
Chapter 2
Regularity of Solutions for Nonlinear
Systems

Abstract In this chapter we establish sufficient conditions for regularity of all weak
solutions for nonlinear systems. We note that the respective Cauchy problems may
have nonunique weak solution. In Sect. 2.1 we establish regularity of all weak solu-
tions for parabolic feedback control problems. Section2.2 devoted to artificial con-
trol method for nonlinear partial differential equations and inclusions. The regularity
of all weak solutions is obtained. In Sect. 2.3 we consider regularity results of all
weak solutions for nonlinear reaction-diffusion systems with nonlinear growth. In
Sect. 2.4 we consider the following examples of applications: a parabolic feedback
control problem; a model of conduction of electrical impulses in nerve axons; a cli-
mate energy balance model; FitzHugh–Nagumo System; a model of combustion in
porous media.

2.1 Regularity of All Weak Solutions for a Parabolic
Feedback Control Problem

Let Ω ⊂ R
n, n ≥ 1, be bounded and open subset with a smooth boundary ∂Ω , f ,

f : R → R are some real functions. We consider the semilinear reaction-diffusion
inclusion:

ut − �u + [ f (u), f (u)] � 0 in Ω × (τ, T ), (−∞ < τ < T < +∞), (2.1)

with boundary condition
u
∣
∣
∂Ω

= 0, (2.2)

where [a, b] = {αa + (1 − α)b | α ∈ [0, 1]},a, b ∈ R.We suppose that f = [ f , f ] :
R → 2R \ {∅} satisfies the growth condition

∃c0 > 0 : −c0(1 + |u|) ≤ f (u) ≤ f (u) ≤ c0(1 + |u|) ∀u ∈ R. (2.3)

Suppose also that f is lower semi-continuous, and f is upper semi-continuous.
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48 2 Regularity of Solutions for Nonlinear Systems

We shall use the following standard notations: H = L2(Ω), V = H 1
0 (Ω), V ′ is

the dual space of V . The function u(·) ∈ L2(τ, T ; V ) is a weak solution of Problem
(2.1) and (2.2) on [τ, T ], if there exists a measurable function d : Ω × (τ, T ) → R

such that

d(x, t) ∈ [ f (u(x, t)), f (u(x, t))] for a.e. (x, t) ∈ Ω × (τ, T ); (2.4)

−
∫ T

τ

〈

u,
dξ

dt

〉

dt +
∫ T

τ

∫

Ω

(∇u,∇ξ) dxdt +
∫ T

τ

∫

Ω

(d, ξ) dxdt = 0 (2.5)

for all ξ ∈ C∞
0 (Ω × (τ, T )), where 〈·, ·〉 denotes the pairing in the space V .

We note that Problem (2.1) and (2.2) arises in many important models for distrib-
uted parameter control problems and that large class of identification problems enter
this formulation. Let us indicate a problem which is one of motivations for the study
of the autonomous evolution inclusion (2.1) (cf. [37, 56] and references therein). In
a subset Ω of R3, we consider the nonstationary heat conduction equation (Figs. 2.1
and 2.2):

∂y

∂t
− �y = f in Ω × (0,+∞)

with initial conditions and suitable boundary ones. Here y = y(x, t) represents the
temperature at the point x ∈ Ω and time t > 0. It is supposed that f = f1 + f2,
where f2 is given and f1 is a known function of the temperature of the form

− f1(x, t) ∈ ∂ j (x, y(x, t)) a.e. (x, t) ∈ Ω × (0,+∞);

Figure2.3 Here ∂ j (x, ξ) denotes generalized gradient of Clarke (see [12]) with
respect to the last variable of a function j : Ω × R → R which is assumed to be
locally Lipschitz in ξ (cf. [37] and references therein). The multi-valued function
∂ j (x, ·) : R → 2R is generally nonmonotone and it includes the vertical jumps. In a
physicist’s language it means that the law is characterized by the generalized gradient
of a nonsmooth potential j (cf. [39]).

Fig. 2.1 Diffusion processes
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Fig. 2.2 Idealized physical
setting for heat conduction in
a rod with homogeneous
boundary conditions

Fig. 2.3 Feedback control
diagram

Another motivations connected with parabolic equations with a discontinuous
nonlinearity. In [43] it is considered the case, when f is the difference of maxi-
mal monotone maps. Global attractor in phase space H for such type equations is
considered there. Obtained inclusion is a particular case of an abstract differential
inclusion generated by a difference of subdifferential maps of proper convex lower
semicontinuous functionals [38]. Models of physical interest includes also the next
(cf. [3] and references therein):

• a model of combustion in porous media;
• a model of conduction of electrical impulses in nerve axons;
• a climate energy balance model;

etc. The main purpose of this subsection is to investigate regularity properties of all
globally defined weak solutions for Problem (2.1) and (2.2) with initial data uτ ∈ H
under listed above assumptions.

Further we need to consider the restriction of v : [τ, T ] → V ∗ on [s, T ], s ∈
(τ, T ), τ < T . To simplify conclusions denote it by the same symbol v(·).
Theorem 2.1 Let u(·) be an arbitrary weak solution of Problem (2.1) and (2.2)
on [τ, T ]. Then for any ε ∈ (0, T − τ) u(·) ∈ C([τ + ε, T ]; V ) ∩ L2(τ + ε, T ;
H 2(Ω) ∩ V ) and ut (·) ∈ L2(τ + ε, T ; H).

Proof Let u(·) be an arbitrary weak solution of Problem (2.1) and (2.2) on [τ, T ].
Then there exists a measurable function d : Ω × (τ, T ) → R such that u(·) and d(·)
satisfy (2.4) and (2.5). As u(·) ∈ L2(Ω × (τ, T )) and the growth condition (2.3)
holds, then d(·) ∈ L2(Ω × (τ, T )). The set

D := {s ∈ (τ, T ) | u(s) ∈ V }

is dense in [τ, T ]. For any arbitrary fixed s ∈ D we note that u(·) is the unique weak
solution on [s, T ] of the problem
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⎧

⎨

⎩

zt − �z = −d(x, t) in Ω × (s, T ),

z
∣
∣
∂Ω

= 0,
z(x, s) = u(x, s) in Ω.

(2.6)

Moreover, u(·) ∈ L2(s, T ; H 2(Ω) ∩ V ) ∩ C([s, T ]; V ) and ut (·) ∈ L2(s, T ; H),
s ∈ D (cf. [40, Chap. 4.I], [42, Chap. III] and references therein). Thus for any ε ∈
(0, T − τ) u(·) ∈ C([τ + ε, T ]; V ) ∩ L2(τ + ε, T ; H 2(Ω) ∩ V ) and ut (·) ∈ L2

(τ + ε, T ; H).
The theorem is proved.

2.2 Artificial Control Method for Nonlinear Partial
Differential Equations and Inclusions: Regularity
of All Weak Solutions

Let (V ; H ; V ∗) be evolution triple , where V be a real Hilbert space, such that V ⊂ H
with compact imbedding. Let A : V → V ∗ be a linear symmetric operator such that
∃c > 0 : 〈Av, v〉V ≥ c‖v‖2V , for each v ∈ V and let D(A) = {u ∈ V : Au ∈ H}. We
note that themapping v → ‖Av‖H defines the equivalent normon D(A); Temam [42,
Chap. III]. Let B : R × V → 2H \ {∅} be set-valued (in the general case) mapping
such that the following assumption holds: there exists c1 > 0 such that ‖y‖H ≤
c1(1 + ‖u‖V ), for a.e. t and each u ∈ V and y ∈ B(t, u).

For a set D ⊂ H let coD be a closed convex hull of a set D. We consider the
differential-operator inclusion:

du

dt
+ Au(t) + B(t, u(t)) � 0̄ (−∞ < τ < T < +∞). (2.7)

The function u(·) ∈ L2(τ, T ; V ) is called a weak solution of Problem (2.7) on
[τ, T ], if there exists a Bochner-measurable function d : (τ, T ) → H such that

d(t) ∈ coB(t, u(t)) for a.e. t ∈ (τ, T ); and (2.8)

∫ T

τ

[−〈u, v〉 ξ ′(t) + 〈Au, v〉 ξ(t) + 〈d, v〉 ξ(t)
]

dt = 0, (2.9)

for all ξ ∈ C∞
0 (τ, T ) and for all v ∈ V , where 〈·, ·〉 denotes the pairing in the space V .

The main regularity result of this section has the following formulation.

Theorem 2.2 Let −∞ < τ < T < +∞ and uτ ∈ H. If u(·) is a weak solution of
Problem (2.7) on [τ, T ], then u(·) ∈ C([τ + ε, T ]; V ) ∩ L2(τ + ε, T ; D(A)) and
du
dt (·) ∈ L2(τ + ε, T ; H) for each ε ∈ (0, T − τ).
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Proof Let u(·) be an arbitrary weak solution of Problem (2.7) on [τ, T ]. According
to the definition of a weak solution of Problem (2.7) on [τ, T ], there exist d ∈
L2(τ, T ; H) such that u(·) ∈ L2(τ, T ; V ) and d(·) satisfy (2.8) and (2.9). Note that
the set

D := {s ∈ (τ, T ) | u(s) ∈ V }

is dense in [τ, T ]. For an arbitrary fixed s ∈ D we remark that u(·) is the unique
weak solution on [τ, T ] of the problem

{
dz
dt + Az(t) = −d(t) on (s, T ),

z(s) = u(s).
(2.10)

Therefore, u(·) ∈ L2(s, T ; D(A)) ∩ C([s, T ]; V ) and du
dt (·) ∈ L2(s, T ; H), s ∈ D

(cf. [40, Chap. 4.I], [42, Chap. III] and references therein). Thus u(·) ∈ C([τ +
ε, T ]; V ) ∩ L2(τ + ε, T ; D(A)) and du

dt (·) ∈ L2(τ + ε, T ; H) for any ε ∈ (0,
T − τ).

The theorem is proved.

Remark 2.1 Theorem 2.2 implies that each weak solution of Problem (2.7) on [τ, T ]
is regular, that is, u(·) ∈ L2(ε, T ; D(A)) ∩ C([ε, T ]; V ) and du

dt (·) ∈ L2(ε, T ; H),
for each ε ∈ (0, T − τ).

Let B(t, u) := ∂ J1(u) − ∂ J2(u) for each u ∈ V and t ∈ R, where Ji : H → R

be a convex, lower semi-continuous function such that the following assumptions
hold: (i) (growth condition) there exists c1 > 0 such that ‖y‖H ≤ c1(1 + ‖u‖H ), for
each u ∈ H and y ∈ ∂ Ji (u) and i = 1, 2; (ii) (sign condition) there exist c2 > 0,
λ ∈ (0, c) such that (y1 − y2, u)H ≥ −λ‖u‖2H − c2, for each yi ∈ ∂ Ji (u), u ∈ H ,
where ∂ Ji (u) the subdifferential of Ji (·) at a point u. Note that u∗ ∈ ∂ Ji (u) if and
only if u∗(v − u) ≤ Ji (v) − Ji (u) ∀v ∈ H ; i = 1, 2. For such B Problem (2.7) has
the following formulation:

du

dt
+ Au(t) + ∂ J1(u(t)) − ∂ J2(u(t)) � 0̄ (−∞ < τ < T < +∞). (2.11)

We recall that the function u(·) ∈ L2(τ, T ; V ) is called a weak solution of Problem
(2.11) on [τ, T ], if there exist Bochner measurable functions di : (τ, T ) → H ; i =
1,2, such that

di (t) ∈ ∂ Ji (u(t)) for a.e. t ∈ (τ, T ), i=1,2; and (2.12)

∫ T

τ

[−〈u, v〉 ξ ′(t) + 〈Au, v〉 ξ(t) + 〈d1, v〉 ξ(t) − 〈d2, v〉 ξ(t)
]

dt = 0, (2.13)

for all ξ ∈ C∞
0 (τ, T ) and for all v ∈ V .

The following theorem provides sufficient conditions for the existence and regu-
larity of all weak solutions for Problem (2.11).
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Theorem 2.3 Let −∞ < τ < T < +∞ and uτ ∈ H. If u(·) is a weak solution of
Problem (2.11) on [τ, T ], then u(·) ∈ C([τ + ε, T ]; V ) ∩ L2(τ + ε, T ; D(A)) and
du
dt (·) ∈ L2(τ + ε, T ; H) for any ε ∈ (0, T − τ).

Proof The regularity of each weak solution follows from Theorem 2.2.
The theorem is proved.

2.3 Regularity of All Weak Solutions for Nonlinear
Reaction-Diffusion Systems with Nonlinear Growth

In this section we establish sufficient conditions for regularity of weak solutions
for both reaction-diffusion equations (Sect. 2.3.1) as well as systems of reaction-
diffusion equations (Sect. 2.3.2) separately.

2.3.1 Reaction-Diffusion Equations

In a bounded domain Ω ⊂ R
3 with sufficiently smooth boundary ∂Ω we consider

the problem
⎧

⎨

⎩

ut − Δu + f (u) = h, x ∈ Ω, t > 0,
u|∂Ω = 0,
u (0) = u0,

(2.14)

where
h ∈ L2(Ω),

f ∈ C(R),

| f (u)| ≤ C1(1 + |u|p−1), ∀u ∈ R,

(2.15)

with 2 ≤ p ≤ 3, C1,C2, α > 0.
We denote by A the operator −Δ with Dirichlet boundary conditions, so that

D (A) = H 2 (Ω) ∩ H 1
0 (Ω) . As usual, denote the eigenvalues and the eigenfunc-

tions of A by λi , ei , i = 1, 2 . . .

Denote F(u) = ∫ u
0 f (s)ds. From (2.15) we have that lim inf|u|→∞

f (u)

u = ∞, and for

some D10,
|F(u)| ≤ D1(1 + |u|p), ∀u ∈ R. (2.16)

In what follows we denote H = L2 (Ω), V = H 1
0 (Ω), and ‖ · ‖, (·, ·) will be the

norm and the scalar product in L2(Ω). We denote by ‖ · ‖X the norm in the abstract
Banach space X , whereas (·, ·)Y will be the scalar product in the abstract Hilbert
space Y . Also, P (X) will be the set of all non-empty subsets of X.

On the other hand, we define the usual sequence of spaces
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V 2α = D (Aα) = {u ∈ H :
∞

∑

i=1

λ2α
i |(u, ei )|2 < ∞},

where α ≥ 0. We recall the following well known result, which is a particular case
of [40, Lemma 37.8] for our operator A = −Δ in a three-dimensional domain.

Lemma 2.1 D (Aα) ⊂ Wk,q ′
(Ω) whenever q ′ ≥ 2 and k is an integer such that

k − 3

q ′ < 2α − 3

2
.

Also, it is well known that V s ⊂ Hs (Ω) for all s ≥ 0 (see [49, Chap. IV] or [34]).
A function u ∈ L2

loc(0,+∞; V )
⋂

L p
loc(0,+∞; L p(Ω)) is called aweak solution

of (2.14) on (0,+∞) if for all T > 0 , v ∈ V, η ∈ C∞
0 (0, T )

−
T∫

0

(u, v)ηt dt +
T∫

0

((u, v)V + ( f (u), v) − (h, v)) ηdt = 0.

It is well known [1, Theorem 2] or [9, p. 284] that for any u0 ∈ there exists at
least one weak solution of (2.14) with u(0) = u0 (and it may be non unique) and
that any weak solution of (2.14) belongs to C ([0,+∞); H). Moreover, the function
t �→ ‖u(t)‖2 is absolutely continuous and

1

2

d

dt
‖u(t)‖2 + ‖u(t)‖2V + ( f (u(t)), u(t)) − (h, u(t)) = 0 a.e. (2.17)

The function u ∈ L2
loc(0,+∞; V )

⋂
L p
loc(0,+∞; L p(Ω)) is called a regular

solution of (2.14) on (0,+∞) if for all T > 0, v ∈ V, and η ∈ C∞
0 (0, T ) we have

−
T∫

0

(u, v)ηt dt +
T∫

0

((u, v)V + ( f (u), v) − (h, v)) ηdt = 0, (2.18)

and

u ∈ L∞ (ε, T ; V ) , (2.19)

ut ∈ L2 (ε, T ; H) , ∀0 < ε < T . (2.20)

Any regular solution u satisfies

u ∈ L2 (ε, T ; D (A)) . (2.21)

In this section we will prove that every weak solution is in fact a regular solution.
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Theorem 2.4 Assume that 2 ≤ p ≤ 3 in condition (2.15). Then any weak solution
u (·) satisfies u ∈ C ([ε, T ]; V ) ∩ L2 (ε, T ; D (A)), ut ∈ L2 (ε, T ; H) for all ε > 0,
that is, it is a regular solution.

Proof From

∫

Ω

| f (u (x, t))| p
p−1 dx ≤ C1 + C2

∫

Ω

|u (x, t)|p dx

we obtain that
‖ f (u (t))‖2

L
p

p−1 (Ω)
≤ C3 + C4 ‖u (t)‖2p−2

L p(Ω) .

Using the Sobolev embedding Hr (Ω) ⊂ L p (Ω) if r =
(
3
2 − 3

p

)

≤ 1
2 (as p ≤ 3)

and the Gagliardo–Nirenberg inequality

‖v‖Hr (Ω) ≤ C5 ‖v‖
H

1
2 (Ω)

≤ C6 ‖v‖ 1
2 ‖v‖ 1

2

H 1(Ω)
,

we have

‖ f (u (t))‖2
L

p
p−1 (Ω)

≤ C3 + C7 ‖u (t)‖p−1 ‖u (t)‖p−1
H 1(Ω)

≤ C8 + C9 ‖u (t)‖2 ‖u (t)‖2H 1(Ω) .

Thus,

‖ f (u)‖
L2

(

0,T ;L
p

p−1 (Ω)

) ≤ C10

(

1 + ‖u‖C([0,T ];H) ‖u‖L2(0,T ;H 1(Ω))

)

.

Setd (x, t) = f (u (x, t)) for (x, t) ∈ (0, T ) × Ω . Thend ∈ L2
(

0, T ; L p
p−1 (Ω)

)

⊂ L2
(

0, T ; H−r (Ω)
) ⊂ L2

(

0, T ; V−r
)

.
We consider the problem

⎧

⎨

⎩

vt − Δv = −d (x, t) + h (x) , x ∈ Ω, t > 0,
v|∂Ω = 0,
v (τ ) = u (τ ) .

We note that u (τ ) ∈ V ⊂ V r for a.a. τ > 0. For such τ in view of [40, p. 163,
Theorem 42.12] there exists a unique weak solution v (·) such that v ∈ C([τ, T ];
V r ) ∩ L2

(

τ, T ; V r+1
)

. Hence, u ∈ C([ε, T ]; V r ) ∩ L2
(

ε, T ; V r+1
)

for all ε > 0.
We shall prove that f (u (·)) ∈ L2 (ε, T ; H). As this is obvious if p = 2, we

consider that 2 < p ≤ 3. We note that V r ⊂ Hr (Ω) ⊂ L p (Ω). Also, by Lemma

2.1 with α = r+1
2 , r = 3

(
1
2 − 1

p

)

, k = 1 we obtain that V r+1 ⊂ W 1,q ′
(Ω) for

any q ′ < p. On the other hand, by the Sobolev embedding theorems we have
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W 1,q ′
(Ω) ⊂ Lq (Ω), for q <

3p
3−p . Thus, the inequality p (p − 1) <

3p
3−p , for all

2 ≤ p ≤ 3, implies that u ∈ C([ε, T ]; L p (Ω)) ∩ L2
(

ε, T ; L p(p−1) (Ω)
)

. By (2.15)
we have

‖ f (u (t))‖2 =
∫

Ω

| f (u (x, t))|2 dx ≤ C11 + C12

∫

Ω

|u (x, t)|2(p−1) dx

≤ C13 + C14 ‖u (t)‖p−1
L p(Ω) ‖u (t)‖p−1

L p(p−1)(Ω)
.

Therefore, f (u (·)) ∈ L2 (ε, T ; H). Then standard results imply that u ∈ C([ε, T ];
V ) ∩ L2(ε, T ; D (A)) and ut ∈ L2 (ε, T ; H).

The lemma is proved.

Remark 2.2 Theorem 2.4 was proved in [23].

2.3.2 Systems of Reaction-Diffusion Equations

Let us consider the following reaction-diffusion system (RD-system for short)

{

ut = aΔu − f (u) + h(x), x ∈ Ω, t > 0,
u|∂Ω = 0,

(2.22)

where u = u(x, t) = (u1(x, t), . . . , uN (x, t)) is unknown vector-function, a is a
real N × N matrix with positive symmetric part 1

2 (a + a∗) ≥ β I , β > 0, h =
(h1, . . . , hN ), f = ( f1, . . . , fN ) are given functions,

h ∈ (L2(Ω))N , f ∈ C(RN ;RN ),

and for given numbers C1,C2 ≥ 0, γ > 0, pi ≥ 2, i = 1, N the following condi-
tions hold:

∀ v ∈ R
N

N
∑

i=1

| fi (v)|qi ≤ C1(1 +
N

∑

i=1

|vi |pi ), (2.23)

∀ v ∈ R
N

N
∑

i=1

fi (v)v
i ≥ γ

N
∑

i=1

|vi |pi − C2, (2.24)

where 1
pi

+ 1
qi

= 1, i = 1, N . In further arguments we will use the standard func-
tional spaces

H = (L2(Ω))N with the norm |v|2 =
∫

Ω

N
∑

i=1

|vi (x)|2dx,
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V = (H 1
0 (Ω))N with the norm ‖v‖2 =

∫

Ω

N
∑

i=1

|∇vi (x)|2dx .

Let us denote V ′ = H−1(Ω))N , p = (p1, . . . , pN ), Lp(Ω) = L p1(Ω) × · · ·
× L pN (Ω),

W = Lp
loc(0,+∞; Lp(Ω)) ∩ L2

loc(0,+∞; V ).

Definition 2.1 The function u = u(x, t) ∈ W is called a (global) weak solution of
Problem (2.22) on (0,+∞) if for all T > 0, v ∈ V ∩ Lp(Ω),

d

dt

∫

Ω

u(x, t)v(x)dx +
∫

Ω

(

a∇u(x, t)∇v(x) + f (u(x, t))v(x) − h(x)v(x)
)

dx = 0

(2.25)
in the sense of scalar distributions on (0, T ).

From (2.23) and Sobolev embedding theorem we see that every solution of (2.22)
satisfies ut ∈ Lq

loc(0,+∞; H−r(Ω)), where r = (r1, . . . , rN ), rk = max{1, n( 12 −
1
pk

)}. The well-known result on global resolvability of (2.22) for initial conditions
from the phase space H established in [9]. Under conditions (2.23), (2.24) for every
u0 ∈ H there exists at least one weak solution of (2.22) on (0,+∞) with u(0) = u0.
Every weak solution of (2.22) belongs to C ([0,+∞); H), the function t �→ |u(t)|2
is absolutely continuous and for a.a. t ≥ 0 the following energy equality holds

1

2

d

dt
|u(t)|2 + (a∇u(t),∇u(t)) + ( f (u(t)), u(t)) = (h, u(t)). (2.26)

The function u = u(x, t) ∈ W is called a regular solution of Problem (2.22) on
(0,+∞) if it is weak solution on (0,+∞) and, additionally,

u ∈ L∞ (

ε, T ; V ∩ Lp(Ω)
)

, (2.27)

ut ∈ L2 (ε, T ; H) ∀ 0 < ε < T . (2.28)

Let us consider the following additional condition on vector-function f [51]:

∀ v ∈ R
N f (v) = ∇F(v) + g(v), (2.29)

where∇F satisfies (2.23), (2.24), and g ∈ C(RN ;RN ) is such that for some constants
C3 ≥ 0, C4 ≥ 0,

|g(v)|2 ≤ C3F(v) + C4(|v|2 + 1), ∀ v ∈ R
N . (2.30)

If N = 1 (scalar case), then (2.29), (2.30) hold with F(v) =
v∫

0
f (s)ds, g ≡ 0.

Conditions (2.29), (2.30) also take place if
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fi (v) = αi v
i |vi |pi−2 + gi (v), i = 1, N ,

where αi > 0, g ∈ C(RN ;RN ), and |g(v)| ≤ C4(1 + |v|). Another example is the
FitzHugh–Nagumo system (see the example in Sect. 3.4.4 below).

Let us briefly analyze conditions (2.29), (2.30).
Using the equality

F(v) − F(0) =
1∫

0

∇F(sv) · vds =
1

(|v|+1)2∫

0

∇F(sv) · vds +
1∫

1
(|v|+1)2

∇F(sv) · vds

and condition (2.24), we deduce that for some α > 0

∀ v ∈ R
N F(v) ≥ α

N
∑

i=1

|vi |pi − C5. (2.31)

Again using the equality F(v) − F(0) =
1∫

0
∇F(sv)vds, Young’s inequality and con-

dition (2.23), we obtain

|F(v)| ≤ C6(

N
∑

i=1

|vi |pi + 1). (2.32)

Theorem 2.5 Under conditions (2.23), (2.24), (2.29), (2.30) for every u0 ∈ H there
exists at least one regular solution u(·) of (2.22) such that u (0) = u0, and for some
positive constants C(g), D(g), which depend on the function g but not on u(·), the
following energy inequality holds for a.e. s > 0 and each t ≥ s

E (u (t)) +
∫ t

s
|ur |2dr ≤ E (u (s)) + C(g)

t∫

s

E(u(p))dp + D(g)(t − s),

(2.33)
where E (u (t)) = ‖u (t)‖2 + 2 (F (u (t)) , 1) − 2 (h, u (t)) . Moreover, C(g) =
D(g) = 0 if in condition (2.29) we have g ≡ 0.

Proof We take as in [9, p.281] the Galerkin approximations using the basis of eigen-
functions {wj (x) , j ∈ N}, of the Laplace operator with Dirichlet boundary condi-
tions. Let Xn = {w1, . . . ,wn} and let Pn be the orthogonal projector from H onto Xn .
Then un (x, t) = ∑n

j=i a j,m (t)wj (x) will be a solution of the system of ordinary
differential equations

dun

dt
= PnΔun − Pn f

(

un
) + Pnh, un (0) = Pnu0. (2.34)
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It is proved in [9, p.281] that (2.34) is globally resolved, and for every T > 0 passing
to a subsequence un converges to a weak solution u of (2.22) in C([0, T ]; H),
weakly in Lp (0, T ; Lp (Ω)) and weakly in L2 (0, T ; V ). Also, unt → ut weakly
in Lq

(

0, T ; H−r (Ω)
)

.
Multiplying the equation in (2.34) by unt we get

d

dt

(‖un‖2 + 2(F(un), 1) − 2(h, un)
) + 2|unt |2 = −2(g(un), unt ). (2.35)

Using (2.30), we deduce from (2.35) that

d

dt

(‖un‖2 + 2(F(un), 1) − 2(h, un)
) + |unt |2

≤ C7(g)
(‖un‖2 + 2(F(un), 1) − 2(h, un)

) + C8(g). (2.36)

In particular, un satisfies (2.33) ∀ t ≥ s ≥ 0. We note that if g ≡ 0, then C7(g) =
C8(g) = 0, so that C(g) = D(g) = 0 holds.

On the other hand, multiplying (2.22) by un and using (2.23) in a standard way
we obtain

d

dt
|un|2 + λ1|un|2 + ∥

∥un
∥
∥
2 + γ

N
∑

i=1

∥
∥uni

∥
∥
pi
L pi

≤ K + |h|2. (2.37)

By Gronwall’s lemma we obtain

|un(t)|2 ≤ e−λ1t |un0|2 + 1

λ1

(

K + |h|2) . (2.38)

Thus integrating (2.37) over (t, t + r) with r > 0 we have

|un (t + r) |2 +
∫ t+r

t

∥
∥un

∥
∥
2
ds + γ

∫ t+r

t

N
∑

i=1

∥
∥uni (s)

∥
∥
pi
L pi

ds (2.39)

≤ |un (t) |2 + r
(

K + |h|2)

≤ e−λ1t |un0|2 +
(

1

λ1
+ r

)
(

K + |h|2) .

Then from (2.32),
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∫ t+r

t

(∥
∥un

∥
∥2 + 2

(

F
(

un (s)
)

, 1
) − 2

(

h, un
))

ds

≤
∫ t+r

t

∥
∥un

∥
∥2 ds + 2C6

∫ t+r

t

N
∑

i=1

∥
∥uni (s)

∥
∥pi
L pi ds + r |h|2 +

∫ t+r

t
|un |2ds + 2C6|Ω|r

≤ C9(e
−λ1t |un0 |2 + r + 1). (2.40)

Now we can apply uniform Gronwall Lemma [46] to inequality (2.36) and obtain

∥
∥un (t + r)

∥
∥
2 + 2

(

F
(

un (t + r)
)

, 1
) − 2

(

h, un (t + r)
)

(2.41)

≤ C10(
e−λ1t |un0|2 + 1

r
+ 1)er for all 0 ≤ t ≤ t + r.

From the last inequality and (2.31) we have

∥
∥un (t + r)

∥
∥
2 +

N
∑

i=1

∥
∥uni (t + r)

∥
∥
pi
L pi

(2.42)

≤ C11

(

(
e−λ1t |un0|2 + 1

r
+ 1)er + 1

)

for all 0 ≤ t ≤ t + r.

Therefore, the sequence un (·) is bounded in L∞ (r, T ; V ∩ Lp(Ω)) for all
0 < r < T .

Integrating (2.36) over (r, T ), we have

∫ T

r
|unt |2dt ≤ C7

T∫

r

(∥
∥un (s)

∥
∥2 + 2

(

F
(

un (s)
)

, 1
) − 2

(

h, un(s)
))

ds (2.43)

+ ∥
∥un (r)

∥
∥2 + 2

(

F
(

un (r)
)

, 1
) − 2

(

h, un(r)
) +C8(T − r) + 2C5|Ω| + |h|2 + |un(T )|2.

So from (2.38), (2.40), (2.41) and the last inequality we deduce that unt is bounded
in L2 (r, T ; H) for all 0 < r < T .

Thus for the limit function u we can claim that it is regular solution of (2.22) and
u(0) = u0.

Let us prove that u satisfies the energy inequality (2.33). As un is bounded in
L∞(r, T ; Lp(Ω)), so f (un) is bounded in L∞(r, T ; Lq(Ω)). Therefore from [45]
up to subsequence

un → u in L2(r, T ; V ) ∩ Lp(r, T ; Lp(Ω)). (2.44)

and, in particular,
un(t) → u(t) in V for a.a. t ∈ (r, T ).
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Also, it is standard to check that un → u in C([r, T ], H), for all 0 < r < T, and
that un(t) → u(t) weakly in V for all 0 < t ≤ T .

Then by the dominated convergence theorem F(un(t)) → F(u(t)) in L1(Ω) for
a.a. t ∈ [r, T ]. Also, for any 0 < t ≤ T we have F(un(x, t)) → F(u(x, t)) for a.a.
x . Then F(un(x, t)) ≥ −C5 and Fatou’s lemma imply

∫

Ω

F(u(x, t))dx ≤ lim inf
∫

Ω

F(un(x, t))dx

and
E(u(t)) ≤ lim inf E(un(t)).

Hence, we can pass to the limit in (2.33) and obtain the required result.
The theorem is proved.

Remark 2.3 Theorem 2.5 yields only existence but not regularity of each weak solu-
tion of Problem (2.22). This theorem was proved in [24].

2.4 Examples of Applications

In this section we provide examples of applications to theorems established in
Sects. 2.1–2.3. We consider a parabolic feedback control problem (Sect. 2.4.1), a
model of conduction of electrical impulses in nerve axons (Sect. 2.4.2), a climate
energy balance model (Sect. 2.4.3); FitzHugh–Nagumo system (Sect. 2.4.4); and a
model of combustion in porous media (Sect. 2.4.5).

2.4.1 A Parabolic Feedback Control Problem

Let Ω be an open and bounded subset of R3. Let us consider the following nonsta-
tionary heat conduction equation

∂y

∂t
− �y = f in Ω × R (2.45)

with initial condition and Dirichlet homogeneous boundary condition. Here y =
y(x, t) represents the temperature at the point x ∈ Ω and time t > 0.

Let j : Ω × R → R be a locally Lipschitz function in ξ (cf. [37] and references
therein) and ∂ j (x, ξ) denotes generalized gradient of Clarke (see [12]) with respect to
the last variable. Note that the multi-valued function ∂ j (x, ·) : R → 2R is generally
nonmonotone and it includes the vertical jumps.

We assume that f = f1 + f2, where f2 = f2(x) is given and f1 is a known
function of the temperature of the form
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− f1(x, t) ∈ ∂ j (x, y(x, t)) a.e. (x, t) ∈ Ω × R. (2.46)

In a physicist’s language it means that the law is characterized by the generalized
gradient of a nonsmooth potential j (cf. [39]).

Assume also that ∂ j satisfies the growth condition

∃c0 > 0 : |p| ≤ c0(1 + |u|) for a.e. x ∈ Ω, and each u ∈ R, and d ∈ ∂ j (x, u);

and the sign condition

lim
u→+∞

infd∈∂ j (x,u) d

u
> −λ1; lim

u→−∞

supd∈∂ j (x,u) d

u
> −λ1,

where λ1 is the first eigenvalue of−� in H 1
0 (Ω). According to Theorem 2.2, for any

−∞ < τ < T < +∞ each weak solution uτ ∈ L2(Ω) of Problem (2.45) and (2.46)
on [τ, T ] belongs to C([τ + ε, T ]; H 1

0 (Ω)) ∩ L2(τ + ε, T ; H 2(Ω) ∩ H 1
0 (Ω)) and

du
dt (·) ∈ L2(τ + ε, T ; L2(Ω)) for each ε ∈ (0, T − τ).

2.4.2 A Model of Conduction of Electrical Impulses
in Nerve Axons

Consider the problem:

{
∂u
∂t − ∂2u

∂x2 + u ∈ λH(u − a), (x, t) ∈ (0, π) × R,

u(0, t) = u(π, t) = 0, t ∈ R,
(2.47)

where a ∈ (

0, 1
2

)

; Terman [47, 48]. Since Problem (2.47) is a particular case of
Problem (2.1) and (2.2), then for each −∞ < τ < T < +∞ and a weak solution
uτ ∈ L2((0, π)) of Problem (2.47) on [τ, T ] belongs toC([τ + ε, T ]; H 1

0 ((0, π))) ∩
L2(τ + ε, T ; H 2((0, π)) ∩ H 1

0 ((0, π))) and du
dt (·) ∈ L2(τ + ε, T ; L2((0, π))) for

each ε ∈ (0, T − τ); Figs. 2.4, 2.5, 2.6, and 2.7.

2.4.3 Climate Energy Balance Model

Let (M , g)be aC∞ compact connected oriented two-dimensionalRiemannianmani-
foldwithout boundary (as, e.g.M = S2 the unit sphere ofR3). Consider the problem:

∂u
∂t − Δu + Re(x, u) ∈ QS(x)β(u), (x, t) ∈ M × R, (2.48)
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Fig. 2.4 Graphics of solutions of problem (2.47) with a = 0.49, λ = 2, n = 10, h = 0, 001, N =
100 in a moment a t = 0; b t = 0.8; c t = 1.6; d t = 2.4; e t = 3.2; f t = 4

Fig. 2.5 Screenlist of animation for dynamics of solutions of problem (2.47) in 2D

whereΔu = divM (∇Mu) ; ∇M is understood in the sense of theRiemannianmetric
g. Note that (2.48) is the so-called climate energy balance model. It was proposed in
Budyko [8] and Sellers [41] and examined also in Díaz et al. [13–15]. The unknown
u(x, t) represents the average temperature of the Earth’s surface. In Budyko [8] the
energy balance is expressed as

heat variation = Ra − Re + D.
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Fig. 2.6 Screenlist of animation for dynamics of solutions of problem (2.47) in 3D

Fig. 2.7 Screenlist of animation for dynamics of solutions of problem (2.47) in section
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Here Ra = QS(x)β(u). It represents the solar energy absorbed by the Earth, Q > 0 is
a solar constant, S(x) is an insolation function, given the distribution of solar radiation
falling on upper atmosphere, β represents the ratio between absorbed and incident
solar energy at the point x of the Earth’s surface (so-called co-albedo function). The
term Re represents the energy emitted by the Earth into space, as usual, it is assumed
to be an increasing function on u. The term D is heat diffusion, we assume (for
simplicity) that it is constant.

As usual, the term Re may be chosen according to the Newton cooling law as
linear function on u, Re = Bu + C (here B, C are some positive constants) [8], or
according to the Stefan-Boltzman law, Re = σu4 [41]. In this subsection we consider
Re = Bu as in Budyko [8].

Let S : M → R be a function such that S ∈ L∞(M ) and there exist S0, S1 > 0
such that

0 < S0 ≤ S(x) ≤ S1.

Suppose also that β is a bounded maximal monotone graph of R2, that is there exist
m, M ∈ R such that for all s ∈ R and z ∈ β(s)

m ≤ z ≤ M.

Let us consider real Hilbert spaces

H := L2(M ), V := {u ∈ L2(M ) : ∇Mu ∈ L2(TM )}

with respective standard norms ‖ · ‖H , ‖ · ‖V , and inner products ( · , · )H , ( · , · )V ,

where TM represents the tangent bundle and the functional spaces L2(M ) and
L2(TM ) are defined in a standard way; see, for example, Aubin [2]. According
to Theorem 2.2, for any −∞ < τ < T < +∞ each weak solution uτ ∈ L2(Ω) of
Problem (2.48) on [τ, T ]belongs toC([τ + ε, T ]; H 1

0 (Ω)) ∩ L2(τ + ε, T ; H 2(Ω) ∩
H 1

0 ((0, π))) and du
dt (·) ∈ L2(τ + ε, T ; L2(Ω)) for each ε ∈ (0, T − τ).

2.4.4 FitzHugh–Nagumo System

Let us consider generalized FitzHugh–Nagumo system [46]:

ut = d1Δu − f1(u) − v, (2.49)

vt = d2Δv + δu − γ v, (2.50)

u|∂Ω = v|∂Ω = 0, (2.51)

where Ω = (0, L), d1, d2, δ, γ are positive constants, f1 ∈ C(R),
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Fig. 2.8 Trajectories of
FitzHugh–Nagumo system

| f1(u)| ≤ C1(1 + |u|3); f 1(u)u ≥ α|u|4 − C2. (2.52)

For the vector-function

f (u, v) =
(

f1(u) + v
−δu + γ v

)

conditions (2.23), (2.24) hold with p1 = 4, p2 = 2. Moreover, f = ∇F + g, where

F = F(u, v) =
u∫

0
f1(s)ds + γ

2 v
2, g = g(u, v) =

(

v
−δu

)

and conditions (2.29),

(2.30) also hold. Then all statements of Theorem 2.5 hold; Fig. 2.8.

2.4.5 A Model of Combustion in Porous Media

Let us consider the following problem:

{
∂u
∂t − ∂2u

∂x2 − f (u) ∈ λH(u − 1), (x, t) ∈ (0, π) × R,

u(0, t) = u(π, t) = 0, t ∈ R,
(2.53)

where f : R → R is a continuous and nondecreasing function satisfying growth and
sign assumptions, λ > 0, and H(0) = [0, 1], H(s) = I{s > 0}, s �= 0; Feireisl and
Norbury [17]. Since Problem (2.53) is a particular case of Problem (2.1) and (2.2),
then for any −∞ < τ < T < +∞ each weak solution uτ ∈ L2((0, π)) of Problem
(2.53) on [τ, T ] belongs toC([τ + ε, T ]; H 1

0 ((0, π))) ∩ L2(τ + ε, T ; H 2((0, π)) ∩
H 1

0 ((0, π))) and du
dt (·) ∈ L2(τ + ε, T ; L2((0, π))) for each ε ∈ (0, T − τ); Fig. 2.9.
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Fig. 2.9 Graphics of solutions with f (u) = u, λ = 2, ε = 0.1, M = 100 in moment a t = 0;
b t = 0.8; c t = 1.6; d t = 2.4; e t = 3.2; f t = 4
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