Chapter 2
Theoretical Framework of the
Electrochemical Model

The basic principles of the electrochemical model for Li ion battery is developed
from fundamentals of thermodynamics and transport phenomena. The evolution of
the electrochemical model and the inherent assumptions are discussed. The discus-
sions and derivations are self-consistent and complete. Mathematical model for each
process in the Li-ion cell is constructed in a stepwise manner to evolve the complete
electrochemical model.

2.1 Introduction

The framework for modeling lithium-ion batteries from a physics perspective essen-
tially involves the specification of the mass and charge conservation equations in the
various regions of the battery at a sufficiently coarse scale.

The basic components of the lithium-ion cell are the solid positive and the negative
electrodes sandwiching a separator which is an electron insulating material. The
whole region of the battery is then filled with a liquid electrolyte (a majority of the
commercial cells still use liquid electrolytes). As a matter of terminology, active
components refer to those that participate in the essential physicochemical processes
that convert the chemical energy to electrical energy and vice versa. Thus, the fillers
or binding material are not directly considered.

The electrodes constituting the battery are porous in nature. This is an artifact of
the synthesis process which grossly involves mixing of the active material in a solvent
and then allowing the solvent to dry. Depending on the intensity of the crushing of
the material as well as the packing density, the porous structures can have a pore
size distribution typically of the order of a micron. These porous structures enhance
the contact surface area of the active material with the electrolyte and increase the
probability of the charge transfer reaction.
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This allows the basic framework in which the electrodes are modeled by appealing
to the established porous electrode theory. Reference [32] The basic picture of an
electrode is a porous solid filled with electrolyte in its interstices.

At the level of the length scale of the porous electrode theory, however, the differ-
entiation between a pore and the solid is not made. This allows both the electrode as
well as the electrolyte phase to be modeled as continuous media, implying that both
the phases are assumed to exist at all points in space. Additionally, any point in space
is considered electrically neutral. Thus, the model treats the system at a length scale
larger than individual charge carriers, and smaller than the electrode dimensions.
A schematic of a lithium-ion cells is given in Fig.2.1.

The principal process during discharge is the transfer of lithium ion from the
positive electrode to the negative electrode through the electrolyte, and in the reverse
direction during charge. Each individual electrode section consists of the solid phase
consisting of the active material, and the electrolyte, through which the lithium is
transferred. The combined picture of a cell has a continuous electrolyte medium,
interposed with solid electrode particles at the respective electrode sections. As a
cell is a closed system, mass conservation is applied to the lithium that exists in the
ionized state in the electrolyte. As the lithium ion carries a unit charge with it, charge
is also simultaneously conserved. Similar to the electrolyte, these conservation laws
also apply to the electrode. The interaction between the solid particles of the electrode
and the liquid electrolyte happen at the interface, where charge is transferred. This
charge transfer reaction couples the electrode and the electrolyte phases.

From the above description, it can be seen that any given electrode has to satisfy
a couple of conservation laws—one for the mass of lithium and the other for the
charge—in each of the solid and the electrolyte phases, with the charge transfer
reaction coupling both of them. Each electrode region can, therefore, be represented
by a total of five equations, and the separator region by two equations as this region
is characterized by the single electrolyte phase with no charge transfer reaction.
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This set of 12 equations forms the core of the electrochemical model or the macro-
homogeneous model developed based on the continuum picture for the cell.
The mathematical model involves several levels of abstraction namely:

1. The solution methodology represents the porous solid phase as a collection of
particles that are individually surrounded by the electrolyte phase.

2. The framework represents the electrode as a homogeneous system of electrolyte
and particles at every point.

3. Due to the first abstraction, the diffusion of lithium in solid phase between par-
ticles is neglected. Diffusion in the solid phase is modeled within each particles
that are typically assumed to be spheres.

The diffusion equation, which is the mass conservation equation in the solid phase,
is solved in spherical coordinates to obtain the lithium surface concentration in the
spheres. As the solid phase is also continuous, the surface concentration is obtained at
every point in the electrode region. The surface concentration is the driving force for
charge transfer reaction. The reaction flux, in turn, appears as the boundary condition
for the solid phase diffusion equation. Thus, the model results in a set of equations
that are fully coupled.

It is to be noted that all the equations in the model are solved as a function of the
thickness of the electrode, except the diffusion in the solid phase which is solved in
the spherical coordinates. Due to this effective mapping of the output of the spherical
diffusion equation onto other field equations that are solved in Cartesian coordinates,
this model is also called as a Pseudo-2D (P2D) model [32].

2.2 Conservation Equations

The governing equations of the P2D model can be derived by appealing to the charge
and mass conservation equations in the various regions of the battery. These are
derived in the following subsections. The dimensions of the LiB model electrodes
and separator are illustrated in Fig. 2.2. The thickness of positive electrode, separator,
and negative electrode are given by L, L and L, respectively.

Fig. 2.2 Dimensions of the ; NN
battery model components NNVVNANAN
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2.2.1 Mass Conservation in the Electrode (Solid) Regions

In this section, the mass conservation equation in the solid phase of the active mate-
rials for both the electrodes is derived. The porous electrode constitutes of individual
particles represented as spheres—that interact through the electrolyte that surrounds
each particle. Lithium diffuses into the active material particles after gaining an
electron by the charge transfer reaction at the electrode—electrolyte interface, it is
considered as neutral lithium. During the charging or discharging processes, the
lithium ion undergoes diffusion inside the solid porous electrodes. The porous elec-
trode region is abstracted to be composed of individual particles, assumed to be
spheres of finite radius, that interact with the electrolyte that surrounds each particle.

Lithium ion undergoes the charge transfer reaction at the electrode—electrolyte
interface, becomes neutral by gaining an electron, and diffuses into the active material
particles Hence, the mass conservation in the solid phase, in the most simplistic
representation, is provided by the Fick’s law of diffusion in the spherical coordinates.
This continuity equation is given by,

0Cy; 10 dCy;
Csi _ <DS,T2 C‘), @.1)

ar  rlar ar

where cy; is the concentration of lithium in the solid particles, with i = p, n providing
an index for either the positive or negative electrode. The spherical symmetry results
in the boundary condition at the center of the sphere

0 Csi
ar

=0. (2.2)

r=0

The concentrations of the solid and the electrolyte phases are connected by the
condition at the surface of the particles. At the surface, the flux of lithium is given
by the pore wall flux, given by the charge transfer reaction.

dcg
*or

=Ji. 2.3)

r=Rp;

2.2.2 Mass and Charge Flux from Solution Thermodynamics

A basic description of mass and charge flux in the solution phase is required to derive
the mass and charge balance equations in the electrolyte region.The framework is
derived in this subsection. Derivations for the mass and charge conservation equations
resulting in the electrochemical model for Li-ion battery are presented in the next
subsections.

Based on the concentrated solution theory, the flux is defined as
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N; = =iV i, (2.4)
where .#; is the mobility of ion 7, and is given by the Einstein relation to be

D;
=D 25
M Tl (2.5)

where D; is the mass diffusivity, kz the Boltzmann constant, and 7 is the absolute
temperature. Corresponding to the mass flux, a current flux can be defined as

Ji = zieN;. (2.6)

For electrochemical systems, u; is constructed including the contribution from the
activity a; , charge on the ion z; and the electronic charge e, as well as the potential
¢, as given below

wi = kgT In(a;) + zied 2.7

Activity is related to concentration c; through the activity coefficient y; via the
relation a; = ¢;y;. Thus,

wi = kT (In(c;) + In(y)) + zied (2.8)
and
Vu; = kgTV In(c;) + kgTV In(y;) + z;eV¢ (2.9)
V¢ Vin(y;) V¢ d1In(y;)
Vui=kgT — |1 eVo =kgT— | 1 eVao.
pi=8t [ T Vintey | TV =R Gy | TV
(2.10)
Based on this, the flux is written as
Di VC,' aln(y,)
Ni=—MHiciVuj = ———c;i | kT — |1 + —— eV 2.11
avu kBTC<B e [ +aln(ci)}+” ¢> @10

On simplification,

No— D, [1 . aln(y,-)]

D; Zie
Vi__iiV ZDV[__Di [V 2.12
9 1In(c;) ¢ cizeV e e kgT ave (212)

kgT

The electric conductivity o; is defined as

D;
o = (zie)> Mici = (ZiE)ZCikB—T. (2.13)

Thus, the mass and charge flux can be written as
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zje
N, = —D,;V¢; — —Dic;V 2.14
G~ T ¢ (2.14)

J,‘ = —Z,‘eD,'VC,‘ — G[V¢. (215)

The total current density in the electrolyte is obtained by the sum of the current
fluxes of ions

i, = ZJi = ZzieDchi —aV¢. (2.16)

Defining the conductivity of the electrolyte as the sum of conductivities of the ions,
o = ). 0;. Electro neutrality is invoked to identify that ¢; = c; = c_ = ¢. The cur-
rent density is

io=—eVe) zDi—oVé (2.17)
_ N dn(y) |
= —VcZz,eD, [1 + Bln(ci)i| oV (2.18)
_ kgT o 9 1n(y;)
= _vm(c)TZi:Z—i [1 + aln(q_)} —oVe. (2.19)

The final result is an expression for the total current density in the electrolyte in terms
of the conductivity. Please note that the same expression, in terms of the diffusivities,
is

2
i = —eVe Y D - %w Y 2. (2.20)
. B .

The first expression for the current flux is used to derive the current balance equa-
tion in the electrolyte, whereas the second is used to derive the mass conservation
equation.

2.2.3 Mass Conservation in the Electrolyte (Liquid Phase)

To obtain the mass conservation equation, we start from
. ~ e’c 3
i, = —chXi:z,-Di - kB—TVqs Xi:ziD,-. (2.21)

From this equation, we can obtain expression for the electrolyte potential.

_ ie +eVe Zi Z,‘D,’

Vo >
2
_/fB_CE:iZiDi

(2.22)
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The above expression is used to eliminate for the electrolyte potential from equation
for the mass flux.

~ i ie v i ~l'
N, = —D;Ve, — 2 Die; ﬂ (2.23)
kgT . 22D;
k T
which on simplification gives
=~ kBTD
N =-D;Vei+ 21— i, +eVe Zz, ; (2.24)
far 2D

The conservation equation for concentration states that the accumulation is accounted
by the divergence of the flux and the rate of generation by charge transfer reaction.

ac;
B—Ct — V.N,+R (2.25)

For a porous electrode, the conservation equation is applied to the fractional volume
occupied by the electrolyte. As the concentration is defined in terms of the pure
electrolyte, the conservation equation is modified to be

ac;
sa—ct — _V.Ni+R (2.26)

The corresponding equation for the mass flux is given by
N,’ = —8.///,~c,-V,ul~ (227)

This modification eventually results in

- E¢ Dic ~
N, = —eD,;Ve+ KT 0 <ie +eeVe ZZ,D,-) (2.28)
kB—r >.izDi i

The mass flux has the corresponding divergence given by

5 .D: Vez:D: S 7:D;
V.N,=-V. (aD,'Vc) v [EFE ) v 86211—221211 (2.29)
e i 2.z Di

This can be further simplified for univalent ions to give

~ D; Y, 7D D;
VN =V |eve (D, - Wil +V-(Z—zne) (2.30)
ZiDi eZiZ,'Di
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- DY zb: 1;
V.N;=-V.|eVe D,-—M v (4, (2.31)
2. Di e

As we are interested in the Li' ions, the equation results in
~ ~ t
V.N,=-V. [svc (t_D+ n t+D_)] +V. (iie> (2.32)
e

Defining the total chemical diffusivity to be (LD+ + t+l~),) = D,andr_, t, are the
transference numbers of the ions.

~ t
V.N,=-V. (eDVc) V. (fn) (2.33)

Substituting above equation in the mass conservation equation,

ac ~ t+.
e =V (8DVc) _v. (;le> _R. (2.34)

The conservation equation can be written in molar units as

dc,
ot

&

t
=V.(D,Ve,) -V - (%) —R, (2.35)

In order to avoid proliferation of variables i, is considered to be in molar units, A /m?.
The rate of consumption is given by the Faradays law

.
L

7 (2.36)

R+ = a,,.,,j,,’n = V .

We will discuss the relevance of aj, , in alater section. The mass conservation equation
is, finally

dc,

at

6L =V (eD Vo) + (1 = 14) Gy — %V " (2.37)

2.2.3.1 Application to Lithium-ion Cells

The analysis starts from the mass conservation, n for the electrolyte. The variable
of interest is the lithium-ion concentration in the electrolyte, and c, represents this
variable. In any section of either of the electrodes, the local accumulation of lithium-
ion concentration and transport due to diffusion is balanced by the rate of forma-
tion/dissipation of by the charge transfer reaction [32]. The mass balance is given by,



2.2 Conservation Equations 21

dc,
ot

&

=V (D Veo) + (I = 12) ypjpn — 'Fev ty (2.38)

In Eq.2.38, D, is the diffusivity of the electrolyte in the bulk solution, and can be
a function of the electrolyte concentration. This equation accounts for the variation
in the concentration lithium ion in the x-dimension. This dimension indicates the
thickness of the cell, starts at the current collector of the negative electrode (anode
during discharge) and ends at the positive electrode current collector. Thus, this model
is a 1D model that accounts for concentration gradients across the cell thickness. The
general mass conservation equation given by Eq.2.38 needs to be modified to be of
use in battery application.

In any electrode region, a fraction of volume filled by the electrolyte is given
by the porosity, 1. To account for the composite nature of the electrode region,
the effective diffusivity of the electrolyte is computed from the bulk value in the
following manner:

Dot = D, s". (2.39)

Here, £ the Bruggmann factor, typically assigned the value of 1.5. Although the
charge transfer reaction that occurs at the surface of the electrode and the electrolyte,
and should enter the mass conservation equation as a boundary term. The porous
electrode treats the electrode and electrolyte as continuum, this term enters the con-
servation equations as a source term. The mass flux of lithium due to this reaction is
defined in terms of the surface area of the particles of the active material. To intro-
duce this quantity into the conservation equation that is defined for a unit volume
of the electrode, it is multiplied by the specific surface area per unit volume of the
electrode (denoted by a,, ,), computed by assuming that all the particles are spheres
of the same radius r),

42N 3(1 —
(-6 = 3d-¢) (2.40)
gﬂrpN

Ay =
14 rg
This conservation equation discussed above applies to both the positive as well as
the negative electrode regions individually. For either of the electrodes, the porosity,
and hence the effective diffusivity, the transference number as well as the reaction
rate are different. Conventionally, subscript p and n are used for the positive and
negative electrode regions respectively, and the equations for each of these sections

are
dc,

at

i,
=V - (eDg pnVee) + (1 = 13) @y pjpn — FV 1 (2.41)

&

In the above equation, D, , and D, , are the effective diffusivities in the positive
and negative electrode regions. As no reaction takes place in the separator region,
the equation simplifies to

dc,

ot

s =V.(D,Ve,), (2.42)
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where the porosity of separator region corresponds to the partial volume occupied
by the electrolyte within the pores of the separator matrix. It needs to be mentioned,
however, that additional dependencies can be added to these base set of equations dis-
cussed in this section. For example, one can have a transference number or diffusivity
that is dependent on concentration. Additionally, for high concentration solutions,
the variation of these quantities can also be considered.

As lithium ions do not leave or enter the cell, the boundary condition for the
lithium-ion mass conservation equation is zero mass flux at the current collector

boundaries,

dc, dc,

0x

=0, (2.43)

x=Leenl

— Y

x=0 dx

where L is the thickness of the cell. The continuity of concentrations and fluxes
are also imposed at the positive electrode separator (x = L,) as well as the separator-
negative electrode interfaces (x = L, + Ly).

2.2.4 Charge Conservation in the Electrolyte (Liquid Phase)

Corresponding to the mass flux, a current flux can be defined as
Ji = zieN;. (2.44)

The electric conductivity o; is defined as

D;
0; = (zie)* Mici = (zie)*ci—. (2.45)
kgT

Thus, charge flux can be written as
J,‘ = —ZieDiVCi - O'iV(p. (246)

The total current density in the electrolyte is obtained by the sum of the current fluxes
of ions

=) Ji=-) zeDVci—oV. (2.47)

Defining the conductivity of the electrolyte as the sum of conductivities of the ions,
o = ), 0;. Electro neutrality is invoked to identify that ¢; = ¢; = c_ = c. The cur-
rent density is
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i, = —chZziDi —oVo (2.48)
B T G0 T
= —chi:z,eD, [1 + 8111@} oV¢ (2.49)
_ kT o[y, 900
= —VIn(c) ; Z - [1 + 81n(c,-)i| oVe. (2.50)

The final result is an expression for the total current density in the electrolyte in terms
of the conductivity. Now

_ kT o [ 9ln()
i,=—-VI1 — — |1+ —"=|—0Vo. 2.51
n(e) e Xl: Zi [ + dIn(c;) ove ( )
The transference number is defined in terms of conductivities as #; = 0;/0 and sat-
isfies the relation 7 4 r_ = 1. The current density can be rewritten as
. kBT t; 0 ln(y,)
e =—VI — -1 —oVo. 2.52
! n(e) e Z Zi [ + d1n(c;) ove ( )
For a binary electrolyte, like in the case of lithium-ion cells, zy = z_ = 1.
i, = VIn(o) 810 ((1 —1y) [1 n aln(y’)] iy [1 n 3111(”*)}) —oVé. (2.53)
e d1n(c;) d1In(c;)

On simplification

. kgTo dln(y-) dln(yy)  dln(y) 1\
i = Vin(c) p (1+ e 2ty t+[ e + e :|> oVe. (2.54)

The activity coefficient of the electrolyte can defined in terms of the respective ionic
values using y+ = ./y+y—. This leads to further simplification as given below

kpTo

e

i, = Vin(c)

Bln(yi)] ~ [1 dIn(y4)

d1n(c) 3In(c) ]) —oVg. (2.55)

(2(1 —1t3) |:1 +
This results in the final expression for the current density in the electrolyte

9 1In(ys)

1
* e

. kBTO‘
e =—0Ve+2(1 —1.)——
e

:| Vin(e) — kpTo [ dln(yy)

2n(o) :| VIn(c).

(2.56)
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The last term can be written in terms of the mass diffusivity as

i, =—0Vp+2(1—1ty)

kBTG [1 0 ln(yi)]

{ dIn(yy)
e d1n(c)

Dy
Vin(c) —eVe— |1 +
[ Bln(c)

] . @57

For binary electrolytes with unit charges, the transference number can also be defined
ast; = D;/ Y D; = D;/D. Hence

dIn(y4)
d1n(c)

kT I
= —oVe+2(1—1)8 U[ dIn(ys)

; 31n(0) ] Vin(c) —eVeD [l +

] . (258)

Defining a chemical potential to be 1; = kgT In(y;c;), following simplification,

i,=—oVe+2(1—1t)

kgT 0l
sTo [1+ n(y+)

ec -
e }Vln(c) - kB—TDV,u,-. (2.59)

e

In obtaining the electrolyte current balance [32], one needs to assume that the flux
generated due to coupling between the total mass diffusivity of the electrolyte and the
chemical potential gradients are neglected, in comparison to the other contributions.
Thus, the equation simplifies to

kgTo |:1 dln(ys)

ip=—0Vep+2(1—1t;) p 310 ] VIn(c). (2.60)

The above equation is written for the electrolyte , either in the electrode region or
the separator. This equation is further refined on identifying e/(kgT) = F /(RcT),

i,=—oVe+2(1—1y)

RgTo |:1 d1In(ys)

7 3 In(0) i| V In(c). (2.61)

2.2.4.1 Application to Lithium-Ion Cells

The electrolyte current is computed using the concentrated solution theory as dis-
cussed above. Conventionally, Eq.2.61 is written as

2RcT
F

Inf;
io = —KkiVP, + ki -1 <1 + lnf ) Vine,, (2.62)
n

e

where «; is the effective conductivity of the electrolyte computed from the porosities
of either the positive or the negative electrode region, using the Bruggmann rela-
tion (Eq.2.39). This equation is applied for each of the electrodes to solve for the
electrolyte potential, ¢.. As cell potential is arbitrary up to a constant, a boundary
condition is to ground the negative end of the cell (x = 0), i.e., ¢, = 0. As the cur-
rent enters and leaves the cell through the solid particles in contact with the current
collectors, an insulation boundary condition is set at the other end of the cell,
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aa% . Alternate is to set insulation boundary condition at both x =0 and
x=Leen
X = Lcell~

Since all the current flows right through the separator region, the equation becomes

2RcT In f;
I = —kVo, + Ky 1—=t)(1+ Vine,, (2.63)
F Inc,

where [ is the total current that enters or leaves the cell.

2.2.5 Charge Conservation in the Electrode (Solid) Region

The conservation of current in the solid phase of the electrode region is provided by
the generalized Ohm’s law written as

iy = —o,Vg;. (2.64)

Throughout the negative electrode lithium ions are generated due to the charge trans-
fer reaction and are consumed in the positive electrode. Faradays law gives the equiv-
alent current generated due the production of lithium ions. For one mole of univalent
lithium ion, the following relation between the divergence of the solid phase current
and the rate of generation of lithium ions holds

V -i, = Fay;. (2.65)

Combining the Faradays law with the Ohms law relates the potential in the elec-
trode phase with the rate of reaction.

— 0:V2p, = Fayj;. (2.66)
The above equation is solved for the positive and negative electrodes to obtain the
potential of the solid phase in the electrode. As the current enters the cell at x = 0
and leaves at x = L, boundary conditions are

- Unv¢s|x:0 == I; - anv¢s|x:Lce|] =1. (267)

An alternate boundary condition for the solid potential is
¢slv=0 = 0. (2.68)
This boundary condition can be used to set the datum in the potential, if insulation

boundary conditions at used for the electrolyte potential, ¢; are x = 0 and x = L.
Atx = L, , the current leaves the solid phase and is the total applied current is carried
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through the electrolyte in the separator, and the reverse happens atx = L, + L;. Thus,
the solid phase current is zero at these interfaces

- O-nv¢x|x:Ln =0; - GpV¢s|x:L,,+L,V =0. (269)

The solid phase current conservation equation is solved for both the electrodes to
obtain the potential in the solid phase at both the electrodes. The solution also enables
to study the variation of this quantity at various cell thickness. Solution of this
equation is of special significance, as the cell voltage, the final output of any math-
ematical model for the battery is defined as the difference in solid phase potential
between the ends of the cell.

Veell = ¢s|x:Lceu - ¢s|x:0~ (270)

2.3 The Charge Transfer Reaction

The charge transfer reaction involves an equilibrium component as well as a dynamic
component. The equilibrium component based on thermodynamics relates the open-
circuit potential to the activity or equivalently the concentrations, and is given by
the Nernst equation.The dynamic component relates the driving force for the charge
transfer reaction to the reaction flux or the current transferred. We will start with the
discussion of the Nernst equation.

2.3.1 Nernst Equation: Equilibrium Component
and its Thermodynamic Connect

For any charge transfer reaction at equilibrium,
R+ne="P (2.71)

The Nernst equation relates the equilibrium electrode potential Vj to the standard
cell potential V(; and the compositions of the reactants and the products.

. RgT
Vo=V +—InZ (2.72)
nk
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The compositions are adequately represented Z, the ratio of the activities of the
products to the reactants, or simply, the ratio of their concentrations,
a, cp

l=——=—. (2.73)
ar CR

To obtain the Nernst equation, the first step is to identify the fundamental connec-
tion between electrochemical and thermodynamic quantities. Once this is identified,
fundamental thermodynamic relations are subsequently used. The most intriguing
thermodynamic quantity is the Gibbs free energy, G. This quantity being defined
under conditions of constant temperature and pressure, easily achievable experimen-
tal conditions, makes it the most used (and misunderstood!) thermodynamic variable.
The Gibbs free energy is defined as

G=H+T8S. (2.74)

We will go through a simple thermodynamic relation and see what measure G
corresponds to. The enthalpy H is related to internal energy E, and pressure P and
volume V, via

H=E+PV. (2.75)

The change in enthalpy for a constant pressure process is given by,
AH = AE+ A(PV) = AE+ PAV. (2.76)

The change in internal energy can also be related to heat transfer and the reversible
work,
AE = AQ — AW =TAS — AWy, (2.77)

with § being the entropy.
From the earlier relations, the change in Gibbs free energy at constant tempera-
ture is
AG = AH — A(TS) = PAV — AW,,. (2.78)

Total reversible work consists of expansion work given by PAV and all other types
of work. Thus, the difference between the quantities in the right side of the above
equations gives the net non-expansion work that is derived out of the system.
In the case of the lithium-ion cell it is electrical work, A W,.. Thus, it can be seen
that
AG = —AW,. (2.79)

Change in Gibbs free energy gives the reversible electrical work in a lithium-ion
cell. Electrical work is also defined in terms of transferring nF' electrons across an
equilibrium voltage of Vj as,

AW = nF'V. (2.80)
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Thus, we arrive at the fundamental relationship between thermodynamics and elec-
trochemistry that relates the equilibrium potential and Gibbs free energy,

AG = —nFVj. (2.81)

For chemical reaction thermodynamics, change in Gibbs free energy is related to
concentrations as,

AG = AG(0) + RgTIn . (2.82)
CR

which again can be derived from identifying that AG is the difference of chemical
potentials of the product and the reactant.

AG = up — lUg. (2.83)
As seen earlier, chemical potential is defined for moderate concentrations as

wp = tp +RsT Incp,
g = g + RGT Incg. (2.84)

Substituting this in the earlier equation, one gets the relation for change in Gibbs
free energy in terms of concentrations.

Using our newfound relation between Gibbs free energy and equilibrium potential
and dividing the above equation by nF, we get the Nernst equation,

Cp

RgT
Vo =Vo(0) + — In (2.85)
nk

CR

The Nernst equation is the basis for obtaining any dependence of equilibrium
potential of positive or negative electrode with the concentrations. This equation,
however, obtained from thermodynamics, gives only an ideal case. However, material
variations impart unique features in the OCV curve. For realistic scenarios, various
modifications are proposed. In Figs.2.3 and 2.4, the open-circuit potentials of com-
mon materials are shown. The present crop of commercial batteries predominantly
use some blend of carbon (graphite, coke, hard carbon, or mesocarbon microbeads
(MCMB)). There are more variety for the cathode electrodes and it is dependent on
the application and the requisite energy density. With this subsection, we obtain the
equilibrium part in the charge transfer reaction. The dynamic part is subsequently
derived.
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2.3.2 Butler-Volmer Equation: The Dynamic Component

For a charge transfer chemical reaction as shown below, R is reduced and P is
oxidized. The former is termed as an anodic process, and the latter cathodic. The
chemical reaction results in an equivalent current density given by,

je = kecg  and,
Ja = kacp. (2.86)

where j. and j, are termed as the cathodic and anodic current densities, k. and k, are
the rate constants for the respective reactions. These reactions happen at the electrode
surfaces, and the net reaction rate determines if the reversible process is oxidation
or reduction. In the negative electrode, the net reaction during discharge is oxidation
and the net reaction at the positive electrode is reduction. During charging however,
the processes are reversed. As a result reduction reaction occurrs at the negative
electrode and oxidation at the positive electrode. The net reaction rate that results in
the net current density is given by

i = Fj, — Fj, = Fkocp — Fkecg (2.87)
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Each of these processes is activated process. This means that the processes are trig-
gered once the molecules undergo a threshold internal energy change required at a
given temperature. Thus

k = kyexp —AE/RGT = kyexp {—AH /RT} (2.88)

Because, from first law of thermodynamics, AH = AE, with negligible change in
P or V. This equation is modified and using the second law, Gibbs free energy again
appears

k= k(/) exp{—(AH — TAS)/RcT} = k(; exp{—AG/RgT} . (2.89)

Thus, the rate constants of both the electrodic process can be expressed in terms of
Gibbs free energy as,

ke = kg exp{—(AG)/RGT},
ko = k,gexp{—AG,/RGT}. (2.90)

It can be inferred from our earlier discussion earlier, Gibbs free energy pertains to
the electrical work needed to switch on these processes. The net current density at
any electrode is given by

i = Fk,yexp{—AG4/RGT) cp — Fk,exp{—(AG.)/RGT} ck. (2.91)

The above equation, the net rate of a reversible reaction that is activated, is the basic
form of Butler—Volmer reaction. The reactions are however, not at equilibrium, which
was our basic premise for moving beyond Nernst type equation.

In lithium-ion batteries, a lithium-ion takes up only one electron during charge
transfer reaction,the reaction is like, R + ¢ = P. If the reaction involves a change
of potential given by A® = V — V(0), the extra electrical work required, the Gibbs
free energy change is given by

AG = AG(0) + FA®. (2.92)

If the energy state at the initial state (denoted as ‘0’) is itself enough for the reaction
to occur, however, AG = AG(0). In a realistic scenario, the energy change required
is taken as an average of these two extremes, and the constant, a transfer coefficient
« 1s introduced,

AG = AG0) +aF AP. (2.93)

The anodic and cathodic processes are the forward and reverse reactions of the
reversible electrode reaction. If we consider the above scenario for the cathodic

process, corresponding equation for the anodic process gives

AG = AG(0) — (1 — a)F AQ. (2.94)
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Inserting the above expressions for our net rate of reaction, and absorbing the
terms involving AG(0) into the constant,

i =Fkgexp{(l —a)FA®/RgT}cp — Fkoexp{—aFA®/RsT}cg.  (2.95)
For a system at equilibrium, A® = V;; — V(0), and the net current is zero. This
results in both the current densities being the same, termed as the exchange current
density, ip. Let us also introduce f = F/RgT

ig = Fkgoexp{(1 —a)FA® /RGT}cp po = Fkeoexp (—aF AP /RGT}cp pg.  (2.96)

At this state of equilibrium, one can use Nernst equation to see the dependence
between concentrations,

Cp E
exp{f(Vo — V(O)} = C—q
R Eq
Creg\ “
exp {—af (Vo — V(0))} = (c : q) : (2.97)
R.Eq
Thus, the exchange current density is written as
io = Fkoc £, Ch gy (2.98)

To eliminate the effect of the datum potential, the net rate is divided by the exchange
current,

io

i [ Fkaocp exp {(1 —a)f (Vo — V(0))} Fkeocr exp {—af (Vo — V(0))}

_ — 2.99
Fkaocp,egexp{(1 —a)f (Vo = V(0))}  Fkeocr,eq exp {—af (Vo — V(O))}] (299)

Eventually, the most common form of the Butler—Volmer reaction flux is obtained as

CR

i =i [C;P exp (1 — a)f (Vo — V(0)} —

exp {—af (Vo — V(O))}i| . (2.100)
Eq CR,Eq

In many cases, a local equilibrium of concentration is considered, which further
simplifies the equation to give,

i =i [exp {(1 = a)f (Vo — V(0))} — exp {—af (Vo — V(0))}] (2.10D)

2.3.2.1 Application to Lithium-Ion Cells

Lithium ions in the electrolyte with concentration c,, and potential ¢, intercalate
into the electrode particles. In this case, the concentration of the free active sites also
determines the rate of reaction. In an electrode particle with solid concentration c;
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and the solubility c; 4y, the concentration of unoccupied sites is given by ¢ nax —
cs. Also, due to the electrolyte potential, A¢p = ¢; — ¢, — V(0). Accounting for
these factors, the final form of Butler—Volmer equation that is used to solve the
electrochemical model reads as,

i = io [exp {(1 — a)f (s — ¢ — V(0))} — exp {—af (bs — ¢ — V(O)}], (2.102)
With the exchange current density given by,

io = Fhkoc® (Copmax — ¢5)' ¢, (2.103)

To incorporate in the electrochemical model, this equation has to be solved for both

the electrodes. While solving for realistic case scenarios, the rate constants of the
electrodes are often adjusted to match the experimental results.
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