Chapter 2
Orbit Determination from Observations

2.1 Position of the Problem

In general terms, the determination of an orbit is an iterative process meant to know
and predict the position and velocity (or the orbital elements) of a space object, with
respect to a primary celestial body, from observations of that object. For example,
the orbit determination for an artificial satellite revolving about the Earth is a series
of operations aimed at determining the motion (that is, the six orbital elements or
the six Cartesian components of the position and velocity vectors at some given
epoch) of the satellite with respect to a reference system having its origin in the
centre of mass of the Earth. Likewise, for a natural celestial body revolving about
the Sun, an astronomer computes the orbital elements of that body with respect to
the Sun on the basis of observations which have been performed at some place on
the surface of the Earth.

The methods used to this end may be classified into two broad categories. The
first category includes the classical (or deterministic) methods, which consider the
measurements as free from errors, and use therefore the minimum number of
measurements required to determine an orbit. The second category includes the
modern (or statistical) methods, which consider the measurements as affected by
errors, and use therefore more measurements than those which would be strictly
necessary to determine an orbit, with the view of reducing the influence of such
errors by means of a suitable mathematical treatment of the data gathered.

Let x = x() be the state vector, at a given time #, of an artificial satellite orbiting
around the Earth, that is, the vector whose six components are the three components
of the position vector, r, and the three components of the velocity vector, v, of the
satellite at time ¢ with respect to either the true-of-date or the J2000.0
geocentric-equatorial reference system XYZ (defined in Sect. 1.9). Let xo = x(ty) be
the known state vector of the same satellite at a given initial time #, with respect to
the same reference system. When the forces (the central force and its perturbations)
acting upon the satellite are known exactly, then it is possible to determine its state
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vector x at any given time ¢ by integrating the equations of motion. However, the
state vector x of the satellite at the initial time #, is known approximately, not
exactly. In addition, the force model used to compute the forces acting upon the
satellite at a time ¢ can only provide approximate values of the true forces, because
the physical constants (e.g. the gravitational parameter of the Earth) are known
approximately and also because the mathematical model used to compute the forces
can never be exact. Consequently, the orbit determination of a satellite requires that
the observations of the satellite (which are affected by random and systematic errors
due to the non-exactness of the force model used) should be mathematically treated
in such a way as to obtain the best estimate of the orbital elements representing the
satellite motion at any time. To this end, it was customary to operate in two stages.
The first stage, called preliminary orbit determination, is the approximate deter-
mination of an orbit by means of a minimum number of observations of the orbiting
object.

The second stage, called differential correction of orbits or orbit improvement,
comprises:

1. the collection of more observations than those strictly required, and
2. the fitting of the data gathered to an orbit by means of some mathematical
algorithm, based usually on the method of the least squares.

The results of the second stage are differential corrections to the preliminary
orbital elements, which have been determined in the first stage.

In the first stage, both the main attracting body and the orbiting body are con-
sidered as isolated particles subject only to their mutual gravitational forces.
Therefore, the motion is governed by the second-order differential equation shown
in Sect. 1.1, that is, by

o (o

where r” is the acceleration vector of the orbiting body, u is the gravitational
parameter of the attracting body (resulting from the product of the mass, M, of the
attracting body by the gravitational constant, G), and r is the position vector of the
orbiting body with respect to an inertial reference system having its origin in the
centre of mass of the attracting body, whose mass M is supposed to be much greater
than the mass m of the orbiting body. As also shown in Sect. 1.1, the constants of
integration of this differential equation are six, that is, the orbital elements of the
orbiting body.

In the second stage, the perturbations to the primary gravitational force are taken
into account, so that the differential equation of motion is expressed as follows
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where a is the vector sum of the perturbing accelerations acting on the orbiting
body. In case of an artificial satellite of the Earth, as will be shown at length in
Chap. 3, these accelerations are primarily due to:

e the non-spherical shape and the non-homogeneous mass density of the Earth;
e the gravitational attraction exerted on the satellite by other celestial bodies than
the Earth (in particular, by the Sun and the Moon);
solid Earth and ocean tides;
the aerodynamic drag exerted by the Earth atmosphere, particularly important in
case of artificial satellites orbiting at low altitudes;
e solar radiation pressure; and
e thrusters used for orbital manoeuvres.

By the way, solid Earth tides are similar to ocean tides, both of them being due
to the gravitational forces exerted upon the Earth by the Sun and the Moon. The
difference between the two types of tide resides in the much smaller tidal distortion
of the Earth (about 30 cm a day) in comparison with that of the ocean, because of
the resistance opposed by the rocks.

As a result of the perturbing accelerations, the orbital elements of an artificial
satellite revolving about the Earth are not constant, but vary slowly with time.

Consequently, the second-order differential equation r” + (u/r)r=a is
expressed as a system of m first-order differential equations

x =f(x,1)

with the initial conditions
x(t0) = xo

where x = x(¢) is the augmented m-dimensional, time-dependent state vector, that is,
the state vector comprising not only the six position (x, y, z) and velocity (vy, vy, v;)
co-ordinates of the orbiting body but also the physical constants provided by the
force model used (that is, the physical quantities which are independent of time);
f(x, t) is a vector-valued function (the integrand function) which depends on the
state vector and on time; and x is the known state vector at some epoch #,.

On the other hand, the observations can be represented by the following system
of n nonlinear algebraic equations

Zi = g(xi, 1) + &
(i=1,2,..., n), where z; are the actual observations made at epochs 7y, t,, ..., t,,
g(x;, t;) are the predicted values, and g; are random errors of measurement affecting

the observations. Such equations, solved for x;, yield the state vector

x(t;) = O(xg, to, 1;)
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@(i=1, 2, ..., n) at times, respectively, #,, t,, ..., t,. This way of proceeding,
comprising the two stages described above, is called batch estimation processing
and is based on the least-squares method.

Recently, as a result of the mathematical theory due to Kalman and Bucy [44,
45] and also of the advent of advanced computing means, the two stages are no
more separated from each other, and each epoch of observations is processed
individually by means of a sequential estimation algorithm, which is just the
Kalman filter. The preliminary orbit determination comprises several methods
meant to determine the orbital elements. These methods will be shown in the
following paragraphs. The determination of an orbit is part of a broader process
called integrated guidance, navigation, and control. The whole process of spacecraft
guidance, navigation, and control is shown in the following scheme, which is
redrawn from Thornton and Border [70].
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Guidance is the actual steering of a spacecraft travelling through space. This
steering may come from sources placed either inside (a human crew or an on-board
computer) or outside (a ground station) the spacecraft. An example is provided by
the commands given to the rocket motor of a spacecraft to control the thrust.
Navigation is the measurement of the motion (position, orientation, and velocity) of
a spacecraft in space, obtained by means of observations performed by the crew, or
by automatic on-board sensors, or by tracking equipment located on the ground.
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Control is the alignment and stabilisation of a spacecraft while the guidance and
navigation functions are being performed. These functions make it necessary not
only to determine the orbital elements (or the position and velocity vectors) of a
spacecraft, but also to adjust its path and attitude by means of control forces and
moments obtained by firing the main rocket motor or by routing commands to other
on-board devices (such as thrusters, reaction wheels, control moment gyroscopes,
or aerodynamic surfaces), which produce the desired forces on the spacecraft. The
functions of guidance and control are meant to compute and send a series of
commands to the propulsion system to alter the spacecraft velocity or attitude.

Following Thornton and Border [70], the orbit determination process requires an
a priori estimate (prediction) of the spacecraft trajectory, referred to as the nominal
orbit. In this estimate, expected values of the observable quantities are computed on
the basis of nominal values for the trajectory and models of such observable
quantities. The computed quantities differ from the correspondent observed quan-
tities coming from the tracking system. Such differences form the residuals (com-
puted minus observed quantities), which are due not only to random uncorrelated
measurement errors (such as thermal noise in the tracking receiver), but also to
errors in the trajectory and the observable models. The errors of the latter type
introduce distinctive signatures, that is, characteristic marks, in the residuals. Such
signatures make it possible to adjust the model parameters by means of a procedure,
called weighted linear least-squares estimation, which yields the set of parameter
values corresponding to the minimum weighted sum of the squares of the residuals.

This procedure, when the data are weighted by the inverse of their error
covariance, yields a minimum-variance estimator. Since this estimator provides a
linear solution to a nonlinear problem, then the estimation procedure comprises
more iterative steps, each of which uses the parameter estimation of the previous
step, until convergence is reached.

After the orbit determination process has been completed, the orbital elements
are compared with those required by the project. In case of discrepancies, trajectory
correction manoeuvres must be planned and executed. For example, when the
actual flight path differs from that which is required by the planned mission, it is
necessary to compute the magnitude and direction of the Av vector required to
correct to the desired trajectory. In addition, suitable times must be computed, at
which the corrective manoeuvres will be executed. At the proper time, the space-
craft attitude will change the direction of the rocket motor axis to the desired one
and the thrusters will be fired for a determined interval of time. The magnitude of
Av is usually small (metres or tens of metres per second), because of the limited
amount of propellant which can be carried on board.

Orbit trim manoeuvres are sometimes necessary in case of a satellite revolving
around the Earth, in order to prevent orbital decay due to air drag, and also to
perform orbit changes required by the mission objectives.
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2.2 Topocentric Co-ordinate Systems

A radar station located on the surface of the Earth can measure the position and
velocity of an object, for example, of an artificial satellite, with respect to the place
where the station is located. However, the position vector r of interest to the
observer has its origin in another place, that is, in the centre of mass of the Earth. In
addition, the velocity vector v =r' of interest to the observer relates to the
geocentric-equatorial reference system XYZ, which moves with respect to the radar
station, because the Earth rotates about its axis. Thus, a series of measurements
relating to reference system located in the radar station must be converted so as to
provide the correspondent measurements with respect to the geocentric-equatorial
system. The measurements performed at a radar station are related to the
topocentric-horizon system UVW, which is defined below.
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The topocentric-horizon reference system UVW, shown in the preceding figure,
has its origin in the point on the surface of the Earth where the radar station is
located, and its three Cartesian axes U, V, and W are directed so that its fundamental
plane UV is the horizon, with the U-axis pointing towards east, the V-axis pointing
towards north, and the W-axis perpendicular to the horizon and pointing upwards
(that is, towards the zenith). As to the directions forming the horizon, the agreement
of the authors is not unanimous. Some of them, for example Bate et al. [5] and
Vallado [77], choose the south and east directions. Other authors, for example
Montenbruck and Gill [53] and Curtis [20], choose the east and north directions.
We follow the latter convention.
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Let the unit vectors of the three axes U, V, and W be, respectively, uy, uy, and
uyw. Unlike the geocentric-equatorial reference system XYZ, which is fixed in space
with respect to the stars and does not rotate with the Earth, the topocentric-horizon
reference system UVW is evidently a non-inertial system, because it is fixed to the
Earth and does rotate with it.

Another reference system of the topocentric type is the topocentric-equatorial
co-ordinate system, shown on the left-hand side of the following figure.

Z
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The origin Py of this reference system is the point on the surface of the Earth
where the observer (or the radar station) is located. The axes X,, Y,, and Z, of this
co-ordinate system are parallel to the axes, respectively, X, Y, and Z of the
geocentric-equatorial co-ordinate system having its origin O in the centre of the
Earth. The fundamental plane XY, of the topocentric-equatorial system X,Y,Z, is
parallel to, but not coincident with, the fundamental plane XY of the
geocentric-equatorial system XYZ. Both X and X, point towards the vernal equinox
. The position vector PyQ = p, of magnitude p, goes from the point of obser-
vation Py to the space object Q. The position of Q is usually expressed by means of
the three co-ordinates p, J, and o, where the two angles ¢ (declination) and o (right
ascension) are shown on the right-hand side of the preceding figure, which is an
enlarged view of the topocentric-equatorial co-ordinate system.

In the topocentric-equatorial system the North and South celestial poles are
determined by intersecting the rotation axis of the Earth with the celestial sphere,
that is, with the sky as seen from the Earth. The centre of the Earth is also the centre
of the celestial sphere, as shown in the following figure, which is due to the
courtesy of the University of Tennessee [76].
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The celestial poles and equator are the geographic poles and equator projected
up onto the celestial sphere. The equivalent of the geographic latitude in the
topocentric-equatorial system is called declination and is measured in degrees North
(positive numbers) or South (negative numbers) of the celestial equator. The
equivalent of the geographic longitude in the topocentric-equatorial system is called
right ascension, and may also be measured in degrees, but for historical reasons it is
more common to measure it in time (hours, minutes, seconds), 1 hour of right
ascension being equivalent to 15 degrees of apparent sky rotation.

In addition to the celestial equator, another important plane intersecting the
celestial sphere is the ecliptic plane, which is the plane containing the orbit of the
Earth about the Sun, inclined of about 23°.4 with respect to the celestial equator, as
shown in the preceding figure. The inclination angle ¢ ~ 23°.4 is called the
obliquity of the ecliptic.

The position of a space object Q in the topocentric-equatorial system is
expressed by the following vector

p = (p cosd cosa)ux + (p cosd sina)uy + (p sind)uz

where uy, uy, and uy are the unit vectors of, respectively, X, Y, and Z.
Let us express the position vector p as follows

p—p<£> = pu
P, P
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where p is the magnitude of p and u, = p/p is the unit vector having the direction
of p. By so doing, it is possible to write

u, = (cos o coso)uy + (cos é sino)uy + (sino)uz

As shown above, the geocentric-equatorial system and the topocentric-equatorial
system have two different origins. Consequently, the direction cosines of the
position vectors r and p are not the same. Thus, the topocentric declination and
right ascension of a space object are not equal to the geocentric declination and
right ascension of the same object. However, when the magnitude of r is much
greater than the equatorial radius of the Earth, as is the case with stars and distant
planets, then the differences in topocentric and geocentric angles can be neglected.

2.3 Orbit Determination from a Single Radar Observation

With reference to the following figure, let us consider an artificial satellite inside the
field of view of a radar station located on the surface of the Earth.

W (Zenith)
&
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P
h B

U (East)

The radar station measures the range, that is, the magnitude of the position
vector going from the radar station to the satellite and the direction of this position
vector with respect to a reference system having its origin in the place where the
radar station is located. Reference systems of this type are called topocentric,
because their origin is in the place of observation. One of these is the
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topocentric-horizon reference system UVW, defined in Sect. 2.2 and also shown in
the preceding figure.

Let p be the position vector of an artificial satellite with respect to the
topocentric-horizon system indicated above. The direction of p is measured by two
angles, namely azimuth (A) and altitude (h), which result from the gimbal axes on
which the radar antenna is mounted.

The azimuth angle A is measured clockwise, for an observer in the direction of
the positive W-axis, from the north—south direction to the projection of p onto the
horizon (U, V) plane, so that 0 < A < 360°; the altitude angle % is measured
counterclockwise, for an observer in the direction of the positive U-axis, from the
projection of p onto the horizon plane to p itself, so that —90° < h < 90°.

If the station is equipped with a Doppler radar, that is, of a radar capable of
detecting a shift in frequency in the returning echo, then the rate of change of p can
also be measured. On the other hand, sensors on the gimbal axes can measure the
rate of change of the azimuth and altitude angles. Thus, the radar apparatus can
measure six quantities related to a satellite in its field of view, namely range (p),
azimuth angle (A), altitude angle (h), rate of change of range (p’), rate of change of
azimuth angle (A’), and rate of change of altitude angle (4').

Let £y, £y, and fy be direction cosines of u, = p/p with respect to the
topocentric-horizon system UVW, which system has its origin in P and its axes
pointing to, respectively, east, north, and zenith. The unit vector u, = p/p is
expressible as follows

u, = EUuU —+ fvuv + EWuW

where uy, uy, and uy are the unit vectors pointing to, respectively, east, north, and
zenith. By projecting u,, onto, respectively, U, V, and W, there results

u, = (cosh sinA) uy + (cosh cosA) uy + (sinh) uy

Having obtained the components of the position vector p in the
topocentric-horizon reference system UVW, it remains to transform the same
components, for the purpose of computing the components of the position vector in
the geocentric-equatorial reference system XYZ. To this end, it is necessary to
determine the projections of the unit vectors uy, uy, and uy of the
topocentric-horizon system UVW onto the unit vectors uy, uy, and uy of the
geocentric-equatorial system XYZ.

With reference to the following figure, let ¢ be the geodetic latitude (defined
below) of the point P where the observer or the radar station is located, and let 0 be
the angular distance, measured in the equatorial plane, between the X-axis (pointing
towards the vernal equinox) and the local meridian passing through P.
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In the preceding figure, the Earth is represented as an oblate ellipsoid, whose
equatorial bulge is exaggerated for the sake of clarity. The geodetic latitude ¢ is the
angle between the equatorial plane XY and the normal in P to the surface of the
ellipsoid, which approximates the Earth. Since the Earth is not perfectly spherical,
then ¢ does not coincide with the geocentric latitude, which is the angle between
the equatorial plane XY and the normal in P to the surface of the sphere.

Let ux* be the unit vector of OR, where OR lies in the plane of the meridian
passing through P and is perpendicular to the Z-axis. Let uy, be the unit vector of
the zenith direction in P. By projecting uy, onto OR and the Z-axis, there results

uy = (cos ) uy + (sin@)uz

where uy is the unit vector of the Z-axis.
On the other hand, by projecting uy™* onto X and Y, there results

uy = (cos0) uy + (sin0) uy

where uy and uy are the unit vectors of, respectively, X and Y.
It follows that

uy = [(cos Ouy + (sin Q)uy|cos ¢ + (sin @) uz = (cos ¢ cos 0)uy

+ (cos @ sin Q)uy + (sin @)uz
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The unit vector uy, directed towards east, is expressed as a function of uy and
uy, by taking the vector product of u, and uy, as follows

Uy X Uy

Uy =——
v ‘llzxuw|

where |u; X uy] is the magnitude of u; x uy. The following equality holds

ux uy uz
axb=|ax ay az

bx by bz

for any two vectors a = ay ux + ay uy + ay uy and b = by ux + by uy + by u,
In the present case, there results

ux uy uz

0 1
cos @ cosf) cos ¢ sin

Uy X uy = 0

sin @
= (—cos ¢ sin ) uy + (cos ¢ cos 0) uy

o=

uz X uy| = |(—cos ¢ sin0)* + (cos ¢ cos 0)2} =cos @

Uy X Uy
Uy

= Ty < ay] (—sin 6) ux + (cos O)uy

Finally, uy results from

ux uy uz
uy =uy Xuy = [cospcost cosesinfh sing
—sinf cos 6 0

(—sin ¢ cos 0) uy — (sin @ sin 0) uy + (cos ¢ cos® 0
+ cos ¢ sin® 0) uz = (—sin ¢ cos 0) uy — (sin ¢ sin 0) uy + (cos @) uz
In summary, we have obtained the following results

uy = (—sinQ)ux + (cos O)uy
uy = (—sin @ cos Ouy — (sin ¢ sin O)uy + (cos @)uy

uy = (cos ¢ cos O)ux + (cos ¢ sin Quy + (sin @)uy
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Let us consider the following scalar products

uy -uy = —sinf

uy -uy = cosf

Uy -uz = 0

uy -uy = —sin ¢ cos 0
wy -uy = —sin@ sind

Uy Uz = COSQ
uy - uy = cos @ cos 6
Uy - uy = cos ¢ sinf
Uy - Uz = sin @

As shown in Sect. 1.9, in case of a transformation from perifocal co-ordinates
Xyz to geocentric-equatorial co-ordinates XYZ, the rotation matrix R is defined as
follows

Ux Uy Ux-uUy, Ux- U;
R=|uy-u, uy-u, uy-u,
Uz Uy Uz -Uy Uz U

and this matrix is orthogonal, because it satisfies the condition R™R =1, where RT
is the transpose of R, and I is the 3 x 3 identity matrix.

Likewise, in the present case, the rotation matrix R, which transforms the
geocentric-equatorial co-ordinates XYZ into the topocentric-horizon co-ordinates
UVW, is defined as follows

Uy -ux Uy -uy Uuy-uz
R=|uy -ux wy-uy uy- -uz
Uw -ux Uw- Uy Uy Uz

Thus, by replacing the scalar products by their respective values which are given
above, there results

Ly —sin0 cos 0 0 Oy
by | = | —sing cosf —sing sinf cosq | |y
Ly cosp cosl  cosgsinf  sing | | 4y

where ¢y, fy, and {y are the direction cosines of the topocentric-horizon
co-ordinates, and /x, {y, and /¢, are the direction cosines of the
geocentric-equatorial co-ordinates.

The preceding expression defines the transformation from geocentric-equatorial
co-ordinates XYZ to topocentric-horizon co-ordinates UVW.
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As is easy to verify, the 3 x 3 square matrix written above, that is,
—sin 0 cos 6 0
R=| —sinp cosf —singsinf cose
cosp cosl  cosqsin®  sing
is an orthogonal matrix, because it satisfies the condition
R'R=1

where R is the transpose of R and I is the 3 x 3 identity matrix.

Therefore, in order to transform topocentric-horizon co-ordinates UVW into
geocentric-equatorial co-ordinates XYZ, we use R”, the transpose of R, that is,

5% —sinf —sing cos® cose cosO | |y
Ly cos) —singsinf cosq sinf | | Ly
ly 0 cos ¢ sin ¢ by

The matrices R and R™ shown above can also be used for transformations from
topocentric-equatorial co-ordinates X,Y,Z, to topocentric-horizon co-ordinates UVW,
and from topocentric-horizon co-ordinates UVW to topocentric-equatorial
co-ordinates X,Y,Z,, because the unit vectors uy, uy, and uy of the system XYZ
coincide with those of the system X,Y,Z,. The following relation holds between the
position vector (p) in the topocentric-horizon system UVW and the position vector
(r) in the geocentric-equatorial system XYZ:

r=rg+p
where rp = OP is the vector going from the centre of mass, O, of the Earth to the

position, P, of the radar station on the surface of the Earth. This can be understood
by considering the following figure.
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If the Earth were a perfect sphere having a radius equal to rg, then the local
vertical passing through the radar site P would join (extended downward) this site
with the centre O of the Earth. In this case, rz would be expressible as follows

g =rglUz

Such is not the case in practice, because the shape of the Earth is not perfectly
spherical.

The following section of this paragraph takes account of the non-spherical shape
of the Earth. In the model described below, the Earth is approximated to an
ellipsoid, as shown in the following figure.
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Consequently, latitude cannot be used any more as a spherical co-ordinate and
the radius of the Earth depends on latitude. Thus, a point on the surface of the Earth
will be represented by two rectangular co-ordinates (x and z) and the longitude (A),
because the latter has the same meaning in a spherical as in an oblate Earth. The
ellipsoid is an approximation to the true shape of the Earth.

The cross section of the Earth ellipsoid along a meridian is an ellipse, whose
major semi-axis (ag) is equal to the equatorial radius of the Earth and whose minor
semi-axis (bg) is equal to the polar radius of the Earth. Cross sections of the
ellipsoid parallel to the equator are circles. The shaded area represents the bulge,
which is maximum (21.4 km) at the equator and is zero at the poles.

The values considered here for the major semi-axis ar and the flattening
(or oblateness) f = (ag — bg)lag, of the Earth ellipsoid are those given in Ref. [58],
that is,

1

= 395357723563 ~ 00033528

ag = 6378.137km f
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Hence, the eccentricity (eg) and the minor semi-axis (bg) of the ellipsoid result,
respectively, from ez = (2f — ) = 0.08181919 and by = ag(l — f) = 6356.752 km.
The reference ellipsoid defined above is an approximation to the geoid, that is, to the
equipotential surface of the Earth gravity field which best fits, in the least-squares
sense, the global mean sea level. In describing the non-spherical shape of the Earth,
some authors, Herrick [34, 35] for one, use f instead of ef.

The angle ¢* between the equatorial plane and the radius OP (between the
centre O of the Earth and the point P of the Earth surface where the observer is
located) is called geocentric latitude. The angle ¢ between the equatorial plane and
the normal in P to the surface of the ellipsoid is called geodetic latitude and is used
in the maps and charts of the Earth. The normal in P to the surface of the ellipsoid is
the direction which a plumb bob would indicate, were it not for local anomalies in
the gravitational field of the Earth. The angle ¢, between the equatorial plane and
the actual plumb bob vertical uncorrected for these anomalies is called the astro-
nomical latitude. In practice, since the difference between the reference ellipsoid
and the mean sea level is small, then the difference between geodetic latitude ¢ and
the astronomical latitude ¢, is negligible.

We must now calculate the station co-ordinates of a point on the surface of the
reference ellipsoid, when we are given the geodetic latitude, the longitude, and the
height of that point above the mean sea level, which is assumed to be the height
above the reference ellipsoid. To this end, with reference to the following figure,
we first determine the co-ordinates x and z of a point P on the ellipse, assuming that
we know the geodetic latitude ¢ of P; then these co-ordinates will be adjusted for
another point of which we know the height above the surface of the ellipsoid in the
direction of the normal in P.

Equator

The angle f3, called the reduced altitude, is introduced to express the x and z
co-ordinates as functions of the equatorial radius of the Earth and of f itself.
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By considering the elliptic cross section of the Earth (having ag as its major
semi-axis along the equator and bg as its minor semi-axis along the polar axis of the

Earth) and the corresponding auxiliary circumference (having ag as its radius), the
Cartesian co-ordinates of P are expressible as follows

b .
x=agcosf} 7= <E>aEs1nﬁ
ag
In Sect. 1.3, we have shown that, for an ellipse, there results
1
bE = aE(l — e%)z
where ey, is the eccentricity of the ellipse. Thus, there also results
1
X =agcosfi z:aE(l —eé)zsinﬁ

Now, cos f§ and sin § must be expressed as functions of the geodetic latitude ¢
and of the constant quantities az and bg. To this end, since the slope of the tangent
to the ellipse is dz/dx, and the slope of the normal is —dx/dz = tan ¢, then the
differentials of the expressions written above

1
x=agcosfp  z=ag(l—ep)’sinf

1
dx = —agsinfdf  dz=ag(l — e})’cos fdp

and consequently

and also

1sin @

_ (1 _ 2\ —(1_.2
tan f= (1 —ez)’tan ¢ = (1 — e}) cos o

Now, the last expression can be written in the following form

A
t ==
an f§ B
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where A = (1 — e2)” sin ¢ and B = cos ¢. In addition, since

. tan o 1
sing = +——— coso =+

1 P
(14 tan? o) (14 tan? o)’
are trigonometric identities, then there results after simplification

1
1 —e2)’sin
sinﬁ::I:(E—)qD, cosff ==+

(1 —eXsin® g)? (1 — e sin’ go)%

cos @

The preceding expressions make it possible to write the x and z co-ordinates of a
point P on the surface of the ellipsoid as follows

ag cos @
X=agcosfi =

o=

(1 —eZsin’ @)

I — ¢2) si
z=ap(l —eé)isinﬁ:aE(l t) s1nclp
(1 — eXsin’ )

Let us consider now another point Py, placed at a height H above the ellipsoid,
that is, at a height H above the mean sea level, along the normal in P to the
ellipsoid. By inspection of the preceding figure, the x and z components of the
height H result

Ax = H cos ¢
Az =H sin ¢

The quantities Ax and Ay are the increments which must be added to the
co-ordinates of P derived above, to obtain the co-ordinates of Py as functions of
geodetic latitude (¢), altitude (H) above the mean sea level, and equatorial radius
(ag) and eccentricity (eg) of the ellipsoid representing the Earth:

ag
Xxg=|—— +H|cosep zg=

+H | sing
(1 —esin® )

=

—

—

I

)
o]

2.

=

S

S~—

When the flattening (f) of the Earth ellipsoid is used instead of eg, that is, when
e is replaced by 2f — f, then the expressions derived above become

Xy = aE - +H »coso
[1— (2f —f?)sin ¢’
ag(l —f)

[1— (2f — f?)sin’g]’

= +H psin ¢
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The third co-ordinate of Py is the east longitude (4) of Py. Thus, if we know the
Greenwich sidereal time (0), it can be used with the east longitude of Py to
compute the local sidereal time (), which is the angle between the X-axis (pointing
towards the vernal equinox) of the geocentric-equatorial system XYZ and the local
meridian. As will be shown below, the xz and zz co-ordinates plus the angle 0, in
turn, are used to locate the observer site in the geocentric-equatorial system.

In the model representing the Earth as a perfect sphere of radius rg, rg was the
vector from the centre of the Earth to the position of the radar station on the surface
of the Earth, with respect to the geocentric-equatorial system XYZ.

Now, likewise, in the model representing the Earth as an oblate ellipsoid, let rg
be the position vector from the centre, O, of the Earth to the point Py, with respect
to the same system XYZ. The components of rx are then

rg = (xgcos Q)uy + (xg sin O)uy + zyuz

where uy, uy, and u; are the unit vectors along, respectively, X, Y, and Z.

Now, the vectors which have been expressed in the topocentric-horizon (or
UVW) co-ordinates must be converted into the geocentric-equatorial (or XYZ)
co-ordinates. The angle 65 from the unit vector uy (pointing towards the vernal
equinox) and the Greenwich meridian is the Greenwich sidereal time. This angle,
added to the geographic longitude A of the radar site measured eastward from
Greenwich, yields the local sidereal time 0, as follows

0=0s+41

The angles ¢ and 0 determine the relation between the topocentric-horizon system
and the geocentric-equatorial system. To this end, it is necessary to compute 0 at
any given time . When 6 is known, 6 results from the expression (6 = 0 + 1)
given above. Let 05, be the Greenwich sidereal time at some particular time #, (e.g.
to = 0 h Universal Time on the 1% of January of the year of interest). When 0 is
known, then the local sidereal time 6 at any given time ¢ can be determined from

0:000+w5(t—to) + A

where wg = 7.292 x 107> rad/s is the angular velocity of the Earth about its axis.
The following paragraph will show how to compute O, that is, 0 at 0 h Universal
Time for every day of the year of interest. The same paragraph will also provide
further information on the concept of sidereal time introduced here.

It is to be noted that the vector rr = OPy shown above is the position vector
from the centre, O, of the Earth to the point Py; (where the observer is located), with
respect to the geocentric-equatorial system XYZ. The knowledge of rz and p, where
p = PyQ is the position vector of a celestial body Q in the topocentric-horizon
system UVW, suffices for orbits of bodies revolving about the Earth, because
r = rg + p, where for such orbits r is the position vector from the centre of mass, O,
of the Earth to the body Q revolving in a geocentric orbit.
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Following Boulet [12], we consider now bodies revolving about the Sun. With
reference to the following figure, let r be the position vector of a body B revolving
about the Sun, with respect to a celestial reference system XYZ whose origin is the
centre of mass of the Sun, and whose plane XY is the Earth equator.

Let E and S be the centres of mass of, respectively, the Earth and the Sun. Let p
be the topocentric position vector of the body B. As shown below, the knowledge
of rp = EPy and s = ES is necessary to compute PyS = —EPy + s.

r

Equator

The vector EPy defines the position of the observer with respect to the centre of
the Earth at time 7. The local sidereal time 0, the latitude ¢, and the east longitude 4
are used to compute the rectangular components of EPy.

The most common unit of measurement for distances of celestial bodies within
the solar system is the astronomical unit (AU), which has been defined in Sect. 1.13
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Let ag = 4.263523 x 1073 AU (from Ref. [12]) be the radius of the Earth
expressed in astronomical units (AU). The rectangular components of rz = EPy at
time ¢ are

rgx = ag cos ¢ cos 6
rgy = ag cos @ sin 6

rez = aEsin(p

As to the components X, Y5, and Zg of the solar vector s = ES, the geocentric
rectangular equatorial co-ordinates of the Sun, with respect to the mean equator and
equinox of J2000.0 (the 1% of January 2000 at noon), are published each year, for
every day of the year, in “The Astronomical Almanac”. The tabular values of the
co-ordinates of the Sun can be interpolated so as to obtain the values relating to the
time of interest. Alternatively, a simple algorithm can be used for computing the
angular co-ordinates of the Sun to an accuracy of about 1 arc-minute within two
centuries of 2000, which is given by the U.S. Naval Observatory [72]. This and
other similar algorithms require the knowledge of concepts on the measurement of
time in astronomy which have been not yet introduced to the reader and will be
shown at the end of Sect. 2.4.

When Xg, Y, and Zg are known, the components of PyS result from

(PuS)y = —(ag cos ¢ cos0) + X
(PuS)y = —(agcos ¢ sinf) + Y
(PHS)Z = 7((15 sin QD) +ZS

and therefore r is given, in the heliocentric system XYZ, by

r=—-PuS+p

2.4 The Measurement of Time in Astronomy

As has been shown in the preceding paragraph, the determination of the orbit of
either an artificial satellite or a natural celestial body by means of observations
makes it necessary to record not only the observations themselves but also the times
at which they have been performed.

The time commonly used in every-day life is the time indicated by ordinary
clocks, that is, the mean solar time. The measurement of solar time is based on the
apparent motion of the Sun through the sky, due to the rotation of the Earth about
its axis, as seen by an observer placed in a fixed point of the surface of the Earth.
Thus, a solar day is the interval of time taken by the Sun, in its apparent motion
around the Earth, to travel an arc of 360° along the sky. In other words, a solar day
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is the time elapsed between two consecutive passages of the Sun across the same
meridian of the place of observation. By meridian of the place of observation we
mean the great circle passing through the two celestial poles and the zenith of the
site. A solar day is measured by the astronomers from noon to noon, and is divided
into 24 h, or 24 x 60 = 1440 min, or 24 x 60 x 60 = 86400 s.

However, the rotation of the Earth about its axis does not comprise exactly 360°
in a solar day, because the Earth also revolves about the Sun. In order for the Earth
to do one revolution about the Sun, that is, in order for the Earth to travel an arc of
360° about the Sun, 365.25 solar days are necessary.

Thus, 360° travelled in 365.25 solar days are about 0°.985626 per solar day.
This means that, in the course of a solar day, the direction of the Sun seen from a
point of the Earth changes by about 1°. This also means that the Earth must travel
an arc of about 361° in order for the Sun to travel (in its apparent motion with
respect to the Earth) an arc of 360° along the sky.

The astronomers are interested to determine the rotation time of the Earth about
its axis not only with respect to the Sun, but also with respect to the distant stars (the
so-called fixed stars). In other words, they want to determine how long it takes the
Earth to rotate 360° around its axis with respect to the fixed stars. This period of
rotation is called sidereal day and can be determined by observing the starry sky by
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night. The difference between solar day and sidereal day is illustrated in the pre-
ceding figure (due to the courtesy of Wikimedia, Ref. [1]), where the amplitude of
the angle o = 0°.985626 has been exaggerated for the sake of clarity.

When the Earth is in position A along its orbit, the Sun and a given star of
reference are, both of them, overhead. In position B, the Earth has performed a
complete rotation about its axis, so that the star of reference (but not the Sun) is
overhead again. The time interval taken by the Earth to move from A to B equals
one sidereal day. Shortly after time 7, that is, at time 7., the Sun is overhead again.
The time interval taken by the Earth to move from A to C equals one solar day.
Thus, two consecutive passages of a fixed star (chosen as the star of reference)
across the same meridian of the Earth measure one sidereal day, which is also
divided into sidereal hours, minutes, and seconds.

Since two consecutive passages of the star of reference through the same
meridian take about 23 h, 56 min and 4 s of ordinary solar time to occur, then a
sidereal day is on the average 3 min and 56 s shorter than a solar day. In other
terms, a solar day is longer than a sidereal day by a factor which is about

360 +0.985626

360 = 1.00273785

The United States Naval Observatory [75] indicates a value of 1.00273790935
for this factor. This is the value which will be used below.

In general terms, sidereal time is defined by some authors (see, e.g., Refs. [34,
53]) as the hour angle of the vernal equinox, that is, the hour angle of the ascending
node of the ecliptic on the celestial equator. This is because the daily motion of the
vernal equinox measures the rotation of the Earth with respect to the fixed stars, not
to the Sun. By the way, the hour angle of any given point is the angle between the
half plane determined by the rotation axis of the Earth and the zenith (half of the
meridian plane) and the half plane determined by the rotation axis of the Earth and
the given point. This angle is taken with the minus sign if the given point is
eastward of the meridian plane, and with the plus sign if the given point is westward
of the meridian plane. The hour angle is usually expressed in time units (hours,
minutes, and seconds), where 24 h correspond to 360°. In particular, a sidereal day
is the interval of time taken by the hour angle of the vernal equinox to increase by
360°.

There are no two solar days having the same duration. This is because the axis of
rotation of the Earth is not perpendicular to the ecliptic (that is, to the plane
containing the orbit of the Earth around the Sun), and also because the orbit of the
Earth is slightly elliptical. Since the areal velocity of the Earth is constant, the Earth
moves faster along its orbit at perihelion (early in January) than it does at aphelion
(early in July). Thus, a mean solar day is defined by making reference to the Earth
revolving about the Sun in a circular orbit placed in the same plane as that of the
ecliptic and having the same period as that of the real elliptical orbit [5].

The difference between the true and the mean solar time is called the equation of
time. The two causes (that is, the eccentricity of the Earth orbit and the obliquity of
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the ecliptic) mentioned above produce effects which overlap with different periods
of time, because the eccentricity has a period of one year, whereas the obliquity of
the ecliptic has a period of half a year. Consequently, the equation of time has two
minima and two maxima per year, as has been shown by Husfeld and Kronberg
[38].

As we all know, the Earth comprises 24 time zones, equally spaced in longitude
of about 15°, so that the mean solar time of each zone differs by & 1 h from the
mean solar times of the two contiguous time zones. The world time zones are
shown in the following figure, due to the courtesy of CIA [16].

STANTHARD TIME FORES OF THIE WORL:

Of all these mean solar times, that which relates to the Greenwich meridian is
called Greenwich Mean Time (GMT) or Universal Time (UT1) or Zulu time (Z).

There are several versions of Universal Time, the principal of which are the
following:

e UTO is the mean solar time of the Greenwich meridian obtained from direct
astronomical observations.

e UTI is UTO corrected for the effects of small movements of the Earth relative to
the axis of rotation (polar variation).

e UT2 is UTI corrected for the effects of a small seasonal fluctuation in the rate of
rotation of the Earth. UT2 is mainly of historic interest and rarely used.

Universal Time is based on the imaginary mean Sun, which takes into account
the effects on the solar day of the weakly elliptic orbit of the Earth about the Sun.
As shown above, UT1 is a measure of the rotation angle of the Earth around its axis
as resulting from astronomical observations, account being taken of slight move-
ments of the Earth poles of rotation. UT1 predicts the solar position with sufficient
accuracy for astronomical purposes, but the duration of a second derived from UT1
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varies noticeably because of variations of the Earth rotation (the velocity of the
Earth rotation is variable).

As has been shown by various authors (see, e.g., McCarthy [52]), these varia-
tions may be classified into three types: secular, irregular, and periodic.

The secular variation of the Earth rotational velocity depends on the apparently
linear increase in the length of the day due mainly to tidal friction. The Moon and
(to a lesser extent) the Sun raise tides in the oceans. Friction carries the maximum
tide ahead of the line joining the centres of the Earth and Moon. The resulting
couple decreases the velocity of rotation of the Earth and increases the orbital
momentum of the Moon. In other words, the Earth loses energy and slows down,
whereas the Moon gains this energy and increases its orbital period and distance
from the Earth. According to McCarthy, the decrease of the Earth rotational
velocity results in an increase of the day duration by about 0.0005 to 0.0035 s per
century. According to Espenak and Meeus [23], the secular acceleration of the
Moon implies an increase in the day length of about 0.0023 s per century. The
irregular variation of the Earth rotational velocity appears to be due to random
accelerations, but may be correlated with physical processes occurring on or within
the Earth. The resulting variation in the day length is evaluated by McCarthy to
0.001 s over the past 200 years.

Finally, the periodic variation of the Earth rotational velocity is associated with
periodically repeatable physical processes affecting the Earth. According to
McCarthy, tides raised in the solid Earth by the Moon and the Sun produce changes
in the length of the day with amplitudes of the order of 0.00005 s and with periods
of 18.6 years, 1 year, 2 year, 27.55 days, 13.66 days, and others. Due to the
reasons indicated above, the rotational velocity of the Earth varies in an unpre-
dictable manner.

In the most common civil usage, Universal Time is related to a time called
Co-ordinated Universal Time (UTC), which provides the basis for Civil Time.

UTC is kept by several time laboratories around the world and is measured by
high-precision atomic clocks. The length of a UTC second is defined in terms of an
atomic transition of Caesium under specific conditions and does not depend on the
observation of astronomical phenomena. The international standard UTC is pro-
vided by the International Bureau of Weights and Measures on the basis of the data
coming from the timing laboratories and is accurate to about 1 x 1077 s (that is,
1 ns) per day. UTC is made public by various radio stations, which also provide the
difference between UTC and UT1, so that the latter can be computed as a function
of the former. As mentioned above, UTC is the basis to compute Civil Time in the
time zones of the Earth. By international agreements, UTC (which is measured by
atomic clocks) cannot differ from UT1 (which is measured by the rotation of the
Earth) by more than 0.9 s. When this limit is approached, a one-second change
(called leap second) is introduced into UTC. The UTC can be easily computed
starting from the local Civil Time (CT), which depends on where the observer is
placed, as follows



154 2 Orbit Determination from Observations

UTC =CT+z

where z is the number of standard time zones by which the observer is displaced to
the west of the Greenwich meridian. Some of the Earth time zones are indicated
below:

e Western European Time (0 h of difference with respect to UTC);
Central European Time (+1 h);
USA, comprising in turn:

— Atlantic Standard Time (—4 h);

— Eastern Standard Time (—5 h);

— Central Standard Time (—6 h);

— Mountain Standard Time (=7 h); and
— Pacific Standard Time (—8 h);

e Moscow Time (+3 h);
e Tokyo Time (+9 h).

In particular, there are four standard time zones in the conterminous USA. From
east to west they are: Eastern Standard Time (EST), Central Standard Time (CST),
Mountain Standard Time (MST) and Pacific Standard Time (PST), as shown in the
following figure (due to the courtesy of the National Atlas of the United States [59]).
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Consequently, for any given place within the conterminous USA, UTC can be
computed by means of one of the following expressions

UTC = EST +5
UTC = CST + 6
UTC = MST + 7
UTC = PST + 8

For example, we want to compute the UTC corresponding to
1:21:15 pm EST
First, we convert this time to a 24-h clock, as follows
1:21:15 pm EST + 12" = 13:21:15EST
Then, adding 5 h (see above) to 13:21:15 EST, we have
13:21:15 EST + 5" = 18"21™15° UTC

The International System of Units (usually abbreviated as SI) defines the second
as the duration of 9,192,631,770 periods of the radiation corresponding to the
transition between the two hyperfine levels of the ground state of the Caesium 133
atom. This defines, in the abstract, the Atomic Time [38]. In practice, since atomic
clocks do not agree fully with one another, the weighted mean of several hundred
atomic clocks, placed in various laboratories on the Earth, is used to define the
so-called International Atomic Time (usually abbreviated as TAI).

As has been shown above, at about 1930, the Earth rotational period was found
to be irregular and therefore, for purposes of orbital calculations, time based on
Earth rotation was abandoned to choose a more uniform time scale based on the
Earth orbit about the Sun. Thus, the Ephemeris Time was defined as the time scale
which, together with the laws of motion, predicts correctly the positions of celestial
bodies. Because of this property, the Ephemeris Time is used as the argument of the
ephemerides, that is, of the tables giving the positions of the Sun, Moon, planets,
and respective satellites as a function of time. For this purpose, in 1958, the
International Astronomical Union (IAU) decided that “Ephemeris Time is reckoned
from the instant, near the beginning of the calendar year AD 1900, when the
geometric mean longitude of the Sun was 279 degrees 41 min 48.04 s, at which
instant the measure of Ephemeris Time was 1900 January 0, 12 o’clock precisely”.
Ephemeris Time was used for ephemeris calculations for the solar system until
1979, when it was replaced by Terrestrial Dynamical Time (TDT). TDT takes into
account relativistic effects and is based on International Atomic Time (TAI), which
has been defined above. To ensure continuity with Ephemeris Time, TDT was
defined to match ET for the date 1977 January 1. In 1991, the AU modified the



156 2 Orbit Determination from Observations

definition of TDT to make it more precise. It was also renamed Terrestrial Time
(TT); however, the old name (Terrestrial Dynamical Time) is still used. According
to the United States Naval Observatory [73], Terrestrial Time is effectively equal to
International Atomic Time plus 32.184 s exactly. Thus, the epoch designated
“J2000.0” is specified as Julian date (see definition below) 2451545.0 TT, or 2000
January 1, 12 h TT. This epoch is also expressed as 2000 January 1, 11:59:27.816
TAI or 2000 January 1, 11:58:55.816 UTC [74]. As a result of the decrease, at an
irregular rate, of the rotational velocity of the Earth, the difference

AT = TT —UTI1

also decreases irregularly. The exact value of AT cannot be predicted and can only
result from the historical record and observations.

Since this value must be known to predict the correct times of astronomical
events (such as eclipses), then a series of polynomial expressions have been created
by Morrison and Stephenson [55], Espenak and Meeus [23], and Islam et al. [40] to
evaluate approximately A7 during intervals of time of interest. Some examples
(from Ref. [23]) of such evaluations are given below. Let the decimal year (y) be
defined as follows

month — 0.5

y = year + D

which expression gives y for the middle of the month of interest.
Let t = y — 2000. Then, the approximate value of AT (in seconds) is given by:

AT = 63.86 + 0.33451 — 0.060374 £ + 0.0017275 £ + 0.000651814 ¢*
+ 0.00002373599¢° (with year between 1986 and 2005)
AT = 62.92 + 0.32217¢ + 0.005589¢* (with year between 2005 and 2050)
AT = =20 + 32[(y — 1820)/100]* — 0.5629 (2150 — y)
(with year between 2050 and 2150)

Section 2.3 has shown that a change of reference system from the
topocentric-horizon (or UVW) system to the geocentric-equatorial (or XYZ) system
requires the latitude (@) and longitude (1) of the observer and the Greenwich
sidereal time (0g). If 05 were known on a particular day and at a particular time,
then 0 could be determined for any future day and time, because we know, as has
been shown above, that the Earth turns through 1.00273790935 rotations on its axis
per day.

Let Ogo be the value of 0y relating to 0 h UT1 on the 1% of January of a
particular year. Let day 0 designate the 1% of January of the chosen year. Then, day
30 will designate the 31% of January, day 58 will designate the 28" of February, and
so on, as shown in the following table, where the numbers in parentheses refer to
the leap years.
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Date Day No. Date Day No.
31 January 30 31 July 211(212)
28 February 58 31 August 242(243)
31 March 89(90) 30 September 272(273)
30 April 119(120) 31 October 303(304)
31 May 150(151) 30 November 333(334)
30 June 180(181) 31 December 364(365)

In addition, any time can be expressed as a decimal fraction of a day. By so
doing, any given set of values specifying a date and a time can be converted into a
single floating-point number (D), such that its integral part indicates the number of
days and its fractional part indicates the fraction of days elapsed from the chosen
origin of times.

Consequently, 0 is expressible in degrees as follows

O0c = 05+ 1.00273790935 x 360 x D
or in radians as follows
0g = Ogo + 1.00273790935 x 21 x D

The methods used to determine sidereal time are based on a continuous count of
days and fractions of day obtained by means of the Julian Day. The Julian Day or
Julian Day Number (J/DN) is the number of days that have elapsed since an initial
epoch. The initial epoch has been set at noon Universal Time, Monday, the 1% of
January 4713 BC in the proleptic Julian Calendar (that is, in the Julian calendar
extended earlier in time so as to include dates preceding 4 AD). The initial epoch,
which is counted as Julian Day 0, corresponds to the 24" of November 4714 BC in
the proleptic Gregorian calendar (that is, in the calendar obtained by extending the
Gregorian calendar backwards to years earlier than 1582, using the Gregorian leap
year rules). The Julian date (JD) is a continuous count of days and fractions thereof
elapsed since the same initial epoch, as follows

JD = JDN + un
- 24

According to the definition given above, a Julian date comprises an integral part
and a fractional part. The integral part of a Julian date is the Julian Day Number,
whereas its fractional part is the time of day elapsed from noon UT1 expressed as a
decimal fraction of a day.

Examples of this fractional part are given below. A fractional part equal to 0.5
indicates midnight UT1, because the Julian Day begins at noon. A fractional part of
0.1 indicates UT1/24 = 0.1, that is, UT1 =24 h (or 2.4 x 60 = 144 min or
2.4 x 60 x 60 = 8640 s) elapsed from noon. Methods and tables for computing
JDN from a date expressed in year, month, and day of our Gregorian calendar have
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been indicated by several authors and can also be found in the Internet. Curtis [20]
and Boulet [12] use the following method

JDN =367y — INT{1.75[y+ INT(m/12 + 0.75)]} 4+ INT(275m/9)
+d+ 17210135

where the function INT(x) means truncation (that is, retaining the integral part and
dropping the fractional part of the argument x of the function INT), y is the full
four-digit year, m is the month and d is the day of the Gregorian calendar date to be
converted. Curtis points out that y, m, and d are integers such that:

1901 <y <2099
1<m<12
1<d<3l1

This means that the formula given above holds only if the year of interest falls
between 1901 and 2099.

These limitations do not affect another method, proposed by Jefferys [41], which
method is based on the following rules. As is the case with Boulet’s method,
Jefferys expresses a Gregorian calendar date as y-m-d, where y is the year, m is the
month number (January = 1, February = 2, etc.), and d is the day in the month. If
the month is January or February, then 1 must be subtracted from the year to get a
new value of y, and 12 must be added to the month to get a new value of m. Thus,
January and February of a given year are considered as being, respectively, the 13™
and the 14™ month of the previous year.

Then, the computation follows the following scheme

a = INT (y/100)

b =1INT(a/4)

c=2—-a+b

e = INT[365.25 (y + 4716)]

f = INT[30.6001 (m + 1)]
JDN =c+d+e+f— 15245

This is the Julian Day Number for the beginning of the desired date at 0 h, UT1.
To convert a Julian Day Number to a Gregorian calendar date, Jefferys [41] uses the
following method, assuming that the JDN is for 0 h, UT1 (so that it ends in 0.5).
The necessary calculations are shown below. Jefferys notes that his method does
not give dates accurately in the proleptic Gregorian Calendar; in particular, the
method fails if y is less than 400.
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z=JDN+ 0.5

w= INT[(z — 1867216.25)/36524.25]
x= INT (w/4)

a=z+14+w—x

b=a+ 1524

¢ = INT[(b — 122.1)/365.25]

d = INT (365.25¢)

e = INT[(b — d)/30.6001]

f = INT (30.6001¢)

dayof month =06 —d —f

month = e — 1 ore — 13(the number obtained must be less than or equal to 12)
year = ¢ — 4715 (if the month is January or February) or ¢ — 4716 (otherwise)

The U.S. Naval Observatory has an Internet-based calculator [71], which makes
it possible to compute automatically the Julian date.
As an example, let us convert the following Gregorian calendar date and time

3 February 2011 at 13:15:18 UT1

into the corresponding Julian date, by using Boulet’s method.
Since the condition 1901 < y < 2099 is satisfied for y = 2011, then we can
compute the Julian Day Number as follows

JDN = 367 x 2011 — INT{1.75 x [2011 +INT(2/12 +0.75)]} + INT(275 x 2/9)
+3+41721013.5
= 738037 — INT{1.75 x [2011 +INT(0.917)]} + INT(61.111) + 3 + 1721015.5
— 738037 — INT[1.75 x (2011 + 0)] + 61 43 + 1721013.5
— 738037 — INT(3519.25) + 1721077.5 = 2455595.5 days

The universal time, expressed in hours, is

15 18

Finally, the desired Julian date is

UT1 13.255
JD = JDN + EyE 2455595.5 +

~ 2455596.05229 days
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Now, let us apply Jefferys’ method to the same example. Since, in this case, the
month is February, then 1 must be subtracted from the year (2011) to get a new
value of y (2011 — 1 = 2010), and 12 must be added to the month (2) to get a new
value of m (2 + 12 = 14). Then the Julian Day Number is computed as follows

a = INT(y/100) = INT(2010/100) = INT(20.10) = 20

b = INT(a/4) = INT(20/4) = INT(20/4) = 5

c=2—a+b=2-20+5=-13

e = INT[365.25 (y + 4716)] = INT[365.25 x (2010 4 4716)] = INT(2456671.5)
= 2456671

f =INT[30.6001 (m + 1)] = INT[30.6001 x (14 + 1)] = INT(459.0015) = 459

JDN = c+d+e+f — 15245 = —13 +3 + 2456671 +459 — 1524.5 = 2455595.5

which is the same value as that computed previously by means of Boulet’s method.
Now, Jefferys’ method is applied to the case JDN = 2455595.5 to obtain the
corresponding Gregorian calendar date. Using the rules indicated above, we have

Z = 2455595.54+ 0.5 = 2455596

w = INT[(2455596 — 1867216.25)/36524.25] = INT(16.109) = 16
x=1INT(16/4) = INT(4) =4

a = 2455596 +1+ 16 — 4 = 2455609

b = 2455609 + 1524 = 2457133

¢ = INT[(2457133 — 122.1)/365.25] = INT(6726.929) = 6726
d = INT(365.25 x 6726) = INT(2456671.5) = 2456671

e = INT[(2457133 — 2456671)/30.6001] = INT(15.098) = 15
f =1INT(30.6001 x 15) = INT(459.0015) = 459

day of month = 2457133 — 2456671 — 459 =3

month =15—-13 =2

year = 6726 — 4715 = 2011

As was expected, the resulting Gregorian calendar date is 3 February 2011.

The U.S. Naval Observatory also gives algorithms in FORTRAN programming
language, which are due to Fliegel and van Flandern [25]. The current Julian epoch
has been set to the 1°* of January 2000 at noon. This epoch is denoted by J2000.0
and corresponds to the Julian Day Number 2451545.0.

A Julian year has 365.25 days and consequently a Julian century has
36525 days.

Let T be the time, expressed in Julian centuries, elapsed between a given Julian
day Jy and J2000.0. Then the time T results from
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. _Jo—2451545.0
0= 36525

The time 05 (that is, the Greenwich sidereal time at O h UT1) can be expressed
(in seconds) as a function of the dimensionless time T, by means of the following
formula given by Aoki et al. [4]:

Oco = 24110°.54841 + 8640184°.812866 Ty + 0°.093104T,> — 0°.0000062107,*

where the superscript s stands for seconds. If, as is often the case, we want to
express 0o in degrees, then the coefficients appearing in the formula given above
must be multiplied by 360/(24 x 3600). The same formula expressed in degrees is

0o = 100.460618375 + 36000.7700536 T, + 0.000387933 T,> — 2.5875
x 107873

Since the value computed by means of the preceding formula may be outside the
interval 0° < 050 < 360°, then the computed value must, if necessary, be brought
into that interval by adding or subtracting an integral multiple of 360°.

This done, the Greenwich sidereal time (0g) relating to any other universal time
than O h can be found as follows

UT1
0 = 0o+ 360.985647366—

where 360.985647366 = 1.00273790935 x 360 is the number of degrees covered
by the Earth in its rotation about its axis in 24 h (solar time). If the (local) sidereal
time 0 is required for a site placed at an east longitude 2, then

0=10s+41

As shown above, in case of the value of 0 being greater than 360°, it is necessary
to bring it into the interval 0° < 0 < 360° by subtracting an integral number of 360°
from the computed value.

As an example of application, let us compute the local sidereal time in degrees
for Kiruna, Sweden (latitude ¢ = 65°.85N; longitude / = 20°.2167E) on the 13" of
February 2012 at 2:30:00 UT1. First, we use Jefferys’ method to compute the Julian
Day Number, that is, the Julian date relating to 13" of February 2012 at 00:00:00
UTT1. Since, in this case, the month is February, then 1 must be subtracted from the
year (2012) to get a new value of y (2012 — 1 = 2011), and 12 must be added to the
month (2) to get a new value of m (2 + 12 = 14).
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Then the Julian Day Number (Jy) is computed as follows

a =INT(y/100) = INT(2011/100) = INT(20.11) =20

b =1INT(a/4) = INT(20/4) = INT(5) =5

c=2—a+b=2-20+5=-13

e = INT[365.25 (y +4716)] = INT[365.25 x (20114 4716)] = INT(2457036.75)
= 2457036

f =1INT[30.6001 (m + 1)] = INT[30.6001 x (14 4+ 1)] = INT(459.0015) = 459

Jo=c+d+e+f—1524.5 = —13 + 13 + 2457036 + 459 — 1524.5 = 2455970.5

Second, the dimensionless time T results from the expression shown above

Jo—2451545.0  2455970.5 — 2451545.0
0= 36525 - 36525

=0.12116358658453

Thirdly, 0go is computed by using Aoki’s formula expressed in degrees

0co = 100.4606184 + 36000.77005 Ty + 0.000387933 7> — 2.5875 x 107%7,°

Substituting Ty = 0.12116358658453 in the preceding formula, there results

Oco = 100.4606184 + 36000.77005 x 0.12116358658453 + 0.000387933

x 0.12116358658453% — 2.5875 x 10~% x 0.12116358658453>
= 4462°.44304315801945

Since this value is outside the interval [0, 360], we bring it into that interval by
subtracting a multiple of 360° from it. To this end, we observe that

INT <4462.443(;2?)15801945) _

It follows that
Oco = 4462.44304315801945 — 12 x 360 = 142°.44304315801945
The universal time given in this example is 2:30:00, that is,
UT1 =2.5h

Thus, the Greenwich sidereal time 65 is computed by replacing 059 with the
value obtained above and UT1 with 2.5 into the expression
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UT1
0¢ = 0o + 360. 985647366—4

This yields

Oc = 142°.44304315801945 + 360.985647366 x 2.5/24
= 180°.04571475864445

Finally, the east longitude of Kiruna (4 = 20°.2167) must be added to 0 to
obtain the local sidereal time, as follows

0 = 0g+ A = 180°.04571475864445 + 20°.2167 = 200°.26241475864445

2.5 Orbital Elements from Angle and Range
Measurements

The orbital elements of a space object Q revolving around the Earth and shown in
the following figure are determined when its position (r) and velocity (r') vectors,
with respect to the geocentric-equatorial system XYZ, are known at a given time.

Up (Zemth)

/

(towards ‘Y’)

Section 2.3 has shown how to determine Q as a function of the line-of-sight
vector p of Q with respect to the topocentric-horizon system UVW (located at the
radar station P) and the position vector rp of P with respect to the
geocentric-equatorial system. The geocentric position vector r = OQ of the space
object Q results from
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r=reg+p=rg+pu,

where u, = p/p is the unit vector having the direction of p. The velocity (') and
acceleration (") vectors of Q, with respect to the geocentric-equatorial system XYZ,
result from differentiating once and twice the preceding expression with respect to
time. This yields

v =ry+pu,+pu,
/! /! /! /! /! n ]! 1 /! n
r=rg+p up+pup+pup+pup =rp+pu,+ 2pup+pup
Now, all vectors appearing in the preceding expressions must be expressed in the
same reference system, that is, in the geocentric-equatorial reference system XYZ.

To this end, it is to be noted that rz = OP is a vector which rotates with the Earth at
a constant angular velocity wg equal to

WEg = WEUZ

where g is the magnitude of wg, and u is the unit vector of the Z-axis. Since rg
rotates with the Earth, then its first (#'z) and second (r"g) time derivatives result
from the following expressions

Iy = @ Xrg
ry = op X (0p X rg)
Let lx, fy, and ¢, be the direction cosines of PQ with respect to the

topocentric-equatorial system X,Y,Z,, having its origin in P and its axes parallel to,
respectively, X, Y, and Z. The unit vector u, = p/p is expressible as follows

u, = lxuyx + lyuy + lzuz

Since the unit vectors uy, uy, and u; do not change with time, then the first and
second time derivatives of the preceding expression are

! ! 4 U
u, = lyux + byuy + lyuz

" " 1" "
up = KXuX + EYMY + Ezuz

Now, since u,, = (cos 0 cos &) ux + (cos 6 sin o) uy + (sin 6) uz, where 6 and o
are, respectively, the declination and right ascension of Q, then the direction cosines
of PQ with respect to the topocentric-equatorial system are expressible in terms of ¢
and o as follows
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fx = COSO coSs o
ly
{7 = sinod

cos o sin o

Differentiating the preceding expressions with respect to time yields

¢y = —d sino cos & — &' cos o sin &
0y, = o cos o cos & — &' sino sin d
t, = cosd
0y = —o sino cos § — " cos o sin & — (o2 + &'%) cos o cos & + 20/ sin o sin

. . / . ! .
¢ = o cosa cosd — " sina sind — (o2 4 6'%) sina cos & — 20/’ cos o sin

0 = 3" cosd — &'*sind

Now, let ¢y, ¢y, and {y be the direction cosines of PQ with respect to the
topocentric-horizon system UVW, having its origin in P and its axes pointing to,
respectively, east, north, and zenith.

As shown in Sect. 2.3, the unit vector of the direction PQ is

u, = (cosh sinA)uy + (cosh cos A)uy + (sinh) uy

where h and A are, respectively, the altitude angle and the azimuth angle of Q.
Consequently, the direction cosines of PQ with respect to the
topocentric-horizon system UVW are

fy = cosh sinA
fy = cosh cosA

fw = sinh

The direction cosines fx, fy, and ¢, of PQ with respect to the
geocentric-equatorial system XYZ can be obtained by means of the co-ordinate
transformation shown in Sect. 2.3, that is,

Lx —sinf —sing cos® cos cosb | | Ly
Ly | = | cos@ —singsinf cosesinf | | 4y
Uy 0 cos @ sin ¢ Ly
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replacing lx, Ly, {7, Ly, Ly, and fy by their respective values yields

cos d cos o —sinf —sing cosf cos¢@ cosO | | cosh sinA
cosdsing | = | cos@ —singsinf cose sinf | | cosh cosA
sin o 0 cos @ sin @ sinh

Expanding the matrix product in the preceding equality leads to
cosd cosa = —sin 6 cosh sinA — sin @ cos 6 cosh cosA+ cos ¢ cos 0 sinh
hence

(cos ¢ sinh — sin ¢ cosh cosA) cos 6 — sin 0 cosh sinA

COos ol =
cos o

cos o sino = cos 0 cosh sinA — sin ¢ sin 0 cos h cos A+ cos ¢ sin0 sinh
hence

(cos ¢ sinh — sin ¢ cosh cosA) sin 0 4 cos 0 cosh sinA

sino =
cos o

sind = cos ¢ cosh cosA + sin ¢ sinh
The preceding expressions of cos a, sin «, and sin d can be simplified by using
the hour angle H, defined in Sect. 2.4, which is the angular distance between the

object observed and the local meridian. In terms of the variables used above, the
hour angle is expressible as follows

H=0-—u
The sine and cosine of the hour angle can be expressed as follows

sin(6 — o) = sinf coso — cos 8 sina

cos( — o) = cos B cosa+ sinf sina
Thus, substituting the following expressions

(cos ¢ sinh — sin ¢ cosh cosA) cos 0 — sin 0 cos h sin A

cos oL =
cos o

(cos @ sinh — sin ¢ cosh cosA) sin 6+ cos 8 cosh sinA

sino =
cos o
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into
sin(f — o) = sinf coso — cos @ sino

yields

sin(0 — ) s'n@[(COS(p sinh — sin ¢ cosh cosA) cos O — sin 0 cos h sinA]
_ o) = si

cos o

(
—cos 0
o8 { cos 0

cos ¢ sinh — sin @ cosh cos A) sin 0 + cos 0 cosh sinA]

cos h sin A
cos &

Likewise, substituting

(cos ¢ sinh — sin ¢ cosh cosA) cos 0 — sin 0 cosh sinA
coso =

sing — (cos ¢ sinh — sin ¢ cosh Cc(gssi\) sin 0 + cos 0 cos h sin A
cos &
into
cos(0 —a) = cos 0 cosa+ sin @ sina
yields

cos(0 — &) = cos 0 [(COS @ sinh — sin ¢ cosh cosA)cos 0 — sin 0 cosh sinA}

cos o

+ sind [(cos @ sinh — sin ¢ cosh cosA) sin 0+ cos 0 cosh sinA}
sin

cos 0
cos @ sinh — sin ¢ cosh cosA

cos 0

This expression makes it possible to compute the hour angle, as follows

{cos @ sinh — sin ¢ cosh cosA}
H = arccos

cos o

which holds if sin H > 0. Otherwise, if sin H < 0, then

H — 27— arccos [cos @ sinh — sin ¢ cosh COSA:|

cos &
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Since the altitude (k) and declination (J) angles range from —n/2 to 7/2 radians,
then neither cos & nor cos d can be negative. Consequently, the expression

. cosh sinA
sinH = —————
cos o

shows that sin H is negative when sin A is positive, which happens when A ranges
from O to 7 radians. In summary, let the topocentric angles azimuth (A) and altitude
(h) of a space object be known at a given time. Let also the latitude (¢) of the
tracking station and the sidereal time (0) be known at the same time. Then, the
topocentric declination () results from the equation derived above

sind = cos ¢ cosh cosA+ sin g sinh
which, solved for ¢, yields
0 = arcsin (cos ¢ cosh cosA+ sin ¢ sinh)
This done, the hour angle (H) results from

| 2m — arccos [(cos ¢ sinh — sin @ cosh cosA)/ cos J) (0<A<m)
"~ | arccos[(cos ¢ sinh — sin ¢ cosh cosA)/ cos d] (n<A<2n)

and the right ascension (o) results from
ao=0—-H

If the azimuth and altitude angles are known as functions of time, then the right
ascension and declination angles can be computed as functions of time by means of
the expressions given above. Then, these functions are differentiated with respect to
time, and the results are introduced into the following expressions

u, = lxux + lyuy +lzuz

! ! 4 !
u, = lyux + lyuy + lyuz

n " " "
up = ﬂXuX + Eyuy + [ZMZ
where

fx = CcOSO cos o
fy = cosd sina

{7 = sinod
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0y = —d sino cos & — &' cos o sin &
0y = o/ cosa cosd — &' sina sind
t, = cosd
0y = —o/ sino cos & — & cos o sin & — (/2 + ') cosa cos 6 + 24/ ¢’ sin o sin

¢ = o cosacosd — & sinosind — (/24 '?)sino cos § — 2o/ &' cosa sin

0 =¢" cosd — §'?sin o

This makes it possible to compute the unit vector u,, and its time derivatives u’,
and u",,. In order to compute o’ and ¢’ from A’ and /', the expression

sind = cos @ cosh cosA+ sing sinh

is differentiated with respect to time, taking into account that ¢ = constant.
This yields

0 cosd = —h' cos @ sinh cosA — A’ cos ¢ cosh sinA+Hh' sin¢ cosh
which in turn, solved for ¢’, yields

—A’ cos ¢ cosh sinA + R (sin ¢ cosh — cos ¢ sinh cosA)
cos 0

8 =

Now, the expression sin H = —(cos & sin A)/cos ¢ is differentiated with respect to
time. This yields

HsinhsinA  A’coshcosA ¢ cosh sinA sind
cosd cos B cos?
(A’ cosh cosA — h'sinh sinA) cos & + &' cosh sinA sin &
cos? d

H'cosH =

Since

cos ¢ sinh — sin ¢ cosh cosA
cosH = 4 d

cos o

then substituting this expression of cos H into the expression of H' cos H yields

, ,{cos @ sinh — sin ¢ cosh cosA
H cosH =H
cos 0

(A’ cosh cosA — I sinh sinA) cos § + &' cos h sinA sin &
cos? o
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The preceding equation, solved for H', yields

A’ cosh cosA — I sinh sinA + &' cosh sinA tan o
cos ¢ sinh — sin ¢ cosh cosA

H =-—

Now, since H = 0 — «, then
H=0-o=wg—d
where g is the angular velocity of the Earth about its axis. It follows that
o =wp—H
that is,

A’ cosh cosA — W sinh sinA + &' cosh sinA tan &
cos ¢ sinh — sin ¢ cosh cos A

o = wg+

As an example of application, we compute the classical orbital elements of a
space object, which the Catalina station of the University of Arizona, Tucson
(latitude @ = 32°.417 N, longitude 4 = —110°.732 E, and height H = 2509 m on
the mean sea level) detected on the 5™ of April 2004 at 6:00:00 UT1, obtaining the
following data:

Slantrange p = 27148 km

AzimuthA = 128°

Altitude h = 41°

Rangerate p’ = 2.267km/s
Azimuthrate A’ = —1.86 x 1075 rad/s
Altituderate /' = 3.42 x 10> rad/s

The three components of the position vector (rg) of the tracking station, with
respect to the geocentric-equatorial system XYZ, are

rg = (xg cos Q)uy + (xp sin O)uy + zyuz

where uy, uy, and u; are the unit vectors along, respectively, X, Y, and Z, xz and zy
are the two co-ordinates of the point Py representing the position of the tracking
station. Let us compute the local sidereal time 6 by means of the date

5 April 2004 at 6:00:00 UT1



2.5 Orbital Elements from Angle and Range Measurements 171
The Julian Day Number (Jy) is computed as follows

a= INT(y/100) = INT(2004/100) = INT(20.04) = 20

b= INT(a/4) = INT(20/4) = INT(5) = 5
c=2—-a+b=2-20+5=-13

e = INT[365.25 (y+ 4716)] = INT[365.25 x (2004 + 4716)] = 2454480

f = INT[30.6001 (m+ 1)] = INT[30.6001 x (4 + 1)] = INT (153.0005) = 153
Jo=c+d+e+f— 15245 = —13 + 5 + 2454480 + 153 — 1524.5 = 2453100.5

The dimensionless time T results from the following expression

 Jo—2451545.0  2453100.5 — 2451545.0
0T 36525 - 36525

= 0.042587

Now, 0o is computed by using Aoki’s formula

Oco = 100.4606184 + 36000.77005 Ty + 0.000387933 Ty> — 2.5875 x 107373
= 100.4606184 + 36000.77005 x 0.042587 + 0.000387933 x 0.042587>
— 2.5875 x 1078 x 0.042587° = 1633°.625413

Since this value is outside the interval [0, 360], we bring it into that interval by
subtracting a multiple of 360° from it. To this end, we observe that

1633.625
INT(—22) =4
N( 360 )

It follows that
0co = 1633.625413 — 4 x 360 = 193°.6254128
The universal time given in this example is 6:00:00, that is, UT1 = 6.0 h.

Thus, the Greenwich sidereal time Og is computed by replacing Ogo with
193.6254128 and UT1 with 6.0 into the following expression

I
0 = O + 360.985647366 <U2_4>

This yields

6
0c = 193.6254128 4 360.985647366 x (24> = 283°.8718246
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The east longitude of Catalina (4 = —110°.732 east) must be added to 65 to
obtain the local sidereal time, as follows

0 =0+ 4= 283°.8718246 — 110°.732 ~ 173°.14

Now, xz and zz are computed as follows

ag
Xy = +H ) coso

(1= (2f —f2)sin® p]*
2
H = ar(1=f) - +H psing
[1—(2f — f?)sin® ¢

where ar = 6378.137 km and f = 0.0033528 are, respectively, the equatorial radius
and the flattening of the Earth (represented as an ellipsoid), and ¢ is the geodetic
latitude (that is, the angle between the equatorial plane and the local vertical)
measured at the tracking station. Taking ¢ = 32°.417, xy and zy result from

1/2

Xy = {6378.137/[1 — (2 x 0.0033528 — 0.00335287) x sin®32°.417] /" + 2.509}

x c0s32°.417 = 5391.552km
= {6378.137 x (1—0.0033528)%/[1 — (2 x 0.0033528 — 0.00335287)

1/2

x sin?32°.417) " + 2.509} X sin 32°.417 = 3400.921 km

Hence, the position vector rp of the tracking station, with respect to the
geocentric-equatorial system XYZ, is

rg = (xg cos Q)uyx + (xy sin O)uy + zyuz
= (5391.552 x cos 173°.14)uy + (5391.552 x sin 173°.14) uy + 3400.921u,
= —5352.954 uy + 643.987 uy + 3400.921 uz (km)

Let us compute now the declination J of the observed object with respect to the
topocentric-equatorial system X,Y,Z;,, by means of the following expression

0 = arcsin (cos ¢ cosh cosA + sin @ sinh)
= arcsin(cos 32°.417 cos41° cos 128° + sin 32°.417 sin41°) = —2°.323

The given azimuth (A = 128°) lies between 0° and 180°. Consequently, the hour
angle H results from the following expression



2.5 Orbital Elements from Angle and Range Measurements 173

cos ¢ sinh — sin ¢ cosh cosA
cos d
c0832°.417 sin41° — sin32°.417 cos 41° cos 128°
cos(—2°.323)

H = 360° — arccos{

= 360° — arccos {
= 323°472
Thus, the right ascension of the observed object results from
o=0—H= 173°.14 — 323°.472 = —150°.332

Now, we compute the unit vector u, of the line joining the tracking station with
the object, with respect to the topocentric-equatorial system X,Y,Z,, by means of

u, = Kxux + gyuy +£Zuz
where

fx = cos O cos o
fy = coso sina

{7 = sin o
This yields

u, = [cos(—2°.323) cos(—150°.332)]ux + [cos(—2°.323) sin(—150°.332)]uy
+ [sin(—2°.323)Juz = —0.8682uy — 0.4946 uy — 0.0405u;

The position vector r (in km) of the observed object results from

r=rg+pu, = —5352.954uy + 643.987 uy + 3400.921 u,
+ 27148 x (—0.8682uxy — 0.4946uy — 0.0405uz)
= —28922.848 uy — 12783.414 uy + 2301.427uy,

The velocity vector r'g of the tracking station, with respect to the celestial
geocentric-equatorial system XYZ, results from

rg:wEer

where rp = —5352.954 uy + 643.987 uy + 3400.921 uy is the position vector of the
tracking station and wg = wg uy is the angular velocity of the Earth around its axis
with respect to XYZ. Remembering that g = 7.292 x 107" rad/s, there results
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ux uy uz
rp=op xrp = 0 0 7.292x107°
—5352.954 643.987  3400.921
= (—643.987 x 7.292 x 107 )uy + (—5352.954 x 7.292 x 10 )uy
= —0.047ux — 0.390uy (km/s)

Now, the declination rate ¢’ of the observed object results from

8 = [~A’ cos ¢ cosh sinA+ K (sing cosh — cos ¢ sinh cosA)]/ cos d
= [1.86 x 107 c0s 32°.417 cos41°sin 128° +3.42 x 107> x (sin32°.417 cos41°
—c0832°.417 sin41° cos 128°)]/ cos(—2°.323) = 3.486 x 107> (rad/s)

The right ascension rate o' of the observed object results from

o = wg+ (A" cosh cosA — I sinh sinA+ 3’ cosh sinA tand)/(cos ¢ sinh
— sin@ cosh cosA) =7.292 x 1075 + [~1.86 x 107 cos 41° cos 128°
— 3.42 x 10 % sin41° sin 128° +3.486 x 107> cos 41° sin 128° tan (—2°.323)]
/[cos 32°.417 sin41° — sin32°.417 cos41° cos 128°] = 6.062 x 1072 (rad/s)

The direction cosine rate vector u’, results from

! ! 4 U
u, = lyux + lyuy + lyuz

where
ty = —o sino cos 6 — &' cosa sind
0, = o coso cosd — & sina sind
¢, =9 cosd
Hence,

#, = —6.062 x 1077 sin(—150°.332) cos(—2°.323) — 3.486 x 107>
x cos(—150°.332) sin(—2°.323) = 2.875 x 1073

l}, = 6.062 x 107> cos(—150°.332) cos(—2°.323) — 3.486 x 107
x sin(—150°.332) sin(—2°.323) = —5.333 x 107

¢, = 3.486 x 107> cos(—2°.323) = 3.483 x 1077
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which, substituted into u', = {'x ux + 'y uy + {'z uz, yield
u, = 2.875 x 10 uy — 5.333 x 10 uy +3.483 x 10 u (rad/s)

The velocity vector r' of the observed object, with respect to the
geocentric-equatorial reference system XYZ, results from

v =rp+pu,+pu,
Hence, the velocity vector r' (in km/s) of the observed object is

¥ = —0.047ux —0.390uy + 2.267 x (—0.8682uy — 0.4946uy — 0.0405u;)
+ 27148 x (2.875 x 10 uyx — 5.333 x 10 2uy 4 3.483 x 10 °uy)
= —1.235uy — 2959 uy +0.854 uy

In summary, the position () and velocity (r') vectors of the space object at the
epoch of observation, with respect to the geocentric-equatorial system XYZ, are

r= —28922.848uy — 12783.414 uy + 2301.427 u, (km)
= —1235uy —2.959uy +0.854uz (km/s)

Now that the position and velocity vectors are known, the corresponding orbital
elements can be computed, as will be shown below.
The radius vector (in km) and the square of the velocity (in km?/s%) at epoch are

1
ro = [(—28922.848)2 1 (—12783.414) +2301.4272T= 31705.573
V2 = (—1.235)* +(—2.959)> +0.854> = 11.01

The vis-viva integral

makes it possible to compute the major semi-axis a (in km) as follows

1 1
a= 2 2 = 5 ol = 28201.744

n 31705573 398600.4
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The angular momentum vector per unit mass (in kmz/s) is

ux

Uy Uz
h=rxr =|-28922.848 —12783.414 2301.427
—1.235 —2.959 0.854

—4107.113 ux + 21857.85uy + 69795.191 uy,

and its magnitude (in km?/s) is

— %_ 2 2 2 %_
h=(h-h)= [(—4107.113) +21857.852 + 69795.191 } — 73253.005
The semi-latus rectum p (in km) results from

K> 73253.005>

PPN 13462084
P = T Rose004 | 1040208

The eccentricity e results from a = p(1 — ez), which, solved for e, yields

1 1
P\ 13462.084) *
= 1——): | — =00 072294582
¢ ( a ( 28201.744) ~ 0722948

The inclination angle i (in degrees) of the orbit with respect to the equatorial

plane is
hz 69795.191
| = — | = ——— | =17°.674
i arccos( L ) arccos (73253'005> 7°.674578
The eccentricity vector e results from

rxh r

u 1o

e

(F' x h)/u= [(—2.959 x 69795.191 — 21857.85 x 0.854)uy + (1.235 x 69795.191

—4107.113 x 0.854) uy + (—1.235 x 21857.85 — 4107.113 x 2.959)uy|
/398600.4 = —0.5649521uy + 0.2074494uy — 0.0982119u;

r/ro = (—28922.848 uy — 12783.414 uy + 2301.427uz)/31705.573
= —0.9122323 uy — 0.4031914 uy + 0.0725875 u
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e= (r xh)/u—r/ro=(—0.5649521 +0.9122323) uy
+ (02074494 +0.4031914) uy + (—0.0982119 — 0.0725875) u,
= 0.3427113 uy + 0.6106408 uy — 0.1707994 u,,

The node vector n is defined by n = u; x h. In the present case, there results
n = nyux +nyuy = —hyux + hxuy = —21857.85uyxy — 4107.113 uy

The magnitude n of the node vector is

n = (n-n)= (21857.85% +4107.113%)’= 22240.368

The right ascension 2 of the ascending node (in degrees) is
Q = arccos (n—x) (ny >0)
n
n

X) (ny <0)

n

Q = 360° — arccos(

In the present case, ny = —4107.113 < 0; thus,

—21857.85

Q = 360° — arccos (22240368

) = 190°.64185

The argument of perigee w results from

® = arccos (u) (ez>0)
ne

® = 360° — arccos (u) (ez<0)
ne

In the present case, ez = —0.1707994 < 0O; hence,

® — 360° — arccos —21857.85 x 0.3427113 — 4107.113 x 0.6106408
B 22240.368 x 0.72294582

= 231°.54665

The true anomaly at epoch ¢q results from

o = arccos (“) (r-r>0)

erop

erp

¢o = 360° — arccos (u) (r-r<0)
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In the present case, there results

r-r = —28922.848 x (—1.235) — 12783.414 x (—2.959) + 2301.427 x 0.854
= 75511.258 > 0
e-r= 0.3427113 x (—28922.848) + 0.6106408 x (—12783.414) — 0.1707994
x 2301.427 = —18111.34334
erg = 0.72294582 x 31705.573 = 22921.41147

Thus, the true anomaly (in degrees) at epoch is

—18111.34334

P = arccos( 22921.41147

) = 142°.19949

In summary, the object detected by the given radar station at the given time
revolves about the Earth in an elliptic orbit having the following elements

a = 28201.744km €Q = 190°.64185
e = 0.72294582 o = 231°.54665
i=17°.674578 ¢y = 142°.19949

2.6 Orbital Elements from Three Measurements of Angles
(Method of Gauss)

As has been shown in the preceding paragraphs, a set of six independent quantities
is required to determine the motion of a celestial body. These six quantities may be
the three components of the position vector and the three components of the
velocity vector, or the six classical elements. A radar station like that described in
Sect. 2.5 provides range and range-rate measurements. Thus, three range mea-
surements (range, declination, and azimuth) plus three range-rate measurements
(range rate, declination rate, and azimuth rate) provide the six required quantities.
This implies the availability of a Doppler radar.

By contrast, the present paragraph and the following one will show how to
determine the orbit of a celestial body when only angular observations are possible.
This happens when only a telescope can be used as a means of observation. When
only angular measurements are possible (e.g. the declination and the right ascension
of the body observed), then three distinct observations are required, each of which
provides the declination and the right ascension of the body.

Following Curtis [20] and Boulet [12], let #, ,, and #; be the three distinct times
at which the three single angular observations are performed. Let P, P,, and P53 be
the three positions of the observed body at, respectively, #,, t,, and #3, as shown in
the following figure. Let ry, r;, and r; be the three position vectors of the observed
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body with respect to the geocentric-equatorial reference system XYZ. Let rgy, rgo,
and rg; be the three position vectors of the point of observation with respect to the
same system of reference.

~__Direction of motion
Py of the object observed

Direction of rotation of the Earth

The relation between ry, r», and r; and rgq, rg», and rgs is

rio=rei+p; =reitpi(pi/p1) =ren+pim
ry =rex+py =rpx+py(p2/p2) =rex+ poun
ry =rg3+ps =res+p3(ps/p3) =res+ psus

where py, p,, and p;3 are the three position vectors of the observed body, with
respect to the topocentric-equatorial reference system X,Y,Z,, at, respectively, t,, t,
and #3. Likewise, p1, p,, and p3 are the magnitudes of the vectors p;, p,, and p3, and
uy = pi/p1, uy = polpo, and us = ps/p; are the three unit vectors along, respec-
tively, py, p2, and p;. The three unit vectors u,, u,, and u3 are determined by
measuring the declination ¢ and the right ascension o of the observed body at,
respectively, t, t,, and #3, as follows

uy; = (cosdjcosay)uyx+ (cosdysinoy)uy + (sindy) uy
u, = (cosdycoson)uy + (cosodysinoy)uy + (sindy) uz

w3 = (cosdszcosaz)ux + (cosdssinoz)uy + (sinds) uz

where uy, uy, and uy are the three unit vectors along, respectively, X, ¥, and Z.
The three vector equations written above

ri=rp+py =rei+pi(p1/p1) =rer+pi
r=rp+py =rp+p(pa/py) =re+paun
ry =rp3+p3 =res+p3(p3/p3) =res+psus

provide nine scalar equations in twelve unknowns, which are the three components
of each of the three position vectors ry, r», and r3 plus the three magnitudes p, p»,
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and p3 (3 X 3 + 3 = 12 unknowns). Three additional scalar equations are provided
by the fact that the motion of the observed body is confined in a plane, because the
moment of momentum per unit mass k is a constant vector (see Sect. 1.1).
Consequently, the three position vectors ry, r,, and r3 are coplanar. This means that
one of these vectors results from a linear combination of the other two. Without loss
of generality, we suppose r, to be a linear combination of r; and r3, so that

ry =ciryt+c3r3

This equation, added to the 9 + 3 = 12 scalar equations written above, intro-
duces two new unknowns (c; and c3). Thus, we have 12 scalar equations and
12 + 2 = 14 unknowns. In addition to the constancy of h, the Keplerian unper-
turbed motion of the observed body implies that the position vector of that body at
any time can be expressed in terms of the position (r) and velocity (v) vectors at any
other time by means of the Lagrangian coefficients (f and g). Thus, in the present
case, the position vectors r; and r; of the observed body at times, respectively, #;
and 3 can be expressed in terms of r, and v, at time #,, as follows

ry = fir; +g1v2
ry = fir, +g3v;

where f and g; are the Lagrangian coefficients computed at time #;; likewise, f; and
g5 are the Lagrangian coefficients computed at time 3.

As shown in Sect. 1.12, in case of small intervals of time between two con-
secutive observations, the Lagrangian coefficients f and g depend only on the
distance existing at the initial time between the attracted body and its centre of
attraction. In this case, designating the intermediate time #, as the initial time and r,
as the distance existing at time 7, between the two mutually attracting bodies, the
Lagrangian coefficients fi, g1, f53, and g3 depend only on the distance r,. The two
vector equations

ry = fir2 +g1v2

r3 = f3r; +g3v2

correspond to six scalar equations. We have then 12 + 6 = 18 equations.

On the other hand, the new unknowns introduced by these six equations are four:
the three components of the velocity vector v, and the distance r,. We have then
14 + 4 = 18 unknowns. Thus, under the hypothesis made above, there is only one
solution to the problem of determining the vectors 7, and v, at the initial time #,.

To this end, we first solve the equation

ry = ciry +c3r3
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for ¢; and c3. The vector product of all terms of this equation by r3 yields
ry Xry = Cl(l‘l X r3) +C3(r3 X r3)

Since the vector product of any vector by itself is the zero vector, then c3(r; X r3)
vanishes identically. Thus,

r, Xr3 = C1(I‘1 X I‘3)
The scalar product of (r; x r;) by all terms of the preceding expression yields
(r1><r3)~(r2><r3) :cl(rlxr3)-(r1><r3) :c1|r1><r3|2

where |r; X r3|2 is the squared magnitude of r; x r;. The preceding equation,
solved for ¢, yields

(I’] X r3) . (I‘Q X I‘3)

Cc1 =

Iry x rs|?

By operating likewise, we form the vector product of all terms of the equation

rh=ciri+cr;
by r,. This yields
roxry=ci(r; xry) +c3(rs xry) =cs3(rs xry)
The scalar product of (r; x ry) and all terms of the preceding expression yields
(rs xry) - (rpxr)) =ci(rs xry) - (r3 xr)) =cslrs X r1|2
Hence,

(rs xry)-(raxry)

C3 =

\r3 X ry |2
Now, we form the vector product r; X r3 and introduce

r=firn+giv
r3 = f3ry +g3v2

into the product r; x r3 . This yields

ri X ry = (firn+giv2) x (fir2 +g3v2)
= fifs(ra xr2) +fig3(r2 X v2) +g1f3(v2 X 1r2) +g183(v2 X v2)
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Now, since the vector product of any vector by itself yields the zero vector, and

r2><v2:h

VQXI'ZZ—(F2><V2) =—h

where h is the constant moment of momentum, then

ry Xrj3

(figs — g1fs)h
ryxry=—(r xr3) =—(figs — g1s)h

It follows that
1 x P = [ x mP= (figs — g1fs) 2

Likewise, we form the vector product r, X r3 and introduce r3 = f3 r, + g3 >
into the product r, x r3. This yields

ry X1y =ry X (i +g3v2) = f3(ra X 1) + g3(r2 X v2) = g3h

Again, we form the vector product r, X r; and introduce r; = f; r, + g; v, into
the product r, x r;. This yields

ry xXry =ry X (firy+giv2) =fi(r2 X r2) +g1(r2 X v2) = g1h
In summary, we have obtained the following expressions

ryxry = —(r xr3) = —(figs — g1/

Ir1 x 13 = |rs x ri’= (figs — g1s)°H°
rpxr=gh

which in turn, substituted into

(r3 X rl) . (I‘Q X r1)

\r3 X r1|2

Cc3 =

yield

[—(figs — g1f3)h] - [g1h]
(figs — gifs)°h?

C3 =
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Since h - h = K2, then

&
figs—afs

c3 =
Let us consider now the expression

(I’] X r3) . (I‘Q X I‘3)

\rl X r3|2

c1 =

which has been derived above. Substituting

(ri xr3) = (figs — g1s)h

r, X ry = gsh

r1 X "3|2 = |r3 x "1|2: (figs — glﬁ)zhz
into this expression yields

_ [(fig3 — g1/3)h] - [g3h]
(figs — g1fs)°h?

that is,

8
figs —gifs

1 =

By so doing, the coefficients c¢; and c3 appearing in the equation
ry = cir; +c3rs
depend on the Lagrange coefficients f and g only. We set

T =11 —h

3=083—0n

where 7, and 73 are, by hypothesis, small intervals. Therefore, we can take the first
two terms of the series expansions for the Lagrangian coefficients f and g

1 1 1
f=1—=et*+ =€iot +—( 2¢p — 15/13+3l//0)r4

2 2 24
Lot 4 Teodor +
=T——€7T + —€oloT + -~
8 60 7 €040

(see Sect. 1.12). In other words, we truncate these series expansions after the first
two terms, as follows
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This is because, by definition, ¢, = u/rs. Thus, the quantity fig3 — g1f; can be
approximated as follows

=[S -3 L- b0

1
= (T3f1)6<%>( 3rlr3+3r T3 — ?)
r

1 /2
+12( )(rzrg r3r§)

1 IS
=(m-n)-¢ (%) (3 —0) + 53 12 <ﬂ )HT% - 173)
2

Again, since 7, and 73 are small intervals, then the term (,uz/rg) (733 — itd)/12
can be neglected. Thus, setting t = 13 — 1, yields

1 /n
figs —aifs %T—g(r—_g)TS

2

where 7 is the interval of time elapsed from the first of the three observations to the
last. Now, substituting

L\ ;5 | AT
flgS_gLﬁzT_6(r%>T g3z13—6<r3 T3

into ¢y = g3/(fi g3 — &1 f3) yields

c1 = = — =
1 ’L'—l LAPS Tl—l Bl 7
6 rg 6 r%

Using the well-known binomial expansion

r3—l L = 1—1 L 3
6

n(n — 1)a"’2b2+ n(n — 1)(n_2)an73b3+

n__.n n—1
(a+b)'=d"+na" b+ 3 Al
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1
with a = 1,b = ~5 (1/r3)7* andn = —1, truncated after the term containing the

second power of 7, yields

AN IR YA L\,
- (& 1 (D S (B2 =g o (B
e ()] e [ (5)7] = e ()

This in turn substituted into

~ 5B 1wy, 1 Ll -
AT 6\ 3 6 \r; ‘
yields
73 | TR L\, 73 L\, o
R e I+ =—=|l+-|= -
a5 ()3l [ (B)] =2 e (B)e -9

By operating likewise, there results

~_u LiwN o
C3~—?|:1+6<g)(‘5 —‘L'l)

We have hitherto obtained approximate expressions of the coefficients (¢; and
c3) appearing in the equation r, = ¢ r; + c3 r3. These expressions depend only on
the (known) time intervals between observations and the (as yet unknown) distance
r, of the attracted body from its centre of attraction at time #,.

The next stage of this development is the expression of the ranges p1, p,, and p;
as functions of ¢; and c3. To this effect, we substitute

ry =rgi+pr
ry =rgy+ pln

r3 =rg3 + p3i3
into r, = ¢ ry + c3 r3. This yields
re2 + potty = ¢1 (g2 + puy) + c3(rea + pyus)
which can also be written as follows
C1P U1 — Prllp +C3p3U3 = —CiTp1 +TEY — C3FE3

The scalar product of each term of the preceding expression by (u, X u3) yields
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cipyuy - (ua X us) — potty - (uy X us) +capsus - (U X us)
= —CIFEl * (llz X u3) +reg - (u2 X u3) — C3FE3 (llz X u3)

Since uy - (up X uz) =uz - (wy x uz) =0, then the preceding expression

becomes
cipiy - (uy X uz) = —cyrpr - (uy X us) +rex - (uy X us) — cargy - (Up X us)
To simplify the notation, we set

DO =Uuj - (llz X u3)
Dy =rgi - (uy X u3)
Dy =rgy - (U2 X u3)

D3y =rg3 - (U2 X u3)

Assuming Dg # 0, that is, assuming that u, u,, and us are not coplanar, we
have

c1pDo = —c1D11 + D31 — ¢3D3

which, solved for p,, yields

1 C3 1
p1=|-Di+—Dy ——=D3 | —
C C1 Do

By operating likewise, we take the scalar product of each term of
CLp(U| — Palia +C3p3U3 = —C\FEL +TE2 — C3F'E3
by (u; X u3). This yields

cipuy - (u1 X u3) — polta - (u1 X u3)+C3p3u3 . (u1 X u3)

= —cirpr - (W X us3)+rep- (W Xuz) —csrgy - (U X uz)

Since u; - (u; X u3z) =uz - (w, x uz) =0, then the preceding expression

becomes
—potty - (uy Xuz) = —cirgr - (uy X us) +regx - (W Xus) — c3rps - (W X us)

Since —py uy - (g X uz) = pruy - (W3 X uy) = pruy - Wy X uz) = py Do, then
the preceding expression becomes

paDo = —cirgy - (wy X u3) +rpy- (W X u3) — c3rgy - (W) X u3)
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By setting

Dy =rgi - (w1 X u3)
Dy =rg - (U1 X u3)
D3y =rpy - (uy X u3)

and solving the preceding expression for p,, we obtain

1
py = (—ciDip+ D2 — C3D32)D—
o

By operating likewise, we take the scalar product of each term of
C1p 1 — Polhy +C3p3U3 = —CiFE| +TFE2 — C3FE3

by (#, X u;). This yields

cipiuy - (ul X llz) — pylUy - (ll] X u2) +c3p3us - (u1 X llz)

= —cirg1 - (W X up) +rey - (U Xup) —c3rgy - (U X uy)

Since u; - (W X uy) =u, - (u; X up) =0, then the preceding expression
becomes

c3p3U3 - (ul X uz) = —C|Fg3 (ul X uz) +res - (ul X llg) — C3FE3 (ul X u2>
By noting that u3 - (#; X uy) =u; - (U X uz) = Dy, setting

Dz =rg; - (U X uy)
Doy =rpy - (U1 X uy)
D33 =rg3 - () X up)

and solving the preceding expression for p3;, we obtain
—(~“Dy+ LDy Dy )L
Pz = & 13 o 23 33 Do
Now, substituting

T3 1/ u T
o2 i e -a] am ]

T
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into P2 = (—c1 D12 + Dar — 3 D32)/D() ylelds

6+ (%) (v — T%)
)
6D0‘L’

Dy,
0, = —Dpp13 +t + D31y
o

which, after setting

T 71\ 1
A= <_D12_3 +Dxn+ D3 —1) -
T T/ Dy
B— —Dir13 (12 — T%) + D31y (12 — ‘c%)
o 6D0’L’
becomes
uB
py=A+ )

2
Operating the same substitution, that is,
a2 l—i-l ﬁ(rz—tl) 03%—‘5—1 1—|—1 £ (? —13)
T 6 \n 3 T 6\ !
into

1 C3 1 C1 1 1
pr=|-Du+—Dn—-—D310)— p3=|——Di3+—Dy3— D33 | —
ci ci Dy c3 c3 Dy

leads to
[6(Ds) L +Dy %)r% + uD3 (7* — T%)z—; ] 1
= 63+ (e — ) “Pulp,
[6(D13 2= D %)r; + uDi3(7* — 12)2—? ] 1
b= 67+ (@ — ) s

The equation written above p, = A + uB/r3 expresses the range p; as a function
of the radius vector r, of the observed object measured from the centre of mass of
the Earth at time #,. Another relation between p, and r, is provided by

ry =rg+ P
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The scalar product of r, by itself yields
ry-ry = (P + patta) - (Fe2 + patta) = 1y + 205 (re2 - 2) + p3 = rgy +2Ep, + 3

where E = rg; - u,. Substituting p, = A + ,uB/r% into 15 = res + 2Ep, + p% yields

B B\*
r§r1252+2E<A+ /:’3)+(A+ ,ug)

2 r
2uEB 2uAB 2Rp?
_ 2, oA HEB o 2B
r 3 s

Multiplying all terms of the preceding expression by 73 yields
13 — (rgy + 2EA+A*)r§ — 2uB(E+A)r; — 1’B> = 0

If we set for convenience
xX=nr
a=—(rg,+ 2EA +A?)
b= -2uB(E+A)
c=— ,usz

the preceding expression becomes
Bral b’ +c=0

which is known as Lagrange’s equation. Since this polynomial has four terms, then
(according to the Descartes’ rule of signs, which states that the number of positive
roots of a polynomial with real coefficients is equal to the number of changes of
sign in the sequence of the coefficients of the polynomial, or is less than this number
by a multiple of 2) the polynomial may have no more than three positive roots.
When the correct root r, of this equation has been found, it must be substituted into

B T1 T T1
6<D31 — +D21 > }"g + ,uD31 (1;2 — ‘L‘%) —
_ T3 T3 T3 _D i
P 6r3 + p(c — 13) " Dy
ub
pr=A+—
)
B T3 T 13
6 <D13 = — Dy3 > 3+ uDy3 (1 — 13) =
. T1 71 T D L
P3 6r; + u(t?> — 13) 31 Do
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in order to compute the ranges p;, p,, and p3. Then, the following equations

ry =rg+pu;
ry =rp+ pos

r3 =rg3+ p3us

yield the position vectors ry, r,, and r; of the observed object at times, respectively,
11, 1, and t3. It remains to compute the velocity vector v, of the observed object at
time f,. To this end, the equation r; = f; r, + g; v, is solved for r,. This yields

=g

f

r
The resulting value of r, is substituted into r3 = f5 r, + g3 v,. This yields

3
r3 :Ji("l —g1v2) + g2

fi

and the preceding equation is solved for v,. This yields

V) = fl >r3 f3 )r
(L Vo (—L )
183 — 813 183 — g1f3

At first, the values of fi, f3, g1, and g3 to be used for computing r, and v, are
those derived previously, which are rewritten below for convenience:

L\, Ll
fl%l_i(g)’fl fé%l—i(g 'C3
45’1%1'1—1 s T gs’ftﬁ‘fs—l L =

6 r% ! 6 r%’ 3

Successively, improved values of fSince the condition;, f3, g;, and g3 are
computed, as will be shown below, and new values of r, and v, are computed by
means of these improved values, until convergence is reached. This method can be
illustrated by the following example, which is based on a series of astronomical
observations performed by Healy [33] and concerning the COBE artificial satellite
(USSPACECOM Catalogue No. 20322; International Designation code
1989-089-A). On the 6™ of November 2000, Healy made seven observations of the
COBE satellite, three of which are shown in the following table.

Observed time (EST) Right ascension (hh:mm:ss) Declination (°)
17:31:29 21:48:00 -16.3
17:34:30 21:14:00 46.9
17:37:30 11:03:00 76.1
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Since UTC = EST + 5, then (neglecting the difference between UTC and UT1)
the three EST times indicated above correspond, respectively, to

UT1, = EST, + 5 = 22"31m29¢
UT1, = EST, + 5 = 22"34™M30°
UTl; = EST;+ 5 = 22"37m30°

The three values of the right ascension, expressed in degrees, are as follows

(21 + 48/60) x 360/24 = 327.00
(21 + 14/60) x 360/24 = 318.50
(11 + 3/60) x 360/24 = 165.75

Healy found these values by means of the 14” Schmidt Cassegrain telescope of
the observatory of the University of Maryland, located at latitude ¢ = 39°.00167
North, longitude A = =76°.95667 east and altitude H = 53 m.

As has been shown above, the same values can be written as follows

UT1 Right ascension (°) Declination (°)
22:31:29 327.00 -16.3
22:34:30 318.50 46.9
22:37:30 165.75 76.1

By applying the methods shown in Sect. 2.5, the Greenwich sidereal time Ogg
corresponding to the 6 November 2000, at 00M:00™:00° UT1, results from

a = INT(y/100) = INT(2000/100) = 20

b= INT(a/4) = INT(20/4) = 5

c=2—-a+b=2-20+5=-13

e = INT[365.25(y + 4716)] = INT[365.25 x (2000 + 4716)] = 2453019

f = INT[30.6001(m+ 1)] = INT[30.6001 x (11 4 1)] = 367
Jo=cHd+et+f— 15245 = —13 + 6 + 2453019 + 367 — 1524.5 = 2451854.5
To = (Jo — 2451545)/36525 = (2451854.5 — 2451545)/36525 = 0.0084736
0o = 100.4606184 + 36000.77005 Ty + 0.000387933 Ty> — 2.5875 x 107873

= 100.4606184 + 36000.77005 x 0.0084736 + 0.000387933 x 0.0084736>
— 2.5875 x 1078 x 0.0084736° = 405°.51847
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This value is brought into the range 0° < 6059 < 360° by subtracting 360°, as
follows

Oco = 405°.51847 — 360° = 45°.51847

The Greenwich sidereal times 0g;, 0gz, and 0Ogs corresponding to
UT1,; =22:31:29, UT1, = 22:34:30 and UT1; = 22:37:30 are, respectively,

061 = Oo + 360.985647366 x (22 + 31/60 + 29/3600)/24 = 384°.314363
062 = 0o + 360.985647366 x (22 + 34/60 + 30/3600)/24 = 385°.070595
063 = 0o + 360.985647366 x (22 + 37/60 + 30/3600)/24 = 385°.822648

The local sidereal times of the three observations are, respectively,

01 = 01 + 1 = 384°.314363 — 76°.95667 = 307°.357693
0, = 061 + 1 = 385°.070595 — 76°.95667 = 308°.113925
03 = 01 + 1 = 385°.822648 — 76°.95667 = 308°.865978

We want to compute the position and velocity vectors of the COBE satellite at
UT1, = 22":34™30°, with an accuracy of five significant figures. The angles
measured by the station and the local sidereal times are given in the following table.

Obs. No. Time (s) Right ascension (°) Declination (°) Local sidereal time (°)
1 0 327.00 —16.300 307.357693
2 181 318.50 46.900 308.113925
3 361 165.75 76.100 308.865978

First, we compute the three geocentric position vectors (rg1, g, and rg3) of the
observatory at the three given times f,, f,, and #3, as shown in Sect. 2.5 (that is,
taking the equatorial radius az and the flattening f of the Earth equal, respectively,
to 6378.137 km and 0.0033528). Assuming the geodetic latitude equal to the
geographic latitude, the position vectors rgy, rg;, and rgs are

sy = {ag/[L = (2 =) sin® 9]+ H | cos = {6378.137/[1 — (2 x 0.0033528

—0.0033528) sin” 39.00167]'"/* + 0.053} €0s39.00167 = 4963.272km

= {aE(l — /1 = (2f = f2) sin? o] 1/2+H} sing = {6378.137 % (1 — 0.0033528)°

/2

J[1 = (2 x 0.0033528 — 0.0033528?) sin® 39.00167]/* + 0.053} $in 39.00167

= 3992.517 km
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rp; = (xgcos0y) ux + (xg sin0)) uy + zg uz = (4963.272 cos 307.357693) ux

+ (4963.272 sin 307.357693) uy +3992.517 uz
= 3011.7ux —3945.1uy + 3992.5u,

re; = (xg cos 0p)uyx + (xy sin 02)uy + zguz = (4963.272 cos 308.113925)uyx

+ (4963.272 sin 308.113925)uy + 3992.517 u,
=3063.5ux —3905.0uy +3992.5u;,

regz = (xg cos O3)uy + (xp sin 03)uy + zyuz = (4963.272 cos 308.865978 )ux

+ (4963.272 sin 308.865978)uy + 3992.517 uy
= 3114.5ux — 3864.5uy +3992.5u,

The three unit vectors uq, u,, and us result from
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u; = (cos oy cos oy )uy + (cos Oy sinay )uy + (sin 6, )uz = [cos(—16.3) cos 327.0] uy

+ [cos(—16.3) sin327.0Juy + [sin (—16.3)]uz
= 0.80496 uy — 0.52275uy — 0.28067 u,

1, = (cos d; cos o) uy + (cos d; sin o )uy + (sin 9 )uz = (cos46.9 cos 318.5)uy

+ (cos46.9 sin318.5)uy + (sin46.9)uz
=0.51174ux — 0.45275uy +-0.73016 u,

13 = (cos d3 cos o3 ) uy + (cos 03 sin o3 )uy + (sin d3)uz = (cos 76.1 cos 165.75)uy

+ (cos 76.1 sin 165.75)uy + (sin76.1)uz
= —0.23284ux +0.059133 uy +0.97072u,

The time intervals 1y, 73, and 7 are computed as follows

T1=11—th=0— 181 = —181s
Ti=t— 1 = 361 — 181 = 180s
T=1t3—1t = 361 — 0 = 361s

The vector products (u, X u3), (#; X usz), and (u; X u,) result from

uy uy uz
u, xus= | 051174 —0.45275 0.73016
—0.23284 0.059133 0.97072
= —0.48267uy — 0.66677uy — 0.075158 u,
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3¢ uy uz

uy xuz3= | 0.80496 —0.52274 —0.28067

| —0.23284  0.059133  0.97072

= —0.49085uy — 0.71604 uy — 0.074117 u,

uy uy uz
uy X uy; = | 0.80496 —0.52274 —0.28067
| 0.51174 —-0.45275  0.73016
= —0.50876uy — 0.73138uy — 0.096934 u,

The scalar products Do, Dll, D]2, D13, D21, D22, D23, D31, D32, and D33 are

Do =uy - (uy x uz) = 0.80496 x (—0.48267) — 0.522754 x (—0.66677)
— 0.28067 x (—0.075158) = —0.018881

Dy =rp1 - (uy x u3) = 3011.7 x (—0.48267) — 3945.1 x (—0.66677)
+3992.5 x (—0.075158) = 876.75 km

Di> =rgr - (uy x uz) = 3011.7 x (—0.49085) — 3945.1 x (—0.71604)
+3992.5 x (—0.074117) = 1050.6 km

Dis =rg1 - (uy X up) = 3011.7 x (—0.50876) — 3945.1 x (—0.73138)
+3992.5 x (—0.096934) = 966.13 km

Doy =re - (w2 x u3) = 3063.5 x (—0.48267) — 3905.0 x (—0.66677)
+3992.5 x (—0.075158) = 825.01km

Dy =rg - (g X u3) = 3063.5 x (—0.49085) — 3905.0 x (—0.71604)
+3992.5 x (—0.074117) = 996.51 km

D3 =rp - (uy x up) = 3063.5 x (—0.50876) — 3905.0 x (—0.73138)
+3992.5 x (—0.096934) = 910.44 km

Ds1 =rgs - (uy X us) = 3114.5 x (—0.48267) — 3864.5 x (—0.66677)
+ 3992.5 x (—0.075158) = 773.39km

Dy =rps - (uy x u3) = 3114.5 x (—0.49085) — 3864.5 x (—0.71604)
439925 x (—0.074117) = 942.47 km

D33 =rgs - (ug X wp) = 3114.5 x (—0.50876) — 3864.5 x (—0.73138)
+ 4069.057 x (—0.096934) = 854.88 km
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The quantities A and B are computed as follows

13/t = 180/361 = 0.49861
1/t = —181/361 = —0.50139
13(? — 13) = 180 x (361 — 180%) = 1.7626 x 10’
1 (7 —1f) = —60 x (120> — 60°) = —1.7658 x 10’
A= (=Dy13/t+ Dy + D371 /1) /Do = [—1050.6 x 0.49861 +996.51
+942.47 x (—0.50139)]/(—0.018881) = —6.6363 km
B = [-Dpt3(7* — 13) + Dx1i (> — 17)]/[6Dot] = [—1050.6 x 1.7626 x 10’
+942.47 x (—1.7658 x 107)]/[6 x (—0.018881) x 361] = 8.5974 x 10® kms®

The quantities E and %, result from

E =rg -uy = 3063.5 x 0.51174 — 3905.0 x (—0.45275)
+3992.5 x 0.73016 = 6250.9 km
12, =rg - rp = 3063.52 + 3905.02 + 3992.5% = 4.0574 x 107 km?

The coefficients a, b, and c of the polynomial &+ ax® + bx® + ¢ result from

a=—(rjy+ 2EA+A*) = — [4.0574 x 107 + 2 x 6250.9 x (—6.6363) + (—6.6363)*
= —4.0491 x 10" km?

b= —2uB(E+A) = —2 x 398600.4 x 8.5974 x 10° x (6250.9 — 6.6363)
= —4.2797 x 10'8 km’

¢ = —i’B> = —(398,600.4)*x (8.5974 x 10%)’= —0.11744 x 10* km®

We search a value of x such that the following function
fx) =x®+ax® +bx° + ¢

should be equal to zero in a given interval x,;, < X < Xpax. This search is limited
to the values of x (where x = r,) which are physically meaningful. Consequently,
x cannot be negative, or smaller than the mean radius of the Earth (6371 km). In
addition, since the values computed above of the three coefficients a, b, and c are,
all of them, negative, then the equation f(x) = x* + ax® + bx* + ¢ = 0 has only one
positive root. To search this root, we first evaluate f(x) for x ranging from 6400 km
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to 9400 km, with a step size of 100 km. The results of this evaluation are shown
below.

x x 10? (km) fx) x 10%° x x 10? (km) fx) x 10%°
6.400 —1.2071 6.900 —0.75509
6.500 —1.1601 7.000 —0.58431
6.600 —1.0941 7.100 —0.37856
6.700 —1.0067 7.200 —0.13376
6.800 —0.89472 7.300 0.15461
6200 6400 6600 6800 7000 7200 7400
o479 ——L L 1 L1 | Li_ Ly 1 T N VY.
0 // -0
o 20429 / 2429
& S / F
X -de+29 [ 4e+29
+ o C
3 -6et+29 [ .ge+29
+ 5 N
= ] E
Il -8e+29 v - -8e+29
= ] C
b - -
= -te+30 //‘ [ -1e+30
-1.28+30 — [ .1.2e+30
-1.4e+30 - T T 7T L | T T T T T T T 1T T T T 1 - -1.4e+30
6200 6400 6600 6300 7000 7200 7400
# (km)

The plot shows that the physically meaningful root of f{x) = 0 is roughly the
midpoint of the interval 7200 < x < 7300 km. Therefore, the search of the root
of interest is confined to this interval. As shown in the preceding table, we find

£(7200) = 72008 — 4.0491 x 107 x 7200° — 4.2797 x 10'® x 7200°
— 0.11744 x 10° = —0.13376 x 10°°(<0)

£(7300) = 7300 — 4.0491 x 107 x 7300° — 4.2797 x 10'® x 7300°
— 0.11744 x 10% = 0.15461 x 10°°( > 0)
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Since the condition f{7200)f(7300) < 0O is satisfied, we search a zero of f(x) by
means of Miiller’s method of parabolic interpolation, which has been described in
Chap. 1, Sects. 5 and 8. At the midpoint x, = 7250 km of the interval we also find

£(7250) = 7250°% — 4.0491 x 107 x 7240° — 4.2797 x 10'® x 7250°
— 0.11744 x 10*° = 0.00469 x 10*

Then we set
x; = 7200km  f =f(x;) = —0.13376 x 10%
xo = 7250km  fy =f(x0) = 0.00469 x 103
x; = 7300km  fi =f(x;) = 0.15461 x 10%
and

hy =x1 —xo = 7300 — 7250 = 50km
hy = x — x, = 7250 — 7200 = 50km
y=hy/hy = 50/50 = 1

and compute the coefficients

A= [fi —fo(L +9) +£]/[phi(1 +7)] = [1 x 0.15461 x 10* —0.00469 x 10*° x (1
+ 1) = 0.13376 x 10*°]/[1 x 50% x (1 + 1)] = 0.000002294 x 10*

B= (fi —fo — Ah})/hy = [0.15461 x 10* — 0.00469 x 10** — 0.000002294 x 10
x 50%]/50 = 0.0028837 x 10%

C = fy = 0.00469 x 10%

of the interpolating parabola fix) = A(x — x())z + B(x — xp) + C.
We compute the estimated root of f{x) = 0, as follows

2C

X=x———————
B+ (B> —4AC)

where in the present case the plus sign in front of the square root takes effect,
because the value of B is greater than zero. Thus,

x = 7250 — 2 x 0.00469 x 1030/{0.0028837 x 10°° 4 [(0.0028837 x 10*°)?

—4 x 0.000002294 x 10* x 0.00469 x 1030}1/2} = 7248.4km
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This value, substituted into f(x) = x* + ax® + bx> + ¢, yields

£(7248.4) = 7248.4% — 4.0491 x 107 x 7248.4° — 4.2797 x 10'® x 7248.4°
— 0.11744 x 10* = 0.00009 x 10

Now, since 7248.4 is less than 7250, then we take 7200, 7250 and 7248.4 for the
next step. At the same time, we reset the subscripts 0, 1 and 2, as follows

x; = 7200.0km  f, = f(x,) = —0.13376 x 10®°
xo =7248.4km  fy = f(xo) = 0.00009 x 10>
¥ = 7250.0km  fi = f(x;) = 0.00469 x 10>

Now we compute again

hy =x; —x9 = 7250.0 — 7248.4
h2 = Xp) — Xp = 7248.4 — 7200.0
y=hy/hy = 48.4/1.6 = 30.25

1.6km
48.4km

and the coefficients A, B, and C of the interpolating parabola, as follows

A= [fi —foll +7) +£]/[7h1(1 +7)] = [30.25 x 0.00469 x 10* — 0.00009 x 10%

x (14 30.25) — 0.13376 x 10*]/[30.25 x 1.6* x (1 + 30.25)] = 0.00000219 x 10°°
B= (fi —fo — Ahi)/hy = (0.00469 x 10°° — 0.00009 x 10*°

—0.00000219 x 10* x 1.6%)/1.6 = 0.0028715 x 10>
C = fy = 0.00009 x 10*

Thus, the estimated root is

x = 7248.4 — 2 x 0.00009 x 10*° /{0.0028715 x 10 4+[(0.0028715 x 10°)?

—4 % 0.00000219 x 10* x 0.00009 x 1030]1/2} = 7248.4km

Since this value is the same as that computed in the preceding step, then we take
7248.4 km as the correct root, within the chosen limits of accuracy, of

fx)=x*4+ax®+bx’ +c=0

This means that we take x = r, = 7248.4 km in this preliminary approximation.
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Now we compute the ranges p;, p,, and ps, as follows

r T T T ]
6<D31 L 4Dy —> 13 + uD3 (72 — 17) =
_ T3 T3 5o | L
P1 6r3 + (2 — 13) "' D
uB
pr=A+ %
r
r T T T ]
6<D13—3 — D23 —) rg +,L1D13(‘52 — ‘52) —3
_ 11 11 71 _D i
P 6r3 + u(t? — 13) 1 Dy

In the present case, there results

11/13 = —181/180 = —1.0056

t/t3 = 361/180 = 2.0056

T/t = 361/(—181) = —1.9945

(7 — )11 /13 = [3612 — (—181%)] x (—181/180) = —98102
(7 = 3)ws /T = (3617 — 180%) x 180/(—181) = —97380
2 — 13 = 3612 — 180% = 97921

and consequently

p1 = {[6 x (773.39 x (—1.0056) + 825.01 x 2.0056) x 7248.4° -+ 398600.4 x 773.39
x(—98102)]/[6 x 7248.4° + 398600.4 x 97921] — 876.75} /(—0.018881)
= 1460.3km
P, = —6.6363 + 398600.4 x 8.5974 x 10®/7248.4° = 893.23km
p3 = {[6 x (966.13/(—1.0056) — 910.44 x (—1.9945)) x 7248.4> + 398600.4 x 966.13

X (—97380)]/[6 x 7248.4> + 398600.4 x 97921] — 854.88} /(—0.018881)
= 1602.4km

We compute ry, r,, and r3 as follows

ri=rg+p,u = 3011.7ux —3945.1uy + 3992.5u;,
+ 1460.3 x (0.80496 ux — 0.52275uy — 0.28067 uz)
= 4187.2ux —4708.5uy + 3582.6 uz

ry =rp+ pyupy =3063.5ux —3905.0uy + 3992.5u;,
+893.23 x (0.51174ux — 0.45275uy + 0.73016 uz)
= 3520.6uy — 4309.4uy + 4644.7u,
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r3y =rg3+psuz = 3114.5ux — 3864.5uy + 3992.5u,
+1602.4 x (—().23284 uy + 0.059133 uy +0.97072 uz)
= 2741.4uyxy — 3769.7uy + 5548.0u,

The Lagrangian coefficients fi, f3, g1, and g5 result from

1
(Wr)t=1- 5 X (398600.4/7248.4%) x (—181)*= 0.98285
1
— () =1- 3 X (398600.4/7248.4%) x 180 = 0.98304

~
~

l\)\’—‘[\)|>—

1 1
A (u/r3)c = —181 — ¢ X 398600.4 (—181/7248.4)° = —179.97
1

1
BR T — — (u/rg)rg —180 — = x 3986004 x (180/7248.4)° = 178.98

Now, in order to compute v,, we evaluate

fi/(figs — g1fs) = 0.98285/[0.98285 x 178.98 — (—179.97) x 0.98304] = 2.7856 x 10
£s/(figs — g1fs) = 0.98304/[0.98285 x 178.98 — (—179.97) x 0.98304] = 2.7862 x 10~

V) = [fl/(flg3 — gLf3)]r3 — [ﬁ/(ﬁg3 — gLﬁ)}rl = 0.0027856 x (27414”)( — 37697uy
+ 5548.0uz) — 0.0027862 x (4187.2ux — 4708.5uy + 3582.6 uz)

= —4.029ux +2.6179uy +5.4727u,

In summary, the preliminary approximation to the position and velocity vectors
of the COBE satellite, observed at time ¢,, is

ry = 3520.6 ux — 4309.4uy + 4644.7uy
= —4.029uyx +2.6179uy +5.4727u,

This completes the first part of the computation. The second part is meant to
compute more accurate values of the vectors r, and v, than those computed in the
first part, as will be shown below.

First iteration.
We compute the magnitudes r, and v, of the vectors r, and v,, as follows

QI—

1
Py = (ry - 1)i= [3520.62+(—4309.4)2+4644.72]2: 7248.4km

1
"= 53.044 km/s

vy = (vy - va)i= {(74.0299)2 +2.6179* + 5.47272}
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Now, we compute «, the inverse of the major semi-axis a of the trajectory of the
observed object, by means of the vis-viva integral v*/u = 2/r — 1/a, as follows

1 2 v 2 53.044

=__Z_2_ - =142 107*km™!
a m  u 72484 3986004 85> 107" km

We compute the radial component of v,, as follows

L2y (-4.0299) x 3520.6 42,6179 x (~4309.4) +5.4727 x 4644.7
e, 7248 4
— —0.0069249 km/s

Then we write Kepler’s equation in universal variables (see Sect. 1.7) at times #,
and 3 respectively, as follows

1 YV
12 (1 tz)( 3 >xfc(aﬁ)+(1 — oar2) 1S (axt) + r2xy

Dl—

Vv
2ty — tz)( . >X§C(ax§) + (1 —or) i3S (r3) + 213

where C and S are the Stumpff functions (see Sect. 1.7), which are defined as
follows

[1 — cos(z'/?)]/z for z> 0
C(z) =4 1/2 forz=10

[cosh(—z!/2) — 1]/(~2) for z< 0

[21/% — sin(z1/?)] /22 forz> 0
S(z) =< 1/6 forz= 0

[sinh(—z/2) — (=2'/2)]/(~2)*"* forz<0
z=ay% and y; and y3 are the universal variables to be determined. Since

Hh—tn=1 =-—181
1 —t =13 = 180

then Kepler’s equations at times #; and 73 become, respectively,

398600.4'/2 x (—181) = |7248.4 x (—0.0069249) /398600.41/2] 73C(1.4285 x 1074y3)

4+ (1 —1.4285 x 107 x 7248.4) 135(1.4285 x 10~*y3)
+ 7248.4
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398600.41/2 x 180 = [7248.4 x (—0.0069249)/398600.4!/2],2C(1.4285 x 10™*43)
+ (1 — 1.4285 x 107 x 7248.4)735(1.4285 x 10~*y3)
+ 7248.4 15

The preceding equations, after simplification, become, respectively,

—114274 = —0.079504 2 C(1.4285 x 10™*y3) — 0.035434 3 x §(1.4285 x 10~*x7)
+ 7248.4 yy,

113643 = —0.079504 13C(1.4285 x 10*13) — 0.035434 3 x S(1.4285 x 10~*y?)
+ 7248.4 ;5
We solve iteratively the two equations written above. To this end, an initial
estimate of y; and y3 is provided by the following formula suggested by Chobotov
[18]:
,u%|fx|At

As to the first equation, there results
u%|oc|At — 398600.42 x 1.4285 x 107* x (—181) = —16.324 km?

Therefore, an estimate of the unknown value of y; is taken tentatively in the
interval —18.0 < y; < —14.0 around —16.324. We ascertain whether the fol-

lowing function
— 114274 +0.079504 > C(1.4285 x 10~*4?) +0.035434
x S(1.4285 x 1074y%) — 7248.4 y

f) =

has values of opposite signs at the endpoints of this interval. We find

—114274 +0.079504 x (—18.0)% x C[1.4285 x 107* x (—18.0)*]
+ 0.035434 x (—18.0)" x S[1.4285 x 107* x (—18.0)°] — 7248.4
x (—18.0) = 16176 (> 0)

f(~18.0) =

f(=14.0) = —114274 +0.079504 x (—14.0)* x C[1.4285 x 107* x (—14.0)]
+ 0.035434 x (—14.0)7 x S[1.4285 x 10™* x (—14.0)’] — 7248.4

x (—14.0) = —12805(<0)
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Since the condition f{—18.0){—14.0) < 0O is satisfied, we search a zero of f{y) by
means of Miiller’s method of parabolic interpolation, which has been described in
Sects. 1.5 and 1.8. Consequently, we choose arbitrarily a value y falling between
the endpoints —18.0 and —14.0. By choosing yo = —16.0, the corresponding f(,) is

f(=16.0) = —114274+0.079504 x (—16.0)* x C[1.4285 x 107* x (=16.0)’]

+0.035434 x (—16.0)* x S[1.4285 x 10™* x (—16.0)?] — 7248.4 x (—16.0)
= 1686.4

Then we set

1= —18.0km'%  f =f(1,) = 16176
%o = —16.0km'?  fy =f(y,) = 1686.4
2 = —140km'?  fi =f(y,) = —12805

It is to be noted that here y, and y; are the endpoints of the current interval of
search for the unknown y and that they have nothing to do with the number of
observations. Now we set

hi =7, — o = —14.0 — (—16.0) = 2.0km'/?
hy =10 — 1o = —16.0 — (—18.0) = 2.0km'/?
y=hy/hy = 2.0/2.0 = 1.0

and compute the coefficients

A= [fi =l +7) +£]/[7hi(1 +79)] = [1.0 x (—12805) — 1686.4 x (1

+ 1.0) + 16176]/[1.0 x 2.0* x (1 + 1.0)] = —0.225
B= (i —fo—Ah)/h = [-12805 — 1686.4 — (—0.225) x 2.0°]/2.0 = —7245.3
C=fo=1686.4

of the interpolating parabola f(y) = A(y — ){0)2 + B(x — yo) + C.
This done, we compute the estimated root of f{)) = 0 as follows
2C

L=l
B+ (B? — 4AC)

=

where in the present case the minus sign in front of the square root takes effect,
because the value of B is less than zero. Thus, there results

7=—160 — 2 x 1686.4/[—7245.3 — (7245.3> + 4 x 0.225 x 1686.4)"/?]
= —15.767km!'/?
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This value, substituted into f(y), yields

F(—=15.767) = —114274 +0.079504 x (—15.767)> x C[1.4285 x 10~* x (—15.767)%]

+0.035434 x (—15.767)" x §[1.4285 x 107* x (—15.767)%] — 7248.4
x (—15.767) = —1.7312

Since —15.767 is greater than —16.0, we take —16.0, —14.0, and —15.767 for the
next step; at the same time, we reset the subscripts as follows

1 =—16.0km'? £ =f(y,) = 1686.4
%o = —15.767km'2  fy = f(y,) = —1.7312
7 =—140km'? £ =f(y,) = —12805

Now we set

hy =y, — %o = —14.0 — (—15.767) = 1.767km'/?
hy = 10— 1p = —15.767 — (—=16.0) = 0.233km'/?
y=hy/hy = 0.233/1.767 = 0.13186

and compute the coefficients

A=Df —fo(1 +9) +5]/[phi(1 +7)] = [0.13186 x (—12805) — (—1.7312)
x (1 + 0.13186) + 1686.4]/[0.13186 x 1.767% x (1 + 0.13186)] = —0.23139
B= (fi —fo — Ah})/hy = [-12805 — (—1.7312) — (—0.23139) x 1.767%]/1.767
= —7245.4
C=fy=-17312

of the interpolating parabola.
The estimated root y of f{y) = 0 results from

1= 10— 2C/ [B — (B - 4AC)1/2} = 15767 — 2 x (~1.7312)/[-7245.4
— (7245.4% — 4% 0.23139 x 1.7312)'/*] = —15.767km"/?
Since this value is the same as that computed previously, within the chosen

accuracy, we take it as correct. In other words, y; = —15.767 km” is taken as the
root of Kepler’s equation

—114274 = —0.079504,7C(1.4285 x 107*y3) — 0.035434 73 x S(1.4285 x 107*y3)
+ 7248.41,
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By using the same iterative method, we search now the root y; of the second
equation, that is,

113643 = —0.07950413 x C(1.4285 x 107*73) — 0.03543413 x S(1.4285 x 10*y3)
+ 7248.47,

To this end, it is necessary to find an interval of y where the following function

F(r) = 113643 4+0.079504y% x C(1.4285 x 107*%) +0.035434%> x §(1.4285 x 10744?)
—7248.4y

changes sign. We try 14.0 < y < 18.0 and find the following values at the
endpoints:

f(14.0) = 113643 +0.079504 x 14.0> x C(1.4285 x 10~* x 14.0%) +0.035434
x 14.0° x §(1.4285 x 107* x 14.0%) —7248.4 x 14.0 = 12189 ( > 0)

£(18.0) = 113643 4 0.079504 x 18.0° x C(1.4285 x 10~ x 18.0%) +0.035434
x 18.0° x §(1.4285 x 107* x 18.0%) —7248.4 x 18.0 = —16781 ( <0)

Since the condition f{14.0)f(18.0) < O is satisfied, we choose arbitrarily a value
%o falling between these endpoints. Choosing yo = 16.0, the corresponding f{(y,) is

£(16.0) = 113643 +0.079504 x 16.0> x C(1.4285 x 10* x 16.0%) 4 0.035434
x 16.0° x §(1.4285 x 107* x 16.0°) — 7248.4 x 16.0 = —2297.1

Now we set

1 = 14.0km'?  f =f(y,) = 12189
%o = 16.0km'?  fy = f(y,) = —2297.1
2 = 18.0km'? fi =f(y,) = —16781

Again, the subscripts used here refer only to the iterations. We also set

hi =7y — % = 18.0 — 16.0 = 2.0km'/?
hy =10 — 1p = 16.0 — 14.0 = 2.0km'/?
y=hy/hy = 2.0/2.0 = 1
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and compute the coefficients

A= Dfi —fo(1 +9) +51/[phi(1 +7)] = [1 x (—16781) — (—2297.1)x
(1 4 1) + 12189]/[1 x 2.0 x (1 + 1)] =0.275

B= (fi —fo — Ahj) /hy = [~16781 — (—2297.1) — 0.275 x 2.0’]/2.0 = —7242.5
C=fo=-2297.1

of the interpolating parabola f(y) = A(y — 10> + B(x — x0) + C.
Now, we compute the estimated root of f{)y) = O as follows

1= 70— 2C/ [B ~ (B - 4Ac)‘/2} = 16.0 — 2 x (~2297.1)/[~7242.5 — (7242.5>
+ 4 %0275 x 2297.1)"/?] = 15.683

This value, substituted into f{y), yields

£(15.683) = 113643 +0.079504 x 15.683% x C(1.4285 x 10~* x 15.683%) 4 0.035434
x 15.683% x §(1.4285 x 107* x 15.683%) — 7248.4 x 15.683 = —1.1684

Since 15.683 is less than 16.0, we take 14.0, 16.0 and 15.683 for the next
step. At the same time, the subscripts are reset as follows

1= 140km'?  f =f(y,) = 12189
%o = 15.683km'/?  fy =f(y,) = —1.1684
2 = 16.0km'?  fi =f(y) = —2297.1

Now we set

hy =y — 20 = 16.0 — 15.683 = 0.317km'/?
hy = 10 — 1, = 15.683 — 14.0 = 1.683km'/?
y = hy/hy = 1.683/0.317 = 5.3091

and compute the coefficients

A= i — ol +9) +A]/[phi(1 +7)] = [5.3091 x (—2297.1) — (—1.1684)x
(1+ 5.3091) + 12189]/[5.3091 x 0.317% x (1 + 5.3091)] = 0.24895

B= (fi —fo— Ahj)/hy = [-2297.1 — (—1.1684) — 0.24895 x 0.317%]/0.317
= —7242.8

C=fy=—1.1684

of the interpolating parabola.
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The estimated root y of f{y) = 0 results from
1= 10— 2C/ [B - (B - 4AC)1/2} = 15.683 — 2 x (—1.1684)/[~7242.8
(7242.8% + 4 x 0.24895 x 1.1684)"/?] = 15.683km'/?
Since this value is the same as that computed previously, within the chosen
accuracy, we take it as correct. In other words, y; = 15.683 km”* is taken as the oot

of Kepler’s equation

113643 = —0.0795043 x C(1.4285 x 10 *3) — 0.035434y3 x S(1.4285 x 10*13)
+ 7248.4y;,

Now, 71 = —15.767 km” and y3 = 15.683 km”* are used to compute again the
Lagrangian coefficients fi, f5, g; and g3 as follows

fi=1=[2/nCp) =1 - [(—15.767)2/7248.4} x C[1.4285 x 10~ x (—15.767)7]

= 0.98290
fi=1-[3/r)Clax;) = 1 — (15.6832/7248.4) x C(1.4285 x 10~ x 15.683?)
= 0.98308
g =1 — [ /u?1S(a?) = —181 — [(—15.767)° /398600.4'/]
x 8[1.4285 x 107* x (—15.767)°] = —179.97 s

g =15 — [5/u?S(ax?) = 180 — (15.683°/398600.4'/2)
x 8(1.4285 x 107™* x 15.683%) = 178.98s

These values of the Lagrangian coefficients are to be compared with those
resulting from the preliminary approximation. The two sets are shown below.

Preliminary-approximation values  First-iteration values

fi = 0.98285 fi = 0.98290
f5 = 0.98304 f5 = 0.98308
g1 = —179.97 g1 = —179.97
g = 178.98 g3 = 178.98

In order to improve the convergence of the process, Curtis [20] suggests to
replace the first-iteration set of values by an arithmetic average of the two sets. This
leads to the following values

fi = (0.98285 + 0.98290)/2 = 0.98288
/5= (0.98304 + 0.98308)/2 = 0.98306
g1 = —179.97

g3 = 178.98
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which are used to compute again c¢; and c3 by means of

& ey = — 81
figs —gifs figs —gifs

=

Thus,

c1 = 178.98/[0.98288 x 178.98 — (—179.97) x 0.98306] = 0.50726
3 = —(—179.97)/[0.98288 x 178.98 — (—179.97) x 0.98306] = 0.51007

These values of ¢; and c5 are used to compute new values of p;, p,, and p3, as
follows

p1 = (=Di1+Da1 /ey — e3Ds1 Jcy) /Dy = (—876.75 + 825.01/0.50726
— 0.51007 x 773.39/0.50726)/(—0.018881) = 1484.0km

p, = (—c1D1s+ Dy — ¢3D3) /Dy = (—0.50726 x 1050.6 + 996.51
— 0.51007 x 942.47)/(—0.018881) = 907.95km

pP3 = (—ClD13/C3 +D23/C3 - D33)/D() = (—050726 X 96613/051007
+910.44/0.51007 — 854.88)/(—0.018881) = 1628.9km

These values of p;, p,, and p3 are used to compute new values of ry, r,, and r3,
as follows

ry=rg+p,u = 3011.7ux —3945.1uy + 3992.5uz + 1484.0 x (0.80496 ux
—0.52275uy — 0.28067 uz) = 4206.3ux — 47209 uy + 3576.0u;

ry =rg+ pyuy = 3063.5uy —3905.0uy + 3992.5uz +907.95 x (0.51174 uy
—0.45275uy +0.73016 uz) = 3528.1uy — 4316.1uy + 4655.4uy

ry =rg+psu3 = 3114.5uy — 3864.5uy + 3992.5u; + 1628.9 x (—0.23284 uy
+0.059133 uy +0.97072uz) = 2735.2ux — 3768.2uy + 5573.7uy,

The values of r, and r3 obtained above are used to compute a new value of v,, as

follows
S > 5 >
V) =
183 — 81f3 183 — g1f3
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Since

fi/(figs — g1fs) = 0.98288/[0.98288 x 178.98 — (—179.97) x 0.98306] = 0.0027856
£3/(figs — g1fs) = 0.98306/[0.98288 x 178.98 — (—179.97) x 0.98306] = 0.0027862

then

Vo) = [fl/(flgg, — glf3)]r3 — [f3/(f1g3 — g]fg)]rl = 0.0027856 x (27352 Uy — 3768.2 Uy
+ 5573.7uz) — 0.0027862 x (4206.3 uy — 4720.9uy + 3576.0uy)
= —4.1004 ux +2.6567 uy + 5.5626 uz

In summary, the values of the position and velocity vectors of the COBE satellite
at time f,, at this stage of the iterative procedure, are

rp = 3528.1uy —4316.1uy + 4655.4uy,
vy = —4.1004 ux +2.6567 uy +5.5626 u

The remaining part of the computation is straightforward, but long. Therefore, it
is not given here. Suffice it to say that, after the fifth iteration, the values of the four
Lagrangian coefficients converge to those given below:

Ji = 0.98297
5= 098315
g1 = —179.97
g3 = 178.99

Consequently, the iterative process of refinement terminates after the fifth iter-
ation. The position (r,) and velocity (v,) vectors of the COBE satellite at time 7, can
be computed by introducing these values in the expressions shown above. The
computed values of these vectors are given below.

ry = 3525.5ux —4313.7uy + 4651.7u,
vy = —4.0755uyx +2.6425uy +5.5324 u;,

The computed values can be compared with the actual values of the position and
velocity vectors of the COBE satellite, at the same time f,, which are given below
(from Healy [33]).

ry = 3528.320uyx — 4313.871uy + 4654.938u,
vy = —4.103ux +2.658 uy +5.564 u,
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About the difference existing between computed and actual values, it is to be
noted that the data used for the computation have been considered as free from
errors, which cannot be true in practice; in addition, no account has been taken of
the perturbations.

The method shown above is due to Gauss [26] and has been refined by Gibbs
[27]. Taff [66] has strongly censured this method on the grounds of the small radius
of convergence of the fand g series. According to Taff, Moulton [56] has found that
the radius of convergence of these series is 7t/2m, where T is the orbital period (of
the object observed) and 7 is given by

2
= Mng {ln[l + (1 — ez)%} —Ine— (1 — ez)%}

where e is the orbital eccentricity and M, is the value of the mean anomaly,
contained in the interval [—m, 7], at the instant ¢ = #, [66]. Neither Taff nor Moulton,
in the cited papers, define what must be understood by “instant ¢ = 7,”. It may be
presumed either that 7, is the intermediate (,) of the three observation times (¢4, f,,
and #3) defined above, which are such that #; < #, < t3, or that 7y is exactly the
midpoint of the interval [z, #3], that is, o = (] + 3)/2.

On the other hand, well before Taff and Moulton, Gibbs had noted that “The
determination of an orbit from three complete observations by the solution of the
equations which represent elliptic motion present so great difficulties in the general
case, that in the first solution of the problem we must generally limit ourselves to
the case in which the intervals between the observations are not very long” [27]. In
other words, the time intervals 7, = t; — t, and 73 = t3 — ¢, must be small fractions
of the period T of the orbiting body observed, which period is not known a priori.
However, the method of Gauss shown above computes first the components of the
position and velocity vectors of the observed object from a preliminary approxi-
mation and then refines iteratively the values of such components. The knowledge
of the first-approximation set of values makes it possible to compute approximately
the major semi-axis a = 1/(2/r — v?/u) of the orbit and hence the orbital period
T = 2n(a’/)” of the observed object.

In addition, Branham [13] notes that, according some authors, Gauss’ method is
restricted to low-eccentricity orbits, because the radius of convergence of the f and
g series becomes smaller and smaller as the orbital eccentricity approaches unity.
This is because the value of 7 in Moulton’s [56] formula given above also depends
on eccentricity. However, Branham himself admits that this restriction can be
removed by using the f and g functions rather than series.

On the same line of reasoning is Marsden, who shows that Taff’s criticism of
Gauss’ method of initial orbit determination on the grounds of the small radius of
convergence of the f and g series is completely unjustified [51].

In the example given above, the preliminary approximation to the position and
velocity vectors of the COBE satellite, observed at time #,, has given the following
results
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ry =3520.6uxy —4309.4uy + 4644.7uy
vy = —4.0299ux +2.6179uy +5.4727u,

The corresponding magnitudes r, and v, of r, and v, have been found to be

1
Py = (s - 12)i= [3520.62 + (—4309.4)° +4644.72T: 7248.4km

l—

1
R [(—4.0299)2 42,6179 +5.47272T= 53.044 km /s
The major semi-axis results from the vis-viva integral

1 1
azz v%: 5 53044 = 7000.5 km

r p 72482 398600.4

The corresponding orbital period of the COBE satellite results from

a3\ 7000.5% \?
T=2n[%) =2 x3.1416 x (") = 5809.1
”(u> % X (398600.4) s

and the angular momentum per unit mass is

h= (Z, — Y ux + (LX) — X2 Zy)uy + (XY — Y2X5)uy

= (—4309.4 x 5.4727 — 2.6179 x 4644.7)uy + (—3520.6 x 5.4727

— 4.0299 x 4644.7)uy + (3520.6 x 2.6179 — 4.0299 x 4309.4) u,
—35743ux — 37985uy — 81499u,

The square of the magnitude of A is

W =h-h=(—35743)" + (—37985)> + (—8149.9)*

The semi-latus rectum results from

- W (=35743) + (=37985)" + (—8149.9)°

398600.4 = 6991.6 km

The orbital eccentricity results from

p:a(l —ez)
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which, solved for e, yields

. 1
P 6991.6\
—(1-2y= (1 =222} = 0.035656
¢ ( a) < 7000.5

Now, since in the present case

e the time intervals 7 = —181 s and 73 = 180 s are equal to a small fraction
(about 1/32) of the orbital period 7 = 5829.1 s; and
e the orbital eccentricity e = 0.035656 is much less than unity;

then the iterations converge, as has been shown above.

2.7 Orbital Elements from Three Measurements of Angles
(Method of Laplace)

Let the topocentric right ascension (a) and declination (J) of a satellite be given at
three distinct times #,, 1, and 73, that is, let a set of values for o, 8y, %, 0, 03, and
J3 be given. Let uy, u,, and u3 be the unit vectors along the line-of-sight vectors
(respectively, p; = piu1, p» = poUt, and p3 = pzu3) going from the observation
site P placed on the surface of the Earth to the satellite Q observed, as shown in the
following figure.

X
(towards )

Indicating for brevity u; (i = 1, 2, and 3) these unit vectors, Sect. 2.2 has shown
that the components of u; are

u; = (cos d; cos a;)uy + (cos d; sin o )uy + (sin 6;)uz
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where uy, uy, and u; are the unit vectors along the respective axes of the
geocentric-equatorial system XYZ. The preceding expression, in matrix terms, is

Uy cosd cosa
u;= |uy | = | cosd sina (i=1,2,3)
uz |, sin

The preceding figure also shows that
ri=rg+p,=rg+p;u; (i=1,2,3)

where p; is the magnitude of the line-of-sight vector p;, and rg is the vector from the
centre of the Earth to the observation site.

As shown in Sect. 2.5, differentiating two times the preceding expression with
respect to time yields

/ / / /

rp=rgtpuitpu,

J! ]! 1 /! /! " /! " /! n
I =Tp+pii pi+ pii+ ity =T+ pjui+ 2p;+ p

On the other hand, the equation of motion of the satellite is

J
rl=—(5r
T

By substituting r"; = —(,u/r?)ri into r"; =r'"g+p";u; +2 p'; u'; + p; u”; and
remembering that r; = rz + p; u;, there results

(r%) (rg + pati) = rg+ pjui+ 2p; + piu

1

that is,

v+ ol (B)o] =~ [+ (e
(where i = 1, 2, 3). At a given time of observation (e.g. at the intermediate time 7,)
the preceding vector equation is equivalent to 3 scalar equations in 10 unknowns
W', u";, pi, p'i, p"i, and r), where the known quantities are u;, rg, and r"g. The
line-of-sight vector u; is known at the three times ¢, #,, and 3. Consequently, when
the time intervals #, — #; and #3 — t, are small with respect to the orbital period T of
the object observed, the values of u', and u'’, (that is, the values of u'; and u"; at the
intermediate time 7,) can be computed by taking, respectively, the first and second
time-derivative of u(f), where u(f) is the Lagrange polynomial which interpolates
the three line-of-sight vectors u;, u,, and u3. As is well known, this polynomial is
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u(t) = [((t— n)(t—t3) }m N |:((l‘—l‘1)(l‘—l‘3) ]u2+ [((I—tl)(t—tz) }m

th—h)(t —B) th—t)(t2 —13) t—1)(—t)
Differentiating once and twice this expression yields, respectively,
20—t — 13 2t— 1 — t3 2t—1H — b
] (e | R e i e ol
) (t1 —0)(h — 1) : (h—11)(tr — 13) ? (3 —11)(ts — 1) ’
u'(t) = [—2 }u + [—2 }u + [—2 }u
n-no)n-n)] " |[(-n)k-6)" " |[G-0)s-n)]"

The value of u’, results from evaluating u'(f;). When more than three obser-
vations are available, then u’, and u", can be computed by using either Lagrange
polynomials with a higher degree than two or a least-squares polynomial fit, as will
be shown below.

Thus, at t = #,, we have the equation

st ol (5] = ()

which, projected onto the axes X, Y, and Z, gives rise to the following scalar
equations

—[rix + (u/r)rex]
—[riy + (u/r)rey]
—[riy+ (u/P)rez]

p"ux + 2p'uy + pluy + (/7)) éx]
p"uy + 2p"uy + pluy + (1/r)y]
p"uz + 2p'uy + pluy + (1))l

for the three unknowns p”, p’, and p. For the present, we consider r as a parameter.
The matrix of the coefficients in the preceding system of equations is

uy 2y uf+ (p/r)ux
uy 2y u+ (p/r)uy
uz 2w, w4+ (p/r)ug

Let D be the determinant of the preceding matrix. The value of D does not
change if the first column of the matrix, multiplied by (u/r), is subtracted from the
third column, as follows

ux 2uy uf+ (u/r)ux —ux(u/r’)
uy 2wy uy+ (u/r)uy —uy(un/r)
uz iy oy (u/r)uz — uz(p/r)
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Consequently, D is equal to

uy uy uy
2l uy uy ufy| =2Dy
uz uy Uy

where D, is the determinant of the matrix written above. Solving the preceding
system of equations according to Cramer’s rule, we have

_Db, D,

D 2D,

where D, is the determinant of the following matrix

uy 214;( Vgx‘i‘ (,u/r3)rEX
—|uy 2wy riy+(u/r)rey
uz 2uy T+ (M/”B)”EZ

This matrix can be written as follows

! /1 /
Ux Uy TIgy Ux Uy TEx
! 1 3 /
—2|uy uy rgy —2(/1/}") uy uy Tey
] 7 !
Uz MZ rEZ Uz uZ ez

Let D, and D, be the determinants of the two matrices written above.
Since p = D,/D, then the following equality holds

D D D D D
p:_pzfz_lfz(ﬁ)_z:,_l, (ﬁ)_ZZ,AfB(ﬁ>
D D r3/) D Dy \r3) Dy r

where we have set for convenience

Do Do
Dy u-(u xrg)
Dy Dy

holds, of course, if Dy # 0.
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On the other hand, by remembering that r = rz + p u (where r and u are r; and u;
at the intermediate time #,) and taking the scalar product of r with itself, there results

P =ror=(rg+pu) - (re+pu) = ra+2p(rg-u) +p

2
By setting for convenience

E=—2p(r-u)

_ 2
F=rg

there results the following system of two algebraic equations

u
p-a-a)

rzzpz—Ep—i-F

for the two unknowns p and r.
Now, substituting p = —A — B(u/r’) into > = p> — E p + F leads to

2UAB  1I*B? BE
# +MT+AE+MT+F
r r

=A%+ 3
,

Multiplying all terms of the preceding equation by r° leads to Lagrange’s equation
Prar®+br+c=0
where

a= —(A*+AE+F)
b= —u(2AB+ BE)
c= — 2B
This equation can be solved numerically by means of one of the methods shown

in Sect. 1.5. The result is the value of r relating to the intermediate time #,. By
introducing this value into

u
o a )

it is possible to compute p. Thus, the position vector of the satellite at time #, results
from

r=rgt+pu
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With the view of computing the velocity vector v = r' of the satellite at time 7,,
let us consider again the system of equations

p"ux + 2p'uy + pluy + (1/r)ex] = —[rix + (1/r)rex]
puy + 20"y, + pluy + (1/r)ly] = —[rgy + (/7 )rEy]
+

pluz + 200y + pluy+ (/)] = =[riz + (u/r')rez]

where D # 0 is the determinant of the matrix of coefficients (see above) and D,y is
the determinant of the following matrix

uy  —[rpy + (w/r)rex]  uy + (w/r)ux
uy = [rgy + (/) )rey] 4 (u/r )uy
uz — rEZ+(:u/r3)rEZ M%"‘(M/VS)MZ

This matrix can also be written as follows

/" " "

Ux rgx Uy 5 Ux Fegx Uy

/" " "

— | Ur Tgy Uy —(ﬂ/”) Uy Frey Uy
1 " 1"

Uz TFgz Uz Uz Fregz Uy

Let D5 be the determinant of the first and D, be the determinant of the second of
the two matrices written above. By so doing, the previous expression p’ = D,/D
can also be written as follows

73

p: = - — — D

’ D o' D3 ( ,u) D4
D D
where D # 0. Since we have set D = 2D, the previous equation can also be written
as follows
L (%) Dy
p 2D() r 3 2D0

By setting for convenience

c_ D Cu-(rpxud)
T 2Dy 2Dy

Dy u-(rgxu)

G 2Dy 2Dg
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the previous equation can be written as follows
o)
r

Since r is known, the previous expression makes it possible to compute the value
of p'. This value, substituted into

v=r=ry+pu+pu

yields the velocity vector v of the satellite at time #,.
As mentioned above, this method fails when the determinant D, of the matrix

uX ulX u//X
MY ulY u//Y
Uy u/Z u
approaches zero, which happens when the observer lies in the plane of the orbit at
the intermediate time #,.

The following section of this paragraph shows how to fit the observations
gathered to an orbit by using the method of least squares, which was invented by
Gauss in 1795. According to Gauss (Theoria motus, Book 2, Sect. 3, paragraph
172, page 205 of the cited Ref. [26]), “Si observationes astronomicae ceterique
numeri, quibus orbitarum computus innititur, absoluta praecisione gauderent, ele-
menta quoque, sive tribus observationibus sive quatuor superstructa fuerint, abso-
lute exacta statim prodirent (quatenus quidem motus secundum leges Kepleri exacte
fieri supponitur), adeoque accitis aliis aliisque observationibus confirmari tantum
possent, haud corrigi. Verum enim vero quum omnes mensurationes atque obser-
vationes nostrae nihil sint nisi approximationes ad veritatem, idemque de omnibus
calculis illis innitentibus valere debent, scopum summum omnium computorum
circa phaenomena concreta institutorum in eo ponere oportebit, ut ad veritatem
quam proxime fieri potest accedamus. Hoc autem aliter fieri nequit, nisi per ido-
neam combinationem observationum plurium, quam quot ad determinationem
quantitatum incognitarum absolute requiruntur. Hoc negotium tunc demum susci-
pere licebit, quando orbitae cognitio approximata iam innotuit, quae dein ita rec-
tificanda est, ut omnibus observationibus quam exactissime satisfaciat”.

In plain English, “If the astronomical observations and other numbers, on which
the computation of orbit is based, were absolutely precise, the elements also,
deduced by means of three or four observations, would be absolutely exact (within
the limits of validity of Kepler’s laws). Hence, the computed elements could only
be confirmed, but never corrected, by further observations. In practice, since all our
measurements and observations are nothing more than approximations to the truth,
the same holds for all calculations based on them. Thus, the principal purpose of all
computations concerning concrete phenomena must needs be that of drawing us
near the truth to the maximum possible extent. This can be done in no other way
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than by using a suitable combination of more observations than would be strictly
necessary to determine the unknown quantities. This task can only be undertaken,
when an approximate knowledge of the orbit has already been reached, which is
then to be corrected in such a way as to satisfy all the observations to the maximum
extent of exactness”.

In a few words, since all actual observations are affected by random errors, then
more observations than those which are strictly necessary are needed, the usefulness
of the redundant measurements being the mutual cancellation of the errors to the
maximum possible extent.

With reference to the following figure, suppose we have a set of approximate
values y; which correspond to discrete values x; (where i =1, 2, ..., n) of the
independent variable x.

Y

- (X3,)%)
o * (3,03

s (X, 0

X

If the three points (xq, ¥1), (X2, ¥2), and (x3, y3) were joined by an interpolating
polynomial, as shown in the following figure, then the resulting curve would pass
exactly through each of the three points but would also have an oscillating beha-
viour, which makes the curve unfit to represent the overall trend of our data.

y

@2 N

(x! ’y!)

X

If, on the contrary, the same data were represented by a straight line obtained by
means of the least-squares method, then the result would be like that shown below.

7 y=ax+b
.
« (X2,)2) ,//
/_/"" ¥ (x3 ’y3)
/".-/
(X, )
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The least-squares method produces a functional form f(x, co, ¢y, ..., C;) = frn(X),
which depends not only on x but also on m + 1 parameters cg, ¢y, ..., C,, to be
determined in such a way as to minimise the squares of the residuals, that is, the
squares of the differences between the functional form f;,(x) and each data point.

A type of functional form f;,(x) frequently used is an algebraic polynomial:

fm(x) = Co +C1X—|—6‘2)C2 + - 4+ mem

The degree m of this polynomial must be chosen by the solver. However, m must
be less than n — 1, where 7 is the number of the given points. Otherwise, if m were
equal to n — 1, then f,,(x) would be just the interpolating polynomial.

For the purpose of illustrating the method, suppose that we are given a set of
n points (x;, y;) with i = 1, 2, ..., n, and that we search the least-squares fit of these
points by means of a second-degree polynomial f>(x) = ¢y + c1x + cox’. In this
case, according to the least-squares method, the unknown coefficients ¢, ¢, and ¢,
must be chosen in such a way as to correspond to the least squares of the residuals,

the residuals being the components py, ps, ..., p, of the following n x 1 residual
vector
P1
P2
P=1 .
pn

Such components are

Py =y1 —fax1) =y —co— c1x; — coxy
P2 =y2 —f2(x2) =y2—co— c1x2 — 23

Pu =Yn —F2(Xn) = yn — o — €1y — C2X2

This is because the Euclidean length p of the residual vector p is just the square
root of the sum of the squares of its components: p = (p7 + p3 + ... + p2)”.

Consequently, in order for the residual vector p to have the minimum Euclidean
length, p2 must have the minimum value, where

2

PP=pitpit = (= - —ox)
2 2
+(n—co—cixa—cax3) 4 o+ (ya—co— Xy — cox;)

This condition is satisfied by those values of ¢, cy, ..., ¢,, which cause the first
derivative of p2 to vanish. If m = 2, this leads to the following three conditions:
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0p? 3 0 0p?
op~ p1+ Pz_|_'_'_~_ Pn

= —2[()’1 —Cyp — C1X1 — Czﬁ)

aCO 860 Jdco 0co B

+ (2 —co—cixa — ) + -+ + (¥ — o — c1x, — 2x2)] =0
dp* _dpi | 9p3 dp;
DL o T o T ot R ) —c— — oox?
der e Tae T Y ag - b e —am —ex)

+x2(y2 —Co— C1X2 — szﬁ) + - ern()’n —Co — C1 X — C2x5)] =0
9p* _9pt | 0p3 ap, ) )

. n_ _9 _ _ .

—|—x2(y2 —Cy— ClXp — czxg) + .- —|—xi(yn —Co — C1Xp, — czxi)] =0

Since each of the three partial derivatives must be equal to zero, then the
coefficient in front of the square brackets (that is, —2) can be dropped. Thus, the
previous three conditions reduce to

nco+ (x1+x2+ ... +x,)e1 + (x%—i—x%—l— +xi)cz =yi+y+ ...+

X140+ ... +x)c0+ (F+5+ ... Fx)a+ (+0+ ... +x)e
=xi(y1+y2+ ... +n)

(F+8+ ... +x)co+ (+0+ ... +x)a+ (F+5+ .. +x

=20 +y2t o )

Je2

This is a system of three linear algebraic equations for the three unknowns c, ¢,
and c,. The values of ¢, c;, and ¢, determine the least-squares fit parabola

f(x) =co +erx+ epx?

Let us consider now the differentiation of a general (m-degree) least-squares fit
polynomial. Let

fulx =co+cx+ex®+ ...+

be this polynomial. Differentiating once and twice the polynomial with respect to
x yields

dlﬂ
({x =c1+2cx+ 33>+ - -

d*f,,
dxfz = 2C2 +6C3X+

The expressions shown above make it possible to compute f,,,(x) and its first and
second derivative at any point x of interest. If that point be chosen as the origin
of the series expansions, then there results x = 0, f,,(0) = co, (df,,/dx)yo = ¢;, and
(d*f,/dx?)o = 2¢5.
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2.8 Improvement in Orbit Determination by Differential
Correction

The preceding paragraphs have shown some methods for the preliminary deter-
mination of the orbit followed by a space object. These methods use only the
minimum number of observations necessary to compute an orbit. Since six inde-
pendent quantities are strictly necessary to determine the motion of a body, then
these methods use a set of six independent quantities.

However, as has been shown numerically in an example given in Sect. 2.6, the
six orbital elements (or the 3 + 3 components of the position and velocity vectors at
a given time f,) computed by means of these methods differ to some extent from the
actual orbital elements. For the purpose of reducing, as far as possible, the influence
of the errors, the residuals (that is, the differences between the computed and
observed quantities) must be determined at each time of observation. In some cases,
it is possible to refine a preliminary orbit without taking account of the perturba-
tions, that is, considering a purely Keplerian orbit. As shown in Sect. 2.6, this
happens when there are at least three reliable observations which cover a significant
part of the orbit but are not too distant in time with respect to the epoch of the
preliminary determination of the orbital elements.

The differential correction is a numerical procedure based on the principle of least
squares, which is meant to correct the computed elements by minimising the
residuals. The quantities which concur to determine the observed values of the right
ascension (o) and declination () of a given body are substantially the orbital ele-
ments of that body and the position vector r; which specifies the location of the
observer with respect to the geocentric-equatorial system. Of these quantities, 7z can
be supposed to be known accurately enough to require no improvement in accuracy
make it useless to improve rz. Consequently, the uncertainties in the values of o and
0 can be attributed to the orbital elements, that is, to the components of the position
(r) and velocity (r') vectors of the space object. Let #y be an epoch chosen arbitrarily
and let xo, Yo, 20, X0, ¥'0, and 7'y be the components of such vectors at #y,. The
dependency of o and é on xq, yo, 2o, X'0, ¥'0, and 7' can be written as follows

! / !
o = a(x07y0720)x07y07Z0)
/ / /
o= 8(x07y07Z05‘x0’y07Z0)

The total differentials of o and & are

Oa. Oa oo

do = aodonrayodyoJr“ a,dzo
00 00 85

dé = —dxg+ —d . —dz
8X0 0 + ayo Y0 + 8 7 Z()

and express the changes in o and ¢ resulting from the independent changes in x, yo,
.., Z'0. Replacing the differentials by the corresponding finite differences leads to
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Oa Oa Oa
Ao = Axg+ — Ay + -+ + — Az
o axo X0 + 8y0 Yo + + 8Z6 2
00 00 06
A6 =—4 —A coo 4 — A7
B Xo + O Yo + + (9Z6 2

where Ao and 46 are the residuals in, respectively, right ascension and declination,
and Axg, Ay, ..., A7 are the changes to be made in, respectively, xo, Yo, ..., 2o for
the purpose of reducing such residuals to zero. Now, Ao and A are known
quantities, which result from measuring the position of the observed body on the
celestial sphere. When three couples of values («, ) are measured at three different
times #,, t,, and #3, that is, when we have a set of six values {o;, 01, ty, 02, 03, 93},
then 2 x 3 independent equations of conditions can be written as follows

Aoy = g;Axo—i—?Ayo—i----—&-%Azg
A(sl:g%mo gi14y0+---+2241z3
Aazz%zl g“szo+...+g‘;‘ZAzg
A8, = géi Axo + gézﬁyo-i- +g—i§Azg
Aoz = gZAxo+%Ayo+~-+g;zZAzg
403 = giZAxo+g—i3Ayo+ +g—j§Azg

When we use more measurements than those strictly necessary, that is, when a
set of n measurements {o, 8, %, 0, ..., d,, 0,} is available, where n > 3, then
2n independent equations can be written as follows

81 81 6051

A — Ax —A — Az
o] = o 0+80 yo + - +5Z{) )
851 (951 851 !
A0 —A —A s+ — A2
1= 6X0 Xo + 8}7 Yo + 826 )
8052 8 Ol 8062 /
Aoy = —=A4 —A e+ —A
o) g Xo+ = v Yo + + o2, 2
O, O, O,
Aa, ey " A .. AL
o %0 Xo + 9o Yo + + 5Z6 0
a9, 90, 09,
A8, = " Axo 4 — Az,
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Thus, the problem reduces to obtaining suitable numerical values of the partial
derivatives, because these values, introduced into the preceding equations, make it
possible to obtain the values of the corrections Axg, 4y, ..., 4z7'¢ which best fit the
available measurements o, 01, %, 02, ..., 0y, Oy

To this end, Escobal [22] suggests the following procedure. Let ¢ be any one of
the six variables xo, Vo, zo, X'0, ¥'0, and z'g. Let A¢ be some small change introduced
in that variable. The partial derivatives of ¢; and 6, (i = 1, 2, ..., n) with respect to &
can be approximated by means of the following 2n expressions

/ /
oo N oti(xo, e €0+ e, .. .,zo) - oci(xo, ey €0y - - .,zo)
Oe Ae

%N 5i(xo,...,eo+4|e,...,z6) - 5i(x0,...,eo,...,z’0)
e Ae

where ¢ is the value of ¢ at the epoch chosen (7). Each of the variables is incre-
mented in turn, while the others maintain their original values. By so doing, the two
equations written above approximate the needed 6n partial derivatives. Usually an
increment Ae equal to a few units per cent (Bate et al. [5], suggest 1 or 2%) suffices
to provide a satisfactory approximation of the partial derivatives du;/d¢ and 99,/9¢
(i=1,2, ..., n). Now the values of these partial derivatives, obtained as has been
shown above, are introduced into

oo 001 oo o] 8051
A —A A e Az
o = 80 )Co-l-a Yo + +a, 2y
351 851 851
A0 —Axg+ —4 oo — A7
S 0T gy, ot T g A%
oo, 2%} 80(2 80(2
Aoy = —Axog+ —Adyo+ - -
T ox 0 By Yo 0z
_ O o, o,
Aoy, A A coe + =2 A7
o = o ™ X0+ —— o Yo + + a2, 2y
5‘5 00 00
Ad " v AL
" 8 X0 ayo 8Z6 0
and these equations are solved for Axg, Ay, ..., 4Z'o. Now the variations Axg, 4yo,
., 47y are added to the respective quantities xo, Yo, ..., z'o- This makes it possible

to compute a new couple of position (r) and velocity (r') vectors

Xo + Axg X6 + Ax{)
ro = | yo+4yo ro = | o+ 4y,
z0+ 4zo 26 + AZ6
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at the same epoch (#y). Hence, new values of right ascension and declination are
computed and compared with the observed values. The differences between the two
sets (computed quantities minus observed quantities) are the residuals. If these
residuals are greater than a chosen tolerance, then the refinement process is repe-
ated; otherwise it is stopped.

2.9 Improvement in Orbit Determination by Weighted
Least-Squares Estimation

The preceding paragraph has shown how to determine the components of the
position and velocity vectors of an observed object so that the residuals should be as
small as possible. In practice, since different measurements have different units and
degrees of reliability, then a weighting factor is applied to each residual, and
consequently the quantity to be minimised is the square of the weighted residuals.
In addition, as shown in Sect. 2.1, the force model used to compute the forces acting
upon the observed object at a time ¢ can only provide approximate values of the true
forces, because the physical constants are known approximately and also because
the mathematical model used to compute the forces can never be exact.

The mathematical formulation of this general problem will be shown below
following Montenbruck and Gill [53]. Let us consider the m-dimensional column
vector x, whose components xy, X, ..., X,, are the time-dependent components of
the position (r) and velocity (') vectors of the observed object, and the components
of two vectors p and ¢, which contain the free parameters characterising the force
and measurement model, as follows

r
|
X =
p
q
Let
x' _f(lax)
xo = x(to)

be the differential equation and the initial condition which describe the evolution in
time of the augmented state vector x. Let

<1
22
7= .
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be an n-dimensional column vector, whose components zj, zp, ..., Z, are the
observations at times 7y, f,, ..., t,. These observations can be expressed as follows

zi(t) = gi(ti,xi) + & = hi(ti, x0) + &
(with i =1, 2, ..., n) or in vector terms
z=h(x)+e

where g; indicates the computed value of the /™ observation as a function of time
and the instantaneous state vector x;, and /; indicates the same value as a function of
the state vector x, at the reference epoch #,. The presence of the quantities ¢; is due
to the difference between computed and actual values because of measurement
errors, which are assumed to be randomly distributed with zero mean value. Using
the least-squares method, we search the state vector x{9 corresponding to the
minimum value of the loss function

J(xo)=p-p=p"p=[—hx)] [z — h(xo)]

that is, corresponding to the minimum value of the squared sums of the residuals p;,
02, ---» Pn, fOr a given set of observations zi, 22, ..., Zu-

The expression of the loss function given above holds for observations of equal
type and quality. This assumption will be removed in the following section of this
paragraph. In addition, the number (1) of observations is assumed to be greater than
or equal to the number () of unknowns.

The vector-valued function h(x) appearing in the equation z = h(xg) + & is a
nonlinear function. Since an approximate value (x{°™") of the actual state vector (x¢)
at epoch is known, the problem can be simplified by linearising the function A.

Let x§" be a reference state vector, which is initially set equal to x3’™. The
residual vector p = z — h(x,) is expressed approximately as follows

Oh
p=z—h(xo) ~z—h(x") - <8_x0> (xo — x§") = 4z — H4x,
ref

where Axg = x¢ — xf)ef is the difference between x( and the reference state vector,
Az =z — h(x5") is the difference between the actual observations and those
resulting from the computed reference orbit, and the Jacobian H = (0h/9x ). is the
matrix of the partial derivatives of the computed values with respect to the state
vector (here the subscript ref indicates that the partial derivatives are to be evaluated

at xg = x{)et) at the reference epoch 7. Thus, by means of
p=4z—HAx

we obtain the residual vector p after applying a correction Ax to the reference state
vector and recomputing the observations.
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This makes it possible to reduce the original nonlinear least-squares problem of
finding the minimum value of the loss function

J(x0) = [ — h(xo)]" e — h(xo)]

to the simpler linear least-squares problem of searching Ax¢? corresponding to the
minimum value of the loss function

J(x0) = [4z — H Axo]" [4z — H Ax,)]

If the Jacobian H has full rank m (the rank of a matrix A is the maximum number
of linearly independent rows or columns of A), that is, if the columns of H are
linearly independent, then the minimum value of the loss function is attained when
the partial derivatives of J(xy) with respect to 4x, vanish, that is, when

8{[Az — Hxo|"[4z — HAxO]}

=0
8Ax0

where the partial derivatives are to be evaluated at Ax, = Ax9.
The partial derivatives of the scalar product p - p = p"p with respect to Ax, can
be computed by means of the following identity

(a'd) 1 (0b t(0Oa
e ¢ <8c>+b %

Thus, the general solution of the linear least-squares problem may be obtained
by solving the following system of m algebraic equations

(H™H) 4xy? = (H" 4z)
The solution is
A — (HTH) ! (A A2)

where H'H is an m x m symmetric matrix. In order to compute the solution,
Montenbruck and Gill [53] recommend the use of standard techniques for positive
definite linear systems of equations. One of such techniques is the Cholesky
decomposition, which is shown below.

Let A be an m x m symmetric (A = AT, where AT is the transpose of A),
positive definite ((Ax, x) > 0 for any real vector x other than the zero vector) matrix

with real entries a;;, as follows
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(2581 ain N A1m

any an el Aoy
A=

Aml  Am2 .- Aum

Then A has a unique decomposition of the form A = LL", where L is a lower
triangular matrix with positive diagonal entries (¢; > 0), and L is the transpose of
L. The two matrices L and L™ have the following entries

511 0 0 611 £21 fml

621 fzg “e 0 T 0 £22 .. 61712
L=| . . . L'=|. . .

gml ng s emm 0 0 ce. gmm

For example, we want to decompose the following 3 x 3 symmetric matrix

4 2 -6
A=(2 10 9
-6 9 26

into the product of two matrices L and L such that

611 0 0 gll 621 631
L= 421 622 0 LT = 0 £22 532
by l3 U33 0 0 43

By applying the rules of matrix multiplication, we have the following six
equations for the six unknowns £y, €51, ¢55, {31, {32, and £33:

#2o=4 hence ¢, = 2 65, +03, = 10 hence £ = 3
EIIEZI =2 henceézl =1 £21£31 —|—£22f32 =9 hCHCC€32 =4
811631 = —6 henceﬂ31 = -3 E%l —|—£%2 —|—£%3 = 26 hence€33 =1

Consequently, the Cholesky decomposition for A is A = LL", where
0 0 21 -3
3.0 L'=|0 3 4
4 1 0 0 1

2
L= 1
-3
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For a3 x 3 matrix A, the nonzero entries of L can be computed, as a function of
the entries of A, by means of the following sequence of operations:

1 a a
(1) 4= (an) 2) by =2 (3) ty =L
Ell fu
an — bubs

ol—
—
9}
~—
o~
Il

(4) lyn = (an—6) (6) f33 = (az3 — 65, — 6%2)%

2%

In the general case, for the Cholesky decomposition of an m X m symmetric,
positive definite matrix A, the following procedure can be used.
Fori=1,2,....,mandj=i+ 1,i+2, ..., m

[STE

i—1 i—1
1
2
bi={ai=> 6] li= 7\ i > bl

k=1 i k=1
Since A is symmetric and positive definite, then the expression under square root
is always positive and the entries ¢; of L are all real. Therefore, to solve a system

Ax=b

of linear algebraic equations such that A is a square, symmetric and positive definite
matrix, we put the preceding expression in the form

LL'x=b
This done, the equations
Lz=0b
are solved for z by forward substitution; then the equations
L'x=z

are solved for x by backward substitution.
Another form of the Cholesky decomposition, which eliminates the need to
compute square roots, is the following

A =LDLT

where A is an m x m symmetric, positive definite matrix with real entries a;;, D is a
diagonal matrix with all positive nonzero entries dj;, and L and LT are, respectively,
a unit lower triangular and a unit upper triangular matrix.

It is to be noted that the matrix L* = {£*;} of the decomposition A = L*L*T

and the matrix L = {/;} of the decomposition A = LDL" are not the same matrix.
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For example, for m = 3, we have

aip app a3 1 0 0 di 0 0 1 621 531
ajp dxp a3 | = 621 1 0 0 d22 0 0 1 632
aiz ayz dass 831 £32 1 0 0 d33 0 0 1

The entries d;; of D and the entries £; of L (with i > j) result from

j—1

1 L
dj = ay— Y Lrdily = 7 (a,j - fik@kdkk>
I k=1

k=1

For example, we want to decompose the same 3 x 3 symmetric positive definite
matrix as that considered previously, that is,

4 2 -6
A=(2 10 9
-6 9 26

into the product LDL”. There results

dyy=ay; =4

621 :a21/d11 = 2/4 = 1/2

d22 =day —E%ldn = 10— (1/2)2 x4 =9

631 = Cl31/d11 = —6/4 =-1.5

b = (1/dy)(azs — l31dndyy) = 1/9x [9 — (=3/2) x 1/2 x 4) = 1.333
diz = az3 — Brdyy — Bodoy = 26 — (—6/4)7 x 4 — (4/3)*%x9 = 1

Therefore, the LDL" Cholesky decomposition of the given matrix A is

4 2 -6 1 0 0|4 0 0|1 05 —15
2 10 9 =105 1 0({0 9 0](0 1 1333
-6 9 26 —-15 1333 1{]0 O 1][0 O 1

The L*L*" and LDL" Cholesky decompositions of the same matrix A are
related to each other as shown below

T T
A = LDL" = LD'DLT = LD? (D%) LT = LD} (LD%)

1 . . . .
where D” is also a diagonal matrix, whose nonzero entries are the square roots of

the corresponding entries of D, that is, D” = diag(dlﬁ, &5, ..., d= ). Hence,

A =LDLT = L*L*T

where L* = L D*.
Now, let us come back to the linear least-squares problem. Since h(x) is actually
a nonlinear function, the value Ax{d computed as shown above (and consequently
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x69 = x5+ AxG9) is only an approximate solution of the orbit determination

problem. A better solution than this can be obtained by replacing x5 with the value
of x4 computed previously and performing a new iteration. Let the superscripts
[i] and [i + 1] denote the value of x}fq resulting from, respectively, the i and the

(i + 1™ iteration. The iterative process of refinement can be expressed as follows

ngr 1 _ xg] n (H[i]TH[i]) ‘lH[i]T [z _h (x([)i])}

which formula has x2PP" as its starting point, that is, x5 = x3’™, and continues till

the difference x§*"! — x}i! is greater in magnitude than a desired tolerance.

For the best convergence of the iterative process, the Jacobian H'! must be
computed at each iteration; however, Montenbruck and Gill [53] observe that H
can be replaced by a constant H!. This replacement implies a higher number of
iterations, but results often in less computational work than would be required if
H"! were computed at each step. The method shown above does not take into
account the different errors by which the measurements may be affected. However,
this method can be made general by weighting each observation z; with the inverse
of its mean measurement error g; (where i = 1, 2, ..., n).

By so doing, each residual p; is replaced by the corresponding normalised
residual p*; defined as follows

. Pi_ lg—h(x0)];
pp =—="—"—"""
g; g;
The mean measurement error g; includes both the random and systematic errors.
A typical example of the latter type of error is provided by the refraction of light
rays due to the Earth atmosphere. By using the normalised residuals p*; instead of
the ordinary residuals p;, the expression Ax})sq = (HT H)_l (HT 4z) shown above
remains formally identical, the only difference being that in the present case
(weighted observations) the Jacobian H and the difference vector Az must be
replaced by their respective counterparts H* and Az*, as follows

Axgt = (H'THY) ™ (H' T 42")

where H* = ¥ H and Az* = X Az; X is the n x n diagonal matrix filled with zeros,

except the elements placed along its main diagonal, which are o7, ..., 0,
In other words, X = diag(a]l, o 021) or, which is the same,
1/oy o ... O
0 /o, ... O
Y= . . .

0 0 ... 1/o,



232 2 Orbit Determination from Observations
The solution given above
-1
Axgd = (HTHY) T (BT A7)
of the problem of weighted least-squares estimation may also be expressed in terms

of the original Jacobian matrix H and the original difference vector Az (instead of
H* = X H and Az* = X Az) as follows

Axit = (H"WH) ' (H™W 4z)

where W is the weighting matrix defined as W = ¥ = diag(afz, s G, O,
which is the same,

/a2 0 ... O
0 /a3 ... 0
w=x= . . .
0 0 oo 1/a?

The preceding definition of W as a diagonal matrix holds in case of uncorrelated
errors of measurement. Should such errors be correlated, then W would become a
non-diagonal matrix. In order to understand the correlation of errors, it is necessary
to have some concepts of probability theory, which are given below.

As has been shown above, if x; and & designate, respectively, the actual (aug-
mented) state vector at epoch and the vector containing the measurement errors,
then the observation vector z results from

zZ= h(xo) +eé
The preceding expression, after linearisation, becomes
Az =H(xo —x§') +&

where x& is a reference state vector sufficiently close to x(. The solution of this
least-squares problem has been shown to be

x4 = x4+ (H'WH) ™' (H'W 4z)
—xo+ (H"WH) ™' (HT We)

The preceding expression shows that, when measurement errors are committed,
the computed state vector x})sq differs from the actual state vector x.

In the event of systematic errors being negligible, the components of & are only
random errors. Let X be a discrete random variable which takes values in S = {x;,
X2, ..., X,}. The expected value (or mean) of X is defined as follows
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E(X) = 3 xip(w)
i=1

where p(x;) is the probability of x;. The mean of X is also denoted by X or by uy.
The preceding definition holds if the sum x; p(x;) + x, p(xp) + - + x,, p(x,)
converges to a finite value. Otherwise, the expected value of X is undefined.
For example, when a die is cast, the probability of each of the six possible events
x; (withi=1,2, ..., 6)is p(x;) = 1/6. Thus, according to the preceding definition,
the expected valueis EX) = (1 +2+3+4+ 5+ 6) x (1/6) =21/6 =7/2 = 3.5.
Let X be a continuous random variable in § = [-00, c0] with probability density
function ¢(x). In this case, the expected value of X is defined as follows

EX) = 7xqo(x)dx

Here, too, the value of the integral must be finite, in order for the expected value
of X to be defined. Let X and E(X) be, respectively, a random variable and its
expected value. The variance of X is defined as follows

Var(X) = E{[x - E(x)ﬁ}

In other words, the variance of X is the expected squared distance of X from its
mean E(X). Let X be a discrete random variable which takes values in S = {x;, x5,
..., X,,}. Then the variance of X is defined as follows

Var(X) = i |fﬁ' - ixjp(xj)] p(xi)

In the example of the die proposed above, p(x;) = 1/6 and E(X) = 7/2.
Thus, according to the preceding definition, the variance of X is

7\* 7\* 7\° 7\* 7\*
(1-3) +(3) +(3-3) +(+3) + ()
(s N 1 /25 9 1 1 9 25 L35

2 6

6 \atatatatiTy 2
Likewise, let X be a continuous random variable in § = [-00, ©0] with proba-
bility density function ¢(x). Then the variance of X is

Var(X) =
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Var(X):/OC x— /ooéqv(é)dé 2</J(X)dx

In case of the expected value E(X) of a random variable X being zero, that is, in
case of E(X) = 0, then the variance of X is

Var(X) = E{[x - E(X)]2]} — E[(X - 0)2]} = E[(X)z]

The variance of a random variable X is often denoted by ai, that is,
Var(X) = o%, and its standard deviation [Var(X)]”* by oy.

Let X and Y be two independent random variables. Let E(X) and E(Y) be their
respective expected values. In this case, there results

Var(X+Y) = Var(X) + Var(Y)
Instead, in case of X and Y being dependent random variables, then there results
Var(X +Y) = Var(X) + Var(Y) + 2 E{[X — E(X)][Y — E(Y)]}

where the term E{[X — E(X)][Y — E(Y)]} is called the covariance of X and Y, that
is,

Cov (X, Y) = E{[X — E(X)][Y — E(Y)]}

The covariance of two random variables X and Y is the average value of the
deviation of X from its mean E(X) and the deviation of Y from its mean E(Y). The
zero value of the covariance Cov(X, Y) of two random variables X and Y does not
imply their independence; it implies only the linear independence of X and Y.

The correlation coefficient pxy = Corr(X, Y) of two random variables X and Y is
defined as follows

Cov(X,Y)

Corr(X,Y)=——————
[Var(X)Var(Y)]

=

Corr(X, Y) is a dimensionless quantity having the following properties:

—1<Corr(X,Y)<1
Corr(aX +b,cY +d) = Corr(X,Y)

where a, b, ¢, and d are any real constants. This implies that Corr(X, Y) is equal to
unity only when a relation of a linear dependence exists between X and Y.
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Let us see now the practical application of the concepts given above. If the error
vector ¢ has only random errors as its components, then the expected values of,
respectively, & and gg' are such that

E(e) =0
E(ee") = diag(al,...,02)

50,

In other words, the expected value E(g;) of each component ¢; (i = 1, 2, ..., n) of
the error vector ¢ is equal to zero; all these components are uncorrelated, in other
words ¢; ¢; = 0 for i # j; and the standard deviation g; of ¢; is equal to [EED)”.

The least-squares solution x§9 of the orbit determination problem is a random
variable, because it depends on &, which is a random variable by the hypothesis
made above. Then, E(g) = 0 implies that the expected value of x(9 is equal to the
actual value of x(, because

E(xp") = E|xo+ (H"WH) ™ (H'W2) | = xo+ [H'WH] "' [HTWE(2)] = x,

In addition, since by definition Cov(X, Y) = E{[X — E(X)][Y — E(Y)]}, then

(o) = o (o) o)
- { e}

Substituting
xXo+ (H'WH) ™ (H"W¢)
for x4Y into the preceding expression yields
Isq I T -l T -l T
Cov(xoq,xoq> = E{ [xo—i- (H'WH) (H'Wg) —xo] [x0+ (H'WH) (H'We) —xo] }

_ E{ [(HWH) ™ (HW )] [(HTWH)’I(HTWs)]T}

— (H"WH) ' (H"W)E (e¢") (WH) (H'WH) '

The expression written above can be simplified, if the weighting matrix W is
chosen in accordance with the standard deviation ¢; (where i = 1, 2, ..., n) of the
measurement. In this case, W = diag(afz, ..., 0,%) is the inverse of E(gg"), and the
preceding expression reduces to

Cov(xf?.x5*) = (H'WH) ™'
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Those elements of the covariance matrix which are placed along its main
diagonal are the standard deviation

1
Isq\ Isq _lsq |2
J(XOI- ) = [Cov(xol. s X0i

(i=1,2, ..., n) of the components of the x}fq vector. Likewise, the off-diagonal
elements of the covariance matrix provide a measure of the correlation existing
between errors of individual components.

The expected value and the covariance of x%)sq define the distribution of values of
x09 which would result in an experiment of repeated orbit determinations for the
same trajectory, if the measurement errors were only of the random type. If these
errors have a normal distribution, then there is a probability of 67% that x{d
(resulting from the actual measurements) deviates from x, by less than 1o, and a
probability of 99.7% that xi9 deviates from x by less than 30.

In the presence of systematic errors &*, there is a further deviation
Is T =1 T
Sx;1= (H'WH) (H'W¢")

of x4 from x,. Montenbruck and Gill [53] point out that the measurement standard
deviation ¢(g) must be known in order to construct the weighting matrix W.

The analysis performed so far is based on the assumption of a Gaussian distri-
bution of errors in the observations. However, this analysis (based only on data
noise errors) does not take into account the effect of model errors. It is therefore
necessary to take into account the effect due to systematic errors.

To this end, the measurement equation can be rewritten as follows

z=h(xp,c)+¢

where z is the n-dimensional vector containing the observations at times #, t,, ...,
t.; Xo is the vector of the estimated parameters; ¢ is the vector of the so-called
consider parameters (which affect the estimated parameters); k is a vector-valued
function of xy and ¢; and ¢ is the vector containing the measurement noise errors.

The vector ¢ contains the force and measurement parameters which are uncertain
but are not modified as a result of the least-squares estimation process. The
expected value of these parameters can be assumed, without loss of generality,
equal to zero. Previously both the estimated and the consider parameters have been
taken together and the expression

zZ= h(xo) +&

of the observation vector z has been linearised around the reference state vector xf
to obtain

Az = H(xo —xf)ef) +&
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Just in the same way, now the expression
z = h(xo,c)+¢
is linearised around x§* to obtain
Az = H,(xo — x§') + Hee + ¢

where H, is the Jacobian matrix containing the partial derivatives of the
vector-valued function k with respect to xo, and H, is the Jacobian matrix con-
taining the partial derivatives of h with respect to ¢. Now the expression of the
least-squares solution becomes

xB9 = xo+ (H'WH,) 'HT W(H,c + &)

This solution differs from the true value xy of the estimation parameters by a
quantity which depends on the consider parameters (components of ¢) and the
measurement noise (components of ¢). The consider parameters are assumed to be
random variables with zero mean and covariance matrix C, which are uncorrelated
with the measurement noise, so that the equality E(csT) = 0 holds. In this case, the
expected value of the least-squares solution

E (x};‘*) = xo+ (H'WH,) "HTWIH, E(c) + E(z)] = xo

is equal to the true state vector x.

The consider covariance matrix P¢ is larger than the noise-only covariance
matrix P = (HI W H,)"', which is also called formal or computed covariance
matrix. The consider covariance matrix has the following expression

P = (HH'W) [H.CH! + E(es")| (PH'W)"
— P+ (PH'W)(H.CH)(PH'W)"
where the weighting matrix W has been taken as the inverse of the measurement
covariance matrix.
As has been shown above, an approximate value (x3"™) of the actual state vector
(xo) at epoch must be known to start the least-squares orbit determination process.
Some information on the accuracy of this value is often available. We want to

incorporate the a priori covariance matrix PgP" into the least-squares estimation. To
his end, the loss function shown above

J(xo) =p-p=p'p=(Az—HAx)" (Az — HAx)
is represented in another way. Remembering that

Axit = (H"H) ™' (H" 42)
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the loss function may be written as follows

_ Isq T T Isq T Isq TyyT Isq
T(xo) = (Ao — Axl®) (HTH) (Axo — axj®) + (427 4z — Ax HTH Ax(?)
T
= (xo - xgq) P! (xo — x})sq> + constant

Since this expression of the loss function J(x,) is a quadratic form of (xo — x{)sq)
defined by the inverse covariance matrix Py U= (H" H) of (xo — x59), then the loss
function minimum and the covariance matrix provide the same information on the
least-squares estimation as that which comes from the measurement vector Az and
the Jacobian matrix H. Thus, an a priori estimate

X = e gy
of the state vector xy may come from a modified loss function
T
7= (e ) Alwo — 23 + 0

where A = (PiP")"!, called information matrix, is used to attribute a contribution to
the loss function to each deviation from x3™, and p is the vector containing the
residuals. The information matrix A is always positive semi-definite, because it is
the inverse of the covariance matrix. By the way, let A be a matrix with real entries
a;;. A is said to be positive semi-definite if, for any vector x with real components x;,

the dot product {Ax, x) of Ax and x is non-negative, that is, if
(Ax,x)>0

Consequently, A can be factored to form a product A =SS, which makes it
possible to determine the minimum of the loss function J. If J is written as follows

J = (Axg — AxP) A (Axg — AxP") 4 (Az — H Ax)" (4z — H Axp) = ATA

apr
=[5 [

then the information matrix A can be considered as the result of additional

observations. Consequently, the minimum of the combined loss function results,
after simplification, from

Axg™ = (A+H"H) " (A Ax + HT 4z)
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In case of weighted observations, the preceding expression becomes
Axt = (A+H'WH) ' (A Ax" + H'W 4z)

where W is the weighting matrix. In order for the preceding expression to be
computable, the sum A + H"WH must have a nonzero determinant, without the
need for A or H'WH to be non-singular (by the way, an n x n matrix A is said to
be non-singular or invertible when there exists an n x n matrix B = A™" such that
AB = BA =1, where I is the n x n identity matrix). However, the non-singularity
of the information matrix A is sufficient to ensure the resolvability of the equations
independently of H'WH. In order to take advantage of this fact, a singularity in
least-squares problems can be avoided by giving a small a priori weight to each
estimation parameter and adding the corresponding diagonal matrix A to the normal
equations matrix.

The expected value Axg? = (A + H'WH) ' (A Ax{" + H'W 4z) of the esti-
mated state is equal to the actual state x, if the a priori information x§* is also a
random variable having x, as its mean value.

The covariance matrix Py of the estimate is related to the a priori covariance and
the measurement information matrix by the following expression

(Po)" = (P{™)"' + (H'WH)

2.10 Numerical Solution of the Least-Squares Estimation
Problem

The purpose of the present paragraph is to provide the reader of this book with the
basic concepts which are necessary to solve numerically the least-squares problem
described in the preceding paragraph. Those among the readers who are fully
conversant with such concepts can skip this paragraph and go directly to the next.
For the sake of generality, the system of m normal equations of Sect. 2.9, that is,
(H" H)Ax§% = (H" Az), is written here in the following form

(ATA)x = (A"b)

where A, x, and b take the places of, respectively, H, Ax}?q, and Az.

The numerical procedures to be described below are based on the decomposition
(also called factorisation) of a given non-singular n X m matrix A (with n > m)
into an orthogonal n X n matrix Q and an upper triangular m x m matrix R. As the
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bottom (n — m) rows of an n X m upper triangular matrix contain only zeroes, as
will be shown below, it is customary to write

Rm m
An><m = ann |:0 - :l

(n—m)xm

where 0 is an (n — m) X m partition, containing only zeroes, of the given matrix A.

According to the definition given by Olver and Shakiban [60], an orthogonal (or
orthonormal) matrix Q is a square matrix which satisfies the condition Q'Q = I,
where Q" is the transpose of the given matrix and I is the identity matrix. Since the
inverse matrix Q' must satisfy the condition Q'Q=Lthena square matrix Q is
orthogonal if and only if its transpose Q" is equal to its inverse Q.

In other words, a square matrix is orthogonal if and only if its columns form an
orthonormal basis with respect to the Euclidean scalar (or inner or dot) product on
an n-dimensional Euclidean space. This is because, if ¢, >, ..., g, are the columns
of Q, then qT, qg, oo qz will be the rows of the transpose matrix QT. Now, the (i, j)
entry of the product Q"Q results from the product between the i row of Q" and the
7™ column of Q. Since Q is, by hypothesis, an orthogonal matrix (such that
Q"Q = 1), then the following relations must hold

_r, 1 (i=))
ql"qj'—qiq]'—{o (i # )
which are just the conditions for ¢4, g5, ..., g, to form an orthonormal basis.

Guillemin [31] gives the following numerical example of an orthogonal matrix
of order three

05 05 0.707
Q= |-0707 0707 0
—05 —05 0.707

where 0.707 approximates '4(2)”*. As is easy to verify, the three columns

0.5 0.5 0.707
q, = | —0.707 q, = | 0.707 q; = 0
—0.5 —0.5 0.707

of the 3 x 3 matrix Q indicated above satisfy the conditions g, - g; = 1 (for i = j)
and g; - g; = 0 (for i # j). An orthogonal matrix Q has determinant det(Q) = £ 1.
This is because Q, as an orthogonal matrix, must satisfy the condition QQ=r
taking the determinant of this equality yields

1 = det (I) = det(Q"Q) = det(Q")det (Q) = [det (Q)]’

If the determinant of an n X n orthogonal matrix is equal to +1, then that matrix
is called proper and the corresponding orthonormal basis is a right-handed basis on
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an n-dimensional Euclidean space; whereas, if the determinant of an orthogonal
matrix is equal to —1, then that matrix is called improper and the corresponding
orthonormal basis is a left-handed basis on the same space.

The product of two orthogonal matrices is also an orthogonal matrix. This is
because, if Q; and Q, are two orthogonal matrices, that is, two matrices such that

QlQ, =1
Q1Q, =1

then there results (Q; Q»)" (Q; Q,) = Q1 Q Q, Q, = Q1 Q, =L Thus, the

product matrix Q; Q, is also orthogonal.
Anm X m matrix R is said to be upper triangular, if its entries r;; below the main
diagonal are zero (r; # 0 for i < j; r; = 0 for i > j), as shown below:

ri1 I N F'im

O o)) e m
R=

0 0 ... rum

The QR decomposition applied to a given non-singular matrix A makes the
product ATA less sensitive to small errors affecting the values of the entries a; of A.
The QR decomposition is unique, if all the diagonal elements r;; (i = 1, 2, ..., m) of
R are required to be real and positive [83].

There are several methods for computing the QR decomposition. Among them
are the Gram—Schmidt procedure, the Householder transformations, and the Givens
rotations. These three methods will be described below. The interested reader can
find more on the matter in several books or articles, for example in Refs. [53, 29].

The numerically stable Gram—Schmidt procedure is a method to make a set of
vectors orthogonal in an inner product space.

An inner product space is a vector space with an operation, which associates
each pair v and w of vectors of the space with a scalar quantity known as the inner
product (v, w) of the considered pair of vectors. A vector space V is the set of all
real (column) vectors v with n components vy, v,, ..., v, this set being closed under
the two operations of addition (if v and w are two vectors of V, then v + w is also a
vector of V) and multiplication by a scalar (if v is a vector of V and s is a real scalar,
then sv is also a vector of V). Two vectors v and w of a vector space V are said to be
orthogonal, if their inner product (v, w) is zero. Vectors vy, v,, ..., v,, of an n-
dimensional vector space V are linearly independent, if the equality c\v; +
cyvy + -+ + ¢,v,, = 0 can only hold if the coefficients cy, ¢y, ..., ¢, are all equal to
zero. Vectors vy, v, ..., v, of an n-dimensional vector space V are a basis, if any
vector v of V can be expressed as a linear combination v = ¢v; + cavs + -+ + ¢V,
with a unique choice of the coefficients cy, ¢, ..., ¢,. For an n-dimensional vector
space, any nonzero linearly independent vectors form a basis. Let V and W be two
sets of vectors. If each vector v contained in V can be expressed as a linear
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combination of the vectors contained in W, then W is said to be the basis set (or the
generating set or the spanning set) for V.

The Gram-Schmidt procedure takes a finite set {a,, a,, ..., a,,} of linearly
independent vectors and generates an orthogonal set {q1, 4>, ..., ¢,,} Which spans
the same subspace as the previous set. Let

ayl ap ... dipy

0 daxy ... dyy
A=

dpl dp2 ... dum

be a given n x m matrix with m linearly independent columns. The same matrix
can also be indicated briefly A = [a, a5 ... a,,], where a4, a,, ..., a,, are the column
vectors of A. We want to construct an orthogonal n x n matrix Q = {q, ¢», ...,

q,} and an upper triangular m X m matrix R = {ry, r,, ..., r,,,} such that
Rle‘ﬂ
Al’lXWl - QVLX)’I [O(n_m)xnl}

For example, let A be a two-column matrix A = [a; a,] and Q be a two-column
matrix Q = [¢, ¢-]. Since R must be a triangular matrix, then

A=la a]l=[q ¢] [7(1)1 :12} =QR
22
In this case, the two column vectors ¢; and g, of Q and the three nonzero entries
r11, T2, and rp, of R are the quantities to be determined as a function of the two
column vectors a; and a, of the given matrix A.
Likewise, when A is a three-column matrix A = [a; a, as], then

i ro T3
A=la; a a;]=[q, ¢ q3]| 0 rm2 m3| =QR
0 0 ra3

In this case, the three column vectors q;, g», and g3 of Q and the six nonzero
entries 7y, 712, ¥13, 22, 23, and r33 of R are the quantities to be determined as a
function of the three column vectors a;, a,, and a; of the given matrix A.

The numerically stable Gram—Schmidt procedure is described below by means
of an example, due to Wikipedia [82]. Let us consider the following 3 x 3 matrix

12 -51 4
A=|6 167 —68
—4 24 —41

The three column vectors a,, a,, and a; of the given matrix A will, by degrees,
be replaced by the three column vectors q;, g», and g3 of an orthogonal matrix Q.
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At the same time, the six nonzero entries 71, 12, 13, 22, /23, and 733 of an upper
triangular matrix R will be computed so that A = QR.

To this end, we first compute the norm (that is, the Euclidean length) of the first
(or leftmost) column vector a@; of A. The first entry r;; of R is set equal to the norm
|ley]|- This yields

2

= lai|| = (af, + a3, +a5,)'= {1224‘62‘*‘(_4)2} =14

Now, we normalise @; by dividing all its components by its norm [|a,||. This
yields the first column ¢; of Q, as follows

an 12_6

M= " 14 7

any o 6 73

e PR VI
- asy o 4 o 2
e PR VI

At this stage of the procedure, the given matrix A becomes

6/7 —-51 4
3/7 167 —68
—2/7 24 —41
Now, we compute the next entries (712, 713, ..., F1,,) of R by taking the scalar

products of the first column of the matrix shown above with each of the other
columns of the same matrix. In the example considered above, this yields

riz = (6/7) x (=51) + (3/7) x 167 + (=2/7) x 24 = 21

riz = (6/7) x4+ (3/7) x (—68) + (=2/7) x (—41) = —14
Now, for the purpose of making the second, the third, ..., the m™ column
orthogonal to the first column, we subtract ri, times the first column from the
second column, ry5 times the first column from the third column, ..., ry,, times the
first column from the m™ column. This yields

51 — (6/7) x 21 = —69 4 — (6/7) x (—14) = 16
167 — (3/7) x 21 = 158 —68 — (3/7) x (—14) = —62
24 — (=2/7) x 21 = 30 —41 — (2/7) x (—14) = —45
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and the resulting matrix is

6/7 —69 16
3/7 158 —62
—2/7 30 —45

At this stage of the procedure, the first column vector of the preceding matrix has
been normalised to have unit length; in addition, the second column and the third
column have been made orthogonal to the first.

Now, in order to compute ¢g,, we normalise the second column, by dividing all
its components by its norm. At the same time, the r,; entry of R is set equal to the
norm (or Euclidean length) of the second column. In the example considered above,
this yields

ry = | (~69) + 1582 +302r: 14

The resulting matrix is

6/7 —69/175 16
3/7  158/175 —62
—2/7  6/35  —45

Now ry3 is the scalar product of the second column and the third column:

69 158 6
ray = <— ﬁ> x 16 + <ﬁ> x (—62) + <§) x (—45) = —70

By subtracting 7,3 times the second column from the third, we obtain

16 — (=70) x (—69/175) = —406/35
—62 — (—70) x (158/175) = 42/35
—45 — (=70) x (6/35) = —33

The resulting matrix is

6/7 —69/175 —406/35
3/7  158/175 4235
—2/7  6/35 -33

Now we compute r33 as the norm of the third vector:

o= [ () () o

(ST
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Finally, in order to compute g3, the last column is normalised by dividing all its
components by its norm. This yields

_ 406\ 1 58
35 /35 175
42\ 1 _ 6
35/35 175

1 33
-33)— = — =
(=33) 35 35
The two matrices Q and R resulting from the procedure described above are then

6/7 —69/175 —58/175
Q= | 3/7 158/175 6/175

—2/7  6/35  —33/35
14 21 -14
R=|0 175 —70
0 0 35

where A = QR. The example shown above has described the numerically stable
Gram—Schmidt procedure for a given 3 x 3 matrix A. The same procedure can be
extended to any non-singular m X m matrix A, by means of the algorithm given
below, which is taken from Olver and Shakiban [60]. This algorithm takes the
entries a; of A and replaces them with the entries g; of Q; at the same time, it
computes the nonzero entries r; of R, which must be stored in a separate matrix.

start
for j = 1tom

set r;; = (aij + agj + ot a,znj)‘/z
if r;; = 0, stop; print “A has linearly dependent columns”
elsefor i = 1tom
set a;; = a;j/ry;
next 1

fork = j+1ltom

set ry, = a;jaix + azyasx + ... + apyamk
fori = 1tom
set a;;, = a;x—a;;rjx
next i
next k
next j

end
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The QR decomposition based on the Householder transformations is shown
below. Let x and y be any two linearly independent vectors, having the same
Euclidean length x| = |ly||. of an n-dimensional vector space V.

Consider the unit vector # = (y — x)/|ly — x|| and the matrix H =T — 2(u u").

Then H is the reflection matrix such that H x = y. It is to be noted that uz" is an
outer (or tensor) product, which yields a matrix, not a scalar.

For example, let

12 14
x=1| 6 y=1|0
—4 0

be two column vectors of a three-dimensional vector space V.
Itis easy to verify that the two vectors x and y given above are linearly independent
and have the same Euclidean length |jx|| = [ly|| = 14. In this case, there results

y—x=|[-6
4

1
by — x| = [22+ (=6)* + 4| "= 2(14)

1/(14)
y—x 1
Tl | U
2/(14)
[ 1/(14)
w = | —3/0a0 | 1708} —3/04)F 2/04)]
2/(14)

1/14  =3/14 2/14
=|-3/14 9/14 —6/14
| 2/14  —6/14  4/14

-1/7 3)1 -2/7
— 20"y =1 3/7 -9/7 6/7
—2/7 6/1 —4/7
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1 0 0 -1/7  3/1 —=2/7
H=1-2wu")=|0 1 O|+|3/7 -9/7 6/7
0 0 1 —2/7 6)1 —4/7
[ 6/7 3/1 -2/7
=|3/7 -2/ 6/7
| —2/7 6/1 3/7

As is easy to verify, the reflection matrix H, found as shown above, satisfies the
condition Hx = y. In addition, H is an orthogonal matrix (that is, H'H = I) and its
determinant det(H) is equal to —1. Since we know how to compute the reflection
matrix H in an n-dimensional vector space, we can apply these concepts to produce
QR decompositions. To this end, we intend to introduce sub-diagonal zeros into the
given matrix A to be decomposed, in order to gradually change A into an upper
triangular matrix R.

In other words, we multiply the given matrix A,,.,, on the left by a sequence of
reflection matrices Hy, Hy, ..., Hy, so that the product H; --- H, H; A should be
equal to an upper triangular matrix R. The first step operates on the matrix A itself.
We choose the first (that is, the leftmost) column vector a; of the given matrix
A, um = la; a> ... a,]. We compute the Euclidean length

1
lla:]| = (afl +a%l + o +aﬁl)2

of the first column vector a; and then find a reflection matrix H; such that the first
column of the product H; A should be a multiple of the vector [1 0 0 ... 0]". In
other words, we form

1
0

v=a, — |a| |0 u H =1-2(uu")

o

vl

0

By so doing, H; is a reflection matrix such that the first column of H; A is a
multiple of the vector [1 0 0 ... 0]". In other words, the first column of H; A is a
column vector having all zeros in its rows except the first.

Each of the column vectors a;, a», ..., a;, ..., a,, of A,,.,, can be reflected onto a
multiple of [1 00 ... 0]" in two ways: it can be reflected onto ||a]| [1 00 ... 0]" or
onto —|ja| [1 00 ... 0]". The choice of the sign in front of ||a;|| is important, because
when we form the unit vector u = (y — x)/|ly — x|| we divide by |y — x|
Consequently, a choice which makes this denominator small must be avoided. To
this end, the sign in front of |ja;]| should be the opposite of the sign in front of the
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entry placed in the k™ row of |ja,||, where a,; is the pivot co-ordinate after which all

entries are zero in the final upper triangular form of A. Therefore, it is advisable to
choose

u=—sgn(ay)lall[l 0 0 ... 0]"

where the signum function sgn(x) is such that

~1 (ifx<0)
sgn(x) =¢ 0 (ifx=0)
1 (ifx>0)

The second step operates on the matrix A’, which results from cancelling the first
row and the first column of H;A and retaining the rest of H;A. We repeat for A’ the
same operations performed in the first step, and compute the reflection matrix H',.
Since H'; is of smaller rank than H; and we want to operate with H;A (and not with
A'"), then we expand A’, by filling in a 1 in the upper left entry of H;A. This means
that the second reflection matrix H, results from

10
o )

The third step operates on A", which results from cancelling the first row and the
first column of H,A' and retaining the rest of H,A'. We repeat for A" the same
operations performed in the second step, and compute the reflection matrix H'.

The third reflection matrix Hs results from

10 0
H:=|0 1 0
0 0 H;

In general, at the p step, the p™ reflection matrix H,, results from

L=t 0
me
After a number £ = min(m — 1, n) of steps, the result of this process will be
H;---HH A=R

where R is an upper triangular matrix, and each of the reflection matrices (H;, H,,
..., Hp) is an orthogonal matrix. Thus, with

Q:HITHZT...HZ
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the desired result A = QR will be reached. For example, we consider the matrix

12 -51 4
A=|6 167 —68
—4 24 —41

which was decomposed previously by means of the Gram—Schmidt procedure.
We consider the first column vector a; = [12 6 —4]T of the matrix A and
compute the Euclidean length ||a|| of a,, as follows

1
2

lay|| = [122+ 6>+ (—4)*|'= 14

Then we compute

laf[1 0 0 --- 1]"=[14 0 0]
v=a, —sgn(ay)|af[1 0 0 --- 0]'=[-2 6 —4]"
vl = [(-2 46+ (-47] = 2014)
, [ aey
W= = | 304
—2/(14)}
[—1/(14)}
uu' = | 3/(14) || —1/(14) 3/(14) —2/(14)

<

| —2/(14):
[ 1/14  23/14  2/14
= |-3/14 9/14 —6/14
| 2/14  —6/14  4/14

[1 0 0 -1/7 3)1 -2/7
H=I-2@wu")={0 1 0|+ 3/7 -9/7 6/7
[0 0 1 —2/7  6/1 —4/7
[ 6/7 3/1 —2/7
=1|3/7 -2/7T 6/1
| -2/7 6/1 3/7
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Now we consider the matrix resulting from the product H,;A, that is,

6/7 3/7 —2/71[12 -51 4 14 21 -14
HA=|3/7 -2/7 6/7||6 167 —68|=|0 -49 —14
—2/7 6/1 3/7||-4 24 —41 0 168 —77

This matrix, due to the nonzero value of its (H;A)3, entry (because 168 # 0), is

not an upper triangular matrix. Therefore, we cancel the first row and the first
column of H;A, and consider the matrix

, [-49 —14
A_{168 —77]

The Euclidean length of the first column vector a’; of A" = [a’; a’,] results from

el = [(—49)>+ 1682]%: 175
v= e |~ 1750) = | ]
v|| = [(—224)2+1682} = 280
=[5

=[] s 1= 190, ]

o=

e P K [l A R Bl

10 0
H,= |0 —7/25 24/25
0 24/25 7/25

Since the product HH, A yields

1 0 0 14 21 -—14 14 21 -—14
H,HA= |0 -7/25 24/25 0 —49 14| =10 175 =70
0 24/25 7/25 0 168 77 0 0 =35

then H,H A is the desired upper triangular matrix R and there is no necessity of
further steps. The desired matrix Q results from Q = HTHE Therefore
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6/7 3/7 -2/77[1 0 0
Q=H"H,"=| 3/7 —2/7 6/7 ||0 —7/25 2425
—2/7 6/7 3)7 ||0 24/25 7/25

6/7 —69/175 58/175

= | 3/7 158/175 —6/175

-2/7  6/35 33/35

It is easy to verify that the product QR of the two matrices Q and R determined
above is equal to the given matrix A.

The QR decomposition based on the Givens rotations is shown below.

A Givens rotation is the rotation of a column vector in the plane spanned by two
co-ordinate axes. In order to perform a QR decomposition A = QR, each Givens
rotation is a matrix G which, multiplied on the left by the matrix A, introduces a
zero in the sub-diagonal entries of A, for the purpose of gradually transforming
A into an upper triangular matrix R. The product of the transposes of all these
Givens rotation matrices produces the orthogonal matrix Q.

A Givens rotation matrix is represented by the matrix shown below.

1 ... 0 0 e 0
0 -+ cosf .-+ sinf --- O
G=|: ... : : AU
0 -+ —sin@ --- cos® --- 0
0 - 0 0 _—

In other words, a Givens rotation matrix G with entries g; results from the
identity matrix I after operating the following substitutions:

gii = cos 0 gij = sin0
gj = cos0  gji= —sin0

This method applies to the case of a QR decomposition as follows.
Let us consider again the matrix

12 -51 4
A=|6 167 —68
4 24 —41

which was decomposed previously. We want to construct a Givens rotation matrix
G, for the purpose of replacing the a3, entry of A (which entry is at present
az; = —4) with a zero. By multiplying on the left the first column vector
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12

of the matrix A = [a, a, az] by the following rotation matrix G,

1 0 0
G =|0 «cosf sinf
0 —sin@ cos0

there results the following column vector

12
6cos 0 — 4sin 0
—6sin — 4cos 0

In order for the third entry (—6 sin 8 — 4 cos 0) of this vector to be zero, § must
be

0 = arctan (— %) = —33°.690

and consequently cos(—33°.690) = 0.83205 and sin(—33°.690) = —0.55470.
Therefore, G; is

1 0 0
G, = |0 0.83205 -0.55470
0 0.55470 0.83205

The product G; A yields a matrix A’, whose entry a';; is equal to zero, as
follows

1 0 0 12 -51 4
A'= [0 0.83205 -0.55470 6 167 —68
0 0.55470  0.83205 -4 24 41
12 =51 4

= |7.2111 125.64 —33.837
0 112.60 —-71.834

Now, starting from A’ indicated above, we find a rotation matrix G,
cosf@ sin0 O

G, = | —sinf cosf O
0 0 1
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in order to transform a',; = 7.2111 into zero. By operating as has been shown
above, we find the following condition

(—sin @) x 12 + (cosf) x 7.2111 =0
hence 0 = 31°.003 and consequently cos 0 = 0.85714 and sin 0 = 0.51508. Then

0.85714 0.51508 O
G, = | —0.51508 0.85714 O
0 0 1

The product A" = G,A' yields a matrix such that its entries a”»; and a3, are
both of them equal to zero:

14 21 —14
A"=10 13396 -31.063
0 112.60 -71.834

Now, starting from A" indicated above, let us find a rotation matrix G3

1 0 0
G3;=|[0 cosf sin0
0 —sinf cosf

which transforms a''3; = 112.60 into zero. By operating as has been shown above,
we find the following condition

(—sin0) x 133.96 + (cos 0) x 112.60 = 0

hence 0 = 40°.049, and consequently cos 0 = 0.76550 and sin 0 = 0.64344.
Therefore, G is

1 0 0
G;= |0 0.76550 0.64344
0 —0.64344 0.76550

The product Gz A" yields a matrix R having all of its sub-diagonal entries equal
to zero, as follows

14 21 -14
R=|0 175 -70
0 0 =35
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As has been shown above, R results from R = G3G,G;A. Since Gy, G, and G;
are, each of them, orthogonal matrices, then the desired matrix Q of the decom-
position A = QR results from

Q=G|GG;
In the example considered above, the product indicated above yields

6/7 —69/175 58/175
Q= | 3/7 158/175 —6/175
—-2/7  6/35  33/35

It is easy to verify that the product QR of the two matrices Q and R determined
above is equal to the given matrix A. Generally speaking, the QR decomposition
A = QR can be used to solve systems of linear algebraic equations. This is because,
by using this decomposition, the system

Ax=b
can be written as follows
QRx =b

Now, since Q is an orthogonal matrix (such that Q'Q =1, then multiplying on
the left the two members of the preceding equality by Q" yields

Rx=Q"»

Since R is an upper triangular matrix, then the preceding expression can be
solved for x by back-substitution, as will be shown below. In the specific case of the
least-squares estimation, the QR decomposition A = QR can be used to write the
loss function J described in the preceding paragraph, that is,

J = (b—Ax)"(b — Ax)

in the way shown below. By multiplying on the left the two members of the
preceding equality by QT and remembering that Q"Q = QQ" = I, there results

J=(Q" — Q"Ax)"(Q"r — Q"Ax) = (d — Rx)"(d — Rx) +r"r

where the two vectors d and r are partitions of the matrix Q"b. The number of their
rows is m for d and n — m for r. The minimum value (+'r) of the loss function J is
reached for Rx =d.
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If m is the rank of A, m will also be the rank of R. Consequently, the following
system of linear algebraic equations

ry rip2o ... Fim X1 d1
0 o ... m X2 d2
0O 0 ... rum Xm d,

has a unique solution. Since R is an upper triangular matrix, the components x;, x,,
..., X, of x can be computed by back-substitution, that is, beginning from the last
(x,,,) and going towards the first (x;), as follows

— dn
Xm T'mm
A1 —F(m—1)mxm
Xm—1=—=—F7————"—
m—1 T(m—1)(m—1)
m
_ 1 P —
Xi = di— > ryx (i=m—1,m—-2,...,1)
j=it1

In addition to the QR decomposition methods shown above, a singular value
decomposition may be used to solve a least-squares problem. A singular value
decomposition is particularly suited in case of systems of linear algebraic equations
Ax = b having ill-conditioned coefficient matrices A, that is, in case of matrices
A such that small changes in their entries a;; result in large changes in the solution
x of the system, as will be shown below. Singular value decomposition is a means
of decomposing a matrix into the product of three simpler matrices, as the sequel
will show.

Any nonzero n X m matrix A of rank » > 0 can be decomposed as follows

A = PDQT

that is, decomposed into the product of an n x r matrix P with orthonormal col-
umns (such that PTP = I), an r x r diagonal matrix D = diag(d,, d5, ..., d,—1, d,),
whose nonzero entries are supposed to be dy > dy > - > d, > 0, and an
r x m matrix Q" with orthonormal columns (such that Q"Q = I). Let

d 0 ... 0
0 d ... 0
D= . . .

0 0 ... d
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be the diagonal matrix of the singular value decomposition A = PDQ". Its nonzero
entries dy, do, ..., d,, called the singular values of A, are the positive square roots of
the nonzero eigenvalues 4; of the Gram matrix K = ATA associated with A, that is,

d; = ()»,)% >0

(i=1,2, ..., r). The columns of P, called the left singular vectors, are the nor-
malised eigenvectors of AAT. The columns of Q, called the right singular vectors,
are the normalised eigenvectors of ATA. As has been shown by Abdi [2], singular
vectors come in pairs of one left and one right singular vector corresponding to the
same singular value. They can be computed either separately or as a pair.

When they are computed as a pair (by rewriting equation A = PDQ" in another
form, as will be shown below), then it is possible to:

e compute only one (instead of two) decomposition in eigenvectors; and
e prevent a problem which may arise because the normalised eigenvectors of a
matrix are determined up to a factor equal to —1.

Since singular vectors being pairs of vectors must have compatible parities, then
care must be taken of the signs in front of the components of the eigenvectors;
otherwise, the matrices P and Q, if computed separately, might fail to reconstruct
the given matrix A.

Since P and Q are orthogonal matrices, the preceding expression

A = PDQ"
can be rewritten as follows
P=AQD!

Consequently, P results from the product of A, Q and D™, In addition, D" is a
diagonal matrix having its nonzero entries equal to the reciprocals of the corre-
sponding entries of D, because D is a diagonal matrix.

It is to be remembered that the eigenvalues of any n x n matrix M are the
scalars Ay, 45, ..., 4, which satisfy the following characteristic equation

dettM—AI) =0
and that the eigenvectors of M are the corresponding nonzero vectors v such that

If v is an eigenvector of M, then any other nonzero vector w, resulting from the
product between v and a scalar, is also an eigenvector of M.
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By the way, the number of the singular values of a matrix M is always equal to
the rank of the matrix itself. Therefore, if an n x n matrix M has less than n sin-
gular values, then M is singular.

The condition number k(M) of a non-singular n X n matrix M is defined as the
ratio between the largest (d,) and the smallest (d,,) of the singular values of M, that
is, k(M) = d,/d,,.

A singular matrix M is said to have condition number k(M) equal to infinity; a
matrix M having a very large condition number k(M) is said to be ill-conditioned.
In practice, this condition occurs when the condition number k(M) of the given
matrix M is greater than the reciprocal of the precision of the machine used. In case
of 7single-precision computations, this occurs typically when k(M) is greater than
10"

An example, taken from Leach [47], of a single value decomposition is given
below. Let

A= 096 1.72 AT = 0.96 2.28
~ 1228 0.96 1172 0.96

be, respectively, the given matrix to be decomposed and its transpose.
The Gram matrix K = ATA associated with A is

ATA _ [0:96 22877096 1.72] _[6.12 3.84
1172 096228 096]  |3.84 3.88

The eigenvalues 4, and /, of K = ATA satisfy the equation
det(K—AI) =0

that is,

6.12—) 384
det([ 3.84 3.88—/1]>_0

By expanding the determinant, there results

(6.12 —7)(3.88 — 1) — 3.84 x3.84 = 0
2 —10A1+9=0

The preceding equation has two roots (sorted in descending order, in the
absolute sense), which are
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Therefore, the singular values of A are

di = (1)=3

dy = (Jp)i= 1

Thus, d; = 3 and d, = 1 are the nonzero entries of the required matrix D, that is,

30
o= Y
D!, the inverse of D, results immediately from
o [1/3 0
o= [

Now, for 4; =9 and 4, = 1, let us compute the eigenvectors of K = ATA. As
shown above, these eigenvectors become column vectors in a matrix (Q) ordered by
the size of the corresponding eigenvalues. In other words, the eigenvector of the
largest eigenvalue, in the absolute sense, becomes the first (that is, the leftmost)
column, the eigenvector of the next largest eigenvalue becomes the second column,
and so on; the eigenvector of the smallest eigenvalue becomes the last (that is, the
rightmost) column of Q.

For A=4,=9)

T 6.12-9 3.84 —2.88 3.84
ATA L= { 3.84  3.88-— 9] N { 3.84 —5.12}

Let a and b be the components of the eigenvector g corresponding to 4; = 9.
The components of g, result from (ATA — JI)g; = 0. Therefore

e i) [s)=[o)

—2.88a+3.84b =0
3.84a—-5.12b =0

Solving either equation for b yields b = 0.75 a. Therefore

_ a
= 10754
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Dividing the two components by the Euclidean length ||¢,|| = 1.25 a of ¢ yields
the normalised eigenvector ¢, that is,

_[os8
=106
Fori=l,=1)
Ta o7 _ 6.12 -1 3.84 1512 3.84
ATA }“I_[ 3.84 3.88—1] - [3.84 2.88}

The components a and b of the corresponding eigenvector ¢, result from
(ATA - I)g, = 0

Therefore,

512 3.84
3.84 2.88

512a+ 3840 =0
3.84a+288b=0

1o

Solving either equation for b yields b = —4a/3. Therefore

. a
q, = —%a

Dividing the two components by the Euclidean length ||¢,|| = 5a/3 of ¢, yields
the normalised eigenvector ¢,, that is,

_| 06
2=\ 08
Therefore, the required matrix Q is given by Q = [¢;4>], that is,
0.8 0.6
Q= [0.6 —0.8}

As is easy to verify, the product Q'Q is equal to the 2 x 2 identity matrix I.
Therefore, Q is an orthogonal matrix.
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Now, as has been shown above, we compute P = AQD'. The product QD' is

. _[o8 06 ][1/3 0] [08/3 0.6
QD l_{0.6 —0.8” 0 1]_[ 0.2 —0.8}

The product AQD ™" yields P, as follows

P [0.96 1.72] {0.8/3 0.6]

0.6 —0.8
228 0.96 02 -0.8 {0.8 0.6 }

It is easy to verify that P is an orthogonal matrix and that the product PDQ"
yields the given matrix A.

The singular value decomposition can be used for computing the pseudo-inverse
of a matrix, which in turn provides a general method for solving the least-squares
problem in the form Ax = b, as will be shown below. Following Golub and Reinsch
[29], let A be a real n x m matrix. An m X n matrix X is said to be the
pseudo-inverse of A, if X satisfies the following four properties:

AXA = A
XAX = X
(AX)"'= AX
(XA)"= XA

Let A* denote the unique solution X. If A = PDQ", then the pseudo-inverse A*
is such that
A + _ Q D + PT

where

—_

Dt —diag(d) df =4 g Tordi>0)
0 (ford; =0)

1

Consequently, the pseudo-inverse A™ of a given matrix A can easily be com-
puted as a result of the singular value decomposition of A.

This concept applies to the search for the least-squares solution of an
over-determined system of n algebraic equations in m unknowns, where n > m. Let

Ax=b
be such a system in matrix form. Let

p=>b—Ax
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be the residual vector for some vector x. We want to determine the vector x™
corresponding to the least-squares solution of Ax = b, that is, the vector corre-

sponding to the minimum possible residual vector p.
To this end, let us consider the squared Euclidean length

lpl>=p"p = (b — Ax)"(b — Ax) = bTb — 2xTAT b+ x"ATAx

of the residual vector p = Ax — b. To determine the minimum value of ||p||, we
take the derivative with respect to x and set it to zero. This yields

—2ATh+2ATAx =0
and hence the following m x m system of normal equations
ATAx =A"b
Multiplying both terms of the preceding expression on the left by (ATA)™" yields
x=(ATA) AT = A "D
Therefore, the least-squares solution (x) of Ax = b corresponding to the minimum
value of ||p||* is given by x = A™ b. Weights can be applied to the original system of

equations Ax = b by using a diagonal matrix W = X* = diag(a}7, ..., 6,°).
In this case, the least-squares solution to be found is

x=(ATWA) 'AT™W5

Bebis [6] gives the following (over-determined) system Ax = b of three equa-
tions for the two unknowns x; and x,:

—11)(1 + 2)(2 =0
2x14+ 3x =17

2x1 —x =5

In matrix form, the preceding equations are as follows

11 2
! 3L-
2 1| L™

As has been shown above, the least-squares solution (x) results from

[ BN B e

x=A"bh
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Therefore, the problem reduces to determining the pseudo-inverse A* of the
given matrix A. Using the expression written above

1

At =(ATA) AT
we compute ATA as follows
—11 2
T, |—11 2 2 | 129 -18
AA_{Z 3 -1 ; _31 T -18 14

Since ATA is a 2 x 2 matrix, it is easy to compute its inverse (ATA)™! as
follows. Let M be the following 2 X 2 matrix

_la b
M= { d}
Then, the inverse matrix M~ " is given by

[ d/det (M) —b/det (M)
M = [——c/det(hd) a/det (M) ]

where det(M) = ad — bc is the determinant of the given matrix M. In this case,
det(ATA) =129 x 14 — 18 x 18 = 1482
Therefore

(ATA) "= 14/1482  18/1482
18/1482 129/1482

The pseudo-inverse A* = (ATA)'AT results from the product

14/1482  18/1482 |[~11 2 2
{18/1482 129/1482] [ 2 3 1}

_ [-0.079622 0.055331 0.0067476

- {(1040486 0.28543 (l062753}

Consequently, the least-squares solution x = A*b of the given system Ax = b is

[—0.079622 0.055331 0.0067476]

_ [0.42106
0.040486  0.28543  —0.062753 -

1.6842

wn 3 O
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The same result can also be obtained by computing the singular value decom-
position of the given matrix A, as will be shown below.

The matrix ATA has been computed above. Its eigenvalues result from

det(ATA — AT) = (129 —A)(14 —2) — 18 x 18 = 0
The preceding equation, solved for 4, yields

M =13175  (4y)'=11.478 <;1>

1

Jo= 11248  (Jn)’=3.3539 L

2

= 0.087121

|

= 0.29816

=
|

For 4 = /; = 131.75, the corresponding normalised eigenvector g, is

_ [—0.98852
D=1 015111

For A = J, = 11.248, the corresponding normalised eigenvector g, is

_[o1s111
92 = 0.98852

The orthogonal matrix Q, having g; and ¢, as its columns, is then

Q- [~098852 015111
| 015111 0.98852

The matrix D! results from

L1 0087121 0

L _ _— — =

D dlag(;;’;g) [ 0 0.29816]
1 2

The product QD! is equal to

QD! — —0.086121 0.045055
“ | 0.013165  0.29474

The orthogonal matrix P results from the product AQD ™" and is then

0.97366  0.093875
P=|-0.13275 0.97433

—0.18541 —0.20463
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Finally, A* results from
A + QD + PT

where D* = diag(d}) = diag[1/(11)”, 1/(J»)"] has the same entries as those of D™
computed above. The product QD*PT yields

—0.079623 0.055331 0.0067480
0.040487  0.28543 —0.062752

This matrix is to be compared with the matrix which has been computed above

by means of the expression A* = (ATA)'AT. The singular value decomposition
applies to the least-squares problem as will be shown below. Let

J=(b—Ax)"(b — Ax)

be the loss function. Let A = PDQ" be the matrix of the least-squares problem
Ax = b. By defining the vectors s and ¢ as follows

s =QTx

t=P"b

the condition (ATA)x = ATh for the minimum value of the loss function can be
written as follows

D%*s = Dt

If the matrix of the normal equations is non-singular, then the inverse D™" of the
D matrix exists and the solution of the least-squares problem Ax = b is

s=D¢

Remembering the definitions of the vectors s and ¢ and the property of
orthogonality (Q" = Q") of the matrix Q, the preceding expression becomes

x=QD 'P"p

or, using the column vectors p; and ¢; of the matrices, respectively, P and Q,

X = Z%P;‘Th qi
i=1 i
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In order to apply the mathematical methods shown above to a problem of orbit
determination, let us consider again the seven observations of the COBE artificial
satellite performed by Healy [33] on the 6™ of November 2000. They are:

Observed time (EST) Right ascension (hh:mm:ss) Declination (°) Offset
17:31:29 21:48:00 -16.3 1
17:32:30 21:41:00 -2.0 0
17:33:30 21:31:45 19.3 0
17:34:30 21:14:00 46.9 3
17:35:29 20:28:00 71.9 3
17:36:30 15:01:00 84.6 2
17:37:30 11:03:00 76.1 0

As the satellite came nearest the cross hairs, time was recorded. The offset in the
last column is an estimate of how close to the cross hairs the satellite came.
We want to construct a function which best fits, in the least-squares sense and in
the time interval given above, the seven observations tabulated above.
Since UTC = EST + 5, then (neglecting the difference between UTC and UT1)
the seven EST times indicated above correspond, respectively, to

The seven values of right ascension, expressed in degrees, are given below.

UT1; = EST, + 5 = 22"31™29°
UTl, = EST,+ 5 = 22"32™30°
UTl; = ESTs+ 5 = 22M33m30°
UTly = EST4+ 5 = 22"34™30°
UTls = ESTs+ 5 = 22M"35m29¢
UTlg = ESTe¢+ 5 = 22"36™30°
UT1; = EST; + 5 = 22"37m30°

(21 + 48/60) x 360/24 = 327.00
(21 + 41/60) x 360/24 = 325.25
(21 + 31/60 + 45/3600) x 360/24 = 322.9375
(21 + 14/60) x 360/24 = 318.50
(20 + 28/60) x 360/24 = 307.00
(15 + 1/60) x 360/24 = 225.25
(11 + 3/60) x 360/24 = 165.75

In the hypothesis of uncorrelated errors of measurement, the weighting matrix is

W = diag(wii, wa, ..., w7)
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where the values of the weights wy, wys, ..., wy7 are preliminarily set, all of them,
to unity. In other words, the starting value of the weighting matrix W is taken equal
to I, where I is the 7 x 7 identity matrix.

Using a method described by several authors (see, e.g., Refs. [14, 32]), called
iteratively reweighted least squares, we intend to update W iteratively, in such a
way as to give less weight to the more uncertain data points. To this end, we use a
mathematical model to predict the law of variation of the right ascension and
declination with time. Then we use the residuals p,, p5, ..., p7 as a measure of
uncertainty. These residuals are the differences between the computed (on the basis
of the mathematical model) and the observed data points. The weights chosen in
each iteration are related to the magnitudes of the residuals computed in the pre-
vious iteration, so that a large residual gives rise to a small weight, as will be shown
below. The preliminary values of the weights along the main diagonal of W are
indicated in the following table.

Obs. No. X Right ascension (°) Declination (°) Preliminary weight
1 —1.0000 327.00 —16.300 1.0000
2 —0.66205 325.25 —2.0000 1.0000
3 —0.32964 322.94 19.300 1.0000
4 0.0027701 318.50 46.900 1.0000
5 0.32964 307.00 71.900 1.0000
6 0.66759 225.25 84.600 1.0000
7 1.0000 165.75 76.100 1.0000

The right ascension () and declination () of the observed satellite vary with
time ¢ according to functions o(f) and J(¢), which are not known a priori.

We approximate these unknown functions, within the time interval 1; < ¢ < t7,
by means of Chebyshev polynomials T, Ti, ..., T, as follows

OC()C) = O(()TQ(X) +O(1T1(x) —+ - —i—a,,Tn(x)
5()6) = 50T()(X) +51T1(X) + - —|—5,,Tn(x)

where o, o, ..., &, 09, 01, ..., 0, are constant coefficients to be determined, and

T()(x) =1
T)(x) =x
Thi1(x) =2xTy(x) = T (x) (n>2)

are Chebyshev polynomials of the first kind. Supposing that o and § are subject to
errors independently of each other, we want to determine the best (in the weighted
least-squares sense) polynomial approximation for o and ¢. In other words, we want
to determine the unknown values of the coefficients o, o, ..., &, g, 01, ..., Op
corresponding to the minimum value of some norm of the residual vector (p). In the
case of the classical least-squares method, this norm is the so-called 72 norm, that is,
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we search the minimum value of the sum of the squares of the residuals. However,
according to Bube and Langan [14], solutions found by using this method tend to
be very sensitive to data points affected by large errors. By contrast, solutions
coming from searching the minimum value of the # norm (where 1 < p < 2) are
less sensitive to errors. The method described in Ref. [14] is a hybrid 2Y10% tech-
nique, by means of which a ¢* fit (or minimum value of the sum of the squared
residuals) is used for small residuals, and a o it (or minimum value of the sum of
the absolute residuals) is used for large residuals.

A smooth transition from the search for the minimum ¢* norm to the search for
the minimum ¢' norm is obtained by choosing an appropriate value for a positive
parameter ¢ which results from an estimate of the standard deviation of the resid-
uals, as will be shown below. In the general case of n-degree polynomials, the
model matrix A of the system of linear algebraic equations Ax = b is

Ty, Ty ... Ty

TO2 Tl 2 “ e Tn2
A= . . .

Toy Ty ... Ty

where the first subscript in the entries T;; of A indicates the degree of the Chebyshev
polynomial, and the second subscript indicates the number of observation. In order
for the system Ax = b to be over-determined with our set of seven observations, the
value of n cannot be greater than five. We set n = 5, which corresponds to a
fifth-degree Chebyshev polynomial approximation to the true unknown functions
o(x) and o(x). In order for the argument x of the Chebyshev polynomials to be
within the interval =1 < x < 1, we have operated a change of variable (from ¢ to
x) in the second column of the preceding table, as follows

2t — (¢
o= (mtn)
7 — 1

where the subscript indicates the number of observation.

As to declination (), we compute the entries T; of the 7 X 6 matrix A by
computing the Chebyshev polynomials up to the fifth degree for the seven obser-
vations indicated above. This yields

[1.0000  —1.0000 1.0000 —1.0000 1.0000 —1.0000 ]|
1.0000 —0.66205 —0.12338 0.82542 —0.96955 0.45837
1.0000 —0.32964 —0.78268 0.84564 0.22516  —0.99409
1.0000 —0.0027701 —0.99998 —0.0083101 9.99994  0.013850
1.0000 0.32964 —0.78268  —0.84564 0.22516  0.99409
1.0000 0.66759 —0.10865 —0.81265 —0.97639 —0.49101

| 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 |

>
If
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The column vectors x and b contain, respectively, the six unknown coefficients
dg, 01, ..., 05 of the fifth-degree approximating polynomial

0 ()C) = 00To (x) +51T1(x) + oo +05T5 ()C)

and the seven observed values of declination. They are

do —16.300

o1 —2.0000
x=| . b= :

s 76.100

As shown above, the weighting matrix W is preliminarily set equal to the 7 x 7
identity matrix I. Now we form the products ATWA and ATWh. Then, the values
of the coefficients gy, Jy, ..., ds5 (contained in the vector x) of the fifth-degree
approximating polynomial indicated above result from the product of the inverse of
ATWA and ATW5, as follows

x=(ATWA) 'ATWb

By so doing, according to our preliminary evaluation (with W =1) of the
weights wy, wa, ..., W77, the polynomial approximation which best fits, in the
weighted least-squares sense, the observed declinations of the satellite is

8 (x) = 39.274 T (x) + 54.564 Ty (x) — 8.3776 Ty (x) — 9.0385 T3 (x)
—0.99597 Ty (x) + 0.67411 T (x)

The approximation shown above makes it possible to compute the values of
declination at the given arguments x;, X, ..., x7. These values are compared with
the observed values of declination; then the residuals p;, ps, ..., p7 (computed
minus observed values) are also computed, as will be shown below.

Then, the weighting matrix W is updated by means of some non-negative
weighting function f{p;) of the residuals p;. A possible way to do this is to compute
the new values (which will be placed in the rightmost column of the following
table) of the weights w;;, as suggested by Bube and Langan [14]:

1
Wi =——— 1
N277
[1 +(%) ]
€
where i = 1,2, ..., 7, and ¢ is a positive constant, called damping parameter, whose

value must be chosen by the solver. By so doing, we search the minimum value of
the following hybrid loss function
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7 1

I =3 [1+ (%)2] —1

i=1

Bube and Langan suggest to take ¢ roughly equal to 1/1.643 = 0.6 times the
standard deviation ¢ of the residuals.

In the present case, with reference to the residuals p;, p,, ..., p7 given in the
following table (which are computed with W = I), we have

p=P1EP T T 30654 x 1076

1
2 2|2
g L= H =)+ H (e =) 050870

=2 _=0. 1
€ = gz = 0003096

and use this value of ¢ to compute new values of the weights, as shown below.

Obs. No. X Decl. comp. (°) Decl. obs. (°) Residual Weight
1 —1.0000 —16.300 —16.300 0.00042725 0.99530
2 —0.66205 —2.0026 —2.0000 —0.0026114 0.87430
3 —0.32964 19.307 19.300 0.0066071 0.65140
4 0.0027701 46.891 46.900 —0.0089111 0.57289
5 0.32964 71.907 71.900 0.0066452 0.64987
6 0.66759 84.597 84.600 —0.0025940 0.87551
7 1.0000 76.100 76.100 0.00043488 0.99513
When the new values of the weights wyy, wa,, ..., w77 have been computed, the
weighting matrix W is updated as follows W = diag(w1, waz, ..., w77), and then

the least-squares problem is solved again with the new weighting matrix, updated as
indicated above. In the present case, the rightmost column of the preceding table,
containing the weights to be used for the next iteration, has been filled as follows

1
Wi = - =0.99530
0.00042725\ % |*
1+ |
0.0030961
1
Wy = == 0.87430

~0.0026114\ "
1+ (———
0.0030961
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1

W33 = 1= 0.65140
0.0066071\ % |*
1+
0.0030961
1
Wy = = 0.57289
—0.0089111\ "
1+ | —
0.0030961
1
W55 = 1= 0.64987
0.0066452\ % |*
1+
0.0030961
1
Wes = = 0.87551
—0.0025940\ % |*
1+ | ——
0.0030961
1
o = 0.99513

0.00043488 |
T+ (e
0.0030961
and consequently the weighting matrix W is updated as follows

W = diag(0.99530, 0.87430, 0.65140, 0.57289, 0.64987, 0.87551, 0.99513)

The iterative process described above comes to an end when the set of weights
computed in a given iteration does not differ, within a specified tolerance, from the
set computed in the preceding iteration. With an accuracy of five significant figures,
two further iterations lead to the following results. Since the weights shown below
are the same, within the accuracy of five significant figures, as those computed in
the previous iteration, we stop here the iterative process.

The final approximating polynomial for declination is then

5(x) = 39.274 Ty(x) + 54.564 T; (x) — 8.3772 T»(x) — 9.0385 T (x)
— 0.99662 T4(x) + 0.67411 Ts ()

Obs. No. X Decl. comp. (°) Decl. obs. (°) Residual Weight
1 —1.0000 —16.300 —16.300 0.00042725 0.99530
2 —0.66205 -2.0019 —2.0000 —-0.0026114 0.87431
3 —0.32964 19.306 19.300 0.0066071 0.65141

(continued)
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(continued)

Obs. No. X Decl. comp. (°) Decl. obs. (°) Residual Weight

4 0.0027701 46.890 46.900 —0.0089111 0.57289
5 0.32964 71.906 71.900 0.0066452 0.64987
6 0.66759 84.598 84.600 —0.0025940 0.87552
7 1.0000 76.100 76.100 0.00043488 0.99513

The final set of weights is given in the last column of the table shown above.

Now, we use again the 7 x 7 identity matrix I as the first estimate of the
weighting matrix W, in order to compute the weighted least-squares best fit for the
observed values of right ascension.

The 7 x 6 matrix A is the same as that shown above for the case of declination.

The column vectors x and b contain now the six unknown coefficients o, oy, ..., ds
of the approximating polynomial
o(x) = o To(x) + o Ty (x) + - -+ 4 o5 T5(x)
and the seven observed values of right ascension. These vectors are
o 327.00
o 325.25
x = b= .
s 165.75
The results found iteratively for right ascension are given below.
First iteration (W = I):
Obs. No. |x R.A. computed R.A. observed Residual Weight
© ©)
1 —1.0000 326.73 327.00 -0.26715 0.99535
2 —0.66205 326.89 325.25 1.6442 0.87412
3 —0.32964 318.78 322.94 —4.1562 0.65137
4 0.0027701 324.10 318.50 5.6040 0.57293
5 0.32964 302.82 307.00 —4.1806 0.64981
6 0.66759 226.88 225.25 1.6297 0.87572
7 1.0000 165.48 165.75 —0.27402 0.99511

where, again, the rightmost column of the table shown above contains the weights
computed for the next iteration. The value of the damping parameter ¢ results from
the residuals py, ps, ..., p7 (computed minus observed values of right ascension)
given above, as shown below:
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By updating the weighting matrix W (set previously equal to I) by means of the
values contained in the rightmost column of the table shown above, the values of
the coefficients o, oy, oo, 03, o4, and a5 of the fifth-degree approximating poly-
nomial are determined, as follows

a(x) = 278.87 To(x) — 80.293 Ty(x) — 39.000 To(x) — 10.229 T;(x)
+ 6.2309 Ty(x) + 9.8938 T (x)

These values make it possible to compute new values of right ascension; these,
in turn, are compared with the observed values of right ascension; then the residuals
P1, P2, ..., p7 (computed minus observed values) are computed again.

Third (and last) iteration:

Obs. No. X R.A. comp. (°) R.A. obs. (°) Residual Weight
1 —1.0000 326.83 327.00 -0.26715 0.99535
2 —0.66205 326.43 325.25 1.6442 0.87412
3 —0.32964 318.95 322.94 —4.1562 0.65137
4 0.0027701 324.62 318.50 5.6040 0.57293
5 0.32964 302.97 307.00 —4.1806 0.64981
6 0.66759 226.41 225.25 1.6297 0.87573
7 1.0000 165.58 165.75 —0.27402 0.99511

Since the weights are the same, within the accuracy of five significant figures, as
those computed in the previous iteration, we stop here the iterative procedure.
The final approximating polynomial for right ascension is then

a(x) = 278.78 Ty(x) — 80.289 Ty (x) — 39.209 T5(x) — 10.228 T3(x)
+ 6.6361 Ty (x) + 9.8892 Ts(x)

The final set of weights is given in the last column of the table shown above.
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2.11 The Kalman Filter

The batch estimation method described in the preceding paragraphs is based on the
least-squares principle. It provides an estimate of the state vector x for a spacecraft
at a given epoch by processing the whole amount of observations in each iteration.
To this end, all the observations which are necessary to determine the spacecraft
orbit must be available before the process of their improvement can take place. This
requirement makes the method of batch estimation less desirable than other
methods in real-time or near-real-time applications, which require a
quasi-continuous update of information to produce an estimate of the state vector
x. As has been shown by Vergez et al. [80], one of these applications is the tracking
of an Earth-orbiting satellite by means of ground stations placed on the surface of
the Earth. Since the number of such stations is limited, an orbiting satellite cannot
be tracked continuously. For example, the following figure, due to the courtesy of
NASA [57], shows the orbit, the US ground stations and their acquisition circles
used to track the Landsat 7 satellite.

438 Miles
(706 Km)

24.7°
Earth Rotation
Per Orbit

A ground station can receive data from a satellite, when the satellite is within the
acquisition circle of the station. When the link between the satellite and a ground
station is lost, then the satellite position at some later time must be predicted, in
order for another ground station to be able to establish a new link.

The tracking data result from measurements (range, azimuth angle, altitude
angle, and their rates of change with time) made on an orbiting spacecraft by
established ground stations. Alternative data are range measurements between two
spacecraft and positions determined by using the Global Positioning System (GPS).
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Such data require pre-processing to be put into a form useful for orbit state esti-
mation. To this end, the range and angle data must be converted from a topocentric
Earth-fixed co-ordinate system into a geocentric celestial co-ordinate system.

Another of these applications, according to Conway et al. [19], is the orbit
control of a spacecraft, which requires accurate determination of the spacecraft
position and velocity at a specified time.

One of the methods used for this purpose is the Kalman filter, which is a set of
equations aimed at providing an optimal estimation of either the state vector or,
equivalently, the osculating orbital elements of an orbiting spacecraft from a series
of uncertain observations performed at discrete time-steps.

The Kalman filter is optimal because, in case of a linear system and a Gaussian
distribution of errors, it minimises the mean square error of the estimated quantities.
The Kalman filter is also recursive, because new measurements are processed as
they arrive. The term “filter” comes from the theory of signal processing, where the
information contained in a signal affected by noise must be extracted from the
signal received, by filtering out the noise. The same term is used here, because the
operation of estimating the state vector of a spacecraft from measurements affected
by errors is equivalent to filtering out the errors.

The degree of goodness attained by the Kalman filter in performing this task is
measured by the value of the loss function described in Sect. 2.9. In addition, the
Kalman filter uses the history of the improved measurements to predict the sub-
sequent evolution of the system states. To this end, two types of information are
used by the filter:

e observations coming from appropriate measurement apparatuses (e.g. mea-
surements of range, azimuth angle, altitude angle, and the time rate of change of
the range and the angles, made from established ground stations to an orbiting
spacecraft); and

e a mathematical model of the system under observation, describing how each
state depends on the others and how the measurements depend on the states.

This requires the knowledge of the accuracy of both the measurements and the
mathematical model of the observed system.

When the observed system is an orbiting spacecraft, the analytical model used
for this purpose takes account of the central gravitational force and its perturbations.
Some of the force models used for this purpose have been developed by the North
American Aerospace Defence Command (NORAD), that maintains a catalogue
containing the orbital parameters of about 8000 satellites and space debris com-
puted from radar tracking data. Such models are described in Refs. [36], [54], and
[78]. After computing the forces acting upon the spacecraft by means of the force
model chosen, the state vector can be determined by numerically integrating the
equations of motion with their initial conditions.

The result of the estimation is a predicted orbital state at the time of measure-
ment, as well as the state error covariance matrix and the residuals (computed data
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minus observed data). The magnitude of such residuals is expected to decrease with
time as the filter converges to a stable estimate.

The classical Kalman filter has been created for linear systems. However, the
behaviour of an orbiting spacecraft is governed by a nonlinear differential equation.
The necessity of dealing with this and other nonlinear systems has given rise to the
extended Kalman filter, in which the system equations are linearised about the
reference trajectory. Therefore, the Kalman filter used for orbit determination is an
extended Kalman filter, which estimates either the orbital elements or the Cartesian
components of the state vector.

An example, taken from Rojas [62] will illustrate the operations indicated above.
Let xy, x5, ..., x,, be the results of measurements executed at times, respectively, 7y,
t, ..., t,. In case of an orbiting spacecraft, x|, x,, ..., x, are just the state vectors (x,
X5, ..., X,) of the spacecraft resulting from n measurements. In the simple case of a
one-dimensional system, xy, X, ..., X,, are scalars.

Let us consider for now the simple case. The mean ,, of this time series is

XX Xy

n

n

When a new measurement x,,,; is executed at time ¢,,, the mean u,,; can be
computed again as follows

X +Xp+ - Xy T Xy
n+1

Hpv1 =

However, in order to compute the new value (u,,;) of the mean, it is more
convenient to use the old value (y,) of the mean and make a small correction to it
by means of x,., as follows

Xn+1

n
My 41 :m(ﬂn‘f‘ ) = K(np, +x,41)

where K = 1/(n + 1) is called the gain factor. By adding and subtracting y,, on the
right-hand side of the equality

i1 = Ko, +%011)

and remembering the definition K = 1/(n + 1), there results

M1 = K(np, +xn 4 1)

By so doing, the new value (,,1) of the mean is expressed as a weighted mean
of the old value (u,,) of the mean and the new measurement (x,,, ). Since we trust
more the old value (u,) of the mean than the new measurement (x,.;), then the
weight of p,, is greater than the weight of x;,,;.
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Not only the mean, but also the variance (also called quadratic standard devi-
ation) of a time series can be computed recursively, as will be shown below.

Let us consider again the results xi, x,, ..., X, of n measurements executed at
times, respectively, tq, to, ..., t,. As shown in Sect. 2.9, the variance o2 of this time
series is defined as follows

i=1

When the result x,,,; of a new measurement comes to the filter, the new variance
O%H is

n+1

n+l = '“n+1

Z - MKy~ (xn+l - :un)]2

i=1

where K is the gain factor defined above. By considering separately the last addend
(i =n + 1) and carrying out the sum from O to 7, the expression

1

b — = K (i1 — 1))
1

n

+

i

can be written as follows
2 2 - 2
(1 - K) (xn+1 - :un) + Z [)C,' - My = K(xn+1 - .un)]
i=1
By expanding the square of the expression within square brackets, there results

(1 - K)2(xﬂ+1 - :un)2 +nK2(xn+1 - ﬂn)z + Z (xi - :un)2
i=1

- ZKZ -xn+1 :un)

The last term of the expression written above is zero, because

n

Z(xi_:un)zo

i=1
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n

+

Il
-

Therefore
. 2 2 2 - 2
[X,' - My — K(xn+1 - :un)] = (xn+1 - :un) (1 - K) +nK2:| . Z (xi - 'u'”)
i=1
The definition K = 1/(n + 1) implies that
(1 —K)*+nK? = nk

In addition, the definition of variance

1 s
0-31 :_Z(xi - :un)

implies that

Therefore

1
0i+1 - m |:n0—i+nK(xn+l - .un)2:| = (1 - K) |:O_i+K(xn+1 - :un)z

The whole process comprises the following steps to be taken iteratively.
Let x1, x5, ..., x,, be the results of » measurements.
We compute the mean

I R

n

n

and the variance

1 )
O-i :_Z(xi - :un)

=

as has been shown above. Then we compute:

the gain factor K = 1/(n + 1) every time a new result x,,,; of the measurements
comes to the filter;

e the new value of the mean p,,; = i, + K(x,41 — Wo);

a preliminary estimate J,,+1*2 of the new standard deviation O—i_',l by means of
2 2 2,

an+1* =0, + K(xn+1 - ,un) 5 and

the correct value of the new standard deviation o2, = (1 — K)o, *".
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Let us consider now the general case, in which each of the measured values z is
an n-dimensional vector. Let #, be the initial time of the process. The sequence of
operations performed by the Kalman filter is described below:

(a) at time #y, an initial estimate x of the m-dimensional state vector (including its
uncertainty, expressed by the covariance matrix P, associated with x) is given
to the filter;

(b) a new estimate, relating to a subsequent time #;, is predicted by the filter on the
basis of the mathematical model, and the uncertainty of this estimate is com-
puted as a function of the initial uncertainty and the accuracy of the mathe-
matical model;

(c) observations performed at time #; with a certain degree of accuracy provide the
filter with new information, which is compared with the information coming
from the predicted estimate and then used to compute a new updated estimate,
relating to #;, and the uncertainty of this new estimate; and

(d) still another estimate, relating to a subsequent time f,, is predicted as in step (b),
but now this estimate is based on the results of step (c).

This cycle, from step (b) to step (c), goes on until the measurements come to an
end. The sequence of prediction (predict a state vector estimate and its covariance
matrix to next time-step) and update (compute the Kalman gain; update the state
vector estimate with measurements; and compute the new covariance matrix of the
updated state vector estimate) is repeated each time new observations arrive.

Since the estimated state vector x, (relating to the initial time #y) contains
m scalar random variables, its uncertainty is measured by the covariance matrix P,
associated with x(, that is, by the matrix having, along its main diagonal, the
variances of these scalar random variables; and, in its off-diagonal terms, the
covariances which represent any correlation between pairs of scalar variables. The
simultaneous measurements z;, z», ... (taken at times, respectively, 7, 5, ...) are
also n-dimensional vectors processed sequentially in time by the recursive algo-
rithm. At each cycle, the algorithm considers only the new measurement vector and
the values coming from the previous cycle. Therefore, unlike the batch least-squares
algorithm, the Kalman filter algorithm need not store in memory all past
measurements.

The Kalman filter takes an initial estimated state vector and its estimated
covariance matrix, and computes the weights (the Kalman gain) to be used to
combine this estimate with the first state vector coming from the measurement
executed. This yields an updated state vector estimate. Since the Kalman filter
computes an updated state vector estimate by means of the new measurement, then
the covariance matrix must also be changed, in order to take account of the new
information added by the measurement. Therefore, the uncertainty of the state
vector (expressed by the changed covariance matrix) decreases.

Now the Kalman filter must get ready to receive the next state vector coming
from the next measurement. To this end, the Kalman filter must project ahead the
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updated state vector estimate and its covariance matrix to the next measurement
time. The state vector is assumed to change with time according to a linear law of
transformation plus a random noise. The predicted state vector estimate can only
follow this linear law of transformation, because the value of the noise is not
known. The uncertainty of this predicted state vector estimate, measured by its
covariance matrix, increases, because the prediction does not take the added noise
into account. This is the last step of the Kalman filter cycle.

Since the state vectors coming from the measurements are recursively processed,
then their uncertainty tends to decrease, because of the increasing amount of the
information carried by each of them. On the other hand, since their uncertainty
increases in the projection step, an equilibrium will be reached, where the uncer-
tainty decrease, which occurs in the update step, is counter-balanced by the
uncertainty increase, which occurs in the projection step.

If there were no random noise in the evolution of the observed system from one
time-step to the next, the uncertainty of the state vector would reduce to zero.

Since this uncertainty changes with time, so does the Kalman gain, which must
therefore be recomputed in each cycle.

We can illustrate now the equations of the extended Kalman filter in the general
case, in which the measured values are n-dimensional vectors. Following
Montenbruck and Gill [53], let z be a one of the batches, that is, one of the
partitions, which make up the whole set of observations. Let xy be the m-dimen-
sional state vector at the reference epoch #,. Let xo be an a priori estimate (forecast)
of x, as indicated by a superscript minus sign, such that

— _ ref —
x, =xy5 +4x,

where xf)ef is a common state vector of reference, around which x is linearised, and
Axy is the increment to be added to x5 to obtain the estimate xg.

Let Py be an estimate of the covariance matrix associated with xo. The estimates
xo and Py can be obtained as a result of either the processing of previous data
batches or initial information.

Let H be the Jacobian H = (9h/9x(),.y, that is, the matrix of the partial deriva-
tives of the computed values with respect to the state vector (here the subscript ref
indicates that the partial derivatives are to be evaluated at x, = x{)ef) at the reference
epoch #y. The vector-valued function h is the function appearing in the equation
Z = h(xg) + & where ¢ is the vector containing the measurement errors.

The measurement vector z and the a priori estimate x, can be used to obtain an
improved estimate Axg, (where this improved estimate is indicated by a superscript

plus sign), as follows

Axf =P ((P7) ' +H'W 4z)
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where Az =z — h(x{)ef) is the difference between the actual observations and the
observations predicted on the basis of the reference trajectory, W is the weighting

matrix, and
+ —\—1 T -
Pyt = ((Po )+ H HH)

is the a posteriori covariance matrix, which takes into account the better knowledge
of x, resulting from the a priori information combined with the batch z of obser-
vations. The new estimate xg is related to the previous estimate x, by substituting
the a priori information matrix (Py) ! with the difference

(Py*) '~ (H"WH)

between the a posteriori information matrix and the measurement information
matrix. This leads to

Ax = Axy + Py TH "W (4z — HAxy)
which estimates recursively 4xg. In the preceding expression, the matrix
K=P,"H'W
(which is called Kalman gain) and the residual vector
p=A4z—H Axy =z —h(x{") —HAx,

are used to correct the estimates x,. The residuals contained in p are computed
taking into account the results z of the measurements, the observations h(xf)ef)
computed according to the reference model, and a linear correction H Ax, which
depends on the difference between the estimate x, and the reference state X

In practice, the a posteriori covariance matrix Pj, is not computed as indicated

above, that is, by using the expression
+ -1 T -
Pyt = ((PO ) '+ H WH)
because this method requires, at each step, the inversion of an m x m matrix, where

m is the dimension of the state vector. Instead, a more convenient way of computing
the a posteriori covariance matrix Pj is given below

P()Jr = (I - KH)P()7
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where the Kalman gain results from
K=P, H' (W '+HP, H") |

In summary, the recursive estimation algorithm is indicated below. Let the a
priori reference state vector x3 be given together with the covariance matrix P)
associated with it. Let also a series of N measurement batchesz; (/ = 1, 2, ... N) be
given. Then, recursive estimates xb of the state vector x, at epoch and their asso-
ciate covariance matrices P{) are computed for each batch (I=1, 2, ..., N) by
computing:

e the Kalman gain
K, = P/ 'H (W, + H,P,/ 'H]) ™'
e the update of the state vector at epoch
= x4 Ko () B ()]
e the update of its covariance matrix at epoch

Py = (I - K;H))xP,' ™!

where I designates the m X m identity matrix.

The expressions given above refer to an arbitrary number of measurements in
each batch. In practice, each batch comprises only a small number of measurements
taken at a common epoch with possible correlations or even a single scalar
observation.

In case of uncorrelated measurements, it is also possible to process them one at a
time. When this happens, the measurement vector z; is replaced by the corre-
sponding scalar measurement z;; in the same way, the weighting matrix W, is
replaced by the scalar weighting coefficient w; = 1/¢7, the Kalman gain matrix K is
replaced by the gain vector k; having the same dimension () as the state vector x;
the Jacobian H = (0h/0x).e; is a 1 X m matrix (that is, a row vector), and the
products HPH" and Hx are scalar quantities. Consequently, in this case, the three
equations given above become, respectively,

k= Py B (o + HiPy ')
xo =xp  +kifzi — hi(xg) — Hi(xg ' —xp)]
Py’ = (I kH;)Py"

In the third of the equations written above, the tensor product k; H; involves a
column vector (k;) and a row vector (H;) and yields an m X m matrix.
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This is because the tensor product of two m-dimensional vectors u and v is by
definition

ui upvy Uuzvp UiV

T u Uzvi 1752%) e UV
uy = Vi WM V| = . .

Un UV UmV2 .. UnVm

The three operations indicated above (computation of the Kalman gain, update
of the state vector at epoch, and update of the covariance matrix of the state vector
at epoch) provide an estimate of the state vector at epoch. In order to complete the
recursion, they are followed by:

e a projection (also called propagation) of the reference state vector x§' from

epoch £, to epoch t;, or (which is the same) a projection of the reference state
vector x| from 7,_; to #;; and
e a projection of the covariance matrix P;_; from #,_; to .

To this end, let ®; = @, 1,—;) = xox™l|, = ®(;, 10)D (111, 7o) ' denote the
state transition matrix from epoch #,_; to epoch #;, that is, the matrix whose product
with the state vector x,—; at time #,—; gives the state vector x; at time #;, as follows

xi=Dix;_,

The state vector x;—; (resulting from data up to and including time #;—;) is used to
predict an a priori state vector x; at time #;, as follows

— __ ref AT _ yref
X =x0 +@(xt —xT)

and its covariance matrix P; at time ¢;, as follows

P = E{ [x — B(s)] 7 — E(x)]")
= E{‘Di ety = E(e)] x5 - E(xitl)}Tq)iT}
=®P" @

where P} is the covariance of the state vector x7_;. At this stage of the recursive
algorithm, the observations z; have not yet been taken into account. Therefore, the
information contained in x; and in P; (which are, respectively, the predicted state
vector at time #; and its covariance matrix) is the same as that contained in x;"; and
in P{_; (which are, respectively, the improved state vector at time #,_; and its
covariance matrix), except for the time to which such quantities refer.
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Now, the observations z; at time #; have to be taken into account to update the a
priori information. For this purpose, the residual vector p; is expressed as a function
of quantities related to time #; instead of #y, as follows

f - f
b= () — By — x5)
=2 — & (*) - Gi(x; —x[)

1

where the function A,(x&"), which is used to predict the observations on the basis of
the reference trajectory, has been replaced by the following function

gilti,x(t;)] = hilti,x (o))

which models the observations as a function of the state vector at the time ¢; of
measurement. Likewise, the Jacobian H; has been expressed as follows

Oh; Og; \ [Ox*
H; = = : : = GD(¢, 1
a5~ () () = G0t

(where G; = agilaxﬁef) in the equation of the residual vector p;. In the same way, the
Kalman gain is expressed as follows

K, =P; G (W' +GP G)"

Levy [49] illustrates the recursive estimation algorithm used in the Kalman filter
by means of a scheme, which is shown in the following figure.

Initial estimates
(state vector and its covariance matrix)

‘ New measurements
each cycle

Compute Kalman gain

Predict state estimate and

X 3 Update state estimates
covariance to next time step

Compute new covariance
of updated state estimate

Estimates projected Updated state estimate
to the next time step
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The blocks of this scheme represent the following equations:

Compute Kalman gain k;=P;' HI (67 + H; P;' H)™
Update state estimates xh=x5 "+ & [z~ h () — H; (xh ' — x0)]
Compute new covariance P)=(1-kH)P)"
of updated state estimate
Predict state estimate and x; =xf 4+ @ (ef, — )
covariance to next time-step P, = ®, PL, ®
The linearised Kalman filter computes estimates x; (where i = 1, 2, ..., n) of the

state vector x; at measurement times #; and the covariance matrices P} associated
with these estimates.
Then, the time update phase starts with the integration of the equation of motion

and the variational equations from #,_; to #;, to obtain the reference state vector xﬁef

and the state transition matrix ®; = 9x°/9x™’,. By means of these quantities, the
previous estimate x;—; and the associated covariance matrix Pj_; can be projected
from ¢,_; to t;, where t; is the time of the current measurement, as follows

— __ yref Ayt _ yref
X, =X; +(Dl(xi—l X; )

P, = (I)iPitl (DiT

The measurement update phase starts with the computation of the Kalman gain
K;, the state vector update x;, and the covariance matrix update P}, as follows

- T —1 —~T\ 1
K, =P; G/ (W' +GP; G/)
- £ - f
xt=x7 +Kilzi — g, (xf") — Gi(x; — )]
Pt = (1-KG;)P;

The starting values to be given to the filter are x§ = x§" and P§ = P,

The ordinary Kalman filter described above can be used when the deviations
between the reference state vector (x?ifl) and the estimated state vector (x;_;) are
small at any time (#;—1). In order to remove this restriction, the extended Kalman
filter has been developed, which derives from the ordinary Kalman filter by
resetting the reference state vector to the estimated state vector at the beginning of
each step. In the successive phase of time update, the current estimated state vector
(x}_}) is projected ahead from the current epoch (f;;) to the next (¢;), and the
variational equations for the state transition matrix are simultaneously solved. This
yields the predicted state vector x; at epoch ¢,

X7 = xltx(io)] =7,
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and the covariance matrix P; associated with x;
- _ + @7
P = ®P . @;

The measurement update phase for the extended Kalman filter differs very little
from that for the ordinary Kalman filter, the only difference being the state vector
update equation, which is more simple in the former case:

K =P Gl (W' +GP; GI) '
xt=x7 +Kilzi — gi(x;)]
P = (1-KG)P;

The starting values to be given to the filter are the a priori values of the state
vector (xo = x3F") and of the associated covariance matrix (Py = P§").

The better performance of the extended Kalman filter is obtained at the cost of a
heavier computational effort in the phase of projection ahead of the state vector and
associated covariance matrix. This is because, when an extended Kalman filter is
used, a separate initial-value problem must be solved by numerical integration for
each measurement to be processed. Montenbruck and Gill [53] point out that
low-order single-step methods (e.g. the fourth-order Runge-Kutta method) are
employed in real-time orbit determination programs based on the extended Kalman
filter.

2.12 Numerical Methods for Kalman Filtering

As is the case with the batch least-squares method, numerical errors may sometimes
impair the performance of the Kalman filter, unless special care is taken in the
computation. Hotop [37] has shown that this is due to the presence of a minus sign
between two matrices in the update expression shown in the preceding paragraph,
that is,

P = (I1-KGP,

where the subscript k is the time index. Evaluating this expression on a computer
with single precision (REAL*4) may give rise to negative elements along the main
diagonal of the covariance matrix, which conflicts with the theory of covariance
matrices [37]. As has been shown by Grewal and Kain [30], the covariance matrix
must be symmetric and positive definite (in Sect. 2.9, it has been shown that an
n x n real symmetric matrix A is positive definite if the equality z'Az > 0 holds for
all nonzero vectors z with real entries); otherwise that matrix cannot represent valid
statistics for state vector components.
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A new formulation of the update expression, with the view of eliminating the
negative diagonal elements, is the so-called Joseph algorithm or stabilised Kalman
algorithm [15]. Without going into the analytical details of the matter, suffice it to
mention that Joseph uses, for the update of the covariance matrix Py, the following
expression

P = (1-K:G)P, (1 - K;Gy)" + K, W, 'K}
which, according to Thornton [69], is mechanised as follows:

W, = (I-KiGy)
W, = WP,
P/ = Wo,W] + KW, 'K}

According to Montenbruck and Gill [53], the Joseph algorithm ensures the
positive definiteness of P{ irrespective of errors in K or in (I — K; Gy).

Another method, due to Bierman [9] and meant to the same effect, computes the
update of the covariance matrix Pf by means of tensor products (see Sect. 2.10), as
follows

Vi =P, G]
P, =P, - K;V|
V, =P,G]

Pl = (P — VoK}) + KkW 'K}

However, as has been shown by Thornton [69], in either the Joseph or the
Bierman formulation, this method requires more than two times the arithmetic
operations required by the original Kalman method and, in addition, is still sus-
ceptible to numerical errors.

In order to avoid the degradation of the computed covariance matrix P, Potter
[61] and Schmidt [63] decompose the covariance matrix as follows

P, = SiS]

and derive an algorithm, called square-root method, for recursively computing S
instead of P,. By so doing, symmetric products of triangular factors (S; and S} ) for
the covariance matrix are updated instead of the covariance matrix itself.

As shown in Sect. 2.9, any m x m symmetric positive definite matrix P has a
unique decomposition P = SS”, where § is a lower triangular matrix with positive
diagonal entries (s; > 0), and ST is the transpose of S. The decomposition P = SST
can be computed by means of the Cholesky method. The square-root method
guarantees positive definiteness of the computed covariance matrix Py, because the
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matrix, if kept in this form, can never have a negative diagonal or become asym-
metric. Therefore, a square-root filter is more stable numerically than a conven-
tional Kalman filter.
Following Born [10], we consider the time update equation
- _ + T
P = &P 0,
concerning the covariance matrix P; associated with the predicted a priori state
vector x;, at time #;. In order to simplify the notation, the subscripts are dropped, so
that the same equation can be rewritten as follows
P =0P @'
Using the decomposition P* = SS™, the preceding equation becomes
P =@SS'o"=5S"
where S = @ S. Assuming that the observations are processed one at a time and

that their errors are uncorrelated, the expression written above for the Kalman gain,
that is,

Ki = PG (W, + GP, G])
becomes
K=8S"G"(c>+GS s TG") "
where ¢” is the variance of the observation error. We set by definition

2= (*+GS S TGN
f7 — S*TGT
where o is a scalar and f ~ is an n-dimensional column vector
fr
=1
s
By taking the transposes of the matrices on both sides of the equality

f7 — S*TGT
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there results
_ _ T T/—T\T _
fT=(8"6") =(G") (S7) =GS

where f T (the transpose of f 7) is the n-dimensional row vector f = [f1, ..., [ ].
This follows from the identities

-

(A" =
(AB)T = BTAT

Therefore, there results

a=(+ff)"
K=oS f

Consequently, the new covariance matrix P* (associated with the updated state
estimate x*) can be written as follows

P =S"STT=I-KGP =1-aSfGSS =S T-af GS)ST
=S (I-of fHs"
Let A” be a matrix defined as follows
AAT=(T-af fT)

If such a matrix can be found, then the new covariance matrix P* is expressible
as

P' =S AAT'ST=8"S""
To find A™, we introduce a scalar y such that
AAT = —yaf fHA—yaf f)=T-af f7)
that is,
L= 2yaf f T 4+%f f T f T =T—af [
Now we define a scalar § such that

B=r7f"
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It follows that
L-2yaf f 14+ Bf f T =1—af f"

that is,

(Pe’B— 2yata)f fT=0
(oc[fyz —2y+ l)ocf’f’T =0
The equality written above is satisfied by the trivial solution of ~ f ~' = 0. It is

also satisfied by the two values of y for which the expression afy*—2y + 1 vanishes.
These two values are

N I :
V=T T 3T
af  [(ap)?  op
Remembering the expressions written above

w= (¢ +f )

B=f"f"
there results
1
o =
a2+ p
hence
1 ) 1 , 1—ua0?
0 ° +p ﬂ_oc_a T g
I o I 1
B 1—oa? af 1 — oo?

Therefore, the two values of  corresponding to offy* - 2y + 1 = 0 are

Y

1 1
1 i( 1 1)Zli(a62)z

“of T 2 af 1 — o2

2pF of
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If we choose the upper sign (+) in the expression written above, then there
results

Otherwise, if we choose the lower sign (—) in the same expression, then there
results

1=
1=

1 — (a0?) 1 — (a0?) 1
2= =

1=00 1 o] [1 - (ao?)f] 1+ (ae)

In order to prevent the denominator from becoming zero in case of xo” = 1, we
discard 7y, and take

1

="

1+ (ag?)?

as the unique solution of the equation afy* - 2y + 1 = 0.
Remembering the expressions written above

PT=S A ATST=8+ts*T
AAT =T—yaf f ) A—yaf f1)=0-af f)
K=oS

there results
ST=SA =S (I-yaf f)=S —yKf "

which is the measurement update for the square-root matrix S.

The resulting computational algorithm is indicated below. In this algorithm, we
use again the subscripts & to indicate the states.

At a given state k=1, 2, ..., n (corresponding to a time ?), the following
quantities are to be specified: x; (state vector), S; (square-root matrix associated
with xi, where Sy is such that Py = S; S;"), z; (measurement vector), and Gy
(Jacobian matrix containing the partial derivatives of the measurement vector z;
with respect to the state vector xy ).
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The sequence of computation is indicated below.

@ fr =876, "

®) o= 1/(a* +£'f5)

© Ki=ouS, fr

@) x =x; +Kk(Z/< - ka;?)

© 7= 1/[1+ (a2

) S =S, — 1 Kif; " (St being such that Py = S; Si*

(g) Predict, by integrating the differential equation of the reference orbit and
@' = A @ forward in time, the next estimates of the state vector x.; and the
transition matrix @y,

(h) Update the square-root matrix S§ and the state vector xj to k + 1, as follows

® Sk7+1 = (Dk7+lsk+

G x = (I)k_+1"‘7k+

(k) Increase k to k + 1 and go to step (a).

The sequence given above is based on the presence of a single observation
(performed at the given time f;) in the measurement vector z;.

Bellantoni and Dodge [7] have extended this method to handle more than a
single observation in z;. At the beginning of the sequence, the initial square-root
matrix Sg, associated with the initial state vector x, results from the Cholesky
decomposition of the initial covariance matrix Py, which in turn must be symmetric
and positive definite.

Throughout the Apollo missions, Potter’s square-root filter has been used for
lunar navigation [48].

On the basis of the square-root method, Carlson [17], Bierman [8], and Thornton
[69] have derived a method which recursively computes an upper triangular
covariance square-root matrix.

This method is based on the upper triangular Cholesky decomposition: any
m X m symmetric positive definite matrix P has a unique decomposition
P = UDU", as will be shown below. For example and without loss of generality, if
P were a 3 x 3 symmetric and positive definite matrix, then the upper triangular
Cholesky decomposition of P would be

Pl P12 P13 I up ws||dn 0 O 1 0 O
p2 p2 pun| =10 1 ux 0 dp O up 1
P13 P23 P33 0 0 1 0 0 ds||wz upy 1

where U is a unit upper triangular matrix and D is a diagonal matrix with

non-negative entries d; (i = 1, 2, ..., m).
By so doing, the square-root method shown above is modified as follows

P— (UD%) (UD%)T: ssT
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where
1 . 1 1 1
D} = diag [(d“)z, (d)?, -+, (o

The upper triangular Cholesky decomposition is based on the algorithm shown
below.

Following Bierman [8], forj = m, m — 1, ..., 2, we compute the entries dj; of the
diagonal matrix D, except the first entry d;;, as follows

djj = pjj
Then, for j =m, m — 1, ..., 2, we compute the diagonal entries u;; of the upper
triangular matrix U as follows
wj =1

Then, forj =m,m — 1,...,2and k = 1, 2, ...,j — 1, we compute the off-diagonal
entries u; of U as follows

Then, fork=1,2,...,j — landi =1, 2, ..., k, the entries p;; of P are destroyed
and replaced by the following new values

Pik = Pix — Wijtigd;;

Finally, u;, is set equal to unity, and d; is set equal to p;.
Bierman [8] has also given a Fortran codification of the algorithm indicated
above. Born [11] has given the following example of UDU" decomposition. Let

2 3
8 2
2 14

=

Il
W N =
—_

be the matrix to be decomposed. In case of a 3 x 3 matrix, we have

Pl P12 P13 I wup ws||dya 0 O 1 0 O
p2 P2 pn| =10 1 up 0 dp O up 1 0
P13 P23 P33 0 0 1 0 O dsz||u wus 1
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which, in the present case, becomes

1 2 3 1 Uuip U3 d11 0 0 1 0 0
2 8 2 =10 1 uz3 0 dgz 0 uip 1
3 2 4 0 0 1 0 0 d33 uiz Uz 1

—_

By multiplying the matrices and equating to the given matrix P, there results

wiy = (P12 — piapa3/pn)/ (P2 — Pospss) = (2 — 3 x2/14)/(8 — 2% x 14) = 11/54
ui3 = p13/p3 = 3/14

up = pu/p = 2/14 = 1/7

dii =pu — (P2 —P13P23/P33)2/(p22 —p§3/p33) —pi/p3s

1 — (2 -3x2/14)°/(8 — 2%/14) — 3%/14 = 7/189

— po — Pls/ps = 8 — 22/14 = 54)7

dx
dyz =p33; = 14

The matrices U, D, and U" of the decomposition P = UDUT are given below.

1 11/54 3/147[7/189 0 0 1 0 0
o 1 1/7 0 54/7 0|[11/54 1 0
0 0 1 0 0 14||3/14 1/7 1

As is easy to verify, the product UDU” reconstructs the given matrix P.
A further example of UDU" decomposition has been given by Kang [46]. Let

130 186 152 20
186 283 230 30
152 230 249 35
20 30 35 5

P=

be the matrix to be decomposed. As is easy to verify, P is a square, symmetric, and
positive definite matrix.

By applying the Bierman method shown above, the matrix P is decomposed as
follows

130 186 152 20 1 2 3 41(2 0 0 Of|1 0 O O
186 283 230 30| |0 1 5 6|0 3 0 0|2 1 0 O
152 230 249 35 0 01 7170 0 4 0|3 5 10
20 30 35 5 0 0 0 1][0 OO0 S5||4 6 71

Again, the product UDU" on the right-hand side of the preceding equality
reconstructs the given matrix P.
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Let us consider now the application of the concepts shown above to the Kalman
filter. Following Kang [46], let

P, =U,D U "

be the UDU" decomposition of the predicted covariance matrix Pj.
Likewise, let

P =U D U

be the UDU" decomposition of the updated covariance matrix Pj.
As shown in Sect. 2.11, the updated expression of Py is

P = (I-K(Gy)P,

where I is the identity matrix, K is the Kalman gain matrix, and Gy is the Jacobian
matrix containing the partial derivatives of the measurement vector z; with respect
to the state vector x;. The same expression can also be written

P =P, — K;G/P,
Now, remembering the following expression (see Sect. 2.11) of the Kalman gain

_ _ Ty
Ki = PG (W' + G Gy)

(where W;! is the inverse of the weighting matrix W,;) and substituting the
expression of the Kalman gain into Pf = P; — K G; P%, there results

P =P, —P Gl (W' +GiPG)) Gy

If the expression in parentheses (namely W' + G, P; G}) were a scalar (s), as
the sequel will show, then the equation written above could be written as follows

Pl =P — P G (1/5)GiPp

Now, remembering the UDU" decomposition of the predicted covariance matrix
P, the preceding equation becomes

P} = (U;D;U; ") — (1/5) (U Dy U ") GG, (U; D; ;)
=U; [ —(1/s )(D UkTGT)(GkUk )]Uk
= U [D; — (/) (0 U6 (0, 176Uy
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Since (D; Uz' Gi) (D Uc" Gi)' is a symmetric and positive definite matrix,

then the term within square brackets is also a symmetric and positive definite
matrix. Therefore, the UDU" decomposition also applies to this term, as follows

D - (1/5) (DF U6 (0 U76))'| = Uiy
Consequently, the update expression of the covariance matrix P, becomes
P = U (UDU U
= (U U)D (G0, T)
—YT* * — «T\ T

= (Uk Uk)Dk (Uk TUkT)
Setting U = U; Uy and D} = D, makes it possible to write

Pl =0/ D U

which shows that the updated covariance matrix P can be decomposed as indicated
above. Now it will be shown that the Kalman gain matrix

K = PG (W' + GP G])
can be computed without matrix inversion. To this end, let

Pu P12 P13 P4
P, = P21 P22 P23 P

P31 P32 P33 P34

P41 P42 P43 Paa |

be the predicted covariance matrix. Let

_ [t o0 o0
G":{0010L

be the Jacobian matrix G; containing the partial derivatives of the measurement
vector z; with respect to the state vector xj. Let

R, = o r2
rar 1|,
be the matrix R, = W;l (that is, the inverse of the weighting matrix Wy). Then, the

expression

W'+ G P, G}
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(which appears in the equation of the Kalman gain) becomes

ri+pu r2+pi3
1 +p3 r2+p3s |,

As shown in Sect. 2.10, let
_|la b
M= [ d}
be a given 2 x 2 matrix. Then, the inverse matrix M ' is given by

[ d/detM)  —b/det(M)
M= [—c/get(M) a/def(M)]

where det(M) = ad — bc is the determinant of the given matrix M.
Consequently, the inverse of the matrix Wi! + G, P; GF is

{(722-&-1933)/4‘ —(712-5-1713)/4‘}
—(ra1+pa)/4  (ru+pn)/4 |,

where
A =det(W.' + GiP Gy) = (rii +p11)(r2 +p33) — (r21 +p31)(r12 +pi3)

When the predicted covariance matrix P) is a block diagonal and the inverse
weighting matrix R, = W ! is also diagonal, that is, when the matrices P, and R,
are as follows

P1ipi12

P, = P21P22 R, — {rg 0 }
P33p34 2 |
P4a3Pa4 |

then the matrix (Wz' + G, Py G1) ! is

[1/("11"‘!711) 0 }
0 1/(r2+p33) |,

which can also be written as follows

[1{;1 I?SZL



2.12  Numerical Methods for Kalman Filtering 297

This means that the nonzero entries of the inverted matrix (W,Z1 + G, P, GZT1
result from an operation of scalar division. The Kalman gain matrix

_ _ Ty
Ki = PG (W' + GyP Gy)

results from the matrix product of P; G; by (W;' + G, Py G, that is,

Pt P13

D21 P23 [1/81 0 ]
P31 P33 0 I/s2],
P41 P43 |

This yields the following expression of K

P11/S1 P13/S1
K, — P21/S1 P23/51
P =
P31/S1 1733/Sl
par/s1 pa/si k

Therefore, the Kalman gain matrix K; can be computed without matrix inver-
sion. The example given above concerns a 4 x 4 predicted covariance matrix Pj.
In the general case, the Kalman gain matrix K; results from

Pll/Sl P13/S1 Pln/Sn—l

P21/51 P23/S1 Pzn/Sn—l
k= . . .

pml/sl PmS/Sl pmn/snfl k

where

sj = rjj+GP G{
pi = rjj+ GyP, G}

It remains to show that the predicted covariance matrix P} is a block diagonal.
If the updated covariance matrix P is a block diagonal, then the predicted
covariance matrix P; remains block diagonal, because the time update equation

P = ‘DszL‘DE

(concerning the covariance matrix Pj associated with the predicted a priori state
vector x;, at time #;) can be written as follows

U, D U =@ (UL, D U D
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Now, since (see above)
P, =U, (U D, UL )U T
= (UlzflUltfl)Dltfl(UltIlUlzjl)
= (U, U )D, (U UT)T

then

U DU = @ [(U U )D;_ (UL U)o
= ((DkUI;—lU/t—l)Dlt—l((DkU/;—lUlt—l)T

Since (®; U_; Uiy is the transpose of (@, U, U,_,), then the term
((I)kUk_flUlt—lﬂ)lt—l((DkUI:—lefl)T

(that is, the predicted covariance matrix Py) is diagonal.
In summary, the preceding analysis has shown that:

e the Kalman gain matrix K; can be computed without matrix inversion; and
e both the predicted (P)) and updated (P}) covariance matrices can be decom-
posed as P = UDU".

The sequence of computation for the square-root method without matrix
inversion is indicated below.

o P =P & =U DT
o K, =P,GI (R, +GPG) "
where
sj =15+ GP, G}

pij = 1+ GyP Gj;

P11/Sl P13/S1 P1n/5n71

P21/S1 P23/S1 . p2n/snfl
k= . . .

pml/sl me/Sl pmn/sn—l k

e [Dp - (1/5) O, UT6]) (D, U TGD)| = iUyt
© P = (UUODLUTUT) = U DT
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The updated and predicted state vectors and the transition matrix are computed
as has been shown for the Potter—Schmidt method.

In addition to the numerical methods shown above, we merely mention the
so-called sigma-rho filter, which takes this name from the following expression

Pij = %i 95 Pyj

given by Grewal and Kain [30] to the entries p;; of the predicted covariance matrix
P;. In this expression, ¢; is the standard deviation of the i component, o; is the
standard deviation of the j™ component, and p;i is the correlation coefficient
between the i™ and the /™ component of the predicted state vector xj. It is to be
noted that p is used here for the sole purpose of maintaining the nomenclature used
by Grewal and Kain, and has nothing to do with the residuals. The idea on which
this type of Kalman filter is based is that of updating the standard deviation ¢ and
the correlation coefficients p instead of the predicted covariance matrix. By so
doing, Grewal and Kain express the entries p}; of the updated covariance matrix Py
as follows

n

T - -

0, 0;" p; =0;0;p; E G507 py
s=1

The particulars of this method can be found in Ref. [30].

2.13 The Unscented Kalman Filter

As shown in Sect. 2.11, the application of the Kalman filter to nonlinear systems is
sometimes difficult, especially in those of such systems which are highly nonlinear.
The extended Kalman filter, described in Sect. 2.11, linearises all nonlinear models,
in order for the classical Kalman filter to be applied to such nonlinear systems. The
application of extended Kalman filters to nonlinear systems has the following flaws:

1. high instability of the filter, when the assumption of linearity is violated locally;
and
2. difficulty in deriving the Jacobian matrices in most practical cases.

To deal with these systems, there is another class of filters, called sigma-point
Kalman filters, to which class the unscented Kalman filter belongs.

This type of filter, proposed in 1992 by Julier and Uhlmann [42], has since then
been dealt with by several authors (see, e.g., Refs. [70-67]).

According to Julier and Uhlmann, a general nonlinear discrete time system is
represented by the following equations:
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Xk =f(%k—1, -1, V-1, k — 1)
Lk = h(xkaukak) + ny

where x; is the m-dimensional state vector at time-step k, u;—; is the known input
vector, v, is the g-dimensional state noise process vector due to disturbances and
modelling errors, z; is the observation vector, n; is the measurement noise vector,
and f and h are the nonlinear vector-valued functions (supposed known) repre-
senting the system dynamic model. It is assumed that the noise vectors v; and n; are
zero mean and that, for all i and j, the following equalities hold

E(v,-va) = 6;Q;
E(nian) = o;R;

E(v,-an) =0

where Q; is the covariance matrix of the process noise v, and R; is the covariance
matrix of the measurement noise n;. In most practical cases, according to van der
Merwe and Wan [84], the noise terms v; and n;, are additive, and the two equations
written above can be simplified as follows

X =f(Xk—1,up—1) + Vi1
2k = h(xy) +ny

As shown in Sect. 2.11, the extended Kalman filter consists of:

e a first-order (in terms of Taylor-series expansion) approximation of the non-
linear functions f and h at the current state estimate; and

e the application of the classical Kalman filter to this model approximated to the
first order.

By contrast, the unscented Kalman filter is based on the unscented transform,
which is a numerical procedure for approximating the posterior mean and covari-
ance of a random vector obtained from a nonlinear transformation [67]. The
unscented transform determines a set of sample points, called sigma-points, around
the mean. Such points are chosen so that their mean and covariance should be equal
to, respectively, the mean and covariance of the augmented (see below) state vector,
and then propagated through the nonlinear functions f and h, so as to recover the
mean and covariance of the estimate.

When the noise terms v, and n, are additive, there is no need to augment the state
vector x; and its covariance matrix P, [68]. By contrast, this need arises when the
observed dynamic system is of the general type indicated above, as will be shown
in detail in Sect. 2.16.
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The initial m x 1 state vector xo has known mean p, = E(x() and covariance
matrix Py = E[(xo — po)(¥o — #)"]-

For time-step k = 1, 2, ..., N — 1 (N being the size of the measurement process),
a set of 2 m + 1 sigma-point vectors yx;—; is computed as follows

1271 = Xi—1 i=0
. 1
x}ﬁl =Xr_1+ {[(m—l—)»)Pk,l]z} i=1,2,...m

L =x g — {[(m+/1)Pk_1]%}i i=1,2,....m

where {[(m + A)Ps_;]"}; is the i column of the matrix S;_;, which in turn is the
square root of the matrix (m + A)P,—;. Therefore, there results by definition

(m + }.)Pk,I = Sk,lsz_l

The square-root matrix S;— is to be computed by means of some stable method,
for example, by means of the Cholesky decomposition, as shown in Sect. 2.12. The
set of the sigma-point vectors 1};_1 (i=0,1,...,2m) forms the m x 2 m + 1)
sigma-point matrix X}_;, whose columns are given below

This matrix is such that xk | is a column vector, whereas x;—; + [(m + HPy_]”
and x,_; — [(m + 2)P,_,]”* are, each of them, a set of m column vectors.

The sigma-point vectors y;—; are projected ahead from time-step k — 1 to
time-step k, by means of the nonlinear function f, as follows

1=
1=

Xio1 = |1 X+ [m+ AP xe — [(m+ AP

n=f(t_u—1) i=0,1,...,2m

The projected sigma-point vectors yi (with weights w’, for the state vector and w'.
for the covariance matrix) are used to compute the predicted state vector x; and the
predicted covariance matrix P; of x;, as follows

PJZ*ZW X — % | [X;C—XIZ]TJFQk—l

where Q;—; is the covariance matrix of the process noise vector v;_;.
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Again, a set of 2m + 1 sigma-point vectors yi (i = 0, 1, ..., 2m) is computed
from the predicted state vector x; and the predicted covariance matrix Py, as
follows

1L =x; i=0
;(j‘(:xk’Jr{[(eri)P;] }i i=1,2,...,m

lff’" =x, — {[(m—&—i)Pk’]%}A i=1,2,...m

N._
-

\
—_
)

Now, the set of 2m + 1 sigma-point vectors g% is used as the argument of the
nonlinear function A, as follows

vo=h(x) i=0,1,...,2m

and the sigma-point vectors 7 are used (with weights w’, for the state vector and w’.
for the covariance matrix) to compute the predicted measurement vector z; and the
predicted covariance matrix P, of z;, as follows

2m
- i
% = W Yk

i=0

N i - bh -] R

i=0

where Ry, is the covariance matrix of the measurement noise vector ny.
The cross-correlation matrix P, (related to the time-step k) between x; and z; is
computed as follows

o= wilri—x [k -z +Re

Finally, the Kalman gain K, the updated state vector xi, and the updated
covariance matrix Py are computed as follows
-1
Ki = (P)(P)
x, =x; +Kelze —2z1)
Pl =P, —KP_K;

According to Julier and Uhlmann [42], the unscented Kalman filter, due to its
better properties of estimation accuracy and ease of implementation in comparison
with the extended Kalman filter, is better suited than the latter in filtering appli-
cations. In quantitative terms, according to Wan and van der Merwe (Refs. [84,
81]), the posterior mean and covariance computed by means of the unscented
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Kalman filter are accurate to the third order, in terms of a Taylor-series expansion,
for all nonlinearities, in case of Gaussian inputs. In case of non-Gaussian inputs, the
approximations are accurate to the second order. In contrast, the extended Kalman
filter provides results approximated to the first order.

2.14 The Square-Root Unscented Kalman Filter

The filter described in the present paragraph has been proposed by van der Merwe
and Wan [84]. It is an improvement of the standard unscented Kalman filter, which
has been described in Sect. 2.13. The difference is due to the fact that the
square-root unscented Kalman filter propagates (that is, projects ahead in time) the
square root S, of the covariance matrix P, = S; S1, instead of the covariance matrix
itself. The reasons for doing this are the same as those discussed in Sect. 2.12,
namely numerical stability and positive definiteness, at each time-step &, of the
covariance matrix P, of the state vector x;.
Assuming again a system represented by the following equations

X =f(xXe—1,up—1) + vt
7 = h(xi) +ny

we intend to modify the expressions given in Sect. 2.13, so as to take account of the
propagation of the Cholesky factor S;. The square-root unscented Kalman filter uses
three techniques of linear algebra, namely the QR decomposition, the least-squares
problem, and the Cholesky factor updating. The first two techniques have been
shown in Sect. 2.10. The third will be shown in the last section of the present
paragraph.

Following Terejanu [68], the initial m-dimensional state vector x, has known
mean p, = E(xo) and covariance matrix Py = E[(xo — ) (xo — #y)"], whose
Cholesky factor S, is found as follows

So = chol{ £ (x0 — o) (xo — )" }

In the preceding expression, the Cholesky factorisation algorithm has been
indicated by means of the function chol(), whose argument is the covariance matrix
Py. The users of MATLAB have just this function at their disposal. Otherwise,
those who have a FORTRAN compiler can use the subroutine schdc of LINPACK
or LAPACK [21], or the subroutine msfd of IBM SSP [39]. Both of the subroutines
named above take a symmetric positive definite matrix A and compute an upper
triangular matrix R (called the Cholesky factor of A) such that A = R'R. For
time-step k within the interval 1, 2, ..., k..q, the sigma-point vectors y;—; are
computed as follows
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2 =% i=0
. 1 .
L1 = Xi—1+ {(Wl-Fi)ZSk,l] i=12,...m

ZZf{" =Xj_1 — {(m—kﬂv)%sk_l]_ i=1,2,...m

These sigma-point vectors are projected ahead from time-step £ — 1 to time-step
k, by means of the nonlinear function f, as follows

n=f(_w) i=0,1,...,2m

The projected sigma-point vectors yi (with weights w’, for the state vector and w’.
for the covariance matrix) are used to compute the predicted state vector x; and the
predicted Cholesky factor matrix Sy, as follows

2m

- _ iy
o = LWl
iz

=arl [ () -x) (]} i=1,2,... 2m
S, = cholupdate [Sk_, (2 — x;),sgn{w?} (|w2|)%}

5

kl

where Q;—; is the covariance matrix of the process noise vector v;—;. The positive
or negative sign of wg (that is, wg >0 or wg < 0) determines whether the function
update performs a positive or a negative rank-one update to the Cholesky factori-
sation, as will be shown below. In order to understand the meaning of these
expressions, it is necessary to remember the expression of the predicted covariance
matrix P = (S;)(Sr)", given in the preceding paragraph, for the standard
unscented Kalman filter, that is,

Pr= > Wi —x ) [ —x] + Qe
i=0

By extracting the first term (corresponding to i = 0) from the sum, this
expression can be written, for i = 1, 2, ..., 2 m, as follows

p = { )

i=1

= ) [ - (@] [ }
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1
where Q;_, is the square-root matrix of the process noise covariance matrix Q.

RSV
The matrix [(wé) /2(1}( —x;) (Qlﬁ)k 1} has m rows and 3m columns. As

Ly
shown in Sect. 2.10, its 3 m x m transpose matrix [(w.") /z(jg}C - xk’)(Ql/l)k_]]T can
be decomposed, by using the QR factorisation, into the product of an orthogonal
3m x m matrix Oy and an upper triangular m X m matrix (Sp)", as follows

{(WE)IQ(xi—x;) (Qlfz)k_lT:Ok(S;)T (i=1,2,... 2m)

The MATLAB function which can be used for this purpose is [Q, R] = qr(A),
where the matrices Q, R, and A are such that A = Q R.

Otherwise, with a FORTRAN compiler, it is possible to use the subroutine sqrdc
of LINPACK or LAPACK [21].

Therefore, the predicted covariance matrix P; can be expressed as follows

P = (S;)(00)T(00)(S;) " +wl(a —x0)(af — ;)"
= (S¢)(Se) w2l —x ) () — x0T

In order to include the effect of the term w (x5 — x%)(z2 — xz)" in the square-root
matrix, it is necessary to perform either a rank-one positive update (if w2 > 0) or a
rank-one negative update (if w2 < 0) to the Cholesky factorisation, as follows

S; = cholupdate {S;, (12 — x;), sgn{w?} (‘W?D%}

where sgn(x) is the signum function, defined in Sect. 2.10 (that is, sgn(x) = —1 if
x < 0; sgn(x) =0 if x = 0; sgn(x) = 1 if x > 0), and cholupdate(R, x, “ + ) or
cholupdate(R, x, “—”) is the MATLAB function which performs the positive
rank-one update (“+”) or the negative rank-one update (“~”) to the Cholesky
factorisation.

Let R = chol(A) be the Cholesky factor of a given matrix A, as has been shown
above. Then, cholupdate(R, x, “+”) returns the upper triangular Cholesky factor of
A+ xxT, where x is a column vector; likewise, cholupdate(R, x, “—”) returns the
upper triangular Cholesky factor of A — xx.

In the present case, the function cholupdate[S;, (12 = Xr), sgn(w?)(|wg|)yz] returns
the Cholesky factor of SHSOHT + w2 — x) e — xp) .

Otherwise, with a FORTRAN compiler, it is possible to use the subroutine schud
(positive update) or schdd (negative update) of LINPACK or LAPACK [21].

By so doing, the predicted covariance matrix can be written P, = SHSH.

The same line of reasoning can be followed to compute the predicted covariance
matrix P, = (S;)(S;)" of z; and the updated covariance matrix P} = (S})(S;)" of x7.



306 2 Orbit Determination from Observations

A summary of the equations used in the square-root unscented Kalman filter is
given below. Starting from the initial m-dimensional state vector x,, whose mean

o = E(xo) and covariance matrix Py = E[(xo — my)(xo — #ty)"] are known, the
Cholesky factor S, of Py is found as follows

So = chol{E[(xo — M) (x0 — ﬂo)T]}

For time-step k within the interval 1, 2, ..., kenqg, the sigma-point vectors y;—; are
computed as follows
12_1 = X—1 =
1271 :xk_1+[(m+/1)%sk_l}i i=1,2,...m
Z;(tin =Xp—1 — |:(m+)“)%sk71i| i=1,2,...,m

i

These sigma-point vectors are projected ahead from time-step £ — 1 to time-step
k, by means of the nonlinear function f, as follows

x;( :f(x};il,uk_l) l:O, 1,..., 2m
The projected sigma-point vectors % (with weights w'. for the state vector and w'.

for the covariance matrix) are used to compute the predicted state vector x; and the
predicted Cholesky factor matrix Sy, as follows

2m
- _ i
X = Z Wi Lk
i=0

S — qr{{(wi)%(xf; —xi) (Qk)%:|} i=1,2,...,2m
= cholupdate [S,:, (12 ka’), sgn{wg}(|w?’)ﬂ

>~

S

>~

where Q,— is the covariance matrix of the process noise vector v;—;. Again, a set of
2m + 1 sigma-point vectors y; (i =0, 1, ..., 2 m) is computed from the predicted
state vector x; and the predicted Cholesky factor matrix Sy, as follows

L =x; i=0
£ = x4+ [om+ 28| i=1,2,...m
L =x — {(er)v)%Sk’] i=1,2,...,m
Now, the set of 2m + 1 sigma-point vectors g4 is used as the argument of the
nonlinear function A, as follows
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and the sigma-point vectors yﬁ; are used (with weights w' for the state vector and w'.
for the covariance matrix) to compute the predicted measurement vector z; and the
predicted Cholesky factor matrix S;, of z;, as follows

2m
— 1 ayl
=2 OWst
i=

— 1 . . 1 .
Szzzqf{[(wé)z(ﬁ—y}() (Rk)z}} i=1,2,...,2m
S., = cholupdate [S;Z, (v2 —z ), sgn{w?} (|w2|)7}
where Ry, is the covariance matrix of the measurement noise vector n.
The cross-correlation matrix Py, (related to the time-step k) between x; and z; is
computed as follows

2m

Po= wild—x)[—z]"
i=0

Finally, the Kalman gain K;, the updated state vector xf, and the updated
Cholesky factor matrix S; are computed as follows

K, = [P/(82)"] /82
xf =x; +Kelz —zp)
S~ = cholupdate (S; , K¢S, —1)

where / indicates an operation of back-substitution, which is a better alternative to the

operation of matrix inversion used in the standard unscented Kalman filter. Since the

Cholesky factor S_; is a lower triangular matrix, then the Kalman gain K; can be

computed by means of two operations of back-substitution in the following expression
Ki(S,(S)"] =P

Since the quantity U = K, S_,, which is the middle argument of the function
Si = cholupdate(Sy, K S-., —1), is an m x m matrix, then the Cholesky factor Sf
is updated consecutively m times, using the m columns of the matrix U.

As has been shown at the beginning of this paragraph, the advantages of the
square-root unscented Kalman filter over the standard unscented Kalman filter are a
better control of round-off errors and the assurance of positive definiteness of the
covariance matrices P, associated with the successive state vectors x;. In addition,
as Terejanu [68] points out, the square-root unscented Kalman filter does not
require matrix inversions. As a result of computational experiments performed by
van der Merwe and Wan [84], the square-root unscented Kalman filter is about 20%
faster than its standard counterpart.

Finally, for a better understanding of the matter shown above, the fundamental
concepts on the rank-one positive or negative updates to the Cholesky factorisation
are given below.
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Let A = {a;} be an n x n symmetric positive definite matrix. As shown in
Sect. 2.9, the symmetry of A means that a;; = a;;, and its positive definiteness means
that v"Av > 0 for all vectors v # 0. Then, there exists a unique decomposition
A =LL" where L = {¢;} is a lower triangular matrix with positive elements ¢;,
Uy, ..., £y, along its main diagonal. Let

Ax=b

be a system of linear algebraic equations in matrix form, where A is the matrix
indicated above, and x and b are n-dimensional column vectors.

Following Gill et al. [28], when x has been computed from A and b (see again
Sect. 2.9), it is often necessary to solve a modified system

A x* =b"

We could of course form the new matrix A* and compute the Cholesky
decomposition A* = L*L*T. However, much less labour is required when L* is
computed directly from L than is required when L* is computed from A*. To this
end, it is necessary to modify the decomposition of A in order to obtain the
decomposition of A*, from which x* can be computed. The modification of
A considered here has the following form

A=A +ozz"

where o is a scalar and z is an n-dimensional vector. Since the quantity o zz" is a
matrix of rank one, then the problem indicated above is called the update of the
Cholesky decomposition of a symmetric positive definite matrix (A) following a
rank-one modification. In particular, for « = £ 1, we consider the positive rank-one
update A* = A + zz' and the negative rank-one update A* = A — zz".

In case of positive (o« > 0) rank-one update, A* is positive definite, and therefore
has a Cholesky decomposition A* = L*L*",

In case of negative (¢ < 0) rank-one update, A* may be not positive definite, in
which case it does not possess a Cholesky decomposition. In addition, even when
A* is positive definite, L* may be inaccurately computed, if the modification comes
near to reducing the rank of A [21].

Gill et al. [28] give several methods for modifying matrix factorisations. In
particular, some of these methods can be applied to the Cholesky factorisation. One
of them (called algorithm C1 by the authors cited above) is shown below.

Let us suppose that a given n x n symmetric positive definite matrix A (having a
Cholesky factorisation A = LDL") has been modified by a symmetric matrix of
rank one, as follows

A =A+oazg"

where « is a scalar and z is an n-dimensional vector.
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Starting from the matrices L = {/;;} and D = {dj;}, which are supposed to be
known, we want to compute two matrices L* = {£*;} and D* = {d*}, such that
the modified matrix A* should be equal to

A* _ L* D* L*T

Supposing that A and A* are, both of them, positive definite (see above), the
recurrence relations for modifying L and D are given below.

1. Define oy = «, wlh =z
2. Forj=1,2, ..., n, compute
Py = w
djj = dj + ap;
B; = pjoi/d;;
%41 = djoy/d;
Wit =l — pit;

; i r=j+1,j4+2,...,n

2.15 The Minimax Filter

The Kalman (also called H,) filter is based on the principle of searching the min-
imum variance of the average estimation error for linear systems affected by a
Gaussian noise. However, sometimes the statistical properties of the noise affecting
the system are not known. In such cases, it is necessary to search the minimum of
the worst-case, instead of the average, estimation error.

These limitations have given rise to the minimax (also called Heo) filter. This
type of filter bears this name because it searches the minimum of the maximum
singular value of the transfer function from the noise to the estimation error. Unlike
the Kalman filter, which requires the knowledge of the statistical properties of the
noise affecting the observed process, the minimax filter does not require this
knowledge. Therefore, Heo filters are more robust (that is, more tolerant or less
sensitive to disturbances and modelling uncertainties) than are Kalman filters.

As shown in Sect. 2.9, the Kalman filter is based on the assumption of a random
distribution, with zero mean value, of the measurement errors. In other words, the
average value of the process noise must be zero, and the average value of the
measurement noise must also be zero. This property must hold not only over the
whole duration of the process, but also at each time instant. Under these conditions,
the Kalman filter leads to the smallest possible quadratic standard deviation (or
2-norm) of the estimation error.
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By the way, let &(7) be function representing a scalar signal in the time domain.
Let [a, b] be the interval of definition of the function &(z).
The 2-norm (also written fz-norm) of &(7) is defined as follows

1
2

b
lel= | [ 1ot Par

If the integral of the square of the absolute value of &(7) is finite, then the function
&(?) is said to be square integrable.
The infinity-norm (also written £°°) of &(f) is defined as follows

lelloo=max,[le(r)]]  (a<1<D)

In order to understand why we seek sometimes the minimum of the
infinity-norm instead of the minimum of the 2-norm, let us consider a set of
measured data f{¢), which is smooth everywhere over the measurement interval
A =a < t < b, but has outlying values much larger (or much smaller) in a very
narrow sub-interval B contained in A than those outside B. This happens, for
example, when f{¢) has either a sharp peak or a sharp notch in B. Let us consider a
polynomial p(#), for example, a fifth-degree polynomial as was the case with the
polynomial considered in Sect. 2.10, defined so that p(f) should be the least-squares
approximation to f{(f). In other words, let p(¢) be the fifth-degree approximating
polynomial obtained by searching the minimum 2-norm of the standard deviation.

By defining the error as follows: &(t) = f(f) — p(f), the 2-norm of &(f) is

1
2

b
2
lell,= / (1) Pai

Since p(f) corresponds to the minimum 2-norm of &(¢) = f{f) — p(?), then the
discrepancy &(f) between the measured and the computed data is expected to be in
magnitude near zero outside the sub-interval B and much larger than zero inside B,
just where f(r) has a sharp peak (or notch).

Using the criterion of the minimum 2-norm is tantamount to rejecting outlying
values from a set of measured data, on the grounds that such values appear to be
inconsistent with the other data. This line of conduct is arbitrary and sometimes
unjustified, because it exposes the observer to the risk of ignoring perfectly good
data and the information which they carry with them.

Generally speaking, the question of whether outliers should, or should not, be
retained in a set of measured values is quite difficult. It has been the subject of many
studies since the times of Gauss. The interested reader can find extensive infor-
mation on the matter, for example, in Refs. [3, 24]. For the purpose of the present
paragraph, which describes the minimax filter, it is assumed that this problem has
been solved.
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Let us consider once again the problem of estimating the state vector x; of a
system which varies linearly with time. The system in question is governed by the
following equations

Xea1 = f(xn, ur) +vie = Agx + Bra + vy
Zx = h(xy) +np = Hixy +ny

where x; is the m x 1 state vector of the system, Ay is an m X m matrix, uy is the
r X 1 vector of the known input to the system, B, is an m X r matrix, v, is the
random process noise vector, z; is the n x 1 measurement vector, H; is an
n X m matrix, and n; is the random measurement noise vector.

We want to estimate the state vector x,; on the basis of the measurement vector
Zx and our knowledge of the system equations. Following Simon [64], the estimated
state vector x;,; (that is, x;,) is expressed as follows

X1 = Axi+ Ki(zie 1 — HiAgxy)

where K, is some gain matrix which is to be determined. If the criterion of the least
2-norm of the estimation error were used, then K; would be just the Kalman gain,
as has been shown in the preceding paragraphs. By contrast, here we want to
determine K, on the basis of the least infinity-norm of the estimation error.
Among several possible solutions, Simon cites that one which determines K, so
that the maximum singular value of the transfer function from the noise to the
estimation error should be less than a given scalar value y. To this end, Simon defines
a loss function J, which is a performance measure of the estimator, as will be shown
below. Let N be the size of the measurement process (in other words, the time-step
k ranges from O to N — 1). Let X, V,, and N; be weighting matrices associated with,
respectively, the estimation error, the process noise, and the measurement noise. Let

=
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be the weighted squared two-norms of, respectively, the estimation error vector
(xx — x1), the process noise vector v;, and the measurement noise vector n;. In the
expressions given above, the notation ||x;||2 is used to indicate x; X x;, where X,
is a weighting matrix associated with x;.
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Simon [64] defines the loss function J as follows

P
J=——
Q+R

As a result of this definition, large values of J correspond to large deviations of
x, from its estimate x; . The denominator Q + R of the fraction given above may be
considered as the energy of the unknown noise terms; likewise, the numerator P
represents the energy of the estimation error. Let the noise vectors v, and n; be what
they may, a minimax filter is meant to provide a uniformly small estimation error
(xx — x1), so that the loss function J should be bounded by a prescribed value [50],
as will be shown below.

In other words, the estimator of a minimax filter tries to determine the estimated
state vector x; in such a way as to make the value of J as small as possible. To this
end, the filter designer chooses a value of y such that

1
J< -
Y
The weighting matrices X;, V; and N; must also be chosen by the filter designer
so as to reach desired results.
The state vector estimate x; which forces J to be less than 1/y is given by Simon
[64] in the following terms:

Ly = (I—XP,+H/N; 'HP,) ™'
K; = AP LHIN, !
X = Awxp + B+ Ky (2 — Hexy)
Pii1 = APLAT +V,

where L, is the output matrix, I is the identity matrix, P, is the error covariance
matrix, and K; is the minimax gain matrix (whose counterpart, in case of the
Kalman filter, is the Kalman gain matrix).

The condition J < 1/y shows that, in a minimax filter, the ratio of the estimation
error energy to the noise energy is inversely proportional to the value chosen by the
designer for y. In practice, this value cannot be chosen arbitrarily large, because the
mathematical derivation of the minimax filter equation is based on the hypothesis of
an error covariance matrix P, whose eigenvalues are, in magnitude, less than one. If
we select a value of y which is too large, this condition is not satisfied. In other
words, it is impossible to find an estimator which makes the estimation error
arbitrarily small [64].

The minimax filter equations given above require operations of matrix inversion
at each time-step. In this regard, Simon [64] notes that such operations need not be
performed in practice at each time-step, because the matrices L, Py, and K, can be
computed off-line. In other words, when the value of y has been properly chosen,
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there is no necessity of measurements to recompute the minimax gain matrix K at
each step, because the filtering problem can be solved by using a constant value
(K) of the minimax gain matrix. To determine this constant value, Simon [64] notes
that the matrices K;, computed off-line, approach very quickly a steady-state value,
that is, the matrices K; converge, after a few time-steps, to a constant matrix K. In a
successive article [65], Simon proposes to compute K by solving the following
simultaneous equations:

K= (I+P/y)"'"PH"
P'=M"'-1/y)+HH
M = APA" +1
If the value of y were improperly chosen by the filter designer, then no solution

to these equations would be found.
Another possible method, also suggested by Simon [65], is given below.

1. Form the following 2m X 2m matrix

2 [AT  AT(HH-I/)
AT A+ATT(HTH-1/?)
2. Find the eigenvectors of Z. Let yxy, %2, ..., X be those eigenvectors which

correspond to eigenvalues outside the unit circle.
3. Form the following matrix

FINZR xm][ij

where X, and X, are m X m matrices.
4. Compute M = X, X;!

Simon [65] notes that this method works only if X; has an inverse matrix.
Otherwise, the chosen value of y is too large.

As the classical Kalman filter, so the minimax filter has been created for linear
systems. For nonlinear systems (as is the case with the tracking of an orbiting
spacecraft, whose behaviour is governed by a nonlinear differential equation), the
system equations

X =f(X—1,U-1) + Vi1
2k = h(xy) +ny

must be are linearised (by means of a Taylor-series expansion truncated at the first
order) about the reference trajectory. Therefore, the minimax filter is subject to the
same limitations as those which hold with the extended Kalman filter. When one
has to do with nonlinear systems and the robustness (that is, the insensitivity to the
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choice of a probability model) of a filter is a concern, it is advisable to use a more
robust unscented Kalman filter than that shown in Sect. 2.13. This type of filter will
be described in the following paragraph.

2.16 A More Robust Unscented Kalman Filter

As shown in Sect. 2.13, a general nonlinear system is governed by the following
equations

X =f(1, U1, i1,k — 1)
7k = h(xp, wi, k) +ny

where x is the m-dimensional state vector at time-step k, u;—; is the known input
vector, v,— is the process noise vector due to disturbances and modelling errors, z;
is the observation vector, n; is the measurement noise vector, and f and h are the
nonlinear vector-valued functions (supposed known) representing the system
dynamic model.

The initial state vector x, has known mean vector g, = E(x¢) and covariance
matrix Py = E[(xg — po)(xo — yO)T]. The initial state vector x, is used to construct an
augmented (denoted by the superscript a) ¢-dimensional vector x{,, which results
from concatenating the mean of the true state vector x, with the mean of the process
noise vector vo and the mean of the measurement noise vector ng, as shown below:

Likewise, the true covariance matrix Py of the true state vector x is used to
construct the following augmented (denoted by the superscript @) covariance matrix

P, 0 0
P'=10 Q 0
0 0 Ry

where Q is the covariance matrix of the process noise vector vy, and Ry is the
covariance matrix of the measurement noise vector n,. Van Zandt [79] has sug-
gested the following improvement to the unscented Kalman filter: adding a ficti-
tious process noise, even if there be none, to the system, for the purpose of taking
account of the uncertainties of the dynamical model used.
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By so doing, for k=1, 2, ..., N — 1 (N being the size of the measurement
process), the prediction phase and the update phase of the filter are shown below.

Prediction

By using the scaling parameter 4 (see below), a set of 2¢ + 1 sigma-point vectors
Yio1 (i=0, 1, ..., 20) is computed from the augmented state vector x{_, and the
augmented covariance matrix P¢_;, as follows

1271 =Xi 1 i=0

ot =x271+{[(€+i)Pz,1]7}, i=1,2,...,¢
: T .
xiff:xi_l—{[(€+A)Pk_l]2}i i=1,2,...¢

where {[(¢ + /I)P,‘f,l]l/’} ; 1s the ™ column of the matrix Si—1, which is the square
root of the following matrix

L+ )P,
so that, by definition, there results
(C+ 2P, =S8,

The square-root matrix S;— is to be computed by means of some stable method,
for example, by means of the Cholesky decomposition, as shown in Sect. 2.12.

The set of the sigma-point vectors yi_; (i = 0, 1, ..., 2¢) forms the £ x (20 + 1)
sigma-point matrix X}_;, whose columns are given below

[SIE

i e a a a a 3
Xp1 = [xk_l x{_ [+ PP Xl — [(é—ki)PZ_JZ}
This matrix is such that x¢_, is a column vector, whereas x{—; + [({ + HP{_,]”
and x¢_, — [(¢ + )P{_;]1” are, each of them, a set of ¢ column vectors.
Now, each of the sigma-point vectors is propagated, that is, projected ahead from
time-step k — 1 to time-step k, by means of the nonlinear function f, as follows

Z;c :f(X;;fpuk—l’Zifpk - 1) (l = Oa 17' (T 26)

where the first argument of the function f is the sigma-point vector due to the true
state vector x;—p, and the third argument is the sigma-point vector due to the process
noise vector v;_;.

Then, these propagated sigma-point vectors yi are weighted (using weights w',
for the state vector and w. for the covariance matrix) and put together in a proper
manner, so as to yield the predicted state vector x; and the predicted covariance
matrix P, of x;, as follows
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20
o = i
k= Ws Xk

i=0

20 A

Pr=Y N wi() ()

i=0 j=0

where the weights w'. for the predicted state vector x; and the weights whi=0,1,
..., 20) for the predicted covariance matrix P; are as follows

W?:“?) (i=0)
wl=r= 41—+ 8 (i=0)
Wy =W, :z(gi;v) (i #0)
A=l +x) -/

In the expressions given above, the parameters « and k are used to control the
spread of the sigma-points around the mean of the state vector (the values of « and
k are usually set to, respectively, 1 x 107 and 1), and the parameter £ is used to
take account of previous knowledge of the distribution of the state vector around its
mean (for a Gaussian distribution, the value of f is set to 2).

Update
In the update phase, each of the sigma-point vectors is used as the argument of

the nonlinear function £, as follows
v =h(gu,k)+2,  i=0,1,...,20

where the first argument of the function k is the sigma-point vector due to the
predicted state vector x;, and the added term is the sigma-point vector due to the
measurement noise vector ny.

The sigma-point vectors y; are weighted (using weights w', for the state vector
and w’. for the covariance matrix) and put together in a proper manner, so as to yield
the predicted measurement vector z; and the predicted covariance matrix P_ of z,
as follows

20
- i
L = W Vk

)

2 2

Po=Y S Wil ()

i=0 j=0

It is to be noted that the matrix P, (related to the time-step k) indicated above is
the covariance matrix of the predicted measurement vector z;, as indicated above.
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In order to compute the Kalman gain K; for the unscented Kalman filter, it is
necessary to compute first the cross-correlation matrix P, (related to the time-step
k) between x; and z;, as follows

20 2

Po="S Wi ()"

i=0 j=0

where ¥} is the sigma-point vector due to the predicted state vector x;, as mentioned
above. Hence, the Kalman gain K; is given by
—\(p—y-1
Ki = (PL)(Py)
As is the case with the classical Kalman filter, the updated state vector xi results

from the predicted state vector x; plus the innovation (g; — z;) weighted by the
Kalman gain K;, as follows

x =x; +Ki(ze —z1)

and the updated covariance matrix P results from the predicted covariance matrix
P, minus the predicted measurement covariance matrix P, (related to k) weighted
by the Kalman gain K, as follows

P} =P, — KP_K|

A filter like that described above has been applied by van der Merwe and Wan
[85] to the problem of fusing noisy observations from the Global Positioning
System (GPS), Inertial Measurement Units (IMU), and other available sensors
(such as a barometric altimeter or a magnetic compass). These observations have
been combined with a kinematic or dynamic model of an unmanned aerial vehicle
(specifically, a remotely controlled helicopter). The results obtained by van der
Merwe and Wan by using this type of filter indicate an error reduction of
approximately 30% in both attitude and position estimates relative to the results
coming from an extended Kalman filter [85].
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