
Chapter 2
Orbit Determination from Observations

2.1 Position of the Problem

In general terms, the determination of an orbit is an iterative process meant to know
and predict the position and velocity (or the orbital elements) of a space object, with
respect to a primary celestial body, from observations of that object. For example,
the orbit determination for an artificial satellite revolving about the Earth is a series
of operations aimed at determining the motion (that is, the six orbital elements or
the six Cartesian components of the position and velocity vectors at some given
epoch) of the satellite with respect to a reference system having its origin in the
centre of mass of the Earth. Likewise, for a natural celestial body revolving about
the Sun, an astronomer computes the orbital elements of that body with respect to
the Sun on the basis of observations which have been performed at some place on
the surface of the Earth.

The methods used to this end may be classified into two broad categories. The
first category includes the classical (or deterministic) methods, which consider the
measurements as free from errors, and use therefore the minimum number of
measurements required to determine an orbit. The second category includes the
modern (or statistical) methods, which consider the measurements as affected by
errors, and use therefore more measurements than those which would be strictly
necessary to determine an orbit, with the view of reducing the influence of such
errors by means of a suitable mathematical treatment of the data gathered.

Let x = x(t) be the state vector, at a given time t, of an artificial satellite orbiting
around the Earth, that is, the vector whose six components are the three components
of the position vector, r, and the three components of the velocity vector, v, of the
satellite at time t with respect to either the true-of-date or the J2000.0
geocentric-equatorial reference system XYZ (defined in Sect. 1.9). Let x0 = x(t0) be
the known state vector of the same satellite at a given initial time t0 with respect to
the same reference system. When the forces (the central force and its perturbations)
acting upon the satellite are known exactly, then it is possible to determine its state
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vector x at any given time t by integrating the equations of motion. However, the
state vector x of the satellite at the initial time t0 is known approximately, not
exactly. In addition, the force model used to compute the forces acting upon the
satellite at a time t can only provide approximate values of the true forces, because
the physical constants (e.g. the gravitational parameter of the Earth) are known
approximately and also because the mathematical model used to compute the forces
can never be exact. Consequently, the orbit determination of a satellite requires that
the observations of the satellite (which are affected by random and systematic errors
due to the non-exactness of the force model used) should be mathematically treated
in such a way as to obtain the best estimate of the orbital elements representing the
satellite motion at any time. To this end, it was customary to operate in two stages.
The first stage, called preliminary orbit determination, is the approximate deter-
mination of an orbit by means of a minimum number of observations of the orbiting
object.

The second stage, called differential correction of orbits or orbit improvement,
comprises:

1. the collection of more observations than those strictly required, and
2. the fitting of the data gathered to an orbit by means of some mathematical

algorithm, based usually on the method of the least squares.

The results of the second stage are differential corrections to the preliminary
orbital elements, which have been determined in the first stage.

In the first stage, both the main attracting body and the orbiting body are con-
sidered as isolated particles subject only to their mutual gravitational forces.
Therefore, the motion is governed by the second-order differential equation shown
in Sect. 1.1, that is, by

r00 þ l
r3

� �
r ¼ 0

where r″ is the acceleration vector of the orbiting body, l is the gravitational
parameter of the attracting body (resulting from the product of the mass, M, of the
attracting body by the gravitational constant, G), and r is the position vector of the
orbiting body with respect to an inertial reference system having its origin in the
centre of mass of the attracting body, whose mass M is supposed to be much greater
than the mass m of the orbiting body. As also shown in Sect. 1.1, the constants of
integration of this differential equation are six, that is, the orbital elements of the
orbiting body.

In the second stage, the perturbations to the primary gravitational force are taken
into account, so that the differential equation of motion is expressed as follows

r00 þ l
r3

� �
r ¼ a
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where a is the vector sum of the perturbing accelerations acting on the orbiting
body. In case of an artificial satellite of the Earth, as will be shown at length in
Chap. 3, these accelerations are primarily due to:

• the non-spherical shape and the non-homogeneous mass density of the Earth;
• the gravitational attraction exerted on the satellite by other celestial bodies than

the Earth (in particular, by the Sun and the Moon);
• solid Earth and ocean tides;
• the aerodynamic drag exerted by the Earth atmosphere, particularly important in

case of artificial satellites orbiting at low altitudes;
• solar radiation pressure; and
• thrusters used for orbital manoeuvres.

By the way, solid Earth tides are similar to ocean tides, both of them being due
to the gravitational forces exerted upon the Earth by the Sun and the Moon. The
difference between the two types of tide resides in the much smaller tidal distortion
of the Earth (about 30 cm a day) in comparison with that of the ocean, because of
the resistance opposed by the rocks.

As a result of the perturbing accelerations, the orbital elements of an artificial
satellite revolving about the Earth are not constant, but vary slowly with time.

Consequently, the second-order differential equation r″ + (l/r3)r = a is
expressed as a system of m first-order differential equations

x0 ¼ f ðx; tÞ

with the initial conditions

xðt0Þ ¼ x0

where x = x(t) is the augmented m-dimensional, time-dependent state vector, that is,
the state vector comprising not only the six position (x, y, z) and velocity (vx, vy, vz)
co-ordinates of the orbiting body but also the physical constants provided by the
force model used (that is, the physical quantities which are independent of time);
f(x, t) is a vector-valued function (the integrand function) which depends on the
state vector and on time; and x0 is the known state vector at some epoch t0.

On the other hand, the observations can be represented by the following system
of n nonlinear algebraic equations

zi ¼ gðxi; tiÞþ ei

( i = 1, 2, …, n), where zi are the actual observations made at epochs t1, t2, …, tn,
g(xi, ti) are the predicted values, and ei are random errors of measurement affecting
the observations. Such equations, solved for xi, yield the state vector

xðtiÞ ¼ H x0; t0; tið Þ
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(i = 1, 2, …, n) at times, respectively, t1, t2, …, tn. This way of proceeding,
comprising the two stages described above, is called batch estimation processing
and is based on the least-squares method.

Recently, as a result of the mathematical theory due to Kalman and Bucy [44,
45] and also of the advent of advanced computing means, the two stages are no
more separated from each other, and each epoch of observations is processed
individually by means of a sequential estimation algorithm, which is just the
Kalman filter. The preliminary orbit determination comprises several methods
meant to determine the orbital elements. These methods will be shown in the
following paragraphs. The determination of an orbit is part of a broader process
called integrated guidance, navigation, and control. The whole process of spacecraft
guidance, navigation, and control is shown in the following scheme, which is
redrawn from Thornton and Border [70].

Guidance is the actual steering of a spacecraft travelling through space. This
steering may come from sources placed either inside (a human crew or an on-board
computer) or outside (a ground station) the spacecraft. An example is provided by
the commands given to the rocket motor of a spacecraft to control the thrust.
Navigation is the measurement of the motion (position, orientation, and velocity) of
a spacecraft in space, obtained by means of observations performed by the crew, or
by automatic on-board sensors, or by tracking equipment located on the ground.
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Control is the alignment and stabilisation of a spacecraft while the guidance and
navigation functions are being performed. These functions make it necessary not
only to determine the orbital elements (or the position and velocity vectors) of a
spacecraft, but also to adjust its path and attitude by means of control forces and
moments obtained by firing the main rocket motor or by routing commands to other
on-board devices (such as thrusters, reaction wheels, control moment gyroscopes,
or aerodynamic surfaces), which produce the desired forces on the spacecraft. The
functions of guidance and control are meant to compute and send a series of
commands to the propulsion system to alter the spacecraft velocity or attitude.

Following Thornton and Border [70], the orbit determination process requires an
a priori estimate (prediction) of the spacecraft trajectory, referred to as the nominal
orbit. In this estimate, expected values of the observable quantities are computed on
the basis of nominal values for the trajectory and models of such observable
quantities. The computed quantities differ from the correspondent observed quan-
tities coming from the tracking system. Such differences form the residuals (com-
puted minus observed quantities), which are due not only to random uncorrelated
measurement errors (such as thermal noise in the tracking receiver), but also to
errors in the trajectory and the observable models. The errors of the latter type
introduce distinctive signatures, that is, characteristic marks, in the residuals. Such
signatures make it possible to adjust the model parameters by means of a procedure,
called weighted linear least-squares estimation, which yields the set of parameter
values corresponding to the minimum weighted sum of the squares of the residuals.

This procedure, when the data are weighted by the inverse of their error
covariance, yields a minimum-variance estimator. Since this estimator provides a
linear solution to a nonlinear problem, then the estimation procedure comprises
more iterative steps, each of which uses the parameter estimation of the previous
step, until convergence is reached.

After the orbit determination process has been completed, the orbital elements
are compared with those required by the project. In case of discrepancies, trajectory
correction manoeuvres must be planned and executed. For example, when the
actual flight path differs from that which is required by the planned mission, it is
necessary to compute the magnitude and direction of the Dv vector required to
correct to the desired trajectory. In addition, suitable times must be computed, at
which the corrective manoeuvres will be executed. At the proper time, the space-
craft attitude will change the direction of the rocket motor axis to the desired one
and the thrusters will be fired for a determined interval of time. The magnitude of
Dv is usually small (metres or tens of metres per second), because of the limited
amount of propellant which can be carried on board.

Orbit trim manoeuvres are sometimes necessary in case of a satellite revolving
around the Earth, in order to prevent orbital decay due to air drag, and also to
perform orbit changes required by the mission objectives.
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2.2 Topocentric Co-ordinate Systems

A radar station located on the surface of the Earth can measure the position and
velocity of an object, for example, of an artificial satellite, with respect to the place
where the station is located. However, the position vector r of interest to the
observer has its origin in another place, that is, in the centre of mass of the Earth. In
addition, the velocity vector v � r′ of interest to the observer relates to the
geocentric-equatorial reference system XYZ, which moves with respect to the radar
station, because the Earth rotates about its axis. Thus, a series of measurements
relating to reference system located in the radar station must be converted so as to
provide the correspondent measurements with respect to the geocentric-equatorial
system. The measurements performed at a radar station are related to the
topocentric-horizon system UVW, which is defined below.

The topocentric-horizon reference system UVW, shown in the preceding figure,
has its origin in the point on the surface of the Earth where the radar station is
located, and its three Cartesian axes U, V, and W are directed so that its fundamental
plane UV is the horizon, with the U-axis pointing towards east, the V-axis pointing
towards north, and the W-axis perpendicular to the horizon and pointing upwards
(that is, towards the zenith). As to the directions forming the horizon, the agreement
of the authors is not unanimous. Some of them, for example Bate et al. [5] and
Vallado [77], choose the south and east directions. Other authors, for example
Montenbruck and Gill [53] and Curtis [20], choose the east and north directions.
We follow the latter convention.

134 2 Orbit Determination from Observations



Let the unit vectors of the three axes U, V, and W be, respectively, uU, uV, and
uW. Unlike the geocentric-equatorial reference system XYZ, which is fixed in space
with respect to the stars and does not rotate with the Earth, the topocentric-horizon
reference system UVW is evidently a non-inertial system, because it is fixed to the
Earth and does rotate with it.

Another reference system of the topocentric type is the topocentric-equatorial
co-ordinate system, shown on the left-hand side of the following figure.

The origin PH of this reference system is the point on the surface of the Earth
where the observer (or the radar station) is located. The axes Xt, Yt, and Zt of this
co-ordinate system are parallel to the axes, respectively, X, Y, and Z of the
geocentric-equatorial co-ordinate system having its origin O in the centre of the
Earth. The fundamental plane XtYt of the topocentric-equatorial system XtYtZt is
parallel to, but not coincident with, the fundamental plane XY of the
geocentric-equatorial system XYZ. Both X and Xt point towards the vernal equinox
♈. The position vector PHQ � q, of magnitude q, goes from the point of obser-
vation PH to the space object Q. The position of Q is usually expressed by means of
the three co-ordinates q, d, and a, where the two angles d (declination) and a (right
ascension) are shown on the right-hand side of the preceding figure, which is an
enlarged view of the topocentric-equatorial co-ordinate system.

In the topocentric-equatorial system the North and South celestial poles are
determined by intersecting the rotation axis of the Earth with the celestial sphere,
that is, with the sky as seen from the Earth. The centre of the Earth is also the centre
of the celestial sphere, as shown in the following figure, which is due to the
courtesy of the University of Tennessee [76].
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The celestial poles and equator are the geographic poles and equator projected
up onto the celestial sphere. The equivalent of the geographic latitude in the
topocentric-equatorial system is called declination and is measured in degrees North
(positive numbers) or South (negative numbers) of the celestial equator. The
equivalent of the geographic longitude in the topocentric-equatorial system is called
right ascension, and may also be measured in degrees, but for historical reasons it is
more common to measure it in time (hours, minutes, seconds), 1 hour of right
ascension being equivalent to 15 degrees of apparent sky rotation.

In addition to the celestial equator, another important plane intersecting the
celestial sphere is the ecliptic plane, which is the plane containing the orbit of the
Earth about the Sun, inclined of about 23°.4 with respect to the celestial equator, as
shown in the preceding figure. The inclination angle e � 23°.4 is called the
obliquity of the ecliptic.

The position of a space object Q in the topocentric-equatorial system is
expressed by the following vector

q ¼ q cos d cos að ÞuX þ q cos d sin að ÞuY þ q sin dð ÞuZ
where uX, uY, and uZ are the unit vectors of, respectively, X, Y, and Z.

Let us express the position vector q as follows

q ¼ q
q

q

� �
¼ quq
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where q is the magnitude of q and uq = q/q is the unit vector having the direction
of q. By so doing, it is possible to write

uq ¼ ðcos d cos aÞuX þðcos d sin aÞuY þðsin dÞuZ

As shown above, the geocentric-equatorial system and the topocentric-equatorial
system have two different origins. Consequently, the direction cosines of the
position vectors r and q are not the same. Thus, the topocentric declination and
right ascension of a space object are not equal to the geocentric declination and
right ascension of the same object. However, when the magnitude of r is much
greater than the equatorial radius of the Earth, as is the case with stars and distant
planets, then the differences in topocentric and geocentric angles can be neglected.

2.3 Orbit Determination from a Single Radar Observation

With reference to the following figure, let us consider an artificial satellite inside the
field of view of a radar station located on the surface of the Earth.

The radar station measures the range, that is, the magnitude of the position
vector going from the radar station to the satellite and the direction of this position
vector with respect to a reference system having its origin in the place where the
radar station is located. Reference systems of this type are called topocentric,
because their origin is in the place of observation. One of these is the
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topocentric-horizon reference system UVW, defined in Sect. 2.2 and also shown in
the preceding figure.

Let q be the position vector of an artificial satellite with respect to the
topocentric-horizon system indicated above. The direction of q is measured by two
angles, namely azimuth (A) and altitude (h), which result from the gimbal axes on
which the radar antenna is mounted.

The azimuth angle A is measured clockwise, for an observer in the direction of
the positive W-axis, from the north–south direction to the projection of q onto the
horizon (U, V) plane, so that 0 � A � 360°; the altitude angle h is measured
counterclockwise, for an observer in the direction of the positive U-axis, from the
projection of q onto the horizon plane to q itself, so that −90° � h � 90°.

If the station is equipped with a Doppler radar, that is, of a radar capable of
detecting a shift in frequency in the returning echo, then the rate of change of q can
also be measured. On the other hand, sensors on the gimbal axes can measure the
rate of change of the azimuth and altitude angles. Thus, the radar apparatus can
measure six quantities related to a satellite in its field of view, namely range (q),
azimuth angle (A), altitude angle (h), rate of change of range (q′), rate of change of
azimuth angle (A′), and rate of change of altitude angle (h′).

Let ‘U, ‘V, and ‘W be direction cosines of uq = q/q with respect to the
topocentric-horizon system UVW, which system has its origin in P and its axes
pointing to, respectively, east, north, and zenith. The unit vector uq = q/q is
expressible as follows

uq ¼ ‘UuU þ ‘VuV þ ‘WuW

where uU, uV, and uW are the unit vectors pointing to, respectively, east, north, and
zenith. By projecting uq onto, respectively, U, V, and W, there results

uq ¼ ðcos h sinAÞ uU þðcos h cosAÞ uV þðsin hÞ uW

Having obtained the components of the position vector q in the
topocentric-horizon reference system UVW, it remains to transform the same
components, for the purpose of computing the components of the position vector in
the geocentric-equatorial reference system XYZ. To this end, it is necessary to
determine the projections of the unit vectors uU, uV, and uW of the
topocentric-horizon system UVW onto the unit vectors uX, uY, and uZ of the
geocentric-equatorial system XYZ.

With reference to the following figure, let u be the geodetic latitude (defined
below) of the point P where the observer or the radar station is located, and let h be
the angular distance, measured in the equatorial plane, between the X-axis (pointing
towards the vernal equinox) and the local meridian passing through P.
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In the preceding figure, the Earth is represented as an oblate ellipsoid, whose
equatorial bulge is exaggerated for the sake of clarity. The geodetic latitude u is the
angle between the equatorial plane XY and the normal in P to the surface of the
ellipsoid, which approximates the Earth. Since the Earth is not perfectly spherical,
then u does not coincide with the geocentric latitude, which is the angle between
the equatorial plane XY and the normal in P to the surface of the sphere.

Let uX* be the unit vector of OR, where OR lies in the plane of the meridian
passing through P and is perpendicular to the Z-axis. Let uW be the unit vector of
the zenith direction in P. By projecting uW onto OR and the Z-axis, there results

uW ¼ ðcosuÞ u�X þ ðsinuÞuZ
where uZ is the unit vector of the Z-axis.

On the other hand, by projecting uX* onto X and Y, there results

u�X ¼ ðcos hÞ uX þðsin hÞ uY
where uX and uY are the unit vectors of, respectively, X and Y.

It follows that

uW ¼ ðcos hÞuX þ ðsin hÞuY½ � cosuþ ðsinuÞ uZ ¼ ðcosu cos hÞuX
þðcosu sin hÞuY þðsinuÞuZ
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The unit vector uU, directed towards east, is expressed as a function of uX and
uY, by taking the vector product of uZ and uW, as follows

uU ¼ uZ � uW
uZ � uWj j

where |uZ � uW| is the magnitude of uZ � uW. The following equality holds

a� b ¼
uX uY uZ
aX aY aZ
bX bY bZ

2
4

3
5

for any two vectors a = aX uX + aY uY + aZ uZ and b = bX uX + bY uY + bZ uZ.
In the present case, there results

uZ � uW ¼
uX uY uZ
0 0 1

cosu cos h cosu sin h sinu

2
64

3
75

¼ ð� cosu sin hÞ uX þðcosu cos hÞ uY

uZ � uWj j ¼ ð� cosu sin hÞ2 þðcosu cos hÞ2
h i1

2¼ cosu

uU ¼ uZ � uW
uZ � uWj j ¼ ð� sin hÞ uX þðcos hÞuY

Finally, uV results from

uV ¼ uW � uU ¼
uX uY uZ

cosu cos h cosu sin h sinu

� sin h cos h 0

2
64

3
75

¼ ð� sinu cos hÞ uX � ðsinu sin hÞ uY þ ðcosu cos2 h

þ cosu sin2 hÞ uZ ¼ ð� sinu cos hÞ uX � ðsinu sin hÞ uY þðcosuÞ uz

In summary, we have obtained the following results

uU ¼ ð� sin hÞuX þ ðcos hÞuY
uV ¼ ð� sinu cos hÞuX � ðsinu sin hÞuY þ ðcosuÞuZ
uW ¼ ðcosu cos hÞuX þ ðcosu sin hÞuY þ ðsinuÞuZ
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Let us consider the following scalar products

uU 	 uX ¼ � sin h
uU 	 uY ¼ cos h
uU 	 uZ ¼ 0
uV 	 uX ¼ � sinu cos h
uV 	 uY ¼ � sinu sin h
uV 	 uZ ¼ cosu
uW 	 uX ¼ cosu cos h
uW 	 uY ¼ cosu sin h
uW 	 uZ ¼ sinu

As shown in Sect. 1.9, in case of a transformation from perifocal co-ordinates
xyz to geocentric-equatorial co-ordinates XYZ, the rotation matrix R is defined as
follows

R �
uX 	 ux uX 	 uy uX 	 uz
uY 	 ux uY 	 uy uY 	 uz
uZ 	 ux uZ 	 uy uZ 	 uz

2
4

3
5

and this matrix is orthogonal, because it satisfies the condition RTR = I, where RT

is the transpose of R, and I is the 3 � 3 identity matrix.
Likewise, in the present case, the rotation matrix R, which transforms the

geocentric-equatorial co-ordinates XYZ into the topocentric-horizon co-ordinates
UVW, is defined as follows

R �
uU 	 uX uU 	 uY uU 	 uZ
uV 	 uX uV 	 uY uV 	 uZ
uW 	 uX uW 	 uY uW 	 uZ

2
4

3
5

Thus, by replacing the scalar products by their respective values which are given
above, there results

‘U
‘V
‘W

2
4

3
5 ¼

� sin h cos h 0
� sinu cos h � sinu sin h cosu
cosu cos h cosu sin h sinu

2
4

3
5 ‘X

‘Y
‘Z

2
4

3
5

where ‘U, ‘V, and ‘W are the direction cosines of the topocentric-horizon
co-ordinates, and ‘X, ‘Y, and ‘Z are the direction cosines of the
geocentric-equatorial co-ordinates.

The preceding expression defines the transformation from geocentric-equatorial
co-ordinates XYZ to topocentric-horizon co-ordinates UVW.
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As is easy to verify, the 3 � 3 square matrix written above, that is,

R �
� sin h cos h 0

� sinu cos h � sinu sin h cosu
cosu cos h cosu sin h sinu

2
4

3
5

is an orthogonal matrix, because it satisfies the condition

RTR ¼ I

where RT is the transpose of R and I is the 3 � 3 identity matrix.
Therefore, in order to transform topocentric-horizon co-ordinates UVW into

geocentric-equatorial co-ordinates XYZ, we use RT, the transpose of R, that is,

‘X
‘Y
‘Z

2
4

3
5 ¼

� sin h � sinu cos h cosu cos h
cos h � sinu sin h cosu sin h
0 cosu sinu

2
4

3
5 ‘U

‘V
‘W

2
4

3
5

The matrices R and RT shown above can also be used for transformations from
topocentric-equatorial co-ordinates XtYtZt to topocentric-horizon co-ordinates UVW,
and from topocentric-horizon co-ordinates UVW to topocentric-equatorial
co-ordinates XtYtZt, because the unit vectors uX, uY, and uZ of the system XYZ
coincide with those of the system XtYtZt. The following relation holds between the
position vector (q) in the topocentric-horizon system UVW and the position vector
(r) in the geocentric-equatorial system XYZ:

r ¼ rE þ q

where rE � OP is the vector going from the centre of mass, O, of the Earth to the
position, P, of the radar station on the surface of the Earth. This can be understood
by considering the following figure.

142 2 Orbit Determination from Observations



If the Earth were a perfect sphere having a radius equal to rE, then the local
vertical passing through the radar site P would join (extended downward) this site
with the centre O of the Earth. In this case, rE would be expressible as follows

rE ¼ rE uZ

Such is not the case in practice, because the shape of the Earth is not perfectly
spherical.

The following section of this paragraph takes account of the non-spherical shape
of the Earth. In the model described below, the Earth is approximated to an
ellipsoid, as shown in the following figure.

Consequently, latitude cannot be used any more as a spherical co-ordinate and
the radius of the Earth depends on latitude. Thus, a point on the surface of the Earth
will be represented by two rectangular co-ordinates (x and z) and the longitude (k),
because the latter has the same meaning in a spherical as in an oblate Earth. The
ellipsoid is an approximation to the true shape of the Earth.

The cross section of the Earth ellipsoid along a meridian is an ellipse, whose
major semi-axis (aE) is equal to the equatorial radius of the Earth and whose minor
semi-axis (bE) is equal to the polar radius of the Earth. Cross sections of the
ellipsoid parallel to the equator are circles. The shaded area represents the bulge,
which is maximum (21.4 km) at the equator and is zero at the poles.

The values considered here for the major semi-axis aE and the flattening
(or oblateness) f = (aE − bE)/aE of the Earth ellipsoid are those given in Ref. [58],
that is,

aE ¼ 6378:137 km f ¼ 1
298:257223563

� 0:0033528
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Hence, the eccentricity (eE) and the minor semi-axis (bE) of the ellipsoid result,
respectively, from eE = (2f − f2)½ = 0.08181919 and bE = aE(1 − f) = 6356.752 km.
The reference ellipsoid defined above is an approximation to the geoid, that is, to the
equipotential surface of the Earth gravity field which best fits, in the least-squares
sense, the global mean sea level. In describing the non-spherical shape of the Earth,
some authors, Herrick [34, 35] for one, use f instead of eE.

The angle u* between the equatorial plane and the radius OP (between the
centre O of the Earth and the point P of the Earth surface where the observer is
located) is called geocentric latitude. The angle u between the equatorial plane and
the normal in P to the surface of the ellipsoid is called geodetic latitude and is used
in the maps and charts of the Earth. The normal in P to the surface of the ellipsoid is
the direction which a plumb bob would indicate, were it not for local anomalies in
the gravitational field of the Earth. The angle ua between the equatorial plane and
the actual plumb bob vertical uncorrected for these anomalies is called the astro-
nomical latitude. In practice, since the difference between the reference ellipsoid
and the mean sea level is small, then the difference between geodetic latitude u and
the astronomical latitude ua is negligible.

We must now calculate the station co-ordinates of a point on the surface of the
reference ellipsoid, when we are given the geodetic latitude, the longitude, and the
height of that point above the mean sea level, which is assumed to be the height
above the reference ellipsoid. To this end, with reference to the following figure,
we first determine the co-ordinates x and z of a point P on the ellipse, assuming that
we know the geodetic latitude u of P; then these co-ordinates will be adjusted for
another point of which we know the height above the surface of the ellipsoid in the
direction of the normal in P.

The angle b, called the reduced altitude, is introduced to express the x and z
co-ordinates as functions of the equatorial radius of the Earth and of b itself.
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By considering the elliptic cross section of the Earth (having aE as its major
semi-axis along the equator and bE as its minor semi-axis along the polar axis of the
Earth) and the corresponding auxiliary circumference (having aE as its radius), the
Cartesian co-ordinates of P are expressible as follows

x ¼ aE cos b z ¼ bE
aE

� �
aE sin b

In Sect. 1.3, we have shown that, for an ellipse, there results

bE ¼ aE 1� e2E
� �1

2

where eE is the eccentricity of the ellipse. Thus, there also results

x ¼ aE cos b z ¼ aE 1� e2E
� �1

2sin b

Now, cos b and sin b must be expressed as functions of the geodetic latitude u
and of the constant quantities aE and bE. To this end, since the slope of the tangent
to the ellipse is dz/dx, and the slope of the normal is −dx/dz = tan u, then the
differentials of the expressions written above

x ¼ aE cos b z ¼ aE 1� e2E
� �1

2sin b

are

dx ¼ �aE sin b db dz ¼ aE 1� e2E
� �1

2cos b db

and consequently

tan u ¼ � dx
dz

¼ tan b

1� e2Eð Þ12

and also

tan b ¼ 1� e2E
� �1

2 tan u ¼ 1� e2E
� �1

2
sinu
cosu

Now, the last expression can be written in the following form

tan b ¼ A
B
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where A = (1 − eE
2)½ sin u and B = cos u. In addition, since

sin a ¼ 
 tan a

1þ tan2 að Þ12
cos a ¼ 
 1

1þ tan2 að Þ12

are trigonometric identities, then there results after simplification

sin b ¼ 
 1� e2E
� �1

2 sinu

1� e2E sin
2 u

� �1
2

cos b ¼ 
 cosu

1� e2E sin
2 u

� �1
2

The preceding expressions make it possible to write the x and z co-ordinates of a
point P on the surface of the ellipsoid as follows

x ¼ aE cos b ¼ aE cosu

1� e2E sin
2 u

� �1
2

z ¼ aE 1� e2E
� �1

2 sin b ¼ aE 1� e2E
� �

sinu

1� e2E sin
2 u

� �1
2

Let us consider now another point PH, placed at a height H above the ellipsoid,
that is, at a height H above the mean sea level, along the normal in P to the
ellipsoid. By inspection of the preceding figure, the x and z components of the
height H result

Dx ¼ H cosu

Dz ¼ H sinu

The quantities Dx and Dy are the increments which must be added to the
co-ordinates of P derived above, to obtain the co-ordinates of PH as functions of
geodetic latitude (u), altitude (H) above the mean sea level, and equatorial radius
(aE) and eccentricity (eE) of the ellipsoid representing the Earth:

xH ¼ aE

1� e2E sin
2 u

� �1
2

þH

2
4

3
5 cosu zH ¼ aE 1� e2E

� �
1� e2E sin

2 u
� �1

2

þH

2
4

3
5 sinu

When the flattening (f) of the Earth ellipsoid is used instead of eE, that is, when
eE
2 is replaced by 2f − f2, then the expressions derived above become

xH ¼ aE

1� 2f � f 2ð Þ sin2 u� 	1
2

þH

8<
:

9=
; cosu

zH ¼ aE 1� fð Þ2

1� 2f � f 2ð Þsin2u� 	1
2

þH

8<
:

9=
;sinu
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The third co-ordinate of PH is the east longitude (k) of PH. Thus, if we know the
Greenwich sidereal time (hG), it can be used with the east longitude of PH to
compute the local sidereal time (h), which is the angle between the X-axis (pointing
towards the vernal equinox) of the geocentric-equatorial system XYZ and the local
meridian. As will be shown below, the xH and zH co-ordinates plus the angle h, in
turn, are used to locate the observer site in the geocentric-equatorial system.

In the model representing the Earth as a perfect sphere of radius rE, rE was the
vector from the centre of the Earth to the position of the radar station on the surface
of the Earth, with respect to the geocentric-equatorial system XYZ.

Now, likewise, in the model representing the Earth as an oblate ellipsoid, let rE
be the position vector from the centre, O, of the Earth to the point PH, with respect
to the same system XYZ. The components of rE are then

rE ¼ xH cos hð ÞuX þ xH sin hð ÞuY þ zHuZ

where uX, uY, and uZ are the unit vectors along, respectively, X, Y, and Z.
Now, the vectors which have been expressed in the topocentric-horizon (or

UVW) co-ordinates must be converted into the geocentric-equatorial (or XYZ)
co-ordinates. The angle hG from the unit vector uX (pointing towards the vernal
equinox) and the Greenwich meridian is the Greenwich sidereal time. This angle,
added to the geographic longitude k of the radar site measured eastward from
Greenwich, yields the local sidereal time h, as follows

h ¼ hG þ k

The angles u and h determine the relation between the topocentric-horizon system
and the geocentric-equatorial system. To this end, it is necessary to compute hG at
any given time t. When hG is known, h results from the expression (h = hG + k)
given above. Let hG0 be the Greenwich sidereal time at some particular time t0 (e.g.
t0 = 0 h Universal Time on the 1st of January of the year of interest). When hG0 is
known, then the local sidereal time h at any given time t can be determined from

h ¼ hG 0 þxEðt � t0Þ þ k

where xE = 7.292 � 10−5 rad/s is the angular velocity of the Earth about its axis.
The following paragraph will show how to compute hG0, that is, hG at 0 h Universal
Time for every day of the year of interest. The same paragraph will also provide
further information on the concept of sidereal time introduced here.

It is to be noted that the vector rE � OPH shown above is the position vector
from the centre, O, of the Earth to the point PH (where the observer is located), with
respect to the geocentric-equatorial system XYZ. The knowledge of rE and q, where
q � PHQ is the position vector of a celestial body Q in the topocentric-horizon
system UVW, suffices for orbits of bodies revolving about the Earth, because
r = rE + q, where for such orbits r is the position vector from the centre of mass, O,
of the Earth to the body Q revolving in a geocentric orbit.
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Following Boulet [12], we consider now bodies revolving about the Sun. With
reference to the following figure, let r be the position vector of a body B revolving
about the Sun, with respect to a celestial reference system XYZ whose origin is the
centre of mass of the Sun, and whose plane XY is the Earth equator.

Let E and S be the centres of mass of, respectively, the Earth and the Sun. Let q
be the topocentric position vector of the body B. As shown below, the knowledge
of rE � EPH and s � ES is necessary to compute PHS = −EPH + s.

The vector EPH defines the position of the observer with respect to the centre of
the Earth at time t. The local sidereal time h, the latitude u, and the east longitude k
are used to compute the rectangular components of EPH.

The most common unit of measurement for distances of celestial bodies within
the solar system is the astronomical unit (AU), which has been defined in Sect. 1.13
.
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Let aE = 4.263523 � 10−5 AU (from Ref. [12]) be the radius of the Earth
expressed in astronomical units (AU). The rectangular components of rE � EPH at
time t are

rEX ¼ aE cosu cos h

rEY ¼ aE cosu sin h

rEZ ¼ aE sinu

As to the components XS, YS, and ZS of the solar vector s � ES, the geocentric
rectangular equatorial co-ordinates of the Sun, with respect to the mean equator and
equinox of J2000.0 (the 1st of January 2000 at noon), are published each year, for
every day of the year, in “The Astronomical Almanac”. The tabular values of the
co-ordinates of the Sun can be interpolated so as to obtain the values relating to the
time of interest. Alternatively, a simple algorithm can be used for computing the
angular co-ordinates of the Sun to an accuracy of about 1 arc-minute within two
centuries of 2000, which is given by the U.S. Naval Observatory [72]. This and
other similar algorithms require the knowledge of concepts on the measurement of
time in astronomy which have been not yet introduced to the reader and will be
shown at the end of Sect. 2.4.

When XS, YS, and ZS are known, the components of PHS result from

ðPHSÞX ¼ � aE cosu cos hð Þ þXS

ðPHSÞY ¼ � aE cosu sin hð Þ þ YS
ðPHSÞZ ¼ � aE sinuð Þþ ZS

and therefore r is given, in the heliocentric system XYZ, by

r ¼ �PHSþ q

2.4 The Measurement of Time in Astronomy

As has been shown in the preceding paragraph, the determination of the orbit of
either an artificial satellite or a natural celestial body by means of observations
makes it necessary to record not only the observations themselves but also the times
at which they have been performed.

The time commonly used in every-day life is the time indicated by ordinary
clocks, that is, the mean solar time. The measurement of solar time is based on the
apparent motion of the Sun through the sky, due to the rotation of the Earth about
its axis, as seen by an observer placed in a fixed point of the surface of the Earth.
Thus, a solar day is the interval of time taken by the Sun, in its apparent motion
around the Earth, to travel an arc of 360° along the sky. In other words, a solar day

2.3 Orbit Determination from a Single Radar Observation 149



is the time elapsed between two consecutive passages of the Sun across the same
meridian of the place of observation. By meridian of the place of observation we
mean the great circle passing through the two celestial poles and the zenith of the
site. A solar day is measured by the astronomers from noon to noon, and is divided
into 24 h, or 24 � 60 = 1440 min, or 24 � 60 � 60 = 86400 s.

However, the rotation of the Earth about its axis does not comprise exactly 360°
in a solar day, because the Earth also revolves about the Sun. In order for the Earth
to do one revolution about the Sun, that is, in order for the Earth to travel an arc of
360° about the Sun, 365.25 solar days are necessary.

Thus, 360° travelled in 365.25 solar days are about 0°.985626 per solar day.
This means that, in the course of a solar day, the direction of the Sun seen from a
point of the Earth changes by about 1°. This also means that the Earth must travel
an arc of about 361° in order for the Sun to travel (in its apparent motion with
respect to the Earth) an arc of 360° along the sky.

The astronomers are interested to determine the rotation time of the Earth about
its axis not only with respect to the Sun, but also with respect to the distant stars (the
so-called fixed stars). In other words, they want to determine how long it takes the
Earth to rotate 360° around its axis with respect to the fixed stars. This period of
rotation is called sidereal day and can be determined by observing the starry sky by
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night. The difference between solar day and sidereal day is illustrated in the pre-
ceding figure (due to the courtesy of Wikimedia, Ref. [1]), where the amplitude of
the angle a = 0°.985626 has been exaggerated for the sake of clarity.

When the Earth is in position A along its orbit, the Sun and a given star of
reference are, both of them, overhead. In position B, the Earth has performed a
complete rotation about its axis, so that the star of reference (but not the Sun) is
overhead again. The time interval taken by the Earth to move from A to B equals
one sidereal day. Shortly after time tB, that is, at time tC, the Sun is overhead again.
The time interval taken by the Earth to move from A to C equals one solar day.
Thus, two consecutive passages of a fixed star (chosen as the star of reference)
across the same meridian of the Earth measure one sidereal day, which is also
divided into sidereal hours, minutes, and seconds.

Since two consecutive passages of the star of reference through the same
meridian take about 23 h, 56 min and 4 s of ordinary solar time to occur, then a
sidereal day is on the average 3 min and 56 s shorter than a solar day. In other
terms, a solar day is longer than a sidereal day by a factor which is about

360þ 0:985626
360

¼ 1:00273785

The United States Naval Observatory [75] indicates a value of 1.00273790935
for this factor. This is the value which will be used below.

In general terms, sidereal time is defined by some authors (see, e.g., Refs. [34,
53]) as the hour angle of the vernal equinox, that is, the hour angle of the ascending
node of the ecliptic on the celestial equator. This is because the daily motion of the
vernal equinox measures the rotation of the Earth with respect to the fixed stars, not
to the Sun. By the way, the hour angle of any given point is the angle between the
half plane determined by the rotation axis of the Earth and the zenith (half of the
meridian plane) and the half plane determined by the rotation axis of the Earth and
the given point. This angle is taken with the minus sign if the given point is
eastward of the meridian plane, and with the plus sign if the given point is westward
of the meridian plane. The hour angle is usually expressed in time units (hours,
minutes, and seconds), where 24 h correspond to 360°. In particular, a sidereal day
is the interval of time taken by the hour angle of the vernal equinox to increase by
360°.

There are no two solar days having the same duration. This is because the axis of
rotation of the Earth is not perpendicular to the ecliptic (that is, to the plane
containing the orbit of the Earth around the Sun), and also because the orbit of the
Earth is slightly elliptical. Since the areal velocity of the Earth is constant, the Earth
moves faster along its orbit at perihelion (early in January) than it does at aphelion
(early in July). Thus, a mean solar day is defined by making reference to the Earth
revolving about the Sun in a circular orbit placed in the same plane as that of the
ecliptic and having the same period as that of the real elliptical orbit [5].

The difference between the true and the mean solar time is called the equation of
time. The two causes (that is, the eccentricity of the Earth orbit and the obliquity of
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the ecliptic) mentioned above produce effects which overlap with different periods
of time, because the eccentricity has a period of one year, whereas the obliquity of
the ecliptic has a period of half a year. Consequently, the equation of time has two
minima and two maxima per year, as has been shown by Husfeld and Kronberg
[38].

As we all know, the Earth comprises 24 time zones, equally spaced in longitude
of about 15°, so that the mean solar time of each zone differs by ± 1 h from the
mean solar times of the two contiguous time zones. The world time zones are
shown in the following figure, due to the courtesy of CIA [16].

Of all these mean solar times, that which relates to the Greenwich meridian is
called Greenwich Mean Time (GMT) or Universal Time (UT1) or Zulu time (Z).

There are several versions of Universal Time, the principal of which are the
following:

• UT0 is the mean solar time of the Greenwich meridian obtained from direct
astronomical observations.

• UT1 is UT0 corrected for the effects of small movements of the Earth relative to
the axis of rotation (polar variation).

• UT2 is UT1 corrected for the effects of a small seasonal fluctuation in the rate of
rotation of the Earth. UT2 is mainly of historic interest and rarely used.

Universal Time is based on the imaginary mean Sun, which takes into account
the effects on the solar day of the weakly elliptic orbit of the Earth about the Sun.
As shown above, UT1 is a measure of the rotation angle of the Earth around its axis
as resulting from astronomical observations, account being taken of slight move-
ments of the Earth poles of rotation. UT1 predicts the solar position with sufficient
accuracy for astronomical purposes, but the duration of a second derived from UT1
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varies noticeably because of variations of the Earth rotation (the velocity of the
Earth rotation is variable).

As has been shown by various authors (see, e.g., McCarthy [52]), these varia-
tions may be classified into three types: secular, irregular, and periodic.

The secular variation of the Earth rotational velocity depends on the apparently
linear increase in the length of the day due mainly to tidal friction. The Moon and
(to a lesser extent) the Sun raise tides in the oceans. Friction carries the maximum
tide ahead of the line joining the centres of the Earth and Moon. The resulting
couple decreases the velocity of rotation of the Earth and increases the orbital
momentum of the Moon. In other words, the Earth loses energy and slows down,
whereas the Moon gains this energy and increases its orbital period and distance
from the Earth. According to McCarthy, the decrease of the Earth rotational
velocity results in an increase of the day duration by about 0.0005 to 0.0035 s per
century. According to Espenak and Meeus [23], the secular acceleration of the
Moon implies an increase in the day length of about 0.0023 s per century. The
irregular variation of the Earth rotational velocity appears to be due to random
accelerations, but may be correlated with physical processes occurring on or within
the Earth. The resulting variation in the day length is evaluated by McCarthy to
0.001 s over the past 200 years.

Finally, the periodic variation of the Earth rotational velocity is associated with
periodically repeatable physical processes affecting the Earth. According to
McCarthy, tides raised in the solid Earth by the Moon and the Sun produce changes
in the length of the day with amplitudes of the order of 0.00005 s and with periods
of 18.6 years, 1 year, ½ year, 27.55 days, 13.66 days, and others. Due to the
reasons indicated above, the rotational velocity of the Earth varies in an unpre-
dictable manner.

In the most common civil usage, Universal Time is related to a time called
Co-ordinated Universal Time (UTC), which provides the basis for Civil Time.

UTC is kept by several time laboratories around the world and is measured by
high-precision atomic clocks. The length of a UTC second is defined in terms of an
atomic transition of Caesium under specific conditions and does not depend on the
observation of astronomical phenomena. The international standard UTC is pro-
vided by the International Bureau of Weights and Measures on the basis of the data
coming from the timing laboratories and is accurate to about 1 � 10−9 s (that is,
1 ns) per day. UTC is made public by various radio stations, which also provide the
difference between UTC and UT1, so that the latter can be computed as a function
of the former. As mentioned above, UTC is the basis to compute Civil Time in the
time zones of the Earth. By international agreements, UTC (which is measured by
atomic clocks) cannot differ from UT1 (which is measured by the rotation of the
Earth) by more than 0.9 s. When this limit is approached, a one-second change
(called leap second) is introduced into UTC. The UTC can be easily computed
starting from the local Civil Time (CT), which depends on where the observer is
placed, as follows

2.4 The Measurement of Time in Astronomy 153



UTC ¼ CTþ z

where z is the number of standard time zones by which the observer is displaced to
the west of the Greenwich meridian. Some of the Earth time zones are indicated
below:

• Western European Time (0 h of difference with respect to UTC);
• Central European Time (+1 h);
• USA, comprising in turn:

– Atlantic Standard Time (−4 h);
– Eastern Standard Time (−5 h);
– Central Standard Time (−6 h);
– Mountain Standard Time (−7 h); and
– Pacific Standard Time (−8 h);

• Moscow Time (+3 h);
• Tokyo Time (+9 h).

In particular, there are four standard time zones in the conterminous USA. From
east to west they are: Eastern Standard Time (EST), Central Standard Time (CST),
Mountain Standard Time (MST) and Pacific Standard Time (PST), as shown in the
following figure (due to the courtesy of the National Atlas of the United States [59]).
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Consequently, for any given place within the conterminous USA, UTC can be
computed by means of one of the following expressions

UTC ¼ EST þ 5

UTC ¼ CST þ 6

UTC ¼ MST þ 7

UTC ¼ PST þ 8

For example, we want to compute the UTC corresponding to

1:21:15 pm EST

First, we convert this time to a 24-h clock, as follows

1:21:15 pmESTþ 12h ¼ 13:21:15 EST

Then, adding 5 h (see above) to 13:21:15 EST, we have

13:21:15 ESTþ 5h ¼ 18h21m15s UTC

The International System of Units (usually abbreviated as SI) defines the second
as the duration of 9,192,631,770 periods of the radiation corresponding to the
transition between the two hyperfine levels of the ground state of the Caesium 133
atom. This defines, in the abstract, the Atomic Time [38]. In practice, since atomic
clocks do not agree fully with one another, the weighted mean of several hundred
atomic clocks, placed in various laboratories on the Earth, is used to define the
so-called International Atomic Time (usually abbreviated as TAI).

As has been shown above, at about 1930, the Earth rotational period was found
to be irregular and therefore, for purposes of orbital calculations, time based on
Earth rotation was abandoned to choose a more uniform time scale based on the
Earth orbit about the Sun. Thus, the Ephemeris Time was defined as the time scale
which, together with the laws of motion, predicts correctly the positions of celestial
bodies. Because of this property, the Ephemeris Time is used as the argument of the
ephemerides, that is, of the tables giving the positions of the Sun, Moon, planets,
and respective satellites as a function of time. For this purpose, in 1958, the
International Astronomical Union (IAU) decided that “Ephemeris Time is reckoned
from the instant, near the beginning of the calendar year AD 1900, when the
geometric mean longitude of the Sun was 279 degrees 41 min 48.04 s, at which
instant the measure of Ephemeris Time was 1900 January 0, 12 o’clock precisely”.
Ephemeris Time was used for ephemeris calculations for the solar system until
1979, when it was replaced by Terrestrial Dynamical Time (TDT). TDT takes into
account relativistic effects and is based on International Atomic Time (TAI), which
has been defined above. To ensure continuity with Ephemeris Time, TDT was
defined to match ET for the date 1977 January 1. In 1991, the IAU modified the
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definition of TDT to make it more precise. It was also renamed Terrestrial Time
(TT); however, the old name (Terrestrial Dynamical Time) is still used. According
to the United States Naval Observatory [73], Terrestrial Time is effectively equal to
International Atomic Time plus 32.184 s exactly. Thus, the epoch designated
“J2000.0” is specified as Julian date (see definition below) 2451545.0 TT, or 2000
January 1, 12 h TT. This epoch is also expressed as 2000 January 1, 11:59:27.816
TAI, or 2000 January 1, 11:58:55.816 UTC [74]. As a result of the decrease, at an
irregular rate, of the rotational velocity of the Earth, the difference

DT ¼ TT � UT1

also decreases irregularly. The exact value of DT cannot be predicted and can only
result from the historical record and observations.

Since this value must be known to predict the correct times of astronomical
events (such as eclipses), then a series of polynomial expressions have been created
by Morrison and Stephenson [55], Espenak and Meeus [23], and Islam et al. [40] to
evaluate approximately DT during intervals of time of interest. Some examples
(from Ref. [23]) of such evaluations are given below. Let the decimal year (y) be
defined as follows

y ¼ yearþ month� 0:5
12

which expression gives y for the middle of the month of interest.
Let t = y − 2000. Then, the approximate value of DT (in seconds) is given by:

DT ¼ 63:86 þ 0:3345 t � 0:060374 t2 þ 0:0017275 t3 þ 0:000651814 t4

þ 0:00002373599t5ðwith year between 1986 and 2005Þ
DT ¼ 62:92 þ 0:32217tþ 0:005589t2ðwith year between 2005 and 2050Þ
DT ¼ �20 þ 32 ½ðy� 1820Þ=100�2 � 0:5629 ð2150� yÞ

ðwith year between 2050 and 2150Þ

Section 2.3 has shown that a change of reference system from the
topocentric-horizon (or UVW) system to the geocentric-equatorial (or XYZ) system
requires the latitude (u) and longitude (k) of the observer and the Greenwich
sidereal time (hG). If hG were known on a particular day and at a particular time,
then hG could be determined for any future day and time, because we know, as has
been shown above, that the Earth turns through 1.00273790935 rotations on its axis
per day.

Let hG0 be the value of hG relating to 0 h UT1 on the 1st of January of a
particular year. Let day 0 designate the 1st of January of the chosen year. Then, day
30 will designate the 31st of January, day 58 will designate the 28th of February, and
so on, as shown in the following table, where the numbers in parentheses refer to
the leap years.
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Date Day No. Date Day No.

31 January 30 31 July 211(212)

28 February 58 31 August 242(243)

31 March 89(90) 30 September 272(273)

30 April 119(120) 31 October 303(304)

31 May 150(151) 30 November 333(334)

30 June 180(181) 31 December 364(365)

In addition, any time can be expressed as a decimal fraction of a day. By so
doing, any given set of values specifying a date and a time can be converted into a
single floating-point number (D), such that its integral part indicates the number of
days and its fractional part indicates the fraction of days elapsed from the chosen
origin of times.

Consequently, hG is expressible in degrees as follows

hG ¼ hG 0 þ 1:00273790935� 360� D

or in radians as follows

hG ¼ hG0 þ 1:00273790935� 2p� D

The methods used to determine sidereal time are based on a continuous count of
days and fractions of day obtained by means of the Julian Day. The Julian Day or
Julian Day Number (JDN) is the number of days that have elapsed since an initial
epoch. The initial epoch has been set at noon Universal Time, Monday, the 1st of
January 4713 BC in the proleptic Julian Calendar (that is, in the Julian calendar
extended earlier in time so as to include dates preceding 4 AD). The initial epoch,
which is counted as Julian Day 0, corresponds to the 24th of November 4714 BC in
the proleptic Gregorian calendar (that is, in the calendar obtained by extending the
Gregorian calendar backwards to years earlier than 1582, using the Gregorian leap
year rules). The Julian date (JD) is a continuous count of days and fractions thereof
elapsed since the same initial epoch, as follows

JD ¼ JDN þ UT1
24

According to the definition given above, a Julian date comprises an integral part
and a fractional part. The integral part of a Julian date is the Julian Day Number,
whereas its fractional part is the time of day elapsed from noon UT1 expressed as a
decimal fraction of a day.

Examples of this fractional part are given below. A fractional part equal to 0.5
indicates midnight UT1, because the Julian Day begins at noon. A fractional part of
0.1 indicates UT1/24 = 0.1, that is, UT1 = 2.4 h (or 2.4 � 60 = 144 min or
2.4 � 60 � 60 = 8640 s) elapsed from noon. Methods and tables for computing
JDN from a date expressed in year, month, and day of our Gregorian calendar have
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been indicated by several authors and can also be found in the Internet. Curtis [20]
and Boulet [12] use the following method

JDN ¼ 367 y� INT 1:75 yþ INTðm=12 þ 0:75Þ½ �f gþ INTð275m=9Þ
þ dþ 1721013:5

where the function INT(x) means truncation (that is, retaining the integral part and
dropping the fractional part of the argument x of the function INT), y is the full
four-digit year, m is the month and d is the day of the Gregorian calendar date to be
converted. Curtis points out that y, m, and d are integers such that:

1901� y� 2099
1�m� 12
1� d� 31

This means that the formula given above holds only if the year of interest falls
between 1901 and 2099.

These limitations do not affect another method, proposed by Jefferys [41], which
method is based on the following rules. As is the case with Boulet’s method,
Jefferys expresses a Gregorian calendar date as y-m-d, where y is the year, m is the
month number (January = 1, February = 2, etc.), and d is the day in the month. If
the month is January or February, then 1 must be subtracted from the year to get a
new value of y, and 12 must be added to the month to get a new value of m. Thus,
January and February of a given year are considered as being, respectively, the 13th

and the 14th month of the previous year.
Then, the computation follows the following scheme

a ¼ INT ðy=100Þ
b ¼ INTða=4Þ
c ¼ 2� aþ b

e ¼ INT 365:25 ðyþ 4716Þ½ �
f ¼ INT 30:6001 ðmþ 1Þ½ �
JDN ¼ cþ dþ eþ f � 1524:5

This is the Julian Day Number for the beginning of the desired date at 0 h, UT1.
To convert a Julian Day Number to a Gregorian calendar date, Jefferys [41] uses the
following method, assuming that the JDN is for 0 h, UT1 (so that it ends in 0.5).
The necessary calculations are shown below. Jefferys notes that his method does
not give dates accurately in the proleptic Gregorian Calendar; in particular, the
method fails if y is less than 400.
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z ¼ JDNþ 0:5
w ¼ INT ðz� 1867216:25Þ=36524:25½ �
x ¼ INT ðw=4Þ
a ¼ zþ 1þw� x
b ¼ aþ 1524
c ¼ INT ðb� 122:1Þ=365:25½ �
d ¼ INT ð365:25cÞ
e ¼ INT ðb� dÞ=30:6001½ �
f ¼ INT ð30:6001eÞ
day of month ¼ b� d � f
month ¼ e� 1 or e� 13ðthe number obtainedmust be less than or equal to 12Þ
year ¼ c� 4715 ðif themonth is January or FebruaryÞ or c� 4716 ðotherwiseÞ

The U.S. Naval Observatory has an Internet-based calculator [71], which makes
it possible to compute automatically the Julian date.

As an example, let us convert the following Gregorian calendar date and time

3 February 2011 at 13:15:18UT1

into the corresponding Julian date, by using Boulet’s method.
Since the condition 1901 � y � 2099 is satisfied for y = 2011, then we can

compute the Julian Day Number as follows

JDN ¼ 367� 2011� INT 1:75� ½2011þ INTð2=12þ 0:75Þ�f gþ INTð275� 2=9Þ
þ 3þ 1721013:5

¼ 738037� INT 1:75� 2011þ INTð0:917Þ½ �f gþ INTð61:111Þþ 3þ 1721015:5

¼ 738037� INT 1:75� ð2011 þ 0Þ½ � þ 61þ 3þ 1721013:5

¼ 738037� INTð3519:25Þþ 1721077:5 ¼ 2455595:5 days

The universal time, expressed in hours, is

UT1 ¼ 13þ 15
60

þ 18
3600

¼ 13:255

Finally, the desired Julian date is

JD ¼ JDN þ UT1
24

¼ 2455595:5þ 13:255
24

� 2455596:05229 days
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Now, let us apply Jefferys’ method to the same example. Since, in this case, the
month is February, then 1 must be subtracted from the year (2011) to get a new
value of y (2011 − 1 = 2010), and 12 must be added to the month (2) to get a new
value of m (2 + 12 = 14). Then the Julian Day Number is computed as follows

a ¼ INTðy=100Þ ¼ INTð2010=100Þ ¼ INTð20:10Þ ¼ 20

b ¼ INTða=4Þ ¼ INTð20=4Þ ¼ INTð20=4Þ ¼ 5

c ¼ 2� aþ b ¼ 2� 20þ 5 ¼ �13

e ¼ INT 365:25 ðyþ 4716Þ½ � ¼ INT 365:25� ð2010þ 4716Þ½ � ¼ INTð2456671:5Þ
¼ 2456671

f ¼ INT 30:6001 ðmþ 1Þ½ � ¼ INT 30:6001� ð14þ 1Þ½ � ¼ INTð459:0015Þ ¼ 459

JDN ¼ cþ dþ eþ f � 1524:5 ¼ �13þ 3þ 2456671þ 459� 1524:5 ¼ 2455595:5

which is the same value as that computed previously by means of Boulet’s method.
Now, Jefferys’ method is applied to the case JDN = 2455595.5 to obtain the

corresponding Gregorian calendar date. Using the rules indicated above, we have

z ¼ 2455595:5þ 0:5 ¼ 2455596

w ¼ INT ð2455596� 1867216:25Þ=36524:25½ � ¼ INTð16:109Þ ¼ 16

x ¼ INTð16=4Þ ¼ INTð4Þ ¼ 4

a ¼ 2455596þ 1þ 16� 4 ¼ 2455609

b ¼ 2455609þ 1524 ¼ 2457133

c ¼ INT ð2457133 � 122:1Þ=365:25½ � ¼ INTð6726:929Þ ¼ 6726

d ¼ INTð365:25� 6726Þ ¼ INTð2456671:5Þ ¼ 2456671

e ¼ INT ð2457133 � 2456671Þ=30:6001½ � ¼ INTð15:098Þ ¼ 15

f ¼ INTð30:6001� 15Þ ¼ INTð459:0015Þ ¼ 459

day of month ¼ 2457133� 2456671� 459 ¼ 3

month ¼ 15� 13 ¼ 2

year ¼ 6726� 4715 ¼ 2011

As was expected, the resulting Gregorian calendar date is 3 February 2011.
The U.S. Naval Observatory also gives algorithms in FORTRAN programming

language, which are due to Fliegel and van Flandern [25]. The current Julian epoch
has been set to the 1st of January 2000 at noon. This epoch is denoted by J2000.0
and corresponds to the Julian Day Number 2451545.0.

A Julian year has 365.25 days and consequently a Julian century has
36525 days.

Let T0 be the time, expressed in Julian centuries, elapsed between a given Julian
day J0 and J2000.0. Then the time T0 results from
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T0 ¼ J0 � 2451545:0
36525

The time hG0 (that is, the Greenwich sidereal time at 0 h UT1) can be expressed
(in seconds) as a function of the dimensionless time T0 by means of the following
formula given by Aoki et al. [4]:

hG0 ¼ 24110s:54841 þ 8640184s:812866 T0 þ 0s:093104T02 � 0s:000006210T03

where the superscript s stands for seconds. If, as is often the case, we want to
express hG0 in degrees, then the coefficients appearing in the formula given above
must be multiplied by 360/(24 � 3600). The same formula expressed in degrees is

hG0 ¼ 100:460618375þ 36000:7700536 T0 þ 0:000387933 T02 � 2:5875
� 10�8T0

3

Since the value computed by means of the preceding formula may be outside the
interval 0° < hG0 < 360°, then the computed value must, if necessary, be brought
into that interval by adding or subtracting an integral multiple of 360°.

This done, the Greenwich sidereal time (hG) relating to any other universal time
than 0 h can be found as follows

hG ¼ hG0 þ 360:985647366
UT1
24

where 360.985647366 = 1.00273790935 � 360 is the number of degrees covered
by the Earth in its rotation about its axis in 24 h (solar time). If the (local) sidereal
time h is required for a site placed at an east longitude k, then

h ¼ hG þ k

As shown above, in case of the value of h being greater than 360°, it is necessary
to bring it into the interval 0° < h < 360° by subtracting an integral number of 360°
from the computed value.

As an example of application, let us compute the local sidereal time in degrees
for Kiruna, Sweden (latitude u = 65°.85N; longitude k = 20°.2167E) on the 13th of
February 2012 at 2:30:00 UT1. First, we use Jefferys’ method to compute the Julian
Day Number, that is, the Julian date relating to 13th of February 2012 at 00:00:00
UT1. Since, in this case, the month is February, then 1 must be subtracted from the
year (2012) to get a new value of y (2012 − 1 = 2011), and 12 must be added to the
month (2) to get a new value of m (2 + 12 = 14).
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Then the Julian Day Number (J0) is computed as follows

a ¼ INTðy=100Þ ¼ INTð2011=100Þ ¼ INTð20:11Þ ¼ 20
b ¼ INTða=4Þ ¼ INTð20=4Þ ¼ INTð5Þ ¼ 5
c ¼ 2� aþ b ¼ 2� 20þ 5 ¼ �13
e ¼ INT 365:25 ðyþ 4716Þ½ � ¼ INT 365:25� ð2011þ 4716Þ½ � ¼ INTð2457036:75Þ

¼ 2457036
f ¼ INT 30:6001 ðmþ 1Þ½ � ¼ INT 30:6001� ð14þ 1Þ½ � ¼ INTð459:0015Þ ¼ 459
J0 ¼ cþ dþ eþ f � 1524:5 ¼ �13þ 13þ 2457036þ 459� 1524:5 ¼ 2455970:5

Second, the dimensionless time T0 results from the expression shown above

T0 ¼ J0 � 2451545:0
36525

¼ 2455970:5� 2451545:0
36525

¼ 0:12116358658453

Thirdly, hG0 is computed by using Aoki’s formula expressed in degrees

hG 0 ¼ 100:4606184 þ 36000:77005 T0 þ 0:000387933 T02 � 2:5875� 10�8T0
3

Substituting T0 = 0.12116358658453 in the preceding formula, there results

hG0 ¼ 100:4606184þ 36000:77005� 0:12116358658453þ 0:000387933

� 0:121163586584532 � 2:5875� 10�8 � 0:121163586584533

¼ 4462�:44304315801945

Since this value is outside the interval [0, 360], we bring it into that interval by
subtracting a multiple of 360° from it. To this end, we observe that

INT
4462:44304315801945

360

� �
¼ 12

It follows that

hG0 ¼ 4462:44304315801945� 12� 360 ¼ 142�:44304315801945

The universal time given in this example is 2:30:00, that is,

UT1 ¼ 2:5 h

Thus, the Greenwich sidereal time hG is computed by replacing hG0 with the
value obtained above and UT1 with 2.5 into the expression
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hG ¼ hG0 þ 360:985647366
UT1
24

This yields

hG ¼ 142�:44304315801945 þ 360:985647366� 2:5=24
¼ 180�:04571475864445

Finally, the east longitude of Kiruna (k = 20°.2167) must be added to hG to
obtain the local sidereal time, as follows

h ¼ hG þ k ¼ 180�:04571475864445 þ 20�:2167 ¼ 200�:26241475864445

2.5 Orbital Elements from Angle and Range
Measurements

The orbital elements of a space object Q revolving around the Earth and shown in
the following figure are determined when its position (r) and velocity (r′) vectors,
with respect to the geocentric-equatorial system XYZ, are known at a given time.

Section 2.3 has shown how to determine Q as a function of the line-of-sight
vector q of Q with respect to the topocentric-horizon system UVW (located at the
radar station P) and the position vector rE of P with respect to the
geocentric-equatorial system. The geocentric position vector r � OQ of the space
object Q results from
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r ¼ rE þ q ¼ rE þ quq

where uq � q/q is the unit vector having the direction of q. The velocity (r′) and
acceleration (r″) vectors of Q, with respect to the geocentric-equatorial system XYZ,
result from differentiating once and twice the preceding expression with respect to
time. This yields

r0 ¼ r0E þ q0uq þ qu0q
r00 ¼ r00E þ q00uq þ q0u0q þ q0u0q þ qu00q ¼ r00E þ q00uq þ 2q0u0q þ qu00q

Now, all vectors appearing in the preceding expressions must be expressed in the
same reference system, that is, in the geocentric-equatorial reference system XYZ.
To this end, it is to be noted that rE � OP is a vector which rotates with the Earth at
a constant angular velocity xE equal to

xE ¼ xEuZ

where xE is the magnitude of xE, and uZ is the unit vector of the Z-axis. Since rE
rotates with the Earth, then its first (r′E) and second (r″E) time derivatives result
from the following expressions

r0E ¼ xE � rE
r00E ¼ xE � xE � rEð Þ

Let ‘X, ‘Y, and ‘Z be the direction cosines of PQ with respect to the
topocentric-equatorial system XtYtZt, having its origin in P and its axes parallel to,
respectively, X, Y, and Z. The unit vector uq = q/q is expressible as follows

uq ¼ ‘XuX þ ‘YuY þ ‘ZuZ

Since the unit vectors uX, uY, and uZ do not change with time, then the first and
second time derivatives of the preceding expression are

u0q ¼ ‘0XuX þ ‘0YuY þ ‘0ZuZ

u00q ¼ ‘00XuX þ ‘00YuY þ ‘00ZuZ

Now, since uq = (cos d cos a) uX + (cos d sin a) uY + (sin d) uZ, where d and a
are, respectively, the declination and right ascension of Q, then the direction cosines
of PQ with respect to the topocentric-equatorial system are expressible in terms of d
and a as follows
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‘X ¼ cos d cos a

‘Y ¼ cos d sin a

‘Z ¼ sin d

Differentiating the preceding expressions with respect to time yields

‘0X ¼ �a0 sin a cos d� d0 cos a sin d

‘0Y ¼ a0 cos a cos d� d0 sin a sin d

‘0Z ¼ d0 cos d

‘00X ¼ �a00 sin a cos d� d00 cos a sin d� ða0 2 þ d0 2Þ cos a cos dþ 2a0d0 sin a sin d

‘00Y ¼ a00 cos a cos d� d00 sin a sin d� ða0 2 þ d0 2Þ sin a cos d� 2a0d0 cos a sin d

‘00Z ¼ d00 cos d� d0 2 sin d

Now, let ‘U, ‘V, and ‘W be the direction cosines of PQ with respect to the
topocentric-horizon system UVW, having its origin in P and its axes pointing to,
respectively, east, north, and zenith.

As shown in Sect. 2.3, the unit vector of the direction PQ is

uq ¼ ðcos h sinAÞuU þðcos h cosAÞuV þðsin hÞ uW

where h and A are, respectively, the altitude angle and the azimuth angle of Q.
Consequently, the direction cosines of PQ with respect to the

topocentric-horizon system UVW are

‘U ¼ cos h sinA

‘V ¼ cos h cosA

‘W ¼ sin h

The direction cosines ‘X, ‘Y, and ‘Z of PQ with respect to the
geocentric-equatorial system XYZ can be obtained by means of the co-ordinate
transformation shown in Sect. 2.3, that is,

‘X
‘Y
‘Z

2
4

3
5 ¼

� sin h � sinu cos h cosu cos h
cos h � sinu sin h cosu sin h
0 cosu sinu

2
4

3
5 ‘U

‘V
‘W

2
4

3
5:
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replacing ‘X, ‘Y, ‘Z, ‘U, ‘V, and ‘W by their respective values yields

cos d cos a
cos d sin a

sin d

2
4

3
5 ¼

� sin h � sinu cos h cosu cos h
cos h � sinu sin h cosu sin h
0 cosu sinu

2
4

3
5 cos h sinA

cos h cosA
sin h

2
4

3
5

Expanding the matrix product in the preceding equality leads to

cos d cos a ¼ � sin h cos h sinA� sinu cos h cos h cosAþ cosu cos h sin h

hence

cos a ¼ cosu sin h� sinu cos h cosAð Þ cos h� sin h cos h sinA
cos d

cos d sin a ¼ cos h cos h sinA� sinu sin h cos h cosAþ cosu sin h sin h

hence

sin a ¼ cosu sin h� sinu cos h cosAð Þ sin hþ cos h cos h sinA
cos d

sin d ¼ cosu cos h cosAþ sinu sin h

The preceding expressions of cos a, sin a, and sin d can be simplified by using
the hour angle H, defined in Sect. 2.4, which is the angular distance between the
object observed and the local meridian. In terms of the variables used above, the
hour angle is expressible as follows

H ¼ h� a

The sine and cosine of the hour angle can be expressed as follows

sinðh� aÞ ¼ sin h cos a� cos h sin a

cosðh� aÞ ¼ cos h cos aþ sin h sin a

Thus, substituting the following expressions

cos a ¼ cosu sin h� sinu cos h cosAð Þ cos h� sin h cos h sinA
cos d

sin a ¼ cosu sin h� sinu cos h cosAð Þ sin hþ cos h cos h sinA
cos d
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into

sinðh� aÞ ¼ sin h cos a� cos h sin a

yields

sinðh� aÞ ¼ sin h
cosu sin h� sinu cos h cosAð Þ cos h� sin h cos h sinA

cos d


 �

� cos h
cosu sin h� sinu cos h cosAð Þ sin hþ cos h cos h sinA

cos d


 �

¼ � cos h sinA
cos d

Likewise, substituting

cos a ¼ cosu sin h� sinu cos h cosAð Þ cos h� sin h cos h sinA
cos d

sin a ¼ cosu sin h� sinu cos h cosAð Þ sin hþ cos h cos h sinA
cos d

into

cosðh� aÞ ¼ cos h cos aþ sin h sin a

yields

cosðh� aÞ ¼ cos h
cosu sin h� sinu cos h cosAð Þ cos h� sin h cos h sinA

cos d


 �

þ sin h
cosu sin h� sinu cos h cosAð Þ sin hþ cos h cos h sinA

cos d


 �

¼ cosu sin h� sinu cos h cosA
cos d

This expression makes it possible to compute the hour angle, as follows

H ¼ arccos
cosu sin h� sinu cos h cosA

cos d


 �

which holds if sin H > 0. Otherwise, if sin H < 0, then

H ¼ 2p� arccos
cosu sin h� sinu cos h cosA

cos d


 �
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Since the altitude (h) and declination (d) angles range from −p/2 to p/2 radians,
then neither cos h nor cos d can be negative. Consequently, the expression

sinH ¼ � cos h sinA
cos d

shows that sin H is negative when sin A is positive, which happens when A ranges
from 0 to p radians. In summary, let the topocentric angles azimuth (A) and altitude
(h) of a space object be known at a given time. Let also the latitude (u) of the
tracking station and the sidereal time (h) be known at the same time. Then, the
topocentric declination (d) results from the equation derived above

sin d ¼ cosu cos h cosAþ sinu sin h

which, solved for d, yields

d ¼ arcsin ðcosu cos h cosAþ sinu sin hÞ

This done, the hour angle (H) results from

H ¼ 2p� arccos ðcosu sin h� sinu cos h cosAÞ= cos d½ � 0\A\pð Þ
arccos ðcosu sin h� sinu cos h cosAÞ= cos d½ � ðp�A� 2pÞ

�

and the right ascension (a) results from

a ¼ h� H

If the azimuth and altitude angles are known as functions of time, then the right
ascension and declination angles can be computed as functions of time by means of
the expressions given above. Then, these functions are differentiated with respect to
time, and the results are introduced into the following expressions

uq ¼ ‘XuX þ ‘YuY þ ‘ZuZ
u0q ¼ ‘0XuX þ ‘0YuY þ ‘0ZuZ

u00q ¼ ‘00XuX þ ‘00YuY þ ‘00ZuZ

where

‘X ¼ cos d cos a

‘Y ¼ cos d sin a

‘Z ¼ sin d
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‘0X ¼ �a0 sin a cos d� d0 cos a sin d

‘0Y ¼ a0 cos a cos d� d0 sin a sin d

‘0Z ¼ d0 cos d

‘00X ¼ �a00 sin a cos d� d00 cos a sin d� ða0 2 þ d0 2Þ cos a cos dþ 2a0 d0 sin a sin d

‘00Y ¼ a00 cos a cos d� d00 sin a sin d� ða0 2 þ d0 2Þ sin a cos d� 2a0 d0 cos a sin d

‘00Z ¼ d00 cos d� d0 2 sin d

This makes it possible to compute the unit vector uq and its time derivatives u′q
and u″q. In order to compute a′ and d′ from A′ and h′, the expression

sin d ¼ cosu cos h cosAþ sinu sin h

is differentiated with respect to time, taking into account that u = constant.
This yields

d0 cos d ¼ �h0 cosu sin h cosA� A0 cosu cos h sinAþ h0 sinu cos h

which in turn, solved for d′, yields

d0 ¼ �A0 cosu cos h sinAþ h0 sinu cos h� cosu sin h cosAð Þ
cos d

Now, the expression sin H = −(cos h sin A)/cos d is differentiated with respect to
time. This yields

H0 cosH ¼ h0 sin h sinA
cos d

� A0 cos h cosA
cos d

� d0 cos h sinA sin d
cos2 d

¼ � A0 cos h cosA� h0 sin h sinAð Þ cos dþ d0 cos h sinA sin d
cos2 d

Since

cosH ¼ cosu sin h� sinu cos h cosA
cos d

then substituting this expression of cos H into the expression of H′ cos H yields

H0 cosH ¼ H0 cosu sin h� sinu cos h cosA
cos d

� �

¼ � A0 cos h cosA� h0 sin h sinAð Þ cos dþ d0 cos h sinA sin d
cos2 d
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The preceding equation, solved for H′, yields

H0 ¼ �A0 cos h cosA� h0 sin h sinAþ d0 cos h sinA tan d
cosu sin h� sinu cos h cosA

Now, since H = h − a, then

H0 ¼ h0 � a0 ¼ xE � a0

where xE is the angular velocity of the Earth about its axis. It follows that

a0 ¼ xE � H0

that is,

a0 ¼ xE þ A0 cos h cosA� h0 sin h sinAþ d0 cos h sinA tan d
cosu sin h� sinu cos h cosA

As an example of application, we compute the classical orbital elements of a
space object, which the Catalina station of the University of Arizona, Tucson
(latitude u = 32°.417 N, longitude k = −110°.732 E, and height H = 2509 m on
the mean sea level) detected on the 5th of April 2004 at 6:00:00 UT1, obtaining the
following data:

Slant range q ¼ 27148 km
AzimuthA ¼ 128�

Altitude h ¼ 41�

Range rate q0 ¼ 2:267 km=s
Azimuth rateA0 ¼ �1:86� 10�5 rad=s
Altitude rate h0 ¼ 3:42� 10�5 rad=s

The three components of the position vector (rE) of the tracking station, with
respect to the geocentric-equatorial system XYZ, are

rE ¼ xH cos hð ÞuX þ xH sin hð ÞuY þ zHuZ

where uX, uY, and uZ are the unit vectors along, respectively, X, Y, and Z, xH and zH
are the two co-ordinates of the point PH representing the position of the tracking
station. Let us compute the local sidereal time h by means of the date

5April 2004 at 6:00:00UT1
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The Julian Day Number (J0) is computed as follows

a ¼ INT y=100ð Þ ¼ INT 2004=100ð Þ ¼ INT 20:04ð Þ ¼ 20

b ¼ INT a=4ð Þ ¼ INT ð20=4Þ ¼ INT ð5Þ ¼ 5

c ¼ 2 � aþ b ¼ 2 � 20 þ 5 ¼ �13

e ¼ INT 365:25 ðyþ 4716Þ½ � ¼ INT 365:25� ð2004 þ 4716Þ½ � ¼ 2454480

f ¼ INT 30:6001 ðmþ 1Þ½ � ¼ INT 30:6001� ð4 þ 1Þ½ � ¼ INT ð153:0005Þ ¼ 153

J0 ¼ cþ dþ eþ f � 1524:5 ¼ �13 þ 5 þ 2454480 þ 153 � 1524:5 ¼ 2453100:5

The dimensionless time T0 results from the following expression

T0 ¼ J0 � 2451545:0
36525

¼ 2453100:5� 2451545:0
36525

¼ 0:042587

Now, hG0 is computed by using Aoki’s formula

hG0 ¼ 100:4606184 þ 36000:77005 T0 þ 0:000387933 T02 � 2:5875� 10�8T0
3

¼ 100:4606184 þ 36000:77005� 0:042587 þ 0:000387933� 0:0425872

� 2:5875� 10�8 � 0:0425873 ¼ 1633�:625413

Since this value is outside the interval [0, 360], we bring it into that interval by
subtracting a multiple of 360° from it. To this end, we observe that

INT
1633:625

360

� �
¼ 4

It follows that

hG0 ¼ 1633:625413 � 4� 360 ¼ 193�:6254128

The universal time given in this example is 6:00:00, that is, UT1 = 6.0 h.
Thus, the Greenwich sidereal time hG is computed by replacing hG0 with

193.6254128 and UT1 with 6.0 into the following expression

hG ¼ hG0 þ 360:985647366
UT1
24

� �

This yields

hG ¼ 193:6254128þ 360:985647366� 6
24

� �
¼ 283�:8718246
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The east longitude of Catalina (k = −110°.732 east) must be added to hG to
obtain the local sidereal time, as follows

h ¼ hG þ k ¼ 283�:8718246� 110�:732 � 173�:14

Now, xH and zH are computed as follows

xH ¼ aE

1� 2f � f 2ð Þ sin2 u� 	1
2

þH

8<
:

9=
; cosu

zH ¼ aE 1� fð Þ2

1� 2f � f 2ð Þ sin2 u� 	1
2

þH

8<
:

9=
; sinu

where aE = 6378.137 km and f = 0.0033528 are, respectively, the equatorial radius
and the flattening of the Earth (represented as an ellipsoid), and u is the geodetic
latitude (that is, the angle between the equatorial plane and the local vertical)
measured at the tracking station. Taking u = 32°.417, xH and zH result from

xH ¼ 6378:137= 1� 2� 0:0033528 � 0:00335282
� �� sin2 32�:417

� 	1=2 þ 2:509
n o
� cos 32�:417 ¼ 5391:552 km

zH ¼ 6378:137� ð1� 0:0033528Þ2= 1� 2� 0:0033528 � 0:00335282
� ��n

� sin2 32�:417
	1=2 þ 2:509

o
� sin 32�:417 ¼ 3400:921 km

Hence, the position vector rE of the tracking station, with respect to the
geocentric-equatorial system XYZ, is

rE ¼ xH cos hð ÞuX þ xH sin hð ÞuY þ zHuZ
¼ ð5391:552� cos 173�:14ÞuX þ ð5391:552� sin 173�:14Þ uY þ 3400:921uZ
¼ �5352:954 uX þ 643:987 uY þ 3400:921 uZ ðkmÞ

Let us compute now the declination d of the observed object with respect to the
topocentric-equatorial system XtYtZt, by means of the following expression

d ¼ arcsin ðcosu cos h cosAþ sinu sin hÞ
¼ arcsin cos 32�:417 cos 41� cos 128� þ sin 32�:417 sin 41�ð Þ ¼ �2�:323

The given azimuth (A = 128°) lies between 0° and 180°. Consequently, the hour
angle H results from the following expression
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H ¼ 360� � arccos
cosu sin h� sinu cos h cosA

cos d


 �

¼ 360� � arccos
cos 32�:417 sin 41� � sin 32�:417 cos 41� cos 128�

cosð�2�:323Þ

 �

¼ 323�:472

Thus, the right ascension of the observed object results from

a ¼ h� H ¼ 173�:14 � 323�:472 ¼ �150�:332

Now, we compute the unit vector uq of the line joining the tracking station with
the object, with respect to the topocentric-equatorial system XtYtZt, by means of

uq ¼ ‘XuX þ ‘YuY þ ‘ZuZ

where

‘X ¼ cos d cos a

‘Y ¼ cos d sin a

‘Z ¼ sin d

This yields

uq ¼ cosð�2�:323Þ cosð�150�:332Þ½ �uX þ cosð�2�:323Þ sinð�150�:332Þ½ �uY
þ ½sinð�2�:323Þ�uZ ¼ �0:8682 uX � 0:4946 uY � 0:0405 uZ

The position vector r (in km) of the observed object results from

r ¼ rE þ quq ¼ �5352:954 uX þ 643:987 uY þ 3400:921 uZ
þ 27148� ð�0:8682 uX � 0:4946 uY � 0:0405 uZÞ

¼ �28922:848 uX � 12783:414 uY þ 2301:427 uZ

The velocity vector r′E of the tracking station, with respect to the celestial
geocentric-equatorial system XYZ, results from

r0E ¼ xE � rE

where rE = −5352.954 uX + 643.987 uY + 3400.921 uZ is the position vector of the
tracking station and xE = xE uZ is the angular velocity of the Earth around its axis
with respect to XYZ. Remembering that xE = 7.292 � 10−5 rad/s, there results
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r0E ¼ xE � rE ¼
uX uY uZ
0 0 7:292� 10�5

�5352:954 643:987 3400:921

2
64

3
75

¼ �643:987� 7:292� 10�5� �
uX þ ð�5352:954� 7:292� 10�5ÞuY

¼ �0:047 uX � 0:390 uY ðkm=sÞ

Now, the declination rate d′ of the observed object results from

d0 ¼ �A0 cosu cos h sinAþ h0ðsinu cos h� cosu sin h cosAÞ½ �= cos d
¼ 1:86� 10�5 cos 32�:417 cos 41� sin 128� þ 3:42� 10�5 � ðsin 32�:417 cos 41�
�
� cos 32�:417 sin 41� cos 128�Þ�= cosð�2�:323Þ ¼ 3:486� 10�5 ðrad=sÞ

The right ascension rate a′ of the observed object results from

a0 ¼ xE þðA0 cos h cosA� h0 sin h sinAþ d0 cos h sinA tan dÞ=ðcosu sin h

� sinu cos h cosAÞ ¼ 7:292� 10�5 þ ½�1:86� 10�5 cos 41� cos 128�

� 3:42� 10�5 sin 41� sin 128� þ 3:486� 10�5 cos 41� sin 128� tan ð�2�:323Þ�
=½cos 32�:417 sin 41� � sin 32�:417 cos 41� cos 128�� ¼ 6:062� 10�5 ðrad=sÞ

The direction cosine rate vector u′q results from

u0q ¼ ‘0XuX þ ‘0YuY þ ‘0ZuZ

where

‘0X ¼ �a0 sin a cos d� d0 cos a sin d

‘0Y ¼ a0 cos a cos d� d0 sin a sin d

‘0Z ¼ d0 cos d

Hence,

‘0X ¼ �6:062� 10�5 sinð�150�:332Þ cosð�2�:323Þ � 3:486� 10�5

� cosð�150�:332Þ sinð�2�:323Þ ¼ 2:875� 10�5

‘0Y ¼ 6:062� 10�5 cosð�150�:332Þ cos �2�:323ð Þ � 3:486� 10�5

� sinð�150�:332Þ sinð�2�:323Þ ¼ �5:333� 10�5

‘0Z ¼ 3:486� 10�5 cos �2�:323ð Þ ¼ 3:483� 10�5
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which, substituted into u′q = ‘′X uX + ‘′Y uY + ‘′Z uZ, yield

u0q ¼ 2:875� 10�5uX � 5:333� 10�5uY þ 3:483� 10�5uZ ðrad=sÞ

The velocity vector r′ of the observed object, with respect to the
geocentric-equatorial reference system XYZ, results from

r0 ¼ r0E þ q0uq þ qu0q

Hence, the velocity vector r′ (in km/s) of the observed object is

r0 ¼ �0:047 uX � 0:390 uY þ 2:267� �0:8682 uX � 0:4946 uY � 0:0405 uZð Þ
þ 27148� ð2:875� 10�5uX � 5:333� 10�5uY þ 3:483� 10�5uZÞ

¼ �1:235 uX � 2:959 uY þ 0:854 uZ

In summary, the position (r) and velocity (r′) vectors of the space object at the
epoch of observation, with respect to the geocentric-equatorial system XYZ, are

r ¼ �28922:848 uX � 12783:414 uY þ 2301:427 uZ ðkmÞ
r0 ¼ �1:235 uX � 2:959 uY þ 0:854 uZ ðkm=sÞ

Now that the position and velocity vectors are known, the corresponding orbital
elements can be computed, as will be shown below.

The radius vector (in km) and the square of the velocity (in km2/s2) at epoch are

r0 ¼ �28922:848ð Þ2 þ �12783:414ð Þ2 þ 2301:4272
h i1

2¼ 31705:573

v20 ¼ �1:235ð Þ2 þ �2:959ð Þ2 þ 0:8542 ¼ 11:01

The vis-viva integral

v2

l
¼ 2

r
� 1
a

makes it possible to compute the major semi-axis a (in km) as follows

a ¼ 1
2
r0

� v20
l

¼ 1
2

31705:573
� 11:01
398600:4

¼ 28201:744
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The angular momentum vector per unit mass (in km2/s) is

h ¼ r� r0 ¼
uX uY uZ

�28922:848 �12783:414 2301:427

�1:235 �2:959 0:854

2
64

3
75

¼ �4107:113 uX þ 21857:85 uY þ 69795:191 uZ

and its magnitude (in km2/s) is

h ¼ h 	 hð Þ12¼ �4107:113ð Þ2 þ 21857:852 þ 69795:1912
h i1

2¼ 73253:005

The semi-latus rectum p (in km) results from

p ¼ h2

l
¼ 73253:0052

398600:4
¼ 13462:084

The eccentricity e results from a = p(1 − e2), which, solved for e, yields

e ¼ 1� p
a

� �1
2¼ 1� 13462:084

28201:744

� �1
2

¼ 0:72294582

The inclination angle i (in degrees) of the orbit with respect to the equatorial
plane is

i ¼ arccos
hZ
h

� �
¼ arccos

69795:191
73253:005

� �
¼ 17�:674578

The eccentricity vector e results from

e ¼ r0 � h
l

� r
r0

ðr0 � hÞ=l ¼ �2:959� 69795:191 � 21857:85� 0:854ð ÞuX þ ð1:235� 69795:191½
� 4107:113� 0:854Þ uY þ �1:235� 21857:85 � 4107:113� 2:959ð ÞuZ �
=398600:4 ¼ �0:5649521uX þ 0:2074494uY � 0:0982119 uZ

r=r0 ¼ ð�28922:848 uX � 12783:414 uY þ 2301:427 uZÞ=31705:573
¼ �0:9122323 uX � 0:4031914 uY þ 0:0725875 uZ
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e ¼ ðr0 � hÞ=l� r=r0 ¼ ð�0:5649521 þ 0:9122323Þ uX
þ ð0:2074494 þ 0:4031914Þ uY þ ð�0:0982119 � 0:0725875Þ uZ

¼ 0:3427113 uX þ 0:6106408 uY � 0:1707994 uZ

The node vector n is defined by n � uZ � h. In the present case, there results

n ¼ nXuX þ nYuY ¼ �hYuX þ hXuY ¼ �21857:85 uX � 4107:113 uY

The magnitude n of the node vector is

n ¼ n 	 nð Þ12¼ 21857:852 þ 4107:1132
� �1

2¼ 22240:368

The right ascension X of the ascending node (in degrees) is

X ¼ arccos
nX
n

� �
nY � 0ð Þ

X ¼ 360� � arccos
nX
n

� �
ðnY\0Þ

In the present case, nY = −4107.113 < 0; thus,

X ¼ 360� � arccos
�21857:85
22240:368

� �
¼ 190�:64185

The argument of perigee x results from

x ¼ arccos
n 	 e
ne

� �
eZ � 0ð Þ

x ¼ 360� � arccos
n 	 e
ne

� �
ðeZ\0Þ

In the present case, eZ = −0.1707994 < 0; hence,

x ¼ 360� � arccos
�21857:85� 0:3427113� 4107:113� 0:6106408

22240:368� 0:72294582

� �
¼ 231�:54665

The true anomaly at epoch /0 results from

/0 ¼ arccos
e 	 r
er0

� �
r 	 r0 � 0ð Þ

/0 ¼ 360� � arccos
e 	 r
er0

� �
ðr 	 r0\0Þ
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In the present case, there results

r 	 r0 ¼ �28922:848� �1:235ð Þ � 12783:414� �2:959ð Þ þ 2301:427� 0:854

¼ 75511:258 [ 0

e 	 r ¼ 0:3427113� �28922:848ð Þ þ 0:6106408� �12783:414ð Þ � 0:1707994

� 2301:427 ¼ �18111:34334

er0 ¼ 0:72294582� 31705:573 ¼ 22921:41147

Thus, the true anomaly (in degrees) at epoch is

/0 ¼ arccos
�18111:34334
22921:41147

� �
¼ 142�:19949

In summary, the object detected by the given radar station at the given time
revolves about the Earth in an elliptic orbit having the following elements

a ¼ 28201:744 km X ¼ 190�:64185
e ¼ 0:72294582 x ¼ 231�:54665
i ¼ 17�:674578 /0 ¼ 142�:19949

2.6 Orbital Elements from Three Measurements of Angles
(Method of Gauss)

As has been shown in the preceding paragraphs, a set of six independent quantities
is required to determine the motion of a celestial body. These six quantities may be
the three components of the position vector and the three components of the
velocity vector, or the six classical elements. A radar station like that described in
Sect. 2.5 provides range and range-rate measurements. Thus, three range mea-
surements (range, declination, and azimuth) plus three range-rate measurements
(range rate, declination rate, and azimuth rate) provide the six required quantities.
This implies the availability of a Doppler radar.

By contrast, the present paragraph and the following one will show how to
determine the orbit of a celestial body when only angular observations are possible.
This happens when only a telescope can be used as a means of observation. When
only angular measurements are possible (e.g. the declination and the right ascension
of the body observed), then three distinct observations are required, each of which
provides the declination and the right ascension of the body.

Following Curtis [20] and Boulet [12], let t1, t2, and t3 be the three distinct times
at which the three single angular observations are performed. Let P1, P2, and P3 be
the three positions of the observed body at, respectively, t1, t2, and t3, as shown in
the following figure. Let r1, r2, and r3 be the three position vectors of the observed
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body with respect to the geocentric-equatorial reference system XYZ. Let rE1, rE2,
and rE3 be the three position vectors of the point of observation with respect to the
same system of reference.

The relation between r1, r2, and r3 and rE1, rE2, and rE3 is

r1 ¼ rE1 þ q1 ¼ rE1 þ q1 q1=q1ð Þ ¼ rE1 þ q1u1
r2 ¼ rE2 þ q2 ¼ rE2 þ q2 q2=q2ð Þ ¼ rE2 þ q2u2
r3 ¼ rE3 þ q3 ¼ rE3 þ q3 q3=q3ð Þ ¼ rE3 þ q3u3

where q1, q2, and q3 are the three position vectors of the observed body, with
respect to the topocentric-equatorial reference system XtYtZt, at, respectively, t1, t2,
and t3. Likewise, q1, q2, and q3 are the magnitudes of the vectors q1, q2, and q3, and
u1 = q1/q1, u2 = q2/q2, and u3 = q3/q3 are the three unit vectors along, respec-
tively, q1, q2, and q3. The three unit vectors u1, u2, and u3 are determined by
measuring the declination d and the right ascension a of the observed body at,
respectively, t1, t2, and t3, as follows

u1 ¼ ðcos d1 cos a1Þ uX þ cos d1 sin a1ð Þ uY þ sin d1ð Þ uZ
u2 ¼ ðcos d2 cos a2Þ uX þ cos d2 sin a2ð Þ uY þ sin d2ð Þ uZ
u3 ¼ ðcos d3 cos a3Þ uX þ cos d3 sin a3ð Þ uY þ sin d3ð Þ uZ

where uX, uY, and uZ are the three unit vectors along, respectively, X, Y, and Z.
The three vector equations written above

r1 ¼ rE1 þ q1 ¼ rE1 þ q1 q1=q1ð Þ ¼ rE1 þ q1u1
r2 ¼ rE2 þ q2 ¼ rE2 þ q2 q2=q2ð Þ ¼ rE2 þ q2u2
r3 ¼ rE3 þ q3 ¼ rE3 þ q3 q3=q3ð Þ ¼ rE3 þ q3u3

provide nine scalar equations in twelve unknowns, which are the three components
of each of the three position vectors r1, r2, and r3 plus the three magnitudes q1, q2,
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and q3 (3 � 3 + 3 = 12 unknowns). Three additional scalar equations are provided
by the fact that the motion of the observed body is confined in a plane, because the
moment of momentum per unit mass h is a constant vector (see Sect. 1.1).
Consequently, the three position vectors r1, r2, and r3 are coplanar. This means that
one of these vectors results from a linear combination of the other two. Without loss
of generality, we suppose r2 to be a linear combination of r1 and r3, so that

r2 ¼ c1r1 þ c3r3

This equation, added to the 9 + 3 = 12 scalar equations written above, intro-
duces two new unknowns (c1 and c3). Thus, we have 12 scalar equations and
12 + 2 = 14 unknowns. In addition to the constancy of h, the Keplerian unper-
turbed motion of the observed body implies that the position vector of that body at
any time can be expressed in terms of the position (r) and velocity (v) vectors at any
other time by means of the Lagrangian coefficients (f and g). Thus, in the present
case, the position vectors r1 and r3 of the observed body at times, respectively, t1
and t3 can be expressed in terms of r2 and v2 at time t2, as follows

r1 ¼ f1r2 þ g1v2
r3 ¼ f3r2 þ g3v2

where f1 and g1 are the Lagrangian coefficients computed at time t1; likewise, f3 and
g3 are the Lagrangian coefficients computed at time t3.

As shown in Sect. 1.12, in case of small intervals of time between two con-
secutive observations, the Lagrangian coefficients f and g depend only on the
distance existing at the initial time between the attracted body and its centre of
attraction. In this case, designating the intermediate time t2 as the initial time and r2
as the distance existing at time t2 between the two mutually attracting bodies, the
Lagrangian coefficients f1, g1, f3, and g3 depend only on the distance r2. The two
vector equations

r1 ¼ f1r2 þ g1v2
r3 ¼ f3r2 þ g3v2

correspond to six scalar equations. We have then 12 + 6 = 18 equations.
On the other hand, the new unknowns introduced by these six equations are four:

the three components of the velocity vector v2 and the distance r2. We have then
14 + 4 = 18 unknowns. Thus, under the hypothesis made above, there is only one
solution to the problem of determining the vectors r2 and v2 at the initial time t2.

To this end, we first solve the equation

r2 ¼ c1r1 þ c3r3
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for c1 and c3. The vector product of all terms of this equation by r3 yields

r2 � r3 ¼ c1ðr1 � r3Þ þ c3ðr3 � r3Þ

Since the vector product of any vector by itself is the zero vector, then c3(r3 � r3)
vanishes identically. Thus,

r2 � r3 ¼ c1ðr1 � r3Þ

The scalar product of (r1 � r3) by all terms of the preceding expression yields

ðr1 � r3Þ 	 ðr2 � r3Þ ¼ c1ðr1 � r3Þ 	 ðr1 � r3Þ ¼ c1 r1 � r3j j2

where r1 � r3j j2 is the squared magnitude of r1 � r3. The preceding equation,
solved for c1, yields

c1 ¼ r1 � r3ð Þ 	 r2 � r3ð Þ
r1 � r3j j2

By operating likewise, we form the vector product of all terms of the equation

r2 ¼ c1 r1 þ c3 r3

by r1. This yields

r2 � r1 ¼ c1ðr1 � r1Þ þ c3ðr3 � r1Þ ¼ c3ðr3 � r1Þ

The scalar product of (r3 � r1) and all terms of the preceding expression yields

ðr3 � r1Þ 	 ðr2 � r1Þ ¼ c3ðr3 � r1Þ 	 ðr3 � r1Þ ¼ c3 r3 � r1j j2

Hence,

c3 ¼ r3 � r1ð Þ 	 r2 � r1ð Þ
r3 � r1j j2

Now, we form the vector product r1 � r3 and introduce

r1 ¼ f1r2 þ g1v2
r3 ¼ f3r2 þ g3v2

into the product r1 � r3 . This yields

r1 � r3 ¼ f1r2 þ g1v2ð Þ � f3r2 þ g3v2ð Þ
¼ f1f3ðr2 � r2Þ þ f1g3ðr2 � v2Þ þ g1f3ðv2 � r2Þ þ g1g3ðv2 � v2Þ
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Now, since the vector product of any vector by itself yields the zero vector, and

r2 � v2 ¼ h

v2 � r2 ¼ �ðr2 � v2Þ ¼ �h

where h is the constant moment of momentum, then

r1 � r3 ¼ ðf1g3 � g1f3Þh
r3 � r1 ¼ �ðr1 � r3Þ ¼ � f1g3 � g1f3ð Þh

It follows that

r1 � r3j j2¼ r3 � r1j j2¼ ðf1g3 � g1f3Þ2h2

Likewise, we form the vector product r2 � r3 and introduce r3 = f3 r2 + g3 v2
into the product r2 � r3. This yields

r2 � r3 ¼ r2 � f3r2 þ g3v2ð Þ ¼ f3ðr2 � r2Þþ g3ðr2 � v2Þ ¼ g3h

Again, we form the vector product r2 � r1 and introduce r1 = f1 r2 + g1 v2 into
the product r2 � r1. This yields

r2 � r1 ¼ r2 � f1r2 þ g1v2ð Þ ¼ f1 r2 � r2ð Þþ g1 r2 � v2ð Þ ¼ g1h

In summary, we have obtained the following expressions

r3 � r1 ¼ �ðr1 � r3Þ ¼ � f1g3 � g1f3ð Þh
r1 � r3j j2 ¼ r3 � r1j j2¼ ðf1g3 � g1f3Þ2h2
r2 � r1 ¼ g1h

which in turn, substituted into

c3 ¼ r3 � r1ð Þ 	 r2 � r1ð Þ
r3 � r1j j2

yield

c3 ¼ � f1g3 � g1f3ð Þh½ � 	 g1h½ �
f1g3 � g1f3ð Þ2h2
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Since h 	 h = h2, then

c3 ¼ � g1
f1g3 � g1f3

Let us consider now the expression

c1 ¼ r1 � r3ð Þ 	 r2 � r3ð Þ
r1 � r3j j2

which has been derived above. Substituting

ðr1 � r3Þ ¼ f1g3 � g1f3ð Þh
r2 � r3 ¼ g3h

r1 � r3j j2 ¼ r3 � r1j j2¼ ðf1g3 � g1f3Þ2h2

into this expression yields

c1 ¼ f1g3 � g1f3ð Þh½ � 	 g3h½ �
f1g3 � g1f3ð Þ2h2

that is,

c1 ¼ g3
f1g3 � g1f3

By so doing, the coefficients c1 and c3 appearing in the equation

r2 ¼ c1r1 þ c3r3

depend on the Lagrange coefficients f and g only. We set

s1 ¼ t1 � t2
s3 ¼ t3 � t2

where s1 and s3 are, by hypothesis, small intervals. Therefore, we can take the first
two terms of the series expansions for the Lagrangian coefficients f and g

f ¼ 1� 1
2
�0s

2 þ 1
2
�0k0s

3 þ 1
24

�2�0 � 15k20 þ 3w0

� �
s4 þ 	 	 	

g ¼ s� 1
6
�0s

3 þ 1
4
�0k0s

4 þ 	 	 	

(see Sect. 1.12). In other words, we truncate these series expansions after the first
two terms, as follows

2.6 Orbital Elements from Three Measurements of Angles (Method of Gauss) 183



f1 � 1� 1
2

l

r32

� �
s21 f3 � 1� 1

2
l

r32

� �
s23

g1 � s1 � 1
6

l

r32

� �
s31 g3 � s3 � 1

6
l

r32

� �
s33

This is because, by definition, e0 = l/r2
3. Thus, the quantity f1g3 − g1f3 can be

approximated as follows

f1g3 � g1f3 ¼ 1� 1
2

l

r32

� �
s21


 �
s3 � 1

6
l

r32

� �
s33


 �
� s1 � 1

6
l

r32

� �
s31


 �
1� 1

2
l

r32

� �
s23


 �

¼ s3 � s1ð Þ � 1
6

l

r32

� �
s33 � 3s1s23 þ 3s21s3 � s31
� �

þ 1
12

l2

r62

� �
s21s

3
3 � s31s

2
3

� �
¼ s3 � s1ð Þ � 1

6
l

r32

� �
s3 � s1ð Þ3 þ 1

12
l2

r62

� �
s21s

3
3 � s31s

2
3

� �

Again, since s1 and s3 are small intervals, then the term (l2/r2
6) (s1

2s3
3 − s1

3s3
2)/12

can be neglected. Thus, setting s = s3 − s1 yields

f1g3 � g1f3 � s� 1
6

l

r32

� �
s3

where s is the interval of time elapsed from the first of the three observations to the
last. Now, substituting

f1g3 � g1f3 � s� 1
6

l

r32

� �
s3 g3 � s3 � 1

6
l

r32

� �
s33

into c1 = g3/(f1 g3 − g1 f3) yields

c1 ¼
s3 � 1

6
l

r32

� �
s33

s� 1
6

l

r32

� �
s3

¼ s3
s

1� 1
6

l

r32

� �
s23

1� 1
6

l

r32

� �
s2

¼ s3
s

1� 1
6

l

r32

� �
s23


 �
1� 1

6
l

r32

� �
s2


 ��1

Using the well-known binomial expansion

aþ bð Þn¼ an þ nan�1bþ n n� 1ð Þ
2!

an�2b2 þ n n� 1ð Þ n� 2ð Þ
3!

an�3b3 þ 	 	 	
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with a ¼ 1; b ¼ � 1
6
ðl=r32Þs2 and n ¼ �1; truncated after the term containing the

second power of s, yields

1� 1
6

l

r32

� �
s2


 ��1

� 1�1 þ �1ð Þ11�1 � 1
6

l

r32

� �
s2


 �
¼ 1þ 1

6
l

r32

� �
s2

This in turn substituted into

c1 � s3
s

1� 1
6

l

r32

� �
s23


 �
1� 1

6
l

r32

� �
s2


 ��1

yields

c1 � s3
s

1� 1
6

l

r32

� �
s23


 �
1þ 1

6
l

r32

� �
s2


 �
¼ s3

s
1þ 1

6
l

r32

� �
s2 � s23
� �
 �

By operating likewise, there results

c3 � � s1
s

1þ 1
6

l

r32

� �
s2 � s21
� �
 �

We have hitherto obtained approximate expressions of the coefficients (c1 and
c3) appearing in the equation r2 = c1 r1 + c3 r3. These expressions depend only on
the (known) time intervals between observations and the (as yet unknown) distance
r2 of the attracted body from its centre of attraction at time t2.

The next stage of this development is the expression of the ranges q1, q2, and q3
as functions of c1 and c3. To this effect, we substitute

r1 ¼ rE1 þ q1r1
r2 ¼ rE2 þ q2u2
r3 ¼ rE3 þ q3u3

into r2 = c1 r1 + c3 r3. This yields

rE2 þ q2u2 ¼ c1 rE2 þ q1u1ð Þþ c3 rE2 þ q3u3ð Þ

which can also be written as follows

c1q1u1 � q2u2 þ c3q3u3 ¼ �c1rE1 þ rE2 � c3rE3

The scalar product of each term of the preceding expression by (u2 � u3) yields
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c1q1u1 	 ðu2 � u3Þ � q2u2 	 ðu2 � u3Þ þ c3q3u3 	 ðu2 � u3Þ
¼ �c1rE1 	 ðu2 � u3Þþ rE2 	 ðu2 � u3Þ � c3rE3 	 ðu2 � u3Þ

Since u2 	 (u2 � u3) = u3 	 (u2 � u3) = 0, then the preceding expression
becomes

c1q1u1 	 ðu2 � u3Þ ¼ �c1rE1 	 ðu2 � u3Þ þ rE2 	 ðu2 � u3Þ � c3rE2 	 ðu2 � u3Þ

To simplify the notation, we set

D0 ¼ u1 	 ðu2 � u3Þ
D11 ¼ rE1 	 ðu2 � u3Þ
D21 ¼ rE2 	 ðu2 � u3Þ
D31 ¼ rE3 	 ðu2 � u3Þ

Assuming D0 6¼ 0, that is, assuming that u1, u2, and u3 are not coplanar, we
have

c1q1D0 ¼ �c1D11 þD21 � c3D31

which, solved for q1, yields

q1 ¼ �D11 þ 1
c1

D21 � c3
c1

D31

� �
1
D0

By operating likewise, we take the scalar product of each term of

c1q1u1 � q2u2 þ c3q3u3 ¼ �c1rE1 þ rE2 � c3rE3

by (u1 � u3). This yields

c1q1u1 	 ðu1 � u3Þ � q2u2 	 ðu1 � u3Þþ c3q3u3 	 ðu1 � u3Þ
¼ �c1rE1 	 ðu1 � u3Þþ rE2 	 ðu1 � u3Þ � c3rE3 	 ðu1 � u3Þ

Since u1 	 (u1 � u3) = u3 	 (u1 � u3) = 0, then the preceding expression
becomes

�q2u2 	 ðu1 � u3Þ ¼ �c1rE1 	 ðu1 � u3Þ þ rE2 	 ðu1 � u3Þ � c3rE3 	 ðu1 � u3Þ

Since −q2 u2 	 (u1 � u3) = q2 u2 	 (u3 � u1) = q2 u1 	 (u2 � u3) = q2 D0, then
the preceding expression becomes

q2D0 ¼ �c1rE1 	 ðu1 � u3Þ þ rE2 	 ðu1 � u3Þ � c3rE2 	 ðu1 � u3Þ
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By setting

D12 ¼ rE1 	 ðu1 � u3Þ
D22 ¼ rE2 	 ðu1 � u3Þ
D32 ¼ rE2 	 ðu1 � u3Þ

and solving the preceding expression for q2, we obtain

q2 ¼ �c1D12 þD22 � c3D32ð Þ 1
D0

By operating likewise, we take the scalar product of each term of

c1q1u1 � q2u2 þ c3q3u3 ¼ �c1rE1 þ rE2 � c3rE3

by (u1 � u2). This yields

c1q1u1 	 ðu1 � u2Þ � q2u2 	 ðu1 � u2Þ þ c3q3u3 	 ðu1 � u2Þ
¼ �c1rE1 	 ðu1 � u2Þ þ rE2 	 ðu1 � u2Þ � c3rE3 	 ðu1 � u2Þ

Since u1 	 (u1 � u2) = u2 	 (u1 � u2) = 0, then the preceding expression
becomes

c3q3u3 	 ðu1 � u2Þ ¼ �c1rE3 	 ðu1 � u2Þ þ rE3 	 ðu1 � u2Þ � c3rE3 	 ðu1 � u2Þ

By noting that u3 	 (u1 � u2) = u1 	 (u2 � u3) = D0, setting

D13 ¼ rE1 	 ðu1 � u2Þ
D23 ¼ rE2 	 ðu1 � u2Þ
D33 ¼ rE3 	 ðu1 � u2Þ

and solving the preceding expression for q3, we obtain

q3 ¼ � c1
c3

D13 þ 1
c3

D23 � D33

� �
1
D0

Now, substituting

c1 � s3
s

1þ 1
6

l

r32

� �
ðs2 � s23Þ


 �
c3 � � s1

s
1þ 1

6
l

r32

� �
ðs2 � s21Þ


 �
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into q2 = (−c1 D12 + D22 − c3 D32)/D0 yields

q2 ¼ �D12s3

6þ l

r32

� �
ðs2 � s23Þ

6D0s
þ D22

D0
þD32s1

6þ l

r32

� �
ðs2 � s21Þ

6D0s

which, after setting

A ¼ �D12
s3
s
þD22 þD32

s1
s

� � 1
D0

B ¼ �D12s3 s2 � s23
� �þD32s1 s2 � s21

� �
6D0s

becomes

q2 ¼ Aþ lB
r32

Operating the same substitution, that is,

c1 � s3
s

1þ 1
6

l

r32

� �
ðs2 � s23Þ


 �
c3 � � s1

s
1þ 1

6
l

r32

� �
ðs2 � s21Þ


 �

into

q1 ¼
 
�D11 þ 1

c1
D21 � c3

c1
D310

!
1
D0

q3 ¼
 
� c1
c3

D13 þ 1
c3

D23 � D33

!
1
D0

leads to

q1 ¼
6ðD31

s1
s3
þD21

s
s3
Þr32 þ lD31ðs2 � s21Þ

s1
s3

6r32 þ lðs2 � s23Þ
� D11

2
64

3
75 1
D0

q3 ¼
6ðD13

s3
s1
� D23

s
s1
Þr32 þ lD13ðs2 � s23Þ

s3
s1

6r32 þ lðs2 � s23Þ
� D33

2
64

3
75 1
D0

The equation written above q2 = A + lB/r2
3 expresses the range q2 as a function

of the radius vector r2 of the observed object measured from the centre of mass of
the Earth at time t2. Another relation between q2 and r2 is provided by

r2 ¼ rE2 þ q2u2
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The scalar product of r2 by itself yields

r2 	 r2 ¼ rE2 þ q2u2ð Þ 	 rE2 þ q2u2ð Þ ¼ r2E2 þ 2q2 rE2 	 u2ð Þþ q22 ¼ r2E2 þ 2Eq2 þ q22

where E = rE2 	 u2. Substituting q2 = A + lB/r2
3 into r2

2 = rE2
2 + 2Eq2 + q2

2 yields

r22 ¼ r2E2 þ 2E Aþ lB
r32

� �
þ Aþ lB

r32

� �2

¼ r2E2 þ 2EAþ 2lEB
r32

þA2 þ 2lAB
r32

þ l2B2

r62

Multiplying all terms of the preceding expression by r2
6 yields

r82 � r2E2 þ 2EAþA2� �
r62 � 2lB EþAð Þr32 � l2B2 ¼ 0

If we set for convenience

x ¼ r2

a ¼ � r2E2 þ 2EAþA2� �
b ¼ �2lB ðEþAÞ
c ¼ �l2B2

the preceding expression becomes

x8 þ ax6 þ bx3 þ c ¼ 0

which is known as Lagrange’s equation. Since this polynomial has four terms, then
(according to the Descartes’ rule of signs, which states that the number of positive
roots of a polynomial with real coefficients is equal to the number of changes of
sign in the sequence of the coefficients of the polynomial, or is less than this number
by a multiple of 2) the polynomial may have no more than three positive roots.
When the correct root r2 of this equation has been found, it must be substituted into

q1 ¼
6 D31

s1
s3

þD21
s
s3

� �
r32 þ lD31 s2 � s21

� � s1
s3

6r32 þ lðs2 � s23Þ
� D11

2
664

3
775 1
D0

q2 ¼ Aþ lB
r32

q3 ¼
6 D13

s3
s1

� D23
s
s1

� �
r32 þ lD13ðs2 � s23Þ

s3
s1

6r32 þ lðs2 � s23Þ
� D33

2
664

3
775 1
D0
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in order to compute the ranges q1, q2, and q3. Then, the following equations

r1 ¼ rE1 þ q1u1
r2 ¼ rE2 þ q2u2
r3 ¼ rE3 þ q3u3

yield the position vectors r1, r2, and r3 of the observed object at times, respectively,
t1, t2, and t3. It remains to compute the velocity vector v2 of the observed object at
time t2. To this end, the equation r1 = f1 r2 + g1 v2 is solved for r2. This yields

r2 ¼ r1 � g1v2
f

The resulting value of r2 is substituted into r3 = f3 r2 + g3 v2. This yields

r3 ¼ f3
f1

r1 � g1v2ð Þþ g3v2

and the preceding equation is solved for v2. This yields

v2 ¼ f1
f1g3 � g1f3

� �
r3 � f3

f1g3 � g1f3

� �
r1

At first, the values of f1, f3, g1, and g3 to be used for computing r2 and v2 are
those derived previously, which are rewritten below for convenience:

f1 � 1� 1
2

l

r32

� �
s21 f3 � 1� 1

2
l

r32

� �
s23

g1 � s1 � 1
6

l

r32

� �
s31 g3 � s3 � 1

6
l

r32

� �
s33

Successively, improved values of fSince the condition1, f3, g1, and g3 are
computed, as will be shown below, and new values of r2 and v2 are computed by
means of these improved values, until convergence is reached. This method can be
illustrated by the following example, which is based on a series of astronomical
observations performed by Healy [33] and concerning the COBE artificial satellite
(USSPACECOM Catalogue No. 20322; International Designation code
1989-089-A). On the 6th of November 2000, Healy made seven observations of the
COBE satellite, three of which are shown in the following table.

Observed time (EST) Right ascension (hh:mm:ss) Declination (°)

17:31:29 21:48:00 −16.3

17:34:30 21:14:00 46.9

17:37:30 11:03:00 76.1
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Since UTC = EST + 5, then (neglecting the difference between UTC and UT1)
the three EST times indicated above correspond, respectively, to

UT11 ¼ EST1 þ 5 ¼ 22h31m29s

UT12 ¼ EST2 þ 5 ¼ 22h34m30s

UT13 ¼ EST3 þ 5 ¼ 22h37m30s

The three values of the right ascension, expressed in degrees, are as follows

ð21 þ 48=60Þ � 360=24 ¼ 327:00

ð21 þ 14=60Þ � 360=24 ¼ 318:50

ð11 þ 3=60Þ � 360=24 ¼ 165:75

Healy found these values by means of the 14″ Schmidt Cassegrain telescope of
the observatory of the University of Maryland, located at latitude u = 39°.00167
North, longitude k = −76°.95667 east and altitude H = 53 m.

As has been shown above, the same values can be written as follows

UT1 Right ascension (°) Declination (°)

22:31:29 327.00 −16.3

22:34:30 318.50 46.9

22:37:30 165.75 76.1

By applying the methods shown in Sect. 2.5, the Greenwich sidereal time hG0
corresponding to the 6 November 2000, at 00h:00m:00s UT1, results from

a ¼ INT y=100ð Þ ¼ INT 2000=100ð Þ ¼ 20

b ¼ INT a=4ð Þ ¼ INT 20=4ð Þ ¼ 5

c ¼ 2 � aþ b ¼ 2 � 20 þ 5 ¼ �13

e ¼ INT 365:25 yþ 4716ð Þ½ � ¼ INT 365:25� 2000 þ 4716ð Þ½ � ¼ 2453019

f ¼ INT 30:6001 mþ 1ð Þ½ � ¼ INT 30:6001� 11 þ 1ð Þ½ � ¼ 367

J0 ¼ cþ dþ eþ f � 1524:5 ¼ �13 þ 6 þ 2453019 þ 367 � 1524:5 ¼ 2451854:5

T0 ¼ J0 � 2451545ð Þ=36525 ¼ 2451854:5 � 2451545ð Þ=36525 ¼ 0:0084736

hG0 ¼ 100:4606184 þ 36000:77005 T0 þ 0:000387933 T02 � 2:5875� 10�8T0
3

¼ 100:4606184 þ 36000:77005� 0:0084736 þ 0:000387933� 0:00847362

� 2:5875� 10�8 � 0:00847363 ¼ 405�:51847
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This value is brought into the range 0° � hG0 � 360° by subtracting 360°, as
follows

hG0 ¼ 405�:51847 � 360� ¼ 45�:51847

The Greenwich sidereal times hG1, hG2, and hG3 corresponding to
UT11 = 22:31:29, UT12 = 22:34:30 and UT13 = 22:37:30 are, respectively,

hG1 ¼ hG0 þ 360:985647366� 22 þ 31=60 þ 29=3600ð Þ=24 ¼ 384�:314363
hG2 ¼ hG0 þ 360:985647366� 22 þ 34=60 þ 30=3600ð Þ=24 ¼ 385�:070595
hG3 ¼ hG0 þ 360:985647366� 22 þ 37=60 þ 30=3600ð Þ=24 ¼ 385�:822648

The local sidereal times of the three observations are, respectively,

h1 ¼ hG1 þ k ¼ 384�:314363 � 76�:95667 ¼ 307�:357693
h2 ¼ hG1 þ k ¼ 385�:070595 � 76�:95667 ¼ 308�:113925
h3 ¼ hG1 þ k ¼ 385�:822648 � 76�:95667 ¼ 308�:865978

We want to compute the position and velocity vectors of the COBE satellite at
UT12 = 22h:34m:30s, with an accuracy of five significant figures. The angles
measured by the station and the local sidereal times are given in the following table.

Obs. No. Time (s) Right ascension (°) Declination (°) Local sidereal time (°)

1 0 327.00 −16.300 307.357693

2 181 318.50 46.900 308.113925

3 361 165.75 76.100 308.865978

First, we compute the three geocentric position vectors (rE1, rE2, and rE3) of the
observatory at the three given times t1, t2, and t3, as shown in Sect. 2.5 (that is,
taking the equatorial radius aE and the flattening f of the Earth equal, respectively,
to 6378.137 km and 0.0033528). Assuming the geodetic latitude equal to the
geographic latitude, the position vectors rE1, rE2, and rE3 are

xH ¼ aE= 1 � 2f � f 2
� �

sin2 u
� 	1=2 þH

n o
cosu ¼ 6378:137=½1� ð2� 0:0033528f

� 0:00335282Þ sin2 39:00167�1=2 þ 0:053
o
cos 39:00167 ¼ 4963:272 km

zH ¼ aE 1 � fð Þ2= 1 � 2f � f 2
� �

sin2 u
� 	1=2 þH

n o
sinu ¼ 6378:137� ð1 � 0:0033528Þ2

n
= 1 � ð2� 0:0033528� 0:00335282Þ sin2 39:00167� 	1=2 þ 0:053

o
sin 39:00167

¼ 3992:517 km

192 2 Orbit Determination from Observations



rE1 ¼ xH cos h1ð Þ uX þ xH sin h1ð Þ uY þ zH uZ ¼ ð4963:272 cos 307:357693Þ uX
þð4963:272 sin 307:357693Þ uY þ 3992:517 uZ

¼ 3011:7 uX � 3945:1 uY þ 3992:5 uZ

rE2 ¼ xH cos h2ð ÞuX þ xH sin h2ð ÞuY þ zHuZ ¼ ð4963:272 cos 308:113925ÞuX
þð4963:272 sin 308:113925ÞuY þ 3992:517 uZ

¼ 3063:5 uX � 3905:0 uY þ 3992:5 uZ

rE3 ¼ xH cos h3ð ÞuX þ xH sin h3ð ÞuY þ zHuZ ¼ ð4963:272 cos 308:865978ÞuX
þð4963:272 sin 308:865978ÞuY þ 3992:517 uZ

¼ 3114:5 uX � 3864:5 uY þ 3992:5 uZ

The three unit vectors u1, u2, and u3 result from

u1 ¼ ðcos d1 cos a1ÞuX þ cos d1 sin a1ð ÞuY þ sin d1ð ÞuZ ¼ ½cosð�16:3Þ cos 327:0�uX
þ cosð�16:3Þ sin 327:0½ �uY þ sin ð�16:3Þ½ �uZ

¼ 0:80496 uX � 0:52275 uY � 0:28067 uZ

u2 ¼ ðcos d2 cos a2Þ uX þ cos d2 sin a2ð ÞuY þ sin d2ð ÞuZ ¼ cos 46:9 cos 318:5ð ÞuX
þ cos 46:9 sin 318:5ð ÞuY þ sin 46:9ð ÞuZ

¼ 0:51174 uX � 0:45275 uY þ 0:73016 uZ

u3 ¼ ðcos d3 cos a3Þ uX þ cos d3 sin a3ð ÞuY þ sin d3ð ÞuZ ¼ cos 76:1 cos 165:75ð ÞuX
þ cos 76:1 sin 165:75ð ÞuY þ sin 76:1ð ÞuZ

¼ �0:23284 uX þ 0:059133 uY þ 0:97072 uZ

The time intervals s1, s3, and s are computed as follows

s1 ¼ t1 � t2 ¼ 0� 181 ¼ �181 s

s3 ¼ t3 � t2 ¼ 361� 181 ¼ 180 s

s ¼ t3 � t1 ¼ 361 � 0 ¼ 361 s

The vector products (u2 � u3), (u1 � u3), and (u1 � u2) result from

u2 � u3 ¼
uX uY uZ

0:51174 �0:45275 0:73016

�0:23284 0:059133 0:97072

2
64

3
75

¼ �0:48267 uX � 0:66677 uY � 0:075158 uZ
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u1 � u3 ¼
uX uY uZ

0:80496 �0:52274 �0:28067

�0:23284 0:059133 0:97072

2
64

3
75

¼ �0:49085 uX � 0:71604 uY � 0:074117 uZ

u1 � u2 ¼
uX uY uZ

0:80496 �0:52274 �0:28067

0:51174 �0:45275 0:73016

2
64

3
75

¼ �0:50876 uX � 0:73138 uY � 0:096934 uZ

The scalar products D0, D11, D12, D13, D21, D22, D23, D31, D32, and D33 are

D0 ¼ u1 	 ðu2 � u3Þ ¼ 0:80496� ð�0:48267Þ � 0:522754� ð�0:66677Þ
� 0:28067� ð�0:075158Þ ¼ �0:018881

D11 ¼ rE1 	 ðu2 � u3Þ ¼ 3011:7� ð�0:48267Þ � 3945:1� ð�0:66677Þ
þ 3992:5� ð�0:075158Þ ¼ 876:75 km

D12 ¼ rE1 	 ðu1 � u3Þ ¼ 3011:7� �0:49085ð Þ � 3945:1� ð�0:71604Þ
þ 3992:5� �0:074117ð Þ ¼ 1050:6 km

D13 ¼ rE1 	 ðu1 � u2Þ ¼ 3011:7� �0:50876ð Þ � 3945:1� ð�0:73138Þ
þ 3992:5� ð�0:096934Þ ¼ 966:13 km

D21 ¼ rE2 	 ðu2 � u3Þ ¼ 3063:5� ð�0:48267Þ � 3905:0� ð�0:66677Þ
þ 3992:5� ð�0:075158Þ ¼ 825:01 km

D22 ¼ rE2 	 ðu1 � u3Þ ¼ 3063:5� �0:49085ð Þ � 3905:0� ð�0:71604Þ
þ 3992:5� ð�0:074117Þ ¼ 996:51 km

D23 ¼ rE2 	 ðu1 � u2Þ ¼ 3063:5� �0:50876ð Þ � 3905:0� ð�0:73138Þ
þ 3992:5� ð�0:096934Þ ¼ 910:44 km

D31 ¼ rE3 	 ðu2 � u3Þ ¼ 3114:5� �0:48267ð Þ � 3864:5� ð�0:66677Þ
þ 3992:5� ð�0:075158Þ ¼ 773:39 km

D32 ¼ rE3 	 ðu1 � u3Þ ¼ 3114:5� �0:49085ð Þ � 3864:5� ð�0:71604Þ
þ 3992:5� �0:074117ð Þ ¼ 942:47 km

D33 ¼ rE3 	 ðu1 � u2Þ ¼ 3114:5� �0:50876ð Þ � 3864:5� ð�0:73138Þ
þ 4069:057� �0:096934ð Þ ¼ 854:88 km
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The quantities A and B are computed as follows

s3=s ¼ 180=361 ¼ 0:49861

s1=s ¼ �181=361 ¼ �0:50139

s3 s2 � s23
� � ¼ 180� 3612 � 1802

� � ¼ 1:7626� 107

s1 s2 � s21
� � ¼ �60� 1202 � 602

� � ¼ �1:7658� 107

A ¼ �D12s3=sþD22 þD32s1=sð Þ=D0 ¼ �1050:6� 0:49861þ 996:51½
þ 942:47� ð�0:50139Þ�=ð�0:018881Þ ¼ �6:6363 km

B ¼ �D12s3 s2 � s23
� � þD32s1 s2 � s21

� �� 	
= 6D0s½ � ¼ �1050:6� 1:7626� 107

�
þ 942:47� ð�1:7658� 107Þ =� ½6� ð�0:018881Þ � 361� ¼ 8:5974� 108 km s2

The quantities E and rE2
2 result from

E ¼ rE2 	 u2 ¼ 3063:5� 0:51174� 3905:0� ð�0:45275Þ
þ 3992:5� 0:73016 ¼ 6250:9 km

r2E2 ¼ rE2 	 rE2 ¼ 3063:52 þ 3905:02 þ 3992:52 ¼ 4:0574� 107 km2

The coefficients a, b, and c of the polynomial x8 + ax6 + bx3 + c result from

a ¼ � r2E2 þ 2EAþA2� � ¼ � 4:0574� 107 þ 2� 6250:9� ð�6:6363Þ þ ð�6:6363Þ2
h i

¼ �4:0491� 107 km2

b ¼ �2lB EþAð Þ ¼ �2� 398600:4� 8:5974� 108 � ð6250:9� 6:6363Þ
¼ �4:2797� 1018 km5

c ¼ �l2B2 ¼ � 398;600:4ð Þ2� 8:5974� 108
� �2¼ �0:11744� 1030 km8

We search a value of x such that the following function

f ðxÞ ¼ x8 þ ax6 þ bx3 þ c

should be equal to zero in a given interval xmin � x � xmax. This search is limited
to the values of x (where x � r2) which are physically meaningful. Consequently,
x cannot be negative, or smaller than the mean radius of the Earth (6371 km). In
addition, since the values computed above of the three coefficients a, b, and c are,
all of them, negative, then the equation f(x) = x8 + ax6 + bx3 + c = 0 has only one
positive root. To search this root, we first evaluate f(x) for x ranging from 6400 km
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to 9400 km, with a step size of 100 km. The results of this evaluation are shown
below.

x � 103 (km) f(x) � 1030 x � 103 (km) f(x) � 1030

6.400 −1.2071 6.900 −0.75509

6.500 −1.1601 7.000 −0.58431

6.600 −1.0941 7.100 −0.37856

6.700 −1.0067 7.200 −0.13376

6.800 −0.89472 7.300 0.15461

The plot shows that the physically meaningful root of f(x) = 0 is roughly the
midpoint of the interval 7200 � x � 7300 km. Therefore, the search of the root
of interest is confined to this interval. As shown in the preceding table, we find

f ð7200Þ ¼ 72008 � 4:0491� 107 � 72006 � 4:2797� 1018 � 72003

� 0:11744� 1030 ¼ �0:13376� 1030ð\0Þ
f ð7300Þ ¼ 73008 � 4:0491� 107 � 73006 � 4:2797� 1018 � 73003

� 0:11744� 1030 ¼ 0:15461� 1030ð[ 0Þ
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Since the condition f(7200)f(7300) < 0 is satisfied, we search a zero of f(x) by
means of Müller’s method of parabolic interpolation, which has been described in
Chap. 1, Sects. 5 and 8. At the midpoint x0 = 7250 km of the interval we also find

f ð7250Þ ¼ 72508 � 4:0491� 107 � 72406 � 4:2797� 1018 � 72503

� 0:11744� 1030 ¼ 0:00469� 1030

Then we set

x2 ¼ 7200 km f2 � f x2ð Þ ¼ �0:13376� 1030

x0 ¼ 7250 km f0 � f x0ð Þ ¼ 0:00469� 1030

x1 ¼ 7300 km f1 � f x1ð Þ ¼ 0:15461� 1030

and

h1 ¼ x1 � x0 ¼ 7300 � 7250 ¼ 50 km

h2 ¼ x0 � x2 ¼ 7250 � 7200 ¼ 50 km

c ¼ h2=h1 ¼ 50=50 ¼ 1

and compute the coefficients

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½1� 0:15461� 1030 � 0:00469� 1030 � ð1
þ 1Þ � 0:13376� 1030 =� ½1� 502 � 1 þ 1ð Þ� ¼ 0:000002294� 1030

B ¼ f1 � f0 � Ah21
� �

=h1 ¼ ½0:15461� 1030 � 0:00469� 1030 � 0:000002294� 1030

� 502�=50 ¼ 0:0028837� 1030

C ¼ f0 ¼ 0:00469� 1030

of the interpolating parabola f(x) = A(x − x0)
2 + B(x − x0) + C.

We compute the estimated root of f(x) = 0, as follows

x ¼ x0 � 2C

B
 B2 � 4ACð Þ12

where in the present case the plus sign in front of the square root takes effect,
because the value of B is greater than zero. Thus,

x ¼ 7250� 2� 0:00469� 1030= 0:0028837 � 1030 þ ½ð0:0028837� 1030Þ2
n

�4� 0:000002294� 1030 � 0:00469� 1030�1=2
o

¼ 7248:4 km
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This value, substituted into f(x) = x8 + ax6 + bx3 + c, yields

f ð7248:4Þ ¼ 7248:48 � 4:0491� 107 � 7248:46 � 4:2797� 1018 � 7248:43

� 0:11744� 1030 ¼ 0:00009 � 1030

Now, since 7248.4 is less than 7250, then we take 7200, 7250 and 7248.4 for the
next step. At the same time, we reset the subscripts 0, 1 and 2, as follows

x2 ¼ 7200:0 km f2 � f x2ð Þ ¼ �0:13376� 1030

x0 ¼ 7248:4 km f0 � f x0ð Þ ¼ 0:00009� 1030

x1 ¼ 7250:0 km f1 � f x1ð Þ ¼ 0:00469� 1030

Now we compute again

h1 ¼ x1 � x0 ¼ 7250:0 � 7248:4 ¼ 1:6 km

h2 ¼ x0 � x2 ¼ 7248:4 � 7200:0 ¼ 48:4 km

c ¼ h2=h1 ¼ 48:4=1:6 ¼ 30:25

and the coefficients A, B, and C of the interpolating parabola, as follows

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½30:25� 0:00469� 1030 � 0:00009� 1030

� ð1þ 30:25Þ � 0:13376� 1030 =� ½30:25� 1:62 � 1 þ 30:25ð Þ� ¼ 0:00000219� 1030

B ¼ f1 � f0 � Ah21
� �

=h1 ¼ ð0:00469� 1030 � 0:00009� 1030

� 0:00000219� 1030 � 1:62Þ=1:6 ¼ 0:0028715� 1030

C ¼ f0 ¼ 0:00009� 1030

Thus, the estimated root is

x ¼ 7248:4� 2� 0:00009 � 1030= 0:0028715� 1030 þ ½ð0:0028715� 1030Þ2
n

�4� 0:00000219 � 1030 � 0:00009� 1030�1=2
o

¼ 7248:4 km

Since this value is the same as that computed in the preceding step, then we take
7248.4 km as the correct root, within the chosen limits of accuracy, of

f ðxÞ ¼ x8 þ ax6 þ bx3 þ c ¼ 0

This means that we take x � r2 = 7248.4 km in this preliminary approximation.
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Now we compute the ranges q1, q2, and q3, as follows

q1 ¼
6 D31

s1
s3

þD21
s
s3

� �
r32 þ lD31ðs2 � s21Þ

s1
s3

6r32 þ lðs2 � s23Þ
� D11

2
664

3
775 1
D0

q2 ¼ Aþ lB
r32

q3 ¼
6 D13

s3
s1

� D23
s
s1

� �
r32 þ lD13ðs2 � s23Þ

s3
s1

6r32 þ lðs2 � s23Þ
� D33

2
664

3
775 1
D0

In the present case, there results

s1=s3 ¼ �181=180 ¼ �1:0056

s=s3 ¼ 361=180 ¼ 2:0056

s=s1 ¼ 361= �181ð Þ ¼ �1:9945

s2 � s21
� �

s1=s3 ¼ 3612 � �1812ð Þ½ � � �181=180ð Þ ¼ �98102

s2 � s23
� �

s3=s1 ¼ 3612 � 1802ð Þ � 180= �181ð Þ ¼ �97380

s2 � s23 ¼ 3612 � 1802 ¼ 97921

and consequently

q1 ¼ ½6� ð773:39� ð�1:0056Þþ 825:01� 2:0056Þ � 7248:43 þ 398600:4� 773:39


�ð�98102Þ�=½6� 7248:43 þ 398600:4� 97921� � 876:75

�
=ð�0:018881Þ

¼ 1460:3 km

q2 ¼ �6:6363þ 398600:4� 8:5974� 108=7248:43 ¼ 893:23 km

q3 ¼ ½6� ð966:13= �1:0056ð Þ � 910:44� ð�1:9945ÞÞ � 7248:43 þ 398600:4� 966:13


�ð�97380Þ�=½6� 7248:43 þ 398600:4� 97921� � 854:88

�
=ð�0:018881Þ

¼ 1602:4 km

We compute r1, r2, and r3 as follows

r1 ¼ rE1 þ q1 u1 ¼ 3011:7 uX � 3945:1uY þ 3992:5 uZ
þ 1460:3� ð0:80496 uX � 0:52275 uY � 0:28067 uZÞ

¼ 4187:2 uX � 4708:5 uY þ 3582:6uZ

r2 ¼ rE2 þ q2 u2 ¼ 3063:5 uX � 3905:0uY þ 3992:5 uZ
þ 893:23� ð0:51174 uX � 0:45275 uY þ 0:73016uZÞ

¼ 3520:6 uX � 4309:4 uY þ 4644:7 uZ
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r3 ¼ rE3 þ q3 u3 ¼ 3114:5uX � 3864:5 uY þ 3992:5 uZ
þ 1602:4� ð�0:23284 uX þ 0:059133 uY þ 0:97072uZÞ

¼ 2741:4 uX � 3769:7 uY þ 5548:0 uZ

The Lagrangian coefficients f1, f3, g1, and g3 result from

f1 � 1� 1
2

l=r32
� �

s21 ¼ 1� 1
2
� ð398600:4=7248:43Þ � �181ð Þ2¼ 0:98285

f3 � 1� 1
2

l=r32
� �

s23 ¼ 1� 1
2
� ð398600:4=7248:43Þ � 1802 ¼ 0:98304

g1 � s1 � 1
6

l=r32
� �

s31 ¼ �181� 1
6
� 398600:4� ð�181=7248:4Þ3 ¼ �179:97

g3 � s3 � 1
6

l=r32
� �

s33 ¼ �180� 1
6
� 398600:4� ð180=7248:4Þ3 ¼ 178:98

Now, in order to compute v2, we evaluate

f1= f1g3 � g1f3ð Þ ¼ 0:98285=½0:98285� 178:98� ð�179:97Þ � 0:98304� ¼ 2:7856� 10�3

f3=ðf1g3 � g1f3Þ ¼ 0:98304=½0:98285� 178:98� ð�179:97Þ � 0:98304� ¼ 2:7862� 10�3

v2 ¼ f1= f1g3 � g1f3ð Þ½ �r3 � f3= f1g3 � g1f3ð Þ½ �r1 ¼ 0:0027856� ð2741:4 uX � 3769:7 uY
þ 5548:0uZÞ � 0:0027862� ð4187:2 uX � 4708:5 uY þ 3582:6 uZÞ

¼ �4:0299 uX þ 2:6179 uY þ 5:4727uZ

In summary, the preliminary approximation to the position and velocity vectors
of the COBE satellite, observed at time t2, is

r2 ¼ 3520:6 uX � 4309:4 uY þ 4644:7 uZ
v2 ¼ �4:0299 uX þ 2:6179 uY þ 5:4727 uZ

This completes the first part of the computation. The second part is meant to
compute more accurate values of the vectors r2 and v2 than those computed in the
first part, as will be shown below.

First iteration.
We compute the magnitudes r2 and v2 of the vectors r2 and v2, as follows

r2 ¼ r2 	 r2ð Þ12¼ 3520:62 þ �4309:4ð Þ2 þ 4644:72
h i1

2¼ 7248:4 km

v2 ¼ v2 	 v2ð Þ12¼ �4:0299ð Þ2 þ 2:61792 þ 5:47272
h i1

2¼ 53:044
1
2 km=s
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Now, we compute a, the inverse of the major semi-axis a of the trajectory of the
observed object, by means of the vis-viva integral v2/l = 2/r − 1/a, as follows

a � 1
a
¼ 2

r2
� v22

l
¼ 2

7248:4
� 53:044
398600:4

¼ 1:4285� 10�4 km�1

We compute the radial component of v2, as follows

v2r ¼ r2 	 r2
r2

¼ �4:0299ð Þ � 3520:6þ 2:6179� �4309:4ð Þþ 5:4727� 4644:7
7248:4

¼ �0:0069249 km/s

Then we write Kepler’s equation in universal variables (see Sect. 1.7) at times t1
and t3 respectively, as follows

l
1
2 t1 � t2ð Þ r2v2r

l
1
2

� �
v21C av21

� �þ 1� ar2ð Þv31S av21
� �þ r2v1

l
1
2 t3 � t2ð Þ r2v2r

l
1
2

� �
v23C av23

� �þ 1� ar2ð Þv33S av23
� �þ r2v3

where C and S are the Stumpff functions (see Sect. 1.7), which are defined as
follows

C zð Þ ¼
1 � cos z1=2

� �� 	
=z for z[ 0

1=2 for z ¼ 0

cosh �z1=2
� � � 1

� 	
= �zð Þ for z\ 0

8><
>:

S zð Þ ¼
z1=2 � sin z1=2

� �� 	
=z3=2 for z[ 0

1=6 for z ¼ 0

sinh �z1=2
� � � �z1=2

� �� 	
= �zð Þ3=2 for z\ 0

8><
>:

z = av2, and v1 and v3 are the universal variables to be determined. Since

t1 � t2 ¼ s1 ¼ �181

t3 � t2 ¼ s3 ¼ 180

then Kepler’s equations at times t1 and t3 become, respectively,

398600:41=2 � ð�181Þ ¼ 7248:4� �0:0069249ð Þ=398600:41=2
h i

v21Cð1:4285� 10�4v21Þ
þ ð1 � 1:4285� 10�4 � 7248:4Þ v31Sð1:4285� 10�4v21Þ
þ 7248:4 v1
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398600:41=2 � 180 ¼ ½7248:4� �0:0069249ð Þ=398600:41=2�v23Cð1:4285� 10�4v23Þ
þ ð1 � 1:4285� 10�4 � 7248:4Þv33Sð1:4285� 10�4v23Þ
þ 7248:4 v3

The preceding equations, after simplification, become, respectively,

�114274 ¼ �0:079504 v21Cð1:4285� 10�4v21Þ � 0:035434 v31 � Sð1:4285� 10�4v21Þ
þ 7248:4 vv1

113643 ¼ �0:079504 v23Cð1:4285� 10�4v23Þ � 0:035434 v33 � Sð1:4285� 10�4v21Þ
þ 7248:4v3

We solve iteratively the two equations written above. To this end, an initial
estimate of v1 and v3 is provided by the following formula suggested by Chobotov
[18]:

l
1
2 aj jDt

As to the first equation, there results

l
1
2 aj jDt ¼ 398600:4

1
2 � 1:4285� 10�4 � �181ð Þ ¼ �16:324 km

1
2

Therefore, an estimate of the unknown value of v1 is taken tentatively in the
interval −18.0 � v1 � −14.0 around −16.324. We ascertain whether the fol-
lowing function

f ðvÞ ¼ �114274þ 0:079504 v2Cð1:4285� 10�4v2Þþ 0:035434 v3

� Sð1:4285� 10�4v2Þ � 7248:4 v

has values of opposite signs at the endpoints of this interval. We find

f ð�18:0Þ ¼ �114274þ 0:079504� ð�18:0Þ2 � C½1:4285� 10�4 � ð�18:0Þ2�
þ 0:035434� ð�18:0Þ3 � S½1:4285� 10�4 � ð�18:0Þ2� � 7248:4

� ð�18:0Þ ¼ 16176 [ 0ð Þ

f ð�14:0Þ ¼ �114274þ 0:079504� ð�14:0Þ2 � C½1:4285� 10�4 � ð�14:0Þ2�
þ 0:035434� ð�14:0Þ3 � S½1:4285� 10�4 � ð�14:0Þ2� � 7248:4

� ð�14:0Þ ¼ �12805 \0ð Þ
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Since the condition f(−18.0)f(−14.0) < 0 is satisfied, we search a zero of f(v) by
means of Müller’s method of parabolic interpolation, which has been described in
Sects. 1.5 and 1.8. Consequently, we choose arbitrarily a value v0 falling between
the endpoints −18.0 and −14.0. By choosing v0 = −16.0, the corresponding f(v0) is

f ð�16:0Þ ¼ �114274þ 0:079504� ð�16:0Þ2 � C½1:4285� 10�4 � ð�16:0Þ2�
þ 0:035434� ð�16:0Þ3 � S½1:4285� 10�4 � ð�16:0Þ2� � 7248:4� ð�16:0Þ

¼ 1686:4

Then we set

v2 ¼ �18:0 km1=2 f2 � f ðv2Þ ¼ 16176
v0 ¼ �16:0 km1=2 f0 � f ðv0Þ ¼ 1686:4
v1 ¼ �14:0 km1=2 f1 � f ðv1Þ ¼ �12805

It is to be noted that here v2 and v1 are the endpoints of the current interval of
search for the unknown v and that they have nothing to do with the number of
observations. Now we set

h1 ¼ v1 � v0 ¼ �14:0� ð�16:0Þ ¼ 2:0 km1=2

h2 ¼ v0 � v2 ¼ �16:0� ð�18:0Þ ¼ 2:0 km1=2

c ¼ h2=h1 ¼ 2:0=2:0 ¼ 1:0

and compute the coefficients

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½1:0� ð�12805Þ � 1686:4� ð1
þ 1:0Þ þ 16176 =� ½1:0� 2:02 � 1 þ 1:0ð Þ� ¼ �0:225

B ¼ f1 � f0 � A h21
� �

=h1 ¼ ½�12805 � 1686:4� ð�0:225Þ � 2:02�=2:0 ¼ �7245:3

C ¼ f0 ¼ 1686:4

of the interpolating parabola f(v) = A(v − v0)
2 + B(v − v0) + C.

This done, we compute the estimated root of f(v) = 0 as follows

v ¼ v0 �
2C

B
 B2 � 4ACð Þ12

where in the present case the minus sign in front of the square root takes effect,
because the value of B is less than zero. Thus, there results

v ¼ �16:0 � 2� 1686:4=½�7245:3 � ð7245:32 þ 4� 0:225� 1686:4Þ1=2�
¼ �15:767 km1=2
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This value, substituted into f(v), yields

f ð�15:767Þ ¼ �114274þ 0:079504� ð�15:767Þ2 � C ½1:4285� 10�4 � ð�15:767Þ2�
þ 0:035434� ð�15:767Þ3 � S ½1:4285� 10�4 � ð�15:767Þ2� � 7248:4

� ð�15:767Þ ¼ �1:7312

Since −15.767 is greater than −16.0, we take −16.0, −14.0, and −15.767 for the
next step; at the same time, we reset the subscripts as follows

v2 ¼ �16:0 km1=2 f2 � f v2ð Þ ¼ 1686:4
v0 ¼ �15:767 km1=2 f0 � f v0ð Þ ¼ �1:7312
v1 ¼ �14:0 km1=2 f1 � f v1ð Þ ¼ �12805

Now we set

h1 ¼ v1 � v0 ¼ �14:0� ð�15:767Þ ¼ 1:767 km1=2

h2 ¼ v0 � v2 ¼ �15:767� ð�16:0Þ ¼ 0:233 km1=2

c ¼ h2=h1 ¼ 0:233=1:767 ¼ 0:13186

and compute the coefficients

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½0:13186� ð�12805Þ � �1:7312ð Þ
� 1 þ 0:13186ð Þ þ 1686:4 =� ½0:13186� 1:7672 � 1 þ 0:13186ð Þ� ¼ �0:23139

B ¼ f1 � f0 � Ah21
� �

=h1 ¼ ½�12805 � �1:7312ð Þ � ð�0:23139Þ � 1:7672�=1:767
¼ �7245:4

C ¼ f0 ¼ �1:7312

of the interpolating parabola.
The estimated root v of f(v) = 0 results from

v ¼ v0 � 2C= B� B2 � 4AC
� �1=2h i

¼ �15:767 � 2� ð�1:7312Þ=½�7245:4

� ð7245:42 � 4� 0:23139� 1:7312Þ1=2� ¼ �15:767 km1=2

Since this value is the same as that computed previously, within the chosen
accuracy, we take it as correct. In other words, v1 = −15.767 km½ is taken as the
root of Kepler’s equation

�114274 ¼ �0:079504v21Cð1:4285� 10�4v21Þ � 0:035434 v31 � Sð1:4285� 10�4v21Þ
þ 7248:4v1
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By using the same iterative method, we search now the root v3 of the second
equation, that is,

113643 ¼ �0:079504v23 � Cð1:4285� 10�4v23Þ � 0:035434v33 � Sð1:4285� 10�4v23Þ
þ 7248:4v3

To this end, it is necessary to find an interval of v where the following function

f ðvÞ ¼ 113643þ 0:079504v2 � Cð1:4285� 10�4v2Þþ 0:035434v3 � Sð1:4285� 10�4v2Þ
� 7248:4v

changes sign. We try 14.0 � v � 18.0 and find the following values at the
endpoints:

f 14:0ð Þ ¼ 113643þ 0:079504� 14:02 � Cð1:4285� 10�4 � 14:02Þþ 0:035434

� 14:03 � Sð1:4285� 10�4 � 14:02Þ � 7248:4� 14:0 ¼ 12189 [ 0ð Þ

f 18:0ð Þ ¼ 113643þ 0:079504� 18:02 � Cð1:4285� 10�4 � 18:02Þþ 0:035434

� 18:03 � Sð1:4285� 10�4 � 18:02Þ � 7248:4� 18:0 ¼ �16781 \0ð Þ

Since the condition f(14.0)f(18.0) < 0 is satisfied, we choose arbitrarily a value
v0 falling between these endpoints. Choosing v0 = 16.0, the corresponding f(v0) is

f 16:0ð Þ ¼ 113643þ 0:079504� 16:02 � Cð1:4285� 10�4 � 16:02Þþ 0:035434

� 16:03 � Sð1:4285� 10�4 � 16:02Þ � 7248:4� 16:0 ¼ �2297:1

Now we set

v2 ¼ 14:0 km1=2 f2 � f ðv2Þ ¼ 12189
v0 ¼ 16:0 km1=2 f0 � f ðv0Þ ¼ �2297:1
v1 ¼ 18:0 km1=2 f1 � f ðv1Þ ¼ �16781

Again, the subscripts used here refer only to the iterations. We also set

h1 ¼ v1 � v0 ¼ 18:0 � 16:0 ¼ 2:0 km1=2

h2 ¼ v0 � v2 ¼ 16:0� 14:0 ¼ 2:0 km1=2

c ¼ h2=h1 ¼ 2:0=2:0 ¼ 1
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and compute the coefficients

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½1� ð�16781Þ � �2297:1ð Þ�
ð1 þ 1Þ þ 12189 =� ½1� 2:02 � 1 þ 1ð Þ� ¼ 0:275

B ¼ f1 � f0 � Ah21
� �

=h1 ¼ ½�16781 � �2297:1ð Þ � 0:275� 2:02�=2:0 ¼ �7242:5

C ¼ f0 ¼ �2297:1

of the interpolating parabola f(v) = A(v − v0)
2 + B(v − v0) + C.

Now, we compute the estimated root of f(v) = 0 as follows

v ¼ v0 � 2C= B� B2 � 4AC
� �1=2h i

¼ 16:0 � 2� ð�2297:1Þ=½�7242:5 � ð7242:52

þ 4� 0:275� 2297:1Þ1=2� ¼ 15:683

This value, substituted into f(v), yields

f 15:683ð Þ ¼ 113643þ 0:079504� 15:6832 � Cð1:4285� 10�4 � 15:6832Þþ 0:035434

� 15:6833 � Sð1:4285� 10�4 � 15:6832Þ � 7248:4� 15:683 ¼ �1:1684

Since 15.683 is less than 16.0, we take 14.0, 16.0 and 15.683 for the next
step. At the same time, the subscripts are reset as follows

v2 ¼ 14:0 km1=2 f2 � f v2ð Þ ¼ 12189
v0 ¼ 15:683 km1=2 f0 � f v0ð Þ ¼ �1:1684
v1 ¼ 16:0 km1=2 f1 � f v1ð Þ ¼ �2297:1

Now we set

h1 ¼ v1 � v0 ¼ 16:0� 15:683 ¼ 0:317 km1=2

h2 ¼ v0 � v2 ¼ 15:683� 14:0 ¼ 1:683 km1=2

c ¼ h2=h1 ¼ 1:683=0:317 ¼ 5:3091

and compute the coefficients

A ¼ cf1 � f0 1 þ cð Þ þ f2½ �= ch21 1 þ cð Þ� 	 ¼ ½5:3091� ð�2297:1Þ � �1:1684ð Þ�
ð1þ 5:3091Þ þ 12189�=½5:3091� 0:3172 � 1 þ 5:3091ð Þ� ¼ 0:24895

B ¼ f1 � f0 � Ah21
� �

=h1 ¼ ½�2297:1 � �1:1684ð Þ � 0:24895� 0:3172�=0:317
¼ �7242:8

C ¼ f0 ¼ �1:1684

of the interpolating parabola.
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The estimated root v of f(v) = 0 results from

v ¼ v0 � 2C= B� B2 � 4AC
� �1=2h i

¼ 15:683 � 2� ð�1:1684Þ=½�7242:8

ð7242:82 þ 4� 0:24895� 1:1684Þ1=2� ¼ 15:683 km1=2

Since this value is the same as that computed previously, within the chosen
accuracy, we take it as correct. In other words, v3 = 15.683 km½ is taken as the root
of Kepler’s equation

113643 ¼ �0:079504v23 � Cð1:4285� 10�4v23Þ � 0:035434v33 � Sð1:4285� 10�4v23Þ
þ 7248:4v3

Now, v1 = −15.767 km½ and v3 = 15.683 km½ are used to compute again the
Lagrangian coefficients f1, f3, g1 and g3 as follows

f1 ¼ 1 � ½v21=r2�Cðav21Þ ¼ 1 � �15:767ð Þ2=7248:4
h i

� C ½1:4285 � 10�4 � ð�15:767Þ2�
¼ 0:98290

f3 ¼ 1 � ½v23=r2�Cðav23Þ ¼ 1 � 15:6832=7248:4
� �� Cð1:4285� 10�4 � 15:6832Þ

¼ 0:98308

g1 ¼ s1 � ½v31=l1=2�Sðav21Þ ¼ �181 � ½ �15:767ð Þ3=398600:41=2�
� S½1:4285 � 10�4 � ð�15:767Þ2� ¼ �179:97 s

g3 ¼ s3 � ½v33=l1=2�Sðav23Þ ¼ 180 � ð15:6833=398600:41=2Þ
� Sð1:4285� 10�4 � 15:6832Þ ¼ 178:98 s

These values of the Lagrangian coefficients are to be compared with those
resulting from the preliminary approximation. The two sets are shown below.

Preliminary-approximation values First-iteration values
f1 ¼ 0:98285 f1 ¼ 0:98290
f3 ¼ 0:98304 f3 ¼ 0:98308
g1 ¼ �179:97 g1 ¼ �179:97
g3 ¼ 178:98 g3 ¼ 178:98

In order to improve the convergence of the process, Curtis [20] suggests to
replace the first-iteration set of values by an arithmetic average of the two sets. This
leads to the following values

f1 ¼ 0:98285 þ 0:98290ð Þ=2 ¼ 0:98288

f3 ¼ 0:98304 þ 0:98308ð Þ=2 ¼ 0:98306

g1 ¼ �179:97

g3 ¼ 178:98
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which are used to compute again c1 and c3 by means of

c1 ¼ g3
f1g3 � g1f3

c3 ¼ � g1
f1g3 � g1f3

Thus,

c1 ¼ 178:98=½0:98288� 178:98 � �179:97ð Þ � 0:98306� ¼ 0:50726

c3 ¼ � �179:97ð Þ=½0:98288� 178:98 � �179:97ð Þ � 0:98306� ¼ 0:51007

These values of c1 and c3 are used to compute new values of q1, q2, and q3, as
follows

q1 ¼ �D11 þD21=c1 � c3D31=c1ð Þ=D0 ¼ ð�876:75 þ 825:01=0:50726

� 0:51007� 773:39=0:50726Þ= �0:018881ð Þ ¼ 1484:0 km

q2 ¼ �c1D12 þD22 � c3D32ð Þ=D0 ¼ ð�0:50726� 1050:6þ 996:51

� 0:51007� 942:47Þ= �0:018881ð Þ ¼ 907:95 km

q3 ¼ �c1D13=c3 þD23=c3 � D33ð Þ=D0 ¼ ð�0:50726� 966:13=0:51007

þ 910:44=0:51007� 854:88Þ= �0:018881ð Þ ¼ 1628:9 km

These values of q1, q2, and q3 are used to compute new values of r1, r2, and r3,
as follows

r1 ¼ rE1 þ q1 u1 ¼ 3011:7 uX � 3945:1 uY þ 3992:5 uZ þ 1484:0� ð0:80496 uX
� 0:52275 uY � 0:28067 uZÞ ¼ 4206:3 uX � 4720:9 uY þ 3576:0 uZ

r2 ¼ rE2 þ q2 u2 ¼ 3063:5 uX � 3905:0 uY þ 3992:5 uZ þ 907:95� ð0:51174 uX
� 0:45275 uY þ 0:73016 uZÞ ¼ 3528:1 uX � 4316:1 uY þ 4655:4 uZ

r3 ¼ rE3 þ q3 u3 ¼ 3114:5 uX � 3864:5 uY þ 3992:5 uZ þ 1628:9� ð�0:23284 uX
þ 0:059133 uY þ 0:97072 uZÞ ¼ 2735:2 uX � 3768:2 uY þ 5573:7 uZ

The values of r2 and r3 obtained above are used to compute a new value of v2, as
follows

v2 ¼ f1
f1g3 � g1f3

� �
r3 � f3

f1g3 � g1f3

� �
r1
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Since

f1= f1g3 � g1f3ð Þ ¼ 0:98288=½0:98288� 178:98 � �179:97ð Þ � 0:98306� ¼ 0:0027856

f3= f1g3 � g1f3ð Þ ¼ 0:98306=½0:98288� 178:98 � �179:97ð Þ � 0:98306� ¼ 0:0027862

then

v2 ¼ f1= f1g3 � g1f3ð Þ½ �r3 � f3= f1g3 � g1f3ð Þ½ �r1 ¼ 0:0027856� ð2735:2 uX � 3768:2 uY
þ 5573:7 uZÞ � 0:0027862� ð4206:3 uX � 4720:9 uY þ 3576:0 uZÞ

¼ �4:1004 uX þ 2:6567 uY þ 5:5626 uZ

In summary, the values of the position and velocity vectors of the COBE satellite
at time t2, at this stage of the iterative procedure, are

r2 ¼ 3528:1 uX � 4316:1 uY þ 4655:4 uZ
v2 ¼ �4:1004 uX þ 2:6567 uY þ 5:5626 uZ

The remaining part of the computation is straightforward, but long. Therefore, it
is not given here. Suffice it to say that, after the fifth iteration, the values of the four
Lagrangian coefficients converge to those given below:

f1 ¼ 0:98297

f3 ¼ 0:98315

g1 ¼ �179:97

g3 ¼ 178:99

Consequently, the iterative process of refinement terminates after the fifth iter-
ation. The position (r2) and velocity (v2) vectors of the COBE satellite at time t2 can
be computed by introducing these values in the expressions shown above. The
computed values of these vectors are given below.

r2 ¼ 3525:5 uX � 4313:7 uY þ 4651:7 uZ
v2 ¼ �4:0755 uX þ 2:6425 uY þ 5:5324 uZ

The computed values can be compared with the actual values of the position and
velocity vectors of the COBE satellite, at the same time t2, which are given below
(from Healy [33]).

r2 ¼ 3528:320 uX � 4313:871 uY þ 4654:938 uZ
v2 ¼ �4:103 uX þ 2:658 uY þ 5:564 uZ
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About the difference existing between computed and actual values, it is to be
noted that the data used for the computation have been considered as free from
errors, which cannot be true in practice; in addition, no account has been taken of
the perturbations.

The method shown above is due to Gauss [26] and has been refined by Gibbs
[27]. Taff [66] has strongly censured this method on the grounds of the small radius
of convergence of the f and g series. According to Taff, Moulton [56] has found that
the radius of convergence of these series is Ts/2p, where T is the orbital period (of
the object observed) and s is given by

s2 ¼ M2
0 þ ln 1þ 1� e2

� �1
2

h i
� ln e� 1� e2

� �1
2

n o2

where e is the orbital eccentricity and M0 is the value of the mean anomaly,
contained in the interval [−p, p], at the instant t = t0 [66]. Neither Taff nor Moulton,
in the cited papers, define what must be understood by “instant t = t0”. It may be
presumed either that t0 is the intermediate (t2) of the three observation times (t1, t2,
and t3) defined above, which are such that t1 < t2 < t3, or that t0 is exactly the
midpoint of the interval [t1, t3], that is, t0 = (t1 + t3)/2.

On the other hand, well before Taff and Moulton, Gibbs had noted that “The
determination of an orbit from three complete observations by the solution of the
equations which represent elliptic motion present so great difficulties in the general
case, that in the first solution of the problem we must generally limit ourselves to
the case in which the intervals between the observations are not very long” [27]. In
other words, the time intervals s1 = t1 − t2 and s3 = t3 − t2 must be small fractions
of the period T of the orbiting body observed, which period is not known a priori.
However, the method of Gauss shown above computes first the components of the
position and velocity vectors of the observed object from a preliminary approxi-
mation and then refines iteratively the values of such components. The knowledge
of the first-approximation set of values makes it possible to compute approximately
the major semi-axis a = 1/(2/r − v2/l) of the orbit and hence the orbital period
T = 2p(a3/l)½ of the observed object.

In addition, Branham [13] notes that, according some authors, Gauss’ method is
restricted to low-eccentricity orbits, because the radius of convergence of the f and
g series becomes smaller and smaller as the orbital eccentricity approaches unity.
This is because the value of s in Moulton’s [56] formula given above also depends
on eccentricity. However, Branham himself admits that this restriction can be
removed by using the f and g functions rather than series.

On the same line of reasoning is Marsden, who shows that Taff’s criticism of
Gauss’ method of initial orbit determination on the grounds of the small radius of
convergence of the f and g series is completely unjustified [51].

In the example given above, the preliminary approximation to the position and
velocity vectors of the COBE satellite, observed at time t2, has given the following
results
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r2 ¼ 3520:6 uX � 4309:4 uY þ 4644:7 uZ
v2 ¼ �4:0299 uX þ 2:6179 uY þ 5:4727 uZ

The corresponding magnitudes r2 and v2 of r2 and v2 have been found to be

r2 ¼ r2 	 r2ð Þ12¼ 3520:62 þ �4309:4ð Þ2 þ 4644:72
h i1

2¼ 7248:4 km

v2 ¼ v2 	 v2ð Þ12¼ �4:0299ð Þ2 þ 2:61792 þ 5:47272
h i1

2¼ 53:044
1
2 km=s

The major semi-axis results from the vis-viva integral

a ¼ 1
2
r2

� v22
l

¼ 1
2

7248:2
� 53:044
398600:4

¼ 7000:5 km

The corresponding orbital period of the COBE satellite results from

T ¼ 2p
a3

l

� �1
2

¼ 2� 3:1416� 7000:53

398600:4

� �1
2

¼ 5829:1 s

and the angular momentum per unit mass is

h ¼ Y2Z
0
2 � Z2Y

0
2

� �
uX þ Z2X

0
2 � X2Z

0
2

� �
uY þ X2Y

0
2 � Y2X

0
2

� �
uZ

¼ ð�4309:4� 5:4727� 2:6179� 4644:7Þ uX þ ð�3520:6� 5:4727

� 4:0299� 4644:7Þ uY þ 3520:6� 2:6179 � 4:0299� 4309:4ð Þ uZ
¼ �35743 uX � 37985 uY � 8149:9 uZ

The square of the magnitude of h is

h2 ¼ h 	 h ¼ �35743ð Þ2 þ �37985ð Þ2 þ �8149:9ð Þ2

The semi-latus rectum results from

p ¼ h2

l
¼ �35743ð Þ2 þ �37985ð Þ2 þ �8149:9ð Þ2

398600:4
¼ 6991:6 km

The orbital eccentricity results from

p ¼ a 1 � e2
� �
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which, solved for e, yields

e ¼ 1� p
a

� �1
2¼ 1� 6991:6

7000:5

� �1
2

¼ 0:035656

Now, since in the present case

• the time intervals s1 = −181 s and s3 = 180 s are equal to a small fraction
(about 1/32) of the orbital period T = 5829.1 s; and

• the orbital eccentricity e = 0.035656 is much less than unity;

then the iterations converge, as has been shown above.

2.7 Orbital Elements from Three Measurements of Angles
(Method of Laplace)

Let the topocentric right ascension (a) and declination (d) of a satellite be given at
three distinct times t1, t2, and t3, that is, let a set of values for a1, d1, a2, d2, a3, and
d3 be given. Let u1, u2, and u3 be the unit vectors along the line-of-sight vectors
(respectively, q1 � q1u1, q2 � q2u2, and q3 � q3u3) going from the observation
site P placed on the surface of the Earth to the satellite Q observed, as shown in the
following figure.

Indicating for brevity ui (i = 1, 2, and 3) these unit vectors, Sect. 2.2 has shown
that the components of ui are

ui ¼ ðcos di cos aiÞuX þ cos di sin aið ÞuY þ sin dið ÞuZ
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where uX, uY, and uZ are the unit vectors along the respective axes of the
geocentric-equatorial system XYZ. The preceding expression, in matrix terms, is

ui ¼
uX
uY
uZ

2
4

3
5
i

¼
cos d cos a
cos d sin a

sin d

2
4

3
5
i

i ¼ 1; 2; 3ð Þ

The preceding figure also shows that

ri ¼ rE þ qi ¼ rE þ qi ui i ¼ 1; 2; 3ð Þ

where qi is the magnitude of the line-of-sight vector qi, and rE is the vector from the
centre of the Earth to the observation site.

As shown in Sect. 2.5, differentiating two times the preceding expression with
respect to time yields

r0i ¼ r0E þ q0iui þ qiu
0
i

r00i ¼ r00E þ q00i ui þ q0iu
0
i þ q0iu

0
i þ qiu

00
i ¼ r00E þ q00i ui þ 2q0iu

0
i þ qiu

00
i

On the other hand, the equation of motion of the satellite is

r00i ¼ � l

r3i

� �
ri

By substituting r″i = −(l/ri
3)ri into r″i = r″E + q″i ui + 2 q′i u′i + qi u″i and

remembering that ri = rE + qi ui, there results

l

r3i

� �
rE þ qiuið Þ ¼ r00E þ q00i ui þ 2q0iu

0
i þ qiu

00
i

that is,

q00ui þ 2q0iu
0
i þ qi u

00
i þ

l
r3

� �
ui

h i
¼ � r00E þ

l
r3

� �
rE

h i

(where i = 1, 2, 3). At a given time of observation (e.g. at the intermediate time t2)
the preceding vector equation is equivalent to 3 scalar equations in 10 unknowns
(u′i, u″i, qi, q′i, q″i, and r), where the known quantities are ui, rE, and r″E. The
line-of-sight vector ui is known at the three times t1, t2, and t3. Consequently, when
the time intervals t2 − t1 and t3 − t2 are small with respect to the orbital period T of
the object observed, the values of u′2 and u′′2 (that is, the values of u′i and u′′i at the
intermediate time t2) can be computed by taking, respectively, the first and second
time-derivative of u(t), where u(t) is the Lagrange polynomial which interpolates
the three line-of-sight vectors u1, u2, and u3. As is well known, this polynomial is
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uðtÞ ¼ t � t2ð Þ t � t3ð Þ
t1 � t2ð Þ t1 � t3ð Þ


 �
u1 þ t � t1ð Þ t � t3ð Þ

t2 � t1ð Þ t2 � t3ð Þ

 �

u2 þ t � t1ð Þ t � t2ð Þ
t3 � t1ð Þ t3 � t2ð Þ


 �
u3

Differentiating once and twice this expression yields, respectively,

u0ðtÞ ¼ 2t � t2 � t3
t1 � t2ð Þ t1 � t3ð Þ


 �
u1 þ 2t � t1 � t3

t2 � t1ð Þ t2 � t3ð Þ

 �

u2 þ 2t � t1 � t2
t3 � t1ð Þ t3 � t2ð Þ


 �
u3

u00ðtÞ ¼ 2
t1 � t2ð Þ t1 � t3ð Þ


 �
u1 þ 2

t2 � t1ð Þ t2 � t3ð Þ

 �

u2 þ 2
t3 � t1ð Þ t3 � t2ð Þ


 �
u3

The value of u′2 results from evaluating u′(t2). When more than three obser-
vations are available, then u′2 and u′′2 can be computed by using either Lagrange
polynomials with a higher degree than two or a least-squares polynomial fit, as will
be shown below.

Thus, at t = t2, we have the equation

q00uþ 2q0u0 þ q u00 þ l
r3

� �
u

h i
¼ � r00E þ

l
r3

� �
rE

h i

which, projected onto the axes X, Y, and Z, gives rise to the following scalar
equations

q00uX þ 2q0u0X þ q½u00X þ ðl=r3Þ‘X � ¼ �½r00EX þ ðl=r3ÞrEX �
q00uY þ 2q0u0Y þ q½u00Y þ ðl=r3Þ‘Y � ¼ �½r00EY þ ðl=r3ÞrEY �
q00uZ þ 2q0u0Z þ q½u00Z þ ðl=r3Þ‘Z � ¼ �½r00EZ þ ðl=r3ÞrEZ �

for the three unknowns q″, q′, and q. For the present, we consider r as a parameter.
The matrix of the coefficients in the preceding system of equations is

uX 2u0X u00X þ l=r3ð ÞuX
uY 2u0Y u00Y þ l=r3ð ÞuY
uZ 2u0Z u00Z þ l=r3ð ÞuZ

2
4

3
5

Let D be the determinant of the preceding matrix. The value of D does not
change if the first column of the matrix, multiplied by (l/r3), is subtracted from the
third column, as follows

uX 2u0X u00X þ l=r3ð ÞuX � uX l=r3ð Þ
uY 2u0Y u00Y þ l=r3ð ÞuY � uY l=r3ð Þ
uZ 2u0Z u00Z þ l=r3ð ÞuZ � uZ l=r3ð Þ

2
4

3
5
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Consequently, D is equal to

2
uX u0X u00X
uY u0Y u00Y
uZ u0Z u00Z

2
4

3
5 ¼ 2D0

where D0 is the determinant of the matrix written above. Solving the preceding
system of equations according to Cramer’s rule, we have

q ¼ Dq

D
¼ Dq

2D0

where Dq is the determinant of the following matrix

�
uX 2u0X r00EX þ l=r3ð ÞrEX
uY 2u0Y r00EY þ l=r3ð ÞrEY
uZ 2u0Z r00EZ þ l=r3ð ÞrEZ

2
4

3
5

This matrix can be written as follows

�2
uX u0X r00EX
uY u0Y r00EY
uZ u0Z r00EZ

2
4

3
5� 2 l=r3

� � uX u0X rEX
uY u0Y rEY
uZ u0Z rEZ

2
4

3
5

Let D1 and D2 be the determinants of the two matrices written above.
Since q = Dq/D, then the following equality holds

q ¼ Dq

D
¼ �2

D1

D
� 2

l
r3

� �D2

D
¼ �D1

D0
� l

r3

� �D2

D0
¼ �A� B

l
r3

� �

where we have set for convenience

A ¼ D1

D0
¼ u 	 u0 � r00E

� �
D0

B ¼ D2

D0
¼ u 	 u0 � rEð Þ

D0

D0 ¼ u 	 u0 � u00ð Þ

The equation written above, that is,

q ¼ �A� B
l
r3

� �

holds, of course, if D0 6¼ 0.
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On the other hand, by remembering that r = rE + q u (where r and u are ri and ui
at the intermediate time t2) and taking the scalar product of r with itself, there results

r2 ¼ r 	 r ¼ ðrE þ quÞ 	 ðrE þ quÞ ¼ r2E þ 2 q ðrE 	 uÞ þ q2

By setting for convenience

E ¼ �2 q ðrE 	 uÞ
F ¼ r2E

there results the following system of two algebraic equations

q ¼ �A� B
l
r3

� �

r2 ¼ q2 � E qþF

for the two unknowns q and r.
Now, substituting q = −A − B(l/r3) into r2 = q2 − E q + F leads to

r2 ¼ A2 þ 2lAB
r3

þ l2B2

r6
þAEþ lBE

r6
þF

Multiplying all terms of the preceding equation by r6 leads to Lagrange’s equation

r8 þ ar6 þ br3 þ c ¼ 0

where

a ¼ � A2 þAEþF
� �

b ¼ �l 2ABþBEð Þ
c ¼ �l2B2

This equation can be solved numerically by means of one of the methods shown
in Sect. 1.5. The result is the value of r relating to the intermediate time t2. By
introducing this value into

q ¼ �A� B
l
r3

� �

it is possible to compute q. Thus, the position vector of the satellite at time t2 results
from

r ¼ rE þ q u
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With the view of computing the velocity vector v � r′ of the satellite at time t2,
let us consider again the system of equations

q00uX þ 2q0u0X þ q u00X þ ðl=r3Þ‘X
� 	 ¼ � r00EX þ ðl=r3ÞrEX

� 	
q00uY þ 2q0u0Y þ q u00Y þ ðl=r3Þ‘Y

� 	 ¼ � r00EY þ ðl=r3ÞrEY
� 	

q00uZ þ 2q0u0Z þ q u00Z þ l=r3
� �

‘Z
� 	 ¼ � r00EZ þ l=r3

� �
rEZ

� 	
Using again Cramer’s rule, we solve now for q′ and write

q0 ¼ Dq0

D

where D 6¼ 0 is the determinant of the matrix of coefficients (see above) and Dq′ is
the determinant of the following matrix

uX � r00EX þ l=r3ð ÞrEX
� 	

u00X þ l=r3ð ÞuX
uY � r00EY þ l=r3ð ÞrEY

� 	
u00Y þ l=r3ð ÞuY

uZ � r00EZ þ l=r3ð ÞrEZ
� 	

u00Z þ l=r3ð ÞuZ

2
4

3
5

This matrix can also be written as follows

�
uX r00EX u00X
uY r00EY u00Y
uZ r00EZ u00Z

2
4

3
5� l=r3

� � uX rEX u00X
uY rEY u00Y
uZ rEZ u00Z

2
4

3
5

Let D3 be the determinant of the first and D4 be the determinant of the second of
the two matrices written above. By so doing, the previous expression q′ = Dq′/D
can also be written as follows

q0 ¼ Dq0

D
¼ �D3

D
� l

r3

� �D4

D

where D 6¼ 0. Since we have set D = 2D0, the previous equation can also be written
as follows

q0 ¼ � D3

2D0
� l

r3

� � D4

2D0

By setting for convenience

C ¼ D3

2D0
¼ u 	 r00E � u00

� �
2D0

G ¼ D4

2D0
¼ u 	 rE � u00ð Þ

2D0
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the previous equation can be written as follows

q0 ¼ �C � G
l
r3

� �

Since r is known, the previous expression makes it possible to compute the value
of q′. This value, substituted into

v � r0 ¼ r0E þ q0 uþ qu0

yields the velocity vector v of the satellite at time t2.
As mentioned above, this method fails when the determinant D0 of the matrix

uX u0X u00X
uY u0Y u00Y
uZ u0Z u00Z

2
4

3
5

approaches zero, which happens when the observer lies in the plane of the orbit at
the intermediate time t2.

The following section of this paragraph shows how to fit the observations
gathered to an orbit by using the method of least squares, which was invented by
Gauss in 1795. According to Gauss (Theoria motus, Book 2, Sect. 3, paragraph
172, page 205 of the cited Ref. [26]), “Si observationes astronomicae ceterique
numeri, quibus orbitarum computus innititur, absoluta praecisione gauderent, ele-
menta quoque, sive tribus observationibus sive quatuor superstructa fuerint, abso-
lute exacta statim prodirent (quatenus quidem motus secundum leges Kepleri exacte
fieri supponitur), adeoque accitis aliis aliisque observationibus confirmari tantum
possent, haud corrigi. Verum enim vero quum omnes mensurationes atque obser-
vationes nostrae nihil sint nisi approximationes ad veritatem, idemque de omnibus
calculis illis innitentibus valere debent, scopum summum omnium computorum
circa phaenomena concreta institutorum in eo ponere oportebit, ut ad veritatem
quam proxime fieri potest accedamus. Hoc autem aliter fieri nequit, nisi per ido-
neam combinationem observationum plurium, quam quot ad determinationem
quantitatum incognitarum absolute requiruntur. Hoc negotium tunc demum susci-
pere licebit, quando orbitae cognitio approximata iam innotuit, quae dein ita rec-
tificanda est, ut omnibus observationibus quam exactissime satisfaciat”.

In plain English, “If the astronomical observations and other numbers, on which
the computation of orbit is based, were absolutely precise, the elements also,
deduced by means of three or four observations, would be absolutely exact (within
the limits of validity of Kepler’s laws). Hence, the computed elements could only
be confirmed, but never corrected, by further observations. In practice, since all our
measurements and observations are nothing more than approximations to the truth,
the same holds for all calculations based on them. Thus, the principal purpose of all
computations concerning concrete phenomena must needs be that of drawing us
near the truth to the maximum possible extent. This can be done in no other way
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than by using a suitable combination of more observations than would be strictly
necessary to determine the unknown quantities. This task can only be undertaken,
when an approximate knowledge of the orbit has already been reached, which is
then to be corrected in such a way as to satisfy all the observations to the maximum
extent of exactness”.

In a few words, since all actual observations are affected by random errors, then
more observations than those which are strictly necessary are needed, the usefulness
of the redundant measurements being the mutual cancellation of the errors to the
maximum possible extent.

With reference to the following figure, suppose we have a set of approximate
values yi which correspond to discrete values xi (where i = 1, 2, …, n) of the
independent variable x.

If the three points (x1, y1), (x2, y2), and (x3, y3) were joined by an interpolating
polynomial, as shown in the following figure, then the resulting curve would pass
exactly through each of the three points but would also have an oscillating beha-
viour, which makes the curve unfit to represent the overall trend of our data.

If, on the contrary, the same data were represented by a straight line obtained by
means of the least-squares method, then the result would be like that shown below.
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The least-squares method produces a functional form f(x, c0, c1, …, cm) � fm(x),
which depends not only on x but also on m + 1 parameters c0, c1, …, cm to be
determined in such a way as to minimise the squares of the residuals, that is, the
squares of the differences between the functional form fm(x) and each data point.

A type of functional form fm(x) frequently used is an algebraic polynomial:

f m xð Þ ¼ c0 þ c1xþ c2x
2 þ 	 	 	 þ cmx

m

The degree m of this polynomial must be chosen by the solver. However, m must
be less than n − 1, where n is the number of the given points. Otherwise, if m were
equal to n − 1, then fm(x) would be just the interpolating polynomial.

For the purpose of illustrating the method, suppose that we are given a set of
n points (xi, yi) with i = 1, 2, …, n, and that we search the least-squares fit of these
points by means of a second-degree polynomial f2(x) = c0 + c1x + c2x

2. In this
case, according to the least-squares method, the unknown coefficients c0, c1, and c2
must be chosen in such a way as to correspond to the least squares of the residuals,
the residuals being the components q1, q2, …, qn of the following n � 1 residual
vector

q �
q1
q2
..
.

qn

2
6664

3
7775

Such components are

q1 ¼ y1 � f 2 x1ð Þ ¼ y1 � c0 � c1x1 � c2x21
q2 ¼ y2 � f 2 x2ð Þ ¼ y2 � c0 � c1x2 � c2x22

..

.

qn ¼ yn � f 2 xnð Þ ¼ yn � c0 � c1xn � c2x2n

This is because the Euclidean length q of the residual vector q is just the square
root of the sum of the squares of its components: q = (q1

2 + q2
2 + … + qn

2)½.
Consequently, in order for the residual vector q to have the minimum Euclidean

length, q2 must have the minimum value, where

q2 ¼ q21 þ q22 þ 	 	 	 þ q2n ¼ y1 � c0 � c1x1 � c2x
2
1

� �2
þ y2 � c0 � c1x2 � c2x

2
2

� �2 þ 	 	 	 þ yn � c0 � c1xn � c2x
2
n

� �2
This condition is satisfied by those values of c0, c1, …, cm which cause the first

derivative of q2 to vanish. If m = 2, this leads to the following three conditions:
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@q2

@c0
¼ @q21

@c0
þ @q22

@c0
þ 	 	 	 þ @q2n

@c0
¼ �2½ y1 � c0 � c1x1 � c2x

2
1

� �
þ y2 � c0 � c1x2 � c2x

2
2

� �þ 	 	 	 þ yn � c0 � c1xn � c2x
2
n

� �� ¼ 0

@q2

@c1
¼ @q21

@c1
þ @q22

@c1
þ 	 	 	 þ @q2n

@c1
¼ �2½x1 y1 � c0 � c1x1 � c2x

2
1

� �
þ x2 y2 � c0 � c1x2 � c2x

2
2

� �þ 	 	 	 þ xn yn � c0 � c1xn � c2x
2
n

� �� ¼ 0

@q2

@c2
¼ @q21

@c2
þ @q22

@c2
þ 	 	 	 þ @q2n

@c2
¼ �2½x21 y1 � c0 � c1x1 � c2x

2
1

� �
þ x22 y2 � c0 � c1x2 � c2x

2
2

� �þ 	 	 	 þ x2n yn � c0 � c1xn � c2x
2
n

� �� ¼ 0

Since each of the three partial derivatives must be equal to zero, then the
coefficient in front of the square brackets (that is, −2) can be dropped. Thus, the
previous three conditions reduce to

nc0 þ x1 þ x2 þ . . . þ xnð Þc1 þ x21 þ x22 þ . . . þ x2n
� �

c2 ¼ y1 þ y2 þ . . . þ yn

x1 þ x2 þ . . . þ xnð Þc0 þ x21 þ x22 þ . . . þ x2n
� �

c1 þ x31 þ x32 þ . . . þ x3n
� �

c2
¼ x1ðy1 þ y2 þ . . . þ ynÞ

x21 þ x22 þ . . . þ x2n
� �

c0 þ x31 þ x32 þ . . . þ x3n
� �

c1 þ x41 þ x42 þ . . . þ x4n
� �

c2

¼ x21ðy1 þ y2 þ . . . þ ynÞ

This is a system of three linear algebraic equations for the three unknowns c0, c1,
and c2. The values of c0, c1, and c2 determine the least-squares fit parabola

f2 xð Þ ¼ c0 þ c1xþ c2x
2

Let us consider now the differentiation of a general (m-degree) least-squares fit
polynomial. Let

fmðx ¼ c0 þ c1xþ c2x
2 þ . . . þ cnx

m

be this polynomial. Differentiating once and twice the polynomial with respect to
x yields

dfm
dx

¼ c1 þ 2c2xþ 3c3x2 þ 	 	 	

d2fm
dx2

¼ 2c2 þ 6c3xþ 	 	 	

The expressions shown above make it possible to compute fm(x) and its first and
second derivative at any point x of interest. If that point be chosen as the origin
of the series expansions, then there results x = 0, fm(0) = c0, (dfm/dx)0 = c1, and
(d2fm/dx

2)0 = 2c2.
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2.8 Improvement in Orbit Determination by Differential
Correction

The preceding paragraphs have shown some methods for the preliminary deter-
mination of the orbit followed by a space object. These methods use only the
minimum number of observations necessary to compute an orbit. Since six inde-
pendent quantities are strictly necessary to determine the motion of a body, then
these methods use a set of six independent quantities.

However, as has been shown numerically in an example given in Sect. 2.6, the
six orbital elements (or the 3 + 3 components of the position and velocity vectors at
a given time t0) computed by means of these methods differ to some extent from the
actual orbital elements. For the purpose of reducing, as far as possible, the influence
of the errors, the residuals (that is, the differences between the computed and
observed quantities) must be determined at each time of observation. In some cases,
it is possible to refine a preliminary orbit without taking account of the perturba-
tions, that is, considering a purely Keplerian orbit. As shown in Sect. 2.6, this
happens when there are at least three reliable observations which cover a significant
part of the orbit but are not too distant in time with respect to the epoch of the
preliminary determination of the orbital elements.

The differential correction is a numerical procedure based on the principle of least
squares, which is meant to correct the computed elements by minimising the
residuals. The quantities which concur to determine the observed values of the right
ascension (a) and declination (d) of a given body are substantially the orbital ele-
ments of that body and the position vector rE which specifies the location of the
observer with respect to the geocentric-equatorial system. Of these quantities, rE can
be supposed to be known accurately enough to require no improvement in accuracy
make it useless to improve rE. Consequently, the uncertainties in the values of a and
d can be attributed to the orbital elements, that is, to the components of the position
(r) and velocity (r′) vectors of the space object. Let t0 be an epoch chosen arbitrarily
and let x0, y0, z0, x′0, y′0, and z′0 be the components of such vectors at t0. The
dependency of a and d on x0, y0, z0, x′0, y′0, and z′0 can be written as follows

a ¼ a x0; y0; z0; x
0
0; y

0
0; z

0
0

� �
d ¼ d x0; y0; z0; x

0
0; y

0
0; z

0
0

� �
The total differentials of a and d are

da ¼ @a
@x0

dx0 þ @a
@y0

dy0 þ 	 	 	 þ @a
@z00

dz00

dd ¼ @d
@x0

dx0 þ @d
@y0

dy0 þ 	 	 	 þ @d
@z00

dz00

and express the changes in a and d resulting from the independent changes in x0, y0,
…, z′0. Replacing the differentials by the corresponding finite differences leads to
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Da ¼ @a
@x0

Dx0 þ @a
@y0

Dy0 þ 	 	 	 þ @a
@z00

Dz00

Dd ¼ @d
@x0

Dx0 þ @d
@y0

Dy0 þ 	 	 	 þ @d
@z00

Dz00

where Da and Dd are the residuals in, respectively, right ascension and declination,
and Dx0, Dy0, …, Dz′0 are the changes to be made in, respectively, x0, y0, …, z′0 for
the purpose of reducing such residuals to zero. Now, Da and Dd are known
quantities, which result from measuring the position of the observed body on the
celestial sphere. When three couples of values (a, d) are measured at three different
times t1, t2, and t3, that is, when we have a set of six values {a1, d1, a2, d2, a3, d3},
then 2 � 3 independent equations of conditions can be written as follows

Da1 ¼ @a1
@x0

Dx0 þ @a1
@y0

Dy0 þ 	 	 	 þ @a1
@z00

Dz00

Dd1 ¼ @d1
@x0

Dx0 þ @d1
@y0

Dy0 þ 	 	 	 þ @d1
@z00

Dz00

Da2 ¼ @a2
@x0

Dx0 þ @a2
@y0

Dy0 þ 	 	 	 þ @a2
@z00

Dz00

Dd2 ¼ @d2
@x0

Dx0 þ @d2
@y0

Dy0 þ 	 	 	 þ @d2
@z00

Dz00

Da3 ¼ @a3
@x0

Dx0 þ @a3
@y0

Dy0 þ 	 	 	 þ @a3
@z00

Dz00

Dd3 ¼ @d3
@x0

Dx0 þ @d3
@y0

Dy0 þ 	 	 	 þ @d3
@z00

Dz00

When we use more measurements than those strictly necessary, that is, when a
set of n measurements {a1, d1, a2, d2, …, an, dn} is available, where n � 3, then
2n independent equations can be written as follows

Da1 ¼ @a1
@x0

Dx0 þ @a1
@y0

Dy0 þ 	 	 	 þ @a1
@z00

Dz00

Dd1 ¼ @d1
@x0

Dx0 þ @d1
@y0

Dy0 þ 	 	 	 þ @d1
@z00

Dz00

Da2 ¼ @a2
@x0

Dx0 þ @a2
@y0

Dy0 þ 	 	 	 þ @a2
@z00

Dz00

..

.

Dan ¼ @an
@x0

Dx0 þ @an
@y0

Dy0 þ 	 	 	 þ @an
@z00

Dz00

Ddn ¼ @dn
@x0

Dx0 þ @dn
@y0

Dy0 þ 	 	 	 þ @dn
@z00

Dz00
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Thus, the problem reduces to obtaining suitable numerical values of the partial
derivatives, because these values, introduced into the preceding equations, make it
possible to obtain the values of the corrections Dx0, Dy0, …, Dz′0 which best fit the
available measurements a1, d1, a2, d2, …, an, dn.

To this end, Escobal [22] suggests the following procedure. Let e be any one of
the six variables x0, y0, z0, x′0, y′0, and z′0. Let De be some small change introduced
in that variable. The partial derivatives of ai and di (i = 1, 2, …, n) with respect to e
can be approximated by means of the following 2n expressions

@ai
@�

� ai x0; . . .; �0 þD�; . . .; z00
� �� ai x0; . . .; �0; . . .; z00

� �
D�

@di
@�

� di x0; . . .; �0 þD�; . . .; z00
� �� di x0; . . .; �0; . . .; z00

� �
D�

where e0 is the value of e at the epoch chosen (t0). Each of the variables is incre-
mented in turn, while the others maintain their original values. By so doing, the two
equations written above approximate the needed 6n partial derivatives. Usually an
increment De equal to a few units per cent (Bate et al. [5], suggest 1 or 2%) suffices
to provide a satisfactory approximation of the partial derivatives ∂ai/∂e and ∂di/∂e
(i = 1, 2, …, n). Now the values of these partial derivatives, obtained as has been
shown above, are introduced into

Da1 ¼ @a1
@x0

Dx0 þ @a1
@y0

Dy0 þ 	 	 	 þ @a1
@z00

Dz00

Dd1 ¼ @d1
@x0

Dx0 þ @d1
@y0

Dy0 þ 	 	 	 þ @d1
@z00

Dz00

Da2 ¼ @a2
@x0

Dx0 þ @a2
@y0

Dy0 þ 	 	 	 þ @a2
@z00

Dz00

..

.

Dan ¼ @an
@x0

Dx0 þ @an
@y0

Dy0 þ 	 	 	 þ @an
@z00

Dz00

Ddn ¼ @dn
@x0

Dx0 þ @dn
@y0

Dy0 þ 	 	 	 þ @dn
@z00

Dz00

and these equations are solved for Dx0, Dy0, …, Dz′0. Now the variations Dx0, Dy0,
…, Dz′0 are added to the respective quantities x0, y0, …, z′0. This makes it possible
to compute a new couple of position (r) and velocity (r′) vectors

r0 �
x0 þDx0
y0 þDy0
z0 þDz0

2
4

3
5 r00 �

x00 þDx00
y00 þDy00
z00 þDz00

2
4

3
5
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at the same epoch (t0). Hence, new values of right ascension and declination are
computed and compared with the observed values. The differences between the two
sets (computed quantities minus observed quantities) are the residuals. If these
residuals are greater than a chosen tolerance, then the refinement process is repe-
ated; otherwise it is stopped.

2.9 Improvement in Orbit Determination by Weighted
Least-Squares Estimation

The preceding paragraph has shown how to determine the components of the
position and velocity vectors of an observed object so that the residuals should be as
small as possible. In practice, since different measurements have different units and
degrees of reliability, then a weighting factor is applied to each residual, and
consequently the quantity to be minimised is the square of the weighted residuals.
In addition, as shown in Sect. 2.1, the force model used to compute the forces acting
upon the observed object at a time t can only provide approximate values of the true
forces, because the physical constants are known approximately and also because
the mathematical model used to compute the forces can never be exact.

The mathematical formulation of this general problem will be shown below
following Montenbruck and Gill [53]. Let us consider the m-dimensional column
vector x, whose components x1, x2, …, xm are the time-dependent components of
the position (r) and velocity (r′) vectors of the observed object, and the components
of two vectors p and q, which contain the free parameters characterising the force
and measurement model, as follows

x �
r
r0

p
q

2
664

3
775

Let

x0 ¼ f t; xð Þ
x0 ¼ x t0ð Þ

be the differential equation and the initial condition which describe the evolution in
time of the augmented state vector x. Let

z �
z1
z2
..
.

zn

2
6664

3
7775
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be an n-dimensional column vector, whose components z1, z2, …, zn are the
observations at times t1, t2, …, tn. These observations can be expressed as follows

zi tið Þ ¼ gi ti; xið Þ þ ei ¼ hi ti; x0ð Þ þ ei

(with i = 1, 2, …, n) or in vector terms

z ¼ hðx0Þþ e

where gi indicates the computed value of the ith observation as a function of time ti
and the instantaneous state vector xi, and hi indicates the same value as a function of
the state vector x0 at the reference epoch t0. The presence of the quantities ei is due
to the difference between computed and actual values because of measurement
errors, which are assumed to be randomly distributed with zero mean value. Using
the least-squares method, we search the state vector x0

lsq corresponding to the
minimum value of the loss function

Jðx0Þ ¼ q 	 q � qTq ¼ z� hðx0Þ½ �T z� hðx0Þ½ �

that is, corresponding to the minimum value of the squared sums of the residuals q1,
q2, …, qn, for a given set of observations z1, z2, …, zn.

The expression of the loss function given above holds for observations of equal
type and quality. This assumption will be removed in the following section of this
paragraph. In addition, the number (n) of observations is assumed to be greater than
or equal to the number (m) of unknowns.

The vector-valued function h(x0) appearing in the equation z = h(x0) + e is a
nonlinear function. Since an approximate value (x0

appr) of the actual state vector (x0)
at epoch is known, the problem can be simplified by linearising the function h.

Let x0
ref be a reference state vector, which is initially set equal to x0

appr. The
residual vector q = z − h(x0) is expressed approximately as follows

q ¼ z� h x0ð Þ � z� h xref0

� �� @h
@x0

� �
ref

x0 � xref0

� � ¼ Dz�HDx0

where Dx0 = x0 − x0
ref is the difference between x0 and the reference state vector,

Dz = z − h(x0
ref) is the difference between the actual observations and those

resulting from the computed reference orbit, and the Jacobian H = (∂h/∂x0)ref is the
matrix of the partial derivatives of the computed values with respect to the state
vector (here the subscript ref indicates that the partial derivatives are to be evaluated
at x0 = x0

ref) at the reference epoch t0. Thus, by means of

q ¼ Dz�HD x0

we obtain the residual vector q after applying a correction Dx0 to the reference state
vector and recomputing the observations.
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This makes it possible to reduce the original nonlinear least-squares problem of
finding the minimum value of the loss function

Jðx0Þ ¼ z� h x0ð Þ½ �T z� h x0ð Þ½ �

to the simpler linear least-squares problem of searching Dx0
lsq corresponding to the

minimum value of the loss function

J x0ð Þ ¼ Dz�HDx0½ �T Dz�HDx0½ �

If the Jacobian H has full rank m (the rank of a matrix A is the maximum number
of linearly independent rows or columns of A), that is, if the columns of H are
linearly independent, then the minimum value of the loss function is attained when
the partial derivatives of J(x0) with respect to Dx0 vanish, that is, when

@ Dz�HDx0½ �T Dz�HDx0½ �
n o

@Dx0
¼ 0

where the partial derivatives are to be evaluated at Dx0 = Dx0
lsq.

The partial derivatives of the scalar product q 	 q � qTq with respect to Dx0 can
be computed by means of the following identity

@ aTbð Þ
@c

¼ aT
@b
@c

� �
þ bT

@a
@c

� �

Thus, the general solution of the linear least-squares problem may be obtained
by solving the following system of m algebraic equations

HTH
� �

Dxlsq0 ¼ HT Dz
� �

The solution is

Dxlsq0 ¼ HTH
� ��1

HTDz
� �

where HTH is an m � m symmetric matrix. In order to compute the solution,
Montenbruck and Gill [53] recommend the use of standard techniques for positive
definite linear systems of equations. One of such techniques is the Cholesky
decomposition, which is shown below.

Let A be an m � m symmetric (A = AT, where AT is the transpose of A),
positive definite (〈Ax, x〉 > 0 for any real vector x other than the zero vector) matrix
with real entries aij, as follows
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A �
a11 a12 . . . a1m
a21 a22 . . . a2m
..
. ..

.
. . . ..

.

am1 am2 . . . amm

2
6664

3
7775

Then A has a unique decomposition of the form A = LLT, where L is a lower
triangular matrix with positive diagonal entries (‘ii > 0), and LT is the transpose of
L. The two matrices L and LT have the following entries

L �
‘11 0 . . . 0
‘21 ‘22 . . . 0
..
. ..

.
. . . ..

.

‘m1 ‘m2 . . . ‘mm

2
6664

3
7775 LT �

‘11 ‘21 . . . ‘m1
0 ‘22 . . . ‘m2
..
. ..

.
. . . ..

.

0 0 . . . ‘mm

2
6664

3
7775

For example, we want to decompose the following 3 � 3 symmetric matrix

A �
4 2 �6
2 10 9
�6 9 26

2
4

3
5

into the product of two matrices L and LT such that

L �
‘11 0 0
‘21 ‘22 0
‘31 ‘32 ‘33

2
4

3
5 LT �

‘11 ‘21 ‘31
0 ‘22 ‘32
0 0 ‘33

2
4

3
5

By applying the rules of matrix multiplication, we have the following six
equations for the six unknowns ‘11, ‘21, ‘22, ‘31, ‘32, and ‘33:

‘211 ¼ 4 hence ‘11 ¼ 2 ‘221 þ ‘222 ¼ 10 hence ‘22 ¼ 3
‘11‘21 ¼ 2 hence ‘21 ¼ 1 ‘21‘31 þ ‘22‘32 ¼ 9 hence ‘32 ¼ 4
‘11‘31 ¼ �6 hence ‘31 ¼ �3 ‘231 þ ‘232 þ ‘233 ¼ 26 hence ‘33 ¼ 1

Consequently, the Cholesky decomposition for A is A = LLT, where

L �
2 0 0
1 3 0
�3 4 1

2
4

3
5 LT �

2 1 �3
0 3 4
0 0 1

2
4

3
5
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For a 3 � 3 matrix A, the nonzero entries of L can be computed, as a function of
the entries of A, by means of the following sequence of operations:

ð1Þ ‘11 ¼ a11ð Þ12 ð2Þ ‘21 ¼ a21
‘11

ð3Þ ‘31 ¼ a31
‘11

ð4Þ ‘22 ¼ a22 � ‘221
� �1

2 ð5Þ ‘32 ¼ a32 � ‘21‘31
‘22

ð6Þ ‘33 ¼ a33 � ‘231 � ‘232
� �1

2

In the general case, for the Cholesky decomposition of an m � m symmetric,
positive definite matrix A, the following procedure can be used.

For i = 1, 2, …, m and j = i + 1, i + 2, …, m:

‘ii ¼ aii �
Xi�1

k¼1

‘2ik

 !1
2

‘ji ¼ 1
‘ii

aji �
Xi�1

k¼1

‘jk‘ik

 !

Since A is symmetric and positive definite, then the expression under square root
is always positive and the entries ‘ij of L are all real. Therefore, to solve a system

A x ¼ b

of linear algebraic equations such that A is a square, symmetric and positive definite
matrix, we put the preceding expression in the form

LLT x ¼ b

This done, the equations

Lz ¼ b

are solved for z by forward substitution; then the equations

LTx ¼ z

are solved for x by backward substitution.
Another form of the Cholesky decomposition, which eliminates the need to

compute square roots, is the following

A ¼ LDLT

where A is an m � m symmetric, positive definite matrix with real entries aij, D is a
diagonal matrix with all positive nonzero entries djj, and L and LT are, respectively,
a unit lower triangular and a unit upper triangular matrix.

It is to be noted that the matrix L* � {‘*ij} of the decomposition A = L*L*T

and the matrix L � {‘ij} of the decomposition A = LDLT are not the same matrix.
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For example, for m = 3, we have

a11 a12 a13
a12 a22 a23
a13 a23 a33

2
4

3
5 ¼

1 0 0
‘21 1 0
‘31 ‘32 1

2
4

3
5 d11 0 0

0 d22 0
0 0 d33

2
4

3
5 1 ‘21 ‘31

0 1 ‘32
0 0 1

2
4

3
5

The entries djj of D and the entries ‘ij of L (with i > j) result from

djj ¼ ajj �
Xj�1

k¼1

‘2jkdkk‘ij ¼
1
djj

aij �
Xj�1

k¼1

‘ik‘jkdkk

 !

For example, we want to decompose the same 3 � 3 symmetric positive definite
matrix as that considered previously, that is,

A �
4 2 �6
2 10 9
�6 9 26

2
4

3
5

into the product LDLT. There results

d11 ¼ a11 ¼ 4
‘21 ¼ a21=d11 ¼ 2=4 ¼ 1=2
d22 ¼ a22 � ‘221d11 ¼ 10� ð1=2Þ2 � 4 ¼ 9
‘31 ¼ a31=d11 ¼ �6=4 ¼ �1:5
‘32 ¼ ð1=d22Þða32 � ‘31‘21d11Þ ¼ 1=9� ½9� �3=2ð Þ � 1=2� 4Þ ¼ 1:333
d33 ¼ a33 � ‘231d11 � ‘232d22 ¼ 26� ð�6=4Þ2 � 4 � 4=3ð Þ2�9 ¼ 1

Therefore, the LDLT Cholesky decomposition of the given matrix A is

4 2 �6
2 10 9
�6 9 26

2
4

3
5 ¼

1 0 0
0:5 1 0
�1:5 1:333 1

2
4

3
5 4 0 0

0 9 0
0 0 1

2
4

3
5 1 0:5 �1:5

0 1 1:333
0 0 1

2
4

3
5

The L*L*T and LDLT Cholesky decompositions of the same matrix A are
related to each other as shown below

A ¼ LDLT ¼ LD
1
2D

1
2LT ¼ LD

1
2 D

1
2

� �T
LT ¼ LD

1
2 LD

1
2

� �T
where D½ is also a diagonal matrix, whose nonzero entries are the square roots of
the corresponding entries of D, that is, D½ = diag(d11

½ , d22
½ , …, dmm

½ ). Hence,

A ¼ LDLT ¼ L�L�T

where L* = L D½.
Now, let us come back to the linear least-squares problem. Since h(x0) is actually

a nonlinear function, the value Dx0
lsq computed as shown above (and consequently
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x0
lsq = x0

ref + Dx0
lsq) is only an approximate solution of the orbit determination

problem. A better solution than this can be obtained by replacing x0
ref with the value

of x0
lsq computed previously and performing a new iteration. Let the superscripts

[i] and [i + 1] denote the value of x0
lsq resulting from, respectively, the ith and the

(i + 1)th iteration. The iterative process of refinement can be expressed as follows

x½iþ 1�
0 ¼ x½i�0 þ H½i�TH½i�

� ��1
H½i�T z� h x½i�0

� �h i

which formula has x0
appr as its starting point, that is, x0

[0] = x0
appr, and continues till

the difference x0
[i+1] − x0

[i] is greater in magnitude than a desired tolerance.
For the best convergence of the iterative process, the Jacobian H[i] must be

computed at each iteration; however, Montenbruck and Gill [53] observe that H[i]

can be replaced by a constant H[0]. This replacement implies a higher number of
iterations, but results often in less computational work than would be required if
H[i] were computed at each step. The method shown above does not take into
account the different errors by which the measurements may be affected. However,
this method can be made general by weighting each observation zi with the inverse
of its mean measurement error ri (where i = 1, 2, …, n).

By so doing, each residual qi is replaced by the corresponding normalised
residual q*i defined as follows

q�i ¼
qi
ri

¼ z� h x0ð Þ½ �i
ri

The mean measurement error ri includes both the random and systematic errors.
A typical example of the latter type of error is provided by the refraction of light
rays due to the Earth atmosphere. By using the normalised residuals q*i instead of
the ordinary residuals qi, the expression Dx0

lsq = (HT H)−1 (HT Dz) shown above
remains formally identical, the only difference being that in the present case
(weighted observations) the Jacobian H and the difference vector Dz must be
replaced by their respective counterparts H* and Dz*, as follows

Dxlsq0 ¼ H�TH�� ��1
H�TDz�
� �

where H* = R H and Dz* = R Dz; R is the n � n diagonal matrix filled with zeros,
except the elements placed along its main diagonal, which are r1

−1, …, rn
−1.

In other words, R � diag(r1
−1, …, rn

−1) or, which is the same,

R �
1=r1 0 . . . 0
0 1=r2 . . . 0

..

. ..
.

. . . ..
.

0 0 . . . 1=rn

2
6664

3
7775
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The solution given above

Dxlsq0 ¼ H�TH�� ��1
H�TDz�
� �

of the problem of weighted least-squares estimation may also be expressed in terms
of the original Jacobian matrix H and the original difference vector Dz (instead of
H* = R H and Dz* = R Dz) as follows

Dxlsq0 ¼ HTWH
� ��1

HTWDz
� �

where W is the weighting matrix defined as W � R2 � diag(r1
−2, …, rn

−2), or,
which is the same,

W � R2 �
1=r21 0 . . . 0
0 1=r22 . . . 0

..

. ..
.

. . . ..
.

0 0 . . . 1=r2n

2
6664

3
7775

The preceding definition of W as a diagonal matrix holds in case of uncorrelated
errors of measurement. Should such errors be correlated, then W would become a
non-diagonal matrix. In order to understand the correlation of errors, it is necessary
to have some concepts of probability theory, which are given below.

As has been shown above, if x0 and e designate, respectively, the actual (aug-
mented) state vector at epoch and the vector containing the measurement errors,
then the observation vector z results from

z ¼ h x0ð Þþ e

The preceding expression, after linearisation, becomes

Dz ¼ H x0 � xref0

� � þ e

where x0
ref is a reference state vector sufficiently close to x0. The solution of this

least-squares problem has been shown to be

xlsq0 ¼ xref0 þ HTWH
� ��1

HTWDz
� �

¼ x0 þ HTWH
� ��1

HT We
� �

The preceding expression shows that, when measurement errors are committed,
the computed state vector x0

lsq differs from the actual state vector x0.
In the event of systematic errors being negligible, the components of e are only

random errors. Let X be a discrete random variable which takes values in S = {x1,
x2, …, xn}. The expected value (or mean) of X is defined as follows
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EðXÞ ¼
Xn
i¼1

xi pðxiÞ

where p(xi) is the probability of xi. The mean of X is also denoted by �X or by lX.
The preceding definition holds if the sum x1 p(x1) + x2 p(x2) + 			 + xn p(xn)

converges to a finite value. Otherwise, the expected value of X is undefined.
For example, when a die is cast, the probability of each of the six possible events

xi (with i = 1, 2, …, 6) is p(xi) = 1/6. Thus, according to the preceding definition,
the expected value is E(X) = (1 + 2 + 3 + 4 + 5 + 6) � (1/6) = 21/6 = 7/2 = 3.5.

Let X be a continuous random variable in S = [−∞, ∞] with probability density
function u(x). In this case, the expected value of X is defined as follows

EðXÞ ¼
Z1
�1

xuðxÞ dx

Here, too, the value of the integral must be finite, in order for the expected value
of X to be defined. Let X and E(X) be, respectively, a random variable and its
expected value. The variance of X is defined as follows

VarðXÞ ¼ E ½X � EðXÞ�2�
n o

In other words, the variance of X is the expected squared distance of X from its
mean E(X). Let X be a discrete random variable which takes values in S = {x1, x2,
…, xn}. Then the variance of X is defined as follows

Var Xð Þ ¼
Xn
i¼1

xi �
Xn
j¼1

xj p xj
� �" #2

p xið Þ

In the example of the die proposed above, p(xi) = 1/6 and E(X) = 7/2.
Thus, according to the preceding definition, the variance of X is

Var Xð Þ ¼ 1� 7
2

� �2

þ 2� 7
2

� �2

þ 3� 7
2

� �2

þ 4� 7
2

� �2

þ 5� 7
2

� �2
"

þ 6� 7
2

� �2
#
� 1
6
¼ 25

4
þ 9

4
þ 1

4
þ 1

4
þ 9

4
þ 25

4

� �
� 1
6
¼ 35

12

Likewise, let X be a continuous random variable in S = [−∞, ∞] with proba-
bility density function u(x). Then the variance of X is
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Var Xð Þ ¼
Z1
�1

x�
Z1
�1

nu ðnÞ dn
2
4

3
5
2

u ðxÞ dx

In case of the expected value E(X) of a random variable X being zero, that is, in
case of E(X) = 0, then the variance of X is

VarðXÞ ¼ E ½X � EðXÞ�2�
n o

¼ E ðX � 0Þ2�
h i

¼ E ðXÞ2
h i

The variance of a random variable X is often denoted by rX
2, that is,

Var(X) � rX
2, and its standard deviation [Var(X)]½ by rX.

Let X and Y be two independent random variables. Let E(X) and E(Y) be their
respective expected values. In this case, there results

VarðXþ YÞ ¼ VarðXÞþVarðYÞ

Instead, in case of X and Y being dependent random variables, then there results

VarðX þ YÞ ¼ VarðXÞþVar Yð Þþ 2E X � EðXÞ½ � Y � EðYÞ½ �f g

where the term E{[X − E(X)][Y − E(Y)]} is called the covariance of X and Y, that
is,

Cov ðX; YÞ ¼ E X � EðXÞ½ � Y � EðYÞ½ �f g

The covariance of two random variables X and Y is the average value of the
deviation of X from its mean E(X) and the deviation of Y from its mean E(Y). The
zero value of the covariance Cov(X, Y) of two random variables X and Y does not
imply their independence; it implies only the linear independence of X and Y.

The correlation coefficient qXY � Corr(X, Y) of two random variables X and Y is
defined as follows

Corr X; Yð Þ ¼ Cov X; Yð Þ
VarðXÞVarðYÞ½ �12

Corr(X, Y) is a dimensionless quantity having the following properties:

�1�Corr X; Yð Þ� 1
Corr aXþ b; cY þ dð Þ ¼ Corr X; Yð Þ

where a, b, c, and d are any real constants. This implies that Corr(X, Y) is equal to
unity only when a relation of a linear dependence exists between X and Y.
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Let us see now the practical application of the concepts given above. If the error
vector e has only random errors as its components, then the expected values of,
respectively, e and eeT are such that

EðeÞ ¼ 0

EðeeTÞ ¼ diag ðr21; . . .; r2nÞ

In other words, the expected value E(ei) of each component ei (i = 1, 2, …, n) of
the error vector e is equal to zero; all these components are uncorrelated, in other
words ei ej = 0 for i 6¼ j; and the standard deviation ri of ei is equal to [E(ei

2)]½.
The least-squares solution x0

lsq of the orbit determination problem is a random
variable, because it depends on e, which is a random variable by the hypothesis
made above. Then, E(e) = 0 implies that the expected value of x0

lsq is equal to the
actual value of x0, because

E xlsq0
� �

¼ E x0 þ HTWH
� ��1

HTW e
� �h i

¼ x0 þ HTWH
� 	�1

HTWEðeÞ� 	 ¼ x0

In addition, since by definition Cov(X, Y) = E{[X − E(X)][Y − E(Y)]}, then

Cov xlsq0 ; xlsq0
� �

¼ E xlsq0 � E xlsq0
� �h i

xlsq0 � E xlsq0
� �h iT� �

¼ E xlsq0 � x0
h i

xlsq0 � x0
h iT� �

Substituting

x0 þ HTWH
� ��1

HTW e
� �

for x0
lsq into the preceding expression yields

Cov xlsq0 ; xlsq0
� �

¼ E x0 þ HTWH
� ��1

HTW e
� �� x0

h i
x0 þ HTWH

� ��1
HTW e
� �� x0

h iT� �

¼ E HTWH
� ��1

HTW e
� �h i

HTWH
� ��1

HTW e
� �h iT� �

¼ HTWH
� ��1

HTW
� �

E eeT
� �ðWHÞ HTWH

� ��1

The expression written above can be simplified, if the weighting matrix W is
chosen in accordance with the standard deviation ri (where i = 1, 2, …, n) of the
measurement. In this case, W = diag(r1

−2, …, rn
−2) is the inverse of E(eeT), and the

preceding expression reduces to

Cov xlsq0 ; xlsq0
� �

¼ HTWH
� ��1

2.9 Improvement in Orbit Determination by Weighted Least-Squares Estimation 235



Those elements of the covariance matrix which are placed along its main
diagonal are the standard deviation

r xlsq0i
� �

¼ Cov xlsq0i ; x
lsq
0i

� �h i1
2

(i = 1, 2, …, n) of the components of the x0
lsq vector. Likewise, the off-diagonal

elements of the covariance matrix provide a measure of the correlation existing
between errors of individual components.

The expected value and the covariance of x0
lsq define the distribution of values of

x0
lsq which would result in an experiment of repeated orbit determinations for the

same trajectory, if the measurement errors were only of the random type. If these
errors have a normal distribution, then there is a probability of 67% that x0

lsq

(resulting from the actual measurements) deviates from x0 by less than 1r, and a
probability of 99.7% that x0

lsq deviates from x0 by less than 3r.
In the presence of systematic errors e*, there is a further deviation

d xlsq0 ¼ HTWH
� ��1

HTW e�
� �

of x0
lsq from x0. Montenbruck and Gill [53] point out that the measurement standard

deviation r(e) must be known in order to construct the weighting matrix W.
The analysis performed so far is based on the assumption of a Gaussian distri-

bution of errors in the observations. However, this analysis (based only on data
noise errors) does not take into account the effect of model errors. It is therefore
necessary to take into account the effect due to systematic errors.

To this end, the measurement equation can be rewritten as follows

z ¼ h x0; cð Þþ e

where z is the n-dimensional vector containing the observations at times t1, t2, …,
tn; x0 is the vector of the estimated parameters; c is the vector of the so-called
consider parameters (which affect the estimated parameters); h is a vector-valued
function of x0 and c; and e is the vector containing the measurement noise errors.

The vector c contains the force and measurement parameters which are uncertain
but are not modified as a result of the least-squares estimation process. The
expected value of these parameters can be assumed, without loss of generality,
equal to zero. Previously both the estimated and the consider parameters have been
taken together and the expression

z ¼ h x0ð Þþ e

of the observation vector z has been linearised around the reference state vector x0
ref

to obtain

Dz ¼ H x0 � xref0

� � þ e
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Just in the same way, now the expression

z ¼ h x0; cð Þþ e

is linearised around x0
ref to obtain

Dz ¼ Hx x0 � xref0

� �þHccþ e

where Hx is the Jacobian matrix containing the partial derivatives of the
vector-valued function h with respect to x0, and Hc is the Jacobian matrix con-
taining the partial derivatives of h with respect to c. Now the expression of the
least-squares solution becomes

xlsq0 ¼ x0 þ HT
xWHx

� ��1
HT

x W Hccþ eð Þ

This solution differs from the true value x0 of the estimation parameters by a
quantity which depends on the consider parameters (components of c) and the
measurement noise (components of e). The consider parameters are assumed to be
random variables with zero mean and covariance matrix C, which are uncorrelated
with the measurement noise, so that the equality E(ceT) = 0 holds. In this case, the
expected value of the least-squares solution

E xlsq0
� �

¼ x0 þ HT
xWHx

� ��1
HT

xW Hc EðcÞþEðeÞ½ � ¼ x0

is equal to the true state vector x0.
The consider covariance matrix Pc is larger than the noise-only covariance

matrix P = (Hx
T W Hx)

−1, which is also called formal or computed covariance
matrix. The consider covariance matrix has the following expression

Pc ¼ HHT
xW

� �
HcCHT

c þEðeeTÞ� 	
PHT

xW
� �T

¼ PþðPHT
xWÞðHcCHT

c Þ PHT
xW

� �T
where the weighting matrix W has been taken as the inverse of the measurement
covariance matrix.

As has been shown above, an approximate value (x0
appr) of the actual state vector

(x0) at epoch must be known to start the least-squares orbit determination process.
Some information on the accuracy of this value is often available. We want to
incorporate the a priori covariance matrix P0

apr into the least-squares estimation. To
his end, the loss function shown above

J x0ð Þ ¼ q 	 q � qTq ¼ Dz�HDx0ð ÞT Dz�HDx0ð Þ

is represented in another way. Remembering that

Dxlsq0 ¼ HT H
� ��1

HTDz
� �
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the loss function may be written as follows

J x0ð Þ ¼ Dx0 � Dxlsq0
� �T

ðHT HÞ Dx0 � Dxlsq0
� �

þ DzTDz� DxlsqT0 HTHDxlsq0
� �

¼ x0 � xlsq0
� �T

P0
�1 x0 � xlsq0
� �

þ constant

Since this expression of the loss function J(x0) is a quadratic form of (x0 − x0
lsq)

defined by the inverse covariance matrix P0
−1 = (HT H) of (x0 − x0

lsq), then the loss
function minimum and the covariance matrix provide the same information on the
least-squares estimation as that which comes from the measurement vector Dz and
the Jacobian matrix H. Thus, an a priori estimate

xapr0 ¼ xref0 þ Dxapr0

of the state vector x0 may come from a modified loss function

J ¼ x0 � xapr0

� �T
K x0 � xapr0

� �þ qTq

where K = (P0
apr)−1, called information matrix, is used to attribute a contribution to

the loss function to each deviation from x0
apr, and q is the vector containing the

residuals. The information matrix K is always positive semi-definite, because it is
the inverse of the covariance matrix. By the way, let A be a matrix with real entries
aij. A is said to be positive semi-definite if, for any vector x with real components xi,
the dot product 〈Ax, x〉 of Ax and x is non-negative, that is, if

A x; xh i� 0

Consequently, K can be factored to form a product K = STS, which makes it
possible to determine the minimum of the loss function J. If J is written as follows

J ¼ ðDx0 � Dxapr0 ÞTKðDx0 � Dxapr0 Þþ ðDz�HDx0ÞTðDz�HDx0Þ ¼ ATA

A ¼ SDxapr0
Dz


 �
� S

H


 �
Dx0

then the information matrix K can be considered as the result of additional
observations. Consequently, the minimum of the combined loss function results,
after simplification, from

Dx0lsq ¼ KþHT H
� ��1

KDxapr0 þHT Dz
� �
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In case of weighted observations, the preceding expression becomes

Dxlsq0 ¼ KþHTWH
� ��1

KDxapr0 þHTWDz
� �

where W is the weighting matrix. In order for the preceding expression to be
computable, the sum K + HTWH must have a nonzero determinant, without the
need for K or HTWH to be non-singular (by the way, an n � n matrix A is said to
be non-singular or invertible when there exists an n � n matrix B � A−1 such that
AB = BA = I, where I is the n � n identity matrix). However, the non-singularity
of the information matrix K is sufficient to ensure the resolvability of the equations
independently of HTWH. In order to take advantage of this fact, a singularity in
least-squares problems can be avoided by giving a small a priori weight to each
estimation parameter and adding the corresponding diagonal matrix K to the normal
equations matrix.

The expected value Dx0
lsq = (K + HTWH)−1 (K Dx0

apr + HTW Dz) of the esti-
mated state is equal to the actual state x0, if the a priori information x0

apr is also a
random variable having x0 as its mean value.

The covariance matrix P0 of the estimate is related to the a priori covariance and
the measurement information matrix by the following expression

ðP0Þ�1 ¼ ðPapr
0 Þ�1 þðHTWHÞ

2.10 Numerical Solution of the Least-Squares Estimation
Problem

The purpose of the present paragraph is to provide the reader of this book with the
basic concepts which are necessary to solve numerically the least-squares problem
described in the preceding paragraph. Those among the readers who are fully
conversant with such concepts can skip this paragraph and go directly to the next.
For the sake of generality, the system of m normal equations of Sect. 2.9, that is,
(HT H)Dx0

lsq = (HT Dz), is written here in the following form

ATA
� �

x ¼ ATb
� �

where A, x, and b take the places of, respectively, H, Dx0
lsq, and Dz.

The numerical procedures to be described below are based on the decomposition
(also called factorisation) of a given non-singular n � m matrix A (with n � m)
into an orthogonal n � n matrix Q and an upper triangular m � m matrix R. As the
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bottom (n − m) rows of an n � m upper triangular matrix contain only zeroes, as
will be shown below, it is customary to write

An�m ¼ Qn�n
Rm�m

0ðn�mÞ�m


 �

where 0 is an (n − m) � m partition, containing only zeroes, of the given matrix A.
According to the definition given by Olver and Shakiban [60], an orthogonal (or

orthonormal) matrix Q is a square matrix which satisfies the condition QTQ = I,
where QT is the transpose of the given matrix and I is the identity matrix. Since the
inverse matrix Q−1 must satisfy the condition Q−1 Q = I, then a square matrix Q is
orthogonal if and only if its transpose QT is equal to its inverse Q−1.

In other words, a square matrix is orthogonal if and only if its columns form an
orthonormal basis with respect to the Euclidean scalar (or inner or dot) product on
an n-dimensional Euclidean space. This is because, if q1, q2, …, qn are the columns
of Q, then q1

T, q2
T, …, qn

T will be the rows of the transpose matrix QT. Now, the (i, j)
entry of the product QTQ results from the product between the ith row of QT and the
jth column of Q. Since Q is, by hypothesis, an orthogonal matrix (such that
QTQ = I), then the following relations must hold

qi 	 qj ¼ qTi qj ¼
1 ði ¼ jÞ
0 ði 6¼ jÞ

�

which are just the conditions for q1, q2, …, qn to form an orthonormal basis.
Guillemin [31] gives the following numerical example of an orthogonal matrix

of order three

Q �
0:5 0:5 0:707

�0:707 0:707 0
�0:5 �0:5 0:707

2
4

3
5

where 0.707 approximates ½(2)½. As is easy to verify, the three columns

q1 �
0:5

�0:707
�0:5

2
4

3
5 q2 �

0:5
0:707
�0:5

2
4

3
5 q3 �

0:707
0

0:707

2
4

3
5

of the 3 � 3 matrix Q indicated above satisfy the conditions qi 	 qj = 1 (for i = j)
and qi 	 qj = 0 (for i 6¼ j). An orthogonal matrix Q has determinant det(Q) = ± 1.
This is because Q, as an orthogonal matrix, must satisfy the condition QTQ = I;
taking the determinant of this equality yields

1 ¼ det ðIÞ ¼ detðQTQÞ ¼ det QT� �
det ðQÞ ¼ det ðQÞ½ �2

If the determinant of an n � n orthogonal matrix is equal to +1, then that matrix
is called proper and the corresponding orthonormal basis is a right-handed basis on
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an n-dimensional Euclidean space; whereas, if the determinant of an orthogonal
matrix is equal to −1, then that matrix is called improper and the corresponding
orthonormal basis is a left-handed basis on the same space.

The product of two orthogonal matrices is also an orthogonal matrix. This is
because, if Q1 and Q2 are two orthogonal matrices, that is, two matrices such that

QT
1Q1 ¼ I

QT
2Q2 ¼ I

then there results (Q1 Q2)
T (Q1 Q2) = Q2

T Q1
T Q1 Q2 = Q2

T Q2 = I. Thus, the
product matrix Q1 Q2 is also orthogonal.

An m � m matrix R is said to be upper triangular, if its entries rij below the main
diagonal are zero (rij 6¼ 0 for i � j; rij = 0 for i > j), as shown below:

R �
r11 r12 . . . r1m
0 r22 . . . r2m
..
. ..

.
. . . ..

.

0 0 . . . rmm

2
6664

3
7775

The QR decomposition applied to a given non-singular matrix A makes the
product ATA less sensitive to small errors affecting the values of the entries aij of A.
The QR decomposition is unique, if all the diagonal elements rii (i = 1, 2, …, m) of
R are required to be real and positive [83].

There are several methods for computing the QR decomposition. Among them
are the Gram–Schmidt procedure, the Householder transformations, and the Givens
rotations. These three methods will be described below. The interested reader can
find more on the matter in several books or articles, for example in Refs. [53, 29].

The numerically stable Gram–Schmidt procedure is a method to make a set of
vectors orthogonal in an inner product space.

An inner product space is a vector space with an operation, which associates
each pair v and w of vectors of the space with a scalar quantity known as the inner
product 〈v, w〉 of the considered pair of vectors. A vector space V is the set of all
real (column) vectors v with n components v1, v2, …, vn, this set being closed under
the two operations of addition (if v and w are two vectors of V, then v + w is also a
vector of V) and multiplication by a scalar (if v is a vector of V and s is a real scalar,
then sv is also a vector of V). Two vectors v and w of a vector space V are said to be
orthogonal, if their inner product 〈v, w〉 is zero. Vectors v1, v2, …, vn of an n-
dimensional vector space V are linearly independent, if the equality c1v1 +
c2v2 + 			 + cnvn = 0 can only hold if the coefficients c1, c2, …, cn are all equal to
zero. Vectors v1, v2, …, vn of an n-dimensional vector space V are a basis, if any
vector v of V can be expressed as a linear combination v = c1v1 + c2v2 + 			 + cnvn
with a unique choice of the coefficients c1, c2, …, cn. For an n-dimensional vector
space, any nonzero linearly independent vectors form a basis. Let V and W be two
sets of vectors. If each vector v contained in V can be expressed as a linear
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combination of the vectors contained in W, then W is said to be the basis set (or the
generating set or the spanning set) for V.

The Gram–Schmidt procedure takes a finite set {a1, a2, …, am} of linearly
independent vectors and generates an orthogonal set {q1, q2, …, qm} which spans
the same subspace as the previous set. Let

A �
a11 a12 . . . a1m
0 a22 . . . a2m
..
. ..

.
. . . ..

.

an1 an2 . . . anm

2
6664

3
7775

be a given n � m matrix with m linearly independent columns. The same matrix
can also be indicated briefly A � [a1 a2 … am], where a1, a2,…, am are the column
vectors of A. We want to construct an orthogonal n � n matrix Q � {q1, q2, …,
qn} and an upper triangular m � m matrix R � {r1, r2, …, rm} such that

An�m ¼ Qn�n
Rm�m

0ðn�mÞ�m


 �

For example, let A be a two-column matrix A � [a1 a2] and Q be a two-column
matrix Q � [q1 q2]. Since R must be a triangular matrix, then

A � a1 a2½ � ¼ q1 q2½ � r11 r12
0 r22


 �
¼ QR

In this case, the two column vectors q1 and q2 of Q and the three nonzero entries
r11, r12, and r22 of R are the quantities to be determined as a function of the two
column vectors a1 and a2 of the given matrix A.

Likewise, when A is a three-column matrix A � [a1 a2 a3], then

A � a1 a2 a3½ � ¼ q1 q2 q3½ �
r11 r12 r13
0 r22 r23
0 0 r33

2
4

3
5 ¼ QR

In this case, the three column vectors q1, q2, and q3 of Q and the six nonzero
entries r11, r12, r13, r22, r23, and r33 of R are the quantities to be determined as a
function of the three column vectors a1, a2, and a3 of the given matrix A.

The numerically stable Gram–Schmidt procedure is described below by means
of an example, due to Wikipedia [82]. Let us consider the following 3 � 3 matrix

A �
12 �51 4
6 167 �68
�4 24 �41

2
4

3
5

The three column vectors a1, a2, and a3 of the given matrix A will, by degrees,
be replaced by the three column vectors q1, q2, and q3 of an orthogonal matrix Q.
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At the same time, the six nonzero entries r11, r12, r13, r22, r23, and r33 of an upper
triangular matrix R will be computed so that A = QR.

To this end, we first compute the norm (that is, the Euclidean length) of the first
(or leftmost) column vector a1 of A. The first entry r11 of R is set equal to the norm
||a1||. This yields

r11 ¼ a1k k ¼ a211 þ a221 þ a231
� �1

2¼ 122 þ 62 þð�4Þ2
h i1

2¼ 14

Now, we normalise a1 by dividing all its components by its norm ||a1||. This
yields the first column q1 of Q, as follows

q11 ¼ a11
a1k k ¼ 12

14
¼ 6

7

q21 ¼ a21
a1k k ¼ 6

14
¼ 3

7

q31 ¼ a31
a1k k ¼ � 4

14
¼ � 2

7

At this stage of the procedure, the given matrix A becomes

6=7 �51 4
3=7 167 �68
�2=7 24 �41

2
4

3
5

Now, we compute the next entries (r12, r13, …, r1m) of R by taking the scalar
products of the first column of the matrix shown above with each of the other
columns of the same matrix. In the example considered above, this yields

r12 ¼ 6=7ð Þ � ð�51Þ þ 3=7ð Þ � 167 þ ð�2=7Þ � 24 ¼ 21

r13 ¼ 6=7ð Þ � 4þ 3=7ð Þ � ð�68Þ þ ð�2=7Þ � ð�41Þ ¼ �14

Now, for the purpose of making the second, the third, …, the mth column
orthogonal to the first column, we subtract r12 times the first column from the
second column, r13 times the first column from the third column, …, r1m times the
first column from the mth column. This yields

�51 � 6=7ð Þ � 21 ¼ �69 4 � 6=7ð Þ � �14ð Þ ¼ 16
167 � 3=7ð Þ � 21 ¼ 158 �68 � 3=7ð Þ � �14ð Þ ¼ �62
24 � �2=7ð Þ � 21 ¼ 30 �41 � 2=7ð Þ � �14ð Þ ¼ �45
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and the resulting matrix is

6=7 �69 16
3=7 158 �62
�2=7 30 �45

2
4

3
5

At this stage of the procedure, the first column vector of the preceding matrix has
been normalised to have unit length; in addition, the second column and the third
column have been made orthogonal to the first.

Now, in order to compute q2, we normalise the second column, by dividing all
its components by its norm. At the same time, the r22 entry of R is set equal to the
norm (or Euclidean length) of the second column. In the example considered above,
this yields

r22 ¼ �69ð Þ2 þ 1582 þ 302
h i1

2¼ 14

The resulting matrix is

6=7 �69=175 16
3=7 158=175 �62
�2=7 6=35 �45

2
4

3
5

Now r23 is the scalar product of the second column and the third column:

r23 ¼ � 69
175

� �
� 16þ 158

175

� �
� �62ð Þþ 6

35

� �
� �45ð Þ ¼ �70

By subtracting r23 times the second column from the third, we obtain

16 � �70ð Þ � �69=175ð Þ ¼ �406=35
�62 � �70ð Þ � 158=175ð Þ ¼ 42=35
�45 � �70ð Þ � 6=35ð Þ ¼ �33

The resulting matrix is

6=7 �69=175 �406=35
3=7 158=175 42=35
�2=7 6=35 �33

2
4

3
5

Now we compute r33 as the norm of the third vector:

r33 ¼ � 406
35

� �2

þ 42
35

� �2

þ �33ð Þ2
" #1

2

¼ 35
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Finally, in order to compute q3, the last column is normalised by dividing all its
components by its norm. This yields

� 406
35

� �
1
35

¼ � 58
175

42
35

� �
1
35

¼ 6
175

�33ð Þ 1
35

¼ � 33
35

The two matrices Q and R resulting from the procedure described above are then

Q �
6=7 �69=175 �58=175
3=7 158=175 6=175
�2=7 6=35 �33=35

2
4

3
5

R �
14 21 �14
0 175 �70
0 0 35

2
4

3
5

where A = QR. The example shown above has described the numerically stable
Gram–Schmidt procedure for a given 3 � 3 matrix A. The same procedure can be
extended to any non-singular m � m matrix A, by means of the algorithm given
below, which is taken from Olver and Shakiban [60]. This algorithm takes the
entries aij of A and replaces them with the entries qij of Q; at the same time, it
computes the nonzero entries rij of R, which must be stored in a separate matrix.

start

for j = 1 to m

set rjj = (a1j
2 + a2j

2 + … + amj
2 )½

if rjj = 0, stop; print “A has linearly dependent columns”

else for i = 1 to m

set aij = aij/rjj

next i

for k = j + 1 to m

set rjk = a1ja1k + a2ja2k + … + amjamk

for i = 1 to m

set aik = aik – aijrjk

next i

next k

next j

end
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The QR decomposition based on the Householder transformations is shown
below. Let x and y be any two linearly independent vectors, having the same
Euclidean length ||x|| = ||y||, of an n-dimensional vector space V.

Consider the unit vector u = (y − x)/||y − x|| and the matrix H = I − 2(u uT).
Then H is the reflection matrix such that H x = y. It is to be noted that uuT is an

outer (or tensor) product, which yields a matrix, not a scalar.
For example, let

x �
12
6
�4

2
4

3
5 y �

14
0
0

2
4

3
5

be two column vectors of a three-dimensional vector space V.
It is easy to verify that the two vectors x and y given above are linearly independent

and have the same Euclidean length ||x|| = ||y|| = 14. In this case, there results

y� x ¼
2
�6
4

2
4

3
5

y� xk k ¼ 22 þ �6ð Þ2 þ 42
h i1

2¼ 2ð14Þ12

u ¼ y� x
y� xk k ¼

1= 14ð Þ12
�3= 14ð Þ12
2= 14ð Þ12

2
664

3
775

uuT ¼
1= 14ð Þ12
�3= 14ð Þ12
2= 14ð Þ12

2
664

3
775 1= 14ð Þ12 �3= 14ð Þ12 2= 14ð Þ12
h i

¼
1=14 �3=14 2=14

�3=14 9=14 �6=14

2=14 �6=14 4=14

2
64

3
75

� 2 uuT
� � ¼ �1=7 3=7 �2=7

3=7 �9=7 6=7

�2=7 6=7 �4=7

2
64

3
75
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H ¼ I� 2 uuT
� � ¼ 1 0 0

0 1 0

0 0 1

2
64

3
75þ

�1=7 3=7 �2=7

3=7 �9=7 6=7

�2=7 6=7 �4=7

2
64

3
75

¼
6=7 3=7 �2=7

3=7 �2=7 6=7

�2=7 6=7 3=7

2
64

3
75

As is easy to verify, the reflection matrix H, found as shown above, satisfies the
condition H x = y. In addition, H is an orthogonal matrix (that is, HTH = I) and its
determinant det(H) is equal to −1. Since we know how to compute the reflection
matrix H in an n-dimensional vector space, we can apply these concepts to produce
QR decompositions. To this end, we intend to introduce sub-diagonal zeros into the
given matrix A to be decomposed, in order to gradually change A into an upper
triangular matrix R.

In other words, we multiply the given matrix An�m on the left by a sequence of
reflection matrices H1, H2, …, Hk, so that the product Hk 			 H2 H1 A should be
equal to an upper triangular matrix R. The first step operates on the matrix A itself.
We choose the first (that is, the leftmost) column vector a1 of the given matrix
An�m � [a1 a2 … am]. We compute the Euclidean length

a1k k ¼ a211 þ a221 þ 	 	 	 þ a2n1
� �1

2

of the first column vector a1 and then find a reflection matrix H1 such that the first
column of the product H1 A should be a multiple of the vector [1 0 0 … 0]T. In
other words, we form

v ¼ a1 � a1k k

1
0
0
..
.

0

2
66664

3
77775 u ¼ v

vk k H1 ¼ I� 2ðuuTÞ

By so doing, H1 is a reflection matrix such that the first column of H1 A is a
multiple of the vector [1 0 0 … 0]T. In other words, the first column of H1 A is a
column vector having all zeros in its rows except the first.

Each of the column vectors a1, a2, …, ai, …, am of An�m can be reflected onto a
multiple of [1 0 0 … 0]T in two ways: it can be reflected onto ||ai|| [1 0 0 … 0]T or
onto −||ai|| [1 0 0… 0]T. The choice of the sign in front of ||ai|| is important, because
when we form the unit vector u = (y − x)/||y − x|| we divide by ||y − x||.
Consequently, a choice which makes this denominator small must be avoided. To
this end, the sign in front of ||ai|| should be the opposite of the sign in front of the
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entry placed in the kth row of ||ai||, where aki is the pivot co-ordinate after which all
entries are zero in the final upper triangular form of A. Therefore, it is advisable to
choose

u ¼ �sgn ðakiÞ aik k 1 0 0 . . . 0½ �T

where the signum function sgn(x) is such that

sgnðxÞ ¼
�1 ðif x\ 0Þ
0 ðif x ¼ 0Þ
1 ðif x[ 0Þ

8<
:

The second step operates on the matrix A′, which results from cancelling the first
row and the first column of H1A and retaining the rest of H1A. We repeat for A′ the
same operations performed in the first step, and compute the reflection matrix H′2.
Since H′2 is of smaller rank than H1 and we want to operate with H1A (and not with
A′), then we expand A′, by filling in a 1 in the upper left entry of H1A. This means
that the second reflection matrix H2 results from

H2 ¼ 1 0
0 H0

2


 �

The third step operates on A′′, which results from cancelling the first row and the
first column of H2A′ and retaining the rest of H2A′. We repeat for A′′ the same
operations performed in the second step, and compute the reflection matrix H′3.

The third reflection matrix H3 results from

H3 ¼
1 0 0
0 1 0
0 0 H0

3

2
4

3
5

In general, at the pth step, the pth reflection matrix Hp results from

Hp ¼ Ip�1 0
0 H0

p


 �

After a number k = min(m − 1, n) of steps, the result of this process will be

Hk 	 	 	H2 H1 A ¼ R

where R is an upper triangular matrix, and each of the reflection matrices (H1, H2,
…, Hk) is an orthogonal matrix. Thus, with

Q ¼ H1
T H2

T 	 	 	HT
k
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the desired result A = QR will be reached. For example, we consider the matrix

A �
12 �51 4
6 167 �68
�4 24 �41

2
4

3
5

which was decomposed previously by means of the Gram–Schmidt procedure.
We consider the first column vector a1 � [12 6 −4]T of the matrix A and

compute the Euclidean length ||a1|| of a1, as follows

a1k k ¼ 122 þ 62 þ �4ð Þ2
h i1

2¼ 14

Then we compute

a1k k 1 0 0 	 	 	 1½ �T¼ 14 0 0½ �T

v ¼ a1 � sgn a11ð Þ a1k k 1 0 0 	 	 	 0½ �T¼ �2 6 �4½ �T

vk k ¼ �2ð Þ2 þ 62 þ �4ð Þ2
h i1

2¼ 2 14ð Þ12

u ¼ v
vk k ¼

�1= 14ð Þ12
3= 14ð Þ12
�2= 14ð Þ12

2
64

3
75

uuT ¼
�1= 14ð Þ12
3= 14ð Þ12
�2= 14ð Þ12

2
64

3
75 �1= 14ð Þ12 3= 14ð Þ12 �2= 14ð Þ12
h i

¼
1=14 �3=14 2=14
�3=14 9=14 �6=14
2=14 �6=14 4=14

2
4

3
5

H1 ¼ I� 2 uuT
� � ¼ 1 0 0

0 1 0

0 0 1

2
64

3
75þ

�1=7 3=7 �2=7

3=7 �9=7 6=7

�2=7 6=7 �4=7

2
64

3
75

¼
6=7 3=7 �2=7

3=7 �2=7 6=7

�2=7 6=7 3=7

2
64

3
75
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Now we consider the matrix resulting from the product H1A, that is,

H1A ¼
6=7 3=7 �2=7
3=7 �2=7 6=7
�2=7 6=7 3=7

2
4

3
5 12 �51 4

6 167 �68
�4 24 �41

2
4

3
5 ¼

14 21 �14
0 �49 �14
0 168 �77

2
4

3
5

This matrix, due to the nonzero value of its (H1A)32 entry (because 168 6¼ 0), is
not an upper triangular matrix. Therefore, we cancel the first row and the first
column of H1A, and consider the matrix

A0 ¼ �49 �14
168 �77


 �

The Euclidean length of the first column vector a′1 of A′ � [a′1 a′2] results from

a01
�� �� ¼ �49ð Þ2 þ 1682

h i1
2¼ 175

v ¼ �49
168


 �
� 175

1
0


 �
¼ �224

168


 �

vk k ¼ �224ð Þ2 þ 1682
h i1

2¼ 280

u ¼ v
k v k ¼ �4=5

3=5


 �

uuT ¼ �4=5
3=5


 �
�4=5 3=5½ � ¼ 16=25 �12=25

�12=25 9=25


 �

H2
0 ¼ I� 2 uuð ÞT¼ 1 0

0 1


 �
þ �32=25 24=25

24=25 �18=25


 �
¼ �7=25 24=25

24=25 7=25


 �

H2 ¼
1 0 0
0 �7=25 24=25
0 24=25 7=25

2
4

3
5

Since the product H2H1A yields

H2H1A ¼
1 0 0
0 �7=25 24=25
0 24=25 7=25

2
4

3
5 14 21 �14

0 �49 �14
0 168 �77

2
4

3
5 ¼

14 21 �14
0 175 �70
0 0 �35

2
4

3
5

then H2H1A is the desired upper triangular matrix R and there is no necessity of
further steps. The desired matrix Q results from Q = H1

TH2
T. Therefore
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Q ¼ H1
TH2

T ¼
6=7 3=7 �2=7

3=7 �2=7 6=7

�2=7 6=7 3=7

2
64

3
75

1 0 0

0 �7=25 24=25

0 24=25 7=25

2
64

3
75

¼
6=7 �69=175 58=175

3=7 158=175 �6=175

�2=7 6=35 33=35

2
64

3
75

It is easy to verify that the product QR of the two matrices Q and R determined
above is equal to the given matrix A.

The QR decomposition based on the Givens rotations is shown below.
A Givens rotation is the rotation of a column vector in the plane spanned by two

co-ordinate axes. In order to perform a QR decomposition A = QR, each Givens
rotation is a matrix G which, multiplied on the left by the matrix A, introduces a
zero in the sub-diagonal entries of A, for the purpose of gradually transforming
A into an upper triangular matrix R. The product of the transposes of all these
Givens rotation matrices produces the orthogonal matrix Q.

A Givens rotation matrix is represented by the matrix shown below.

G �

1 	 	 	 0 	 	 	 0 	 	 	 0
..
. 	 	 	 ..

. 	 	 	 ..
. 	 	 	 ..

.

0 	 	 	 cos h 	 	 	 sin h 	 	 	 0
..
. 	 	 	 ..

. 	 	 	 ..
. 	 	 	 ..

.

0 	 	 	 � sin h 	 	 	 cos h 	 	 	 0
..
. 	 	 	 ..

. 	 	 	 ..
. 	 	 	 ..

.

0 	 	 	 0 	 	 	 0 	 	 	 1

2
66666666664

3
77777777775

In other words, a Givens rotation matrix G with entries gij results from the
identity matrix I after operating the following substitutions:

gii ¼ cos h gij ¼ sin h
gjj ¼ cos h gji ¼ � sin h

This method applies to the case of a QR decomposition as follows.
Let us consider again the matrix

A �
12 �51 4
6 167 �68
�4 24 �41

2
4

3
5

which was decomposed previously. We want to construct a Givens rotation matrix
G1 for the purpose of replacing the a31 entry of A (which entry is at present
a31 = −4) with a zero. By multiplying on the left the first column vector
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a1 �
12
6
�4

2
4

3
5

of the matrix A � [a1 a2 a3] by the following rotation matrix G1

G1 �
1 0 0
0 cos h sin h
0 � sin h cos h

2
4

3
5

there results the following column vector

12
6 cos h� 4 sin h
�6 sin h� 4 cos h

2
4

3
5

In order for the third entry (−6 sin h − 4 cos h) of this vector to be zero, h must
be

h ¼ arctan � 2
3

� �
¼ �33�:690

and consequently cos(−33°.690) = 0.83205 and sin(−33°.690) = −0.55470.
Therefore, G1 is

G1 �
1 0 0
0 0:83205 �0:55470
0 0:55470 0:83205

2
4

3
5

The product G1 A yields a matrix A′, whose entry a′31 is equal to zero, as
follows

A0 ¼
1 0 0
0 0:83205 �0:55470
0 0:55470 0:83205

2
4

3
5 12 �51 4

6 167 �68
�4 24 �41

2
4

3
5

¼
12 �51 4

7:2111 125:64 �33:837
0 112:60 �71:834

2
4

3
5

Now, starting from A′ indicated above, we find a rotation matrix G2

G2 �
cos h sin h 0
� sin h cos h 0

0 0 1

2
4

3
5
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in order to transform a′21 = 7.2111 into zero. By operating as has been shown
above, we find the following condition

ð� sin hÞ � 12 þ ðcos hÞ � 7:2111 ¼ 0

hence h = 31°.003 and consequently cos h = 0.85714 and sin h = 0.51508. Then

G2 �
0:85714 0:51508 0
�0:51508 0:85714 0

0 0 1

2
4

3
5

The product A′′ = G2A′ yields a matrix such that its entries a′′21 and a′′31 are
both of them equal to zero:

A00 �
14 21 �14
0 133:96 �31:063
0 112:60 �71:834

2
4

3
5

Now, starting from A′′ indicated above, let us find a rotation matrix G3

G3 �
1 0 0
0 cos h sin h
0 � sin h cos h

2
4

3
5

which transforms a′′32 = 112.60 into zero. By operating as has been shown above,
we find the following condition

ð� sin hÞ � 133:96 þ ðcos hÞ � 112:60 ¼ 0

hence h = 40°.049, and consequently cos h = 0.76550 and sin h = 0.64344.
Therefore, G3 is

G3 �
1 0 0
0 0:76550 0:64344
0 �0:64344 0:76550

2
4

3
5

The product G3 A′′ yields a matrix R having all of its sub-diagonal entries equal
to zero, as follows

R �
14 21 �14
0 175 �70
0 0 �35

2
4

3
5
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As has been shown above, R results from R = G3G2G1A. Since G1, G2 and G3

are, each of them, orthogonal matrices, then the desired matrix Q of the decom-
position A = QR results from

Q ¼ GT
1G

T
2G

T
3

In the example considered above, the product indicated above yields

Q �
6=7 �69=175 58=175
3=7 158=175 �6=175
�2=7 6=35 33=35

2
4

3
5

It is easy to verify that the product QR of the two matrices Q and R determined
above is equal to the given matrix A. Generally speaking, the QR decomposition
A = QR can be used to solve systems of linear algebraic equations. This is because,
by using this decomposition, the system

Ax ¼ b

can be written as follows

QRx ¼ b

Now, since Q is an orthogonal matrix (such that QTQ = I), then multiplying on
the left the two members of the preceding equality by QT yields

R x ¼ QT b

Since R is an upper triangular matrix, then the preceding expression can be
solved for x by back-substitution, as will be shown below. In the specific case of the
least-squares estimation, the QR decomposition A = QR can be used to write the
loss function J described in the preceding paragraph, that is,

J ¼ b� Axð ÞT b� Axð Þ

in the way shown below. By multiplying on the left the two members of the
preceding equality by QT and remembering that QTQ = QQT = I, there results

J ¼ ðQTb�QTAxÞTðQTb�QTAxÞ ¼ d � Rxð ÞT d � Rxð Þ þ rTr

where the two vectors d and r are partitions of the matrix QTb. The number of their
rows is m for d and n − m for r. The minimum value (rTr) of the loss function J is
reached for Rx = d.
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If m is the rank of A, m will also be the rank of R. Consequently, the following
system of linear algebraic equations

r11 r12 . . . r1m
0 r22 . . . r2m
..
. ..

.
. . . ..

.

0 0 . . . rmm

2
6664

3
7775

x1
x2
..
.

xm

2
6664

3
7775 ¼

d1
d2
..
.

dm

2
6664

3
7775

has a unique solution. Since R is an upper triangular matrix, the components x1, x2,
…, xm of x can be computed by back-substitution, that is, beginning from the last
(xm) and going towards the first (x1), as follows

xm ¼ dm
rmm

xm�1 ¼ dm�1�rðm�1Þmxm
rðm�1Þðm�1Þ

..

.

xi ¼ 1
rii

di �
Pm

j¼iþ 1
rijxj

 !
i ¼ m� 1; m� 2; . . .; 1ð Þ

In addition to the QR decomposition methods shown above, a singular value
decomposition may be used to solve a least-squares problem. A singular value
decomposition is particularly suited in case of systems of linear algebraic equations
Ax = b having ill-conditioned coefficient matrices A, that is, in case of matrices
A such that small changes in their entries aij result in large changes in the solution
x of the system, as will be shown below. Singular value decomposition is a means
of decomposing a matrix into the product of three simpler matrices, as the sequel
will show.

Any nonzero n � m matrix A of rank r > 0 can be decomposed as follows

A ¼ PDQT

that is, decomposed into the product of an n � r matrix P with orthonormal col-
umns (such that PTP = I), an r � r diagonal matrix D � diag(d1, d2, …, dr−1, dr),
whose nonzero entries are supposed to be d1 � d2 � 			 � dr � 0, and an
r � m matrix QT with orthonormal columns (such that QTQ = I). Let

D �
d1 0 . . . 0
0 d2 . . . 0
..
. ..

.
. . . ..

.

0 0 . . . dr

2
6664

3
7775
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be the diagonal matrix of the singular value decomposition A = PDQT. Its nonzero
entries d1, d2, …, dr, called the singular values of A, are the positive square roots of
the nonzero eigenvalues ki of the Gram matrix K = ATA associated with A, that is,

di ¼ kið Þ12 [ 0

(i = 1, 2, …, r). The columns of P, called the left singular vectors, are the nor-
malised eigenvectors of AAT. The columns of Q, called the right singular vectors,
are the normalised eigenvectors of ATA. As has been shown by Abdi [2], singular
vectors come in pairs of one left and one right singular vector corresponding to the
same singular value. They can be computed either separately or as a pair.

When they are computed as a pair (by rewriting equation A = PDQT in another
form, as will be shown below), then it is possible to:

• compute only one (instead of two) decomposition in eigenvectors; and
• prevent a problem which may arise because the normalised eigenvectors of a

matrix are determined up to a factor equal to −1.

Since singular vectors being pairs of vectors must have compatible parities, then
care must be taken of the signs in front of the components of the eigenvectors;
otherwise, the matrices P and Q, if computed separately, might fail to reconstruct
the given matrix A.

Since P and Q are orthogonal matrices, the preceding expression

A ¼ PDQT

can be rewritten as follows

P ¼ AQD�1

Consequently, P results from the product of A, Q and D−1. In addition, D−1 is a
diagonal matrix having its nonzero entries equal to the reciprocals of the corre-
sponding entries of D, because D is a diagonal matrix.

It is to be remembered that the eigenvalues of any n � n matrix M are the
scalars k1, k2, …, kn which satisfy the following characteristic equation

detðM� kIÞ ¼ 0

and that the eigenvectors of M are the corresponding nonzero vectors v such that

ðM� kIÞv ¼ 0

If v is an eigenvector of M, then any other nonzero vector w, resulting from the
product between v and a scalar, is also an eigenvector of M.
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By the way, the number of the singular values of a matrix M is always equal to
the rank of the matrix itself. Therefore, if an n � n matrix M has less than n sin-
gular values, then M is singular.

The condition number k(M) of a non-singular n � n matrix M is defined as the
ratio between the largest (d1) and the smallest (dn) of the singular values of M, that
is, k(M) = d1/dn.

A singular matrix M is said to have condition number k(M) equal to infinity; a
matrix M having a very large condition number k(M) is said to be ill-conditioned.
In practice, this condition occurs when the condition number k(M) of the given
matrix M is greater than the reciprocal of the precision of the machine used. In case
of single-precision computations, this occurs typically when k(M) is greater than
107.

An example, taken from Leach [47], of a single value decomposition is given
below. Let

A � 0:96 1:72
2:28 0:96


 �
AT � 0:96 2:28

1:72 0:96


 �

be, respectively, the given matrix to be decomposed and its transpose.
The Gram matrix K = ATA associated with A is

ATA ¼ 0:96 2:28
1:72 0:96


 �
0:96 1:72
2:28 0:96


 �
¼ 6:12 3:84

3:84 3:88


 �

The eigenvalues k1 and k2 of K = ATA satisfy the equation

det K� kIð Þ ¼ 0

that is,

det
6:12� k 3:84
3:84 3:88� k


 �� �
¼ 0

By expanding the determinant, there results

ð6:12 � kÞð3:88� kÞ � 3:84� 3:84 ¼ 0
k2 � 10kþ 9 ¼ 0

The preceding equation has two roots (sorted in descending order, in the
absolute sense), which are

k1 ¼ 5þ 25� 9ð Þ12¼ 9

k2 ¼ 5� 25� 9ð Þ12¼ 1
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Therefore, the singular values of A are

d1 ¼ k1ð Þ12¼ 3

d2 ¼ k2ð Þ12¼ 1

Thus, d1 = 3 and d2 = 1 are the nonzero entries of the required matrix D, that is,

D ¼ 3 0
0 1


 �

D−1, the inverse of D, results immediately from

D�1 ¼ 1=3 0
0 1


 �

Now, for k1 = 9 and k2 = 1, let us compute the eigenvectors of K = ATA. As
shown above, these eigenvectors become column vectors in a matrix (Q) ordered by
the size of the corresponding eigenvalues. In other words, the eigenvector of the
largest eigenvalue, in the absolute sense, becomes the first (that is, the leftmost)
column, the eigenvector of the next largest eigenvalue becomes the second column,
and so on; the eigenvector of the smallest eigenvalue becomes the last (that is, the
rightmost) column of Q.

(For k = k1 = 9)

ATA� kI ¼ 6:12� 9 3:84
3:84 3:88� 9


 �
¼ �2:88 3:84

3:84 �5:12


 �

Let a and b be the components of the eigenvector q1 corresponding to k1 = 9.
The components of q1 result from (ATA − kI)q1 = 0. Therefore

�2:88 3:84
3:84 �5:12


 �
a
b


 �
¼ 0

0


 �

�2:88aþ 3:84b ¼ 0

3:84a� 5:12b ¼ 0

Solving either equation for b yields b = 0.75 a. Therefore

q1 � a
0:75 a


 �
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Dividing the two components by the Euclidean length ||q1|| = 1.25 a of q1 yields
the normalised eigenvector q1, that is,

q1 � 0:8
0:6


 �

(For k = k2 = 1)

ATA� kI ¼ 6:12� 1 3:84
3:84 3:88� 1


 �
¼ 5:12 3:84

3:84 2:88


 �

The components a and b of the corresponding eigenvector q2 result from

ATA� kI
� �

q2 ¼ 0

Therefore,

5:12 3:84
3:84 2:88


 �
a
b


 �
¼ 0

0


 �

5:12 aþ 3:84 b ¼ 0
3:84 aþ 2:88 b ¼ 0

Solving either equation for b yields b = −4a/3. Therefore

q2 �
a

� 4
3 a


 �

Dividing the two components by the Euclidean length ||q2|| = 5a/3 of q2 yields
the normalised eigenvector q2, that is,

q2 � 0:6
�0:8


 �

Therefore, the required matrix Q is given by Q = [q1q2], that is,

Q ¼ 0:8 0:6
0:6 �0:8


 �

As is easy to verify, the product QTQ is equal to the 2 � 2 identity matrix I.
Therefore, Q is an orthogonal matrix.
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Now, as has been shown above, we compute P = AQD−1. The product QD−1 is

QD�1 ¼ 0:8 0:6
0:6 �0:8


 �
1=3 0
0 1


 �
¼ 0:8=3 0:6

0:2 �0:8


 �

The product AQD−1 yields P, as follows

P ¼ 0:96 1:72
2:28 0:96


 �
0:8=3 0:6
0:2 �0:8


 �
¼ 0:6 �0:8

0:8 0:6


 �

It is easy to verify that P is an orthogonal matrix and that the product PDQT

yields the given matrix A.
The singular value decomposition can be used for computing the pseudo-inverse

of a matrix, which in turn provides a general method for solving the least-squares
problem in the form Ax = b, as will be shown below. Following Golub and Reinsch
[29], let A be a real n � m matrix. An m � n matrix X is said to be the
pseudo-inverse of A, if X satisfies the following four properties:

AXA ¼ A
XAX ¼ X
AXð ÞT¼ AX
XAð ÞT¼ XA

Let A+ denote the unique solution X. If A = PDQT, then the pseudo-inverse A+

is such that

Aþ ¼ QDþPT

where

Dþ ¼ diag dþ
ið Þ dþ

i ¼
1
di

ðfor di [ 0Þ
0 for di ¼ 0ð Þ

8<
:

Consequently, the pseudo-inverse A+ of a given matrix A can easily be com-
puted as a result of the singular value decomposition of A.

This concept applies to the search for the least-squares solution of an
over-determined system of n algebraic equations in m unknowns, where n > m. Let

Ax ¼ b

be such a system in matrix form. Let

q ¼ b� Ax
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be the residual vector for some vector x. We want to determine the vector xlsq

corresponding to the least-squares solution of Ax = b, that is, the vector corre-
sponding to the minimum possible residual vector q.

To this end, let us consider the squared Euclidean length

qk k2¼ qT q ¼ b� Axð ÞT b� Axð Þ ¼ bT b� 2 xTAT bþ xTATAx

of the residual vector q = Ax − b. To determine the minimum value of ||q||2, we
take the derivative with respect to x and set it to zero. This yields

�2ATbþ 2ATA x ¼ 0

and hence the following m � m system of normal equations

ATA x ¼ ATb

Multiplying both terms of the preceding expression on the left by (ATA)−1 yields

x ¼ ATA
� ��1

ATb ¼ Aþ b

Therefore, the least-squares solution (x) of Ax = b corresponding to the minimum
value of ||q||2 is given by x = A+ b. Weights can be applied to the original system of
equations Ax = b by using a diagonal matrix W � R2 � diag(r1

−2, …, rn
−2).

In this case, the least-squares solution to be found is

x ¼ ATWA
� ��1

ATW b

Bebis [6] gives the following (over-determined) system Ax = b of three equa-
tions for the two unknowns x1 and x2:

�11x1 þ 2x2 ¼ 0
2x1 þ 3x2 ¼ 7
2x1 � x2 ¼ 5

In matrix form, the preceding equations are as follows

�11 2
2 3
2 �1

2
4

3
5 x1

x2


 �
¼

0
7
5

2
4
3
5

As has been shown above, the least-squares solution (x) results from

x ¼ Aþ b
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Therefore, the problem reduces to determining the pseudo-inverse A+ of the
given matrix A. Using the expression written above

Aþ ¼ ATA
� ��1

AT

we compute ATA as follows

ATA ¼ �11 2 2
2 3 �1


 � �11 2
2 3
2 �1

2
4

3
5 ¼ 129 �18

�18 14


 �

Since ATA is a 2 � 2 matrix, it is easy to compute its inverse (ATA)−1 as
follows. Let M be the following 2 � 2 matrix

M � a b
c d


 �

Then, the inverse matrix M−1 is given by

M�1 ¼ d=det ðMÞ �b=det ðMÞ
�c=det ðMÞ a=det ðMÞ

 �

where det(M) = ad − bc is the determinant of the given matrix M. In this case,

det ATA
� � ¼ 129� 14� 18� 18 ¼ 1482

Therefore

ATA
� ��1¼ 14=1482 18=1482

18=1482 129=1482


 �

The pseudo-inverse A+ = (ATA)−1AT results from the product

14=1482 18=1482
18=1482 129=1482


 � �11 2 2
2 3 �1


 �

¼ �0:079622 0:055331 0:0067476
0:040486 0:28543 �0:062753


 �

Consequently, the least-squares solution x = A+b of the given system Ax = b is

�0:079622 0:055331 0:0067476
0:040486 0:28543 �0:062753


 � 0
7
5

2
4
3
5 ¼ 0:42106

1:6842


 �

262 2 Orbit Determination from Observations



The same result can also be obtained by computing the singular value decom-
position of the given matrix A, as will be shown below.

The matrix ATA has been computed above. Its eigenvalues result from

det ATA� k I
� � ¼ 129 � kð Þ 14 � kð Þ � 18� 18 ¼ 0

The preceding equation, solved for k, yields

k1 ¼ 131:75 k1ð Þ12¼ 11:478 1

k1ð Þ12
¼ 0:087121

k2 ¼ 11:248 k2ð Þ12¼ 3:3539 1

k2ð Þ12
¼ 0:29816

For k = k1 = 131.75, the corresponding normalised eigenvector q1 is

q1 � �0:98852
0:15111


 �

For k = k2 = 11.248, the corresponding normalised eigenvector q2 is

q2 � 0:15111
0:98852


 �

The orthogonal matrix Q, having q1 and q2 as its columns, is then

Q ¼ �0:98852 0:15111
0:15111 0:98852


 �

The matrix D−1 results from

D�1 ¼ diag
1

k
1
2
1

;
1

k
1
2
2

 !
¼ 0:087121 0

0 0:29816


 �

The product QD−1 is equal to

QD�1 ¼ �0:086121 0:045055
0:013165 0:29474


 �

The orthogonal matrix P results from the product AQD−1 and is then

P ¼
0:97366 0:093875
�0:13275 0:97433
�0:18541 �0:20463

2
4

3
5
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Finally, A+ results from

Aþ ¼ QDþPT

where D+ = diag(di
+) = diag[1/(k1)

½, 1/(k2)
½] has the same entries as those of D−1

computed above. The product QD+PT yields

�0:079623 0:055331 0:0067480
0:040487 0:28543 �0:062752


 �

This matrix is to be compared with the matrix which has been computed above
by means of the expression A+ = (ATA)−1AT. The singular value decomposition
applies to the least-squares problem as will be shown below. Let

J ¼ b� Axð ÞT b� Axð Þ

be the loss function. Let A = PDQT be the matrix of the least-squares problem
Ax = b. By defining the vectors s and t as follows

s ¼ QTx

t ¼ PTb

the condition (ATA)x = ATb for the minimum value of the loss function can be
written as follows

D2s ¼ D t

If the matrix of the normal equations is non-singular, then the inverse D−1 of the
D matrix exists and the solution of the least-squares problem Ax = b is

s ¼ D�1 t

Remembering the definitions of the vectors s and t and the property of
orthogonality (QT = Q−1) of the matrix Q, the preceding expression becomes

x ¼ QD�1PT b

or, using the column vectors pi and qi of the matrices, respectively, P and Q,

x ¼
Xm
i¼1

1
di
pTi b qi
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In order to apply the mathematical methods shown above to a problem of orbit
determination, let us consider again the seven observations of the COBE artificial
satellite performed by Healy [33] on the 6th of November 2000. They are:

Observed time (EST) Right ascension (hh:mm:ss) Declination (°) Offset

17:31:29 21:48:00 −16.3 1

17:32:30 21:41:00 −2.0 0

17:33:30 21:31:45 19.3 0

17:34:30 21:14:00 46.9 3

17:35:29 20:28:00 71.9 3

17:36:30 15:01:00 84.6 2

17:37:30 11:03:00 76.1 0

As the satellite came nearest the cross hairs, time was recorded. The offset in the
last column is an estimate of how close to the cross hairs the satellite came.

We want to construct a function which best fits, in the least-squares sense and in
the time interval given above, the seven observations tabulated above.

Since UTC = EST + 5, then (neglecting the difference between UTC and UT1)
the seven EST times indicated above correspond, respectively, to

UT11 ¼ EST1 þ 5 ¼ 22h31m29s

UT12 ¼ EST2 þ 5 ¼ 22h32m30s

UT13 ¼ EST3 þ 5 ¼ 22h33m30s

UT14 ¼ EST4 þ 5 ¼ 22h34m30s

UT15 ¼ EST5 þ 5 ¼ 22h35m29s

UT16 ¼ EST6 þ 5 ¼ 22h36m30s

UT17 ¼ EST7 þ 5 ¼ 22h37m30s

The seven values of right ascension, expressed in degrees, are given below.

21 þ 48=60ð Þ � 360=24 ¼ 327:00
21 þ 41=60ð Þ � 360=24 ¼ 325:25
21 þ 31=60 þ 45=3600ð Þ � 360=24 ¼ 322:9375
21 þ 14=60ð Þ � 360=24 ¼ 318:50
20 þ 28=60ð Þ � 360=24 ¼ 307:00
15 þ 1=60ð Þ � 360=24 ¼ 225:25
11 þ 3=60ð Þ � 360=24 ¼ 165:75

In the hypothesis of uncorrelated errors of measurement, the weighting matrix is

W ¼ diag w11;w22; . . .;w77ð Þ
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where the values of the weights w11, w22, …, w77 are preliminarily set, all of them,
to unity. In other words, the starting value of the weighting matrix W is taken equal
to I, where I is the 7 � 7 identity matrix.

Using a method described by several authors (see, e.g., Refs. [14, 32]), called
iteratively reweighted least squares, we intend to update W iteratively, in such a
way as to give less weight to the more uncertain data points. To this end, we use a
mathematical model to predict the law of variation of the right ascension and
declination with time. Then we use the residuals q1, q2, …, q7 as a measure of
uncertainty. These residuals are the differences between the computed (on the basis
of the mathematical model) and the observed data points. The weights chosen in
each iteration are related to the magnitudes of the residuals computed in the pre-
vious iteration, so that a large residual gives rise to a small weight, as will be shown
below. The preliminary values of the weights along the main diagonal of W are
indicated in the following table.

Obs. No. x Right ascension (°) Declination (°) Preliminary weight

1 −1.0000 327.00 −16.300 1.0000

2 −0.66205 325.25 −2.0000 1.0000

3 −0.32964 322.94 19.300 1.0000

4 0.0027701 318.50 46.900 1.0000

5 0.32964 307.00 71.900 1.0000

6 0.66759 225.25 84.600 1.0000

7 1.0000 165.75 76.100 1.0000

The right ascension (a) and declination (d) of the observed satellite vary with
time t according to functions a(t) and d(t), which are not known a priori.

We approximate these unknown functions, within the time interval t1 � t � t7,
by means of Chebyshev polynomials T0, T1, …, Tn as follows

aðxÞ ¼ a0T0ðxÞ þ a1T1ðxÞ þ 	 	 	 þ anTnðxÞ
dðxÞ ¼ d0T0ðxÞ þ d1T1ðxÞ þ 	 	 	 þ dnTnðxÞ

where a0, a1, …, an, d0, d1, …, dn are constant coefficients to be determined, and

T0ðxÞ ¼ 1

T1ðxÞ ¼ x

Tnþ 1ðxÞ ¼ 2x TnðxÞ � Tn�1ðxÞ n� 2ð Þ

are Chebyshev polynomials of the first kind. Supposing that a and d are subject to
errors independently of each other, we want to determine the best (in the weighted
least-squares sense) polynomial approximation for a and d. In other words, we want
to determine the unknown values of the coefficients a0, a1, …, an, d0, d1, …, dn
corresponding to the minimum value of some norm of the residual vector (q). In the
case of the classical least-squares method, this norm is the so-called ‘2 norm, that is,
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we search the minimum value of the sum of the squares of the residuals. However,
according to Bube and Langan [14], solutions found by using this method tend to
be very sensitive to data points affected by large errors. By contrast, solutions
coming from searching the minimum value of the ‘p norm (where 1 � p < 2) are
less sensitive to errors. The method described in Ref. [14] is a hybrid ‘1/‘2 tech-
nique, by means of which a ‘2 fit (or minimum value of the sum of the squared
residuals) is used for small residuals, and a ‘1 fit (or minimum value of the sum of
the absolute residuals) is used for large residuals.

A smooth transition from the search for the minimum ‘2 norm to the search for
the minimum ‘1 norm is obtained by choosing an appropriate value for a positive
parameter e which results from an estimate of the standard deviation of the resid-
uals, as will be shown below. In the general case of n-degree polynomials, the
model matrix A of the system of linear algebraic equations Ax = b is

A �
T01 T11 . . . Tn1
T02 T12 . . . Tn2
..
. ..

.
. . . ..

.

T07 T17 . . . Tn7

2
6664

3
7775

where the first subscript in the entries Tij of A indicates the degree of the Chebyshev
polynomial, and the second subscript indicates the number of observation. In order
for the system Ax = b to be over-determined with our set of seven observations, the
value of n cannot be greater than five. We set n = 5, which corresponds to a
fifth-degree Chebyshev polynomial approximation to the true unknown functions
a(x) and d(x). In order for the argument x of the Chebyshev polynomials to be
within the interval −1 � x � 1, we have operated a change of variable (from t to
x) in the second column of the preceding table, as follows

x ¼ 2t � t7 þ t1ð Þ
t7 � t1

where the subscript indicates the number of observation.
As to declination (d), we compute the entries Tij of the 7 � 6 matrix A by

computing the Chebyshev polynomials up to the fifth degree for the seven obser-
vations indicated above. This yields

A �

1:0000 �1:0000 1:0000 �1:0000 1:0000 �1:0000
1:0000 �0:66205 �0:12338 0:82542 �0:96955 0:45837
1:0000 �0:32964 �0:78268 0:84564 0:22516 �0:99409
1:0000 �0:0027701 �0:99998 �0:0083101 9:99994 0:013850
1:0000 0:32964 �0:78268 �0:84564 0:22516 0:99409
1:0000 0:66759 �0:10865 �0:81265 �0:97639 �0:49101
1:0000 1:0000 1:0000 1:0000 1:0000 1:0000

2
666666664

3
777777775
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The column vectors x and b contain, respectively, the six unknown coefficients
d0, d1, …, d5 of the fifth-degree approximating polynomial

d ðxÞ ¼ d0T0 ðxÞþ d1T1ðxÞ þ 	 	 	 þ d5T5 ðxÞ

and the seven observed values of declination. They are

x �
d0
d1
..
.

d5

2
6664

3
7775 b �

�16:300
�2:0000

..

.

76:100

2
664

3
775

As shown above, the weighting matrix W is preliminarily set equal to the 7 � 7
identity matrix I. Now we form the products ATWA and ATWb. Then, the values
of the coefficients d0, d1, …, d5 (contained in the vector x) of the fifth-degree
approximating polynomial indicated above result from the product of the inverse of
ATWA and ATWb, as follows

x ¼ ATWA
� ��1

ATW b

By so doing, according to our preliminary evaluation (with W = I) of the
weights w11, w22, …, w77, the polynomial approximation which best fits, in the
weighted least-squares sense, the observed declinations of the satellite is

d ðxÞ ¼ 39:274 T0 ðxÞþ 54:564 T1ðxÞ � 8:3776 T2ðxÞ � 9:0385 T3ðxÞ
� 0:99597 T4ðxÞþ 0:67411 T5ðxÞ

The approximation shown above makes it possible to compute the values of
declination at the given arguments x1, x2, …, x7. These values are compared with
the observed values of declination; then the residuals q1, q2, …, q7 (computed
minus observed values) are also computed, as will be shown below.

Then, the weighting matrix W is updated by means of some non-negative
weighting function f(qi) of the residuals qi. A possible way to do this is to compute
the new values (which will be placed in the rightmost column of the following
table) of the weights wii, as suggested by Bube and Langan [14]:

wii ¼ 1

1þ qi
�

� �2
 �1
4

where i = 1, 2, …, 7, and e is a positive constant, called damping parameter, whose
value must be chosen by the solver. By so doing, we search the minimum value of
the following hybrid loss function

268 2 Orbit Determination from Observations



JðxÞ ¼
X7
i¼1

1þ qi
�

� �2
 �1
4

� 1

Bube and Langan suggest to take e roughly equal to 1/1.643 � 0.6 times the
standard deviation r of the residuals.

In the present case, with reference to the residuals q1, q2, …, q7 given in the
following table (which are computed with W = I), we have

l ¼ q1 þ q2 þ 	 	 	 þ q7
7

¼ �0:30654� 10�6

r ¼ q1 � lð Þ2 þ q2 � lð Þ2 þ 	 	 	 þ q7 � lð Þ2
7

" #1
2

¼ 0:0050870

� ¼ r
1:1643

¼ 0:0030961

and use this value of e to compute new values of the weights, as shown below.

Obs. No. x Decl. comp. (°) Decl. obs. (°) Residual Weight

1 −1.0000 −16.300 −16.300 0.00042725 0.99530

2 −0.66205 −2.0026 −2.0000 −0.0026114 0.87430

3 −0.32964 19.307 19.300 0.0066071 0.65140

4 0.0027701 46.891 46.900 −0.0089111 0.57289

5 0.32964 71.907 71.900 0.0066452 0.64987

6 0.66759 84.597 84.600 −0.0025940 0.87551

7 1.0000 76.100 76.100 0.00043488 0.99513

When the new values of the weights w11, w22, …, w77 have been computed, the
weighting matrix W is updated as follows W = diag(w11, w22, …, w77), and then
the least-squares problem is solved again with the new weighting matrix, updated as
indicated above. In the present case, the rightmost column of the preceding table,
containing the weights to be used for the next iteration, has been filled as follows

w11 ¼ 1

1þ 0:00042725
0:0030961

� �2
" #1

4

¼ 0:99530

w22 ¼ 1

1þ �0:0026114
0:0030961

� �2
" #1

4

¼ 0:87430
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w33 ¼ 1

1þ 0:0066071
0:0030961

� �2
" #1

4

¼ 0:65140

w44 ¼ 1

1þ �0:0089111
0:0030961

� �2
" #1

4

¼ 0:57289

w55 ¼ 1

1þ 0:0066452
0:0030961

� �2
" #1

4

¼ 0:64987

w66 ¼ 1

1þ �0:0025940
0:0030961

� �2
" #1

4

¼ 0:87551

w77 ¼ 1

1þ 0:00043488
0:0030961

� �2
" #1

4

¼ 0:99513

and consequently the weighting matrix W is updated as follows

W ¼ diag 0:99530; 0:87430; 0:65140; 0:57289; 0:64987; 0:87551; 0:99513ð Þ

The iterative process described above comes to an end when the set of weights
computed in a given iteration does not differ, within a specified tolerance, from the
set computed in the preceding iteration. With an accuracy of five significant figures,
two further iterations lead to the following results. Since the weights shown below
are the same, within the accuracy of five significant figures, as those computed in
the previous iteration, we stop here the iterative process.

The final approximating polynomial for declination is then

dðxÞ ¼ 39:274 T0ðxÞþ 54:564 T1ðxÞ � 8:3772 T2ðxÞ � 9:0385 T3ðxÞ
� 0:99662 T4ðxÞþ 0:67411 T5ðxÞ

Obs. No. x Decl. comp. (°) Decl. obs. (°) Residual Weight

1 −1.0000 −16.300 −16.300 0.00042725 0.99530

2 −0.66205 −2.0019 −2.0000 −0.0026114 0.87431

3 −0.32964 19.306 19.300 0.0066071 0.65141
(continued)
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(continued)

Obs. No. x Decl. comp. (°) Decl. obs. (°) Residual Weight

4 0.0027701 46.890 46.900 −0.0089111 0.57289

5 0.32964 71.906 71.900 0.0066452 0.64987

6 0.66759 84.598 84.600 −0.0025940 0.87552

7 1.0000 76.100 76.100 0.00043488 0.99513

The final set of weights is given in the last column of the table shown above.
Now, we use again the 7 � 7 identity matrix I as the first estimate of the

weighting matrix W, in order to compute the weighted least-squares best fit for the
observed values of right ascension.

The 7 � 6 matrix A is the same as that shown above for the case of declination.
The column vectors x and b contain now the six unknown coefficients a0, a1, …, a5
of the approximating polynomial

aðxÞ ¼ a0 T0ðxÞþ a1 T1ðxÞþ 	 	 	 þ a5 T5ðxÞ

and the seven observed values of right ascension. These vectors are

x �
a0
a1
..
.

a5

2
6664

3
7775 b �

327:00
325:25

..

.

165:75

2
664

3
775

The results found iteratively for right ascension are given below.
First iteration (W = I):

Obs. No. x R.A. computed
(°)

R.A. observed
(°)

Residual Weight

1 −1.0000 326.73 327.00 −0.26715 0.99535

2 −0.66205 326.89 325.25 1.6442 0.87412

3 −0.32964 318.78 322.94 −4.1562 0.65137

4 0.0027701 324.10 318.50 5.6040 0.57293

5 0.32964 302.82 307.00 −4.1806 0.64981

6 0.66759 226.88 225.25 1.6297 0.87572

7 1.0000 165.48 165.75 −0.27402 0.99511

where, again, the rightmost column of the table shown above contains the weights
computed for the next iteration. The value of the damping parameter e results from
the residuals q1, q2, …, q7 (computed minus observed values of right ascension)
given above, as shown below:
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l ¼ q1 þ q2 þ 	 	 	 þ q7
7

¼ �0:87193� 10�5

r ¼ q1 � lð Þ2 þ q2 � lð Þ2 þ 	 	 	 þ q7 � lð Þ2
7

" #1
2

¼ 3:1996

� ¼ r
1:1643

¼ 1:9474

By updating the weighting matrix W (set previously equal to I) by means of the
values contained in the rightmost column of the table shown above, the values of
the coefficients a0, a1, a2, a3, a4, and a5 of the fifth-degree approximating poly-
nomial are determined, as follows

aðxÞ ¼ 278:87 T0 xð Þ � 80:293 T1ðxÞ � 39:000 T2ðxÞ � 10:229 T3ðxÞ
þ 6:2309 T4ðxÞ þ 9:8938 T5ðxÞ

These values make it possible to compute new values of right ascension; these,
in turn, are compared with the observed values of right ascension; then the residuals
q1, q2, …, q7 (computed minus observed values) are computed again.

Third (and last) iteration:

Obs. No. x R.A. comp. (°) R.A. obs. (°) Residual Weight

1 −1.0000 326.83 327.00 −0.26715 0.99535

2 −0.66205 326.43 325.25 1.6442 0.87412

3 −0.32964 318.95 322.94 −4.1562 0.65137

4 0.0027701 324.62 318.50 5.6040 0.57293

5 0.32964 302.97 307.00 −4.1806 0.64981

6 0.66759 226.41 225.25 1.6297 0.87573

7 1.0000 165.58 165.75 −0.27402 0.99511

Since the weights are the same, within the accuracy of five significant figures, as
those computed in the previous iteration, we stop here the iterative procedure.

The final approximating polynomial for right ascension is then

aðxÞ ¼ 278:78 T0ðxÞ � 80:289 T1 xð Þ � 39:209 T2ðxÞ � 10:228 T3ðxÞ
þ 6:6361 T4ðxÞ þ 9:8892 T5ðxÞ

The final set of weights is given in the last column of the table shown above.
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2.11 The Kalman Filter

The batch estimation method described in the preceding paragraphs is based on the
least-squares principle. It provides an estimate of the state vector x for a spacecraft
at a given epoch by processing the whole amount of observations in each iteration.
To this end, all the observations which are necessary to determine the spacecraft
orbit must be available before the process of their improvement can take place. This
requirement makes the method of batch estimation less desirable than other
methods in real-time or near-real-time applications, which require a
quasi-continuous update of information to produce an estimate of the state vector
x. As has been shown by Vergez et al. [80], one of these applications is the tracking
of an Earth-orbiting satellite by means of ground stations placed on the surface of
the Earth. Since the number of such stations is limited, an orbiting satellite cannot
be tracked continuously. For example, the following figure, due to the courtesy of
NASA [57], shows the orbit, the US ground stations and their acquisition circles
used to track the Landsat 7 satellite.

A ground station can receive data from a satellite, when the satellite is within the
acquisition circle of the station. When the link between the satellite and a ground
station is lost, then the satellite position at some later time must be predicted, in
order for another ground station to be able to establish a new link.

The tracking data result from measurements (range, azimuth angle, altitude
angle, and their rates of change with time) made on an orbiting spacecraft by
established ground stations. Alternative data are range measurements between two
spacecraft and positions determined by using the Global Positioning System (GPS).
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Such data require pre-processing to be put into a form useful for orbit state esti-
mation. To this end, the range and angle data must be converted from a topocentric
Earth-fixed co-ordinate system into a geocentric celestial co-ordinate system.

Another of these applications, according to Conway et al. [19], is the orbit
control of a spacecraft, which requires accurate determination of the spacecraft
position and velocity at a specified time.

One of the methods used for this purpose is the Kalman filter, which is a set of
equations aimed at providing an optimal estimation of either the state vector or,
equivalently, the osculating orbital elements of an orbiting spacecraft from a series
of uncertain observations performed at discrete time-steps.

The Kalman filter is optimal because, in case of a linear system and a Gaussian
distribution of errors, it minimises the mean square error of the estimated quantities.
The Kalman filter is also recursive, because new measurements are processed as
they arrive. The term “filter” comes from the theory of signal processing, where the
information contained in a signal affected by noise must be extracted from the
signal received, by filtering out the noise. The same term is used here, because the
operation of estimating the state vector of a spacecraft from measurements affected
by errors is equivalent to filtering out the errors.

The degree of goodness attained by the Kalman filter in performing this task is
measured by the value of the loss function described in Sect. 2.9. In addition, the
Kalman filter uses the history of the improved measurements to predict the sub-
sequent evolution of the system states. To this end, two types of information are
used by the filter:

• observations coming from appropriate measurement apparatuses (e.g. mea-
surements of range, azimuth angle, altitude angle, and the time rate of change of
the range and the angles, made from established ground stations to an orbiting
spacecraft); and

• a mathematical model of the system under observation, describing how each
state depends on the others and how the measurements depend on the states.

This requires the knowledge of the accuracy of both the measurements and the
mathematical model of the observed system.

When the observed system is an orbiting spacecraft, the analytical model used
for this purpose takes account of the central gravitational force and its perturbations.
Some of the force models used for this purpose have been developed by the North
American Aerospace Defence Command (NORAD), that maintains a catalogue
containing the orbital parameters of about 8000 satellites and space debris com-
puted from radar tracking data. Such models are described in Refs. [36], [54], and
[78]. After computing the forces acting upon the spacecraft by means of the force
model chosen, the state vector can be determined by numerically integrating the
equations of motion with their initial conditions.

The result of the estimation is a predicted orbital state at the time of measure-
ment, as well as the state error covariance matrix and the residuals (computed data
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minus observed data). The magnitude of such residuals is expected to decrease with
time as the filter converges to a stable estimate.

The classical Kalman filter has been created for linear systems. However, the
behaviour of an orbiting spacecraft is governed by a nonlinear differential equation.
The necessity of dealing with this and other nonlinear systems has given rise to the
extended Kalman filter, in which the system equations are linearised about the
reference trajectory. Therefore, the Kalman filter used for orbit determination is an
extended Kalman filter, which estimates either the orbital elements or the Cartesian
components of the state vector.

An example, taken from Rojas [62] will illustrate the operations indicated above.
Let x1, x2, …, xn be the results of measurements executed at times, respectively, t1,
t2,…, tn. In case of an orbiting spacecraft, x1, x2,…, xn are just the state vectors (x1,
x2, …, xn) of the spacecraft resulting from n measurements. In the simple case of a
one-dimensional system, x1, x2, …, xn are scalars.

Let us consider for now the simple case. The mean ln of this time series is

ln ¼
x1 þ x2 þ 	 	 	 þ xn

n

When a new measurement xn+1 is executed at time tn+1, the mean ln+1 can be
computed again as follows

lnþ 1 ¼
x1 þ x2 þ 	 	 	 þ xn þ xnþ 1

nþ 1

However, in order to compute the new value (ln+1) of the mean, it is more
convenient to use the old value (ln) of the mean and make a small correction to it
by means of xn+1, as follows

lnþ 1 ¼
n

nþ 1
ln þ

xnþ 1

n

� �
¼ K nln þ xnþ 1ð Þ

where K = 1/(n + 1) is called the gain factor. By adding and subtracting ln on the
right-hand side of the equality

lnþ 1 ¼ K nln þ xnþ 1ð Þ

and remembering the definition K = 1/(n + 1), there results

lnþ 1 ¼ K nln þ xnþ 1ð Þ

By so doing, the new value (ln+1) of the mean is expressed as a weighted mean
of the old value (ln) of the mean and the new measurement (xn+1). Since we trust
more the old value (ln) of the mean than the new measurement (xn+1), then the
weight of ln is greater than the weight of xn+1.

2.11 The Kalman Filter 275



Not only the mean, but also the variance (also called quadratic standard devi-
ation) of a time series can be computed recursively, as will be shown below.

Let us consider again the results x1, x2, …, xn of n measurements executed at
times, respectively, t1, t2, …, tn. As shown in Sect. 2.9, the variance rn

2 of this time
series is defined as follows

r2n ¼
1
n

Xn
i¼1

xi � lnð Þ2

When the result xn+1 of a new measurement comes to the filter, the new variance
rn+1
2 is

r2nþ 1 ¼
1

nþ 1

Xnþ 1

i¼1

xi � lnþ 1

� �2 ¼ 1
nþ 1

Xnþ 1

i¼1

xi � ln � K xnþ 1 � lnð Þ½ �2

where K is the gain factor defined above. By considering separately the last addend
(i = n + 1) and carrying out the sum from 0 to n, the expression

Xnþ 1

i¼1

xi � ln � K xnþ 1 � lnð Þ½ �2

can be written as follows

1� Kð Þ2 xnþ 1 � lnð Þ2 þ
Xn
i¼1

xi � ln � K xnþ 1 � lnð Þ½ �2

By expanding the square of the expression within square brackets, there results

1� Kð Þ2 xnþ 1 � lnð Þ2 þ nK2 xnþ 1 � lnð Þ2 þ
Xn
i¼1

xi � lnð Þ2

� 2K
Xn
i¼1

xi � lnð Þ xnþ 1 � lnð Þ

The last term of the expression written above is zero, because

Xn
i¼1

xi � lnð Þ ¼ 0
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Therefore

Xnþ 1

i¼1

xi � ln � K xnþ 1 � lnð Þ½ �2 ¼ xnþ 1 � lnð Þ2 1� Kð Þ2 þ nK2
h i

þ
Xn
i¼1

xi � lnð Þ2

The definition K = 1/(n + 1) implies that

1 � Kð Þ2 þ nK2 ¼ nK

In addition, the definition of variance

r2n ¼
1
n

Xn
i¼1

xi � lnð Þ2

implies that

Xn
i¼1

xi � lnð Þ2 ¼ n r2n

Therefore

r2nþ 1 ¼
1

nþ 1
nr2n þ nK xnþ 1 � lnð Þ2
h i

¼ 1� Kð Þ r2n þK xnþ 1 � lnð Þ2
h i

The whole process comprises the following steps to be taken iteratively.
Let x1, x2, …, xn be the results of n measurements.
We compute the mean

ln ¼
x1 þ x2 þ 	 	 	 þ xn

n

and the variance

r2n ¼
1
n

Xn
i¼1

xi � lnð Þ2

as has been shown above. Then we compute:

• the gain factor K = 1/(n + 1) every time a new result xn+1 of the measurements
comes to the filter;

• the new value of the mean ln+1 = ln + K(xn+1 − ln);
• a preliminary estimate rn+1*

2 of the new standard deviation rn+1
2 by means of

rn+1*
2 = rn

2 + K(xn+1 − ln)
2; and

• the correct value of the new standard deviation rn+1
2 = (1 − K)rn+1*

2.
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Let us consider now the general case, in which each of the measured values z is
an n-dimensional vector. Let t0 be the initial time of the process. The sequence of
operations performed by the Kalman filter is described below:

(a) at time t0, an initial estimate x0
− of the m-dimensional state vector (including its

uncertainty, expressed by the covariance matrix P0
− associated with x0

−) is given
to the filter;

(b) a new estimate, relating to a subsequent time t1, is predicted by the filter on the
basis of the mathematical model, and the uncertainty of this estimate is com-
puted as a function of the initial uncertainty and the accuracy of the mathe-
matical model;

(c) observations performed at time t1 with a certain degree of accuracy provide the
filter with new information, which is compared with the information coming
from the predicted estimate and then used to compute a new updated estimate,
relating to t1, and the uncertainty of this new estimate; and

(d) still another estimate, relating to a subsequent time t2, is predicted as in step (b),
but now this estimate is based on the results of step (c).

This cycle, from step (b) to step (c), goes on until the measurements come to an
end. The sequence of prediction (predict a state vector estimate and its covariance
matrix to next time-step) and update (compute the Kalman gain; update the state
vector estimate with measurements; and compute the new covariance matrix of the
updated state vector estimate) is repeated each time new observations arrive.

Since the estimated state vector x0
− (relating to the initial time t0) contains

m scalar random variables, its uncertainty is measured by the covariance matrix P0
−

associated with x0
−, that is, by the matrix having, along its main diagonal, the

variances of these scalar random variables; and, in its off-diagonal terms, the
covariances which represent any correlation between pairs of scalar variables. The
simultaneous measurements z1, z2, … (taken at times, respectively, t1, t2, …) are
also n-dimensional vectors processed sequentially in time by the recursive algo-
rithm. At each cycle, the algorithm considers only the new measurement vector and
the values coming from the previous cycle. Therefore, unlike the batch least-squares
algorithm, the Kalman filter algorithm need not store in memory all past
measurements.

The Kalman filter takes an initial estimated state vector and its estimated
covariance matrix, and computes the weights (the Kalman gain) to be used to
combine this estimate with the first state vector coming from the measurement
executed. This yields an updated state vector estimate. Since the Kalman filter
computes an updated state vector estimate by means of the new measurement, then
the covariance matrix must also be changed, in order to take account of the new
information added by the measurement. Therefore, the uncertainty of the state
vector (expressed by the changed covariance matrix) decreases.

Now the Kalman filter must get ready to receive the next state vector coming
from the next measurement. To this end, the Kalman filter must project ahead the
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updated state vector estimate and its covariance matrix to the next measurement
time. The state vector is assumed to change with time according to a linear law of
transformation plus a random noise. The predicted state vector estimate can only
follow this linear law of transformation, because the value of the noise is not
known. The uncertainty of this predicted state vector estimate, measured by its
covariance matrix, increases, because the prediction does not take the added noise
into account. This is the last step of the Kalman filter cycle.

Since the state vectors coming from the measurements are recursively processed,
then their uncertainty tends to decrease, because of the increasing amount of the
information carried by each of them. On the other hand, since their uncertainty
increases in the projection step, an equilibrium will be reached, where the uncer-
tainty decrease, which occurs in the update step, is counter-balanced by the
uncertainty increase, which occurs in the projection step.

If there were no random noise in the evolution of the observed system from one
time-step to the next, the uncertainty of the state vector would reduce to zero.

Since this uncertainty changes with time, so does the Kalman gain, which must
therefore be recomputed in each cycle.

We can illustrate now the equations of the extended Kalman filter in the general
case, in which the measured values are n-dimensional vectors. Following
Montenbruck and Gill [53], let z be a one of the batches, that is, one of the
partitions, which make up the whole set of observations. Let x0 be the m-dimen-
sional state vector at the reference epoch t0. Let x0

− be an a priori estimate (forecast)
of x0, as indicated by a superscript minus sign, such that

x�0 ¼ xref0 þDx�0

where x0
ref is a common state vector of reference, around which x0

− is linearised, and
Dx0

− is the increment to be added to x0
ref to obtain the estimate x0

−.
Let P0

− be an estimate of the covariance matrix associated with x0
−. The estimates

x0
− and P0

− can be obtained as a result of either the processing of previous data
batches or initial information.

Let H be the Jacobian H = (∂h/∂x0)ref, that is, the matrix of the partial deriva-
tives of the computed values with respect to the state vector (here the subscript ref
indicates that the partial derivatives are to be evaluated at x0 = x0

ref) at the reference
epoch t0. The vector-valued function h is the function appearing in the equation
z = h(x0) + e, where e is the vector containing the measurement errors.

The measurement vector z and the a priori estimate x0
− can be used to obtain an

improved estimate Dx0
+ (where this improved estimate is indicated by a superscript

plus sign), as follows

Dxþ
0 ¼ Pþ

0 ððP0
�Þ�1 þHTWDzÞ
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where Dz = z − h(x0
ref) is the difference between the actual observations and the

observations predicted on the basis of the reference trajectory, W is the weighting
matrix, and

P0
þ ¼ P0

�ð Þ�1 þHTHH
� ��1

is the a posteriori covariance matrix, which takes into account the better knowledge
of x0, resulting from the a priori information combined with the batch z of obser-
vations. The new estimate x0

+ is related to the previous estimate x0
− by substituting

the a priori information matrix (P0
−)−1 with the difference

P0
þð Þ�1� HTWH

� �
between the a posteriori information matrix and the measurement information
matrix. This leads to

Dxþ
0 ¼ Dx�0 þP0

þHTW Dz�HDx�0
� �

which estimates recursively Dx0
+. In the preceding expression, the matrix

K ¼ P0
þHTW

(which is called Kalman gain) and the residual vector

q ¼ Dz�H Dx�0 ¼ z� h xref0

� � �HDx�0

are used to correct the estimates x0
−. The residuals contained in q are computed

taking into account the results z of the measurements, the observations h(x0
ref)

computed according to the reference model, and a linear correction H Dx0
− which

depends on the difference between the estimate x0
− and the reference state x0

ref.
In practice, the a posteriori covariance matrix P0

+ is not computed as indicated
above, that is, by using the expression

P0
þ ¼ P0

�ð Þ�1 þHTWH
� ��1

because this method requires, at each step, the inversion of an m � m matrix, where
m is the dimension of the state vector. Instead, a more convenient way of computing
the a posteriori covariance matrix P0

+ is given below

P0
þ ¼ I�KHð ÞP0

�
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where the Kalman gain results from

K ¼ P0
�HT W�1 þHP0

�HT� ��1

In summary, the recursive estimation algorithm is indicated below. Let the a
priori reference state vector x0

0 be given together with the covariance matrix P0
0

associated with it. Let also a series of N measurement batches zI (I = 1, 2, … N) be
given. Then, recursive estimates x0

I of the state vector x0 at epoch and their asso-
ciate covariance matrices P0

I are computed for each batch (I = 1, 2, …, N) by
computing:

• the Kalman gain

KI ¼ P0
I�1HT

I W�1
I þHIP0

I�1HT
I

� ��1

• the update of the state vector at epoch

xI0 ¼ xI�1
0 þKI zI�hI x00

� ��HI xI�1
0 �x00

� �� 	
• the update of its covariance matrix at epoch

P0
I ¼ I�KIHIð ÞxP0

I�1

where I designates the m � m identity matrix.
The expressions given above refer to an arbitrary number of measurements in

each batch. In practice, each batch comprises only a small number of measurements
taken at a common epoch with possible correlations or even a single scalar
observation.

In case of uncorrelated measurements, it is also possible to process them one at a
time. When this happens, the measurement vector zI is replaced by the corre-
sponding scalar measurement zi; in the same way, the weighting matrix WI is
replaced by the scalar weighting coefficient wi = 1/ri

2, the Kalman gain matrix KI is
replaced by the gain vector ki having the same dimension (m) as the state vector x0;
the Jacobian H = (∂h/∂x0)ref is a 1 � m matrix (that is, a row vector), and the
products HPHT and Hx are scalar quantities. Consequently, in this case, the three
equations given above become, respectively,

ki ¼ P0
i�1HT

i r2i þHiP0
i�1HT

i

� ��1

xi0 ¼ xi�1
0 þ ki zi � hi x00

� ��Hi xi�1
0 � x00

� �� 	
P0

i ¼ I� kiHið ÞP0
i�1

In the third of the equations written above, the tensor product ki Hi involves a
column vector (ki) and a row vector (Hi) and yields an m � m matrix.
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This is because the tensor product of two m-dimensional vectors u and v is by
definition

uvT ¼
u1
u2
..
.

um

2
6664

3
7775 v1 v2 . . . vm½ � ¼

u1v1 u2v2 . . . u1vm
u2v1 u2v2 . . . u2vm
..
. ..

.
. . . ..

.

umv1 umv2 . . . umvm

2
6664

3
7775

The three operations indicated above (computation of the Kalman gain, update
of the state vector at epoch, and update of the covariance matrix of the state vector
at epoch) provide an estimate of the state vector at epoch. In order to complete the
recursion, they are followed by:

• a projection (also called propagation) of the reference state vector x0
ref from

epoch t0 to epoch t1, or (which is the same) a projection of the reference state
vector xi−1

ref from ti−1 to ti; and
• a projection of the covariance matrix Pi−1 from ti−1 to ti.

To this end, let Ui � U(ti, ti−1) = ∂xi
ref/∂xi−1

ref = U(ti, t0)U(ti−1, t0)
−1 denote the

state transition matrix from epoch ti−1 to epoch ti, that is, the matrix whose product
with the state vector xi−1 at time ti−1 gives the state vector xi at time ti, as follows

xi ¼ Uixi�1

The state vector xi−1
+ (resulting from data up to and including time ti−1) is used to

predict an a priori state vector xi
− at time ti, as follows

x�i ¼ xrefi þUi xþ
i�1 � xrefi�1

� �
and its covariance matrix Pi

− at time ti, as follows

P�
i ¼ E x�i � E x�i

� �� 	
x�i � E x�i

� �� 	Tn o
¼ E Ui xþ

i�1 � E xþ
i�1

� �� 	
xþi�1 � E xþ

i�1

� �� 	T
UT

i

n o
¼ UiPþ

i�1U
T
i

where Pi−1
+ is the covariance of the state vector xi−1

+ . At this stage of the recursive
algorithm, the observations zi have not yet been taken into account. Therefore, the
information contained in xi

− and in Pi
− (which are, respectively, the predicted state

vector at time ti and its covariance matrix) is the same as that contained in xi−1
+ and

in Pi−1
+ (which are, respectively, the improved state vector at time ti−1 and its

covariance matrix), except for the time to which such quantities refer.
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Now, the observations zi at time ti have to be taken into account to update the a
priori information. For this purpose, the residual vector qi is expressed as a function
of quantities related to time ti instead of t0, as follows

qi ¼ zi � hi xref0

� ��Hi x�0 � xref0

� �
¼ zi � gi x

ref
i

� ��Gi x�i � xrefi

� �
where the function hi(x0

ref), which is used to predict the observations on the basis of
the reference trajectory, has been replaced by the following function

gi ti; x tið Þ½ � ¼ hi ti; x t0ð Þ½ �

which models the observations as a function of the state vector at the time ti of
measurement. Likewise, the Jacobian Hi has been expressed as follows

Hi ¼ @hi
@xref0

¼ @gi
@xrefi

� �
@xrefi

@xref0

� �
¼ GiU ti; t0ð Þ

(where Gi = ∂gi/∂xi
ref) in the equation of the residual vector qi. In the same way, the

Kalman gain is expressed as follows

Ki ¼ P�
i G

T
i W�1

i þGiP�
i G

T
i

� ��1

Levy [49] illustrates the recursive estimation algorithm used in the Kalman filter
by means of a scheme, which is shown in the following figure.
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The blocks of this scheme represent the following equations:

Compute Kalman gain ki = P0
i−1 Hi

T (ri
2 + Hi P0

i−1 Hi
T)−1

Update state estimates x0
i = x0

i−1 + ki [zi − hi (x0
0) − Hi (x0

i−1 − x0
0)]

Compute new covariance
of updated state estimate

P0
i = (I − ki Hi) P0

i−1

Predict state estimate and
covariance to next time-step

xi
− = xi

ref + Ui (xi−1
+ − xi−1

ref )
Pi
− = Ui Pi−1

+ Ui
T

The linearised Kalman filter computes estimates xi
+ (where i = 1, 2, …, n) of the

state vector xi at measurement times ti and the covariance matrices Pi
+ associated

with these estimates.
Then, the time update phase starts with the integration of the equation of motion

and the variational equations from ti−1 to ti, to obtain the reference state vector xi
ref

and the state transition matrix Ui = ∂xi
ref/∂xi−1

ref . By means of these quantities, the
previous estimate xi−1

+ and the associated covariance matrix Pi−1
+ can be projected

from ti−1 to ti, where ti is the time of the current measurement, as follows

x�i ¼ xrefi þUi xþ
i�1 � xrefi

� �
P�
i ¼ UiPþ

i�1U
T
i

The measurement update phase starts with the computation of the Kalman gain
Ki, the state vector update xi

+, and the covariance matrix update Pi
+, as follows

Ki ¼ P�
i G

T
i W�1

i þGiP�
i G

T
i

� ��1

xþ
i ¼ x�i þKi zi � gi x

ref
i

� ��Gi x�i � xrefi

� �� 	
Pþ
i ¼ I�KiGið ÞP�

i

The starting values to be given to the filter are x0
+ = x0

ref and P0
+ = P0

ref.
The ordinary Kalman filter described above can be used when the deviations

between the reference state vector (xi−1
ref ) and the estimated state vector (xi−1

+ ) are
small at any time (ti−1). In order to remove this restriction, the extended Kalman
filter has been developed, which derives from the ordinary Kalman filter by
resetting the reference state vector to the estimated state vector at the beginning of
each step. In the successive phase of time update, the current estimated state vector
(xi−1

+ ) is projected ahead from the current epoch (ti−1) to the next (ti), and the
variational equations for the state transition matrix are simultaneously solved. This
yields the predicted state vector xi

− at epoch ti

x�i ¼ x ti; x ti�1ð Þ½ � ¼ xþ
i�1
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and the covariance matrix Pi
− associated with xi

−

P�
i ¼ UiPþ

i�1U
T
i

The measurement update phase for the extended Kalman filter differs very little
from that for the ordinary Kalman filter, the only difference being the state vector
update equation, which is more simple in the former case:

Ki ¼ P�
i G

T
i W�1

i þGiP�
i G

T
i

� ��1

xþ
i ¼ x�i þKi zi � gi x

�
i

� �� 	
Pþ
i ¼ I�KiGið ÞP�

i

The starting values to be given to the filter are the a priori values of the state
vector (x0 = x0

apr) and of the associated covariance matrix (P0 = P0
apr).

The better performance of the extended Kalman filter is obtained at the cost of a
heavier computational effort in the phase of projection ahead of the state vector and
associated covariance matrix. This is because, when an extended Kalman filter is
used, a separate initial-value problem must be solved by numerical integration for
each measurement to be processed. Montenbruck and Gill [53] point out that
low-order single-step methods (e.g. the fourth-order Runge-Kutta method) are
employed in real-time orbit determination programs based on the extended Kalman
filter.

2.12 Numerical Methods for Kalman Filtering

As is the case with the batch least-squares method, numerical errors may sometimes
impair the performance of the Kalman filter, unless special care is taken in the
computation. Hotop [37] has shown that this is due to the presence of a minus sign
between two matrices in the update expression shown in the preceding paragraph,
that is,

Pþ
k ¼ I�KkGkð ÞP�

k

where the subscript k is the time index. Evaluating this expression on a computer
with single precision (REAL*4) may give rise to negative elements along the main
diagonal of the covariance matrix, which conflicts with the theory of covariance
matrices [37]. As has been shown by Grewal and Kain [30], the covariance matrix
must be symmetric and positive definite (in Sect. 2.9, it has been shown that an
n � n real symmetric matrix A is positive definite if the equality zTAz > 0 holds for
all nonzero vectors z with real entries); otherwise that matrix cannot represent valid
statistics for state vector components.
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A new formulation of the update expression, with the view of eliminating the
negative diagonal elements, is the so-called Joseph algorithm or stabilised Kalman
algorithm [15]. Without going into the analytical details of the matter, suffice it to
mention that Joseph uses, for the update of the covariance matrix Pk

+, the following
expression

Pþ
k ¼ I�KkGkð ÞP�

k I�KkGkð ÞT þKkW�1
k KT

k

which, according to Thornton [69], is mechanised as follows:

W1 ¼ I�KkGkð Þ
W2 ¼ W1P�

k

Pþ
k ¼ W2WT

1 þKkW�1
k KT

k

According to Montenbruck and Gill [53], the Joseph algorithm ensures the
positive definiteness of Pk

+ irrespective of errors in Kk or in (I − Kk Gk).
Another method, due to Bierman [9] and meant to the same effect, computes the

update of the covariance matrix Pk
+ by means of tensor products (see Sect. 2.10), as

follows

V1 ¼ P�
k G

T
k

P1 ¼ P�
k �KkVT

1

V2 ¼ P1GT
k

Pþ
k ¼ P1 � V2KT

k

� �þKkW�1
k KT

k

However, as has been shown by Thornton [69], in either the Joseph or the
Bierman formulation, this method requires more than two times the arithmetic
operations required by the original Kalman method and, in addition, is still sus-
ceptible to numerical errors.

In order to avoid the degradation of the computed covariance matrix Pk
+, Potter

[61] and Schmidt [63] decompose the covariance matrix as follows

Pk ¼ SkSTk

and derive an algorithm, called square-root method, for recursively computing Sk
instead of Pk. By so doing, symmetric products of triangular factors (Sk and Sk

T) for
the covariance matrix are updated instead of the covariance matrix itself.

As shown in Sect. 2.9, any m � m symmetric positive definite matrix P has a
unique decomposition P = SST, where S is a lower triangular matrix with positive
diagonal entries (sii > 0), and ST is the transpose of S. The decomposition P = SST

can be computed by means of the Cholesky method. The square-root method
guarantees positive definiteness of the computed covariance matrix Pk

+, because the
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matrix, if kept in this form, can never have a negative diagonal or become asym-
metric. Therefore, a square-root filter is more stable numerically than a conven-
tional Kalman filter.

Following Born [10], we consider the time update equation

P�
k ¼ UkPþ

k�1U
T
k

concerning the covariance matrix Pk
− associated with the predicted a priori state

vector xk
− at time tk. In order to simplify the notation, the subscripts are dropped, so

that the same equation can be rewritten as follows

P� ¼ UPþUT

Using the decomposition P+ = SST, the preceding equation becomes

P� ¼ U S STUT � S�S�T

where S− = U S. Assuming that the observations are processed one at a time and
that their errors are uncorrelated, the expression written above for the Kalman gain,
that is,

Kk ¼ P�
k G

T
k W�1

k þGkP�
k G

T
k

� ��1

becomes

K ¼ S�S�TGT r2 þGS�S�TGT� ��1

where r2 is the variance of the observation error. We set by definition

a ¼ r2 þGS�S�TGT� ��1

f� ¼ S�TGT

where a is a scalar and f − is an n-dimensional column vector

f� �
f �1
..
.

f �n

2
64

3
75

By taking the transposes of the matrices on both sides of the equality

f� ¼ S�TGT

2.12 Numerical Methods for Kalman Filtering 287



there results

f�T ¼ S�TGT� �T¼ GT� �T
S�T� �T¼ GS�

where f −T (the transpose of f −) is the n-dimensional row vector f −T � [f 1
−,…, f n

−].
This follows from the identities

AT� �T ¼ A

ABð ÞT ¼ BTAT

Therefore, there results

a ¼ r2 þ f�Tf�
� ��1

K ¼ a S� f�

Consequently, the new covariance matrix P+ (associated with the updated state
estimate x+) can be written as follows

Pþ ¼ Sþ SþT ¼ I�KGð ÞP� ¼ I� a S�f�Gð ÞS�S�T ¼ S� I� a f�GS�ð ÞS�T

¼ S� I� a f�f�T� �
S�T

Let A− be a matrix defined as follows

A�A�T ¼ I� a f�f�T� �
If such a matrix can be found, then the new covariance matrix P+ is expressible

as

Pþ ¼ S�A�A�TS�T ¼ Sþ SþT

To find A−, we introduce a scalar c such that

A�A�T ¼ ðI� c a f�f�TÞðI� c a f�f�TÞ ¼ I� a f�f�T� �
that is,

I� 2 c a f�f�T þ c2a2f�f�Tf�f�T ¼ I� a f�f�T

Now we define a scalar b such that

b ¼ f�Tf�

288 2 Orbit Determination from Observations



It follows that

I� 2 c a f�f�T þ c2a2b f�f�T ¼ I� a f�f�T

that is,

c2a2b� 2 c aþ a
� �

f�f�T ¼ 0

abc2 � 2cþ 1
� �

a f�f�T ¼ 0

The equality written above is satisfied by the trivial solution a f − f −T = 0. It is
also satisfied by the two values of c for which the expression abc2−2c + 1 vanishes.

These two values are

c ¼ 1
ab


 1

abð Þ2 �
1
ab

" #1
2

Remembering the expressions written above

a ¼ ðr2 þ f�Tf�Þ�1

b ¼ f�Tf�

there results

a ¼ 1
r2 þ b

hence

1
a
¼ r2 þ b b ¼ 1

a
� r2 ¼ 1� ar2

a

1
b
¼ a

1� ar2
1
ab

¼ 1
1� ar2

Therefore, the two values of c corresponding to abc2 - 2c + 1 = 0 are

c ¼ 1
ab


 1

a2b2
� 1
ab

� �1
2

¼ 1
 ar2ð Þ12
1� ar2
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If we choose the upper sign (+) in the expression written above, then there
results

c1 ¼
1þ ar2ð Þ12
1� ar2

¼ 1þ ar2ð Þ12
1þ ar2ð Þ12
h i

1� ar2ð Þ12
h i ¼ 1

1� ar2ð Þ12

Otherwise, if we choose the lower sign (−) in the same expression, then there
results

c2 ¼
1� ar2ð Þ12
1� ar2

¼ 1� ar2ð Þ12
1þ ar2ð Þ12
h i

1� ar2ð Þ12
h i ¼ 1

1þ ar2ð Þ12

In order to prevent the denominator from becoming zero in case of ar2 = 1, we
discard c1 and take

c2 ¼
1

1þ ar2ð Þ12

as the unique solution of the equation abc2 - 2c + 1 = 0.
Remembering the expressions written above

Pþ ¼ S�A�A�TS�T ¼ Sþ SþT

A�A�T ¼ I� c a f�f�T� �
I� c a f�f�T� � ¼ I� a f�f�T� �

K ¼ a S� f�

there results

Sþ ¼ S�A� ¼ S� I� c a f�f�T� � ¼ S� � cK f�T

which is the measurement update for the square-root matrix S.
The resulting computational algorithm is indicated below. In this algorithm, we

use again the subscripts k to indicate the states.
At a given state k = 1, 2, …, n (corresponding to a time tk), the following

quantities are to be specified: xk
− (state vector), Sk

− (square-root matrix associated
with xk

−, where Sk
− is such that Pk

− = Sk
− Sk

−T), zk (measurement vector), and Gk

(Jacobian matrix containing the partial derivatives of the measurement vector zk
with respect to the state vector xk

−).
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The sequence of computation is indicated below.

(a) f�k ¼ S�T
k G�T

k

(b) ak ¼ 1= r2 þ f�T
k f�k

� �
(c) Kk ¼ ak S�k f

�
k

(d) xþ
k ¼ x�k þKk zk �Gk x�k

� �
(e) ck ¼ 1= 1þ ak r2ð Þ12

h i
(f) Sþ

k ¼ S�k � ckKk f�T
k (Sk

+ being such that Pk
+ = Sk

+ Sk
+T)

(g) Predict, by integrating the differential equation of the reference orbit and
U′ = A U forward in time, the next estimates of the state vector xk+1

− and the
transition matrix Uk+1

−

(h) Update the square-root matrix Sk
+ and the state vector xk

+ to k + 1, as follows
(i) S�kþ 1 ¼ U�

kþ 1S
þ
k

(j) x�kþ 1 ¼ U�
kþ 1x

þ
k

(k) Increase k to k + 1 and go to step (a).

The sequence given above is based on the presence of a single observation
(performed at the given time tk) in the measurement vector zk.

Bellantoni and Dodge [7] have extended this method to handle more than a
single observation in zk. At the beginning of the sequence, the initial square-root
matrix S0

−, associated with the initial state vector x0
−, results from the Cholesky

decomposition of the initial covariance matrix P0
−, which in turn must be symmetric

and positive definite.
Throughout the Apollo missions, Potter’s square-root filter has been used for

lunar navigation [48].
On the basis of the square-root method, Carlson [17], Bierman [8], and Thornton

[69] have derived a method which recursively computes an upper triangular
covariance square-root matrix.

This method is based on the upper triangular Cholesky decomposition: any
m � m symmetric positive definite matrix P has a unique decomposition
P = UDUT, as will be shown below. For example and without loss of generality, if
P were a 3 � 3 symmetric and positive definite matrix, then the upper triangular
Cholesky decomposition of P would be

p11 p12 p13
p12 p22 p23
p13 p23 p33

2
4

3
5 ¼

1 u12 u13
0 1 u23
0 0 1

2
4

3
5 d11 0 0

0 d22 0
0 0 d33

2
4

3
5 1 0 0

u12 1 0
u13 u23 1

2
4

3
5

where U is a unit upper triangular matrix and D is a diagonal matrix with
non-negative entries dii (i = 1, 2, …, m).

By so doing, the square-root method shown above is modified as follows

P ¼ UD
1
2

� �
UD

1
2

� �T
¼ SST
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where

D
1
2 ¼ diag d11ð Þ12; d22ð Þ12; . . .; dmmð Þ12

h i

The upper triangular Cholesky decomposition is based on the algorithm shown
below.

Following Bierman [8], for j = m, m − 1,…, 2, we compute the entries djj of the
diagonal matrix D, except the first entry d11, as follows

djj ¼ pjj

Then, for j = m, m − 1, …, 2, we compute the diagonal entries ujj of the upper
triangular matrix U as follows

ujj ¼ 1

Then, for j = m, m − 1,…, 2 and k = 1, 2, ...,j − 1, we compute the off-diagonal
entries ukj of U as follows

ukj ¼ pkj
djj

Then, for k = 1, 2, …, j − 1 and i = 1, 2, …, k, the entries pik of P are destroyed
and replaced by the following new values

pik ¼ pik � uijukjdjj

Finally, u11 is set equal to unity, and d11 is set equal to p11.
Bierman [8] has also given a Fortran codification of the algorithm indicated

above. Born [11] has given the following example of UDUT decomposition. Let

P �
1 2 3
2 8 2
3 2 14

2
4

3
5

be the matrix to be decomposed. In case of a 3 � 3 matrix, we have

p11 p12 p13
p12 p22 p23
p13 p23 p33

2
4

3
5 ¼

1 u12 u13
0 1 u23
0 0 1

2
4

3
5 d11 0 0

0 d22 0
0 0 d33

2
4

3
5 1 0 0

u12 1 0
u13 u23 1

2
4

3
5
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which, in the present case, becomes

1 2 3
2 8 2
3 2 14

2
4

3
5 ¼

1 u12 u13
0 1 u23
0 0 1

2
4

3
5 d11 0 0

0 d22 0
0 0 d33

2
4

3
5 1 0 0

u12 1 0
u13 u23 1

2
4

3
5

By multiplying the matrices and equating to the given matrix P, there results

u12 ¼ p12 � p13p23=p33ð Þ= p22 � p223p33
� � ¼ 2 � 3� 2=14ð Þ= 8 � 22 � 14

� � ¼ 11=54

u13 ¼ p13=p33 ¼ 3=14

u23 ¼ p23=p33 ¼ 2=14 ¼ 1=7

d11 ¼ p11 � p12 � p13p23=p33ð Þ2= p22 � p223=p33
� �� p213=p33

¼ 1 � 2 � 3� 2=14ð Þ2= 8 � 22=14
� � � 32=14 ¼ 7=189

d22 ¼ p22 � p223=p33 ¼ 8 � 22=14 ¼ 54=7

d33 ¼ p33 ¼ 14

The matrices U, D, and UT of the decomposition P = UDUT are given below.

1 11=54 3=14
0 1 1=7
0 0 1

2
4

3
5 7=189 0 0

0 54=7 0
0 0 14

2
4

3
5 1 0 0

11=54 1 0
3=14 1=7 1

2
4

3
5

As is easy to verify, the product UDUT reconstructs the given matrix P.
A further example of UDUT decomposition has been given by Kang [46]. Let

P �
130 186 152 20
186 283 230 30
152 230 249 35
20 30 35 5

2
664

3
775

be the matrix to be decomposed. As is easy to verify, P is a square, symmetric, and
positive definite matrix.

By applying the Bierman method shown above, the matrix P is decomposed as
follows

130 186 152 20
186 283 230 30
152 230 249 35
20 30 35 5

2
664

3
775 ¼

1 2 3 4
0 1 5 6
0 0 1 7
0 0 0 1

2
664

3
775

2 0 0 0
0 3 0 0
0 0 4 0
0 0 0 5

2
664

3
775

1 0 0 0
2 1 0 0
3 5 1 0
4 6 7 1

2
664

3
775

Again, the product UDUT on the right-hand side of the preceding equality
reconstructs the given matrix P.
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Let us consider now the application of the concepts shown above to the Kalman
filter. Following Kang [46], let

P�
k ¼ U�

k D
�
k U

�T
k

be the UDUT decomposition of the predicted covariance matrix Pk
−.

Likewise, let

Pþ
k ¼ Uþ

k Dþ
k UþT

k

be the UDUT decomposition of the updated covariance matrix Pk
+.

As shown in Sect. 2.11, the updated expression of Pk is

Pþ
k ¼ I�KkGkð ÞP�

k

where I is the identity matrix, Kk is the Kalman gain matrix, and Gk is the Jacobian
matrix containing the partial derivatives of the measurement vector zk with respect
to the state vector xk

−. The same expression can also be written

Pþ
k ¼ P�

k �KkGkP�
k

Now, remembering the following expression (see Sect. 2.11) of the Kalman gain

Kk ¼ P�
k G

T
k W�1

k þGkP�
k G

T
k

� ��1

(where Wk
−1 is the inverse of the weighting matrix Wk) and substituting the

expression of the Kalman gain into Pk
+ = Pk

− − Kk Gk Pk
−, there results

Pþ
k ¼ P�

k � P�
k G

T
k W�1

k þGkP�
k G

T
k

� ��1
GkP�

k

If the expression in parentheses (namely Wk
−1 + Gk Pk

− Gk
T) were a scalar (s), as

the sequel will show, then the equation written above could be written as follows

Pþ
k ¼ P�

k � P�
k G

T
k 1=sð ÞGkP�

k

Now, remembering the UDUT decomposition of the predicted covariance matrix
Pk
−, the preceding equation becomes

Pþ
k ¼ U�

k D
�
k U

�T
k

� �� 1=sð Þ U�
k D

�
k U

�T
k

� �
GT

kGk U�
k D

�
k U

�T
k

� �
¼ U�

k D�
k � 1=sð Þ D�

k U
�T
k GT

k

� �
GkU�

k D
�
k

� �� 	
U�T

k

¼ U�
k D�

k � 1=sð Þ D�
k U

�T
k GT

k

� �
D�

k U
�T
k GT

k

� �Th i
U�T

k
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Since (Dk
− Uk

−T Gk
T) (Dk

− Uk
−T Gk

T)T is a symmetric and positive definite matrix,
then the term within square brackets is also a symmetric and positive definite
matrix. Therefore, the UDUT decomposition also applies to this term, as follows

D�
k � 1=sð Þ D�

k U
�T
k GT

k

� �
D�

k U
�T
k GT

k

� �Th i
¼ U�

kD
�
kU

�T
k

Consequently, the update expression of the covariance matrix Pk becomes

Pþ
k ¼ U�

k U�
kD

�
kU

�T
k

� �
U�T

k

¼ U�
k U

�
k

� �
D�

k U�T
k U�T

k

� �
¼ U�

k U
�
k

� �
D�

k U�T
k U�T

k

� �T
Setting Uk

+ = Uk
− Uk

* and Dk
+ = Dk

* makes it possible to write

Pþ
k ¼ Uþ

k Dþ
k UþT

k

which shows that the updated covariance matrix Pk
+ can be decomposed as indicated

above. Now it will be shown that the Kalman gain matrix

Kk ¼ P�
k G

T
k W�1

k þGkP�
k G

T
k

� ��1

can be computed without matrix inversion. To this end, let

P�
k �

p11 p12 p13 p14
p21 p22 p23 p24
p31 p32 p33 p34
p41 p42 p43 p44

2
664

3
775
k

be the predicted covariance matrix. Let

Gk � 1 0 0 0
0 0 1 0


 �
k

be the Jacobian matrix Gk containing the partial derivatives of the measurement
vector zk with respect to the state vector xk

−. Let

Rk � r11 r12
r21 r22


 �
k

be the matrix Rk � Wk
−1 (that is, the inverse of the weighting matrix Wk). Then, the

expression

W�1
k þGk P�

k GT
k
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(which appears in the equation of the Kalman gain) becomes

r11 þ p11 r12 þ p13
r21 þ p31 r22 þ p33


 �
k

As shown in Sect. 2.10, let

M � a b
c d


 �

be a given 2 � 2 matrix. Then, the inverse matrix M−1 is given by

M�1 ¼ d=detðMÞ �b=detðMÞ
�c=detðMÞ a=detðMÞ

 �

where det(M) = ad − bc is the determinant of the given matrix M.
Consequently, the inverse of the matrix Wk

−1 + Gk Pk
− Gk

T is

r22 þ p33ð Þ=D � r12 þ p13ð Þ=D
� r21 þ p31ð Þ=D r11 þ p11ð Þ=D

 �

k

where

D ¼ det W�1
k þGkP�

k G
T
k

� � ¼ r11 þ p11ð Þ r22 þ p33ð Þ � r21 þ p31ð Þ r12 þ p13ð Þ

When the predicted covariance matrix Pk
− is a block diagonal and the inverse

weighting matrix Rk � Wk
−1 is also diagonal, that is, when the matrices Pk

− and Rk

are as follows

P�
k ¼

p11p12
p21p22

p33p34
p43p44

2
664

3
775
k

Rk ¼ r11 0
0 r22


 �
k

then the matrix (Wk
−1 + Gk Pk

− Gk
T)−1 is

1= r11 þ p11ð Þ 0
0 1= r22 þ p33ð Þ


 �
k

which can also be written as follows

1=s1 0
0 1=s2


 �
k
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This means that the nonzero entries of the inverted matrix (Wk
−1 + Gk Pk

− Gk
T)−1

result from an operation of scalar division. The Kalman gain matrix

Kk ¼ P�
k G

T
k W�1

k þGkP�
k G

T
k

� ��1

results from the matrix product of Pk
− Gk

T by (Wk
−1 + Gk Pk

− Gk
T)−1, that is,

p11 p13
p21 p23
p31 p33
p41 p43

2
664

3
775
k

1=s1 0
0 1=s2


 �
k

This yields the following expression of Kk

Kk ¼
p11=s1 p13=s1
p21=s1 p23=s1
p31=s1 p33=s1
p41=s1 p43=s1

2
664

3
775
k

Therefore, the Kalman gain matrix Kk can be computed without matrix inver-
sion. The example given above concerns a 4 � 4 predicted covariance matrix Pk

−.
In the general case, the Kalman gain matrix Kk results from

Kk ¼
p11=s1 p13=s1 . . . p1n=sn�1

p21=s1 p23=s1 . . . p2n=sn�1

..

. ..
.

. . . ..
.

pm1=s1 pm3=s1 . . . pmn=sn�1

2
6664

3
7775
k

where

sj ¼ rjj þGjP�
k G

T
k

pij ¼ rjj þGijP�
k G

T
ij

It remains to show that the predicted covariance matrix Pk
− is a block diagonal.

If the updated covariance matrix Pk
+ is a block diagonal, then the predicted

covariance matrix Pk
− remains block diagonal, because the time update equation

P�
k ¼ UkPþ

k�1U
T
k

(concerning the covariance matrix Pk
− associated with the predicted a priori state

vector xk
− at time tk) can be written as follows

U�
k D

�
k U

�T
k ¼ UkðUþ

k�1D
þ
k�1U

þT
k�1ÞUT

k

2.12 Numerical Methods for Kalman Filtering 297



Now, since (see above)

Pþ
k�1 ¼ U�

k�1 U�
k�1D

�
k�1U

�T
k�1

� �
U�T

k�1

¼ ðU�
k�1U

�
k�1ÞD�

k�1ðU�T
k�1U

�T
k�1Þ

¼ ðU�
k�1U

�
k�1ÞD�

k�1ðU�T
k�1U

�T
k�1ÞT

then

U�
k D

�
k U

�T
k ¼ Uk½ðU�

k�1U
�
k�1ÞD�

k�1ðU�T
k�1U

�T
k�1ÞT�UT

k

¼ ðUkU�
k�1U

�
k�1ÞD�

k�1ðUkU�
k�1U

�
k�1ÞT

Since (Uk Uk−1
− Uk−1

* )T is the transpose of (Uk Uk−1
− Uk−1

* ), then the term

ðUkU�
k�1U

�
k�1ÞD�

k�1ðUkU�
k�1U

�
k�1ÞT

(that is, the predicted covariance matrix Pk
−) is diagonal.

In summary, the preceding analysis has shown that:

• the Kalman gain matrix Kk can be computed without matrix inversion; and
• both the predicted (Pk

−) and updated (Pk
+) covariance matrices can be decom-

posed as P = UDUT.

The sequence of computation for the square-root method without matrix
inversion is indicated below.

• P�
k ¼ UkPþ

k�1U
T
k ¼ U�

k D
�
k U

�T
k

• Kk ¼ P�
k G

T
k Rk þGkP�

k G
t
k

� ��1

where

sj ¼ rjj þGjP�
k G

t
k

pij ¼ rjj þGijP�
k G

t
ij

Kk ¼
p11=s1 p13=s1 . . . p1n=sn�1

p21=s1 p23=s1 . . . p2n=sn�1

..

. ..
.

. . . ..
.

pm1=s1 pm3=s1 . . . pmn=sn�1

2
6664

3
7775
k

• D�
k � 1=sð Þ ðD�

k U
�T
k GT

k Þ ðD�
k U

�T
k GT

k ÞT
h i

¼ U�
kD

�
kU

�T
k

• Pþ
k ¼ ðU�

k U
�
kÞD�

kðU�T
k U�T

k ÞT ¼ Uþ
k Dþ

k UþT
k
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The updated and predicted state vectors and the transition matrix are computed
as has been shown for the Potter–Schmidt method.

In addition to the numerical methods shown above, we merely mention the
so-called sigma-rho filter, which takes this name from the following expression

p�ij ¼ r�i r
�
j q

�
ij

given by Grewal and Kain [30] to the entries pij
− of the predicted covariance matrix

Pk
−. In this expression, ri

− is the standard deviation of the ith component, rj
− is the

standard deviation of the jth component, and qij
− is the correlation coefficient

between the ith and the jth component of the predicted state vector xk
−. It is to be

noted that q is used here for the sole purpose of maintaining the nomenclature used
by Grewal and Kain, and has nothing to do with the residuals. The idea on which
this type of Kalman filter is based is that of updating the standard deviation r and
the correlation coefficients q instead of the predicted covariance matrix. By so
doing, Grewal and Kain express the entries pij

+ of the updated covariance matrix Pk
+

as follows

rþ
i rþ

j qþ
ij ¼ r�i r

�
j q

�
ij �

Xn
s¼1

Gsr
�
s r

�
j q

�
sj

The particulars of this method can be found in Ref. [30].

2.13 The Unscented Kalman Filter

As shown in Sect. 2.11, the application of the Kalman filter to nonlinear systems is
sometimes difficult, especially in those of such systems which are highly nonlinear.
The extended Kalman filter, described in Sect. 2.11, linearises all nonlinear models,
in order for the classical Kalman filter to be applied to such nonlinear systems. The
application of extended Kalman filters to nonlinear systems has the following flaws:

1. high instability of the filter, when the assumption of linearity is violated locally;
and

2. difficulty in deriving the Jacobian matrices in most practical cases.

To deal with these systems, there is another class of filters, called sigma-point
Kalman filters, to which class the unscented Kalman filter belongs.

This type of filter, proposed in 1992 by Julier and Uhlmann [42], has since then
been dealt with by several authors (see, e.g., Refs. [70–67]).

According to Julier and Uhlmann, a general nonlinear discrete time system is
represented by the following equations:
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xk ¼ f xk�1; uk�1; vk�1; k � 1ð Þ
zk ¼ h xk; uk; kð Þþ nk

where xk is the m-dimensional state vector at time-step k, uk−1 is the known input
vector, vk−1 is the q-dimensional state noise process vector due to disturbances and
modelling errors, zk is the observation vector, nk is the measurement noise vector,
and f and h are the nonlinear vector-valued functions (supposed known) repre-
senting the system dynamic model. It is assumed that the noise vectors vk and nk are
zero mean and that, for all i and j, the following equalities hold

E vivTj
� �

¼ dijQi

E ninTj
� �

¼ dijRi

E vinTj
� �

¼ 0

where Qi is the covariance matrix of the process noise vk, and Ri is the covariance
matrix of the measurement noise nk. In most practical cases, according to van der
Merwe and Wan [84], the noise terms vk and nk are additive, and the two equations
written above can be simplified as follows

xk ¼ f xk�1; uk�1ð Þ þ vk�1

zk ¼ h xkð Þþ nk

As shown in Sect. 2.11, the extended Kalman filter consists of:

• a first-order (in terms of Taylor-series expansion) approximation of the non-
linear functions f and h at the current state estimate; and

• the application of the classical Kalman filter to this model approximated to the
first order.

By contrast, the unscented Kalman filter is based on the unscented transform,
which is a numerical procedure for approximating the posterior mean and covari-
ance of a random vector obtained from a nonlinear transformation [67]. The
unscented transform determines a set of sample points, called sigma-points, around
the mean. Such points are chosen so that their mean and covariance should be equal
to, respectively, the mean and covariance of the augmented (see below) state vector,
and then propagated through the nonlinear functions f and h, so as to recover the
mean and covariance of the estimate.

When the noise terms vk and nk are additive, there is no need to augment the state
vector xk and its covariance matrix Pk [68]. By contrast, this need arises when the
observed dynamic system is of the general type indicated above, as will be shown
in detail in Sect. 2.16.
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The initial m � 1 state vector x0 has known mean l0 ¼ Eðx0Þ and covariance
matrix P0 ¼ E½ðx0 � l0Þðx0 � l0ÞT�.

For time-step k = 1, 2, …, N − 1 (N being the size of the measurement process),
a set of 2 m + 1 sigma-point vectors vk−1 is computed as follows

v0k�1 ¼ xk�1 i ¼ 0

vik�1 ¼ xk�1 þ mþ kð ÞPk�1½ �12
n o

i
i ¼ 1; 2; . . .;m

viþm
k�1 ¼ xk�1 � mþ kð ÞPk�1½ �12

n o
i

i ¼ 1; 2; . . .; m

where {[(m + k)Pk−1]
½}i is the ith column of the matrix Sk−1, which in turn is the

square root of the matrix (m + k)Pk−1. Therefore, there results by definition

ðmþ kÞPk�1 ¼ Sk�1STk�1

The square-root matrix Sk−1 is to be computed by means of some stable method,
for example, by means of the Cholesky decomposition, as shown in Sect. 2.12. The
set of the sigma-point vectors vk−1

i (i = 0, 1, …, 2 m) forms the m � (2 m + 1)
sigma-point matrix Xk−1

i , whose columns are given below

Xi
k�1 ¼ xk�1 xk�1 þ mþ kð ÞPk�1½ �12 xk�1 � mþ kð ÞPk�1½ �12

h i

This matrix is such that xk−1 is a column vector, whereas xk−1 + [(m + k)Pk−1]
½

and xk−1 − [(m + k)Pk−1]
½ are, each of them, a set of m column vectors.

The sigma-point vectors vk−1 are projected ahead from time-step k − 1 to
time-step k, by means of the nonlinear function f, as follows

vik ¼ f vik�1; uk�1
� �

i ¼ 0; 1; . . .; 2m

The projected sigma-point vectors vk
i (with weights ws

i for the state vector and wc
i

for the covariance matrix) are used to compute the predicted state vector xk
− and the

predicted covariance matrix Pk
− of xk

−, as follows

x�k ¼
X2m
i¼0

wi
sv

i
k

P�
k ¼

X2m
i¼0

wi
c vik � x�k
� 	

vik � x�k
� 	T þQk�1

where Qk−1 is the covariance matrix of the process noise vector vk−1.
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Again, a set of 2m + 1 sigma-point vectors vk
i (i = 0, 1, …, 2m) is computed

from the predicted state vector xk
− and the predicted covariance matrix Pk

−, as
follows

v0k ¼ x�k i ¼ 0

vik ¼ x�k þ mþ kð ÞP�
k

� 	1
2

n o
i

i ¼ 1; 2; . . .; m

viþm
k ¼ x�k � mþ kð ÞP�

k

� 	1
2

n o
i

i ¼ 1; 2; . . .; m

Now, the set of 2m + 1 sigma-point vectors vk
i is used as the argument of the

nonlinear function h, as follows

cik ¼ h vik
� �

i ¼ 0; 1; . . .; 2m

and the sigma-point vectors ck
i are used (with weights ws

i for the state vector and wc
i

for the covariance matrix) to compute the predicted measurement vector zk
− and the

predicted covariance matrix Pzz
− of zk

−, as follows

z�k ¼
X2m
i¼0

wi
s c

i
k

P�
zz ¼

X2m
i¼0

wi
c cik � z�k
� 	

cik � z�k
� 	T þRk

where Rk is the covariance matrix of the measurement noise vector nk.
The cross-correlation matrix Pxz

− (related to the time-step k) between xk
− and zk

− is
computed as follows

P�
xz ¼

X2m
i¼0

wi
c vik � x�k
� 	

cik � z�k
� 	T þRk

Finally, the Kalman gain Kk, the updated state vector xk
+, and the updated

covariance matrix Pk
+ are computed as follows

Kk ¼ ðP�
xzÞðP�

xzÞ�1

xþ
k ¼ x�k þKkðzk � z�k Þ

Pþ
k ¼ P�

k �KkP�
zzK

T
k

According to Julier and Uhlmann [42], the unscented Kalman filter, due to its
better properties of estimation accuracy and ease of implementation in comparison
with the extended Kalman filter, is better suited than the latter in filtering appli-
cations. In quantitative terms, according to Wan and van der Merwe (Refs. [84,
81]), the posterior mean and covariance computed by means of the unscented
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Kalman filter are accurate to the third order, in terms of a Taylor-series expansion,
for all nonlinearities, in case of Gaussian inputs. In case of non-Gaussian inputs, the
approximations are accurate to the second order. In contrast, the extended Kalman
filter provides results approximated to the first order.

2.14 The Square-Root Unscented Kalman Filter

The filter described in the present paragraph has been proposed by van der Merwe
and Wan [84]. It is an improvement of the standard unscented Kalman filter, which
has been described in Sect. 2.13. The difference is due to the fact that the
square-root unscented Kalman filter propagates (that is, projects ahead in time) the
square root Sk of the covariance matrix Pk = Sk Sk

T, instead of the covariance matrix
itself. The reasons for doing this are the same as those discussed in Sect. 2.12,
namely numerical stability and positive definiteness, at each time-step k, of the
covariance matrix Pk of the state vector xk.

Assuming again a system represented by the following equations

xk ¼ f xk�1; uk�1ð Þ þ vk�1

zk ¼ h xkð Þ þ nk

we intend to modify the expressions given in Sect. 2.13, so as to take account of the
propagation of the Cholesky factor Sk. The square-root unscented Kalman filter uses
three techniques of linear algebra, namely the QR decomposition, the least-squares
problem, and the Cholesky factor updating. The first two techniques have been
shown in Sect. 2.10. The third will be shown in the last section of the present
paragraph.

Following Terejanu [68], the initial m-dimensional state vector x0 has known
mean l0 ¼ Eðx0Þ and covariance matrix P0 ¼ E½ðx0 � l0Þðx0 � l0ÞT�, whose
Cholesky factor S0 is found as follows

S0 ¼ chol E ðx0 � l0Þðx0 � l0ÞT
h in o

In the preceding expression, the Cholesky factorisation algorithm has been
indicated by means of the function chol(), whose argument is the covariance matrix
P0. The users of MATLAB have just this function at their disposal. Otherwise,
those who have a FORTRAN compiler can use the subroutine schdc of LINPACK
or LAPACK [21], or the subroutine msfd of IBM SSP [39]. Both of the subroutines
named above take a symmetric positive definite matrix A and compute an upper
triangular matrix R (called the Cholesky factor of A) such that A = RTR. For
time-step k within the interval 1, 2, …, kend, the sigma-point vectors vk−1 are
computed as follows
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v0k�1 ¼ xk�1 i ¼ 0

vik�1 ¼ xk�1 þ mþ kð Þ12Sk�1

h i
i

i ¼ 1; 2; . . .; m

viþm
k�1 ¼ xk�1 � mþ kð Þ12Sk�1

h i
i

i ¼ 1; 2; . . .; m

These sigma-point vectors are projected ahead from time-step k − 1 to time-step
k, by means of the nonlinear function f, as follows

vik ¼ f vik�1; uk�1
� �

i ¼ 0; 1; . . .; 2m

The projected sigma-point vectors vk
i (with weights ws

i for the state vector and wc
i

for the covariance matrix) are used to compute the predicted state vector xk
− and the

predicted Cholesky factor matrix Sk
−, as follows

x�k ¼P2m
i¼0

wi
sv

i
k

S�k ¼ qr wi
c

� �1
2 vik � xik
� �

Qkð Þ12
h in o

i ¼ 1; 2; . . .; 2m

S�k ¼ cholupdate S�k ; v0k � x�k
� �

; sgn w0
c


 �
w0
c

�� ��� �1
2

h i

where Qk−1 is the covariance matrix of the process noise vector vk−1. The positive
or negative sign of wc

0 (that is, wc
0 > 0 or wc

0 < 0) determines whether the function
update performs a positive or a negative rank-one update to the Cholesky factori-
sation, as will be shown below. In order to understand the meaning of these
expressions, it is necessary to remember the expression of the predicted covariance
matrix Pk

− = (Sk
−)(Sk

−)T, given in the preceding paragraph, for the standard
unscented Kalman filter, that is,

P�
k ¼

X2m
i¼0

wi
c vik � x�k
� 	

vik � x�k
� 	T þQk�1

By extracting the first term (corresponding to i = 0) from the sum, this
expression can be written, for i = 1, 2, …, 2 m, as follows

P�
k ¼

X2m
i¼1

wi
c

� �1
2 vik � x�k
� 	

wi
c

� �1
2 vik � x�k
� 	T þ Q

1
2

h i
k�1

Q
1
2

h iT
k�1

� �

þw0
c v0k � x�k
� 	

v0k � x�k
� 	T

¼ wi
c

� �1
2 vik � x�k
� �

Q
1
2

� �
k�1

h i wi
c

� �1
2 vik � x�k
� �T
Q

1
2

� �T
k�1

2
64

3
75þw0

c v0k � x�k
� �

v0k � x�k
� �T
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where Q
1
2
k�1 is the square-root matrix of the process noise covariance matrix Qk−1.

The matrix wi
c

� �1=2
vik � x�k
� �

Q
1=2

� �
k�1


 �
has m rows and 3m columns. As

shown in Sect. 2.10, its 3 m � m transpose matrix ½ðwc
iÞ1=2ðvik � x�k ÞðQ

1=2Þk�1�T can
be decomposed, by using the QR factorisation, into the product of an orthogonal
3m � m matrix Ok and an upper triangular m � m matrix (Sk

−)T, as follows

wi
c

� �1=2
vik � x�k
� �

Q
1=2

� �
k�1


 �T
¼ Ok S�k

� �T
i ¼ 1; 2; . . .; 2mð Þ

The MATLAB function which can be used for this purpose is [Q, R] = qr(A),
where the matrices Q, R, and A are such that A = Q R.

Otherwise, with a FORTRAN compiler, it is possible to use the subroutine sqrdc
of LINPACK or LAPACK [21].

Therefore, the predicted covariance matrix Pk
− can be expressed as follows

P�
k ¼ S�k

� �
Okð ÞT Okð Þ S�k

� �T þw0
cðv0k � x�k Þðv0k � x�k ÞT

¼ S�k
� �

S�k
� �T þw0

cðv0k � x�k Þðv0k � x�k ÞT

In order to include the effect of the term wc
0(vk

0 − xk
−)(vk

0 − xk
−)T in the square-root

matrix, it is necessary to perform either a rank-one positive update (if wc
0 > 0) or a

rank-one negative update (if wc
0 < 0) to the Cholesky factorisation, as follows

S�k ¼ cholupdate S�k ; v0k � x�k
� �

; sgn w0
c


 �
w0
c

�� ��� �1
2

h i

where sgn(x) is the signum function, defined in Sect. 2.10 (that is, sgn(x) = −1 if
x < 0; sgn(x) = 0 if x = 0; sgn(x) = 1 if x > 0), and cholupdate(R, x, “ + ”) or
cholupdate(R, x, “−”) is the MATLAB function which performs the positive
rank-one update (“+”) or the negative rank-one update (“–”) to the Cholesky
factorisation.

Let R = chol(A) be the Cholesky factor of a given matrix A, as has been shown
above. Then, cholupdate(R, x, “+”) returns the upper triangular Cholesky factor of
A + xxT, where x is a column vector; likewise, cholupdate(R, x, “−”) returns the
upper triangular Cholesky factor of A − xxT.

In the present case, the function cholupdate[Sk
−, (vk

0 − xk
−), sgn(wc

0)(|wc
0|)½] returns

the Cholesky factor of (Sk
−)(Sk

−)T + wc
0(vk

0 − xk
−)(vk

0 − xk
−)T.

Otherwise, with a FORTRAN compiler, it is possible to use the subroutine schud
(positive update) or schdd (negative update) of LINPACK or LAPACK [21].

By so doing, the predicted covariance matrix can be written Pk
− = (Sk

−)(Sk
−)T.

The same line of reasoning can be followed to compute the predicted covariance
matrix Pzz

− = (Sz
−)(Sz

−)T of zk
− and the updated covariance matrix Pk

+ = (Sk
+)(Sk

+)T of xk
+.
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A summary of the equations used in the square-root unscented Kalman filter is
given below. Starting from the initial m-dimensional state vector x0, whose mean
l0 ¼ Eðx0Þ and covariance matrix P0 ¼ E½ðx0 � l0Þðx0 � l0ÞT� are known, the
Cholesky factor S0 of P0 is found as follows

S0 ¼ chol E½ðx0 � l0Þðx0 � l0ÞT�
n o

For time-step k within the interval 1, 2, …, kend, the sigma-point vectors vk−1 are
computed as follows

v0k�1 ¼ xk�1 i ¼ 0

vik�1 ¼ xk�1 þ mþ kð Þ12Sk�1

h i
i

i ¼ 1; 2; . . .; m

viþm
k�1 ¼ xk�1 � mþ kð Þ12Sk�1

h i
i

i ¼ 1; 2; . . .; m

These sigma-point vectors are projected ahead from time-step k − 1 to time-step
k, by means of the nonlinear function f, as follows

vik ¼ f vik�1; uk�1
� �

i ¼ 0; 1; . . .; 2m

The projected sigma-point vectors vk
i (with weights ws

i for the state vector and wc
i

for the covariance matrix) are used to compute the predicted state vector xk
− and the

predicted Cholesky factor matrix Sk
−, as follows

x�k ¼
X2m
i¼0

wi
s v

i
k

S�k ¼ qr wi
c

� �1
2 vik � xik
� �

Qkð Þ12
h in o

i ¼ 1; 2; . . .; 2m

S�k ¼ cholupdate S�k ; v0k � x�k
� �

; sgn w0
c


 �
w0
c

�� ��� �1
2

h i

where Qk−1 is the covariance matrix of the process noise vector vk−1. Again, a set of
2m + 1 sigma-point vectors vk

i (i = 0, 1, …, 2 m) is computed from the predicted
state vector xk

− and the predicted Cholesky factor matrix Sk
−, as follows

v0k ¼ x�k i ¼ 0

vik ¼ x�k þ mþ kð Þ12S�k
h i

i
i ¼ 1; 2; . . .; m

viþm
k ¼ x�k � mþ kð Þ12S�k

h i
i

i ¼ 1; 2; . . .; m

Now, the set of 2m + 1 sigma-point vectors vk
i is used as the argument of the

nonlinear function h, as follows

cik ¼ h vik
� �

i ¼ 0; 1; . . .; 2m
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and the sigma-point vectors ck
i are used (with weights ws

i for the state vector and wc
i

for the covariance matrix) to compute the predicted measurement vector zk
− and the

predicted Cholesky factor matrix Szz
− of zk

−, as follows

z�k ¼P2m
i¼0

wi
sc

i
k

S�zz ¼ qr wi
c

� �1
2 cik � cik
� �

Rkð Þ12
h in o

i ¼ 1; 2; . . .; 2m

S�zz ¼ cholupdate S�zz; c0k � z�k
� �

; sgn w0
c


 �
w0
c

�� ��� �1
2

h i

where Rk is the covariance matrix of the measurement noise vector nk.
The cross-correlation matrix Pxz

− (related to the time-step k) between xk
− and zk

− is
computed as follows

P�
xz ¼

X2m
i¼0

wi
c vik � x�k
� 	

cik � z�k
� 	T

Finally, the Kalman gain Kk, the updated state vector xk
+, and the updated

Cholesky factor matrix Sk
+ are computed as follows

Kk ¼ P�
xz=ðS�zzÞT

h i
=S�zz

xþ
k ¼ x�k þKkðzk � z�k Þ

Sþ
k ¼ cholupdate ðS�k ;Kk S�zz;�1Þ

where / indicates an operation of back-substitution, which is a better alternative to the
operation of matrix inversion used in the standard unscented Kalman filter. Since the
Cholesky factor Szz

− is a lower triangular matrix, then the Kalman gain Kk can be
computed by means of two operations of back-substitution in the following expression

Kk½S�zzðS�zzÞT� ¼ P�
xz

Since the quantity U = Kk Szz
− , which is the middle argument of the function

Sk
+ = cholupdate(Sk

−, Kk Szz
− , −1), is an m � m matrix, then the Cholesky factor Sk

+

is updated consecutively m times, using the m columns of the matrix U.
As has been shown at the beginning of this paragraph, the advantages of the

square-root unscented Kalman filter over the standard unscented Kalman filter are a
better control of round-off errors and the assurance of positive definiteness of the
covariance matrices Pk associated with the successive state vectors xk. In addition,
as Terejanu [68] points out, the square-root unscented Kalman filter does not
require matrix inversions. As a result of computational experiments performed by
van der Merwe and Wan [84], the square-root unscented Kalman filter is about 20%
faster than its standard counterpart.

Finally, for a better understanding of the matter shown above, the fundamental
concepts on the rank-one positive or negative updates to the Cholesky factorisation
are given below.
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Let A � {aij} be an n � n symmetric positive definite matrix. As shown in
Sect. 2.9, the symmetry of A means that aij = aji, and its positive definiteness means
that vTAv > 0 for all vectors v 6¼ 0. Then, there exists a unique decomposition
A = LLT where L � {‘ij} is a lower triangular matrix with positive elements ‘11,
‘22, …, ‘nn along its main diagonal. Let

Ax ¼ b

be a system of linear algebraic equations in matrix form, where A is the matrix
indicated above, and x and b are n-dimensional column vectors.

Following Gill et al. [28], when x has been computed from A and b (see again
Sect. 2.9), it is often necessary to solve a modified system

A� x� ¼ b�

We could of course form the new matrix A* and compute the Cholesky
decomposition A* = L*L*T. However, much less labour is required when L* is
computed directly from L than is required when L* is computed from A*. To this
end, it is necessary to modify the decomposition of A in order to obtain the
decomposition of A*, from which x* can be computed. The modification of
A considered here has the following form

A� ¼ Aþ azzT

where a is a scalar and z is an n-dimensional vector. Since the quantity a zzT is a
matrix of rank one, then the problem indicated above is called the update of the
Cholesky decomposition of a symmetric positive definite matrix (A) following a
rank-one modification. In particular, for a = ± 1, we consider the positive rank-one
update A* = A + zzT and the negative rank-one update A* = A − zzT.

In case of positive (a > 0) rank-one update, A* is positive definite, and therefore
has a Cholesky decomposition A* = L*L*T.

In case of negative (a < 0) rank-one update, A* may be not positive definite, in
which case it does not possess a Cholesky decomposition. In addition, even when
A* is positive definite, L* may be inaccurately computed, if the modification comes
near to reducing the rank of A [21].

Gill et al. [28] give several methods for modifying matrix factorisations. In
particular, some of these methods can be applied to the Cholesky factorisation. One
of them (called algorithm C1 by the authors cited above) is shown below.

Let us suppose that a given n � n symmetric positive definite matrix A (having a
Cholesky factorisation A = LDLT) has been modified by a symmetric matrix of
rank one, as follows

A� ¼ Aþ a z zT

where a is a scalar and z is an n-dimensional vector.
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Starting from the matrices L � {‘ij} and D � {djj}, which are supposed to be
known, we want to compute two matrices L* � {‘*ij} and D* � {d*jj}, such that
the modified matrix A* should be equal to

A� ¼ L� D� L�T

Supposing that A and A* are, both of them, positive definite (see above), the
recurrence relations for modifying L and D are given below.

1. Define a1 = a, w(1) = z
2. For j = 1, 2, …, n, compute

pj ¼ wðjÞ
j

d�j j ¼ djj þ ajp2j
bj ¼ pjaj=d�j j
ajþ 1 ¼ djjaj=d�jj
w jþ 1ð Þ
r ¼ wðjÞ

r � pj‘rj
‘�rj ¼ ‘rj þ bjw

ðjþ 1Þ
r

)
r ¼ jþ 1; jþ 2; . . .; n

2.15 The Minimax Filter

The Kalman (also called H2) filter is based on the principle of searching the min-
imum variance of the average estimation error for linear systems affected by a
Gaussian noise. However, sometimes the statistical properties of the noise affecting
the system are not known. In such cases, it is necessary to search the minimum of
the worst-case, instead of the average, estimation error.

These limitations have given rise to the minimax (also called H∞) filter. This
type of filter bears this name because it searches the minimum of the maximum
singular value of the transfer function from the noise to the estimation error. Unlike
the Kalman filter, which requires the knowledge of the statistical properties of the
noise affecting the observed process, the minimax filter does not require this
knowledge. Therefore, H∞ filters are more robust (that is, more tolerant or less
sensitive to disturbances and modelling uncertainties) than are Kalman filters.

As shown in Sect. 2.9, the Kalman filter is based on the assumption of a random
distribution, with zero mean value, of the measurement errors. In other words, the
average value of the process noise must be zero, and the average value of the
measurement noise must also be zero. This property must hold not only over the
whole duration of the process, but also at each time instant. Under these conditions,
the Kalman filter leads to the smallest possible quadratic standard deviation (or
2-norm) of the estimation error.
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By the way, let e(t) be function representing a scalar signal in the time domain.
Let [a, b] be the interval of definition of the function e(t).

The 2-norm (also written ‘2-norm) of e(t) is defined as follows

ek k2¼
Zb
a

eðtÞj j2dt
0
@

1
A

1
2

If the integral of the square of the absolute value of e(t) is finite, then the function
e(t) is said to be square integrable.

The infinity-norm (also written ‘∞) of e(t) is defined as follows

ek k1¼ maxt eðtÞj j½ � ða� t� bÞ

In order to understand why we seek sometimes the minimum of the
infinity-norm instead of the minimum of the 2-norm, let us consider a set of
measured data f(t), which is smooth everywhere over the measurement interval
A � a � t � b, but has outlying values much larger (or much smaller) in a very
narrow sub-interval B contained in A than those outside B. This happens, for
example, when f(t) has either a sharp peak or a sharp notch in B. Let us consider a
polynomial p(t), for example, a fifth-degree polynomial as was the case with the
polynomial considered in Sect. 2.10, defined so that p(t) should be the least-squares
approximation to f(t). In other words, let p(t) be the fifth-degree approximating
polynomial obtained by searching the minimum 2-norm of the standard deviation.

By defining the error as follows: e(t) = f(t) − p(t), the 2-norm of e(t) is

ek k2¼
Zb
a

eðtÞj j2dt
0
@

1
A

1
2

Since p(t) corresponds to the minimum 2-norm of e(t) = f(t) − p(t), then the
discrepancy e(t) between the measured and the computed data is expected to be in
magnitude near zero outside the sub-interval B and much larger than zero inside B,
just where f(t) has a sharp peak (or notch).

Using the criterion of the minimum 2-norm is tantamount to rejecting outlying
values from a set of measured data, on the grounds that such values appear to be
inconsistent with the other data. This line of conduct is arbitrary and sometimes
unjustified, because it exposes the observer to the risk of ignoring perfectly good
data and the information which they carry with them.

Generally speaking, the question of whether outliers should, or should not, be
retained in a set of measured values is quite difficult. It has been the subject of many
studies since the times of Gauss. The interested reader can find extensive infor-
mation on the matter, for example, in Refs. [3, 24]. For the purpose of the present
paragraph, which describes the minimax filter, it is assumed that this problem has
been solved.
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Let us consider once again the problem of estimating the state vector xk of a
system which varies linearly with time. The system in question is governed by the
following equations

xkþ 1 ¼ f xk; ukð Þþ vk ¼ Akxk þBkuk þ vk
zk ¼ h xkð Þ þ nk ¼ Hkxk þ nk

where xk is the m � 1 state vector of the system, Ak is an m � m matrix, uk is the
r � 1 vector of the known input to the system, Bk is an m � r matrix, vk is the
random process noise vector, zk is the n � 1 measurement vector, Hk is an
n � m matrix, and nk is the random measurement noise vector.

We want to estimate the state vector xk+1 on the basis of the measurement vector
zk and our knowledge of the system equations. Following Simon [64], the estimated
state vector xk+1 (that is, xk+1

− ) is expressed as follows

x�kþ 1 ¼ Akxk þKk zkþ 1 �HkAkxkð Þ

where Kk is some gain matrix which is to be determined. If the criterion of the least
2-norm of the estimation error were used, then Kk would be just the Kalman gain,
as has been shown in the preceding paragraphs. By contrast, here we want to
determine Kk on the basis of the least infinity-norm of the estimation error.

Among several possible solutions, Simon cites that one which determines Kk so
that the maximum singular value of the transfer function from the noise to the
estimation error should be less than a given scalar value c. To this end, Simon defines
a loss function J, which is a performance measure of the estimator, as will be shown
below. Let N be the size of the measurement process (in other words, the time-step
k ranges from 0 to N − 1). Let Xk, Vk, and Nk be weighting matrices associated with,
respectively, the estimation error, the process noise, and the measurement noise. Let

P ¼
XN�1

k¼0

xk � x�k
�� ��2

x

Q ¼
XN�1

k¼0

vkk k2v

R ¼
XN�1

k¼0

nkk k2n

be the weighted squared two-norms of, respectively, the estimation error vector
(xk − xk

−), the process noise vector vk, and the measurement noise vector nk. In the
expressions given above, the notation jjxkjj2x is used to indicate xk

T Xk xk, where Xk

is a weighting matrix associated with xk.
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Simon [64] defines the loss function J as follows

J ¼ P
QþR

As a result of this definition, large values of J correspond to large deviations of
xk from its estimate xk

−. The denominator Q + R of the fraction given above may be
considered as the energy of the unknown noise terms; likewise, the numerator P
represents the energy of the estimation error. Let the noise vectors vk and nk be what
they may, a minimax filter is meant to provide a uniformly small estimation error
(xk − xk

−), so that the loss function J should be bounded by a prescribed value [50],
as will be shown below.

In other words, the estimator of a minimax filter tries to determine the estimated
state vector xk

− in such a way as to make the value of J as small as possible. To this
end, the filter designer chooses a value of c such that

J\
1
c

The weighting matrices Xk, Vk and Nk must also be chosen by the filter designer
so as to reach desired results.

The state vector estimate xk
− which forces J to be less than 1/c is given by Simon

[64] in the following terms:

Lk ¼ I� XkPk þHT
kN

�1
k HkPk

� ��1

Kk ¼ AkPkLkHT
kN

�1
k

x�kþ 1 ¼ Akx�k þBkuk þKk zk �Hkx�k
� �

Pkþ 1 ¼ AkPkLkAT
k þVk

where Lk is the output matrix, I is the identity matrix, Pk is the error covariance
matrix, and Kk is the minimax gain matrix (whose counterpart, in case of the
Kalman filter, is the Kalman gain matrix).

The condition J < 1/c shows that, in a minimax filter, the ratio of the estimation
error energy to the noise energy is inversely proportional to the value chosen by the
designer for c. In practice, this value cannot be chosen arbitrarily large, because the
mathematical derivation of the minimax filter equation is based on the hypothesis of
an error covariance matrix Pk whose eigenvalues are, in magnitude, less than one. If
we select a value of c which is too large, this condition is not satisfied. In other
words, it is impossible to find an estimator which makes the estimation error
arbitrarily small [64].

The minimax filter equations given above require operations of matrix inversion
at each time-step. In this regard, Simon [64] notes that such operations need not be
performed in practice at each time-step, because the matrices Lk, Pk, and Kk can be
computed off-line. In other words, when the value of c has been properly chosen,
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there is no necessity of measurements to recompute the minimax gain matrix Kk at
each step, because the filtering problem can be solved by using a constant value
(K) of the minimax gain matrix. To determine this constant value, Simon [64] notes
that the matrices Kk, computed off-line, approach very quickly a steady-state value,
that is, the matrices Kk converge, after a few time-steps, to a constant matrix K. In a
successive article [65], Simon proposes to compute K by solving the following
simultaneous equations:

K ¼ ðIþP=cÞ�1PHT

P�1 ¼ M�1 � I=cþHTH

M ¼ APAT þ I

If the value of c were improperly chosen by the filter designer, then no solution
to these equations would be found.

Another possible method, also suggested by Simon [65], is given below.

1. Form the following 2m � 2m matrix

Z ¼ A�T A�T HTH� I=c2
� �

A�T AþA�T HTH� I=c2
� �
 �

2. Find the eigenvectors of Z. Let v1, v2, …, vm be those eigenvectors which
correspond to eigenvalues outside the unit circle.

3. Form the following matrix

v1 v2 . . . vm½ � ¼ X1

X2


 �

where X1 and X2 are m � m matrices.
4. Compute M = X2 X1

−1

Simon [65] notes that this method works only if X1 has an inverse matrix.
Otherwise, the chosen value of c is too large.

As the classical Kalman filter, so the minimax filter has been created for linear
systems. For nonlinear systems (as is the case with the tracking of an orbiting
spacecraft, whose behaviour is governed by a nonlinear differential equation), the
system equations

xk ¼ f xk�1; uk�1ð Þ þ vk�1

zk ¼ hðxkÞþ nk

must be are linearised (by means of a Taylor-series expansion truncated at the first
order) about the reference trajectory. Therefore, the minimax filter is subject to the
same limitations as those which hold with the extended Kalman filter. When one
has to do with nonlinear systems and the robustness (that is, the insensitivity to the
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choice of a probability model) of a filter is a concern, it is advisable to use a more
robust unscented Kalman filter than that shown in Sect. 2.13. This type of filter will
be described in the following paragraph.

2.16 A More Robust Unscented Kalman Filter

As shown in Sect. 2.13, a general nonlinear system is governed by the following
equations

xk ¼ f xk�1; uk�1; vk�1; k � 1ð Þ
zk ¼ h xk; uk; kð Þþ nk

where xk is the m-dimensional state vector at time-step k, uk−1 is the known input
vector, vk−1 is the process noise vector due to disturbances and modelling errors, zk
is the observation vector, nk is the measurement noise vector, and f and h are the
nonlinear vector-valued functions (supposed known) representing the system
dynamic model.

The initial state vector x0 has known mean vector l0 ¼ Eðx0Þ and covariance
matrix P0 = E[(x0 − l0)(x0 − l0)

T]. The initial state vector x0 is used to construct an
augmented (denoted by the superscript a) ‘-dimensional vector x0

a, which results
from concatenating the mean of the true state vector x0 with the mean of the process
noise vector v0 and the mean of the measurement noise vector n0, as shown below:

xa0 ¼
E xT0
� �

E vT0
� �

E nT0
� �

2
4

3
5

Likewise, the true covariance matrix P0 of the true state vector x0 is used to
construct the following augmented (denoted by the superscript a) covariance matrix

P0
a ¼

P0 0 0
0 Q0 0
0 0 R0

2
4

3
5

where Q0 is the covariance matrix of the process noise vector v0, and R0 is the
covariance matrix of the measurement noise vector n0. Van Zandt [79] has sug-
gested the following improvement to the unscented Kalman filter: adding a ficti-
tious process noise, even if there be none, to the system, for the purpose of taking
account of the uncertainties of the dynamical model used.
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By so doing, for k = 1, 2, …, N − 1 (N being the size of the measurement
process), the prediction phase and the update phase of the filter are shown below.

Prediction
By using the scaling parameter k (see below), a set of 2‘ + 1 sigma-point vectors

vk−1
i (i = 0, 1, …, 2‘) is computed from the augmented state vector xk−1

a and the
augmented covariance matrix Pk−1

a , as follows

v0k�1 ¼ xak�1 i ¼ 0

vik�1 ¼ xak�1 þ ‘þ kð ÞPa
k�1

� 	1
2

n o
i

i ¼ 1; 2; . . .; ‘

viþ ‘
k�1 ¼ xak�1 � ‘þ kð ÞPa

k�1

� 	1
2

n o
i

i ¼ 1; 2; . . .; ‘

where {[(‘ + k)Pk−1
a ]½}i is the ith column of the matrix Sk−1, which is the square

root of the following matrix

ð‘þ kÞPa
k�1

so that, by definition, there results

ð‘þ kÞPa
k�1 ¼ Sk�1STk�1

The square-root matrix Sk−1 is to be computed by means of some stable method,
for example, by means of the Cholesky decomposition, as shown in Sect. 2.12.

The set of the sigma-point vectors vk−1
i (i = 0, 1, …, 2‘) forms the ‘ � (2‘ + 1)

sigma-point matrix Xk−1
i , whose columns are given below

Xi
k�1 ¼ xak�1 xak�1 þ ‘þ kð ÞPa

k�1

� 	1
2 xak�1 � ‘þ kð ÞPa

k�1

� 	1
2

h i

This matrix is such that xk−1
a is a column vector, whereas xk−1

a + [(‘ + k)Pk
a
−1]

½

and xk−1
a − [(‘ + k)Pk−1

a ]½ are, each of them, a set of ‘ column vectors.
Now, each of the sigma-point vectors is propagated, that is, projected ahead from

time-step k − 1 to time-step k, by means of the nonlinear function f, as follows

vik ¼ f vik�1; uk�1; v
i
k�1; k � 1

� �
i ¼ 0; 1; . . .; 2‘ð Þ

where the first argument of the function f is the sigma-point vector due to the true
state vector xk−1, and the third argument is the sigma-point vector due to the process
noise vector vk−1.

Then, these propagated sigma-point vectors vk
i are weighted (using weights ws

i

for the state vector and wc
i for the covariance matrix) and put together in a proper

manner, so as to yield the predicted state vector xk
− and the predicted covariance

matrix Pk
− of xk

−, as follows
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x�k ¼
X2‘
i¼0

wi
s v

i
k

P�
k ¼

X2‘
i¼0

X2‘
j¼0

wij
c vik
� �

v
j
k

� �T

where the weights ws
i for the predicted state vector xk

− and the weights wc
i (i = 0, 1,

…, 2‘) for the predicted covariance matrix Pk
− are as follows

w0
s ¼ k

‘þ k i ¼ 0ð Þ
w0
c ¼ k

‘þ k þ 1� a2 þ b i ¼ 0ð Þ
wi
s ¼ wi

c ¼ 1
2 ‘þ kð Þ i 6¼ 0ð Þ

k ¼ a2 ‘þ jð Þ � ‘

In the expressions given above, the parameters a and j are used to control the
spread of the sigma-points around the mean of the state vector (the values of a and
j are usually set to, respectively, 1 � 10−3 and 1), and the parameter b is used to
take account of previous knowledge of the distribution of the state vector around its
mean (for a Gaussian distribution, the value of b is set to 2).

Update
In the update phase, each of the sigma-point vectors is used as the argument of

the nonlinear function h, as follows

cik ¼ h vik; uk; k
� �þ vik i ¼ 0; 1; . . .; 2‘

where the first argument of the function h is the sigma-point vector due to the
predicted state vector xk

−, and the added term is the sigma-point vector due to the
measurement noise vector nk.

The sigma-point vectors ck
i are weighted (using weights ws

i for the state vector
and wc

i for the covariance matrix) and put together in a proper manner, so as to yield
the predicted measurement vector zk

− and the predicted covariance matrix Pzz
− of zk

−,
as follows

z�k ¼
X2‘
i¼0

wi
s c

i
k

P�
zz ¼

X2‘
i¼0

X2‘
j¼0

wij
c cik
� �

c
j
k

� �T

It is to be noted that the matrix Pzz
− (related to the time-step k) indicated above is

the covariance matrix of the predicted measurement vector zk
−, as indicated above.
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In order to compute the Kalman gain Kk for the unscented Kalman filter, it is
necessary to compute first the cross-correlation matrix Pxz

− (related to the time-step
k) between xk

− and zk
−, as follows

P�
xz ¼

X2‘
i¼0

X2‘
j¼0

wij
c vik
� �

c
j
k

� �T

where vk
i is the sigma-point vector due to the predicted state vector xk

−, as mentioned
above. Hence, the Kalman gain Kk is given by

Kk ¼ ðP�
xzÞðP�

xzÞ�1

As is the case with the classical Kalman filter, the updated state vector xk
+ results

from the predicted state vector xk
− plus the innovation (zk − zk

−) weighted by the
Kalman gain Kk, as follows

xþ
k ¼ x�k þKkðzk � z�k Þ

and the updated covariance matrix Pk
+ results from the predicted covariance matrix

Pk
− minus the predicted measurement covariance matrix Pzz

− (related to k) weighted
by the Kalman gain Kk, as follows

Pþ
k ¼ P�

k �KkP�
zzK

T
k

A filter like that described above has been applied by van der Merwe and Wan
[85] to the problem of fusing noisy observations from the Global Positioning
System (GPS), Inertial Measurement Units (IMU), and other available sensors
(such as a barometric altimeter or a magnetic compass). These observations have
been combined with a kinematic or dynamic model of an unmanned aerial vehicle
(specifically, a remotely controlled helicopter). The results obtained by van der
Merwe and Wan by using this type of filter indicate an error reduction of
approximately 30% in both attitude and position estimates relative to the results
coming from an extended Kalman filter [85].
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