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Possibilistic Framework for Multi-Objective
Optimization Under Uncertainty
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Abstract Optimization under uncertainty is an important line of research having to-
day many successful real applications in different areas. Despite its importance, few
works on multi-objective optimization under uncertainty exist today. In our study,
we address combinatorial multi-objective problem under uncertainty using the pos-
sibilistic framework. To this end, we firstly propose new Pareto relations for ranking
the generated uncertain solutions in both mono-objective and multi-objective cases.
Secondly, we suggest an extension of two well-known Pareto-base evolutionary al-
gorithms namely, SPEA2 and NSGAII. Finally, the extended algorithms are applied
to solve a multi-objective Vehicle Routing Problem (VRP) with uncertain demands.

Keywords Multi-objective optimization • Uncertainty • Possibilty theory • Evo-
lutionary algorithms • Vehicle routing problem

2.1 Introduction

Most real-world decision problems are multi-objective in nature as they require
the simultaneous optimization of multiple and usually conflicting objectives. These
multi-objective problems are a very important and widely discussed research topic.
Yet, despite the massive number of existing resolution methods and techniques for
multi-objective optimization, there still many open questions in this area. In fact,
there is no consideration of uncertainty in the classical multi-objective concepts and
techniques, which makes their application to real-life optimization problems impos-
sible.
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Moreover, uncertainty characterizes almost all practical applications, in which
the big amount of data provides certainly some unavoidable imperfections. This
imperfection might result from using unreliable information sources caused by in-
putting data incorrectly, faulty reading instruments or bad analysis of some training
data. It may also be the result of poor decision-maker opinions due to any lack of
its background knowledge or even due to the difficulty of giving a perfect qualifi-
cation for some costly situations. The classical way to deal with uncertainty is the
probabilistic reasoning, originated from the middle of the seventeenth century [19].
However, probability theory was considered for a long time as a very good quantita-
tive tool for uncertainty treatment, but as good as it is, this theory is only appropriate
when all numerical data are available, which is not always the case. Indeed, there
are some situations such as the case of total ignorance, which are not well handled
and which can make the probabilistic reasoning unsound [26]. Therefore, a panoply
of non-classical theories of uncertainty have recently emerged such as fuzzy sets
theory [33], possibility theory [34] and evidence theory [25]. Among the aforemen-
tioned theories of uncertainty, our interest will focus on possibility theory which
offers a natural and simple model to handle uncertain data and presents an appropri-
ate framework for experts to express their partial beliefs numerically or qualitatively.
Nevertheless, while the field of optimization under uncertainty has gained consid-
erable attention during several years in the mono-objective context, only few stud-
ies have been focused on treating uncertain optimization problems within a multi-
objective setting. This chapter addresses the multi-objective optimization problems
under uncertainty in the possibilistic setting [23].

The remainder of the chapter is organized as follows. Section 2.2 recalls the
main concepts of deterministic multi-objective optimization. Section 2.3 gives an
overview of existing approaches for multi-objective optimization under uncertainty.
Section 2.4 presents in detail our proposed possibilistic framework after briefly re-
calling the basics of possibility theory. Finally, Sect. 2.5 describes an illustrative
example on a multi-objective vehicle routing problem with uncertain demands and
summarizes the obtained results.

2.2 Background on Deterministic Multi-Objective Optimization

Deterministic multi-objective optimization is the process of optimizing systemati-
cally and simultaneously two or more conflicting objectives subject to certain con-
straints. In contrast to mono-objective optimization, a multi-objective optimization
problem does not restrict to find a unique global solution but it aims to find the most
preferred exact solutions among the best ones.

Formally, a basic multi-objective optimization problem (MOP), defined in the
sense of minimization of all the objectives, consists of solving a mathematical pro-
gram of the form:
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MOP =

{
Min F(x) = ( f1(x), f2(x), . . . , fn(x))
s.t. x ∈ S

(2.1)

where n (n≥ 2) is the number of objectives and x= {x1, . . . ,xk} is the set of decision
variables from the decision space S, which represents the set of feasible solutions
associated with equality and inequality constraints. F(x) is the vector of independent
objectives to be minimized. This vector F can be defined as a cost function in the
objective space by assigning an objective vector −→y which represents the quality of
the solution (or fitness).

F : X → Y ⊆ Rn, F(x) =−→y =

⎛
⎝ y1

. . .
yn

⎞
⎠ (2.2)

In order to identify better solutions of a given MOP, other concepts of optimality
should be applied such as Pareto dominance, Pareto optimality, Pareto optimal set
and Pareto front. Without loss of generality, we assume that the sense of minimiza-
tion of all the objectives is considered in the following concepts definition:

An objective vector x = (x1, . . . ,xn) is said to Pareto dominate another objective
vector y = (y1, . . . ,yn) (denoted by x ≺p y) if and only if no component of y is
smaller than the corresponding component of x and at least one component of x is
strictly smaller:

∀i ∈ 1, . . . ,n : xi ≤ yi ∧∃i ∈ 1, . . . ,n : xi < yi. (2.3)

For a minimization MOP(F,S), a solution x∗ ∈ X is Pareto optimal (also known
as efficient, non-dominated or non-inferior) if for every x ∈ X, F(x) does not domi-
nate F(x∗), that is, F(x)⊀p F(x∗).

A Pareto optimal set P∗ is defined as:

P∗ = {x ∈ X/∃x′ ∈ X ,F(x′)⊀p F(x)}. (2.4)

The image of this Pareto optimal set P∗ in the objective space is called Pareto
front PF∗ defined as:

PF∗ = {F(x),x ∈ P∗}. (2.5)

Yet, finding the true Pareto front of a general MOP is NP-hard. Thus, the main
goal of multi-objective optimization is to identify a good approximation of the
Pareto front, from which the decision maker can select an optimal solution based
on the current situation. The approximated front should satisfy two properties: (1)
convergence or closeness to the exact Pareto front and (2) uniform diversity of the
obtained solutions around the Pareto front. Figure 2.1 illustrates an example of ap-
proximated front having a very good spread of solutions (uniform diversity) but a
bad convergence, since the solutions are far from the true Pareto front.
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Approximated front
True Pareto front

f2

f1

Fig. 2.1 Example of Pareto front with uniform diversity and bad convergence

There are several deterministic optimization methods to deal with multi-objective
combinatorial problems, such as the metaheuristics, which mark a great revolution
in the field of optimization. A review of various metaheuristics can be found in
[29]. Among the well-know metaheuristics, evolutionary algorithms seem partic-
ularly suitable for both theoretical and practical MOPs, since they have the abil-
ity to search partially ordered spaces for several alternative trade-offs [6, 5, 7].
Some of the most popular multi-objective evolutionary algorithms (MOEAs) are:
Multi-Objective Genetic Algorithm (MOGA) [11], Niched-Pareto Genetic Algo-
rithm (NPGA) [14], Pareto-Archived Evolutionary Strategy (PAES) [18], Strength
Pareto Evolutionary Algorithms (SPEA, SPEA2) [35, 36] and Non-dominated Sort-
ing Genetic Algorithms (NSGA, NSGAII) [8, 9].
Such algorithms are based on three main components namely, Fitness assignment,
Diversity preserving and Elitism.

Fitness Assignment

Fitness Assignment allows to guide the search algorithm toward Pareto optimal so-
lutions for a better convergence. The fitness assignment procedure assigns to each
objective vector, a scalar-valued fitness that measures the quality of solution. Ac-
cording to the fitness assignment strategy, four different categories can be identified:

• Pareto-based assignment: based on the concept of dominance and Pareto opti-
mality to guide the search process. The objective vectors are scalarized using the
dominance relation.

• Scalar-based assignment: based on the MOP transformation into a mono-objective
problem by using for example aggregation methods and weighted metrics.

• Criterion-based assignment: based on the separate handling of various non com-
mensurable objectives by performing a sequential search according to a given
preference order of objectives or by handling the objectives in parallel.

• Indicator-based assignment: based on the use of performance quality indicators
to drive the search toward the Pareto front.
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Diversity Preserving

Diversity Preserving used to generate a diverse set of Pareto solutions. According to
the strategy of density estimation, three categories can be distinguished:

• Distance-based density assessment: based on the distance between individuals
in the feature space. Examples of techniques are, Niche sharing, Clustering, Kth
nearest neighbor and Crowding.

• Grid-based density assessment: based on the way in which a number of indi-
viduals residing within predetermined cells are located. Histogram method is an
example.

• Distribution-based density assessment: based on the probability density of indi-
viduals using for example probability density estimation functions.

Elitism

Elitism consists in archiving the best solutions found (e.g, Pareto optimal solutions)
in order to prevent the loss of good solutions during the search process. Archiving
process can be done using an archive (elite population) or an external population
and its strategy of update usually relies on size, convergence and diversity criteria.
Depending on the manner in which the archiving process is performed, MOEAs can
be classified into two categories, namely non-elitist and elitist MOEAs. Moreover,
almost all MOEAs follow the same basic steps in the search process [12], as outlined
in the following pseudo code:

Generic MOEA Framework

Initialize random population P
While (Stopping condition is not satisfied)

Fitness evaluation of solutions in P;
Environmental selection of “good” solutions;
Diversity preserving of candidate solutions;
Update and store elite solutions into an external population or archive;
Mating selection to create the mating pool for variation;
Variation by applying crossover and mutation operators;

End While

An MOEA begins its search with a population of solutions usually generated at
random. Thereafter, an iterative optimization process takes place by the use of six
search operators: evaluation of the population individuals, environmental selection
to choose better solutions based on their fitness, diversity preservation of candi-
date solutions, updating and archiving the solutions into an external population or
archive, mating selection operator in which solutions are picked from the updated
population to fill an intermediate mating pool and finally variation operator to gen-
erate new solutions. The process stops when one or more pre-specified stopping
conditions are met.
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All the above concepts and techniques of deterministic multi-objective optimiza-
tion are widely used and applied successfully to several combinatorial decision
problems in many interesting areas, but their application to real-life decision making
situations often faces some difficulties. Yet, most of real-world optimization prob-
lems are naturally subject to various types of uncertainties caused by many sources
such as missing information, forecasting, data approximation or noise in measure-
ments. These uncertainties are very difficult to avoid in practical applications and
so should be taken into account within the optimization process. Therefore, a va-
riety of methodologies and approaches for handling optimization problems under
uncertainty have been proposed in the last years. Unfortunately, almost all of them
have been devoted to solve such problems in the mono-objective context, while only
few studies have been performed in the multi-objective setting. A review of some
existing approaches for uncertain multi-objective optimization will be summarized
in the next section.

2.3 Existing Approaches for Uncertain Multi-Objective
Optimization

Uncertain multi-objective optimization has gained more and more attention in re-
cent years [17], since it closely reflects the reality of many real-world problems.
Such problems, known as multi-objective problems under uncertainty, are naturally
characterized by the necessity of optimizing simultaneously several objectives sub-
ject to a set of constraints and while considering that some input data are ill-known
and without knowing what their full effects will be. In these problems, the set of ob-
jectives and/or constraints to be satisfied can be affected by the uncertainty of input
data or uncontrollable problem parameters. Hence, the aim of optimization in this
case will be to find solutions of a multi-objective problem that are not only feasible
and optimal but also their objectives and/or constraints are allowed to have some
acceptable (or minimal) uncertainties. These uncertainties can take different forms
in terms of distribution, bounds, and central tendency.

Yet, considering the uncertainty in the objective functions seems to be very ap-
plicable but highly critical, since the propagation of input uncertainties to the ob-
jectives may have a major impact on the whole optimization process and conse-
quently on the problem solutions. In most of the existing approaches for dealing
with multi-objective problems under uncertainty, the objective functions to be opti-
mized are transformed into different forms in order to simplify their resolution by
eliminating one of the two basic characteristics of such problems: multi-objectivity
and uncertainty propagation. In fact, some of these approaches have been often lim-
ited to simply reduce the problem to mono-objective context by considering the
set of objectives as if there’s only one, using for example an aggregation function
(a weighted sum) of all the objectives [13] or preferring only one objective to be
optimized (based on a preference indicator) and fixing the remaining objectives as
constraints [24]. The considered single objective is then optimized using appropriate
mono-objective methods for uncertainty treatment.
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Some other approaches have been focused on treating the problem as multi-
objective but with ignoration of uncertainty propagation to the objective functions
by converting them into deterministic functions using statistical properties. For ex-
ample, in [30], expectation values are used to approximate the observed interval-
valued objectives and so the goal became to optimize the expected values of these
objectives. In [2], the average value per objective is firstly computed and then a
ranking method based on the average values of objectives is proposed. Similarly,
[9] suggested to consider the mean value for each objective vectors and then to ap-
ply classical deterministic multi-objective optimizers. Nevertheless, the uncertainty
of objective values must not be ignored during the optimization process, because
if the input data or parameters are highly uncertain, how can the optimizer simply
state that the uncertainty of outputs is completely certain? It may be feasible only
for simplicity or other practical reasons as long as the algorithm performance will
not be affected.

To this end, some distinct approaches have been suggested to handle the problem
as-is without erasing any of its multi-objective or uncertain characteristics by intro-
ducing a particular multi-objective optimizer for this purpose. Indeed, [21, 22, 1]
proposed to display uncertainty in objective functions through intervals of belief
functions and then introduced an extensions of Pareto dominance for ranking the
generated interval-valued objectives. Hughes [15, 16] suggested to express uncer-
tainty in the objectives via special types of probability distributions and then in-
dependently proposed a stochastic extension of Pareto dominance. Our interest in
this chapter will focus on handling multi-objective problems under uncertainty in
the possibilistic setting while considering the uncertainty propagation to the set of
objectives to be optimized.

2.4 Proposed Possibilistic Framework for Multi-Objective
Problems Under Uncertainty

This section provides firstly a brief background on possibility theory and then
presents in detail the proposed possibilistic framework for solving multi-objective
problems with uncertain data. The framework is composed of three main stages:
Adaptation of possibilistic setting, New Pareto optimality and Extension of some
optimization algorithms to our uncertain context.

2.4.1 Basics on Possibility Theory

Possibility theory, issued from Fuzzy Sets theory, was introduced by Zadeh [34] and
further developed by Dubois and Prade [10]. This theory offers a flexible tool for
representing uncertain information such as expressed by humans. Its basic build-
ing block is the notion of possibility distribution, denoted by π and defined as the
following:
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Let V = {X1, . . . ,Xn} be a set of state variables whose values are ill-known.
We denote by xi any instance of Xi and by DXi the domain associated with Xi.
Ω = DX1 ×·· ·×DXn denotes the universe of discourse, which is the cartesian prod-
uct of all variable domains V . Vectors ω ∈ Ω are often called realizations or simply
“states” (of the world). The agent’s knowledge about the value of the xi’s can be
encoded by a possibility distribution π that corresponding to a mapping from the
universe of discourse Ω to the scale [0,1], i.e. π : Ω → [0,1]; π(ω) = 1 means that
the realization ω is totally possible and π(ω) = 0 means that ω is an impossible
state. It is generally assumed that there exist at least one state ω which is totally
possible—π is said then to be normalized. Extreme cases of knowledge are pre-
sented by:

– complete knowledge i.e. ∃ω0 ∈ Ω , π(ω0) = 1 and ∀ω 
= ω0,π(ω) = 0.
– total ignorance i.e. ∀ω ∈ Ω ,π(ω) = 1 (all values in Ω are possible).

From π , one can describe the uncertainty about the occurrence of an event A ⊆ Ω
via two dual measures: the possibility Π(A) and the necessity N(A) expressed by:

Π(A) = supω∈Aπ(ω). (2.6)

N(A) = 1−Π(¬A) = 1− supω /∈Aπ(ω) (2.7)

Measure Π(A) corresponds to the possibility degree (i.e. the plausibility) of A and it
evaluates to what extent A is consistent (i.e. not contradictory) with the knowledge
represented by π . Yet, the expression “it is possible that A is true” does not entail
anything about the possibility nor the impossibility of A. Thus, the description of
uncertainty about the occurrence of A needs its dual measure N(A) which corre-
sponds to the extent to which 
 A is impossible and it evaluates at which level A is
certainly implied by the π (the certainty degree of A). Main properties of these two
dual measures are summarized in Table 2.1.

Table 2.1 Possibility measure Π and necessity measure N

Π(A) = 1 and Π(A) = 0 N(A) = 1 and N(A) = 0 A is certainly true
Π(A) = 1 and Π(A) ∈]0,1[ N(A) ∈]0,1[ and N(A) = 0 A is somewhat certain
Π(A) = 1 and Π(A) = 1 N(A) = 0 and N(A) = 0 Total ignorance

The particularity of the possibilistic scale is that it can be interpreted in two man-
ners: in an ordinal manner, i.e. when the possibility degrees reflect only an ordering
between the possible values and in a numerical manner, i.e. when the handled values
make sense in the ranking scale.

Technically, a possibility distribution is a normal fuzzy set (at least one mem-
bership grade equals 1). Indeed, all fuzzy numbers can be interpreted as specific
possibility distributions. More precisely, given a variable X whose values are re-
stricted by a fuzzy set F characterized by its membership function μF , so that πX

is taken as equal to the membership function μF(x). Thus, the possibility and ne-
cessity measures will be expressed in terms of supremum degrees of the μF , i.e.
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Π(X) = supx∈X μF(x) and N(X) = 1− supx/∈X μF(x). In this work, we are interested
in a particular form of possibility distributions, namely those represented by trian-
gular fuzzy numbers and commonly known as triangular possibility distributions.
A triangular possibility distribution πX is defined by a triplet [x, x̂,x], as shown in
Fig. 2.2, where [x, x] is the interval of possible values called its bounded support and
x̂ denotes its kernel value (the most plausible value).

1.0

0.0
x x

pX

x
〈

Fig. 2.2 Triangular possibility distribution

In the remaining, we use X = [x, x̂,x] ⊆ R to denote the triangular fuzzy number
X , meaning that X is represented by a triangular possibility distribution πX . This
representation is characterized by a membership function μX which assigns a value
within [0,1] to each element in x ∈ X . Its mathematical definition is given by:

μX (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x−x
x̂−x , x ≤ x ≤ x̂

1, x = â
x−x
x−x̂ , x̂ ≤ x ≤ x

0, otherwise.

(2.8)

However, in practical use of triangular fuzzy numbers, a ranking procedure needs
to be applied for decision-making. In other words, one triangular fuzzy number
needs to be evaluated and compared with the others in order to make a choice among
them. Indeed, all possible topological relations between two triangular fuzzy num-
bers A = [a, â,a] and B = [b, b̂,b] may be covered by only four different situations,
which are: Fuzzy disjoint, Fuzzy weak overlapping, Fuzzy overlapping and Fuzzy
inclusion [20]. These situations, illustrated in Fig. 2.3 should be taken into account
for ranking triangular fuzzy numbers.

Fuzzy Disjoint Fuzzy Weak-Overlapping Fuzzy Overlapping Fuzzy Inclusion

a a a b b b

a a

b b bb b b

a a aa aa a

b b b

Fig. 2.3 Possible topological situations for two TFNs
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2.4.2 Adaptation of Possibilistic Setting

In the following, we choose to express the uncertain data of multi-objective prob-
lems under uncertainty using triangular possibility distributions (i.e. triangular
fuzzy numbers) as defined in the previous subsection. Then, as a multi-objective
optimization problem under uncertainty involves the simultaneous satisfaction of
several objectives respecting a set of constraints and while considering some input
data uncertainties, we assume that the observed objectives and some constraints (es-
pecially those depends on uncertain variables) are affected by the used form of these
uncertainties.

Thus, as in our case, uncertainty is represented by a triangular form, the uncer-
tain constraints in such a problem may be disrupted by this fuzzy form and so will
be fuzzy constraints. Yet, the satisfaction of such constraints cannot be directly pre-
dicted since it is difficult to estimate directly that a fuzzy constraint is fully satisfied
or fully violated. At this level, we propose firstly to use the two measures of possi-
bility theory Π and N in order to express the satisfaction of a given fuzzy constraint,
as follows:
Let X = [x, x̂,x] ⊆ R be a triangular fuzzy variable, let x be any instance of X , let v
be a given fixed value and let C = (X ≤ v) be a fuzzy constraint that depends only on
the value of X and whose membership function is μ(x), then we have the measures
Π(X ≤ v) and N(X ≤ v) = 1−Π(X > v) are equal to:

Π(X̃ ≤ v) = sup μx≤v(x) =

⎧⎨
⎩

1 if v > x̂
v−x
x̂−x if x ≤ v ≤ x̂
0 if v < x.

(2.9)

N(X̃ ≤ v) = 1− sup μx>v(x) =

⎧⎨
⎩

1 if v > x
v−x̂
x−x̂ if x̂ ≤ v ≤ x
0 if v < x̂.

(2.10)

These formulas will be used to express the degrees that a solution satisfies the fuzzy
constraint.

Example 1 As an example of constraint satisfaction expressed by the possibility
and necessity measures, we have Q = [q, q̂,q] = [20,45,97] is a triangular fuzzy
quantity of objects, M = 50 is the maximum size of a package and C = (Q ≤ M) is
the fuzzy constraint which imposes that the total quantity of objects must be less than
or equal to the package size. In this case, Π(Q ≤ M) = 1 because M = 50 > q̂ = 45
and N(Q ≤ M) = M−q̂

q−q̂ = 50−45
97−45 = 0.096 because q̂ = 45 ≤ M = 50 ≤ q = 97.

Note that, a constraint may fail even though its possibility achieves 1 and holds even
though its necessity is 0. In addition, an often used definition says that the possibility
measure Π gives always the best case and shows the most optimist attitude, while
the necessity N gives the worst case and shows the most pessimist attitude. Then, as
presented above, Π and N are related to each others by a dual relationship. There-
fore, a combination of these two measures allows the expression of both optimistic
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and pessimistic attitude of the decision maker. From these remarks, we can conclude
that it is more efficient at this step to use the linear combination of possibility and
necessity measures proposed by Brito et al. [4], rather than treating each measure
separately. This linear combination is defined as the following:
Given a constraint A, its weight denoted by W (A) which corresponds to the combi-
nation of the weighted possibility and necessity, is expressed by:

W (A) = λ Π(A)+(1−λ ) N(A)≥ α. (2.11)

where the parameter λ ∈ [0,1], measures the degree of optimism or confidence of
the decision maker such that:

λ =

⎧⎨
⎩

1 Total optimistic case
0 Total pessimistic case
0.5 Neither optimistic nor pessimistic.

(2.12)

and α ∈ [0,1] is a given threshold of satisfaction fixed by the decision maker.
This formula indicates that the weight measure W(A) must be higher than a given
threshold α . The higher it is, the greater the constraint will be satisfied.

Secondly, knowing that propagating the uncertainty of multi-objective problem’s
data through the resolution model leads often to uncertain formulation of objective
functions and as in our case the uncertain data are represented by triangular fuzzy
numbers, the objective functions will be consequently disrupted by this fuzzy form.
Let us assume that, a multi-objective triangular-valued function can be mathemati-
cally defined as:

F : X → Y ⊆ (R×R×R)n,

F(x) =−→y =

⎛
⎝ y1 = [y1, ŷ1,y1]

. . .
yn = [yn, ŷn,yn]

⎞
⎠ (2.13)

Clearly, in this case, the classical multi-objective techniques cannot be applied
since they are only meant for deterministic case. Therefore, a need for special op-
timization methods techniques to handle the generated triangular-valued functions
is evident. To this end, we first introduce a new Pareto dominance over triangular
fuzzy numbers, in both mono-objective and multi-objective cases.

2.4.3 New Pareto Optimality over Triangular Fuzzy Numbers

In this section, we first present new mono-objective dominance relations between
two TFNs. Then, based on these mono-objective dominance, we define a new Pareto
dominance between vectors of TFNs, for multi-objective case. Note that, the mini-
mization sense is considered in all our definitions.
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2.4.3.1 Mono-Objective Dominance Relations

In the mono-objective case, three dominance relations over triangular fuzzy num-
bers are defined: Total dominance (≺t), Partial strong-dominance (≺s) and Partial
weak-dominance (≺w).

Definition 1 Total Dominance
Let y = [y, ŷ,y] ⊆ R and y′ = [y′, ŷ′,y′] ⊆ R be two triangular fuzzy numbers. y

dominates y′ totally or certainly (denoted by y ≺t y′) if: y < y′.

This dominance relation represents the fuzzy disjoint situation between two trian-
gular fuzzy numbers and it imposes that the upper bound of y is strictly inferior than
the lower bound of y′ as shown by case (1) in Fig. 2.4.

1
μ 1

1
μ 2

y

y y

y y� y� y�

y� y�

y y yy� y�y y�

Fig. 2.4 Total dominance and partial strong-dominance

Definition 2 Partial Strong-Dominance
Let y = [y, ŷ,y] ⊆ R and y′ = [y′, ŷ′,y′] ⊆ R be two triangular fuzzy numbers. y

strong dominates y′ partially or uncertainly (denoted by y ≺s y′) if:

(y ≥ y′)∧ (ŷ ≤ y′)∧ (y ≤ ŷ′).

This dominance relation appears when there is a fuzzy weak-overlapping between
both triangles and it imposes that firstly there is at most one intersection between
them and secondly this intersection should not exceed the interval of their kernel
values [ŷ, ŷ′], as shown by case (2) in Fig. 2.4.

Definition 3 Partial Weak-Dominance
Let y = [y, ŷ,y] ⊆ R and y′ = [y′, ŷ′,y′] ⊆ R be two triangular fuzzy numbers. y

weak dominates y′ partially or uncertainly (denoted by y ≺w y′) if:

1. Fuzzy overlapping

[(y < y′)∧ (y < y′)]∧
[((ŷ ≤ y′)∧ (y > ŷ′))∨ ((ŷ > y′)∧ (y ≤ ŷ′))∨ ((ŷ > y′)∧ (y > ŷ′))].

2. Fuzzy Inclusion

(y < y′)∧ (y ≥ y′).
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y y y�y�

y y

y

y�

y�

y�y� yy yy�

y y� y y�

y� y�y�y

y� y y y� yy�y�y

y

1
1

3 4

2μ

1
μ

1
μ

1
μ

Fig. 2.5 Partial weak-dominance

In this dominance relation, the two situations of fuzzy overlapping and inclusion
may occur. Figure 2.5 presents four examples of possible cases, where in (1) and (3)
y and y′ are overlapped, while, in (2) and (4) y′ is included in y.

Yet, the partial weak-dominance relation cannot discriminate all possible cases
and leads often to some incomparable situations as for cases (3) and (4) in Fig. 2.5.
These incomparable situations can be distinguished according to the kernel value
positions in fuzzy triangles. Thus, we propose to consider the kernel values configuration
as condition to identify the cases of incomparability, as follows:

ŷ− ŷ′ =

{
< 0, y ≺w y′

≥ 0, y and y′ can be incomparable.

Subsequently, to handle the identified incomparable situations (with kernel condi-
tion ŷ− ŷ′ ≥ 0), we introduce another comparison criterion, which consists in com-
paring the discard between both fuzzy triangles as follows:

y ≺w y′ ⇔ (y′ − y)≤ (y′ − y)

Similarly, it is obvious that: y′ ≺w y ⇔ (y′ − y)> (y′ − y).
It is easy to check that in the mono-objective case, we obtain a total pre-order

between two triangular fuzzy numbers, contrarily to the multi-objective case, where
the situation is more complex and it is common to have some cases of indifference.

2.4.3.2 Pareto Dominance Relations

In the multi-objective case, we propose to use the mono-objective dominance rela-
tions, defined previously, in order to rank separately the triangular fuzzy solutions of
each objective function. Then, depending on the types of mono-objective dominance
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founded for all the objectives, we define the Pareto dominance between the vectors
of triangular fuzzy solutions. In this context, two Pareto dominance relations: Strong
Pareto dominance (≺SP) and Weak Pareto dominance (≺WP) are introduced.

Definition 4 Strong Pareto Dominance.
Let −→y and −→y ′ be two vectors of triangular fuzzy numbers. −→y strong Pareto

dominates −→y ′ (denoted by −→y ≺SP
−→y ′) if:

(a) ∀i ∈ 1, . . . ,n : yi ≺t y′i ∨ yi ≺s y′i.

(b) ∃i ∈ 1, . . . ,n : yi ≺t y′i ∧∀ j 
= i : y j ≺s y′j
(c) ∃i ∈ 1, . . . ,n : (yi ≺t y′i ∨ y j ≺s y′j)∧∀ j 
= i : y j ≺w y′j .
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Fig. 2.6 Strong Pareto dominance

The strong Pareto dominance holds if either yi total dominates or partial strong
dominates y′i in all the objectives (Fig. 2.6a: y1 ≺t y′1 and y2 ≺t y′2), either yi total
dominates y′i in one objective and partial strong dominates it in another (Fig. 2.6b:
y1 ≺s y′1 and y2 ≺t y′2 ), or at least yi total or partial strong dominates y′i in one
objective and weak dominates it in another (Fig. 2.6c, d: y1 ≺s y′1 and y2 ≺w y′2).

Definition 5 Weak Pareto dominance
Let −→y and −→y ′ be two vectors of triangular fuzzy numbers. −→y weak Pareto dom-

inates −→y ′ (denoted by −→y ≺WP
−→y ′) if: ∀i ∈ 1, . . . ,n : yi ≺w y′i.

The weak Pareto dominance holds if yi weak dominates y′i in all the objectives
(Fig. 2.7a). Yet, a case of indifference (defined below) can occur if there is a weak
dominance with inclusion type in all the objectives (Fig. 2.7b).
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Definition 6 Case of Indifference
Two vectors of triangular fuzzy numbers are indifferent or incomparable (denoted

by −→y ‖−→y ′) if: ∀i ∈ 1, . . . ,n : yi ⊆ y′i.
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Fig. 2.7 (a) Weak Pareto dominance and (b) Case of indifference

The proposed Pareto dominance in bi-dimensional objective space can easily be
generalized for ranking more than two objectives. Note that, if the considered tri-
angular objectives are non-independent, the estimation in a bi-dimensional space
can have different distributions (non-triangular) like linear shapes. Finally, the is-
sue now is how integrate this dominance in the research process of multi-objective
optimization algorithms.

2.4.4 Extended Optimization Algorithm

In the following, we present an extension of two well-known Pareto-based multi-
objective evolutionary algorithms: SPEA2 [36] and NSGAII [9], in order to enable
them handling a multi-objective problem with triangular-valued objectives. Both
algorithms have proved to be very powerful tools for multi-objective optimization.
Due to their population-based nature, they are able to generate multiple optimal
solutions in a single run with respect to the good convergence and diversification of
obtained solutions. We call our two extended algorithms respectively, ESPEA2—
Strength Pareto Evolutionary Algorithm2 and ENSGAII—Non-dominated Sorting
Genetic Algorithm II.
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2.4.4.1 ESPEA2

SPEA2 is an improved version of the Strength Pareto Evolutionary Algorithm SPEA
initially proposed by Zitzler and Thiele [35]. This evolutionary algorithm uses
mainly three techniques: a dominance based approach as fitness assignment strat-
egy, a nearest neighbor technique that allows a good diversity preservation and an
archive with fixed size that guarantees the elitist storage of optimal solutions. To
extend such techniques to triangular fuzzy context, we propose firstly to replace the
classical dominance approach by the new Pareto dominance approach proposed for
ranking triangular-valued objectives. Secondly, an adaptation of the nearest neigh-
bor technique is introduced. Indeed, in SPEA2, this technique is based on Euclidean
distance to estimate the density in its neighborhood and it consists in calculating
for each solution (objective vector) the distance to its k-nearest neighbor and then
adding the reciprocal value to the fitness vector. Yet, as in our case the solutions
are triangular objective vectors and knowing that the Euclidean distance should be
applied only between two exact vectors, we propose to use the expected value as a
defuzzification method [32] in order to approximate the considered triangular vec-
tors, such that for each triangular fuzzy number yi = [yi, ŷi,yi], the expected value is
defined by:

E(yi) = (yi +2× ŷi + yi)/4 (2.14)

Then, the Euclidean distance between two triangular vectors −→y = (y1, . . . ,yn) and
−→y ′ = (y′1, . . . ,y

′
n) can be applied as follows:

D(−→y ,−→y ′) = D(E(−→y ),E(−→y ′)) =
√

∑
i=1..n

(E(yi)−E(y′i))
2 (2.15)

Finally, we adapt the SPEA2 archive to triangular space in order to enable it keeping
the obtained triangular solutions. These extensions are integrated into the research
process of SPEA2 by modifying the following steps:

– Evaluation: Rank individuals using the new Pareto dominance ≺T P.
– Environmental selection:

1. Copy all non-dominated individuals having fitness values lower than one in
the triangular archive A with fixed size N.
2. if A is too large (size(A)>N) then, reduce A by means of truncation operator
based on Nearest neighbor method to keep only the non-dominated individuals
with good spread.
3. else if A is too small (size(A)<N) then, fill A with the best dominated individ-
uals.
4. otherwise (size(A) =N), the environmental selection is completed.

– Mating selection: Perform binary tournament selection with replacement on the
archive A in order to fill the mating pool.
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2.4.4.2 ENSGAII

NSGAII is an extension of an elitism PMOEA called Non-dominated Sorting Ge-
netic Algorithm NSGA, originally proposed by Deb and Srinivas [8]. Unlike the
SPEA2 algorithm, NSGAII uses a crowded-comparison operator as diversity preser-
vation technique in order to maintain a uniformly spread front by front. In addition,
it does not use an explicit archive for the elitism operation, it only consider the
population as a repository to store both elitist and non-elitist solutions. To extend
NSGAII to triangular context, we propose at the first step to use the new Pareto
dominance between triangular-valued objectives in order to ensure the fitness as-
signment procedure, in which a dominance depth strategy is applied. At the sec-
ond stage, we provide an adaptation of the crowded-comparison operator. Indeed,
this operator uses the Crowding Distance that serves to get a density estimation of
individuals surrounding a particular individual in the population. More precisely,
the total Crowding Distance CD of an individual is the sum of its individual objec-
tives’ distances, that in turn are the differences between the individual and its closest
neighbors. For the ith objective function yi, this distance is expressed by:

CD(i) = ∑
i=1..n

( fyi(i+1)− fyi(i−1))/( f max
yi

− f min
yi

) (2.16)

Where fyi is the fitness value of its neighbors (i−1) and (i+1), f max
yi

and f min
yi

are
respectively the maximum and minimum value of yi.
However, as in our case, the objective functions are represented by triangular fuzzy
values, we propose also to approximate these triangular numbers by calculating their
expected values (Eq. (2.14)) before applying the Crowding distance. Finally, it is
necessary to adapt both Evaluation and Selection steps in NSGAII, like in SPEA2
algorithm. The distinctive features of NSGAII lie in using the crowding compari-
son procedure as truncation operator to reduce the population in the environmental
selection step and also in considering it as a second selection criteria when two
solutions have the same rank in the tournament selection step.

2.5 Application on a Multi-Objective Vehicle Routing Problem

The Vehicle Routing Problem (VRP) is an important combinatorial optimization
problem, widely used in a large number of real-life applications [31]. The classical
VRP consists in finding optimal routes used by a set of identical vehicles, stationed
at a central depot, to serve a given set of customers geographically distributed and
with known demands. Through the years, many variants and models derived from
the basic VRP have been discussed and examined in the literature. In this work, we
are interested in a well-known variant of VRP, the so-called Multi-objective VRP
with Time Windows and Uncertain Demands (MO-VRPTW-UD). This variant is



34 O. Bahri et al.

based firstly on the principle of classical VRP, where all the data are determinis-
tic, excepting the customer demands which are uncertain, meaning that the actual
demand is only known when the vehicle arrives at the customer location. Several re-
searchers have tried to solve this problem and proposed to deal with the uncertainty
of demands using different ways such as probability distributions, dempster belief
functions and possibility distributions [1, 13, 28]. In our case, the uncertainty of
demands is represented via triangular fuzzy numbers (defined previously) and the
objectives to be optimized are respectively, the minimization of the total traveled
distance and the total tardiness time.

Formally, a MO-VRPTW-UD may be defined as follows:
Let G(N,A) be a weighted directed graph with an arc set A and a node set Ni =
{N0, . . . ,Nn} where the node N0 is the central depot and the other nodes Ni 
= N0

represent the customers. For each customer is associated an uncertain demand dmi.
Only one vehicle k with a limited capacity Q, is allowed to visit each customer.
A feasible vehicle route R is represented by the set of served customers, starting
and ending at the central depot: Rk = (N0,N1, . . . ,Nn,N0). Xk

i j denotes the decision
variable which is equal to 1 if the vehicle k travels directly from node Ni to node
Nj and to 0 otherwise. di j denotes the symmetric traveled distance between two
nodes (Ni,Nj). This distance is proportional to the corresponding travel time ti j.
Figure 2.8 illustrates an example of MO-VRPTW-UD, with a central depot, three
vehicles (V 1,V 2,V 3) having a maximum capacity Q = 10 and a set of eight cus-
tomers represented by nodes. Each customer i = 1 . . .8 has an uncertain demand
expressed in our case by a triangular fuzzy number dm = [dmi, d̂m,dm] (Ex: the
fuzzy demand of the customer 1 is dm1 = [2,7,11]).

Depot

5

V1

dm1= [2, 7, 11]

4
2

8

6

7

3

1

V2

V3

dm5= [6, 8, 12]

dm8= [4, 6, 10]

dm6= [3, 5, 8]

dm4= [2, 4, 7]dm2= [3, 7, 9]dm7= [8, 10, 13]

dm3= [1, 6, 8]

Fig. 2.8 Example of Mo-VRPTW-UD
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The main constraints of this problem are: Vehicle capacity constraint, Distance
constraint and Time windows constraint.

(1) Vehicle capacity constraint

This constraint imposes that the sum of customer demands in each route must
not exceed the limited capacity of associated vehicle. It may be defined as:
∑n

i=1 dmNi
≤ Q. Yet, as in our case the customers demands are fuzzy values

d̃m = [dm, d̂m,dm], we cannot directly verify if the capacity constraint is sat-
isfied or not and so clearly the constraint satisfaction changes to fuzzy. For ex-
ample, consider the customer 7 with fuzzy demand dm7 = [8,10,13] shown in
Fig. 2.8, we cannot check if dm7 is lower, equal or higher than Q = 10 in order
to estimate the transportation costs in terms of time spent and traveled distance.
Thus, to handle the satisfaction of this constraint, we propose to use firstly the
two measures Π and N of fuzzy constraint satisfaction defined previously. For
this example, we obtain Π(dm ≤ Q) = 1 and N(dm ≤ Q) = 0. Then, by apply-
ing the linear combination given by Eq. (2.11) (with for example λ = 0.5 and
α = 0.2), we can conclude that the satisfaction of the fuzzy capacity constraint
is possible (W (dm ≤ Q) = 0.5 > 0.2).

(2) Distance constraint

This constraint imposes that each vehicle with a limited capacity Q must de-
liver goods to the customers according to their uncertain demands dm, with the
minimum transportation costs in term of traveled distance. In other words, if
the capacity constraint of a vehicle is not satisfied, the delivery fails and causes
wasted costs. Therefore, to calculate the traveled distance on a route R defined
a priori, three different situations may be found:

– The demand of a customer is lower than the vehicle capacity (∑ f
i=1 dmNi

<Q):
In this case, the vehicle will serve the current customer f and then move to
the next one ( f +1).

– The demand of a customer is equal to the vehicle capacity (∑ f
i=1 dmNi

= Q):
In this case, the priori optimization strategy is used. In fact, the vehicle leaves
the depot to serve the first customer f with its total capacity. As it becomes
empty, this vehicle will return to the depot to load and serve the next customer
( f + 1). Thus, the traveled distance will be: D(R) = dN0N1

+∑ f−1
i=1 dNiNi+1

+

dNf N0
+dN0Nf+1

+∑n−1
i= f+1 dNiNi+1

+dNnN0
.

– The demand of a customer is higher than the vehicle capacity (∑ f
i=1 dmNi

>
Q): In this case, the vehicle will serve the customer f with its total capacity
(Q−∑ f−1

i=1 dNi), go to the depot to load, return back to the same customer f
to deliver the remaining quantity and then move to the next customer ( f +
1). Thus, the traveled distance will be: D(R) = dN0N1

+∑n−1
i=1 dNiNi+1

+dNf N0
+

dN0Nf
+dNnN0

.
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Yet as in our case the demands are represented by a triplet of fuzzy values,
we propose to calculate separately the distance for each value of the triangular
fuzzy demand based on the three situations presented above. Consequently, the
traveled distance will be calculated three times and so obtained as triangular
number D = [D, D̂,D].

(3) Time windows constraint
This constraint imposes that each customer will be served within its time win-
dow that represents the interval of time planned for receiving the vehicle ser-
vice. This means that, if the vehicle arrives too soon, it should wait until the
arrival time of its time window to serve the customer, while if it arrives too late
(after the fixed departure time), wasted cost in term of tardiness time appears.
The time windows constraint uses the following notations:

– The central depot has a time window [0, l0], meaning that each vehicle that
leaves the depot at a time 0 goes back to the depot before the time l0.

– Each customer i will be served within his time window [ei, li] by exactly one
vehicle, where the lower bound ei represents the earliest arrival time and the
upper bound li represents the latest arrival time for the visit of vehicles.

– A waiting time Wi means that the vehicles must arrive before the lower bound
of the window ei.

– Ai, Bi refers respectively to the arrival and the departure times to the customer i.
– Each customer imposes a service time Sk

i that corresponds to the goods load-
ing/ unloading time used by the vehicle.

– ti j refers to the travel time from customer i to j.

Firstly, the time needed to serve two consecutive customers i and j is defined as
follows:

xk
i j(S

k
i + ti j +Sk

j)≤ 0 with Ai +Sk
i ≤ Bi.

Besides, a vehicle must arrive at a customer i between the time window [ei, li], but
if it arrives before the lower bound ei, it must wait a while Wi. This waiting time is
calculated as follows:

Wi =

{
0 if Ai ≥ ei

ei −Ai otherwise.

where, the arrival time at customer i is equal to: Ai = Bi−1 + ti,i−1 and the departure
time is equal to: Bi = Ai +Wi + Si. While, if the vehicle arrives at a customer i
after the upper bound of its time window li, a tardiness time must be calculated as
follows:

Ti =

{
0 if Ai ≤ li

Ai − li otherwise.

In the case of routes failure, wasted costs in term of tardiness time will appear.
Yet, knowing that the travel time depends mainly on the traveled distance and as in
our case the obtained distance is a triangular value, the time spent to serve customers
will be disrupted by this triangular form and consequently the tardiness time will be
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also obtained as triangular fuzzy number T = [T , T̂ ,T ]. Finally, all these constraints
combined with the constraints of classical VRP model the MO-VRPTW-UD prob-
lem (Fig. 2.8).

To solve the MO-VRPTW-UD problem, the two extended SPEA2 and NSGAII
algorithms based on our new Pareto optimality are applied. These algorithms are
implemented with the version 1.3-beta of ParadisEO under Linux, especially with
the ParadisEO-MOEO module dedicated to multi-objective optimization [3]. Subse-
quently, to validate the proposed algorithms, we choose to test our VRP application
using the Solomon’s benchmark, which is considered as a basic reference for the
evaluation of several VRP resolution methods [27]. More precisely, six different
Solomon’s instances are used in our experimentation, namely, C101, C201, R101,
R201, RC101 and RC201. Yet, in these instances, all the input values are exact and
so the uncertainty of customer demands is not taken into account. At this level, we
propose to generate for each instance the triangular fuzzy version of crisp demands
in the following manner. Firstly, the kernel value (d̂m) for each triangular fuzzy de-
mand dm is kept the same as the current crisp demand dmi of the instance. Then, the
lower (dm) and upper (dm) bounds of this triangular fuzzy demand are uniformly
sampled at random in the intervals [50%dm,95%dm] and [105%dm,150%dm], re-
spectively. This fuzzy generation manner ensures the quality and reliability of gen-
erated fuzzy numbers. Finally, each of the six sampled fuzzy instances is tested
on the both algorithms executed 30 times. Since 30 runs have been performed on
each algorithm SPEA2 and NSGAII, we obtained for each instance, 30 sets of opti-
mal solutions that represent the Pareto fronts of our problem. Each solution shows
the lowest traveled distance and tardiness time, which are represented by triangular
numbers. Examples of two Pareto fronts obtained for one execution of the instance
C101 using each algorithm are shown in Figs. 2.10 and 2.11, where the illustrated
fronts are composed by a set of triangles, such that each triangle represents one
Pareto optimal solution. For instance, the bold triangular (in Fig. 2.10) represents an
optimal solution with minimal distance (the green side) equal to [2413,2515,2623]
and tardiness time (the red side) equal to [284,312,295,280,315,322]. Note that,
both algorithms converge to optimal fronts approximation in a very short run-time
(Approx. 0.91 min for SPEA2 and 2.30 min for NSGAII). However, we cannot com-
pare results with the obtained results of other proposed approaches for solving MO-
VRPTW-UD because of incompatibilities between the objectives to be optimized.

To assess the performance of our both algorithms, we propose to use two well-
known unary quality indicators:

(i) Hypervolume Indicator (IH) [38], considered one of the few indicators that
measures the approximation quality in terms of convergence and diversity simulta-
neously. This intuitive quality indicator needs the specification of a reference point
ZMax that denotes an upper bound over all the objectives and a reference set Z∗

N of
non-dominated solutions. In our case, the quality of a given output set A in compar-
ison to Z∗

N is measured using the Hypervolume difference metric I−H . As shown in
Fig. 2.9, this indicator computes the difference between these two sets by measuring
the portion of the objective space weakly dominated by Z∗

N and not by A.
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Fig. 2.9 Hypervolume difference indicator

(ii) Epsilon Indicator (Iε ) [37], dedicated to the measure of approximations qual-
ity in term of convergence. More explicitly, this indicator is used to compare non-
dominated approximations and not the solutions. In our case, we use the additive
ε-indicator (Iε+) which is a distance based indicator that gives the minimum factor
by which an approximation A has to be translated in the criterion space to weakly
dominate the reference set Z∗

N . This indicator can be defined as follows:

I1
ε+(A) = Iε+(A,Z

∗
N) (2.17)

where
Iε+(A,B) = min{∀z ∈ B,∃z′ ∈ A : z′i − ε ≤ zi,∀ 1 ≤ i ≤ n} (2.18)

However, these two indicators are only meant to evaluate the quality of deter-
ministic Pareto front approximations. Thus, to enable them evaluating our uncertain
approximations (i.e., Triangular fuzzy solutions), we propose to consider the ex-
pected values of the triangular solutions (Function) as the sample of values to be
used for the qualification of our both algorithms. In other words, the both indicators
are simply applied on the samples of expected values computed for each instance.
Therefore, as in our case 30 runs per algorithm have been performed, we obtain 30
Hypervolume differences and 30 epsilon measures for each tested sample. Once all
these values are computed, we need to use statistical analysis to be able to compare
our two algorithms. To this end, we choose to use Wilcoxon statistical test described
in [37].

Table 2.2 gives a comparison of SPEA2 and NSGAII algorithms for the six tested
instances. This comparison based on the results of I−H and Iε+ indicators, shows
that the SPEA2 algorithm is significantly better than the NSGAII algorithm on all
the instances, excepting the instances R201 and RC201, where for I−H there is no
significant difference between the approximations of both algorithms.
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Table 2.2 Algorithms comparison using Wilcoxon test with a P-value=0.5%

I−H Iε+
Instances Algorithms SPEA2 NSGAII SPEA2 NSGAII

C101
SPEA2 – ≺ – ≺
NSGAII � – � –

C201
SPEA2 – ≺ – ≺
NSGAII � – � –

R101
SPEA2 – ≺ – ≺
NSGAII � – � –

R201
SPEA2 – ≡ – ≺
NSGAII ≡ – � –

RC101
SPEA2 – ≺ – ≺
NSGAII � – � –

RC201
SPEA2 – ≡ – ≺
NSGAII ≡ – � –

According to the metric under consideration (I−H or Iε+), either the algorithm located at a specific
row is significantly better (≺) than the algorithm located at a specific column, either it is worse

(�) or there is no significant difference between both (≡)

Fig. 2.10 Pareto front (C101-SPEA2)

2.6 Conclusion

This chapter addresses the multi-objective problems with fuzzy data, in particu-
lar, with triangular-valued objective functions. To solve such problems, we have
proposed an extension of two multi-objective evolutionary algorithms: SPEA2 and
NSGAII by integrating a new triangular Pareto dominance. The implemented al-
gorithms have been applied on a multi-objective vehicle routing problem with un-
certain demands and then experimentally validated on the Solomon’s benchmark.
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Fig. 2.11 Pareto front (C101-NSGAII)

Subsequently, we have obtained an encouraging results. As a future work, we intend
to refine the algorithmic features by introducing for example a new fuzzy distance
for the density estimation techniques and to extend the proposed Pareto dominance
for ranking other fuzzy shapes like trapezoidal fuzzy numbers. Another perspective
will be the extension of multi-objective performance metrics to uncertain context
(i.e, fuzzy context).
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