
Chapter 2
Concepts of Fracture Mechanics

Abstract To begin with, linear elastic behaviour is assumed to explicate the basic
concepts of fracture mechanics, namely energy and stress intensity approaches. The
respective terminology is introduced and the physical quantities of energy release
rate and stress intensity factor are defined. Criteria for unstable “brittle” fracture
based on the energy release rate and the stress intensity factor are established. Some
analytical expressions for stress intensity factors of real structures are given and the
problem of a cracked cylinder under internal pressure is addressed, in particular.

Classical fracture mechanics is based on the theory of continuum mechanics and
constitutive equations for stable material behaviour (see Sect. 6.1.1 on stability
postulates) like elasticity, plasticity or viscoplasticity. It does not account for any
damage of the material preceding crack growth or any kind of material separation. It
postulates the existence of a defect or crack in a body or structure and either
analyses stress and strain fields at the “crack tip”, which is a singular point, or
considers the energy balance of cracked and uncracked media to derive “crack
driving forces” and respective criteria of crack extension. For actually modelling
crack growth, the topology of the body has to be modified.

Generally, two basic concepts of classical fracture mechanics have been estab-
lished, the energy and the stress intensity approach, which are outlined in the
following for linear-elastic material behaviour, first, and extended to
elasto-plasticity later (see Chap. 5 on elastic-plastic fracture mechanics).

Linear-elastic fracture mechanics (LEFM) is based on Hooke’s equation pos-
tulating a linear relationship between stresses, rij, and strains, eij,

eij ¼ 1
E

1þ mð Þrij � mrkkdij
� � ð2:1Þ

with E being Young’s modulus and m Poisson’s ratio, under the assumption of small
deformations. The latter is actually not consistent with strain singularities occurring
at a crack tip but it is essential for closed form solutions which represent a model of
the conditions governing the physical state in some process zone of material
degradation where the requirements of continuum mechanics are not met, anyway.
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Aside from inner circular (penny shaped) or elliptical cracks investigated by
Sneddon [35] and Irwin [18], respectively, most analytical models of cracked
bodies are two-dimensional. They represent panels of arbitrary in-plane shape but
constant thickness, B, with through-thickness cracks. Irwin [17] identified three
fundamental modes of crack displacements, Table 2.1 and Fig. 2.1. Loading in
mode I and mode II is in-plane, and in mode III is out-of-plane. Mode I configu-
rations are particularly important in engineering practice (pressure vessels, bending
of beams) and hence most frequently investigated.

The out-of-plane boundary conditions for panels in mode I or II is either plane
strain (zero lateral strain, ezz = 0) or plane stress (zero lateral stress, rzz = 0),
respectively, which are the limiting cases for very thick or very thin panels. The
out-of-plane condition affects the in-plane deformation owing to Poisson’s ratio, m,
which is captured by a modified Young’s modulus,

Table 2.1 Fundamental modes of crack displacements

Mode Local appearance Types of loading

Mode I Opening of crack faces under tensile
stresses normal to the crack plane

Loading by normal forces or bending,
wedging of crack faces

Mode II Slipping of crack faces along ligament Pure shear forces,
Inclined crack by 45° under biaxial
tension-compression forces,
Cutting and stamping processes

Mode III Out-of-plane shearing Torsion, anti-plane tearing

Fig. 2.1 Fundamental modes of crack displacements according to Irwin [17]
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E0 ¼
E

1�m2 for plane strain, ezz ¼ 0
E for plane stress, rzz ¼ 0

�
: ð2:2Þ

and a factor j, defined as

j ¼ 3� 4m for plane strain, ezz ¼ 0
3�m
1þ m for plane stress, rzz ¼ 0

�
: ð2:3Þ

Extensions to “real” three-dimensional configurations will be addressed as
required.

2.1 The Energy Approach of Griffith

The first one ever studying a cracked structure as an engineering problem was
Griffith [11, 12], who treated the occurrence of fracture by the theorem of minimum
energy and applied this theory to an “infinite” panel with a centre crack of length
2a under biaxial tension, see Fig. 2.2, where “infinite” indicates that the panel
width, 2 W, is very large compared to the crack size, a=W � 1. This configuration
is known as Griffith crack, since.

The elastic strain energy which is stored in a circular region of radius W of a
panel without a crack is

Fig. 2.2 The Griffith crack:
centre crack of length 2a in an
“infinite” panel (W � a)
under biaxial tension
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Ue
0 ¼

pBW2r21
16G

ðj� 1Þð1þ kÞ2 þ 2ð1� kÞ2
h i

; ð2:4Þ

where B is the panel thickness, r∞ the applied uniform far-field stress, G ¼
E=2ð1þ mÞ the shear modulus and k the biaxiality factor.

The strain energy depends on the size of the panel and becomes infinite for W !
∞. If a hole is cut into the panel, stress and strain fields change and so does the
strain energy. It increases or decreases depending on the boundary conditions.
Assuming a constant far-field displacement, that is fixed grip, energy is released,

Ue ¼ Ue
0 � Ue

rel: ð2:5Þ

The decrease of strain energy due to an elliptical hole with principal axes 2a and
2c can be calculated with the equations of Inglis [16] as

Ue
rel ¼

pBr21
32G

ð1þ jÞ 1� kð Þ2 aþ cð Þ2
h

þ 2 1� k2
� �

a2 � c2
� �þ 1þ kð Þ2 a2 þ c2

� �i
:

ð2:6Þ

It depends only on the dimensions of the hole and is always finite. The Griffith
crack of length 2a is obtained for c ! 0,

Ue
rel ¼

pa2Br21
8G

ð1þ jÞ: ð2:7Þ

Stresses kr∞ parallel to the crack do not affect the released energy.
Now Griffith established a condition for the crack to grow, which balances the

released energy and the material resistance to crack extension,

@

B @ 2að Þ Ue
rel � Usep

� �� 0: ð2:8Þ

Note that the Griffith crack has a length of 2a with two crack tips. The second
term, Usep, the work of separation, equals the surface energy per unit thickness of
the four crack faces,

Usep ¼ 4Bac: ð2:9Þ

Griffith [11] offered the following argument for his quite unconventional idea of
the specific surface energy, c: “Just as in a liquid, so in a solid the bounding
surfaces possess a surface tension which implies the existence of a corresponding
amount of potential energy. If owing to the action of a stress a crack is formed, or a
pre-existing crack is caused to extend, therefore, a quantity of energy proportional
to the area of the new surface must be added”.
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An existing crack will start to extend in an unstable manner if the equality sign in
Eq. (2.8) holds, i.e. if the energy release rate,

G ¼ � @Ue

B @ð2aÞ ¼
@Ue

rel

B @ð2aÞ ¼
par21
8G

ð1þ jÞ; ð2:10Þ

equals the work of separation (sometimes also called separation energy) per
increment of crack area,

@Usep

B @ð2aÞ ¼ 2c ¼ Cc; ð2:11Þ

which is necessary to create two new crack surfaces (at each crack tip),

GðaÞ ¼ Cc: ð2:12Þ

This is Griffith’s criterion for the onset of unstable crack extension. It balances
an “applied” quantity, G, which depends on the geometry of the structure and the
crack as well as external loading with a characteristic material parameter, Cc. For
G\Cc, the structure is “safe”, i.e. the crack will not grow. Note that crack extension
under linear elastic (brittle) conditions occurs in an unstable manner, always, since
different from plastic behaviour there is no other dissipative term in the energy
balance.

Equation (2.12) yields the macroscopic fracture stress of the centre-cracked
panel in plane strain as

r1f ¼
ffiffiffiffiffiffiffiffiffi
2E0c
pa

r
: ð2:13Þ

2.2 The Stress-Intensity Approach of Irwin

The stress field at the crack tip is commonly described in dependence on the polar
coordinates r, h, Fig. 2.3.

Fig. 2.3 Cartesian (x, y) and
cylindrical (r, h) coordinates
and stresses at the crack tip
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Though fundamental solutions of stress fields at singularities in elastic media
were published in the early and mid 20th century, already, [16, 35, 38], this
knowledge did not find its way into the design of engineering structures. It was
Irwin [17] who first realised the essential resemblance of all asymptotic singular
stress fields at crack tips and concluded to use the intensities of these fields for
fracture mechanics based assessments of structural integrity. Actually, the asymp-
totic stress fields exhibit a 1=

ffiffi
r

p
singularity for all crack opening modes which is

governed by a stress intensity factor (SIF). Due to the assumption of linear elastic
material behaviour and small deformations, the respective fields of all three modes
can be superimposed,

lim
r!0

rijðr; hÞ ¼ 1ffiffiffiffiffiffiffiffi
2pr

p KIf
I
ijðhÞþKIIf

II
ij ðhÞþKIIIf

III
ij ðhÞ

h i
: ð2:14Þ

The subscripts i, j indicate Cartesian or cylindrical coordinates.

• KI, KII, KIII are the SIFs of the three crack opening modes depending on the
geometry of the structure and the crack as well as on the external forces.

• f Iij, f
II
ij , f

III
ij , are dimensionless angular functions of h; the first two are graphically

displayed in Fig. 2.4. The distribution of normal stresses, rxx, ryy, is symmetric
to the ligament, h = 0, that of shear stresses, rxy, antisymmetric in mode I; for
mode II it is the other way round. Note that the maximum of stresses, ryy, in
opening direction is not in the ligament but at ±60°.

The associated displacement field is given as

uiðr; hÞ ¼ 1
2G

ffiffiffiffiffiffi
r
2p

r
KIg

I
iðhÞþKIIg

II
i ðhÞþKIIIg

III
i ðhÞ� �

; ð2:15Þ
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Fig. 2.4 Angular functions of stress fields in Cartesian coordinates at the crack tip in LEFM for
mode I and II
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where G is the shear modulus and gIi , g
II
i , g

III
i are respective angular functions again.

Displacements are not singular at the crack tip, of course, but vanish for r ! 0.
Table 2.2 summarises all angular functions for the three modes.
Irwin also depicted the relationship between the stress intensity and the energy

approach by deriving that

G ¼ K2
I

E0 : ð2:16Þ

Corresponding to Griffith’s Eq. (2.12), a criterion for unstable “brittle” fracture
in LEFM can be established based on the SIF,

KI að Þ ¼ KIc; ð2:17Þ

which balances an “applied” quantity, KI, depending on the geometry of the
structure and the crack as well as external loading with a characteristic material
parameter, the “fracture toughness”, KIc. For KI\KIc, the structure is “safe”, i.e. the
crack will not grow. The fracture toughness has to be experimentally determined
according to standards like ASTM E399 [4]. For further details see Sect. 7.2.2 on
linear-elastic plane-strain fracture toughness.

More generally, the energy release rate in mixed mode results from the SIFs by

G ¼ GI þGII þGIII ¼ K2
I

E0 þ
K2
II

E0 þ K2
III

2G
: ð2:18Þ

Table 2.2 Angular functions of stress and displacement fields in Cartesian coordinates at the
crack tip in LEFM

Mode I Mode II Mode III

fxx cos h2 1� sin h
2 sin

3h
2

� � � sin h
2 2� cos h2 cos

3h
2

� �
0

fyy cos h2 1þ sin h
2 sin

3h
2

� �
sin h

2 cos
h
2 cos

3h
2

0

fzz 0 plane stress
2m cos h2 plane strain

0 plane stress
�2m sin h

2 plane strain
0

fxy sin h
2 cos

h
2 cos

3h
2 cos h2 1� sin h

2 sin
3h
2

� �
0

fxz 0 0 � sin h
2

fyz 0 0 cos h2
gx cos h2 j� 1þ 2 sin2 h

2

� �
sin h

2 jþ 1þ 2 cos2 h
2

� �
0

gy sin h
2 jþ 1� 2 cos2 h

2

� � � cos h2 j� 1� 2 sin2 h
2

� �
0

gz 0 for plane strain 0 for plane strain 4 sin h
2
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Together with Eq. (2.12), this relation suggests a simple fracture criterion for
mixed mode [14, 15], which is not always confirmed by experiments, however.
Other criteria have been proposed by Erdogan and Sih [9], Sih [34] or Richard and
Kuna [31], for instance. An extensive literature exists on mixed mode problems
which are still a matter of research. Further details would overshoot the purpose of
the present book.

Likewise, any up-to-date overview on fatigue crack growth would exceed the
self-established limits and this issue is solely mentioned to demonstrate the wide
application range of the K-concept. Paris and Erdogan [26] correlated the rate of
crack extension, da/dN, where N is the number of loading cycles, with the cyclic
stress intensity factor, DK ¼ Kmax � Kmin, and found a power law relationship

da
dN

�DKn; ð2:19Þ

where the exponent, n, for many metallic materials is typically between 2 and 4.
Enhancements of this “Paris-equation” include effects of the mean stress, crack
closure effects etc.

A final remark appears necessary on so-called “higher-order” approaches. For
simplicity and because the singular terms of the stress fields, Eq. (2.14), appeared to
be dominant, Irwin and his successors restricted to the SIFs (or the energy release
rate, G) as crack driving forces. Irwin, however, was aware that the asymptotic
stress field included a second non-vanishing parameter for r ! 0: “The influence of
the test configuration, loads and crack length upon the stresses near an end of the
crack may be expressed in terms of two parameters. One of these is an adjustable
uniform stress parallel to the direction of a crack extension…. The other parameter,
called the stress intensity factor, is proportional to the square root of the force
tending to cause crack extension”. Williams [39] presented a series expansion of the
stress field for the biaxially loaded Griffith crack, in which

rxx ¼ A�1ffiffi
r

p cos
h
2

1� sin
h
2
sin

3h
2

� 	
� C�1ffiffi

r
p sin

h
2

2þ cos
h
2
cos

3h
2

� 	
þA0 ð2:20Þ

contains a constant stress

A0 ¼ 1
2
r1ðk� 1Þ: ð2:21Þ

depending on the biaxiality factor, k, for the Griffith crack and more generally on
the specimen geometry. This issue of a second parameter in fracture mechanics
became topical many years later in discussions on “geometry effects” on the
fracture toughness, see historical overview by Brocks and Schwalbe [7], leading
Rice [30] to come up with the T-stress approach,

12 2 Concepts of Fracture Mechanics



rijðr; hÞ ¼ KIffiffiffiffiffiffiffiffi
2pr

p fijðhÞþ T d1id1j: ð2:22Þ

Understanding the effect of the T-stress requires the investigation of plastic
zones at the crack tip and will be discussed in Chap. 4 on extension of LEFM for
small-scale yielding.

2.3 Determination of SIFs

Stress intensity factors have attained an important role in the assessment of engi-
neering structures against brittle fracture. They are a measure of the “powerfulness”
of the 1=

ffiffi
r

p
-singularity of stresses,

KI

KII

KIII

8<
:

9=
; ¼ lim

r!0

ffiffiffiffiffiffiffiffi
2pr

p ryyðr; h ¼ 0Þ
rxyðr; h ¼ 0Þ
ryzðr; h ¼ 0Þ

8<
:

9=
;: ð2:23Þ

Correspondingly,

KI

KII

KIII

8<
:

9=
; ¼ lim

r!0

ffiffiffiffiffiffi
2p
r

r 1
jþ 2 uyðr; h ¼ pÞ
1

jþ 1 uxðr; h ¼ pÞ
1
4 uzðr; h ¼ pÞ

8<
:

9=
; ð2:24Þ

holds for the crack edge displacements. From Eq. (2.23), the dimension of K can be
read as [force � length−3/2]. Typical units are MPa

ffiffiffiffi
m

p ¼ 10
ffiffiffiffiffi
10

p
N mm�3=2.

If the asymptotic stress fields, rij(r,h), or the crack edge displacements are
known from analytical or numerical solutions, the associated K-factors can be
immediately calculated by comparisons with Eqs. (2.23) or (2.24). Calculations
based on the displacements require an assumption on plane stress or plane strain

Table 2.3 SIFs for some basic loading cases

(a) Griffith crack KI KII KIII

Uniaxial tension, r1yy r1yy
ffiffiffiffiffiffi
pa

p
0 0

In-plane shear, r1yx ¼ r1xy 0 r1xy
ffiffiffiffiffiffi
pa

p
0

Anti-plane shear, r1yz 0 0 r1yz
ffiffiffiffiffiffi
pa

p

Crack face pressure, p0 p0
ffiffiffiffiffiffi
pa

p
0 0

Two pin-forces, F, wedging problem F
pBa

ffiffiffiffiffiffi
pa

p
0 0

(b) circular crack KI KII KIII

Uniaxial tension, r1yy r1yy
2
p

ffiffiffiffiffiffi
pa

p
0 0

Crack face pressure, p0 p0 2
p

ffiffiffiffiffiffi
pa

p
0 0

2.2 The Stress-Intensity Approach of Irwin 13



conditions, neither of which is actually realised in a real three-dimensional struc-
ture. It is hence approximately assumed, frequently, that the free surface of a
specimen is in plane stress and its mid section in plane strain.

SIFs depend on the geometry of the structure, the type of loading (tension or
bending, for instance), the crack configuration and (linearly) on the external forces.
K-factors of some elementary loading cases of the Griffith crack and a circular
(“penny-shaped”) centre crack of radius a in an “infinite cylinder [36] are listed in
Table 2.3.

The SIF of an arbitrary plane crack problem can be written as a generalisation of
the expressions in Table 2.3,

K ¼ r1
ffiffiffiffiffiffi
pa

p
Y a=W ; . . .ð Þ; ð2:25Þ

where r∞ is an appropriately defined “nominal stress” in the far-field of the crack
and Y a dimensionless function of geometry parameters like a/W, which can be
determined from analytical or numerical solutions. Classical handbooks like

• “Compendium of Stress Intensity Factors”, Rooke and Cartwright [32],
• “The Stress Analysis of Cracks Handbook”, Tada et al. [37],
• “Stress Intensity Factors Handbook”, Murakami et al. [23]

provide numerous solutions and respective fit functions. It is subject to the engi-
neers’ experience with modelling to attribute real structures to these compilations of
problems and approximate solutions. The principle of superposition supplies a
universal methodology to generate geometry functions of complex structures and
loading cases from fundamental solutions. Due to the linear-elastic constitutive
equations and the assumption of small deformations, the boundary value problem is
linear so that K-factors of the same mode may be added,

Ka ¼
X
n

KðnÞ
a ; a ¼ I; II; III; n ¼ loading cases ð2:26Þ

For instance, the mode I and II SIFs of an infinite panel with a centre crack of
length 2a which is inclined by an angle, b, to the x-axis under tensile and shear
stresses, r∞, s∞, are obtained by superposition from equations given in Table 2.3
as

KI ¼ r1 sin b� s1 cos bð Þ sin b ffiffiffiffiffiffi
pa

p

KII ¼ r1 cos bþ s1 sin bð Þ sin b ffiffiffiffiffiffi
pa

p
:

ð2:27Þ

SIFs for test specimens which are used to determine fracture parameters like KIc,
Eq. (2.17), can be found in ASTM E399 [4], see Sect. 7.2.2.

The calculation of SIFs for real structures and practically relevant loading cases
requires complex mathematical methods. In the past, analytical solutions have been
obtained by complex stress functions [24], series expansions [39] or integral
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transforms [36]. They do not necessitate complete solutions of the boundary value
problem but just the stress field at the crack tip. Stress fields without the charac-
teristic 1=

ffiffi
r

p
singularity do not affect the SIF. If numerical solutions of stress or

displacement fields are available, K-factors can be determined with Eqs. (2.23) or (2.24).
With the emerging power of soft- and hardware numerical methods like boundary

element or finite element methods, e.g. [21], became increasingly important and
popular also for the determination of K-factors. Respective analyses can be done for
3D configurations with straight or curved crack fronts, when the stress field and the
SIF depend on the crack-front coordinate, z, or an arc length, sc, respectively, K(z) or
K(sc), see example of a railway axle in Sect. 7.1.3. In the beginning, numerically
calculated courses of stresses or displacements were extrapolated to calculate SIFs
according to Eqs. (2.23) and (2.24), but this did not yield sufficiently accurate results,
particularly if they are based on stresses. More advanced methods exploit the relation
to the energy release rate, Eqs. (2.16) and (2.18) where the latter is commonly
evaluated by a domain integral [1], which was first suggested by Parks [27, 28] and
became an established technique in FEM [33]. More details will be presented in
Sect. 7.1.2 on the numerical determination of energy release rate and J-integral and
Sect. 7.1.3 on the numerical determination of SIFs.

2.3.1 Cracked Cylinders

An axial through-crack of length 2a in a long pressurised cylinder or pipe, Fig. 2.5,
can be considered as a Griffith crack (W ) L), as the condition of a/L « 1 is
fulfilled. The remote stresses result from the well-known formula

r1 ¼ rt ¼ p
ri
t

ð2:28Þ

for circumferential (tangential) stresses, rt = ruu, in a thin walled cylinder,
t=ro � 1, where ri and t = ro − ri are the (inner) radius and the wall-thickness,

Fig. 2.5 Thick-walled
cylinder of length, 2L, under
internal pressure, p, with axial
through-crack, 2a, inner
radius ri, outer radius ro,
Young’s modulus E,
Poisson’s ratio m

2.3 Determination of SIFs 15



respectively, of the tube and p is the internal pressure. A cylinder is not plane as a
panel, however, but bent. Thus, the geometry function depends on the curvature and
the wall thickness, Y a=

ffiffiffiffiffi
rit

pð Þ. In the following, the shell parameter ks ¼ a=
ffiffiffiffiffi
rit

p
is

introduced. As the stress intensity in a cylindrical tube was first analysed by Folias
[10], this function is addressed as Folias factor in the literature, e.g. Kiefner et al.
[20]. Misleadingly, it is sometimes associated with bulging of the cylinder wall in
the vicinity of the crack (BS 7910, [8]).

Murakami et al. [23] present diagrams and tables of Y ksð Þ in the range
0� ks � 4:4, and British Standard 7910 tabulated values for 0� ks � 6:7 and
5� ro=t� 100. In his solution of the boundary value problem, Folias [10] derived

rshell
rpanel

¼ Y ksð Þ 	 1þ c1 þ c2 ln ksð Þk2s þO 1
r2o

� 	
; ð2:29Þ

which represents a good approximations of the tabulated values of BS 7910 [8] for
ks ¼ a=

ffiffiffiffiffiffi
rot

p � 6:5, taking c1 = 0.4612, c2 = −0.1806.
Equation (2.28) holds approximately for thin-walled cylinders, t=ro � 1, only.

Stresses in thick-walled cylinders (without any crack) can be derived from the
axisymmetric boundary value problem in cylindrical coordinates r;u; zð Þ,
@ð:Þ=@u ¼ 0, described by the balance equations,

@rrr
@r

þ 1
r

rrr � ruu
� � ¼ 0;

@rzz
@z

¼ 0; ð2:30Þ

and Hooke’s law, Eq. (2.1), together with the boundary conditions rrrðroÞ ¼ 0,
rrrðriÞ ¼ �p. The equivalence condition for axial forces in a capped cylinder,

Nz ¼ 2p
Zra
ri

rzzr dr ¼ p
Zra
ri

rrr þ ruu
� �

r dr ¼ pr2i p; ð2:31Þ

results in

rzz ¼ 1=2 rrr þ ruu
� �

: ð2:32Þ

Finally, Lamé’s equations, are obtained,

rrr ¼ r2i
r2o�r2i

1� ro
r

� �2h i
p� 0;

rt ¼ ruu ¼ r2i
r2o�r2i

1þ ro
r

� �2h i
p

rzz ¼ r2i
r2o�r2i

p

; ð2:33Þ

which are graphically displayed in Fig. 2.6. Maximum circumferential stresses
occur at the inner surface.
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2.3.2 Semi-elliptical Surface Crack

Cracks originating from the surface of a component without penetrating the whole
wall thickness are of great practical relevance. They may initiate from notches or
surface roughness under cyclic loading, thermal stresses or corrosion and grow
under service loads to a critical size when failure of the structure occurs.
A simplified model for the variety of crack shapes is the semi-elliptical surface flaw,
see Fig. 2.7, which is characterised by its depth a, the small principal axis, and its
length 2c, twice the large principal axis, with the aspect ratio,
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Fig. 2.6 Radial, circumferential (tangential) and axial stresses, rrr, rt 
 ruu, rzz, in an uncracked
thick-walled cylinder, t/ro = 0.3 and 0.1, under internal pressure, p

Fig. 2.7 PS(T) specimen (ASTM E1823 [5]) with semi-elliptical surface crack
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0� k ¼ a=c� 1: ð2:34Þ

An arbitrary point on the crack front may be identified by a parametric angle, /,
which is defined by the projection of an ellipse point to a circle of radius a. The
deepest point of the crack in the centre is characterised by / = 0, and the pene-
trations points of the crack front with the surface by / = ±p/2. Irwin [18] presented
the solution for an elliptical inner crack under uniaxial tension

KI /ð Þ ¼ r1
ffiffiffiffiffiffi
pa

p f/ /ð Þ
EðkÞ ; ð2:35Þ

with the elliptical shape function,

f/ /ð Þ ¼ cos2 /þ k2 sin2 /
� �1=4

; ð2:36Þ

which becomes f/ = 1 for the penny-shaped crack (k = 1), and the 2nd kind el-
liptical integral,

EðkÞ ¼
Z p=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� k2ð Þ sin2 /

q
d/; ð2:37Þ

which becomes E(k) = 1 for the Griffith crack (2c ! ∞, k = 0) and E(k) = p/2 for
the penny-shaped crack (k = 1), see Fig. 2.8. The extrema of KI(/) are

Kmax
I ¼ KI 0ð Þ ¼ r1

ffiffiffiffi
pa

p
EðkÞ

Kmin
I ¼ KI � p

2

� � ¼ r1
ffiffiffiffi
pa

p ffiffi
k

p
EðkÞ

: ð2:38Þ
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Fig. 2.8 Shape factor of
semi-elliptical surface flaws:
2nd kind elliptical integral
E(k) and SSY modifications,
Eq. (4.10), according to
ASME BPVC
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Analogous to Eq. (2.25), arbitrary structures with semi-elliptical surface cracks
are described by geometry functions, hj(/), which have been calculated numerically
and can be found in the literature, for instance Heliot et al. [13], Isida et al. [19],
McGowan and Raymund [22], Newman and Raju [25], Raju and Newman [29]
among others. General inhomogeneous stress fields are captured by superposition.
The problem of a semi-elliptical surface crack in an arbitrary tensile stress field is
thus treated as a crack with pressure, �p xð Þ, on the crack faces which equals the
nominal stress distribution in the uncracked component at the position of the crack,
r0yyðxÞ, and the latter is fitted by a polynomial,

r0yyðxÞ ¼
X
j

r0j
x
t


 � j
: ð2:39Þ

For j = 0 the part of homogeneous tension is obtained, for j = 1 pure bending,
etc. The resulting stress intensity factor is

KI /ð Þ ¼
X
j

r0j
ffiffiffiffiffiffi
pa

p f/ /ð Þ
EðkÞ hj /ð Þ: ð2:40Þ

In the following, a surface crack in a pressure vessel is considered. According to
Eq. (2.33), ruu(r) in the uncracked cylinder is maximum at the inner surface, r = ri,
and hence a crack at the inner surface is most hazardous. According to Eq. (2.39),
r0yyðxÞ ¼ ruu r � rið Þ is expanded in a series. The ASME Boiler and Pressure Vessel
Code [3] suggests a linear fit, namely a constant fraction, the membrane stresses,
rm, and the bending stresses, rb,

ruu xð Þ ¼ rm þ rbð Þ � 2rb
x
t


 �
; ð2:41Þ

with

rm ¼ p0 1� r2o
2 r2o þ r2ið Þ 1� r2i

ri þ að Þ2

 �

t
a

� 


rb ¼ p0
r2o

2 r2o þ r2ið Þ 1� r2i
ri þ að Þ2


 �
t
a

; ð2:42Þ

and p0 ¼ p r2o�r2i
r2o þ r2i

as abbreviation. The SIF is

KI /ð Þ ¼ rmh0 /ð Þþ rb h0 /ð Þ � 2
a
t
h1 /ð Þ


 �h i ffiffiffiffiffiffi
pa

p f/ /ð Þ
EðkÞ : ð2:43Þ

Considering its maximum at / = 0 and the condition for brittle fracture,
Eq. (2.17),

2.3 Determination of SIFs 19



Kmax
I ¼ Mmrm þMbrbð Þ

ffiffiffiffiffiffi
pa

p
EðkÞ �KIc; ð2:44Þ

the critical pressure, pc, for an assumed or detected crack depth, a, or a critical crack
depth, ac, for the service pressure can be determined accounting for an additional
safety factor. The coefficients Mm ¼ h0ð0Þ and Mb ¼ h0ð0Þ � 2 a=tð Þh1ð0Þ for
membrane and bending stresses can be found in the ASME BPVC [3], which also
introduces a modified shape factor, Q, instead of E(k) accounting for small plastic
zones at the crack tip, see Sect. 4.1 on the equivalent elastic crack.

ASTM E2899 [6] defines test methods and nomenclature for surface cracks
under tension and bending. Recent applications can be found in Arafah et al. [2].
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