
Chapter 2
Utility Functions and Resource Allocation for
Spectrum Sharing

2.1 User Applications Utility Functions

The user satisfaction with the provided service can be expressed using utility
functions that represent the degree of satisfaction of the user function of the rate
allocated by the cellular network [1–9]. We assume that the applications utility
functions U.r/ are strictly concave or sigmoidal-like functions [10–16].

These applications utility functions have the following properties:

• U.0/ D 0 and U.r/ is an increasing function of r.
• U.r/ is twice continuously differentiable in r and bounded above.

We use the normalized sigmoidal-like utility function, same as the one presented
in [5, 17, 18], that is

U.r/ D c
� 1

1 C e�a.r�b/
� d

�
; (2.1)

where c D 1Ceab

eab and d D 1
1Ceab so it satisfies U.0/ D 0 and U.1/ D 1 [16]. The

normalized sigmoidal-like function has an inflection point at rinf D b. In addition,
we use the normalized logarithmic utility function, used in [1, 2, 19–21], that can be
expressed as

U.r/ D log.1 C kr/

log.1 C krmax/
; (2.2)

where rmax gives 100% utilization and k is the slope of the curve that varies based
on the user application. So, it satisfies U.0/ D 0 and U.rmax/ D 1.

Figure 2.1 shows an example of sigmoidal and logarithmic utility functions.
It shows three normalized sigmoidal-like utility functions that are expressed by
Eq. (2.1) with different parameters a D 5, b D 10 which is an approximation to a
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Fig. 2.1 Logarithmic and sigmoidal utility functions U.r/ representing delay-tolerant and real-
time applications, respectively

step function at rate r D 10 (e.g., VoIP), a D 3, b D 20 which is an approximation of
an adaptive real-time application with inflection point at rate r D 20 (e.g., standard
definition video streaming), a D 1, b D 30 which is also an approximation of
an adaptive real-time application with inflection point at rate r D 30 (e.g., high
definition video streaming). In addition Fig. 2.1 shows three logarithmic functions
that are expressed by Eq. (2.2) with rmax D 100 and different k parameters which are
approximations for delay-tolerant applications (e.g., FTP). We use k D f15; 3; 0:5g.
It is noticeable that real-time applications require a minimum rate, i.e., the inflection
point, after that rate the application QoS is fulfilled to a large extent whereas
logarithmic utility functions provide some QoS at low rates which is suitable for
the delay-tolerant applications nature. Realistic values of a, b, and k for real mobile
applications, e.g., youtube and FTP, are shown in [16, 18, 22].

2.2 Utility Proportional Fairness Resource Allocation

In proportional fairness resource allocation model, each user must be allocated some
rate. This is guaranteed as allocating zero rate to any user will set the efficiency of
the network to zero. The proportional fairness model is presented in the following
equation:

ri D arg max
ri

NY
iD1

Ui.ri/ (2.3)
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where Ui.ri/ is the utility function of the ith user allocated resource ri and N is
the number of users. The objective function in Eq. (2.3) ensures non-zero resource
allocation for all users which guarantees minimum QoS for all users. Frank Kelly
algorithm [23] can be used to achieve rate allocation with the fairness model.
It achieves Pareto optimal resource allocation across the network while using a
proportional fairness approach to distribute all network resources where Pareto
optimal or Pareto efficient solutions are the solutions that distribute all of the
network resources; i.e., also referred to as the Pareto front [24–26]. Frank Kelly
algorithm uses an iterative process to determine the rate that needs to be allocated to
each user as well as the price the network should charge each user for the allocated
resources. In the next chapters we will be using methods that are based on the
Frank Kelly algorithm to solve different proportional fairness resource allocation
formulations.

2.3 Utility Proportional Fairness Resource Allocation with
Carrier Aggregation

In this book, a utility proportional fairness (UPF) resource allocation optimization
framework is proposed to allocate multi-carrier resources optimally among active
mobile users from their all in range carriers based on carrier aggregation scenario
[27–31]. Throughout the next chapters we present different resource allocation
methods for multi-carrier wireless systems. First, we present a multi-stage RA
approach which uses a utility proportional fairness RA optimization problem to
allocate each carrier resources separately in a multi-stage basis while taking into
consideration the resources allocated to each user from other carriers every time the
RA optimization problem is executed. The UPF resource allocation optimization
problem that we use in the multi-stage RA with CA approach is given by

max
rj

MjY
iD1

Ui

�
rj

i C cj
i

�

subject to
MjX

iD1

rj
i � Rj;

rj
i � 0; i D 1; 2; : : : ;Mj;

cj
i D

KX
nD1;n¤j

vn
i rn;opt

i ;

vn
i D

�
1; the ith UE 2 Mn

0; the ith UE … Mn

(2.4)
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where optimization problem (2.4) is carrier j RA optimization problem, Mj is the
set of users located under the coverage area of the jth eNodeB and Mj D jMjj is the
number of users in the set Mj, rj D frj

1; rj
2; : : : ; rj

Mj
g, Rj is the jth carrier available

resources, cj
i is equivalent to the total rates allocated to the ith user by other carriers

in its range, vn
i is equivalent to 1 if the ith UE 2 Mn and is equivalent to 0 if the ith

UE … Mn, and rn;opt
i is the optimal rate allocated to the ith user by the nth carrier.

In order to consider the case when it is required to treat users differently when
assigning the network resources, we introduced a user discrimination feature to
the resource allocation framework such that certain group of users (e.g., public
safety users in systems that consider spectrum sharing between public safety
and commercial users) are given priority when allocating the network resources.
Furthermore, we developed resource allocation with CA methods to allocate multi-
carrier resources based on user discrimination and used UPF optimization problem
to calculate the allocated resources.

2.4 MATLAB Code

The following code plots the applications’ utility functions shown in Fig. 2.1.

1 n = 0:100;
2 L=length(n);
3 %%Sigmoidal Utlity Function with a=5 and b=10%%
4 U1 = zeros(L,1);
5 for r = 1:L
6 U1(r) = ((1+exp(5*10))/exp(5*10))*((1/(1+exp(-5*(n(r)-10)

))-(1/(1+exp(5*10)))));
7 end
8 plot(n,U1, '-r+');
9 hold on

10 %%Sigmoidal Utility Function with a=3 and b=20%%
11 U2 = zeros(L,1);
12 for r = 1:L
13 U2(r) = ((1+exp(3*20))/exp(3*20))*((1/(1+exp(-3*(n(r)-20)

))-(1/(1+exp(3*20)))));
14 end
15 plot(n,U2, '-go');
16 hold on
17 %%Sigmoidal Utility Function with a=1 and b=30%%
18 U3 = zeros(L,1);
19 for r = 1:L
20 U3(r) = ((1+exp(1*30))/exp(1*30))*((1/(1+exp(-1*(n(r)-30)

))-(1/(1+exp(1*30)))));
21 end
22 plot(n,U3, '-m*');
23 hold on
24 %%Logarithmic Utility Function with k=15%%
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25 U4 = zeros(L,1);
26 for r = 1:L
27 U4(r) = log(1+(15*n(r)))/log(1+(15*100));
28 end
29 plot(n,U4, '-cx');
30 hold on
31 %%Logarithmic Utility Function with k=3%%
32 U5 = zeros(L,1);
33 for r = 1:L
34 U5(r) = log(1+(3*n(r)))/log(1+(3*100));
35 end
36 plot(n,U5, '-bd');
37 hold on
38 %%Logarithmic Utility Function with k=0.5%%
39 U6 = zeros(L,1);
40 for r = 1:L
41 U6(r) = log(1+(0.5*n(r)))/log(1+(0.5*100));
42 end
43 plot(n,U6, '-kv');
44

45 ylim([0 1]);
46 I=legend('Sig1 a = 5, b = 10','Sig2 a = 3, b = 20', 'Sig3 a =

1, b = 30', 'Log1 k = 15','Log2 k = 3', 'Log3 k = 0.5','
Interpreter','latex');

47 set(I,'interpreter','latex');
48 xlabel('$r$','Interpreter','latex');
49 ylabel('$U(r)$','Interpreter','latex');
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