussed in relation to guasi-
embeddings which are crucial in algebraic approaches to cut elimination. In the last
three sections, semi-completeness arguments are extended so as to cover semantical
proofs of cut elimination for nonclassical predicate logics. This can be carried out by
generalizing quasi-homomorphisms on expanded algebraic structures. In this way,
semi-completeness will provide a unified view of comprehending various semantical
approaches to cut elimination.

1 Maehara’s Approach Revisited

In his paper Maehara (1991), S. Maehara gave a semi-algebraic proof of cut elimi-
nation for both classical and intuitionistic sequent systems for simple type theory.'
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1For further exposition of Maehara’s semantical proof of cut elimination for second order calculi,
see a recent paper by Arai (2017).
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Based on his idea, we present here a uniform algebraic framework for semantical
approaches to cut elimination. To clarify the essence of his work and to show its
generality, we introduce the notion of semi-completeness of a given sequent sys-
tem, which means the completeness with respect to quasi-homomorphisms instead
of homomorphisms (or valuations).?

In the next section, the notion of semi-completeness is introduced and it is shown
that semi-completeness for a cut-free system implies cut elimination. To see how
our idea will work, we will discuss semi-completeness of sequent systems for both
modal logic S4 and intuitionistic logic in Sects. 3 and 4, respectively, comparing it
with standard semantical proof using Kripke semantics of cut elimination. It will be
pointed out that required properties of quasi-homomorphisms follow exactly from
conditions of downward saturation in canonical Kripke models. Then, by taking the
complex algebras of Kripke frames, standard semantical methods for cut elimination
using Kripke frames can be naturally incorporated into our algebraic framework. On
the other hand, semi-completeness of sequent systems for basic substructural logics
will be discussed in relation to quasi-embeddings in their algebraic proof of cut
elimination in our joint paper Belardinelli et al. (2004) with F. Belardinelli and P.
Jipsen. As a matter of fact, quasi-embeddings which came also from Maehara (1991)
can be regarded as an alternative way of presenting quasi-homomorphisms.

The last three sections will be devoted to show how we can extend these arguments
about semi-completeness to predicate logics. For substructural predicate logics, this
was essentially done in Belardinelli et al. (2004) in terms of quasi-embeddings. On
the other hand, there may be some difficulties in transforming semantical proofs of
cut elimination using Kripke semantics into algebraic ones, when a predicate logic
under consideration is complete with respect to Kripke frames with varying domains,
like intuitionistic predicate logic and modal predicate logic for S4. To overcome this
we will introduce expanded algebraic structures and general quasi-homomorphisms
on them in Sect.8. Then, semi-completeness with respect to expanded algebraic
structures is shown to work well in these cases.

In this way, semi-completeness arguments using (general) quasi-homomorphisms
are shown to cover many of existing standard semantical methods of cut elimination
for various sequent systems, and thus we can conclude that they will provide a
uniform algebraic framework for semantical proofs of cut elimination. This will
answer a question which we posed in my previous paper Ono (2015). We note here
that in Lahav and Avron (2014), authors introduced a semantical framework using
Kripke-type semantics, in order to discuss related problems. It is noticed in Sect. 6 in
Lahav and Avron (2014) that some obstacles may happen in treating single-succedent
sequent systems like systems for substructural logics.

2See Footnote 3.
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2 Semi-completeness

We will explain Maehara’s idea in Maehara (1991) firstly in the context of modal
propositional logics. We take A, Vv, — and U for logical connectives of our language,
and use N, U,” and [J for expressing corresponding operations of modal algebras.
In the following, §2), denotes the set of all formulas of this language. We say a
nonempty subset Z of £2), is subformula-closed when for any subformula g of « if
ae€Zthenp e Z.

Definition 1 (partial homomorphisms on modal algebras) Let A = (A, N, U,”, )
be any modal algebra. A mapping f from a subformula-closed subset Z of £2), to
A is a partial homomorphism on A if it satisfies the following conditions.

L f@AB = f@Nf(B) foranpeZ,
- flavp)=fl)Uf(B) foravpeZ,
. f(ma) = f(a) for—a e Z,

. fo) =0f(x) forUa € Z.

A W N =

When Z = £2),, the mapping f is simply called a homomorphism (on A).>

The set Z in Definition 1 is called the domain of f. The following will be almost
trivial. For, it is enough to take an arbitrary element in A for each propositional
variable which does not belong to the domain of a given partial homomorphism.

Lemma 1 Every partial homomorphism to an algebra A can be extended to a homo-
morphism to A.

The notion of partial homomorphisms can be generalized in the following way.

Definition 2 (quasi-homomorphisms on modal algebras) Let A = (A, N, U,", )
be any modal algebra. A quasi-homomorphism on A is a pair of mappings k and
K from a subformula-closed subset Z of £2, to A, which satisfies the following
conditions.

k(a) < K(a) fora € Z,

k(e AB) <k(@)Nk(B)and K(@) NK(B) < K(aAB) foranp e Z,
k(v B) <k(x) Uk(B)and K(@) UK(B) < K(xVv p) foraVvpeZ,
k(—a) < K(a) and k(a) < K(—«a) for—a € Z,

k(Oo) < Ok(a) and 0K (@) < K(Ow) for Do € Z.

AR

Mappings k and K are sometimes called the lower and the upper mappings of this
quasi-homomorphism.

3The word valuation in place of homomorphism might be suitable. But, for further generalization,
here we call it homomorphism, considering §2), as a freely generated modal algebra. By the same
reason, we use the word quasi-homomorphism instead of quasi-valuation in Definition 2 given
below.
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The set Z in Definition 2 is called also the domain of (k, K). It is easily shown
that if k(o) = K(«) for each « € Z for a quasi-homomorphism (k, K) with the
domain Z, then k (and hence K) is a partial homomorphism from Z to A. Because of
this, sometimes we identify a partial homomorphism f with a quasi-homomorphism
(f, f). We note that we cannot expect the result corresponding to Lemma 1 for
quasi-homomorphisms. By using induction on the complexity of a formula «, the
following can be shown easily.

Lemma 2 Suppose that both a partial homomorphism f and a quasi-homomorphism
(k, K) are mappings from Z to an algebra A such that k(p) < f(p) < K(p) for
each propositional variable p € Z. Then k(o) < f(a) < K(a) for every formula
o€’

The following result plays a crucial role in the proof of the main theorem of
Maehara (1991).

Theorem 3 For formulas oy, . .., &y, B, ..., B if

glapN...Nglam) < gB)U...UgB) (1

holds for every homomorphism g on an algebra A, then
k(o) V... Nk(am) < KB U...UK(By) (2)

holds for every quasi-homomorphism (k, K) from any domain Z to A such that all
formulas oy, ..., oy, Bi, ..., By belong to Z.

Proof For any given quasi-homomorphism (k, K), take a partial homomorphism f
from Z to A satisfying k(p) < f(p) < K(p) for each variable p € Z. (For instance,
let f(p) = k(p) foreach p € Z). By Lemma 2, the inequality k(y) < f(y) < K(y)
holds for every formula y € Z, and thus in particular for each o; and g;. Take an
arbitrary homomorphism f* to A which is an extension of f, whose existence is
assured by Lemma 1. By our assumption,

[rann...n ffow) < fAFBDU...U f5(By)

holds. Thus k() N...Nk(ay) < fFap)N...N0 fa,) < f*B)U...U
F*(By) < K(B1) U...UK(B,) holds. O

Note thatin (2) we understand that 1 < K(8;) U...U K(8,) whenm = 0and that
k(ay) N...Nk(a,) < 0whenn = 0. We follow the same conventions for g in (1).

For a given sequent system S for a normal modal logic M, by an M-algebra we
mean any modal algebra such that any formula « which is provable in S is valid in
it. By standard argument using Lindenbaum algebras, we have that a formula « is
provable in M if and only if it is valid in any M-algebra. In particular, soundness of
a modal logic M can be expressed as follows.
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Lemma 4 Suppose that S is a sequent system for a given modal logic M. If a
sequent oy, ..., 0, = Bi,..., By is provable in S, then g(a;) N...Ng(ay) <
g(B1) U...U g(B,) holds for any M-algebra A and any homomorphism g on A.

Combining this with Theorem 3, we have the following.

Corollary 5 Suppose that S is a sequent system for a given modal logic M. If a
sequent ay, ..., 0y = B1, ..., By is provable in S, then

k() N...Nk(am) = KB U...UK(B)

holds for every quasi-homomorphism (k, K) from any domain Z to A such that all
formulas oy, ..., oy, Bi, ..., By belong to Z.

Suppose that sequents @« = B and B = y are both provable in S. But it may hap-
pen that @ = y is not provable in S if cut rule is not admissible in S. Corresponding
to this, though k() < K(B) and k(8) < K(y) hold for a given (k, K) to an alge-
bra A by the above corollary, we are not sure whether k() < K (y) holds or not.
When the converse of Corollary 5 holds for a sequent system S, we say that S is
semi-complete.

Definition 3 (semi-completeness for modal logics) A sequent system S is semi-
complete with respect to a class ¥ of modal algebras, when for all formulas
Oy .vey Oy, Bry .., Bn, if the inequality

k() N...Nk(en) < KB U...UK(B,) 3)

holds for each M-algebra A € % and each quasi-homomorphism (k, K) on A with
a domain Z such that oy, ..., oy, Bi, ..., By € Z, then the sequent «y, ..., ®, =
Bi, ..., By is provable in S.

When S is semi-complete with respect to a singleton set {A}, we say simply that
S is semi-complete with respect to the algebra A. By Corollary 5 with Definition 3,
we have immediately the following.

Lemma 6 Let S be a sequent system for a modal logic M and S~ be the sequent
system obtained from S by deleting the cut rule. If S~ is semi-complete with respect
to a class € of M-algebras, then cut elimination holds for S.

Sometimes the following contrapositive form of semi-completeness may be more
convenient. That is, a sequent system S is semi-complete with respect to %', whenever

if a sequent ay, . . ., om = By, By is not provable in S, then there exists (k, K') on some
modal algebra A € € such that

k() M. Nk(am) £ KB U... UK (By). “)
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If such a homomorphism g is found as (k, K) in (4), or more precisely, if (g, g)
satisfies (4) for a mapping g, the condition implies completeness of S with respect to
€. As a matter of fact, semi-completeness with respect to 4’ means completeness of
S with respect to quasi-homomorphisms on algebras in ¥. The main reason why we
focus on quasi-homomorphims in the context of cut elimination comes from the fact
that in many cases it is much easier to find a necessary quasi-homomorphim than to
give a required homomorphism in a definite form.

3 Quasi-homomorphisms and Downward Saturations

To explain how Lemma 6 on semi-completeness can be applied, we take here a
sequent system GS4 for the modal logic S4 as an example. The following proof is
obtained essentially by algebraizing a semantical proof of cut elimination for GS4
using Kripke frames, which is shown e.g. in Ono (2015). Our sequent system GS4
is obtained from the system LK for classical logic by adding the following two rules
(0 =) and (= 0O) for [J;

a, " = A U = «
Oo.T = 4 &) Or=ta &

To simplify our arguments, each sequent is supposed to be of the form ¥ =
® where X and © are finite (possibly empty) sets of formulas. Thus, our system
has neither exchange rules nor contraction rules. Let GS4~ be the system GS4
without cut rule. In the following, we will show the semi-completeness of GS4~
in a stronger form. That is, we will give uniformly an S4-algebra B and a quasi-
homomorphism (k, K) from the set £2, of all modal formulas to B (hence both k
and K are total mappings) such that for every sequent «y, ..., a, = Bi, ..., B, if
it is not provable in GS4~ then the corresponding inequality (3) does not hold for
the quasi-homomorphism (k, K) on this algebra B. For this purpose, we refer our
semantical proof of cut elimination for GS4 in Ono (2015), which is briefly sketched
below.

We say that a pair (X, @) of (possibly infinite) subsets X and @ of £2,; is GS4™ -
consistent (in §2,) if the sequent «y, . .., o, = By, ..., By is not provable in GS4~
forany oy, ...,a, € ¥ andany B4, ..., 8, € @. A GS4™ -consistent pair (X, ®) is
maximal GS4™ -consistent (in §2y), if itis GS4~ -consistent but neither (X U {y}, @)
nor (X, ® U{y}) is GS4~-consistent for any y € £2)/\(X U ®). It can be shown
e.g. by using Zorn’s lemma that each GS4~-consistent pair (X, &) can be extended
to a maximal GS4~ -consistent pair (X, ®@). As GS4~ does not have cut rule, the
union of X' U ® is not always equal to §2), for a maximal GS4™-consistent pair
(X, 0).

Let V be the set of all maximal GS4™ -consistent pairs. Clearly, the power set
@ (V) of V forms a Boolean algebra with respect to set theoretical operations N, U
and ’. Further, we introduce a unary operation [1° on g (V), by defining (1°S =
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{(X,0) eV :forevery (I', A) € V,if Xg C I'gthen (I', A) € S} for each subset
S of V. Here A denotes the set {« : Lo € A} for every subset A of £2),. Itis easily
verified that the algebra B = (g (V), J°) forms an S4-algebra. We can show the
following basic result. See e.g. Ono (2015) for the details.

Lemma 7 (downward saturation in modal logics) The following holds for every
maximal GS4~ -consistent pair (X, ©).

(la) ifBAy € X thenboth B andy arein X,

(Ib) if B Ay € O then either B or y are in ©,

(2a) if BV y € X then either B ory arein X,

(2b) if BAy € O then both B and y are in O,

(3a) if—B € X thenBisin®,

(3b) if—B €O thenPisin X,

(4a) if0B € X then B € I for each (I', A) € V such that ¥g C I,
(4b)  if0JB € O then B € A for some (I, A) € V such that ¥ C I't.

Next, we introduce mappings k and K on B by k() = {(X,0) eV :ax € X}
and K(a) = {(X,©®) € V : a ¢ O} foreacha € £2),. As our proof of the following
lemma shows, every condition for downward saturation is reflected exactly by a
condition for quasi-homomorphisms through mappings k and K.

Lemma 8 The pair (k, K) is a quasi-homomorphism from §2,; to B.

Proof First, we show that k(a) C K (). If (¥, ®) € k(«), then @ € X' and hence
a cannot be a member of ® because of the GS4~-consistency of (X, @). Thus,
(¥, 0) € K(x). The fact that k and K satisfy remaining conditions of quasi-
homomorphisms can be derived by Lemma 7. To see this, let us give only proofs
of the following two conditions k(Ua) € °k(«) and LI°K (o) € K (). Suppose
that (X, ®) € k(Oa). This means that (o € X'. To show that (X, ®) € 0°k(x),
take any (I", A) € V suchthat ¥g C I';. By Lemma 7 (4a), « € I'. This means that
(I', A) € k(o). Thus, (¥, ®) € U°k(«). Next suppose that (¥, @) ¢ K (U«). Then
Ua € ©®. By Lemma 7 (4b), @ € A holds for some (I, A) € V such that ¥ C I'y.
Thatis, (I, A) ¢ K («) forsome (I", A) with ¥ C I'g. Hence, (X, ©) ¢ [I°K («).

O

Lemma 9 The sequent system GS4~ is semi-complete with respect to the S4-
algebra B.

Proof Letay,...,a, = Bi,..., B, be any sequent which is not provable in GS4,
i.e., the pair ({ory, ..., an}, {B1, ..., Bn}) is GS4™ -consistent. Then there exists a
maximal GS4~-consistent pair (¥, &) such thate; € X foreachi <mand g; € ®
for each j < n. This implies that (¥, ®) € k(1) N ... Nk(xy), while (X, O) ¢
K(B)) U...UK(B,). Thus, the inequality (3) does not hold. m]

Then we have the following from Lemma 6 together with Lemma 9.

Corollary 10 Cut elimination holds for GS4.
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Semi-completeness of sequent systems for other modal logics, including GK and
GKT discussed in Ono (2015), can be shown in the same way. The above argument
looks quite similar to standard proof of completeness of modal logics using canonical
frames. In fact, if we replace GS4~ by GS4 in the above proof, the algebra B is exactly
the complex algebra of the canonical frame for S4 and the mapping K, which is equal
to k, is the canonical valuation on it.

To derive cut elimination, it is not necessary to show the semi-completeness with
respect to a fixed algebra in a uniform way. That is, it is enough to give such an
algebra and a quasi-homomorphism, depending on each unprovable sequent. This
can be done by modifying the above proofs slightly, as shown below.

For a given sequent oy, ..., &, = Bi, ..., B, let 27 be the set of all subformulas
of formulas in this sequent. We will restrict our attention only to formulas in £2°.
Let V* be the set of all maximal GS4~ -consistent pairs in 2% As £2F is finite, so is
V¥, We can carry on the rest of arguments in the same as before, only by replacing
2 by 27 and V by V*. (See Sect. 1.5 of Ono (2015) for the details.) In this way,
we can get a finite S4-algebra B and a quasi-homomorphism (k*, K*) such that the
inequality (3) does not hold for these formulas «y, ..., oy, Bi, - .., B,. Hence, we
have the following in place of Lemma 9.

Lemma 11 The sequent system GS4~ is semi-complete with respect to the set of all
finite S4-algebras.

This implies the finite model property of the modal logic S4. In fact, if a formula
is not provable in S4, then the sequent = « is not provable in GS4~. By Lemma 11
together with Theorem 3, there exist a finite S4-algebra A and a homomorphism f
on A such that 1 £ f(«). This means the finite model property of S4.

4 A Semi-complete Sequent System for Intuitionistic Logic

The above proof of cut elimination via semi-completeness can be applied to sequent
systems for some other logics which are Kripke complete. To see this, in this section
we will outline a proof of cut elimination for a sequent system LJ’ for intuitionistic
logic, which is sometimes called G3im. The system LJ’ is a multiple-succedent
system obtained from the sequent system LK for classical logic by restricting the
right implication rule to the following form;

o, ' = B
I'=>oa—p =-)
We assume that our language consists of primitive logical connectives A, vV, — and
a constant symbol 0. As usual, the negation —« of « is defined by o« — 0. For
convenience sake, the constant 0 is regarded as a subformula of any formula. Let £2;
be the set of all formulas in this language. As before, we suppose that each sequent
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is of the form ¥ = @ with finite sets X and @ of formulas. For this language, we
need to modify the definition of quasi-homomorphisms slightly, as shown below.

Definition 4 (quasi-homomorphisms on Heyting algebras) Let A = (A, N, U, —,
04) be any Heyting algebra.* Here, 04 denotes the smallest element of A. A guasi-
homomorphism on A is a pair of mappings k and K from a subformula-closed subset
Z of £2; to A which satisfy the following conditions.

k(a) < K(a) fora € Z,

k(@ AB) <k(x)Nk(B)and K(@) NK(B) < K(xAB) fora AB € Z,
k(v pB) <k(x) Uk(B)and K(@) UK(B) < K(aVv B) foravVv pBeZ,

k(0) =04,

k(@ —> B) < K(x) = k(B) and k(a) > K(B) < K(ax — B) fora — B e Z.

A

Now, it is easy to see that statements which correspond to Theorem 3 and Corol-
lary 5 hold also for the sequent system LJ’ and any Heyting algebra A. The semi-
completeness of LJ'~, i.e. L) without cut rule, can be shown similarly, again with
the help of Kripke frames as follows. Let W be the set of all maximal LJ' ™ -consistent
pairs. We introduce a binary relation < of W by the condition that (¥, ®) < (I, A)
if and only if X C I'. Clearly, < is a preorder on W. Now, let % (W) is the set of
all upward closed subsets of W with respect to <. By standard arguments, we can
show that the algebra C defined by (% (W), N, U, —, @) forms a Heyting algebra.
Here, for S, T € % (W), the set S — T is defined by {(X, ®) : if (I", A) € S then
(I, A) € T for every (I', A) such that (X, ®) < (I, A)}. The set S — T can be
shown to be a member of % (W). Corresponding to Lemma 7, we have the following.

Lemma 12 (downward saturation in intuitionistic logic) The following holds for
every (X,0) of W.

(la) ifBAy € X thenboth B andy arein X,
(Ib)  if B Ay € O then either B ory arein ©,
(2a) if BV y € X then either B or y are in X,
(2b) ifB Ay € O then both B and y are in O,

(3) 0¢X,
(4a) if B — y € X, then either f € Aory € I foreach (I', A) € W such that
Ycr,
(4b) ifB— vy e®, then el and y € A for some (I, A) € W such that
YcCr.

Proof We will give here a proof of (4a) and (4b). Suppose that 8 — y € X. More-
over, suppose that there exists (I, A) € W suchthat ¥ € I"suchthat B ¢ Aory ¢
I'. Then, both (I, AU {B}) and ({y} U I', A) are LJ' ™ -inconsistent, which means
that both I’ = A, B and y, I’ = A are provable in LJ'~. Hence, 8 — y, " = A
must be provable in it. But as (I", A) is LJ' ™ -consistent, 8 — y cannot be a member
of I'. On the other hand, § — y € ¥ C I'. This is a contradiction.

4By abuse of symbols, we use — for both logical connective and algebraic operation.
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Suppose next that 8 — y € @. Then, (X U {8}, {y}) must be LJ' ™ -consistent.
For, otherwise X = B — y is provable by using the right implication rule of LJ" and
hence (X, ®) is LJ' ™ -inconsistent, which contradicts our assumption. Now, take a
maximal LJ'™ -consistent pair (I, A) which is an extension of (X' U {8}, {y}). Then
YCr,perlandy € A. 0O

As before, we define k and K by k(e) = {(X,0) e W :a € ¥} and K (o) =
{(¥,0®) e W:a ¢ ©}. Then, by using Lemma 12, it is easily seen that the following
holds.

Lemma 13 The pair (k, K) is a quasi-homomorphism on the Heyting algebra C.

In addition, we can show a result similar to Lemma 11. Thus, we have the follow-
ing.

Theorem 14 The sequent system LY ™ is semi-complete with respect not only to the
Heyting algebra C, but also to set of all finite Heyting algebras. Thus, cut elimination
holds for LY .

5 Quasi-homomorphisms and Quasi-embeddings

‘We have shown that semantical proofs of cut elimination in Ono (2015) using Kripke
frames can be transformed into algebraic proofs of cut elimination through semi-
completeness. This was carried out quite similarly to the proof of algebraic com-
pleteness of a given modal logic M by using the complex algebra of canonical frame
of M when M is canonical.

In this section, we will explain that algebraic proofs of cut elimination developed
in Belardinelli et al. (2004) can be treated also within the present framework, and in
fact they can be regarded as algebraic proofs of cut elimination via semi-completeness
of sequent systems. As shown below, required quasi-homomorphisms in our proofs
can be derived directly from quasi-embedding in Theorem 5.3 of Belardinelli et al.
(2004). This will make an interesting contrast with proofs in previous sections, since
arguments developed in Belardinelli et al. (2004) has a close resemblance to Mac-
Neille completions while arguments in the previous sections to canonical extensions
(see e.g. Galatos et al. (2007) for the details).

We will show semi-completeness of the sequent system FL,,, for substructural
logic with exchange rule and weakening rule, as an example, by following an alge-
braic proof of cut elimination for FLey described in details in Belardinelli et al.
(2004).> We are going to outline the proof of semi-completeness of FLey, by giv-
ing a brief sketch of the corresponding proof in Belardinelli et al. (2004), with a
slight modification of expressions and statements, when necessary, in order to adjust

5The very basic idea of algebraic proofs of cut elimination in Belardinelli et al. (2004) came partly
from Maehara (1991), as mentioned in it.
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them to the present paper. Semi-completeness for other sequent systems discussed in
Belardinelli et al. (2004) can be also obtained in the same way. Thus, our algebraic
approach can cover both single- and multiple-succedent sequent systems for various
nonclassical logics, including modal logics and substructural logics. (See Galatos
et al. (2007) for general information on substructural logics.)

The language for the sequent system FL,, is obtained from the language for LJ’
in the previous section by adding a logical connective fusion - and a constant symbol
1. Each sequent of FL, is of the form ¥ = 6 with a multiset X of formulas and a
formula 6. Both X' and 6 may possibly be empty.

The sequent system FL,y, is obtained from the single succedent sequent system
LJ for intuitionistic logic, by deleting contraction rule but having the following rules
for fusion:

o, B, =56 I'=saoa Y=8
« BT =35 " rs=sap O

For constant symbols zero 0 and unit 1, we assume the following initial sequents and
rules: (1) 0=, 2) =1,

I'=34

r=
=0 753

=20

(I=)

In the following, £2s denotes the set of all formulas in this language. Again for
convenience sake, both constant symbols O and 1 are regarded as subformulas of
every formula.

Definition 5 (FL.y-algebras) An algebra A = (A, N, U, -, —, 1) is a commutative
residuated lattice if it satisfies the following®:

1. (A,N,U)is alattice,
2. (A, -, 1) is a commutative monoid with the unit element 1,
3. x-y<ziffx <(y - z),forany x, y,z € A.

An algebra A = (A, N, U, -, —, 0, 1) is an FL¢y-algebra, if (A, N, U, -, —, 1) isa
commutative residuated lattice such that 0 < x < 1 holds for every x € A.

It is easy to see that for each sequent, it is provable in the sequent system FLey
if and only if it is valid in every FLey-algebra. Similarly to Definition 4, we define
quasi-homomorphisms to an arbitrary FL.y-algebra as follows.

Definition 6 (quasi-homomorphisms on residuated lattices)Let A=(A,N,U;,—,
04, 14) be any FLey-algebra. A quasi-homomorphism from 2g to A is a pair of
mappings k and K from a nonempty, subformula-closed subset Z of £25 to A which
satisfy the following conditions.

6 Again, we use the same symbol - for both fusion and monoid operation.
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k(o) < K(a) fora € Z,

k(@ AB) <k(x)Nk(B)and K(@) NK(B) < K(aAB) fora AB € Z,
k(v B) <k(a) Uk(B)and K(@) UK(B) < K(a Vv B) foraVv B e Z,
k(a-B) < k(o) -k(B)and K(a) - K(B) < K(a-B) fora-BeZ,

k() =04 and K (1) = 14,

k(a - B) < K(o) = k(B) and k(0) > K(B) < K(e¢ — B) fora — B € Z.

A

Because of our language £2¢ and of the interpretation of commas in antecedents
of sequents by the monoid operation -, it is necessary to modify the definition of
semi-completeness in the following way (when the system is a single-succedent
one).

Definition 7 (semi-completeness for substructural logics) A sequent system S for a
substructural logic is semi-complete with respect to a class € of residuated lattices,
when for all formulas «y, ..., a,,, B, if the inequality

k(ap) - ... - k(am) = K(B) (&)

holds for each residuated lattice A € € and each quasi-homomorphism (k, K) on A
with a domain Z such that oy, ..., o, B € Z, then the sequent oy, ..., &, = B is
provable in S.

In the following, U denotes the set of all (finite, possibly empty) multisets of
elements of §25. The empty multiset is denoted by ¢, and the multiset-union of ¥
and " isdenoted by X' - I, or also by X', I, when no confusions may occur for every
Yand I" € U.Clearly, U = (U, -, €) is a commutative monoid with the unit element
¢. From this U, we can construct a special FL.-algebra Cy as shown in Belardinelli
et al. (2004). We describe it briefly in the following. Let us take any closure operator
C on p (U), i.e. aunary function C which satisfies that for all X, Y € o (U),

1. X CCX),

2. CC(X) € C(X),

3. X C Y implies C(X) € C(Y),
4. CX)*CY)<CC(XxY).

Here, x is defined by S« 7T ={¥ - I': Y e Sand ' €T} for S,T € p(U). A
subset X of U is C-closed if C(X) = X.Let C(p (U)) denote the set of all C-closed
subsets. Define operations L, ® and + on C (g (U)) as follows. For all C-closed
sets X and Y:

e XY =C(XUY),
e X®Y =C(X=*Y),
e X—>Y={Te€U:{I'xXCY}

Lemma 3.2 in Belardinelli et al. (2004) says that the algebra Cy = (C(p (U)),
N, U, ®, —, O, C({e})) is acommutative residuated lattice with the greatest element
U and the least element C (). Moreover, it is a complete algebra, i.e. both infinite meet
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(:c; Xi and infinite join | |
CpW)).

Now, we will introduce a special closure operator C* on g (U). For each X and 9,
where X' is a member of U and 6 is either a formula or empty, X' < 6 means that the
sequent X~ = 0 is provable in FL, i.e. FL¢y without cut rule, and [X'; 0] denotes
theset{I" e U : X, " <160}. Foreach X C U, a subset C*(X) of U is defined to be
the intersection of all subsets Y of U of the form [X; #] such that X C Y. Lemma
5.2 in Belardinelli et al. (2004) says that this C* is in fact a closure operator such
that C({0}) = C*(¥) and C*({e}) = U. Now let G be the set C*(p (U)).

;e; Xi always exist for an arbitrary subset {X; : i € I} of

Lemma 15 The algebra G = (G, N, U, ®, >, C*(?), U) is an FLey-algebra.

We define k and K by k(o) = C*({a}) ={X e U :if I',a <10 then I', ¥ <10
forall I',0}, and K (o) = [¢; ] = {¥ € U : ¥ < «a}. Obviously, both k and K are
mappings from £2g to G. The following lemma can be shown in parallel with quasi-
embedding theorem, i.e. Theorem 5.3 in Belardinelli et al. (2004).

Lemma 16 The pair (k, K) is a quasi-homomorphism from $25 to the FLew-
algebra G.

Proof To avoid confusions, it should be remarked first that the quasi-embedding k
in Belardinelli et al. (2004) is expressed here by K which will be shown to be the
upper quasi-homomorphism. To confirm that (k, K) satisfies each of conditions for
quasi-homo-morphisms, in the proof of Theorem 5.3 of Belardinelli et al. (2004) we
replace first a, b by formulas «, 8, respectively, and next we take k(«), k(8) (with
k in the sense of the present paper) for U, V, respectively. Then, by Theorem 5.3 of
Belardinelli et al. (2004), we have that @ A 8 € k(o) N k(B). Since k() Nk(B) is
a C*-closed set and k(y) (= C*({y})) is the smallest C*-closed set containing {y}
for each y, it follows that k(e A B) = C*({ae A B}) C k(a) N k(B). Thus, the second
conditions of quasi-homomorphisms are satisfied. Similarly for the third and fourth.
To see that the sixth condition is satisfied, it is enough to take K («), k(8) for U, V
for the left inequality and to take k(«), K (8) for U, V for the right inequality. O

Theorem 17 The sequent system FL_, is semi-complete with respect to the FL,-
algebra G. Hence, cut elimination holds for FLey.

Proof Suppose thata;, ..., a,, = B be any sequent which is not provable in FL_,,
and moreover that k(o)) ® ... ® k(o) S K(B) holds. Since the singleton multiset
(o) belongs to k(«;) for each i by the definition of k, the multiset union (&) - - - ()
of all (¢;) (1 <i <m), which is equal to the multiset («;, ..., «,), belongs to
k(o)) ® ... k(o). Hence, («y, ..., a,) € K(B). This means that «y, ..., o, <
B. But, then «;, ..., a, = B must be provable in FL,, which is a contradiction.
Thus, k(o) @ ... Q k(o) € K(B). O

Similarly, we can prove semi-completeness and cut elimination for the sequent
system FL,, the system obtained from FL,,, by deleting weakening rule, which is
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for intuitionistic linear logic, and also for the single succedent sequent system LJ
for intuitionistic logic.

Semi-completeness of sequent systems for substructural logics with respect to
finite algebras also holds, though to these logics we cannot apply the method given
in the previous sections. The original idea is due to Lafont (1997); Okada and Terui
(1999), and a proof in the present context was described in details in Sect.7 of
Belardinelli et al. (2004), which we will sketch briefly below.

We will modify the proof in the above in the following way. Suppose that a sequent
ay, ..., q, = Bis given. We introduce a new relation X' <1* 6 for each X' € U and
each 6 which is either a formula or empty, as follows. Recall that X' <1 6 denotes the
provability of the sequent X' = 6 in FL .

e For any sequent X' = 6 which appears in the proof-search tree of the sequent
Ay, ..., Q, = B, define that ¥ <t* @ holds if and only if ¥ <16 holds. When
X = 6 does not appear in it, we define that ¥ <i* § holds always.

Using this relation <", we define a closure operator C? in the same way as before.
Then, it can be shown that C#(X) = U forall X C U except finitely many X. Because
of this, the algebra G* which is constructed similarly to G becomes finite, and the
inequality (5) fails in G*. Note that G” is obtained dependently on a given sequent
ap, ..., o, = B. Thus, we have the following. The corresponding statement can be
shown also for FL, and LJ ™.

Lemma 18 The sequent system FL,, is semi-complete with respect to the set of all
finite Flew-algebras.

Remark 19 Algebras and quasi-homomorphisms in the proof of semi-completeness
of this section look totally different from those in the previous two sections. As we
mentioned already at the beginning of this section, The construction of the algebra
G in this section has a strong resemblance to MacNeille completions, while the
constructions of algebras in the previous ones are to canonical extensions. Also,
quasi-homomorphisms in this section are defined by using the notion of provability,
while those in the previous sections are defined by using consistency, i.e. the negation
of provability.

But these differences are on the surface, and as a matter of fact, there are close
connections between them, as we will explain below. For comparison, we consider the
case for multiple-succeedent sequent systems. Then, quasi-homomorphisms (k, K)
defined just above Lemma 16 will be modified into the following form:

ok(oe):{(Z‘,@)eU2:if]",otQ(ﬂ,AthenF,Z‘<I@,Af0rall(F,A)€U2},
e K()={(X,0)eU?: ¥ <a, O}

In the following, we assume moreover that the following two conditions hold in a
given sequent system S.

1. Structural rules, i.e. weakening, contraction and exchange rules, are admissible.
2. Every consistent pair can be extended to a maximal consistent pair.
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Obviously, each sequent system for intuitionistic logic and for classical modal logics
satisfies these conditions. With the help of weakening rules, we can see that every
inconsistent pair (X, ®), i.e., each pair (X, ®) for which X' <1 ® holds, belongs
always to both k() and K («) for every «. Thus, it will be enough to pay attention
only to consistent pairs in U>.

We will focus attention further on the set M of all maximal consistent pairs, which
is a subset of U2. Now, for each formula «, let ky (o) and K () be subsets of M
obtained from k(er) and K («), respectively, defined in the above by replacing U? by
M. Then the following relations can be proved, which say that kj,(«) and K (o)
thus obtained are equal exactly to those k and K, respectively, introduced in Sect. 3
and also in Sect. 4.

e (XY,0)eky(w)ifandonlyifa € X,
e (XY, 0)e Ky(x)ifandonlyifa ¢ ©.

To show this, first suppose that (X, @) € ky (o). If @ ¢ X' then ¥, @ <1 ® holds
as (X, ®) is maximal consistent. Then, X', « <t ®, ® and hence ¥, ¥ < @, @ fol-
lows by the definition of ky (o). But, the last relation implies X' <t & by exchange
and contraction rules, which contradicts the consistency of (X, @). Thus, o must
be a member of X. Conversely, suppose that « € X'. Then I, < ©, A implies
I', ¥ <1 ®, A by weakening rules. Thus, (¥, ®) € k(). The second relation fol-
lows immediately from the fact that ¥ < «, @ if and only if ¢ ¢ ©, when (X, ®)
is maximal consistent. []

6 Semi-completeness of Sequent Systems for Substructural
Predicate Logics

We will discuss now how to extend semi-completeness results obtained so far to
the case of predicate logics. First, we will discuss cut elimination for substructural
predicate logics which are predicate extensions of sequent systems for substructural
propositional logics in the previous section. Here, by the predicate extension of
a given sequent system S for a propositional logic, we mean the sequent system
obtained from S by adding the following rules for quantifiers V and 3.

alt/x], " = A I' = o[z/x], ¥

Vxo, ' = A V=) I' = Vxa, ¥ =
alz/x], I = A I' = oft/x], X

Ixa, I’ = A 3=) I’ = dxa, X =3

"When S is a single-succedent system, A contains at most one formula and ¥ is empty.
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Here, t is aterm, x and z are individual variables, and «[z/x] («[# /x]) are the formula
obtained from « by replacing all free occurrences of x in « by z (by ¢, respectively).
Moreover, in applications of (= V) and (3 =), the variable z should not occur as a
free variable in the lower sequent.

In his paper Maehara (1991), the author has dealt essentially with the case for
classical predicate logic. In the following, we will show how to extend our arguments
about sequent systems for substructural propositional logics in Sect.5 to those for
their predicate extensions. As a matter of fact, this was done already in Belardinelli
et al. (2004) for the predicate extension QFL,,, of the sequent system FL.y. So, it
suffices for us to translate the arguments using the notion of quasi-embeddings in
Belardinelli et al. (2004) into our framework.

For the simplicity’s sake, we suppose that our language .#Z has neither function
symbols nor constant symbols. In our algebraic semantics for predicate logics, quan-
tifiers V and 3 are interpreted by infinite meets and infinite joins, respectively, in
a given algebra A. To guarantee the existence of these infinite meets and infinite
joins, we should take a complete FLew-algebra A, i.e. an FL¢y-algebra in which
both (., @i and | J;, a; exist for an arbitrary (possibly infinite) subset {a; : i € I}
of A.

iel

Definition 8 (algebraic structures) A pair (A, D) is an algebraic structure for the
commutative, integral substructural predicate logic, if A is a complete FL,,,-algebra
and D is an nonempty set.

The above set D is called an individual domain. To define our interpretation, we
introduce first a new constant symbol d foreachd € D and take the language .Z’[ D]
obtained from .Z by adding every d ford € D. Let £2¢psip) be the set of all first-
order sentences in the language .Z’[ D]. Here a first-order sentence means a first-order
formula containing no free variables. For convenience’s sake, every formula of the
form a[d /x] ford € D is regarded as a subformula of both Vxa and Ixa.

Definition 9 (partial homomorphisms on algebraic structures) For a given alge-
braic structure (A, D) for the commutative, integral substructural predicate logic, a
mapping f from a subformula-closed subset Z of £2ps;pj to A (the underlying set
of A) is a partial homomorphism on (A, D) if it satisfies the following conditions.

flanp)=f@)n f(B) foranpeZ,
flavp)=f@Uf(B) foravpeZ
flo-B)= fa)- f(B) fora-BeZ,
fla—B)= fle) > f(B) fora — B € Z,
f(0) =04 and f(1) = 14,

Fxa) = N{f(ald/x]) : d € D} forVxa € Z,
7. f(@xa) = U{f(a[ﬁ/x]) :d € D} fordxa € Z.

AR e e

A triple (A, D; f) with an algebraic structure (A, D) and a partial homomorphism
f onitis called an algebraic model.
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Like Lemma 1, we can show that every partial homomorphism to an alge-
braic structure (A, D) can be extended to a homomorphism to (A, D). When free
variables xi, ..., x, are all free variables in a given formula B, we say that 8 is
true in an algebralc model (A, D; f) whenever f (,3[d1 /X1, .. .d, /x,]) = 1 for all
dy,...,d, € D. Aformula B is valid in an algebraic structure (A, D) if it is true in
every algebraic model (A, D; f) for any partial homomorphism f on it. Similarly,
the validity of a given sequent containing free variables can be defined. It can be
shown e.g. in Ono (1993) that the completeness of QFLe,, holds with respect to the
class of all algebraic structures for the commutative, integral substructural predicate
logic.

Similarly we can define a quasi-homomorphism (k,K) on an algebraic structure
(A, D) as a pair of mappings k and K from a nonempty, subformula-closed subset
Z of 2ps1p) to A by extending Definition 6 as follows.

7. k(Vxa) € N{k(ald/x]) : d € D} and {K (a[d/x]) : d € D} € K (Vxa) for
Vxu € Z,

8. k(3xa) € J{k(ald/x]) : d € D} and |J{K (a[d/x]) : d € D} € K(3xa) for
dxa € Z.

Semi-completeness of a sequent system for a substructural predicate logic is defined
in the same way as Definition 7, simply by replacing “residuated lattices” by “alge-
braic structures (which are pairs of complete residuated lattices and individual
domains)”. Now, if we define mappings k and K in the same way as in Sect. 5, we can
show that the pair (k, K) satisfies also above conditions 7 and 8, as shown essentially
in Lemma 6. 1 of Belardinelli et al. (2004) which extends quasi-embedding theorem
to predicate logics. Thus. we have the following.

Theorem 20 The sequent system QFL,, is semi-complete. Hence, cut elimination
holds for QFLey.

The method can be applied easily for other predicate extensions of sequent systems
which were discussed in Belardinelli et al. (2004).

7 A Semantical Proof of Cut Elimination for Intuitionistic
Predicate Logic

In this section we show first that proofs developed in our Sects. 2 and 3, i.e. proofs of
cut elimination based on Kripke frames, can be also extended to predicate extensions.
On the other hand, since Kripke frames used in these proofs are those with varying
domains, constructing algebraic structures using complex algebras will not work.
Thus, there seem to be a certain obstacle of getting an alternative algebraic proof
from our semantical proof obtained in this section. Nevertheless, as we show in the
next section, the proof in the present section can be naturally transformed into semi-
completeness arguments if we generalize notions of both algebraic structures and
quasi-homomorphisms.
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We will consider here the predicate extension QLJ’ of LJ’ for intuitionistic
logic. QLJ’ is a multiple-succedent sequent system, but in which (= V) of QLJ’
is restricted to a single-succedent form.® Let QLJ'~ be the system obtained from
QLJ' by deleting cut rule. Again, just for the simplicity’s sake, we assume that
our language ¢’ has neither function symbols nor constant symbols. Let us take
an increasing sequence of sets {E,,} (m > 0) of new constant symbols such that
(1) E C E; C E, C--- and (2) both the set Ey and the difference E,,;\E, are
countably infinite for every n > 0. The union | J,, E,, is denoted by E. The set of all
first-order sentences in the language Z'[E,,] (Z'[E]), i.e. £’ with individuals in
E,, (in E) as new constant symbols, is denoted by £2,, (and §2¢(g), respectively).

We will give first a semantical proof of cut elimination for QLJ’, and then show
how to incorporate it into our algebraic framework. Our semantical proof of cut
elimination will proceed similarly to those in Sect.4. As before, we can define the
notions of QLJ' ™ -consistency in §2,, and maximal QLJ ™~ -consistency in $2,, for
each m > 0, a pair (X, ®) of sets X' and @ of first-order sentences of §2,,. Let ¥
be the set of all triples of the form (X, @, m) such that (X, @) is maximal QLJ ™ -
consistent in £2,, for some m > 0. Next we introduce a binary relation < on Y by
the condition that (¥, @, m) < (I, A,n)ifand only if m <nand ¥ C I'. Clearly,
the relation < is a preorder. Similarly to Lemma 12, we have the following.

Lemma 21 (downward saturation in intuitionistic predicate logic) The following
holds for any triple (¥, ®, m) inY.

(la) ifBAy € X thenboth B andy arein X,
(1b)  if B Ay € O then either B or y are in ©,
(2a) if BV y € X then either B or y arein X,
(2b) if BAy € O then both B and y are in ©,

(3) 0¢Xx,
(4a) ifB— y € X, then either B € Aory €I foreach (I', A) € V such that
Ycr,
(4b) ifB—ye€e®, then Bel and y € A for some (I', A) € V such that
Ycr.

(5a) ifVxB € X, then ﬁ[c?/x] e I’ foreachd € E, and each (I', A, n) € Y such
that (¥, ©,m) < (I', A, n),
(6b)  ifAxB € O, then Bld/x] € O for eachd € E,,.
But, the above properties are not enough to derive cut elimination result. We need

further requirements in the following.

Definition 10 (downward Henkin saturation) A triple (X, ®, m) € Y is downward

Henkin saturated if it satisfies that

(5b) if VxB € ©, then ﬁ[c?/x] € A for some d € E, and some (I', A,n) € Y
such that (¥, @, m) < (I', A, n),

8Otherwise, the axiom of constant domain Vx(a Vv f) — (Vxa V B), which is not provable in
intuitionistic predicate logic, becomes provable in the system, where x does not occur in j as a free
variable.
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(6a) if 3xB € X, then Bld/x] € X for some d € E,,.

We can show the following lemma by applying standard arguments but to the
sequent system without cut rule QLJ'~.

Lemma 22 If a pair (X, ®) of sets of first-order sentences of $2,, is QLJ -
consistent in §2,, then there exists a downward Henkin saturated triple (I', A, m + 1)
such that X C I and ® C A.

Let Y be the set of all downward Henkin saturated triples. The pair (Y, <) isa
preordered set. Define a mapping D from Y to the set E by D((X, ©, m)) = E,,
which says that the set of individual domain for the state (X', @, m) is E,,. Obvi-
ously, the triple (Y*, <, D) determines a canonical Kripke frame for intuitionis-
tic logic with varying domains. Note here that (X, ®, m) < (I', A, n) implies that
D(X,®,m))=E, CE,=D{I,A,n)) asm < n.

We introduce a valuation v on this Kripke frame as follows: For each n-ary pred-
icate symbol P and each member (X, ®, m) of YT, v(P(cil, e, d;,), (X, ®,m))is
true if and only if P(cfl, ...,d;) € XY foralldy,...,d, € E,,. As usual, v can be
extended inductively to a relation = which expresses the truth at a state of Y+ in a
model (Y ', <, D, W). Then the following lemma holds.

Lemma 23 (partial truth lemma) For each (X, ®, m) € Y and each sentence o €
2,

1. ifa € Xthen (¥,0,m) E«,
2. ifa € O® then (X, O, m) |~ «a.

Proof This is proved by induction on the complexity of the sentence o (cf. e.g.
proof of Lemma 11 in Ono (2015)). We will show this when « is of the form Vxp.
First, suppose that Vxf € ¥. By Lemma 21 (5a), ,B[c?/x] € ' foreach d € E, and
each (I, A, n) € Y such that (¥, ®, m) < (I, A, n). By using the hypothesis of
induction, we have that forany (I", A, n),if (¥, @, m) < (I, A,n)then(I", A, n) &=
ﬂ[a/x] foreachd € D((I'", A, n)). Thus, (¥, ®, m) = VxpB by the definition of =
of Kripke models for intuitionistic logic.

Next suppose that Vxg € @. Since (X, @, m) is downward Henkin saturated,
ﬂ[c?/x] € A for some d € E, and some (I', A,n) € Y such that (X, ®, m) <
(I', A, n). By using the hypothesis of induction, (I, A, n) & ,B[c?/x] for some
d e D({I', A, n)) and some (I, A, n) € Y* suchthat (X, ®, m) < (I', A, n). This
implies that (X', @, m) & Vxp. O

Suppose that an arbitrary sequent IT = A is given, where both IT and A are finite
sets of first-order formulas in the language .. If they contain some free variables,
then we replace distinct free variables among them by distinct constant symbols of
E in all formulas in /T and A. Let IT" and A’ are finite sets of first-order sentences
in £2¢y1g) thus obtained from IT and A. As they are finite, we can assume that all
formulas in them belong to £2,, for some m. It is clear that IT = A is provable in
QLJ'~ if and only if IT" = A’ is provable in QLJ~.
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Now suppose that IT" = A’ is not provable in QLJ'™, i.e. the pair (IT', A') is
QLJ'~-consistent in £2,,. By Lemma 22, there exists a downward Henkin saturated
triple (I, A, m + 1)inY " suchthat [T’ € I'and A’ € A.ByLemma?23,(I", A, m +
1) = « holds for each formula « € IT" while (I, A, m + 1) = B holds for each
B € A'. Therefore, IT" = A’is false in this model. By the soundness of intuitionistic
predicate logic, IT" = A’ is not provable in QLJ’. By taking a contraposition, we
have the following.

Theorem 24 (cut elimination) If a sequent I’ = A is provable in QLY', it is prov-
able in QLJ' without using cut rule.

8 General Quasi-homomorphisms on Expanded Algebraic
Structures

While a semantical proof of cut elimination for the sequent system QLJ’ for intu-
itionistic predicate logic is given in the previous section, there seems to be a certain
difficulty in transforming the present proof into algebraic one in such a way as we
have done in Sect.4. To overcome the difficulty, we will expand the notion of alge-
braic structures and interpretations on them. This idea was inspired by Part 3 Sect. 5
of the work by Dragalin (1988). (See the chapter on algebraic semantics in Gabbay
et al. (2009) for the details. Also see Chap.1 of Goldblatt (2011) in which closely
related topics are discussed but in a slightly different context.) As before, an alge-
braic structure for intuitionistic predicate logic is defined to be a pair (A, D) of a
complete Heyting algebra A and a nonempty set D.

Definition 11 (definiteness functions and expanded algebraic structures) For a given
algebraic structure (A, D) for intuitionistic predicate logic, a mapping ¢ from D
to A is called a definiteness function (or, simply a d-function) on it, if it satisfies
U{#(d) : d € D} = 1. Any triple (A, D, ¢) with an algebraic structure (A, D)
with a d-function ¢ on it is called an expanded algebraic structure for intuitionistic
predicate logic.

In Dragalin (1988), ¢ (d) is denoted by ||d|| and is read as measure of definiteness
of an individual object d. Each expanded algebraic structure can be regarded as a
simplified form of Heyting-valued structures in Gabbay et al. (2009), where ¢ is read
as measure of existence.

Definition 12 (partial general homomorphisms) For a given expanded algebraic
structure (A, D, ¢), amapping f from a subformula-closed subset Z of £2; to A is
a partial general homomorphism on (A, D, ¢) if it satisfies the following conditions.

L. flanB)=f@nNf(B) foranBeZ,
2. flavp)=f@Uf(B) foravpelZ,
3. fla—=B)=f(a) = f(B) fora > BeZ,
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4. f(0)=0xand f(1) = 1p, _
5. f(¥xa) = {¢d) — f(ald/x]) :d € D} forVxa € Z,
6. f@xa) = J{p(d) A f(ald/x]):d € D} for3Ixa € Z.

The pair (¢, f) of a d-function ¢ and a partial general homomorphism f can be
considered also as an interpretation on an algebraic structure (A, D). Because of this,
the quadruple (A, D, ¢; f) is sometimes called an general algebraic model over an
algebraic structure (A, D) for intuitionistic predicate logic. When ¢ (d) = 14 holds
forany d € D for a given d-function in the above, any partial general homomorphism
is a partial homomorphism and hence a general algebraic model can be identified
with an algebraic model of the previous section.

For a formula g such that xi, ..., x, are all free variables in it, we say that 8 is
true ii’i a general glgebmic model (A, D, ¢; f) whenever (¢p(dy) N...N ¢(d")) —
f(,B[cAil/xl, ...,dy/x,]) = 1, or equivalently (¢(d)) N...N¢(dy)) < f(Bld/x1,
.ooydy/xy]), holds foralldy, ...,d, € D. A formula § is g-valid if it is true in every
general algebraic model, which is equivalent to say that 8 is true for any partial
general homomorphism on every expanded algebraic structure. The g-validity can
be defined similarly for an arbitrary sequent.

Theorem 25 (Completeness of QLJ’ with respect to general algebraic models) A
sequent is g-valid if and only if it is provable in QLJ'.

Proof The only-if part follows from the completeness with respect to algebraic mod-
els, as every algebraic structure can be regarded as a particular expanded algebraic
structure whose d-function ¢ takes always the value 1,4 for alld € D. To see that the
converse direction holds, it suffices to check that the g-validity of the lower sequent
follows from the g-validity of the upper sequent for each rule of QLJ’ for quantifiers.
This is almost obvious for (= V) and (3 =).

We consider the rule (Y =). Suppose that Vx«, I" = A is inferred from «[y/x],
I' = A.Lety and § be the conjunction of formulas in I" and the disjunction of for-
mulas in A, respectively. Take an arbitrary element d € D. For simplicity’s sake, we
assume that no free variables appear in ald /x], y and §. From our assumption that
aly/x], I’ = Ais g-valid, ¢ (d) — ((f(a[dA/x]) N f(y)) — f(8)) =1, or equiv-
alently, ¢(d) N f(x [aAV /x]) < f(y) — f(6) holds for any general algebraic model
(A, D, ¢; f).On the other hand, it holds that ¢ (d) N f (Vxa) = ¢(d) N ({p(e) —
f(ale/x]):e€ D} < ¢p(d)N f(a[c?/x]). Combining these two inequalities, we
havethatg(d) N f(Vxa) < f(y) — f(8),andhencethate(d) < (f(Vxa) N f(y))
— f(8) foreveryd € D.Therefore, 1 = | J{¢p(d) : d € D} < (f(Vxa) N f(y)) —
f(8). Thus, the lower sequent is true in the general algebraic model (A, D, ¢; f).

Next, consider the rule (= 3), and suppose that I" = A, Ix« is inferred from
I' = A, al[y/x]. Suppose that I" = A, a[y/x] is g-valid. Thus, ¢(d) N f(y) <
f) U f(a[zf/x]) holds for any general algebraic model (A, D, ¢; f), by using
the same abbrs:viation and assumption in the above. Then, ¢(d) N f(y)<f () U
(@@ N flald/xD) < f&) UUld(e) N f(alé/x]) : e € D}.Hence, 1 = U{¢p(d) :
deD} < f(y) > [fOUUlg@ N flale/x]) e € DYl = f(y) = (f(&) U
fGxa)).
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Thus, the lower sequent is true in this general algebraic model. O

Definition 12 will suggest us how to extend the notion of quasi-homomorphisms
on expanded algebraic structures.

Definition 13 (general quasi-homomorphisms) For a given expanded algebraic
structure (A, D, ¢), apair (k, K) of mappings k and K from a nonempty, subformula-
closed subset Z of £2¢g) to A is a general quasi-homomorphism on (A, D, ¢) if
they satisfy the following conditions.

k(o) < K(a) fora € Z,

k(@ AB) <k(x)Nk(B)and K(@) NK(B) < K(aAB) fora AB € Z,
k(a VvV B) <k(a) Uk(B)and K(@) UK(B) < K(a Vv B) foraVv B e Z,
k(0) = 04,

k(a - B) < K(a) — k(B) andk(ot) — K(B) < K(e - B) fora — peZ
k(Vxa) < (o) — k(a[d/x]) d € D} and N{pd) — K(oe[d/x])
d e D} < K(Vxa) forVxa € Z,

7. k(Axa) < Y{o(d) ﬂk(oz[c?/x]) :d € Dyand | J{op(d) N K(a[aAl/x]) :d e D} <
K@xa) fordxa € Z.

S

These inequalities in the above were discussed also in Part 3 Sect.5 of Dragalin
(1988), in which these triples of ¢, k and K satisfying the above conditions are called
semivaluations. Using these conditions, the author of Dragalin (1988) has derived
cut elimination for QLJ’ semantically.

It is obvious that Theorem 3 holds also between general homomorphisms and
general quasi-homomorphisms. Thus the next lemma follows from Theorem 25,
which corresponds to Lemma 4. Suppose that any sequent«y, ..., &, = Bi, ..., Bn
of the original language .#” is given. Let x = x1, ..., x; be a fixed enumeration of
distinct variables in this sequent. Suppose also_ that an expanded algebraic structure
(A, D, ¢) is given. Expressions «; [d] and S; [d] denote formulas obtained from «;
and B;, respectively, by replacing each free occurrence of x;, by a constant symbol

tfh for 1 < h <k, for any k-tuple d (= dj, ..., d;) of elements of D.

Lemma 26 For any sequent oy, ..., 0y, = B, ..., By of the language ', if it is
provable in QLY then

(@) N...Npd) Nk [d]) N ... Nk(e,[d]) < K(Bi[d]) U... UK (B,[d])

holds for any expanded algebraic structure (A, D, @) for intuitionistic predicate
logic, any general quasi-homomorphism (k, K ) onitand any k-tupled (= d,, . . ., di)
of elements of D.

The semi-completeness with respect to a class of expanded algebraic structures
can be defined as before, The following proof of semi-completeness of QLJ'~, i.e
QLJ’ without cut rule, goes essentially in the same way as that in Dragalin (1988).
But here we will clarify exact correspondences between downward Henkin saturated
triples and general quasi-homomorphisms.
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Theorem 27 (semi-completeness of QLJ'~ with respect to expanded algebraic
structures) For all formulas oy, . .., &y, B1, - .., B, if the inequality

(@) N...NPd) Nk [d]) N ... Nk(e,[d]) < K(Bi[d) U... UK (B,[d])

holds for any expanded algebraic structure (A, D, @) for intuitionistic predicate

logic, any k-tuple d (= d, ..., dy) of elements of D and any general quasi-homo-
morphism (k, K) on (A, D, ¢) with a domain Z such that oy, ..., dy, B1,..., B €
Z, then the sequent oy, ..., o, = Bi, ..., B, is provable in QLJ~.

As we have already had a semantical proof of cut elimination for QLJ’ in the
previous section, our proof of semi-completeness of QLJ' ™ will go in the same way
as the proof of semi-completeness of LJ'~ given in Sect.4. Recall that we have
introduced a preorder < on the set Y of all downward Henkin saturated triples.
Now, let 7 (Y1) be the set of all upward closed subsets of Y+ with respect to <.
Then the algebra H defined by (% (Y ™), N, U, —, @) is a complete Heyting algebra
ordered by the set inclusion with the greatest element Y. Define a mapping ¢
from the set E of all new constant symbols to 7 (Y ") by ¢(d) = (¥, O, m) : d €
E,} for each d € E. It is easy to see that each ¢(d) is upward closed. For each
(I', A,n) € YT, we can take an element e € E,, as E, is always non-empty. Then,
(I', A, n) € ¢(e) and hence | J{¢p(d) : d € E} = YT (= 1g). Therefore, (H, E, ¢)
forms an expanded algebraic structure. Just as arguments in Sect. 4, define k and K
byk(@) ={(X,0O,m)e¥Y :aecX}and K(a) = {(X,0,m) € Yt :a ¢ O} for
any o € £2¢;.

Lemma 28 The pair (k, K) is a general quasi-homomorphism on the expanded
algebraic structure (H, E, ¢).

Proof Conditions from 1 to 5 in Definition 13 can be shown similarly to Lemma 13
using downward saturation. For, the condition 6, suppose that (¥, @, m) € k(Vxa).
This means that Vxa € X'. Then by Lemma 21 (5a), we have that oz[c? /x] € I for any
d € E, and any (I', A,n) € YT such that (¥, ®, m) < (I, A, n). In other words,
for any (I', A, n) € Y* such that (X, ®, m) < (I', A, n), if (I, A, n) € ¢(d) then
ald/x] € T foreachd € E.Thus, (X, ©®, m) € (\{¢(d) — k(ald/x]) : d € E}by
using also the hypothesis of induction. Similarly, ({¢ (d) — K (a[(i /x]):d e E} C
K (Vxa) follows from the first condition (5b) of downward Henkin saturation. Con-
sider next the second inclusion in the condition 7. Taking the contraposition, assume
that (X, ®,m) ¢ K (3xa). From the definition of K, it follows that 3xa € ©. By
Lemma 21 (6b), « d/x] € O for each d € E,,. That is, if (X, ®,m) € d)(d) then
(¥,0,m) ¢ K(x d/x] for any d. Thus (X, ®,m) ¢ |J{¢(d) N K(a[d/x]) de
E} O

In this way, we can translate a semantical proof of cut elimination of QLJ’ given
in the previous section into an algebraic proof via semi-completeness. Thus cut
elimination theorem for QLJ’ follows Lemma 26 and Theorem 27.
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Cut elimination for predicate extensions of sequent systems for modal logics
can be shown similarly. We will explain it briefly below. An algebraic structures
for modal predicate logics is a pair (A, D) of a complete Boolean algebra with a
modality A and a non-empty set D.

Definition 14 (expanded algebraic structures for modal predicate logics) A triple
(A, D, ¢) is an expanded algebraic structures for modal predicate logics, if (A, D)
is an algebraic structures for modal predicate logics and ¢ is a mapping from D
to A satisfying (1) U{¢(d) : d € D} = 15 and (2) ¢(d) < O¢(d) for all d € D.
The mapping ¢ is called a definiteness function on an algebraic structure (A, D) for
modal predicate logics.

We can introduce general quasi-homomorphisms on expanded algebraic struc-
tures for modal predicate logics similarly to Definition 13. In this case, each expanded
algebraic structure (A, D, ¢) for modal predicate logics is a simplified form of
modal valued structures in Gabbay et al. (2009). The additional condition that
¢(d) < U¢(d) forall d € D is necessary to show that the g-validity is preserved by
such rules as (= [J) in which all formulas in the antecedent of the lower sequent
must be boxed. Conversely, this condition is verified in our canonical Kripke frame
for modal predicate logics with varying domains, which can be defined similarly as
the canonical Kripke frame for intuitionistic predicate logics with varying domains
discussed above. In fact, this condition is shown to correspond to the statement that
aRb implies D(a) € D(b) for all a, b, which is of course true. In this way, we can
give an alternative algebraic proof of cut elimination for sequent systems of various
modal predicate logics, though we omit the details here.

Theorem 29 The predicate extension of each of sequent systems GK, GKT and
GS4 is semi-complete with respect to corresponding expanded algebraic structures
for modal predicate logics. Hence, cut elimination holds for each of them.
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