Chapter 2
A Projection-Based Approach
to Spectrum Sharing

Awais Khawar, Ahmed Abdelhadi and T. Charles Clancy

Spectrum sharing is a new way forward to solve spectrum scarcity problem. In this
chapter, we first propose a spatial approach for spectrum sharing between a MIMO
radar and an LTE cellular system with multiple base stations (BS). The MIMO
radar and LTE share multiple interference channels. We propose projecting the radar
signal onto the null space of interference channel between the MIMO radar and
LTE using our proposed interference-channel-selection algorithm, in order to have
zero-interference from the MIMO radar. We select interference channel with the
maximum null space and project the radar signal onto the null space of this channel.
Our proposed spatial spectrum sharing algorithm is radar-centric such that it causes
minimum loss in radar performance by carefully selecting the interference channel
and at the same time protects the i LTE BS from the radar interference. Through
our analytical and simulation results we show that the loss in the radar performance
is less when the proposed interference-channel-selection algorithm is used to select
the channel onto which radar signals are projected. Second, we address the problem
of target detection by radars that project waveform onto the null space of interference
channel in order to mitigate interference to cellular systems. We consider a multiple-
input multiple-output (MIMO) radar and a MIMO cellular communication system
with multiple base stations (BS). We consider two spectrum sharing scenarios. In
the first scenario the degrees of freedom (DoF) available at the radar are not suffi-
cient enough to simultaneously detect target and mitigate interference to multiple
BSs. For this case, we select one BS among many BSs for waveform projection
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on the basis of guaranteeing minimum waveform degradation. For the second case,
the radar has sufficient DoF to simultaneously detect target and mitigate interfer-
ence to all BSs. We study target detection capabilities of null-space projected (NSP)
waveform and compare it with the orthogonal waveform. We derive the generalized
likelihood ratio test (GLRT) for target detection and derive detector statistic for NSP
and orthogonal waveform. The target detection performance for both waveforms is
studied theoretically and via Monte Carlo simulations.

This chapter is organized as follows. Section 2.1 discuss MIMO radar, target chan-
nel, orthogonal waveforms, interference channel, and our cellular system model.
Moreover, it also discusses modeling and statistical assumptions. Section2.2 dis-
cusses spectrum sharing between MIMO radar and cellular system and introduces
sharing architecture and projection algorithms. Section 2.3 discusses target parameter
estimation performance for spectrum sharing radars followed by numerical results.
Section 2.4.3 presents the generalized likelihood ratio test (GLRT) for target detec-
tion and derives detector statistic for NSP and orthogonal waveform followed by
numerical results. Section 2.5 concludes the chapter.

2.1 System Model

In this section, we introduce preliminaries of MIMO radar, point target in far-field,
orthogonal waveforms, interference channel, and cellular system model. Moreover,
we also discuss modeling and statistical assumptions along with RF environment
assumptions used throughout the chapter.

2.1.1 Radar Model

The radar we consider in this chapter is a colocated MIMO radar with M transmit and
receive antennas and is mounted on a ship. The colocated MIMO radar has antennas
that have spacing on the order of half the wavelength. Another class of MIMO radar
is widely spaced MIMO radar where elements are widely spaced which results in
enhanced spatial diversity [1]. The colocated radar gives better spatial resolution and
target parameter identification as compared to the widely-spaced radar [2].

2.1.2 Target Model/Channel

In this chapter, we consider a point target model which is defined for targets having
a scatterer with infinitesimal spatial extent. This model is a good assumption and
is widely used in radar theory for the case when radar elements are colocated and
there exists a large distance between the radar array and the target as compared to
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inter-element distance [3]. The signal reflected from a point target with unit radar
cross-section (RCS) is mathematically represented by the Dirac delta function.

2.1.3 Signal Model

Let x(¢) be the signal transmitted from the M -element MIMO radar array, defined as
x(t) = [x1 (el (e - xy (el ]" (2.1)

where x;(t)e/“' is the baseband signal from the k™ transmit element, w, is the
carrier angular frequency, ¢ € [0, T,], with T, being the observation time. We define
the transmit steering vector as

ar(0) 2 [e e ® gmivn® .. g=ijwe, <e)]T ) (2.2)
Then, the transmit-receive steering matrix can be written as
A(9) £ ag(@)ar (©). (2:3)

Since, we are considering M transmit and receive elements, we define a(f) =
ar(0) £ ag(0). The signal received from a single point target, in far-field with con-
stant radial velocity v,, at an angle # can be written as

y(t) = ae /P A@) x(t — (1)) + n(r) (2.4)

where 7(t) = 77, (¢) + Tg,(¢), denoting the sum of propagation delays between the
target and the k™ transmit element and the /™ receive element, respectively; wp
is the Doppler frequency shift, o represents the complex path loss including the
propagation loss and the coefficient of reflection, and n(¢) is the zero-mean complex
Gaussian noise.

2.1.4 Modeling Assumptions

In order to keep the analysis tractable we have made the following assumptions about
our signal model:

e The path loss « is assumed to be identical for all transmit and receive elements,
due to the far-field assumption [4].

e The angle 6 is the azimuth angle of the target.

e After compensating the range-Doppler parameters, we can simplify Eq. (2.4) as
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y(@©) = a AQ) x(t) +n(?). (2.5)

2.1.5 Statistical Assumptions

We make the following assumptions for our received signal model in Eq. (2.5):

e 0 and « are deterministic unknown parameters representing the target’s direction
of arrival and the complex amplitude of the target, respectively.

e The noise vector n(z) is independent, zero-mean complex Gaussian with known
covariance matrix Ry, = 0L, i.e., n(t) ~ N°(0y, 02I)), where N¢ denotes the
complex Gaussian distribution.

e With the above assumptions, the received signal model in Eq. (2.5) has independent
complex Gaussian distribution, i.e.,

y(t) ~ N°(aAB) x(1), 021 y)- (2.6)

2.1.6 Orthogonal Waveforms

In this chapter, we consider orthogonal waveforms transmitted by MIMO radars, i.e.,

Ry = / x(O)x? ()dt =1y. (2.7)
T.

0

The transmission of orthogonal signals gives MIMO radar advantages in terms of
digital beamforming at the transmitter in addition to receiver, improved angular
resolution, extended array aperture in the form of virtual arrays, increased number of
resolvable targets, lower sidelobes [5], and lower probability of intercept as compared
to coherent waveforms [4].

2.1.7 Communication System

In this chapter, we consider a MIMO cellular system, with K base stations, each
equipped with NBS transmit and receive antennas, with i BS supporting L5 user
equipment (UE). The UEs are also multi-antenna systems with NYE transmit and
receive antennas. If s}JE(t) is the signals transmitted by the j™ UE in the i cell, then

the received signal at the i™ BS receiver can be written as

rn = > HWNE@ fwe) 1< <LE (2.8)
J

where w(t) is the additive white Gaussian noise.
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2.1.8 Interference Channel

In this section, we characterize the interference channel that exists between MIMO
cellular base station and MIMO radar. In our chapter, we are considering X cellular
BSs thatis why our model has H;, i = 1, 2, ..., KX, interference channels, where the
entries of H; are denoted by

(1.1 (1,M)
h! o h

H=| : . (NP x M) (2.9)
thBS’U o h(NBS,M)

where hgl’k) denotes the channel coefficient from the k™ antenna element at the
MIMO radar to the /™ antenna element at the i BS. We assume that elements of
H; are independent, identically distributed (i.i.d.) and circularly symmetric complex
Gaussian random variables with zero-mean and unit-variance, thus, having a i.i.d.
Rayleigh distribution. A more thorough treatment of interference channel modeling
between radar and cellular system, including two- and three-dimensional channel
models, can be found in [6-9].

2.1.9 Cooperative RF Environment

In the wireless communications literature, it is usually assumed that the transmitter
(mostly BS) has channel state information (CSI) either by feedback from the receiver
(mostly UE), in FDD systems [10], or transmitters can reciprocate the channel, in
TDD systems [10]. The feedback and reciprocity are valid and practical as long as
the feedback has a reasonable overhead and coherence time of the RF channel is
larger than the two-way communication time, respectively.

In the case of radars sharing their spectrum with communications systems one
way to get CSI is that radar estimates H; based on the training symbols sent by
communication receivers (or BSs in this case) [11]. Another approach is that radar
aids communication systems in channel estimation, with the help of a low-power
reference signal, and they feed back the estimated channel to radar [12]. Since, radar
signal is treated as interference at communication system, we can characterize the
channel as interference channel and refer to information about it as interference-
channel state information (ICSI).

Spectrum sharing between radars and communications systems can be envisioned
in two domains: military radars sharing spectrum with military communication
systems, we call it Mil2Mil sharing; another possibility is military radars sharing
spectrum with commercial communication systems, we call it Mil2Com sharing. In
Mil2Mil sharing, ICSI can be acquired by radars fairly easily as both systems belong
to military. In Mil2Com sharing, ICSI can be acquired by giving incentives to com-
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mercial communication system. The biggest incentive in this scenario is null-steering
and protection from radar interference. Thus, regardless of the sharing scenario,
Mil2Mil or Mil2Com, we have ICSI for the sake of mitigating radar interference at
communication systems.

2.2 Radar-Cellular System Spectrum Sharing

After introducing our radar and cellular system models we can now discuss the spec-
trum sharing scenario between radar and cellular system. In our sharing architecture,
MIMO radar and cellular systems are the co-primary users of the 3550-3650 MHz
band under consideration. In the following sections, we will discuss the architecture
of spectrum sharing problem which is followed by our spectrum sharing algorithm.

2.2.1 Architecture

We illustrate our coexistence scenario in Fig. 2.1 where the maritime MIMO radar is
sharing X interference channels with the cellular system. Considering this scenario,
the received signal at the i™ BS receiver can be written as

r; (1) = HYMx(r) + STHYTNESE 4w, (2.10)
j

@ (#[[eT

Fig.2.1 Spectrum sharing scenario: A seaborne MIMO radar detecting a point target while simulta-
neously sharing spectrum with a MIMO cellular system without causing interference to the cellular
system
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The goal of the MIMO radar is to map x(¢) onto the null-space of H; in order to
avoid interference to the i™ BS, i.e., H;x(f) = 0, so that r; (¢) has Eq. (2.8) instead
of Eq. (2.10).

2.3 Spectrum Sharing Algorithms for Small MIMO Radar

In this section, we discuss performance metrics of spectrum sharing MIMO radars
when a MIMO radar has a smaller antenna array as compared to a cellular base
station (BS), i.e., M7 < Ng. We consider the spectrum sharing between a MIMO
radar and an LTE cellular system with K BSs. The MIMO radar and LTE share
X interference channels, i.e., H;,i = 1,2, ..., K. We propose projecting the radar
signal onto the null space of interference channel between the MIMO radar and LTE
using our proposed interference-channel-selection algorithm, in order to have zero-
interference from the MIMO radar. We select interference channel with the maximum
null space, i.e., argmax, <i<K dim [N(H;)] and project the radar signal onto the null
space of this channel. Our proposed spatial spectrum sharing algorithm is radar-
centric such that it causes minimum loss in radar performance by carefully selecting
the interference channel and at the same time protects the i LTE BS from the radar
interference. Through our analytical and simulation results we show that the loss
in the radar performance is less when the proposed interference-channel-selection
algorithm is used to select the channel onto which radar signals are projected.

2.3.1 Performance Metrics

We choose the Cramei Rao bound (CRB) and maximum likelihood (ML) estimate of
the target’s angle of arrival as our performance metric for the MIMO radar system.
We are interested in studying the degradation in the estimate of the target’s angle
of arrival due to null-space projection of the radar waveform. The CRB for a single
target, no-interference case, is given as in [4],

1
CRB(0) = 5 (Mzeé¥ ()R] a7 (0) + af (HR]

ar (0)|lag(0)|1* —

H T4 2\ -1
Mg !:T (O)RIar ()| ) o
al’(ORIar(9)

and the ML for the case of no interference and a single target can be written as in

(4],

(0, %, Op)wi = arg max ’ag(Q)E(Tr,wD)ai(Q)f

2.12
0,7 ,wp MRa;I (H)Ry{aT (9) ( )
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Where
da 9

sz/ x(1)x™ (1) dt

To

E(7,, wp) = / yO) x"(t —7,) e dt
Ty

7, is the propagation delay, two-way, between the target and the reference point, and
wp 1is the Doppler frequency shift.

In addition to performance metrics like CRB and ML, we are also interested in
the changes in beampatterns of the MIMO radar due to null-space projection of the
radar waveform. Beampattern is a measure of beamformer’s response to a target at
direction 6 given by, as in [4],

la (O)RIar (0p)|* |ak (D)ag(0p)]?

G@O,0p) =T
©.00) a?@p)RTar(0p) Mg

(2.13)

where I is the normalization constant and 6, represents the digital steering direction
of the main beam.

2.3.2 Interference-Channel-Selection Algorithm

In this section, we propose our interference-channel-selection algorithm, shown in
Algorithm 1, which selects interference channel onto which radar signals are pro-
jected using NSP method, i.e., Algorithm 2. We assume there exist X interference
channels, i.e., H;,i = 1,2, ..., XK, between the MIMO radar and the LTE system
and we seek to select the best interference channel, defined as

imax = argmax dim[N(H;)]
1<i<K

HBest = H

Tmax

and we seek to avoid the worst channel, defined as

argmin dim[N(H;)]

1<i<K

Imin

A
HWorsl = Hi min
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where null space of H'**M7 is defined as
NH) £ {x e C"" : Hix = 0}
and then null of HlNR “Mr i defined as
null H; £ dim[N(H;)]

where ‘dim’ is the number of linearly independent columns in null space of H;VR M

At the MIMO radar, we first estimate the channel state information (CSI) of
the XK interference channels using a blind null-space learning algorithm [13]. This
is followed by the calculation of null space of these X interference channels via
Algorithm 2. Once Algorithm 1 receives null space of interference channels, it selects
channel with the maximum null space as the candidate channel, i.e., H and sends it to
Algorithm 2 for NSP of radar signals. Our interference-channel-selection algorithm,
i.e., Algorithm 1 guarantees minimum degradation in radar performance and at the
same time assures zero-interference to the candidate BS.

Algorithm 1 Interference-Channel-Selection Algorithm

loop
fori =1:%Xdo
Estimate CSI of H;.
Send H; to Algorithm 2 for null space computation.
Receive dim[N(H;)] from Algorithm 2.
end for
Find ipmax = argmax dim[N(H;)].
1<i<K
Set H = H;,.. as the candidate interference channel.
Send H to Algorithm 2 to get NSP radar waveform.
end loop

2.3.3 Modified-Null-Space Projection (NSP) Algorithm

In this section, we explain the projection of radar signals onto null space of inter-
ference channel selected using Algorithm 1. As mentioned earlier, the CSI of X
interference channels is estimated using a blind null-space learning algorithm [13].
After getting CSI estimates of K interference channels, from Algorithm 1, the next
step is to find null space of each va #*M1 ysing Algorithm 2. This step is performed
using the singular value decomposition (SVD) theorem according to our modified-
NSP projection algorithm, as shown in Algorithm 2. For the complex i interference
channel matrix the SVD is given as
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NrxM NpxM
H M =gz eyl
g1
(o)) O

O 0 jemin(Ng,Mr)

where U; is the complex unitary matrix, X; is the diagonal matrix of singular values,
and V¥ is the complex unitary matrix. If the SVD analysis do not yield any zero
singular values we resort to a numerical approach to calculate null space. In order
to do that, in Algorithm 2, we set a threshold ¢ and select singular values below the
threshold value. Then the number of singular values below the threshold serves as
the dimension of null space.

Algorithm 2 Modified-Null-Space Projection (NSP)

if H; received from Algorithm 1 then
Perform SVD on H; (ie, H; = U; 2, VH)
if o; # 0 (i.e., j™ singular value of X;) then
dim [NH;)] =0
Use pre-specified threshold o
for j = 1: min(Ng, Mr) do
if 0; < 0 then
dim [N(H;)] = dim [N(H;)] + 1

else
dim [N(H;)] =0
end if
end for
else
dim [N(H;)] = The number of zero singular values
end if
Send dim [N(H;)] to Algorithm 1.
end if

if H received from Algorithm 1 then
Perform SVD on H = UXV
if o j # 0 then
Use pre-specified threshold 0
onul = {} {An empty set to collect s below threshold §}
for j = 1 : min(Ng, M7) do
if 0; < ¢ then
Add 0 tO ONull
end if
end for
V= oNull corresponding columns in V.
end if
Setup projection matrix Py = VVH,
Get NSP radar signal via X = Pyx.
end if
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Once the null space of all interference channels is determined we seek to find
the best channel H, the one with the maximum null space, which according to our
Algorithm 1 is given as

Imax = argmax dim N(H;)
1<i<K

H=H,

Algorithm 1 sends Hto Algorithm 2 for null-space computation, where after SVD
the right singular vectors corresponding to vanishing singular are collected in V for
the formation of projection matrix. Once this is done, we project the radar signal
onto the null space of Hgy via a modified version of our projection algorithm [5,
14]. The proposed NSP algorithm removes redundancy from previous algorithm and
is computationally efficient. The modified-NSP algorithm is given as

Py = VvV,
The radar waveform projected onto null space of H can be written as
% = Pyx. (2.14)
By inserting the projected signal, as in Eq. (2.14), into the Cramer—Rao bound (CRB)

for the single target no interference case, Eq.(2.11), we get the CRB for the NSP
projected radar waveform as

1 : :
CRBysp(0) = m(MRaﬁ (O)R{ar(0) + af ()

Rlar(0)llag®)]* —

H T, 2\ -1
Mp |ZT(0)R,-(aT<9>|) T
al ()Rl ar ()

Similarly, Eq.(2.14) can be substituted in (2.12) to get the ML estimate of angle
arrival for the NSP projected radar waveform as

* 2
. %, Op)mLe, = arg max |afl ()E(r,. wp)aj(0)] .
2 NSP T

2.16
X Meall R a7 (0) (2.16)

In order to analyze the beampattern of the NSP projected waveform we can substitute
Eq.(2.14) in Eq.(2.13) to get

la7 ()R{ar (0p) | ag (D)ar(Op) >
aj (0p)Rar(0p) Mg

Gnsp(0,0p) =T (2.17)
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Fig. 2.2 CRB on target direction estimation RMSE as a function of the SNR. Hpest and Hworst
channels are selected using Algorithms 1 and 2

2.3.4 Simulation Results

In this section, we simulate our MIMO radar-LTE sharing scenario and study its
impact on the performance of radar.

The CRB for the target’s angle of arrival is given by Egs. (2.11) and (2.15) for the
original radar waveform and the NSP radar waveform, respectively. We are interested
in understanding the effects of NSP on the radar waveform. In Fig. 2.2, we compare
the root-mean-square-error (RMSE) of different radar waveforms. We compare the
performance of original radar waveform with the NSP waveform projected onto
Hpes: and Hyyorse. Note that by using Algorithms 1 and 2 we are able to minimize
degradation in the radar performance as the NSP waveform onto Hpg, is closer to
the original radar waveform in RMSE sense than the NSP waveform onto Hyyoys.
Thus, by an appropriate selection of the interference-channel degradation in the radar
performance, due to the NSP of its waveform, can be minimized.

Similar to the CRB, the ML estimate of the target’s angle of arrival is given by
Egs. (2.12) and (2.16) for the original radar waveform and the NSP radar waveform,
respectively. We are interested in the estimation error of the angle due to the NSP
of radar waveform. In Fig.2.3, we compare original angles and estimated angles
using ML estimation for different radar waveforms. Using Algorithms 1 and 2 we
can achieve almost similar ML results for original waveform and the NSP waveform
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Fig. 2.4 Beampattern of MIMO radar when different values of threshold are used to calculate the
null space of interference channels in Algorithm 2
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which shows that by choosing Hg.g to project we can cause minimum degradation
in radar performance. Note that the ML estimate for the NSP waveform onto Hyyorst
is much degraded from the original waveform and the NSP waveform onto Hp,.

In Algorithm 2, we describe an approach to numerically calculate null space of
interference channels. This is an important approach in the presence of rounding
errors and fuzzy data. We select singular values below a certain threshold and take
the corresponding columns of VlH for our NSP equation. Thus, the value of threshold
can be a limitation parameter in the projection algorithm, since, the bigger the value
of threshold the bigger the null space and the better the performance of the NSP
radar waveform. This can be easily noticed from Fig.2.4, where we compare the
beampattern of original radar waveform with the NSP waveform when we choose a
larger and a smaller value of threshold. The larger value of threshold corresponds to
the best channel and the smaller value corresponds to the worst channel, according
to our definitions in Sect.2.3.2. Note that by increasing or decreasing the value of
threshold we can manipulate the magnitude of sidelobes. Thus, for the best radar
performance, it is desirable to select interference channel with the maximum null
space, i.e., according to Algorithms 1 and 2.

2.4 Spectrum Sharing Algorithms for Large MIMO Radar

In this section, we address the problem of target detection by radars that project
waveform onto the null space of interference channel in order to mitigate interference
to cellular systems. We consider a multiple-input multiple-output (MIMO) radar and
a MIMO cellular communication system with K base stations (BS). We consider
two spectrum sharing scenarios. In the first scenario, the degrees of freedom (DoF)
available at the radar are not sufficient enough to simultaneously detect target and
mitigate interference to K BSs. For this case, we select one BS among X BSs for
waveform projection on the basis of guaranteeing minimum waveform degradation.
For the second case, the radar has sufficient DoF to simultaneously detect target and
mitigate interference to all X BSs. We study target detection capabilities of null-space
projected (NSP) waveform and compare it with the orthogonal waveform. We derive
the generalized likelihood ratio test (GLRT) for target detection and derive detector
statistic for NSP and orthogonal waveform. The target detection performance for
both waveforms is studied theoretically and via Monte Carlo simulations.

We consider two spectrum sharing scenarios which are discussed as follows.
Case 1 (M <« KNBS but M > NPBS): Consider a scenario in which a MIMO radar
has a very small antenna array as compared to the combined antenna array of & BSs,
ie., M <« KXNBS, butis larger than individual BS antenna array, i.e., M > NBS In
such a scenario, it is not possible for the MIMO radar to simultaneously mitigate
interference to all the I BSs present in the network because of insufficient degrees
of freedom (DoF) available. However, the available DoF allow simultaneous target
detection and interference mitigation to one of the BS among X BSs. The choice of
BS selection depends upon the performance metric which radar wants to optimize.
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In this chapter, our performance metric is minimum degradation of radar waveform
in a minimum norm sense.

A drawback of this approach is that interference is not mitigated to I — 1 BSs
present in the network and the radar has to utilize higher transmit power to achieve
the same performance level which can increase the level of interference at BSs not
part of the mitigation scheme. This drawback is addressed in the literature by moving
X — 1 BSs to non-radar frequency bands by using resource allocation and carrier
aggregation techniques [15, 16].

It is worth mentioning that when M <« X NBS traditional colocated MIMO radar

architecture is not suitable for mitigation of interference by using NSP approaches
because sufficient DoF are not available and doing so will result in performance
degradation of radar systems. However, the MIMO radar architecture can be modified
into an overlapped-MIMO radar architecture, where the transmit array of colocated
MIMO radar is partitioned into a number of subarrays that are allowed to overlap. The
overlapped-MIMO radar architecture increases the DoF and enjoys the advantages
of the MIMO radar while mitigating interference to communication systems without
sacrificing the main desirable characteristics for its own transmission.
Case 2 (M > KNPBS): Consider a scenario in which a MIMO radar has a very
large antenna array as compared to the combined antenna array of K BSs, i.e.,
M > KNBS, In such a scenario, it is feasible for the MIMO radar to simultaneously
mitigate interference to all the K BSs present in the network while reliably detecting
targets. This is because sufficient degrees of freedom are available for both the tasks.
In such a scenario, the combined interference channel that the MIMO radar shares
with K BSs in the networks is given as

H=[H H; - Hx]- (2.18)

2.4.1 Projection Matrix

In this section, we introduce formation of projection matrices for Case 1 and Case 2.
Projection for Case 1 (M < XN BS but M > NBS): In this section, we define the
projection algorithm for ‘Case 1’ which projects radar signal onto the null space of
interference channel H;. Assuming, the MIMO radar has channel state information
of all H; interference channels, through feedback, in Mil2Mil or Mil2Com scenario,
we can perform singular value decomposition (SVD) to find the null space and then
construct a projector matrix. We proceed by first finding SVD of H;, i.e.,

H; =U; X, V/. (2.19)

Now, let us define B
Z,’ é diag(E,-,l, 5,-,2, ey E,-,p) (220)
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where P = min(NBS, M) and Ei,l > 5,',2 > e > E,‘,q > 5,",1_;,_] = Ei,qﬂ ==
0i,p = 0 are the singular values of H;. Next, we define

T £diag(F] 1, Tlay .. s Ty (2.21)
where
G, = {O’ foru < q. (2.22)
' 1, foru>gq.
Using above definitions we can now define our projection matrix, i.e.,
P, 2V, TV (2.23)

In order to show that P; is a valid projection matrix we prove two results on projection
matrices below.

Property 2.1 P; € CM*M s q projection matrix if and only if P; = P = P2.

1

Proof Let’s start by showing the ‘only if* part. First, we show P; = P/. Taking
Hermitian of Eq.(2.23) we have

P/ = (V,ZVI)i =P, (2.24)
Now, squaring Eq.(2.23) we have
P2V, E VY x V,E VY =P, (2.25)

where above equation follows from V¥ V; =1 (since they are orthonormal matri-
ces) and (X ;)2 =X i (by construction). From Egs. (2.24) and (2.25) it follows that

P, =P = Piz. Next, we show P; is a projector by showing that if v € range (P;),
then P;v = v, i.e., for some w, v = P;w, then
P,v=P;P;w) =Piw=P,w=v. (2.26)
Moreover, P;v — v € null(P;), i.e.,
P,(P;v—v)=PV—-P,v=Pyv—-Pv=0. (2.27)
This concludes our proof.

Property 2.2 P; € CM*M s an orthogonal projection matrix onto the null space of
H < (CNESXM
; .
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Proof Since P; = P/, we can write
HP! =UZ, VI xV,ZVH =0, (2.28)

The above results follows from noting that 519 ; = 0 by construction.

For ‘Case 1’ we are dealing with X interference channels. Therefore, we need to
select the interference channel which results in least degradation of radar waveform
in a minimum norm sense, i.e.,

. A .
Imin = argmin )

Px(t) — X(I)H (2.29)
1<i<K 2

(>

P (2.30)

Imin *

Once we have selected our projection matrix it is straight forward to project radar
signal onto the null space of interference channel via

x(1) = P x(1). (2.31)

The correlation matrix of our NSP waveform is given as

Ry = / ()% (t)dt (2.32)

T(?

which is no longer identity, because the projection does not preserve the orthogonal-
ity, and its rank depends upon the rank of the projection matrix.

Projection for Case 2 (M > X NPB5): In this section, we define the projection algo-
rithm for ‘Case 2’ which projects radar signal onto the null space of combined
interference channel H. The SVD of H is given as

H=UXVZ, (2.33)

Now, let us define B
¥ £ diag(cy, 0o, . .. ,0p) (2.34)
where p £ min(NB, M)and5, > 5, > -+ > G, > 0401 =0gr2 =+ =0, =0

are the singular values of H. Next, we define
3 2 diag(3], 5. ..., 0hy) (2.35)

where

(2.36)

5 8 0, foru<gq,
" 1, foru>gq.
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Using above definitions we can now define our projection matrix, i.e.,
P2VI'VH, (2.37)

It is straightforward to see that P is a valid projection matrix by using Properties 1
and 2.

2.4.2 Spectrum Sharing and Projection Algorithms

In this section, we explain spectrum sharing and projection algorithms for ‘Case 1’
and ‘Case 2’.

Algorithms for Case 1 (M < KXNBS but M > NBS): For this case, the process of
spectrum sharing by forming projection matrices and selecting interference channels
is executed with the help of Algorithms 3 and 4. First, at each pulse repetition interval
(PRI), the radar obtains ICSI of all X interference channels. This information is sent
to Algorithm 4 for the calculation of null spaces and formation of projection matrices.
Algorithm 3 process X projection matrices, received from Algorithm 4, to find the
projection matrix which results in least degradation of radar waveform in a minimum
norm sense. This step is followed by the projection of radar waveform onto the null
space of the selected BS, i.e., the BS to the corresponding selected projection matrix,
and waveform transmission.

Algorithm 3 Spectrum Sharing Algorithm for Case 1

loop
fori =1:3%Xdo
Get CSI of H; through feedback from the i BS.
Send H; to Algorithm 4 for the formation of projection matrix P;.
Receive the i™ projection matrix P; from Algorithm 4.
end for
Find ipin, = argmin ‘
1<i<K
as the desired projector.

Pix(1) — x(Z)HZ.

SetP=P;
Perform null space projection, i.e., X(1) = f’x(t).
end loop

Projection for Case 2 (M >> K NB5): For this case, the process of spectrum sharing
is executed with the help of Algorithms 5 and 6. First, at each pulse repetition interval
(PRI), the radar obtains ICSI of all X interference channels. This information is sent
to Algorithm 6 for the calculation of null space of H and the formation of projection
matrix P. The projection of radar waveform onto the null space of H is performed
by Algorithm 5.
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Algorithm 4 Projection Algorithm for Case 1

if H; received from Algorithm 3 then
Perform SVD on H; (ie, H; = U; 2, VH)
Construct ¥; = diag(ci,1,0i2,...,0i,p)

Y _ Aiao(n ~/
Construct X; = dlag((fi,1 NTIREE rrin)

Setup projection matrix P; =V; z :VIH .
Send P; to Algorithm 3.
end if

Algorithm 5 Spectrum Sharing Algorithm for Case 2

loop
Get CSI of H through feedback from ¢ BSs.
Send H to Algorithm 6 for the formation of projection matrix P.
Receive the projection matrix P from Algorithm 6.
Perform null space projection, i.e., X(1) = Px(7).
end loop

Algorithm 6 Projection Algorithm for Case 2

if H received from Algorithm 5 then
Perform SVD on H (i.e., H = uxvh)

Construct ¥ = diag(c1,02,...,0p)
Construct f: = diag(c}, 05, ..., 0))
Setup projection matrix P = VI'VH,
Send P to Algorithm 5.

end if

2.4.3 Statistical Decision Test for Target Detection

In this section, we develop a statistical decision test for target illuminated with the
orthogonal radar waveforms and the NSP projected radar waveforms. The goal is
to compare performance of the two waveforms by looking at the test decision on
whether the target is present or not in the range-Doppler cell of interest.

For target detection and estimation, we proceed by constructing a hypothesis test
where we seek to choose between two hypothesis: the null hypothesis 3, which
represents the case when the target is absent or the alternate hypothesis J{; which
represents the case when the target is present. The hypothesis for a single target
model in Eq. (2.5) can be written as

Hy :aA@)x(1) +n@), 0 0 (2.38)
Ho :n(2), 0

o) rs
) =
y t<T,.

NN

Since, 6 and « are unknown, but deterministic, we use the generalize likelihood ratio
test (GLRT). The advantage of using GLRT is that we can replace the unknown
parameters with their maximum likelihood (ML) estimates. The ML estimates of «
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and 6 are found for various signal models, targets, and interference sources in [4, 17]
when using orthogonal signals. In this chapter, we consider a simpler model with
one target and no interference sources in order to study the impact of NSP on target
detection in a tractable manner. Therefore, we present a simpler derivation of the ML
estimation and GLRT.

The received signal model in Eq. (2.5) can be written as

y() =Q(, Ha +n(t) (2.39)

where
Q(, 0) = A(D)x(1). (2.40)

We use Karhunen-Loeve expansion for derivation of the log-likelihood function
for estimating 6 and «. Let £2 denote the space of the elements of {y(#)}, {Q(z, 6)},
and {n(z)}. Moreover, let ¢,, z =1, 2, ..., be an orthonormal basis function of £2
satisfying

< (1), Y2 (1) >= . Yo(1), Y7 (1) = 6.z (2.41)

where ¢, is the Kronecker delta function. Then, the following series can be used to
expand the processes, {y(¢)}, {Q(z, 6)}, and {n(z)}, as

y() = D y.be(0) (2.42)
z=1

Q. 0) =D Q.(0):(1) (2.43)
z=1

n() = > ng () (2.44)
z=1

where y., Q_, and n, are coefficients in the Karhunen—Logve expansion of the con-
sidered processes obtained by taking the corresponding inner product with basis
function 1, (¢). Thus, an equivalent discrete model of Eq.(2.39) can be obtained as

y:=Q:(0)a+n;, z=12,... (2.45)

For white circular complex Gaussian processes, i.e., E[n()n(t — 7(¢))] = aﬁIMcS
(7(1)), the sequence {n,} is i.i.d. and n, ~ N0, aﬁIM). Thus, we can express the
log-likelihood function as

d 1
Ly(0,0) = ( — M log(roy) — ;Hyz —Q.(0)c |2). (2.46)

z=1
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Maximizing Eq. (2.46) with respect to « yields

. 1 _
Ly0.6)=1T — ;(Eyy — egyEQ})er) (2.47)
where
I 2 —Mlog(ro?) (2.48)
> 2

Ey £ > ||| (2.49)

z=1
eqy 2 > Qy: (2.50)

z=1

o0
Ego £ ZQf Q.. (2.51)

Note that, in Eq. (2.47), apart from the constant I”, the remaining summation goes to
infinity. However, due to the noncontribution of higher order terms in the estimation
of 6 and « the summation can be finite. Using the identity

o0
/ ViV (tdt =" vivi (2.52)
To z=1

for v;(t) = Z;’il v, (t),i = 1,2, Egs.(2.49)—(2.51) can be written as

Ey £ / |y dz (2.53)
T,

eqy = / Q" (t, )y (n)dt (2.54)
T,

Eqq £ / Q" (t,0)Q(t, H)dt. (2.55)
T,

Using the definition of Q(z, #) in Eq.(2.40), we can write the f™ element of eqy as
leqyl; = a” (8p)E a(dy) (2.56)
where

E= / y(O)x (t)dr. (2.57)
T,

o

Similarly, we can write the f g™ element of Eqq as
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[Eqolyy = a" (0)a(0)a" (0 )R ab,). (2.58)
Since, eqy and Eqq are independent of the received signal, the sufficient statistic

to calculate 6 and « is given by E. Using Egs. (2.56)—(2.58) we can write the ML
estimate in matrix-vector form as

. .2
a’l (Ov)Ea* (Our)

Ly(éML) = argmax ~ — (2.59)
0 Maf (O )RIa(Owr)
Then, the GLRT for our hypothesis testing model in Eq. (2.38) is given as
G
Ly = no}z}lx{log fy(y, 0,05 FHp)} —log f(y; Ho) 26 (2.60)

Ho

where fy(y, 0, ; (1) and f(y; Hy) are the probability density functions of the
received signal under hypothesis H; and Hy, respectively. Hence, the GLRT can be
expressed as
A . 2
i 2" i) Ea* G|
Ly(0y1) = argmax - ~ = 0. (2.61)
Y 0 Matl (QML)R,{a(GML) 3?0

The asymptotic statistic of L(éML) for both the hypothesis is given by [18]

Hy 2 x3(p),

L) ~ [ 3o+ 12 (2.62)
3,

where

° X% (p) is the noncentral chi-squared distributions with two degrees of freedom,
e X3 is the central chi-squared distributions with two degrees of freedom,
e and p is the noncentrality parameter, which is given by

|af?
2
n

laf ()R a(0)|>. (2.63)

For the general signal model, we set § according to a desired probability of false
alarm Ppy, ie.,

Pea = P(L(y) > 6|Ho) (2.64)
5= 3";2‘(1 — Pra) (2.65)

where 3";2' is the inverse central chi-squared distribution function with two degrees
2
of freedom. The probability of detection is given by
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Pp = P(L(y) > 0|H)) (2.66)
Po=1-Fz, (3";%1(1 _ PFA)) (2.67)

where F 2, is the noncentral chi-squared distribution function with two degrees of

freedom and noncentrality parameter p.

24.3.1 Pp for Orthogonal Waveforms

For orthogonal waveforms R; = I, therefore, the GLRT can be expressed as

. .2
‘aH (Om)Ea* (GML)‘ % 5 68
- - rtho (2.68)
Mal Gypal) 56

Lorthog () =

and the statistic of L(éML) for this case is

A H = x3( )s
Lorthog (Omr) ~ [ : X% Porthog (2.69)
:}CO . Xz»
where
M2 | Oé|2
POrthog = & (2.70)
Uﬂ
We set dornog according to a desired probability of false alarm Ppr.orihog. i-€.,
5011h0g = 9:;%1 (1 - PPF—Orthog) (271)
and then the probability of detection for orthogonal waveforms is given by
Po-orthog = 1 = F ) (T2 (1 = Prronneg)) 2.72)

2.4.3.2 Pp for NSP Waveforms

For spectrum sharing waveforms R! = Rg , therefore, the GLRT can be expressed as

. .2
N af (Ov)Ea* (Oyr) ‘ I,
Lnsp(fyL) = ~ T 2 ONsP (2.73)
Mat (O )R a(Our) 6o

and the statistic of L(éML) for this case is
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Hi = x5 (pnse),

Lsp(Bwi) ~ (2.74)
Ho : X3,
where 5
|ov]
prse = —la” (ORga @), 2.75)
We set dnsp according to a desired probability of false alarm Ppg.nsp, i.€.,
ONsp = 9;%1(1 — Ppr.nsp) (2.76)
and then the probability of detection for orthogonal waveforms is given by
Poxse = 1= Tz (T (1= Porsr)) 2.77)

2.4.4 Numerical Results

In order to study the detection performance of spectrum sharing MIMO radars, we
carry out Monte Carlo simulation using the radar parameters mentioned in [19].

2.4.4.1 Analysis of Case 1

For this case, at each run of Monte Carlo simulation we generate K Rayleigh inter-
ference channels each with dimensions NBS x M, calculate their null spaces and
construct corresponding projection matrices using Algorithm 4, determine the best
channel to perform projection of radar signal using Algorithm 3, transmit NSP signal,
estimate parameters 6 and « from the received signal, and calculate the probability
of detection for orthogonal and NSP waveforms.

Performance of Algorithms 3 and 4: In Fig.2.5, we demonstrate the use of Algo-
rithms 3 and 4 in improving target detection performance when multiple BSs are
present in detection space of radar and the radar has to reliably detect target while
not interfering with communication system of interest. As an example, we consider
a scenario with five BSs and the radar has to select a projection channel which min-
imizes degradation in its waveform, thus, maximizing its probability of detection of
the target.

InFig.2.5a, we consider the case when dim N(H;) = 2. We show detection results
for five different NSP signals, i.e., radar waveform projected onto five different BSs.
Note that, in order to achieve a detection probability of 90%, we need 6 to 13dB
more gain in SNR as compared to the orthogonal waveform, depending upon which
channel we select. Using Algorithms 3 and 4 we can select interference channel
that results in minimum degradation of radar waveform and results in enhanced
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—— Pd for NSP Waveforms to BS 1

—— Pd for NSP Waveforms to BS 2
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(a) Probability of detection when dim N (H;) = 2. Note that 6 dB to 13 dB of additional
gain in SNR is required to detect target with 90% probability, depending upon the NSP
waveform transmitted.
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(b) Probability of detection when dim N (H;) = 6. Note that 3 dB to 5 dB of additional
gain in SNR is required to detect target with 90% probability, depending upon the NSP
waveform transmitted.

Fig. 2.5 Case | — Performance of Algorithms 3 and 4: Using our spectrum sharing and projection
algorithms, we can select interference channel for radar signal projection to maximize detection
probability and minimize gain in SNR required as a result of NSP of radar waveforms. For example,
Algorithms 3 and 4 select BS#5 and BS#2 for dim N(H;) = 2 and dim N(H;) = 6 cases, respec-
tively, as they require minimum additional gain in SNR
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Fig. 2.6 ‘Case 1(a): dimN(H;) = 2’: Pp as a function of SNR for various values of probabil-
ity of false alarm Pga, i.e., Ppa = 1071,1073, 1075 and 10~ 7. The interference channel H; has
dimensions 2 x 4, i.e., the radar has M = 4 antennas and the communication system has N BS — 2
antennas, thus, we have a null-space dimension of ‘dim N(H;) = 2’. Note that we need 6 dB more
gain in SNR for the NSP waveform to get the same result produced by the orthogonal waveform

target detection performance with the minimum additional gain in SNR required. For
example, Algorithms 3 and 4 would select BS#5 because in this case NSP waveform
requires least gain in SNR to achieve a detection probability of 90% as compared to
other BSs.

In Fig.2.5b, we consider the case when dim N(H;) = 6. Similar to Fig.2.5a we
show detection results for five different NSP signals but now MIMO radar has a larger
array of antennas as compared to the previous case. In this case, in order to achieve
a detection probability of 90%, we need 3 to 5 dB more gain in SNR as compared to
the orthogonal waveform. As in the previous case, using Algorithms 3 and 4 we can
select interference channel that results in minimum degradation of radar waveform
and results in enhanced target detection performance with the minimum additional
gain in SNR required. For example, Algorithms 3 and 4 would select BS#2 because in
this case NSP waveform requires least gain in SNR to achieve a detection probability
of 90% as compared to the other BSs.

The above two examples demonstrate the importance of Algorithms 3 and 4
in selecting interference channel for radar signal projection to maximize detection
probability and minimize gain in SNR required as a result of NSP of radar waveforms
for spectrum sharing.

Case 1(a): dim N(H;) = 2: In Fig. 2.6, we plot the variations of probability of detec-
tion Pp as a function of signal-to-noise ratio (SNR) for various values of probability
of false alarm Pgs. Each subplot represents the Pp for a fixed Ppa. We choose to
evaluate Pp against Pga values of 1071, 1073, 1073 and 10~7 when the interference



2.4 Spectrum Sharing Algorithms for Large MIMO Radar 33

—107" —10°3
PD for PFA_—WO PDfor PFA:10

3.5dB

PR i s 8o 3 0 . s 0 s
s 107
Py for Py, =10 P, for P, =10

10 K3 o

P, for Orthogonal Waveforms|

oot P for Orthogonal Waveforms|

«—>)
4.5dB i P, for NSP Waveforms

8 P for NSP Waveforms

Fig. 2.7 ‘Case 1(b): dimN(H;) = 6’: Pp as a function of SNR for various values of probabil-
ity of false alarm Pga, i.e., Ppa = 1071,1073, 1075 and 10~ 7. The interference channel H; has
dimensions 2 x 8, i.e., the radar has M = 8 antennas and the communication system has NBS =2
antennas, thus, we have a nullspace dimension of ‘dim N(H;) = 6’. Note that we need 3.5 to 4.5dB
more gain in SNR for the NSP waveform to get the same result produced by the orthogonal waveform

channel H; has dimensions 2 x 4, i.e., the radar has M = 4 antennas and the com-
munication system has NBS = 2 antennas, thus, we have a null-space dimension of
‘dimN(H;) = 2’. When we compare the detection performance of two waveforms
we note that in order to get a desired Pp, for a fixed Ppp we need more SNR for NSP
than orthogonal waveforms. For example, say we desire Pp = 0.9, then according
to Fig.2.6 we need 6 dB more gain in SNR for NSP waveform to get the same result
produced by the orthogonal waveform.

Case 1(b): dimN(H;) = 6: In Fig.2.7, similar to Fig.2.6, we do an analysis of Pp
against the same values of Pga but for interference channel H; having dimensions
2 x 8, i.e., now the radar has M = 8 antennas and the communication system has
NBS = 2 antennas, thus, we have a null-space dimension of ‘dim N(H;) = 6’. Similar
to Case 1, when we compare the detection performance of two waveforms we note
that in order to get a desired Pp for a fixed Pra we need more SNR for NSP than
the orthogonal waveforms. For example, say we desire Pp = 0.9, then according to
Fig.2.7 we need 3.5 to 4.5dB more gain in SNR for the NSP waveform to get the
same result produced by the orthogonal waveform.

Comparison of Case 1(a) and Case 1(b): As expected, when SNR increases detec-
tion performance increases for both waveforms. However, when we compare the two
waveforms at a fixed value of SNR, the orthogonal waveforms perform much better
than the NSP waveform in detecting target. This is because our transmitted wave-
forms are no longer orthogonal and we lose the advantages promised by orthogonal
waveforms when used in MIMO radars as discussed in Sect.2.1.6, but, we ensure
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zero-interference to the BS of interest, thus, sharing radar spectrum at an increased
cost of target detection in terms of SNR.

In Case 1(a), in order to achieve a desired Pp for a fixed Pra we need more
SNR for NSP as compared to Case 1(b). This is because we are using more radar
antennas, while the antennas at the BS remain fixed in Case 1(b) which increases the
dimension of the null space of the interference channel. This yields better detection
performance even for NSP waveform. So, in order to mitigate the effect of NSP on
radar performance one way is to employ a larger array at the radar transmitter.

2.4.4.2 Analysis of Case 2

For this case, at each run of Monte Carlo simulation we generate K Rayleigh inter-
ference channels, combine them into one interference channel with dimensions
KNBS x M, calculate its null space and construct corresponding projection matrix
using Algorithm 6, perform projection of radar signal using Algorithm 5, transmit
NSP signal, estimate parameters 6 and « from the received signal, and calculate the
probability of detection for orthogonal and NSP waveforms.

In Fig.2.8, we consider the case when the radar has a very large antenna array
as compared to the combined antenna array of X BSs. In such a scenario, we have
enough degrees of freedom at the radar for reliable target detection and simultane-
ously nulling out interference to all the BSs present in the network. As an example, in
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Fig. 2.8 Case 2: Pp as a function of SNR for Ppy = 1075, The MIMO radar mitigates interference
to all the BSs in the network. As an example, we consider M = 100, K = 5, and NBS = {2,4,6,8}
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Fig.2.8, we consider M = 100, X = 5, and NBS = {2, 4, 6, 8}. We do an analysis of
Pp against Ppp = 1073 for the combined interference channel H having dimensions
KNBS x M. When we compare the detection performance of original waveform and
NSP waveform onto the combined channel we note that in order to get a desired Pp
for a fixed Ppa we need more SNR for NSP than the orthogonal waveforms. For
example, say we desire Pp = 0.95, then according to Fig.2.8 we need 1, 2, 3.5,
and 4.5dB more gain in SNR for the NSP waveform when NBS is 2, 4,6, and 8,
respectively, to get the same result produced by the orthogonal waveforms.

2.5 Conclusion

In future, radar RF spectrum will be shared with wireless communication systems to
meet the growing bandwidth demands and mitigate the effects of spectrum congestion
for commercial wireless services. In this chapter, we analyzed a similar spectrum
sharing scenario between radars and cellular systems. We proposed a spatial approach
for interference mitigation of radar signals at an LTE cellular system. We focused on
a radar-centric interference-mitigation approach where our goal was to manipulate
radar signals such that they were not a source of interference to a chosen LTE BS.
We extended the idea to project radar signals onto the null space of interference
channel for a single system to a cellular system with many base stations. We evaluated
target parameter estimation and detection performance of spectrum sharing MIMO
radars. We formulated the statistical detection problem for target detection and used
generalized likelihood ratio test to decide about the presence of target when using
orthogonal waveforms and null-space projected (NSP) waveforms. We proposed
novel spectrum sharing algorithms for various cases in which MIMO radar is sharing
spectrum with cellular system with minimal degradation in its performance metrics.

2.6 MATLAB Code

This section presents MATLAB code for target detection for spectrum sharing MIMO
radars.

% Compares Pd for Multi BS side-to-side with orthogonal waveforms
% Select Mt number
% Select BS number

%% Define Parameters

% Speed of light

c = 3*10"8;

% Nr Comm Receivers
Nr=2;

% Mt Radar Transmiters
Mt=8;

% Mr Radar Receivers
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Mr =Mt ;

% Radial velocity of 2000 m/s
v_r = 2000;

% Radar reference point

r_0 = 500%10"3;

% Carrier frequency 3.5GHz
f_c = 3.5%10"9;

% Angular carrier frequency
omega_c=2*pi*f_c;

lambda = (2*pi*c)/omega_c;
theta=0;

%% Steering vector and Transmit Signal Correlation Matrix
% Transmit/Receive Steering vector (Mt x 1)

a = [1 exp(li * pi *(1:Mt-1)* sin(theta))]';
% Transmit Correlation Matrix (Mt x Mt) for Orthonormal Waveforms
Rs eye (Mt) ;

%% Define SNR for ROC (Reciever Operating Characteristics)

SNR_db=-8:1:10;

SNR_mag=10." (SNR_db. /10) ;

%$Probability of false alarm values

P_FA = [10"-51;

%% Monte-Carlo iterations

MC_iter=10;

Pd_orthog_cell=cell (1,MC_iter);

PA_NSP_cell=cell (1,MC_iter);

for i=1:MC_iter

%% Interference channel matrix H generation and null space computation

% Generate Cellular Channels and Find NS of them and select
% Channel with Min NS

BS =5;

% Make a cell to store matrices

BS_channels = cell(1,BS);

% Make a cell to store Projectors for every BS

Proj_matrix = cell(1l,BS);

for b =1:BS
BS_channels{b} = (randn (Nr,Mt)+li*randn (Nr,Mt));
Proj_matrix{b} = null (BS_channels{b}) *

ctranspose (null (BS_channels{b}));

Rs_null{b} = Proj_matrix{b} * Rs * Proj_matrix{b}';

% Non-centrality parameter of chi-square

for z = 1l:1length (SNR_mag)
rho_orthog(b) = SNR_mag(z)*(abs(a'*Rs. '*a))"2;
rho_NSP (b) = SNR_mag(z)*(abs(a'*Rs_null{b}.'*a))"2;

% Creates threshold values for a desired Pfa for
% an inverse central -chi-square w/ 2
% degrees of freedom

delta = chi2inv (ones (1, length(P_FA)) - P_FA,repmat (2,1, length(P_FA)));
% rows = SNR, cols = P_FA %

% ncx2cdf = Noncentral chi-square cumulative distribution function
Pd_orthog(z,:) = ones(l,length(P_FA)) -

ncx2cdf (delta, repmat (2,1, length (P_FA)) ,
repmat (rho_orthog(b),1, length (P_FA)));

PAd_NSP(z,:) = ones(l,length(P_FA)) - .
ncx2cdf (delta, repmat (2,1, length (P_FA)), ...
repmat (rho_NSP(b),1, length (P_FA)));

end
Pd_orthog_cell{b}=Pd_orthog;
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PA_NSP_cell{b}=Pd_NSP;

end

Pd_orthog_cell _multiBS{i}=Pd_orthog_cell;
PAd_NSP_cell_multiBS{i}=Pd_NSP_cell;

Pd_orthog_cat (:,:,
Pd_NSP_cat (:,:,

end

Pd_orthog_cat_mean =

Pd_NSP_cat_mean = mean (Pd_NSP_cat,3);

%% Plots Probability of detection curves for given

% Probability of false alarm

figure

plot (SNR_db ', Pd_NSP_cat_mean(:,1), 'g', 'Linewidth',2.5)

hold on

plot (SNR_db ', Pd_NSP_cat_mean(:,2), 'b', 'Linewidth',2.5)

plot (SNR_db ', PA_NSP_cat_mean(:,3), 'r', 'LineWidth',2.5)

plot (SNR_db ', PA_NSP_cat_mean (:,4), 'm', 'Linewidth',2.5)

plot (SNR_db ', PA_NSP_cat_mean (:,5), 'y 'Linewidth',2.5)

plot (SNR_db ', Pd_orthog_cat_mean(:,1), 'k', 'Linewidth',2.5)

xlabel ('SNR', 'fontsize',6 14)

ylabel ('P_ D', 'fontsize',b14)

title('P_D for P_{FA} = 0~{-5}','fo size',14)

legend ('P_D for NSP veforms to BS ', 'P_D for NSP Waveforms to BS 2°'
'P_D for NSP veforms to BS 3', 'P_D for NSP Waveforms to BS 4'
'P_D for NSP Waveforms to BS 5','P_D for Orthogonal Waveforms',b14
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