Chapter 2

Robustness of Homogeneous

and Homogeneizable Differential
Inclusions

Emmanuel Bernuau, Denis Efimov and Wilfrid Perruquetti

2.1 Introduction

The problem of robustness and stability analysis with respect to external inputs
(like exogenous disturbances or measurement noises) for dynamical systems is in
the center of attention of many research works [8, 13, 22, 24, 26, 28]. One of the
most popular theories, which can be used for this robustness analysis of nonlinear
systems, was originated more than 20 years ago [23] and it is based on the Input-
to-State Stability (ISS) property and many related notions. The advantages of ISS
theory include a complete list of necessary and sufficient conditions, existence of the
Lyapunov method extension, a rich variety of stability concepts adopted for different
control and estimation problems.

The main tool to check the ISS property for a nonlinear system consists in a
Lyapunov function design satisfying sufficient conditions. As usual, there is no
generic approach to select a Lyapunov function for nonlinear systems. Therefore,
computationally tractable approaches for ISS verification for particular classes of
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nonlinear systems are of great importance, and they are highly demanded in applica-
tions. In this chapter we are going to propose and extend such techniques for check-
ing ISS and Input-to-State Practical Stability (ISpS) for a class of homogeneous and
homogenizable discontinuous systems.

The homogeneity is an intrinsic property of an object on which the flow of a
particular vector field, called Euler vector field, operates as a scaling. This property
entails a lot of qualitative results for a homogeneous object, and is of particular inter-
est in view of stability purposes. The notion of homogeneity was found useful by
many authors [1, 6, 7, 11, 12, 15, 20, 29]. The main feature of this property is that
any local property of the system is in fact global. Obviously, some systems are not
homogeneous. The homogenization notion has been proposed in [2, 9, 29] and is
to homogeneous systems what linearization is to linear system: it allows a system
to be locally approximated by a homogeneous one. In the literature, this property is
sometimes called “local homogeneity” but we will prefer the terminology “homog-
enization” to highlight the parallel with linearization. Qualitative properties of the
homogeneous approximation are shown to persist locally for the starting system.

The ISS properties of homogeneous or homogenizable continuous systems have
been studied in [2, 14, 21]. But continuity assumption is not always verified. For
instance, mechanical systems with friction or systems controlled by a Sliding Mode
Control (SMC) induce a discontinuous vector field. In this chapter, ISS and ISpS
properties for discontinuous systems and systems which dynamics are given by a
Differential Inclusion (DI) are provided.

Numerous frameworks have been given to deal with discontinuous systems. We
will focus here on the Filippov’s solution [10]. Filippov’s idea is to replace a (dis-
continuous) vector field by a set-valued map, mapping a point to a set of admissi-
ble velocities. The solutions are then absolute continuous curves which derivative
belongs to this set of admissible velocities, leading hence to a DI. Different notions of
homogeneity for DI have been proposed [4, 10, 17, 18]. In the last paper, a converse
homogeneous Lyapunov theorem was proved, on which we shall rely to prove ISS
properties. This result was already used to get ISS properties for DI in [5].

In this chapter, our objective is twofold. First, we shall generalize the notion
of homogenization to differential inclusions and second we shall formulate condi-
tions of ISS and ISpS properties of discontinuous systems using homogeneity and
homogenization. We will present these results using geometric homogeneity to have
the most generic formulation.

The outline of the chapter is as follows. Section 2.2 is devoted to the introduction
of notations and results that will be used in the sequel. Section 2.3 presents the new
framework of homogenization of a DI and the associated stability results. Section 2.4
gives the ISS and ISpS results obtained using homogeneity techniques. Finally, a
conclusion will sum up the chapter and will give some perspectives.
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2.2 Preliminaries

2.2.1 Notations

We denote 7 a positive integer and we will be interested in systems defined on R”".
We endow R” with the Lebesgue measure and denote ./ the set of all zero-measure
subsets of R”. For x € R" and ¢ > 0, we denote B(x, &) = {x}+ B(¢) the open ball
centered in x and of radius ¢. If g : R" — R? is a differentiable mapping, we denote
d, g the value at point x € R”" of the differential of g; hence, d,g is a linear form
on R”.

We shall consider here locally essentially bounded vector fields. The set of locally
essentially bounded vector fields is denoted by Z52 (R", R").

Definition 2.1 The set of nonempty compact subsets of R” is denoted by $H(R").
The Hausdorff distance between X, Y € $H(R") is defined by:

0(X, Y) = max (sup d(x, Y), supd(y, X)), 2.1

xeX yeY
where the distance between a point and a compact set is defined by

d(x,Y) = inf lx — y].
yeY

Proposition 2.1 The Hausdorff distance defines a distance on $H(R"). Endowed
with this distance, (H(R"), 0) is a complete metric space. Moreover, for all A € R,
V0AX,AY) = |M0(X,Y).

We will denote by d A the boundary of a bounded set A and [|A|| = sup,c4 llall-
If A is compact, | A|| = 0(A, {0}).

Definition 2.2 Let (E, d) be a metric space, and let u; : R" — E be a sequence
of mappings. We say that this sequence converges uniformly on compact sets to

u:R" — E, denoted uy kC—UC> u, iff for any compact set K C R" and forall ¢ > 0
—+00

there exists a kyp > 0 such that for all k > ko, sup,.x d(u, (x), u(x)) < €.

2.2.2 Differential Inclusions

We refer to [3, 10] for the basic definitions and the technical material on set-valued
maps and DI. In this section, we will only recall the definitions and results that will
be used hereafter, without any proof.

The Filippov’s regularization procedure consists in the construction of a set-valued
map F starting with a vector field f € Z2(R", R"):
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FIf1@) =) [ onv(fBlx, ) \N)). 22)

e>0Ne AN

By construction, for all x € R”, the set .Z[ f](x) is compact and convex. Moreover,
the set-valued map .#[ f] is upper semicontinuous.

In many applications, the DI is given by the set-valued map coming from the
Filippov’s procedure. We will therefore focus on set-valued map with the properties
inherited by this procedure.

Definition 2.3 Let F be a set-valued map. We say that F verifies the standard
assumptions (SA) if F is upper semicontinuous and if for any x € R", F(x) is a
nonempty compact convex set.

2.2.3 Homogeneity

To introduce the notion of geometric homogeneity, the class of Euler vector fields
has to be defined.

Definition 2.4 [16] A vectorfieldv € €' (R", R") is said to be Euler ifitis complete
and if the origin is a GAS equilibrium of —v.

We will always write @ the flow of v, that is @°(x) is the current state at time s
of the trajectory of v starting from x at s = 0. We also denote d, ®° the differential
of the diffeomorphism @ at a fixed s € R, taken at x € R"”. We are now able to state
the classical definitions of geometric homogeneity.

Definition 2.5 Let v be an Euler vector field.

e A function V : R* — R is v-homogeneous of degree « € R if:
V(@' (x) =e“V(x) VxeR" VseR.
e A vector field f : R" — R" is v-homogeneous of degree x € R if:
f(@°(x)) =ed,P° f(x) VxeR" VseR. (2.3)

The relation (2.3) can be recast under a more compact form JZ°(f) = f, where
the vector field JZ°(f) is defined by:

HE(f) x> e (d @) (@ (). (2.4)
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2.2.4 Homogeneous Differential Inclusions
In this subsection, we recall some definitions and results obtained in [4] that we will
need in the sequel.

Definition 2.6 [4] Let v be an Euler vector field. A set-valued map F : R" = R”
is v-homogeneous of degree k¥ € R if for all s € R we have:

A (F) =F,
where we extend the operator JZ° defined in (2.4) by:
HE(F) x> e (d @) - F(@'(v).

Proposition 2.2 Let f € £ (R", R") be a vector field. Then for all s € R and all
k € R we have:

AT = FIA (.

Proof Since for all ¢ > 0 there exist e_ > 0 and &, > 0 such that @*(B(x,e_)) C
B(®°(x),e) C @*(B(x, ey)) we have

ZIA@ ) =[] [] (£ (y), y € B@' (x),6) \ N)

e>0 Ne NV

= ﬂ ﬂ conv(f(y),y € D*B(x,¢)) \ N)

e>0 Ne NV

- ﬂ ﬂ conv(f(®*(z)),z € B(x,e) \ N)

e>0Ne NV

Hence we find that

HALFLDE) =) [ onv(d®*) ' d.P° A (f)(2), 2 € B(x, 6) \ N).

e>0 Ne NV

Let us denote by 0,4 ((dx @)~ 1d, d%) the biggest singular value of the linear map-
ping (d, ®*)~'d.®*. The function ¢ : z > |Oypar ((d ®@*)~'d.®*) — 1]is continuous
and therefore bounded on B(x, ¢) and moreover vanishes at z = x.Forallz € B(x, &)
we have:

1(d @) 'd, @ 7 (f)(2) — H5 ()R] < M(e),
where

M(e) = sup ¢ esssupg, . |7 (Il
B(x,¢)



44 E. Bernuau et al.

The function M is continuous at zero and M (0) = 0. We have proved that
(@)™ d D A (f)(2) € K (£)(2)HBO, M(e)).

It follows that

HALFIDE) =[] [ Comv((de®*)'d. 0 A (f)(2), 2 € Bx, 8) \ N)

e>0Ne NV

c () [ WL (@) +BO. M(2)). z € B(x, &) \ N)

e>0Ne NV

= ﬂ [( ﬂ conv (A (f)(2),z € B(x, &) \ N))+]B(O, M(s)):|

e>0 NeN

— ﬂ ﬂ conv (. (f)(2), z € B(x, &) \ N)

e>0Ne N

= F1H ().
The proof of the converse inclusion is similar. (]

Corollary 2.1 Let f € Z2(R", R") be avector field. Suppose f is v-homogeneous
of degree k. Then F| f] is v-homogeneous of degree k.

Proof Since f is v-homogeneous of degree «, we have 52 (f) = f.Hence #[f] =
FI ()] = £ (F[ f]) by Proposition 2.2 and therefore .% [ f ]is v-homogeneous
of degree k. ([

The following theorem asserts that a strongly globally asymptotically stable
homogeneous differential inclusion admits a homogeneous Lyapunov function. This
result is a generalization of the theorem proved for ODE in [20].

Theorem 2.1 [4] Let F be a v-homogeneous set-valued map of degree k, satisfying
the SA. Then the following statements are equivalent:

e The origin is (strongly) GAS for the system x € F(x).
e Forall u > max(—«, 0), there exists a pair (V, W) of continuous functions, such
that:

1. V e €°(R",R), V is positive definite and v-homogeneous of degree 1;

2. We@°MR"\ {0}, R), W(x) > 0 for all x #0 and W is v-homogeneous of
degree 1 + k;

3. max,er() dy Vv < —=W(x) for all x # 0.
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2.3 Homogenization of a Differential Inclusion

The following definition extends the notion of homogenization to DI.

Definition 2.7 Let F be a set-valued map and v be an Euler vector field.

e The set-valued map H : R" — $H(R") is the v-homogenization of F at the origin
if H # {0} and if there exists k € R such that:

AP (F)(x) “5 H(x) VxeR" (2.5)

e The set-valued map H : R" — $(R") is the v-homogenization of F at infinity if
H # {0} and there exists x € R such that:
H(F)(x) %9 H(x) VxeR" (2.6)
§—>+00
Proposition 2.3 Let F be a set-valued map, v be an Euler vector field and H be

the v-homogenization of F at the origin (resp. at infinity). The following properties
hold:

1. H is unique;
2. H is v-homogeneous;
3. If the standard assumptions hold for F, they hold for H.

Proof We will only give the proofs in the case of homogenization at the origin, the
case of homogenization at infinity being similar.

By uniqueness of the limit, for a given « € R, the possible limit of JZ°(F) is
unique. Assume now that there exists a degree u # « such that 7 (F) converges

to H. We will consider two cases.
If u > «, we have:

(I (F)(x), (0) = e 0(7 (F)(x), {0})
< T (A (F)(x), H(x))
+0(H (x), {OD],

and therefore for all compact set X C R":

sup 0(H (F)(x), {0}) < e* ™ [sup0(H (F)(x), H(x))

xeX xeX
~+sup 0(H (x), {O}].
xeX
Since sup, .y 0(H (x), {0}) is finite and sup, .y 0(F*(F)(x), H(x)) tends to zero

when s — —oo, we conclude that sup, D(ff;(F)(x), {0}) — O, that is H= {0},
which is a contradiction.
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If k > u, consider z € R” such that H(z) # {0}. The application X € $H(R") —
sup,cx llx|| is continuous, hence sup,c 5es gy VIl = @ > 0 when s — —o0 and

therefore SUP,e 225 () (o) vl = e SUP,e s () (2) vl = +oowhens — —o0,but

SUP,.c 5 (F)(z) VIl converges to SUP,c i (o) |lv|l as well and thus ﬁ(z) is not bounded,
. M o . . .

which is a contradiction. This proves the first point.
The homogeneity of H is a consequence of the following computation:

H(@"(x) = lim 7 (F)(®° (x)

= lim e (arq)c(x)qw)*1 L F(@°oW)

§——00

= lim €d,®7e ) (4, )7 F(@70) (x))
§—>—00

= lim ¢7d, %@ (d, ") . F(®"(x))
u——00

=¢%d, @7 - lim ' (F)(x)
u——00
=¢e"d,®° - H(x)

Finally, H (x) is a nonempty compact set by construction. It is well known that
the convexity is preserved at the limit by the Hausdorff distance (see for instance
[27]), so H (x) is convex. Only the USC remains to prove.

Consider ¥ an open neighborhood of H (x). We can assume that ¥ is bounded;
if not, we replace it by ¥ N B(r) for r > 0 such that H (x) C B(r). Denote

a =inf{d(h,v),h € H(x),ve 37} > 0.
We have
H(x)+B(a) C 7.

By the uniform convergence, there exists s such that for all y € B(x, 1), we have

(H(F)(y), H(y)) < ¢/3.
In particular,

H(y) C 77 (F)(y)+B(e/3)
and

5 (F)(x) € H(x)+B(e/3).

By USC of JZ°(F), there exists a neighborhood of x, % C B(x, 1), such that for
ally e %,
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H(F)(y) C AL (F)(x)+B(g/3).
Hence, forall y € %,
H(y) C H:(F)(y)+B(e/3) C H:(F)(x)+B(2¢/3) C H(x)+B(e) C 7.

O

The Definition 2.7 allows us to build a local approximation of a given set-valued
map. But we can also apply this procedure to a vector field. Denoting f a locally
essentially bounded vector field with a v-homogenization /4, F' the regularization
of f via the Filippov’s procedure and H the v-homogenization of F, then we can
naturally wonder whether .% (h) = H. The following proposition answers positively
to this question.

Proposition 2.4 Consider a locally essentially bounded vector field f with a
v-homogenization h of degree k. Then F [ f ] admits a v-homogenization H of degree
« and moreover H = F[h].

Proof Consider a sequence of locally essentially bounded vector fields ( f;) converg-
ing to f uniformly on compact sets. Let us prove that .% ( f,) converges to .Z|[ f]
uniformly on compact sets.

For every compact set Y, for all ¢ > 0O, there exists N(Y) > O such that for
allk > N(Y), supyey | fu(3) — f(0)| < e, thatis fu(y) € f(y)+B(e) and f(y) €
M+ DBe). )

Consider a compact set X and fix ¢ > 0. Denote ¥ = X + B(1). For all x € X
and all § < 1 we have B(x, ) C Y. Thus forn > N(Y):

FL@ =) [) (), y € B(x, 8) \N)

§>0Ne AN

() [ v (f(M+B(e), y € Bx,8) \N)

§>0Ne AN

() () @),y €Bx,8) \N) +B(e)

§>0Ne AN
C ZIf1(x)+B(e).

The converse inclusion Z[ f1(x) C Z[f,](x) + B(e) is obtained similarly. Finally,
forn > N(Y), for all x € X, 0(Z[f1(x), Z[f.](x)) < & and we get the uniform
convergence.

Now, by Proposition 2.2, for all s € R we have J2° (F [ f1) = F# [ (f)]. Since
S (f) is converging uniformly on compact sets to 2, % [ ( f)] converges to .7 [h]
and hence 72 ((F[ f]) converges to .% [h]. Since h is v-homogeneous of degree «,
80 is .Z#[h] and then by definition .#[h] is the v-homogenization of .%#[ f], that is
Flhl=H. |
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Theorem 2.2 Let F be a set-valued map for which the standard assumptions hold
and H be its homogenization at the origin. If the origin is a GAS equilibrium of H,
it is a LAS equilibrium of F. If moreover the degree of H is negative, the origin is a
locally finite-time stable equilibrium of F.

Proof Let (V, W) be a v-homogeneous Lyapunov pair for H, with V of degree
u > max{0, —«}. Let us denote S={V =1} and fix x € S and s € R. For the
homogenization of F at the origin H, we have:

Ve > 03dg(e) eR, Vs < g(e)Vx €S
V(7 (F)(x), H(x)) < e.

Hence, denoting a = infs W and b = supg [|[d, V|, for all s < g(5;) and all v €
F(®*(x)), there exists w € H (x) such that || (d,@*) ' v — w| < 35 - Therefore,
forall s < g(55) andallv € F(P°(x)):
d¢.r(x)vv = d@(x)V(v —ed, D°w) + dqss(x)V(@”dx(pSW)
— e(KJrlJ«)S I:eil”dcbl“(x) de¢s (eflcs (dx¢x)_1 - W)
+€7”'Sd¢s(x) VdX@SW]

= e [a v (e (@) v—w) + diVw]

IA

elktrs [b||e_” (dxd>s)_1 v—w| — a]

a (k+i)s _ a s K+
< —= =—=V( 2
= —ze€ 5 (@' (%))

Thus, for all y # 0 such that V (y) < ¢*¢(3), we find that for all v € F(y):

K+p

@va—%vgyr. 2.7)

The relation (2.7) proves that V is a local Lyapunov function for F, and then the
origin is a LAS equilibrium of F. Moreover, if k < 0 then 0 < “2# < 1. Classical
techniques then show that the convergence to the origin is performed in a finite
time. (]

Example 2.1 Consider the following system from [19] (with the particular choice
ofe =1/2):

é‘] =€) — kleEI/Z] — kzel
é2 = —k3sign[e1] — k4€1
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Taking v = 2x; 6871 + x %, we can compute the v-homogenization of the system at

the origin. A direct computation yields the following v-homogenization of degree —1:

Iél =€y — klegl/z]

e, = —kssign[e]

The origin is known to be globally finite-time stable for this system, and we conclude
by the Theorem 2.2 that the origin is a locally finite-time stable equilibrium of the
initial system.

Corollary 2.2 Let F be a set-valued map for which the standard assumptions hold
and H be its homogenization at the origin. If the origin is a GAS equilibrium of both
F and H and if the degree of H is negative, then the origin is a globally finite-time
stable equilibrium of F.

Proof Theorem 2.2 yields that the origin is a locally finite-time stable equilibrium
of F. Given that we also assumed the origin to be asymptotically stable, the origin
is therefore globally finite-time stable.

2.4 Robustness of Homogeneous and Homogenizable
Systems

In this section we consider a measurable set-valued map F : R" x R” =3 R". We
denote F(x) = F(x, A). We will be interested in proving robustness properties of
the system defined by:

xeF(x,A), xeR", Ae 2R R"). (2.8)

loc

2.4.1 1SS Definitions and Properties

In this chapter, we will be interested in the following stability properties [23, 25].

Definition 2.8 The system (2.8) is called input-to-state practically stable (ISpS), if
for any input A € Z2(R, R™) and any xo € R” there are some functions g € #.Z,
y € J and ¢ > 0 such that for any solution x of (2.8):

lx@1 = Bixoll, 1) + ¥ ( sup A +c¢ Vi =0.
7€[0,¢]

The function y is called nonlinear asymptotic gain. The system is called ISS if ¢ = 0.

These properties have the following Lyapunov function characterizations.
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Definition 2.9 A smooth function V : R* — R, is called ISpS Lyapunov function
for the system (2.8) if forallx € R", A € R™ and some r > 0, «y, a2, a3 € Ho, and
0ex:

ar(flx]) = V(x) < aa(llx]),

sup dVv <r+06(Al) — es(llx]).
veF (x,A)

Such a function V is called ISS Lyapunov function if r = 0.

Note that an ISpS Lyapunov function can also satisfy the following equivalent con-
dition for some oy € H5o, x € # and p > 0:

lxll > xUAID +p = sup d:Vv < —ay(llx]).
veF (x,A)

Proposition 2.5 If there exists an ISpS (resp. ISS) Lyapunov function for the system
(2.8), then the system is ISpS (resp. ISS).

2.4.2 1SS of Homogeneous Differential Inclusions

In the following results, we will need some assumptions on F'.
Assumption 2.1 For all A € R” the set-valued map F, verifies the SA.
This assumption ensures that solutions of the system (2.8) exist.

Assumption 2.2 There exists a v-homogeneous set-valued map H of degree « ver-
ifying the SA such that

A. the origin is a GAS equilibrium of H. We denote (V, W) a v-homogeneous
Lyapunov pair for H given by Theorem 2.1.

B. forall ¢ > 0 and for all D > 0 there exists n > 0 such that for all s > », for all
x € S={V =1} and forall ||[A]| < D, we have J2°(F,)(x) C H(x) + B(e).

Following the notations used in Sect. 2.3, we denote
a= il’Slf W and b=sup|d,V].
S
We also denote
h(D) = inf {n eR:Vs > nV|A|l <D, J°(Fa)(x) C H(x) +IB%(2a—b)} .

By Assumption 2.2 B, h(D) < +o00. We allow h(D) = —o0, denote £ = limp_, o+
h(D).
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Theorem 2.3 Under Assumptions 2.1 and 2.2, the system (2.8) is:

ISS if ¢ = —oo,
ISpS if £ # —oc.

Remark 2.1 The following hint for a selection of H can be proposed. When Fy is
v-homogeneous of degree 1, Assumption 2.2B gives, for x € S:

lim e Fy(x) C H(x).

§—>—+00

If 1 > Kk, e Fy(x) diverges when s — 400, andif 4 < «, we getthat0 € H(x),
which is a contradiction to the global asymptotic stability of H (Assumption 2.2A).
Thus u = k and Fy C H. Similarly, if F; admits a v-homogeneization Hy of degree
wu, we find that u = « and Hy C H. This remark gives us a candidate for H in some
situations and it will be used in Theorem 2.4.

To prove the Theorem 2.3, we need some technical lemmas.

Lemma 2.1 Let o : Ry — R be an increasing function such that lim,_,o+ o (x) =
0. Then there exists a class & function & such that for all x € Ry, o (x) < & (x).

Proof Let us first remark that o (x) > 0 for all x > 0.

e Foralln € N* and all x € [n, n + 1], let us define:
ox)=(cmn+2)—ocn+1)+1)x—n)+omn+1)+n.
We findo(n) =oc(m + 1) +n and

lim cx)=om+2)+n+1=0cmn+1).

x—n+l;x<n+1

Hence o is continuous on [1, 4-o00[ and clearly strictly increasing. Moreover, for
alln e N*andallx € [n,n + 1[:

ox)y=onm)y=cm+1)+n>0mn+1)>ok).

o For all x € [4,1[, we set 6(x) = 2x — D)(6(2) —o () + 1) +o(1) + 1. We
easily check that 6 (x) — o(1) when x — 1, x < 1, and we find 6(%) =o(l)+
%. This construction proves that ¢ is continuous and strictly increasing on [% , +ool.
Forx €[4, 1[, wehave 6 (x) > 6(3) =0 (1) + 1 > o (x).

1

e Foralln e N,n>2,andall x € [#, L[ we set:

_ 1
ox)=nn+1) (x — m)
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1 1 1
X |o —0o _
n—1 n(n +1)

1 1
+o(—)+ .
n n—+1

Weﬁnd&(ﬁ):o( )+mando(x)—>a( )+ Whenx—>l x<%.

Thus o is continuous and strictly increasing on ]0, +oo[. For x € [
have & (x) >a( )—a( )—i—m >0 (1) > o (x).
e The function o bemg increasing on ]0, +ool, the limit of o at O is the limit of

& (+7) when n — 400. But & (17) = 0 (1) 4+ 15 converges to zero when

n+1
n — 400.

1
L A we

Finally setting 6 (0) = O proves that ¢ is a class . function such that 6 (x) > o (x)
for all x > 0. O

Lemma 2.2 LetV : R" — R be a continuous positive definite v-homogeneous func-
tion of degree k > 0. There exist o_ and o two functions of class ¢ such that for
allx e R":

o_(llxl) = V(x) < oy (llx D).

Proof Denote o (r) = sup <, V(x). The function oy is clearly continuous,
increasing and verifies 0 (0) = 0. Let us show that o is strictly increasing. It
is enough to prove that for any xo such that ||xo|| < r and V(xy) = o4 (r) veri-
fies ||xo|| = r. Assume by contradiction that ||xo|| < r. By continuity of the flow
@, there exists &€ > 0 such that for all s € [0, ¢[, we have ||®°(xo)| <r and
thus V(@°(xg)) < 0 (r) = V(xp). But V(@*(x9)) = “*V(x9) > V(xp) fors > 0,
which is a contradiction.

The function o_ is defined by o l(r) = SUPy ()<, IIx[|. We similarly prove that

o lex.

Finally,
V(x) = sup V(y)=oy(lxl)
IyI=lxll
and
Ixl < sup Iyl =o' (V(x)),
V(n=Vx)
thatis V(x) > o_(||x])). ]

We can now prove Theorem 2.3.

Proof (of Theorem 2.3) Let x € S, s € R and v € F,(®*(x)) be fixed. We have
e " (dxqﬁx)_l v e I (Fp)(x), thus for s > h(]|Al]) and by Assumption 2.2 there
exists w € H (x) such that:
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—KS s\—1 _ i
lle (dxcp ) v—w| < T

Hence for s > h(||Al)):
des (o) Vv = “TH3d Ve (dx¢“)_1 v

= Wtms [dx Vw+d, V (e”” (dx<15s)71 y— w)]

< elkeTs [_a + blle™* (dx(ps)_ v— W”:I

IA

—‘—2’e<“+“>s = —%V(cpf(x))%.

Finally, for all y € R”" such that V (y) > e*"(141) we have:

a K+
— m

sup d,Vv < —=V(y)

veFa(y) 2 29
Let us define w = e* if £ # —o0, and @ = 0 else, and then o (D) = e"P) — @,
Since h is clearly increasing and u > 0, o is increasing and positive. Moreover
limp_o+ o (D) = 0. By Lemma 2.1, there exists ¢ € J# such that 6 (D) > o (D).
Therefore, for all y € R” such that V(y) > o (||A|)) + @, in equation (2.9) holds.
Denoting now y (s) = o} (o(s)+@) — o ! (w), where o_ is the class J# function
given by Lemma 2.2, we have thatif || y|| > y (|| Al]) + o~ (w) then inequality (2.9)
holds. We conclude by standard arguments on ISS/ISpS Lyapunov functions. ]

Inequality (2.9) gives one straightforward Corollary.

Corollary 2.3 Under Assumptions 2.1 and 2.2, if k > 0, then the system (2.8) is
ISS. If moreover we denote y the asymptotic gain, then any trajectory of the system
converges to the ball of radius y (sup,q [|A(?)|]) in a uniform finite-time.

The following Corollary of Theorem 2.3 shows how to use it when dealing with
more concrete systems.

Corollary 2.4 Consider the system % € Fy(x)+B(||Al|). Assume that:

1. Fy verifies the SA;

2. the origin is a GAS equilibrium of Fy;

3. there exists a linear Euler vector field v(x) = Ax such that Fy is v-homogeneous
of degree «;

4. if p denotes the smallest real part of the eigenvalues of A, k + p > 0.

Then the system x € Fo(x)+B(||A|) is ISS.

Proof Assumption 1 and 2A are clearly verified, taking H = Fj. Noting that
JC(Fa)(x) = Fo(x) +exp((—« I — A)s) - B(||All), we see that Assumption 2B
holds because the matrix —« I — AisHurwitz(p + « > 0).Finally,limp_. ¢+ (D) =
—oo follows from classical matrices considerations.
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Theorem 2.4 Consider a set-valued map F : R* x R™ = R” verifying Assumption
2.1. Assume moreover that the following hypothesis hold:

1. The origin is a GAS equilibrium of Fy. We denote (V, W) a v-homogeneous
Lyapunov pair for Fy given by Theorem 2.1. ~
2. There exists an Euler vector field v on R™, which flow is denoted @, such that:

F(P*(x), @°(A)) = °d, P*F(x, A).
3. There exists a function o € J# such that for all x € S ={V = 1} we have

Fa(x) C Fo(x)+B(a (]| A])).
Then the system (2.8) is ISS.

Proof Letus show first that Assumption 2.2 holds for H = Fj. The point Assumption
2.2A is given by the point 1 of the hypothesis of this theorem.

By the point 2 of the hypothesis, J°(Fa)(x) = Fqg,x(m(x). Consider N a con-
tinuous positive definite V-homogeneous function of degree 1 on R and denote

n(e, D) =1n (Gl;(fzs)), where the functions o_ and o, are given by Lemma

2.2 with respect to the function N. Consider s > n(e, D). Then e S0 (D) <
o_ oo~ !(¢) and for all |A| < D we have
1P (M) < o2 (NPT (A)) <02 (€N () <ol (e o (AID) <o '(e).
Hence for all s > n(e, D), forall x € Sand all ||A|| < D we have

AP (Fp)(x) = Fo 0 (6) C Fo(x)+B(e)

by hypothesis 3. Therefore Assumption 2.2 holds for H = Fy. Since h(D) <
n(35, D) and limp_. o+ n(5;, D) = —o00, we conclude by Theorem 2.3.

Example 2.2 Consider the following disturbed system:

X1= x+A
X —kysign[x;] — kpsign[x;]

where k; > k; > 0 are fixed gains. When d = 0, it is well-known that the system
is v-homogeneous of degree x = —1 with v = 2x ;’71 + x2% and GAS, that is

hypothesis 1 holds. Taking v = Aa%, we see that hypothesis 2 holds. Finally the

hypothesis 3 also holds with o (D) = D and the system is ISS by Theorem 2.4.

Corollary 2.5 Let f : R" x R" — R" be a continuous vector field. Assume that
there exists an Euler vector field v on R™, which flow is denoted @, such that:

F(@*(x), D*(4)) = e d, @ f(x, A),
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and assume moreover that the origin is a GAS equilibrium of fy, where fo(x) =
f(x,0). Then the system x = f(x, A) is ISS.

Proof Wetake F(x) = { fa(x)}. The hypothesis 1 and 2 of Theorem 2.4 are clearly
satisfied. The continuity of f and the compactness of S give that the function o (A) =
SUP, s aj<p [ fa(x) — fo(x)| belongs to class %, which gives in turn hypothesis
3 and concludes the proof.

2.5 Conclusion

In this chapter, we achieved two objectives. First, we introduced homogenization
for DI. We proved that this notion is consistent with the Filippov’s procedure and
that the local stability is inherited by a system which has a GAS homogenization.
Second, we applied homogeneity and homogenization techniques to prove ISS and
ISpS properties of systems defined by DI. All these results were presented using
geometric homogeneity.

In the future, we plan to use these results and techniques for designing SMC
and getting a good understanding of the associated robustness properties of such
systems. In particular, controlling the asymptotic gain could give a way of reducing
the chattering effect.

Acknowledgements This chapter is supported by ANR Finite4SoS (ANR 15 CE23 0007).

References

1. Aleksandrov, A.Y., Kosov, A.A., Platonov, A.V.: On the asymptotic stability of switched homo-
geneous systems. Syst. Control Lett. 61(1), 127-133 (2012)

2. Andrieu, V., Praly, L., Astolfi, A.: Homogeneous approximation, recursive observer design,
and output feedback. SIAM J. Control Optim. 47(4), 1814—1850 (2008)

3. Aubin, J., Cellina, A.: Differential Inclusions. Grundlehren der Math. Wissenschaften 264.
Springer, Berlin (1984)

4. Bernuau, E., Efimov, D., Perruquetti, W., Polyakov, A.: On an extension of homogeneity notion
for differential inclusions. In: Proceedings of the European Control Conference (ECC), pp.
2204-2209 (2013)

5. Bernuau, E., Polyakov, A., Efimov, D., Perruquetti, W.: Robustness of finite-time stability
property for sliding modes. In: Proceedings of 5th IFAC Symposium on System Structure and
Control, pp. 391-396 (2013)

6. Bhat, S.P, Bernstein, D.S.: Geometric homogeneity with applications to finite-time stability.
Math. Control Signals Syst. 17, 101-127 (2005)

7. Bokharaie, V.S., Mason, O., Verwoerd, M.: D-stability and delay-independent stability of homo-
geneous cooperative systems. IEEE Trans. Aut. Contr. 55(12), 2882-2885 (2010)

8. Doyle, J., Francis, B., Tannenbaum, A.: Feedback Control Systems. Mac Millan Publishing
Co. (1992)

9. Efimov, D., Perruquetti, W.: Oscillations conditions in homogenous systems. In: Proceedings
of IFAC NOLCOS Symposium, pp. 1379-1384 (2010)



56

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

E. Bernuau et al.

Filippov, A.E.: Differential Equations with Discontinuous Righthand Sides. Kluwer Academic
(1988)

Griine, L.: Homogeneous state feedback stabilization of homogeneous systems. SIAM J. Con-
trol Optim. 38(4), 1288-1314 (2000)

Hermes, H.: Homogeneous feedback controls for homogeneous systems. Syst. Control Lett.
24,7-11 (1995)

Hill, D.J., Moylan, P.J.: Dissipative dynamical systems: basic input-output and state properties.
J. Frankl. Inst. 309(5), 327-357 (1980)

Hong, Y.: Ho, control, stabilization, and input-output stability of nonlinear systems with homo-
geneous properties. Automatica 37(7), 819-829 (2001)

Kawski, M.: Nilpotent Lie algebras of vectorfields. J. Reine Sngew. Math. 388, 1-17 (1988)
Kawski, M.: Families of dilations and asymptotic stability. Birkhéuser, Boston 8, 285-294
(1991)

Levant, A.: Homogeneity approach to high-order sliding mode design. Automatica 41(5), 823—
830 (2005)

Orlov, Y.: Finite time stability and robust control synthesis of uncertain switched systems.
SIAM J. Control Optim. 43(4), 1253-1271 (2005)

Orlov, Y., Aoustin, Y., Chevallereau, C.: Finite time stabilization of a perturbed double integrator
- Part I: continuous sliding mode-based output feedback synthesis. IEEE Trans. Aut. Contr.
56(3), 614-618 (2011)

Rosier, L.: Homogeneous Lyapunov function for homogeneous continuous vector field. Syst.
Control Lett. 19, 467-473 (1992)

Ryan, E.P.: Universal stabilization of a class of nonlinear systems with homogeneous vector
fields. Syst. Control Lett. 26, 177-184 (1995)

Schaft, A.: L,-gain and Passivity Techniques in Nonlinear Control. Springer, London Ltd
(1996)

Sontag, E.D.: Smooth stabilization implies coprime factorization. IEEE Trans. Aut. Control.
34(4), 435-443 (1989)

Sontag, E.D.: The ISS Philosophy as a Unifying Framework for Stability-like Behavior.
Springer, London (2001)

Sontag, E.D., Wang, Y.: On characterizations of the input-to-state stability property. Syst.
Control Lett. 24(5), 351-359 (1995)

Vidyasagar, M.: Input-output Analysis of Large-scale Interconnected Systems. Springer, Berlin
(1981)

Wijsman, R.: Convergence of sequences of convex sets, cones and functions. II. Trans. Amer.
Math. Soc. 123, 32-45 (1966)

Willems, J.C.: Dissipative dynamical systems. I. General theory. Arch. Rational Mech. Anal.
45, 321-351 (1972)

Zubov, V.I.: On ordinary differential equations with generalized homogeneous right-hand sides.
Izvestiya vuzov, Matematika. 1(2), 80-88 (1958)



2 Springer
http://www.springer.com/978-3-319-62895-0

Advances inVariable Structure Systems and Sliding
Mode Control—Theory and Applications

Li, S.i ¥u, X.; Fridman, L; Man, Z.; Wang, X. (Eds.)

2018, XV, 408 p. 119 illus., 68 illus. in color., Hardcowver
ISBN: 978-3-319-62895-0



	2 Robustness of Homogeneous  and Homogeneizable Differential  Inclusions
	2.1 Introduction
	2.2 Preliminaries
	2.2.1 Notations
	2.2.2 Differential Inclusions
	2.2.3 Homogeneity
	2.2.4 Homogeneous Differential Inclusions

	2.3 Homogenization of a Differential Inclusion
	2.4 Robustness of Homogeneous and Homogenizable Systems
	2.4.1 ISS Definitions and Properties
	2.4.2 ISS of Homogeneous Differential Inclusions

	2.5 Conclusion
	References


