Chapter 2
Convex Hull Representations

2.1 Introduction

The problem of estimating the domain of attraction for control systems with
actuator saturation, both in the continuous-time and discrete-time settings, has
been extensively studied during the past decades. A large number of results have
emerged in the literature. In particular, the contractively invariant sets, from which
all trajectories remain inside them and converge to the origin, have been widely used
as estimates of the domain of attraction of a saturated system. The determination of
the contractive invariance of a set involves the treatment of the saturation function.
Researchers in the control community have paid considerable attention to handling
saturation functions and have developed different treatments of the saturation
function. Based on these treatments, various conditions have been established under
which an ellipsoid is contractively invariant.
Consider the following linear system under a saturated linear feedback,

% = Ax + Bsat(Fx), x€R", F e R™™", 2.1)

where x is the state, F is the state feedback gain, and sat : R” — R™ is the vector-
valued standard saturation function, defined as,

Sat(u) = [Sat(ul) Sat(MZ) Sat(um)] s

sat(u;) = sgn(u;) min{1, |u;|},

with u = [u; uy --- u,)T. Here we have again slightly abused the notation by using
sat to denote both the vector valued and scalar saturation functions. Also, recall that
non-unity saturation levels can be accommodated by scaling the matrices B and F.
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Fig. 2.1 An illustration of A
the regional sector condition.

Fx

—x, sat(Fx)

One of the popular treatments of the saturation function is the regional sector
condition. In this treatment, the saturated linear feedback sat(Fx) can be placed into
a regional linear sector. Given a matrix H € R™", let

L(H) = {x €R": |Hx|oo < 1}.

Clearly, £(H) represents the region where Hx does not saturate. The regional sector
condition is described in the following lemma.

Lemma 2.1.1 ([30]) Let F, H € R™™, For any x € L(H) and any diagonal matrix
S € R satisfying S > 0, the following inequality holds,
(Fx — sat(Fx))"S(sat(Fx) — Hx) > 0. (2.2)

Lemma 2.1.1 is illustrated in Figure 2.1 for the case of m = 1 and n = 1. Without
loss of generality, we assume that H > 0. Note that

L(H) = [—x0, X0]

B 1 1

L H H]
It is clear that, for any x € L(H), the saturated linear feedback sat(Fx) resides in the
sector formed by Fx and Hx. Note that inequality (2.2) is satisfied only for x € L(H).

If we set H = 0, the regional sector condition (2.2) will become the global sector
condition, that is,

(Fx — sat(Fx)) Ssat(Fx) > 0, V x € R™".

The regional sector condition (2.2) is usually applied to determine a contractively
invariant set in such a way that the term (Fx — sat(Fx))TS(sat(Fx) — Hx) is added to
the time derivative of a quadratic Lyapunov function such that a quadratic function
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of an augmented state vector containing the system state and the saturation or
deadzone function can be formed. The negative definiteness of the associated matrix
of the resulting quadratic function then ensures the contractive invariance of a level
set of the Lyapunov function.

Consider a quadratic Lyapunov function V(x) = x"Px and its level set £(P) :=
{x € R" : xTPx < 1}. The ellipsoid £(P) is contractively invariant if £(P) C L(H)
and

V(x) = 2x"Px
< 2x"P(Ax + Bsat(Fx)) + 2(Fx — sat(Fx))"S(sat(Fx) — Hx)
_[ x 7' [He(PA—F"SH) PB+F'S + H'S x
sat(Fx) * -2 sat(Fx)
<0, Vxe &P)\ {0}.
Based on the analysis above, we establish in the following conditions for the
contractive invariance of £(P).

Theorem 2.1.1 Let P € R™" be a positive definite matrix and Q = P~'. If there
exist a positive definite diagonal matrix W € R™" and matrix Z € R™" such that

QA+ BF)' + (A+BF)Q —BW + QF 7" _ 03
* —2W ’ :
and
1z _
[Z]TZQ’} >0, jelll,m], 2.4)

where zj is the jth row of matrix Z = HQ, then the ellipsoid £(P) is a contractively
invariant set of system (2.1).

Proof Matrix inequalities (2.4) are equivalent to

1 hy ,
[th I;} >0, jelll.m],
or,
P> hihj, jelll,m],

where £; is the jth row of matrix H. For any x € £(P), xTPx < 1, and x"Px >
xTthhjx. Thus, |hjx| < 1 for all x € £(P). This implies that £(P) € L(H).
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Multiplying
PO
0S]’
where S = W™, to the left and the right of both sides of Inequality (2.3), we have

[ (A + BF)'P + P(A + BF) —PB + (F — H)TS:| -0
* =25 '

Noting the non-singularity of matrix
I, 0
F—I,]|’

I, 0 7' [(A+BF)TP+P(A+BF) —PB+ (F—H)'S1[1, 0
F -1, * 28 F -1,

we have

. [He(PA — F'SH) PB + F'S + HTS]
o * -2

< 0.
Since £(P) € L(H), for any x € E(P),
(Fx — sat(Fx))"S(sat(Fx) — Hx) > 0.

Then, the time derivative of V(x) = x"Px along the trajectory of system (2.1) can
be evaluated as,

V()<[ x T[He(PA—FTSH) PB+FTS+HTS][ x }
Y= sat(Fx) * -28 sat(Fx)
<0, Vxe&P)\ {0}

This implies that the ellipsoid £(P) is a contractively invariant set of system (2.1).
O

Remark 2.1.1 The results of Theorem 2.1.1 can be arrived at in a different way. By
the relationship between sat(Fx) and dz(Fx), where the deadzone function dz(Fx) is
defined as

dz(Fx) = Fx — sat(Fx),
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system (2.1) can be rewritten as
X = (A + BF)x — Bdz(Fx), (2.5)
and the regional sector condition (2.2) can be rewritten as
dz" (Fx)S((F — H)x — dz(Fx)) > 0, ¥ x € L(H). (2.6)

It is easy to see that
V(x) < 2x"P((A + BF)x — Bdz(Fx)) 4 2dz" (Fx)S((F — H)x — dz(Fx))

B [ x ]T [(A—i—BF)TP—i—P(A—i—BF) _PB+ (F—H)TS} [ x }
~ [ dz(Fx) * -28 dz(Fx) |’

Then the same conditions as those in Theorem 2.1.1, which guarantee the contrac-
tive invariance of E(P), can be obtained.
Let
- |:(A + BF)'P + P(A + BF) —PB + (F — H)TS}
a * —-28 '

The negative definiteness of matrix IT € R+™>(+m implies the contractive
invariance of £(P), as seen in the proof of Theorem 2.1.1. However, because of the
dependence of V(x) on x and sat(Fx) (or dz(Fx)), the requirement of the negative
definiteness of II is conservative. This is partially due to the fact that the regional
sector condition (2.2) contains the term sat(Fx). Hence, eliminating sat(Fx) in the

treatment of sat(Fx) can be expected to reduce this conservativeness.
Considering the relation between sat(Fx) and Fx, we can rewrite sat(Fx) as

sat(Fx) = D(x/(x))Fx,

where D(a(x)) = diag{a(x), oz(x), - ,0,(x)} € R™™ and each diagonal
element ;(x), j € I[1, m], is defined as

m > 1
ajx) =411, if —1<fx<1,
—p i fx < =1,

with f; € R™" being the jth row of matrix F. It is clear that 0 < o;(x) <
for all j € I[1,m]. Moreover, the larger |fix| is, the smaller «;(x) is. Let
[B1, B2, -+, Bu]" € R™, where B; > 1. Define a state region

1

S(F,B) = {x eR": |fx] < B je 1[1,m]}.
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We can easily verify that

p— m.n .
B st g Y x)

<1.

Thus, ﬂi, < sat(f;x) < 1 for each x € S(F, B), that is, sat(fix) € co{ﬂil_, 1} for each

x € S(F, B). Define a set of 2™ diagonal matrices, D;S , in such a way that the jth
diagonal element of each matrix is either ﬂi or 1. For example, for m = 2,
J

1 L
pf = |10 ppo | BV pPo 1? pf=|m Y|
o lor]r ™2 o1 o5 | 0 L~
2 B2

From the fact that sat(fx) € co {ﬂi 1}, Jj € I[1, m], the following lemma is clear.
J

Lemma 2.1.2 ([29]) Given a set S(F, B). If x € S(F, B), then
sat(Fx) € co {Dfo, iell, 2'"]} . 2.7)

Note that, unlike the sector condition (2.2), each vertex of the polytope (2.7) into
which the saturated linear feedback can be placed does not contain the term sat(Fx).
Based on this treatment of the saturated linear feedback, the following theorem
establishes a set of conditions under which an ellipsoid is contractively invariant
for system (2.1).

Theorem 2.1.2 Let P € R™" be a positive definite matrix. If there exists a vector
B =1[B1B2 - Bu" € R" satisfying B; € [1, +00), j € I[1,m), such that

B p . m
(A+BD;F)'P + P(A+BD/F) <0, iel[l,2"], (2.8)
P LT
X ) >0, jel[l,m), (2.9)
sl 1

then the ellipsoid E(P) is a contractively invariant set of system (2.1).

Proof From (2.9), we have P > ﬂljzjjT)j] € I[1, m]. Thus, for any x € £(P), then

1 .
1>x"Px > ExTJ;Tng, Y jel[l,m).
J
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By the definition of the set S(F, 8), we have £(P) C S(F, B), from which and
Lemma 2.1.2 the saturated linear feedback sat(Fx) can be expressed as

sat(Fx) € co {Dfo e 1[1,2’“]} :

Thus, there exist a set of scalars A; € [0, 1], i € I[1,2"], satisfying 212:1 A =1,
such that

2[71
sat(Fx) = » . A:D! Fx.
i=1

Then for any x € £(P), the time derivative of the quadratic Lyapunov function
V(x) = x"Px along the trajectory of system (2.1) can be evaluated as

V(x) = 2x"P(Ax + Bsat(Fx))

2’”
=Y T ((A +BDPF)TP + P(A + BD;?F)) x.

i=1

From matrix inequalities (2.8), we have V(x) < 0 for all x € £(P)\{0}. This implies
that the ellipsoid £(P) is a contractively invariant set of system (2.1). O

Theorem 2.1.2 presents a set of sufficient conditions for the determination of the
contractive invariance of £(P) for system (2.1) by using the polytope representation
(2.7). However, each vertex of this polytope depends on all elements of feedback
gain F. As a result, the conservativeness still exists and can be further reduced.
Indeed, a generalization of this polytope representation has been proposed in
[36, 45, 46]. The generalized polytope representation, referred to as the convex
hull representation, introduces an auxiliary feedback matrix such that each vertex
is not required to depend on all the information of matrix F. This convex hull
representation of sat(Fx) has been a popular treatment used in the estimation of
the domain of attraction of a saturated system. Here and throughout the book, by the
domain of attraction of a system we mean the domain of attraction of an equilibrium
of the system, which is usually the origin of the state space.

In the remaining sections of this chapter, we first recall the convex hull
representation of a saturated linear feedback with the single auxiliary matrix,
proposed in [36, 45, 46], and then present an improved convex hull representation
containing multiple auxiliary matrices. The multiple auxiliary matrix method can be
further applied to treat the nestedly saturated linear feedbacks and linear feedbacks
subject to piecewise linear functions with multiple bends. These treatments provide
necessary preliminaries for the estimation of the domain of attraction of a saturated
system. Based on these treatments of the saturation function, the regional stability
conditions with respect to a quadratic Lyapunov function are established to guaran-
tee the contractive invariance of the level sets of a quadratic Lyapunov function.
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2.2 Single and Multiple Auxiliary Matrices

2.2.1 Single-Layer Saturated Linear Feedbacks

In contrast with the nestedly saturated feedbacks to be considered in Section 2.2.2,
we refer to the saturated feedbacks of the form sat(Fx) as single-layer saturated
linear feedbacks, which are also simply referred to as saturated linear feedbacks.
We first review the convex hull representation of saturated linear feedbacks in [36,
45, 46]. Let D be the set of m x m diagonal matrices whose diagonal elements are
either 1 or 0. In the case of m = 2,

o= {30 ) [ [aalt

It is clear that there are 2™ elements in D. We label the elements of D as D;, i =
1,2,---,2™. In particular, we specify D; = I,, and Dy» = 0,,x, throughout this
book. Denote D;” = I, — D;. Clearly, D; is also an element of D if D; € D.
Given two matrices F, H € R™", {D;F + D;H : i € I[1,2"]} is the set of
matrices formed by some corresponding rows of F and the rest of H. Note that for
each diagonal matrix D;, except for D = I,,, the matrix D;F' + D;” H only contains

partial information of matrix F.

Lemma 2.2.1 ([36,46]) Let F, H € R"™". Then, for any x € L(H),
sat(Fx) € co{Din + Dy Hx, i e I[1, 2’"]}. (2.10)

Lemma 2.2.1 indicates that the saturated linear feedback sat(Fx) belongs to a
convex hull whose vertices are a group of auxiliary linear feedbacks. The associated
feedback gains are all possible mixtures of the rows of F' and the auxiliary matrix H.

Remark 2.2.1 Whenm = 1, sat(Fx) € co{Fx, Hx}, that is, sat(Fx) is located in the
sector formed by Fx and Hx when x € L(H). Clearly, in this case, the convex hull
representation (2.10) is geometrically equivalent to the regional sector condition.

Remark 2.2.2 Let Df = diag{ L} € R"™™. By the definition of

S U
B B2 Bm
matrices ij , i € I[1,2™], there always exist a pair of diagonal matrices (D;, D;")
such that

D'F = D,;F + D7 D’F.
Thus, the convex hull representation (2.7) can be rewritten as

sat(Fx) € co{(D,-F +D7DPF)x: ielll, 2'"]}.

If we set H = DPF, then L(H) = S(F,B), and Lemma 2.2.1 reduces to
Lemma 2.1.2.
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By using the convex hull representation (2.10) to deal with the saturated linear
feedback, the following theorem establishes a set of sufficient conditions under
which an ellipsoid is an estimate of the domain of attraction of system (2.1).

Theorem 2.2.1 Let P € R™" be a positive definite and Q = P~'. If there exists a
matrix Z € R™" such that

He ((A + BD;F)Q + BD;Z) <0, i€ I[1,2"], (2.11)
1z .
[;,TZQJ} >0, jelll,m], 2.12)

then, the ellipsoid E(P) is a contractively invariant set of system (2.1).

Proof Let H = ZQ~'. From the proof of Theorem 2.1.1, matrix inequalities (2.12)
imply that £(P) € L(H). For any x € E£(P), by the convex hull representation
(2.10), the saturated linear feedback can be expressed as

2)11
sat(Fx) = Y A(D;F + D} H)x,

i=1

for some scalars A; € [0, 1] such that 21211 A; = 1. By matrix inequalities (2.11),
we have

2)11
V(x) =Y A" (He(P(A + BDiF + BD; H))) x

i=1

<0, Yxe&P)\ {0},

which implies that £(P) is a contractively invariant set of system (2.1). O

In order to intuitively understand the convex hull representation (2.10), we
illustrate Lemma 2.2.1 in Figure 2.2 for the case of m = 2, where f; and h;, j = 1, 2,
are the jth rows of matrices F' and H, respectively. Note that

fix] (T107. 007
Sy F H)x
[fzx_ (_01_ Tloo] )x

hlx
L fox

( )
] ([0 00 )
( )

[007] [10]
F H
(01 ] +_00_

| hox | | 00| 101 ]

]’l]X
hzx_

(007 [10]
F H
00 | +_01_
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Fig. 2.2 A geometric
illustration of the convex hull
representation (2.10).

Fig. 2.3 A geometric
illustration of the convex hull
representation (2.13).
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A rx
{hlx]v\ .
X P — Jix
5 ?-fzx}
1 1]
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X
[hzx

In Figure 2.2, the shaded zone represents the region £(H) in the input space.
Note that all vertices of the convex hull in (2.10) share a common auxiliary feedback
matrix H. This results in a rectangular convex hull, enclosed by the dotted lines. It is
clear that such a constraint in the shape leads to the conservativeness of the convex
hull representation (2.10). From the geometric illustration of sat(Fx) in Figure 2.2
we see that sat(Fx) still resides in the resulting convex hull if the vertex associated
with Hx is moved to other points in the shaded area. The resulting convex hull forms
a general quadrangle that is not necessarily a rectangular, as shown in Figure 2.3,
where h;; is the jth row of matrix H; € R¥?,j = 1,2,i=1,2,3,4, and

J=(

[ﬁx
fox

I://l21x
fox

)

(

10
01

00
01

L)
L)
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fix 10 00
= F H
[h32x 00" Tlo1]™)"
h41)C 00 10
= F H .
)= ([oa) Lo ))-
Each vertex of the quadrangle is associated with an independent auxiliary

matrix H;. Hence, we have the following lemma, which presents an improved convex
hull representation of sat(Fx).

Lemma 2.2.2 Let F, H; € R™", i € I[1,2™]. Then, for any x € ﬂlzll L(H)),
sat(Fx) € co{Din + D Hpx, i€ [l zm]}. (2.13)

Lemma 2.2.2 recovers the result of Lemma 2.2.1 if we set H; = H, i € I[1,2"].
The introduction of multiple auxiliary matrices increases the degree of freedom
in dealing with sat(Fx), and results in a less conservative approach to expressing
sat(Fx). The proof of Lemma 2.2.2 follows directly from the following lemma.

Lemma 2.2.3 Letu = [u; up -+ )T € R™, and v; = [vj vip -+ V] € R",i €
I[1,2™). Suppose that |vy| < 1 foralli € I[1,2™],j € I[1, m], then
sat(u) € co{D,»u +Dvie 1[1,2’”]}. (2.14)

To prove Lemma 2.2.3, we need the following lemma as a preliminary result.

Lemma 2.2.4 Letu, ul, u3, ---, ub, ul, w3, -+, b, -+, “(11 uf] <o, ul € R™, and v,
opZ oo p? vl w2 oo 2 oo ol 2 ol e m i
Up, VT, e, U g, D3, e, Uttty Uy, Uy eee, U € R™UIfu € cofug i € 11, pl}

forallj € I[1,q], and v € co{v{: 2 j e I[l,q]} for all i € I[1,p], satisfying v €
cof{ X 7_  aiv] 1 j € I[1,q]} forall o] € [0,1] and Y }_, af = 1, then

m eco{[z{| ciell,pl.jellq .

Proof Since u € CO{I/L;: 2 i € I[1,p]}, for all j € I[1,q], there exist a set of a;,
i € I[1, p], satisfying o € [0, 1] and }7_, &/ = 1, such that

P
u=y aul, Vjelll.q.
i=1

Similarly, there exist a set of 8;, j € I[1, q], satisfying B; € [0, 1] and 27=1 Bi=1,
such that
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P

q .
v = Zﬂjzajv{
i=1

Jj=1
qg p _
=) > B
j=1i=1

Hence, we have

[ lloejuji|
Zl | Biodv!
e
] D 3 1,310“’/
q
2.

14
2oe ]

i=1

Jj=1

Noting that
q p q P
22 P = 2 B e
j=1 i=1 j=1
q
=Y B
j=1
=1,
we have

He{[

We next prove Lemma 2.2.3.

S

Convex Hull Representations

} cielll,pl.jelll,q

Proof of Lemma 2.2.3 Since |v;| < 1, we have sat(u;) € co{u;, v}, for all i €

I[1,2" andj € I[1, m].

For m = 1, thatis, u = uy, let v = vy; and v, = v,;. Hence,

sat(u) = sat(uy)
(S] CO{Ml, UZI}

= co{u, vy}

- co{D,-u +Drvi=1, 2},

where Dy = 1 and D, = 0.
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For m = 2, sat(u;) € co{uy, v}, sat(uy) € co{uy, v41}, sat(up) € cofuy, v3z},
and sat(up) € cofup,vs}. For any «; and o, satisfying oy, € [0,1] and
a14a; = 1, we have sat(up) € co{ajus + oz, V3 + V4 }, since |ojvsy +
V| < ar|vsa| + @2|van| < o) + ap = 1. By Lemma 2.2.4, we have

sat(u) = sat (|:M1j|)
u
sl la]- L)L) L
up u v |va
= co{Diu +Drvi=1,2.3, 4},

where Dy = diag{l1, 1}, D, = diag{0, 1}, D; = diag{1, 0} and D4 = diag{0, 0}.
Form = 3,

sat(u3) € co{us, vs3},
sat(u3) € co{us, vgs},
sat(u3) € co{us, vy3},

sat(uz) € co{us, vg3}.

Thus, for any o, o, 3 and oy, satisfying oy, as, o3, 04 € [0, 1] and Z?:l o, =1,
we have

sat(uz) € cof{uz, a1vs3 + V63 + 03V73 + 04V83 ).

By Lemma 2.2.4, we have

ui
sat(u) = sat uy

us
uj V2] uj V41 uj Vg1 uj Vg1
€ Cco Up [, | U2 || V32|, | Va2 || U2 |s| U2 [s|V72]5] Vg2
us us us us V53 V63 V73 Vg3

= co{Diu—i—Di_vi,i: L2, ,8},

where D; = diag{l, 1,1}, D, = diag{0,1,1}, D3 = diag{1,0,1}, D, =
diag{0,0, 1}, Ds = diag{l,1,0}, D¢ = diag{0,1,0}, D; = diag{l,0,0} and
Dg = diag{0, 0, 0}.
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For m > 4, by recursively considering u4, us, - - - , u,, as we consider us, u, and
u; above, we can deduce that

sat(u) € co{Diu +D;vi,i=12,--- ,2’”}.

This completes the proof. O

Note that some matrices D; contain zero elements in their diagonal, the
corresponding rows of matrices H; do not appear in the improved convex hull
representation (2.13), and are thus irrelevant, since some D] contain zero columns.
Denote D;", i € I[2,2"], to be the D] with all its zero columns removed, and
we have D € R"™i, where p; is the number of all nonzero columns of D;. For
example, if

100
Dy =(000{,
001
then
10
D =(00],
01

and p; = 2. Note that ppn» = m since D, = I,,. Noting that the irrelevant rows of
H; can be replaced with zero elements, we denote H.,iel [2,2™], to be H; whose
irrelevant columns are set to be zeros. Let H; € R, i € I[2,2"], be H; whose
invalid elements are removed. Then, we have L(H,;) = E(ITIi), i € I[2,2™]. Then,
the improved convex hull representation (2.13) can be equivalently written as

2m
sat(Fx) € co{Fx, DiFx + D Hyx, i € I[2, 2'"]}, Vre(LGH).  (215)
=2

All elements of H,;’s are necessary to construct such a more compact form. By
simple calculation, we can obtain that there are mn2™~! elements of all the auxiliary
matrices in (2.15).

The following theorem provides a set of sufficient conditions with less conserva-
tiveness than Theorem 2.2.1 for the determination of the contractive invariance of
an ellipsoid.

Theorem 2.2.2 Let P € R™" be a positive definite matrix and Q = P~\. If there
exist matrices Z; € R, i € I[2,2™], such that Q(A + BF)" + (A + BF)Q < 0,

He ((A + BD;F)Q + BD; Z;) <0, i€ [2,2"], (2.16)

|: 1TZU:| >0, jelll,p], i €1[2,2"], (2.17)
z; Q
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where p; is the number of all nonzero columns of D7, i € 1[2,2™], and z; € R™"
is the jth row of Z;, then the ellipsoid E(P) is a contractively invariant set of
system (2.1).

Proof Matrix inequalities (2.17) imply that £(P) C ﬂ,zlz L(H;), where H; =
Z;0~!. The rest of the proof is the same as that of Theorem 2.2.1. O

Remark 2.2.3 A treatment of saturated linear feedbacks with multiple auxiliary
matrices that is equivalent to the compact form of convex hull representation (2.13)
or (2.15) was earlier proposed by [2]. Other equivalent results can be found in
[21, 92, 105, 107].

2.2.2 Nestedly Saturated Linear Feedbacks

Dynamical systems subject to nested saturation in their input have attracted
significant attention from control system researchers due to their frequent occur-
rence in various engineering applications. As an example, control systems subject
to simultaneous actuator magnitude and rate saturation in the input (see, e.g.,
[6, 7, 11, 83, 98, 101]) can be modeled with nested saturation functions. In this
subsection, we consider a linear system with a nestedly saturated linear feedback,

X = Ax + Bysat(Fix + Bysat(Fox + Bssat(Fzx + - - - + Bysat(F x)))), (2.18)

where F, € R"™*" k € I[1, q], By € R | € [[1,q], and my = n. We number
the saturation functions from the outermost layer inward, with the outermost layer
as the first layer saturation function.

The nestedly saturated linear system (2.18) with By being diagonal matrices was
originally considered in [7], and the general case was later studied (see, e.g., [21,
93, 107]). Here we consider the regional stability of the general case of (2.18).

The regional sector condition (2.6) with respect to deadzone function, which was
used to handle the single layer saturated linear feedback in Section 2.2.1, can also
be adopted to treat the nestedly saturated linear feedback, as has been done in [93].

Let

A=+ 3 (11a) .

j=1 \i=1

q )
Fi=F+ Y By | Fi. jel2.q—1],
I=j+1 \k=j+1
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Then system (2.18) can be rewritten as

x = Ax — B1dz(y) — B1B2dz(yn) — - -+ — B1By - Bydz(yr,), (2.19)
where
Vg = Fox,
q !
Yy =Fx— Yy (HBk) dz(y)), j € Ilg—1,1].
I=j+1 \k=1

Recall the regional sector condition of the deadzone function dz(v) € R”,
dz"(v)T(dz(v) —v +w) <0, YweR", |wle < 1,
where T is a diagonal and positive definite matrix. It then follows that
dz" (Y)Ti(dz(¥y) — ¥ + EW) <0, |EjWilee < 1. j € I[1. 4], (2.20)
where T’s are diagonal and positive definite matrices and

E, = Ey,,

Ej = [Ey Ej Eg-1) -+ Eg+uyl, jellg—1,1],
Eg € R Epy € R"™™, ke I[g,j],

v, =x,

U, = [T dz"(y,) dz' (Y1) -+ d2T (Y], jellg—1,1].

In view of the expression of v, Inequalities (2.20) can be rewritten as

dZT(wq)Tq(dZ(Wq) + (EOq - -Fq)x) <0, |E0qx|oo <1,

q !
dz" ()T | dz(y) + (Boj— F)x + ) (Eﬁ]’[Bk) dz(yn) | <0,

I=j+1 k=1

Denote

IA

Q, = {x € R": |Eggx|oo

1},

1}, jellg—1,1].

IA

QJ = {X eR": |E]q—’]|oo
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In order to apply the regional sector conditions to determine if an ellipsoid £(P) is a
contractively invariant set of system (2.18), we need the condition £(P) C ﬂ;’:l Q;.
The condition £(P) € €, is implied by

160k
[* Ig ] >0, kelll,m), (2.21)

where egg is the kth row of matrix Eq,. For the ellipsoid £(P) contained in €2, the
condition £(P) € 2, holds if

xTPx — \I—’;_lep(rq_l)ke(q—l)k‘pq—l + 2dZT(I/fq)Tq(dZ(1/’q) + (Eog — F¢)X)

P (Ey, — F,)'T,
= ‘P;r—l[ o Wt = Yy ief etk Y-t

* 2T,
=W (Bg-1 — egppeq-ne) Vo1
Z 0’
which is implied by
[1 ef“"} >0, kelll,m,]. (2.22)
L=V

where e(,—1) is the kth row of E,_;. Moreover, for the ellipsoid £(P) contained in
(/=41 S the condition £(P) € ; holds if

X' Px— WlegepV; + 2dz" (Yg) Ty (dz(g) + (Eog — Fo)x)

q—1 q l
+2 ) (dzT(tpg)Tg (dz(wg) + (Eog — Fox+ ) (E,g +]] Bk) dz(w,)))

g=j+1 I=g+1 k=1
—ulm. _.T,. .
= \I/j (g ejkejk)\llj

>0,

where ej is the kth row of matrix E; and

P (Eog — Fo)'Ty (Eog—1y — Fg=1)"Tym1 -+ (Eog1y) — Fie1) T
* 2T, (Egj + By))Ty—1 oo (Eggeny + [T BO T

—1
= * * 2741 -+ (Eg-ng+n + [Tizi BT+

* * * 2T
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Thus, the satisfaction of

[1 ?"} >0, jelll,g—1], (2.23)

*GJ‘

guarantees that £(P) C (_; Q.

Based on the above analysis, we can establish the following theorem, which
presents a set of sufficient conditions under which an ellipsoid is contractively
invariant with respect to system (2.18).

Theorem 2.2.3 Let P € R™" be a positive definite matrix. If there exist diagonal
positive definite matrices T; € R™>™, j € I[1, q], and matrices Eqo; € R">", Ey; €
R">" ke 1[j,q, j € I[1, q], such that

M <0, (2.24)
(2.21) and (2.23) hold, where

* =27, —T\(Ex1 +B1By) -+ My
M= * * —2T, cee My

* * * - =21,
with Mi = —P[[{_,Bx — (Eog — F)'Ty My = —Ty(Exy + [}, Bx) and
M3 = —T,(Es; + [1}_, Bx), then the ellipsoid E(P) is a contractively invariant

set of system (2.18).

Proof Because of Inequalities (2.21) and (2.23), the regional sector conditions
(2.20) are satisfied for x € £(P). Consider the quadratic Lyapunov function V(x) =
xTPx. Its time derivative along the trajectory of system (2.20) can be evaluated as

V(x) = 2xTP | Ax — Z (H Bk) dz(y;)

j=1 \k=1

Thus, for any x € £(P), we have

V(x) < V(x) + 2dz" (V) T, (dz(¥) + (Eog — Fy)x)

q—1

q l
+2 ) (dzT(wg)Tg (dz(1//g)+(E0g—a)x+ > (E1g+HBk) dz(lﬂ,)))

g=j+1 I=g+1 k=1

=¢"M¢.
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where ¢ = [xT dz"(y) dz' () --- dZT(I//q)]T. Since M < 0, we have V(x) < 0
for all x € £(P) \ {0}. Hence, £(P) is a contractively invariant set of system (2.18).
O
In what follows, we will review the convex hull representation of the nested
saturation. Such a treatment of nested saturation functions was first proposed in
[71, where the case that By’s are diagonal was considered. Here, we deal with the
general case. Let H(iy) € R™*", iy € I[1,2"™], k € I[1, q]. For each k, the set
{H(iy) : i € I[1,2"]} has 2" elements.

Lemma 2.2.5 Foranx € R", ifx € L(H(iy)), ix € I[1,2"™], k € I[1, q], then
sat(F1x + Bysat(Fox + Bisat(F3x + ... + Bysat(Fyx))))

k=1
> (H DnBz+1) Dj Fix
k=1 \i=1

€ co

q k—1
+y° (]_[ D,,B,H) Dy Hi(ix: i € I[1,2™],k € I[1,q]¢ , (2.25)

k=1 \I=1

where we have defined ]_[?:1 DBy =1

Proof Let
v = Fix + Bssat(Fox + Bssat(F3x + -+ + Bysat(F,x))),
vy = Fox + Bssat(F3x + - -+ + Bgsat(F x)),

v, = Fyx.
We first consider the first layer saturation function, that is, the outmost layer
saturation function. For any x € L(Hy(ix)), ir € I[1,2"™], k € I[1, q], by Lemma
2.2.2, we have
sat(v;) € co{D,-]vl + Dy Hy(i)x s iy € 1[1,2'"1]}
_ co{D,-lle + Dy, Bysat(vs) + D Hy (in)x : iy € I[1, 2"“]}.

For each function D;, Fix + D;, Bysat(v,) + D; H, (iy)x, iy € I[1,2™], by applying
again Lemma 2.2.2, we have

D;, Fix + D, Bysat(v2) + D; Hi(i1)
e co{Dille + Dy, ByD;, Fax + D;, BoD;, Basat(vs)

+ Dy BD; Ha(in)x + D Hy (in)x : is € 11, 2’"2]}.
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Thus, we can get
sat(vy) € co{Dille + D; B2D;, F>x + D; By D;, Bssat(v3)
+ Dy BaD Holin)x + Dy Hy(in)x = iy € I[1,2™], iy € I[1, 2'"2]}.

By repeating the above procedure for v3, v4,-- , vy, we can finally obtain that

g  Jh—
sat(vy) € co { Z (l_[ D,,Bl+1) D; Fix

k=1 \I=1

q k—1
Z (HDIIBH‘1> D Hk(lk)x iy € I[I,ka],k € I[l,q]} .

k=1 \I=1

O
From Lemma 2.2.5 and its proof, we can observe that some vertices of the
convex hull (2.25) share a set of common auxiliary matrices, which clearly results
in conservativeness of this treatment of nestedly saturated linear feedback. In
order to reduce the conservativeness of the convex hull representation (2.25), we
introduce more auxiliary feedback matrices, defined as Hy(iy, iz, , i) € R™*",
i € I[1,2™], k € I[1, g], and obtain the following lemma, which is a generalization
of Lemma 2.2.5.

Lemma 2.2.6 Foranx € R", if x € L(Hy(i1, 12, ,ix)), ik € I[1,2™], k € I[1, q],
then

sat(F1x + Bysat(Fox + Bzsat(Fzx + -+ 4 Bysat(F,x))))

k=1
> (H DizBl+l> Dj Fix

k=1 \I=1

q k—1
Z (]_[D,,B,+1) Dy Hy(ir iz -+ ix s iy € I[1,2™]. k € I[l,q]§ ,
(2.26)

€ COo

where we have defined ]_[?:1 DB+ = 1.

Proof Let v;,v,,---, v, be defined as in the proof of Lemma 2.2.5. For any x €
L(H (i1, 02, ,ix)), ix € I[1,2™], k € I[1, ¢], by applying Lemma 2.2.2, we have

sat(v;) € co{D,-lvl +D;H1(i1)x: i1 € 1[1,2”’1]}

_ co{DiIle + Dy, Bysat(va) + Dy Hy (in)x : iy € I[1, 2’"1]}.
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For any given i, € I[1,2™], D;,F1x + D;, Bysat(v2) + D; H, (i1)x, by Lemma 2.2.2,
can be expressed as,

Dj, F1x + D;, Bysat(vy) + D H (i)
e co{Dil Fix + Dy, ByDy, Fyx + D, BoDyy Bysat(vs)
+ Dy BaD Ho(ir, ix)x + Dy Hy(in)x - i € 1, 2’"2]}.
Thus, we have
sat(vy) € co{Dille + Dy, ByDy, Fax + D;, BoDyysat(v3)

+ D,']BzD;Hz(l'l, iz)x + D;Hl(il)x T € 1[1, 2m1]’ h € [[1,2m2]}.
(2.27)

Similarly, for any given i; € I[1,2"] and i, € I[1,2™],
D; Fix + DiyByDj, Fox + Dy ByDi, Bysat(vs) + Dy BaDi Ha (i, i2)x + Dy Hy(i1)x
= co{Dil Fix + D;, B:D;,F>x + D;, B,D;,BsD;, Fx
+ D;, B,D;, B3D;,Bysat(vy) + Di, BaDy, BsDy, H(iy. i, i3)x

+ Dy B>Dy; Ha iy, io)x + D H (in)x - is € 11, 2’”3]}.

Then we have

3 —
Sa't(vl) € co { Z (l_[ DlzBH-l) leFkx + l_[ (Dthk-H) Sat(v4)

k=1 k=1

k—1
+ Z (HD,,B,+1) Dy H(i)x: i € 1[1,2™], k € I[1, 3]} .
k=

1 \/=1

Further considering v4, vs, ---, v, in a similar way, we can finally obtain the
convex hull representation (2.26). O

Remark 2.2.4 In [21], a two-layer nestedly saturated linear feedback is treated by
a convex hull representation, with a different format and notation but otherwise
equivalent to (2.27). Lemma 2.2.6 is a generalization of the result in [21] for
multiple layer saturation functions.

Although the convex hull representation (2.26) contains more auxiliary matrices
than (2.25), there still exist some common auxiliary matrices, such as the auxiliary
matrices associated with the outmost layer saturation H, (i), i; € I[1,2™]. Intro-
ducing as many auxiliary matrices as possible is an obvious and tractable approach
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to further reduction of the conservativeness of the convex hull representations
(2.25) and (2.26). Define a set of auxiliary matrices Hy(i1, iz, - ,ig) € R™,
(i1,i,+++ ,iy) € I1, k € I[1,q], where IT = I[1,2™] x I[1,2"] x --- x I[1,2™4],
for the kth layer saturation function. For a given k, there are 2X7=1m such auxiliary
matrices. Following the approach to expressing the saturated linear feedback on the
convex hull of a group of auxiliary linear feedbacks, as described in Lemma 2.2.2,
we can establish the following lemma that provides a similar treatment for the nested
saturation function found in (2.18).

Lemma227 For an x € R, if x € L(Hi(ir iz, i) k € ll.q]
(i1, i, -+ ,iy) € I1, then

sat(F1x + Bysat(Fox + Bssat(F3x + ... 4 Bysat(F,x))))

k=1
> (H DuBH-l) Dj Fix

k=1 \I=1

€ Co

. e
+> (HDL,BHI)D Hy(iro g, .. it (itsige ... ig) € TI} (2.28)

k=1

where we have defined ]_[?=1 DB+ = 1.

Proof Let vy, vy, -+, v, be as defined in the proof of Lemma 2.2.5. Since x €
L(H(i1, iz, ,1g)), (i1,i2,+++ ,iy) € I, k € I[1, q], for any nonnegative «; , i, €
I[1,2™1], r € I[1, q], satisfying Zim:rl o; = 1,r € I[1, g], we have x € L(Gy), where

M1 omg
E aik+1'“ § aquk(ilvi27"' ’iq)5 kel[lvq_lL
ir1=1 ig=1

Gq = Hy(ir, i, -+ L ig).

By Lemma 2.2.2, for each k € I[1, g, there exist a set of nonnegative «;,, iy €
I[1,2™], satisfying Zizkmil @;, = 1, such that

mj
sat(vy) = Za,k D v, + D; gkx) kelll,q].
ir=1
Then we have
omj omj om

sat(vl) = Z Oli]Di]le + Z OliIDi]Bz Z a,-zDizex =+ .-

i1=1 i1=1 =1

omy oma Mg

=+ Z ailDilBZ Z Olile-z e Bq Z aiququx

i1=1 =1 iq=1
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omy om3 Mg
+ E a;, D B, E ay,Di, -+ By E aiququ(ll N SEERIN P
=1 =1 ig=1
om] om 2Mg—1
+ E o D,‘le E Oll'zl),'2 .. 'Bq E aiq—lDiq_l
i1=1 ir=1 ig—1=1
2”'14]

X Zai,,qu(ihiz,--- g)X A+ -
—

omi omy omg
+ E o, D} E iy ==+ E o Hy (i, ip, -+ ig)x
h=1 =1 iy=1

mi om Mg q k—1
= Z Qi Z Wiy« - Z i, (Z (H DilB/"'l) Di Fix
ig=1

i1=1 ir=1 k=1 \I=1

q k—1
+ Z (l_[Di/Bl-H) D; Hy(iy, ia, -+ »iq)x) ;

k=1 \I=1

mogm gmg q (k=1
= Z Z Z oy Qi+ O, (Z (HDi/BH-l) D; Fyx

i1=1i=1 ig=1 k=1 \I=1

q k—1
+)° (l_[ DizBl-H) D; Hi(iy. i, - ,iq)x) ;

k=1 \I=1

which is equivalent to (2.28), since for all iy € I[1,2"™], k € I[1,q], we have
o -+, € [0, 1] and

omy pmy omg

E E E ai]aiz"'aiqzl-
ig=1

i1=1i=I

O
In this generalized convex hull representation of a nested saturated linear
feedback, as given in Lemma 2.2.7, each vertex of the convex hull is associated

with a separate set of auxiliary linear feedbacks Hy(i1,i»,--- ,i;). On the other
hand, a group of vertices of the convex hull proposed by [21, 105, 107] share one
common auxiliary linear feedback. If we set Hy (i, iz, -+ ,iy) = Hi(iy, iz, -+ ,ig),

Lemma 2.2.7 will be equivalent to Theorem 2 in [21].

Note that each of the convex hulls in (2.25)—(2.28) has 22k=1m vertices.
However, some vertices expressed in different auxiliary linear feedbacks are actually
the same since auxiliary matrices H,(iy, iz, -+ ,i;), s € I[k 4 1, g] will not appear
in the expression if the associated D;,’s are zero matrices. As with the improved
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convex hull representation (2.13) of the single-layer saturated linear feedback, the
convex hull representations (2.25)—(2.28) also contain some redundant elements of
auxiliary feedback matrices Hy(iy, iz, - - ,i,)’s. Here we consider (2.28). Let Di; be
the D; with its zero columns removed, and we have Di; € R™Pi, where p;, is the
number of nonzero columns of D;. Let Hi(iy, i, -+ ,iy) € R k € I[1, q], be
the H;(iy, i, -+ , i) with its columns that are associated with the zero rows of D;
removed. Moreover, we define

]

1 = Hi,

k=1 [ 1—

=13 l_IDlij+1 (DiFi+ Dy Hilin, i, -+ k1))

1= j=1

[I]

k—1
+1_[(D[IB/+1)H[(i1,i2,-'- ,l'kfl) € 1[1,2”” — 1], le I[I,k— 1]
=1

k=23,--- .4,

where H; € R™" H,(iy, iz, ,ix—1) € RP>" Let [T, = I[2,2™] x I[2,2"] x
--xI[2,2™4]. A simplified convex hull representation of the nestedly saturated linear
feedback can be written as

sat(F1x + Bysat(Fox + Bzsat(Fsx + ... 4+ Bysat(F,x))))

q q
€ co { Eix. Y (]_[ D,,B,+1) DiFix+ Y (]_[ D,,B,+1)
k=1 \I=1 k=1 \i=1

XDy Hylir g, .. vigx: (insia,. .. ig) € Mok € I[1.q)} . (2.29)

This resulting convex hull does not contain any repetitive vertices as in the convex
hull (2.28). Moreover, the convex hull in (2.29) has M, vertices and nM, elements
of the auxiliary feedback matrices, where

q k—1
~Tler-n+ Y [ler -
k=1 1=0

1

q k—1

My=m +Y [J@"-D» (mk + Z(z’”l - m,)) + ]_[(2”%

k=2 I=1

In what follows, we will consider the problem of estimating the domain of
attraction of system (2.18) by using the improved convex hull representation (2.28)
of the nested saturated linear feedback, in which each vertex of the convex hull
has been assigned as large a set of independent auxiliary feedback matrices as
possible. The following theorem establishes a set of sufficient conditions with less
conservativeness for the contractive invariance of an ellipsoid.
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Theorem 2.2.4 Let P € R™" be a positive definite matrix and Q = P~\. If there

exist matrices Zy(iy, ir, -+ ,ig) € R™*" k e I[1,q], (i1, 02, ,iy) € I, such that
q
((A +y° (]"[ B,Di,) F.Q
k=1 \i=1
q k—1
—l—Z ( BlDi,) ByD;, Z (i, i, -+ ,iq))) <0, (i1,i,---,iy) €I,
k=1 \i=1
(2.30)
and
[1 ij(lhlzé'“ v’q)] >0, ji € l[l.m].k €I[1.q]. (i1, iz, -+ .ig) € T,
*
(2.31)
are satisfied, where z, (i1, i>, -+ - , ig) is the jith row of matrix Zy(iy, ir, -+ , iy), then

the origin of system (2.18) is exponentially stable, and E(P) is a contractively
invariant set of system (2.18).

Proof Let Hk(il, iz, cer iq) = Zk(il, iz, vee iq)Q_l, k e 1[1, q], (il, iz, LN iq) e II.
From the proof of Theorem 2.1.1, one can verify that Inequalities (2.31) imply that
E(P) € L(Hi(ir, iz, -+ ,iy)), k € I[1,q], (i1,i2,--- ,i;) € II. Choose a quadratic
Lyapunov function V(x) = xTPx. By Lemma 2.2.7, the time derivative of V(x) along
the trajectory of system (2.18) within £(P), is given by

V(x) = xT(ATP + PA)x + 2x" PBysat(Fyx + Bosat(Fax + B3sat(F3x + -+ - + Bysat(Fyx))))

IA

xTATP+ PAX+2  max
(i1,02, ,iq)GH

q (k=1 q (k—1
{xTPBl (Z (]_[ Di,BH_]) DiyFex+ ) (]—[ D,-,BI_H) D Hy(ir. i, ,iq)x)

k=1 \I=1 k=1 \I=1

max
(i1,i2,m ig) €T

q k—1
xTHe (P (A + By Z (l_[ Di,Bz+1) D; Fy

k=1 \I=1

g (k=1
+B1Y (1_[ DizBH-l) Dy Hy(iy, iz, -+ ,iq))) x}
k=1 \I=1

q k
T
max x He[P[|A+ BD; | Fy
(1,02, ,ig) €IT ( ( I;(Zl:ll ”)

q k—1
+y (]_[ B;D”) BD; Hi i, in. - ,iq)>) x.

k=1

———
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Note that matrix inequalities (2.30) are equivalent to the negative definiteness
of matrices He(P(A + Yf_,(ITj=; BiDi)Fi + Y i—,(ITT\=| BiD;))BiDy Hy(iy. i,

“,ig))), (i1, 2, -+ ,ig) € TII. Therefore, if (2.30) hold, there must exist a scalar
B > 0 such that V(x) < —Bx"Px for any x € E(P) \ {0}, which implies that
V(x(t)) < e P'V(x(0)). Thus, system (2.18) is exponentially stable at the origin
with £(P) contained in the domain of attraction. O

2.2.3 Piecewise Linear Functions with Multiple Bends

In this subsection, we will present a convex hull based approach to handling an odd
symmetric piecewise linear function with multiple bends, which is a generalization
of the standard saturation function. A linear feedback subject to such a nonlinearity
is obviously more complex than a saturated linear feedback. A one-dimensional
piecewise linear function with one bend,

k()u, ifue [0, b]],

Y = {k1u+c1, ifu e (b, +00),

whose values for # < 0 can be determined by its odd symmetry, can be equivalently
rewritten in terms of a standard saturation as,

ko — k
Y(u) = k1u+clsat( 0 lu).

C1

In what follows, we will consider a one-dimensional piecewise linear function
with N bends, defined by

kou, ifu €[0,b],

kiu + ¢y, iqu(b],bz],
Y(u) = : : (2.32)
kyu + cy, if u € (by, +00),

where kg < k; < --- < ky. An illustration of ¥ (1) can be found in Figure 2.4.
Define a set of piecewise linear functions with one bend

kou, ifu € [0, g/,

!
= [=1,2,---,N,
Vi) kiu + ¢, if u € (g1, +00),
as shown in Figure 2.4, where g; = b;, and
gl=—"t =23 N (2.33)

- ko—k'
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Fig. 2.4 A geometric illustration of a piecewise linear function with two bends.

It is clear in Figure 2.4 that

Yl(u), if u € [0,by],
V) = W:(u), ifu e (b2, b3],
YN (), if u € (by, +00).

Then we have

V() € co{wl(u) e I[l,N]}

ko — k
:co%klu—i-c;sat( 0 lu) : leI[l,N]} .

C
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(2.34)

The convex hull in (2.34) actually forms a generalized sector whose boundaries are

a group of linear and saturation functions [41].

We next consider the one-dimensional feedback v (Fx), where F € R, The

following lemma establishes a convex hull representation of v (Fx).

Lemma 2.2.8 ([41]) Let F, H, € R [ € I[1,N]. For an x € R", if x €

ML, L(H)), then

W (Fx) € co{koFx, (G F + ciHy)x : | € 1[1,N]}.

(2.35)
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We next consider the multiple-dimensional piecewise linear function ¥ (u),
where u = [u; up --- u,|T € R", and

V() = W) Ya(us) - Y]’ ¥i(w) € R, j €[l m]. (2.36)

Each scalar function ¥;(x;) is continuous, odd symmetric, and is defined for
u; > 0 as

kiout;. if uj € [0, 5],
k'lu'+c'l’ ifu; € (b'lyb'Z]’
Vila) = i1l | j j : i1 Dj (2.37)

ijjl/tj + Cij, if Uj € (ijj’ +OO),

where kj() < kj] < < ijj,] (S I[l,m]
Denote

€y

. kio — ki,
b(u) = kiu; + ¢, sat uw .
J ] JG 7T lj ]
From the analysis above, we have

¥iw) € co {y/ ) : 1 e 1L N}

Let K = N{N,---N,, and let each ¢ € I[1,K] be associated with a different
set of integers (I1,lp,-+-,ln), I € I[1,N;], j € I[l,m]. Denote ¥,(u) =

T
[ {] (u1) wéz () -+ Ylm (um)] . Thus, we have
Y () € coly, ) : g €I}
= {Hqu + Qg sat(Tyu) : g € I[I,K]},
where
M, = diag (ki1 ka2, iyt

Q, = diag{c,l,clz,--- ,C[N},

I, = diag ko — ki kao —kat, kw0 — K,
1 cll ' ClZ ' ' Clm .

Clearly, the convex hull representation of the piecewise linear feedback ¥ (Fx)
can be stated in the following lemma.
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Lemma 2.2.9 ([43]) Let H, € R™", q € I[1,K]. For any x € ﬂle L(H,), we
have

v (Fx) € co{Di(Hq + Q)Fx+ Dy (TI,F + H)x: qel[l.K]. i € 1[1,2'"]}.
(2.38)

As with the convex hull representation (2.10), each H, in (2.38) is shared by a
group of vertices. This will lead to conservativeness in treating piecewise linear
functions. In order to reduce such conservativeness, we assign an independent
auxiliary matrix for each vertex of the convex hull in (2.38). Then we have the
following lemma.

Lemma 2.2.10 Ler H; € R™" q € I[1,K], i € I[1,2"]. For any x €
N=, ﬂl’le L(H,), we have

v (Fx) co{D,»(l'Iq + Q)Fx + Dy (TIF + Hy)x: qel[l.K]. ie 1[1,2"1]}.
(2.39)

Consider the following linear system subject to a piecewise linear function in the
input,

& = Ax + By (Fx), (2.40)

where x € R", F € R™" and ¥ (-) is as defined in (2.36). Here, we focus on
the problem of estimating the domain of attraction of system (2.40). Regarding the
convex hull representation (2.39) of v (Fx), similarly as Theorem 2.2.2, we can
establish a set of sufficient conditions under which the ellipsoid £(P) is an estimate
of the domain of attraction of system (2.40). These conditions are summarized in
the following theorem.

Theorem 2.2.5 If there exist a positive definite matrix P € R™", and matrices
H, e R™", g € I[1,K], i € I[1,2™), such that

He (P(A + BDi(I1, + Q,)F + BD; (I ,F + Hq,-))) <0, g€l[l,K], i€I[1,2™M],
2.41)
and

2" K

E(P) S () LHa). (2.42)

i=1g=1

then the ellipsoid £ (P) is contractively invariant and can be used as an estimate of
the domain of attraction of system (2.40).

Proof The proof is similar to that of Theorem 2.2.2 and is omitted here. O

We next consider a special case of system (2.40) where the function v is a
one-dimensional piecewise linear function with N bends. By using the convex hull
representation (2.35) for one-dimensional piecewise linear feedback, we have the
following theorem which is special case of Theorem 2.2.5.
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Theorem 2.2.6 Let () be as defined in (2.32). An ellipsoid £(P) is contractively
invariant for system (2.40) if

He (P(A + koBF)) < 0, (2.43)
and there exist matrices H; € R™", | € I[1, N|, such that
He (P(A + k,BF + ¢;BH))) <0, € I[1,N], (2.44)

and

N
E(P) () L(H)). (2.45)
=1

Remark 2.2.5 For system (2.40) with a one-dimensional N-bend piecewise linear
function y as defined in (2.32), Theorem 2.2.6 presents a set of sufficient conditions
under which the ellipsoid E(P) is contractively invariant. It has been proven in [41]
that these conditions are also necessary.

2.3 Optimization Problems

2.3.1 Single-Layer Saturated Linear Feedback

Theorems 2.1.1-2.2.2 present several sets of conditions, by employing different
treatments of the saturated linear feedback, under which an ellipsoid £(P) is
contractively invariant and can be used as an estimate of the domain of attraction
of system (2.1). Among all the ellipsoids satisfying the contractively invariant
conditions, we are interested in the one with the “largest” size. To find the “largest”
invariant ellipsoid, we can formulate the following optimization problem,

max s(E(P)) (2.46)
s.t. a) Inequalities (2.3) — (2.4), or
a) Inequalities (2.8) — (2.9), or
a) Inequalities (2.11) — (2.12), or
a) Inequalities (2.16) — (2.17),
where the optimization criterion, the function s(£(P)), is a measure of the size of

the ellipsoid £(P), such as the length of one of its axes and the relative size with
respect to a shape reference set.
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* Each eigenvalue of matrix P corresponds to the length of one ellipsoid axis.
The minimization of tr(P), the sum of all eigenvalues of P, represents the
maximization of £(P) [92]. A smaller tr(P) implies a larger ellipsoid. Thus, we
can set s(£(P)) = —tr(P) as the optimization criterion of (2.46).

e We can also set s(£(P)) = «, for the largest « such that e Xg € £(P), where Ag
is a given set, referred to as the shape reference set. If Ay is a polyhedron, that is,
Xr = co{xi,x2,--- ,x,}, where x; € R", [ € I[1, p], then the maximization of o
implies enlarging £ (P) along the directions of the vectors x;,xz, - , x,. Another
convenient choice of Ay is an ellipsoid.

In this chapter, we will adopt the largest o such that a Xg € £(P) with Agx =
co{xi, X2, -+, X,} as the optimization criterion of (2.46). Note that « g S £(P) is
equivalent to

xlTle < lelll,p].

o2’

from which, by Schur complement, it follows that
1.7
|:°“ ]ZO, e l[l,p],

where Q = P71 If AR = & (Py) for some Py > 0, then, « Ag € £(P) is equivalent
to ¢2P < Py, which, by the Schur complement, is further equivalent to

1
=Py I >0
I Q|
In what follows, we will formulate four optimization problems, each of which

corresponds to one of the four treatments (2.2), (2.7), (2.10), and (2.13), presented
in Sections 2.1 and 2.2.

» If we use the regional sector condition (2.2) to deal with the saturated linear
feedback, the optimization problem (2.46) can be rewritten as,

min % 2.47)
0>0, W>0, Z

T
st. a) [}Z’CQI] >0, lelll,p],

_ T _ 7T
b) |:He((A—|;BF)Q) BWtzQWP; z }50,

1z .
0) [Z;Zé}zo, jell,m,
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where y = all’ matrix W is a diagonal matrix and z; is the jth of matrix Z. Let
the optimal solution of (2.47) be (yR, OR, WR, ZR). Then we have the optimal
ellipsoid £(PR), PR = (Q®)7!, and a® = —=. The associated auxiliary matrix

is HR = ZR(QR)™!. v

If the saturated linear feedback sat(Fx) is expressed as
sat(Fx) € co {D{?Fx, iclll, 2'"]} ,
shown in Lemma 2.1.2, the optimization problem (2.46) is given as,

i 2.48
po0 pern | (248)

s.t. a) x,Tle >y, lelll,p],
b) He (P(A + BD;“F)) <0, ielll,2"],

1

J
c) [1 ﬁff }20, jelll,m,

B

where y = aLZ

e If we use the convex hull (2.10) with a single auxiliary matrix to represent

sat(Fx), the optimization problem (2.46) is given by

QT(I),HZ Y (2:49)

.
s.t. a) [));XQI >0, lel[l,p],

b) He ((A + BD;F)Q + BD;Z) <0, i<I[l,2"],

T
z O

) [1 J1>0, jel,m,

where y = . Denote the optimal solution as (y<, O, Z€). Then the optimal
ellipsoidal estimate is £(P€), where P = (Q%)~!, and the optimal value of

ais a® = #c The associated auxiliary matrix can be computed as H¢ =

¥
997"
If the improved convex hull representation (2.13) with multiple auxiliary matrices
is employed, the optimization problem (2.46) can be rewritten as,
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min (2.50)
0>0, Z;,iel[1,2"]

-
st. a) [;"QI >0, lelll,p),

b) He ((A + BD;F + BD;Z)Q) <0, i€ I[1,2"],

1 Zij_ . .

¢ >0, jel[l,m], i €I[1,2™],

) |:zg 0= Jje1[l,m] [1,2"]

where z;; is the jth row of matrix Z;. Let the optimal solution be (y', Q', Z!). Then
the optimal ellipsoid is £(P"), where P' = (Q")~', and the optimal criterion is

al = #I The associated auxiliary matrices can be computed as H = Z!(Q")™!,

Y
iell,2m.

Remark 2.3.1 Note that the matrix inequalities a)-c) of optimization problems
(2.47), (2.49) and (2.50) are LMls in Q, y, W, and Z (or Z;’s). One can easily
obtain their global optimal solutions by using the standard computation softwares.
However, the optimization problem (2.48) is bilinear, that is, it is a BMI problem,
since its constraints contain the product terms of two unknown matrices, such as
PBD;9 F. A commonly adopted approach to dealing with BMI problems is to develop
LMI-based iterative algorithms, which however may require a large amount of
computation. Note that the optimization problem (2.48) will reduce to an LMI-based
problem if P or B is fixed. This observation has led to the following LMI-based
iterative algorithm, originally proposed in [92], to solve the problem (2.48).

Algorithm 2.3.1

o Step 1. Initialize B.

e Step 2. Solve the optimization problem (2.48) with the fixed B, and denote the
optimal solution as (yy, P5).

o Step 3. Set P = PS. Solve the optimization problem (2.48) with the fixed P. Denote
the optimal solution as (y1, B°).

o Step 4. If |yo — v1| < 8, where § is a pre-determined tolerance, then, (y1, PS5, BS)
is a feasible solution of (2.48) and let a% = —=, Stop. Else, let B = B°, and go

v
to Step 2.

Since it has been proven that the treatment (2.7) is a special case of the both
convex hull representations (2.10) and (2.13), the optimal value o’ obtained from
Algorithm 2.3.1 must be smaller than or equal to o€ and o', that is, the estimate
E(PS) will be contained in the other two ellipsoidal estimates £(PC) and E(P").

In what follows, we will discuss the computational complexity of the opti-
mization problems (2.47)—(2.50). Since the optimization problem (2.48) is a BMI
problem, it has the highest computational complexity when we use Algorithm 2.3.1
to solve it. We next focus on the other three optimization problems whose constraints
are all LMIs. The numbers of constraints and decision variables determine the
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Table 2.1 Numbers of lines and decision variables of LMIs in different optimization problems

Optimization problems Number of lines Number of decision variables
(2.47) n+m+(p+mmn+1) m+ in(n+ 1) +mn
(2.49) n2" 4+ (p +m)(n + 1) in(n+1) +mn
(2.50) n2" 4+ (p+m2"n+1) %n(n + 1) + mn2m—!

40

8)

log(M N®)(n

1 0 1 1 1 1 1 1 J
1

m

Fig. 2.5 A comparison of the computational complexity among different optimization problems
(n=28).

computational complexity. The comparison results are shown in Table 2.1, where
for the optimization problem (2.50) the irrelevant decision variables in matrices Z;’s
have been excluded.

As shown in [93, 107], 10g(MN3) can be used to measure the computational
complexity of an LMI-based optimization problem, where M is the total number
of the lines of LMIs and N is the total number of decisions variables of LMIs. For
an easy comparison between the three optimization problems, we set n = 8 and
m = 4, and observe, as shown in Figures 2.5 and 2.6, that the function log(MN3)
that characterizes the computational complexity increases as n and m become larger.
Moreover, the optimization problem (2.50) has the highest computational com-
plexity as its associated treatment of saturated linear feedback introduces multiple
auxiliary matrices such that the LMIs in (2.50) contain the most decision variables
that result in the least conservativeness among all the convex hull representations
(2.7), (2.10) and (2.13). This implies that less conservativeness is achieved at the
cost of higher computational complexity. Hence, a tradeoff should be considered
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24

—5— (247)
20 o (249)
(2.50)

20

181

4)

16

14

log(M N3)(m

12

Fig. 2.6 A comparison of the computational complexity among different optimization problems
(m=4).

between the conservativeness of the results and computational complexity. For
system (2.1) with lower dimensions of the states and inputs, we can solve (2.50) for
a larger estimate of the domain of attraction. If the numbers of the states and inputs
are large, we can choose to solve (2.47) or (2.49) to avoid excessive computation.

We next discuss the stabilization problem of designing a state feedback gain
F € R™" such that the estimate of the domain of attraction of the closed-loop
system (2.1) is as large as possible. To solve this stabilization problem, we treat F
as an additional variable in the above optimization problems to obtain the optimal
controller gain that maximizes the estimate of the domain of attraction. If we
use the regional sector conditions to deal with the saturated linear feedback, the
optimization problem for stabilization can be formulated, by setting G = FQ, as
follows,

i 2.51
0-0.W=0.6.2 | @31

T
st a) L’;XQI} >0, lelll,p),

He(AQ + BG) —BW + GT — ZT
b)[ (Q* L Cow }50,
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) |:Z1TZi|20, jel,m.

J

Let (yS,0%.G5,Z%) denote the optimal solution of (2.51). Then, the optimal
controller gain FS = GS5(Q%)! and the associated ellipsoidal estimate is &(PS)
with PS = (Q%)~\.

If we use the improved convex hull representation (2.13) and set G = FQ as
additional decision variables, the optimization problem is given by,

min Y (252)
0>0, G, Z;.i€l[1,2"]

-
s.t. a) [;’CQZ >0, 1el[l,p),

b) He (AQ + BD,G + BD;Z;) <0, i<€lI[1,2"],

I z; , ,
) [TZJ >0, jel[l,m], iel[l,2"].
z; Q|

Let (y', 0", G',Z)) be the optimal solution of (2.52). If the optimization problem
(2.52) is further constrained by G = Z;, i € I[1,2™], it will reduce to the following
problem,

QIB&.HG Y (2.53)

-
s.t. a) [;’CQI >0, 1el[l,p],

b) He (AQ + BG) <0,

1 .

0) [ngZ >0, jelll.m]

where g; is the jth row of matrix G. Denote the optimal solution as y°. It is clear that
y° < y!. On the other hand, noting that Constraints b) and c) in (2.53) are included
in Constraints b) and c) of (2.52), we can obtain from this fact that y° > y'. Thus,
we have y° = yl.

If we adopt the convex hull representation (2.10), the optimization problem for
stabilization also reduces to (2.53). This fact implies that, as far as the stabilization
problem is concerned, the convex hull with multiple auxiliary matrices does not
improve the resulting estimate of the domain of attraction.
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2.3.2 Nestedly Saturated Linear Feedback

In this subsection, we will consider the optimization problem of obtaining an
ellipsoidal estimate of the domain of attraction of system (2.18). By using the
regional sector condition of saturation/deadzone functions, Theorem 2.2.3 presents
a set of conditions under which an ellipsoid is a contractively invariant set of system
(2.18). Viewing these conditions as constraints, we can formulate an LMI-based
optimization problem to maximize the invariant ellipsoid £(P). Let Q = P!,
Sj = T;'_l’j € IU?Q]’ ,P] = diag{Q»Sanq—lv »SH-I}’ ZOq = EOqQ7 Zj = E]'P’
Wy = E;S;, 1€ Ifj+ 1,q],j € I[1, g — 1]. The optimization problem is given as,

min y (2.54)
0>0, Zog, Zj, W; j€l[l,g—11.8;, jel[l.q]

T
st a) [)’;Z] >0, e[l p),

d) N =<0,
where
T
0 2y, = OFy Zyg1y = QF gi -+ Zog+1y — QF
* 28, W)+ 8By - Wiy +Sq(1‘[z=131k))T
Bj=|* * 2841 o Wemngen T STl B0 |,
* * * ZSJ'_H
QA" + AQ —B1S\ — Zy, + QF —B1BS, —Z, + QF, -+ N,
* —2S| —W21 —B]BzSQ N2
N = * * EAY) oo N3 ,
* * * - =28,
Ni = —[Ti=1 BeSy — Zoy + QF [, N2 = =W — [[i= BiSq. N3 = —Woo —
I—[Z=l BiS,, and zog and zj are the kth rows of matrices Zo, = Eo,Q and

Z; = E;P;, respectively. Note that E;, = PIEjP; and N' = PTMP, where
PZ[Q Sl S2 Sq].
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To solve the stabilization problem, that is, to determine feedback gains F’s, j €
I[1, q], such that the ellipsoid £(P) is as large an estimate of the domain of attraction
of system (2.18) as possible, we can set ¥; = F;Q, j € I[1, g, as additional decision
variables to result in the following LMI-based optimization problem,

min y (2.55)
0>0, Zog. Zj, W; jell.q—11.Y;.5;. j€l[l.q]

s.t. a) Inequalities a) and b) in (2.54),

b) [1 2"} >0, kelll.m), jelll.q—1].
*Dj

c) N <o,
where
Q qu - Y; Zg(q—l) - YqT—l - Y;BqT ZE)F(;‘-H) - YJT+1 - Z?=j+2(n5=j+2 BoY
x 28, WY + 5,87 Wi +Sa(Tiz) Blk))T
gi=|~* * 28,1 .. Wzl;]—l)(j-i-l) —+ S‘I(HZ=1 BT
* * * 2841
No —B1S1 —Z}, + Nf —B1B2S, —ZL, + NI -+ Ny
* —28 —Wy —B1B,S, -+ N
N=|* * =25, -+ Nj ,
* * * cee =28,
No = He(AQ + > (ITL; BOY). Ni = —[Ti= BiSq — Zg, + Y, No = Y1 +

Z?:z(“;i:z)yl’ Ns=Y +Y/1, (H§(:3)Y1, and N, and Nj are as defined in (2.54).

Based on the conditions of Theorem 2.2.4, which characterizes the contractive
invariance of an ellipsoid by using the convex hull representation (2.28) without
using common auxiliary matrices to treat the nested saturation function, we can
formulate the following LMI-based optimization problem,

min y (2.56)

0>0, Zi(i1,iz, iq)

T
st a) [V"Ql}zo, 1elll,pl,

Xl
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q (k=1
+) ( BlDil) BD; Zi (i, i, -+ ,iq))) <0, (i1,iz, -+ ,ig) € I,
1

k=1 \I=

0 |:’1(ij(ll,le,...,lq)j|20’ Jk € 11, mi) k € 111, q), (i1, in, -+ ,ig) € TL.

If we use the convex hull (2.25) or (2.26) to handle the nestedly saturated linear
feedback, Constraints b) and c) of the LMI-based optimization problem (2.55)
should be modified as,

q k
He ((A + Z (]_[ B,D,-/) F.0
k=1 \I=1

b) e
+y° (]_[ B,D,,) BkD,kzk(zk))) i € I[1,2™], k € I[1,4].
k=1 \Il=1
[1 ka(”‘)} >0, ji € I[L,my, ir € I[1,2™], k € I[1, q],
and
q k
He ((A + Z (]_[ BlDil) F.Q
k=1 \I=
b) q k—1
+Y (H BlDi,) BWD; Zi(iy i, -+ ,ik))> <0
k=1 \I=1
i € I[1,2™], k € I[1, 4],
5 [i ij(,l,,zé... ,zk)} >0, jiel[lmg.ip € I[1,2™], k € I[1, g,
respectively.

We next discuss the computational complexity of optimization problems that
involve different approaches to dealing with the nested saturation function. For
brevity, we assume, without loss of significant generality, that m; = my = --- =
my, = m. Similarly as for the single-layer saturated linear feedback, we list the
number of lines and decision variables of constraints in these optimization problems
involving different treatments of the nested saturation function in Table. 2.2, where
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Table 2.2 Numbers of lines and decision variables of LMIs in different optimization problems

Treatments Number of lines Number of decision variables
Regional sector P +mg)(n+1)+ %Zq(q —1) mgn+1)+ %q(g —D+30m+1)
Convex hull (2.25) | nG + (n + D(p + g2 1) %n(n + 1) + ng2m—!
Convex hull 2.26) |nG+ (n+ 1)(p + F) in(m+1) +nF
Convex hull 2.28) (nG+ (n+1)(p+T1) %n(n + 1) +nT
G= {q+l, (2m—1)4—1 m=1
(2'”—1)‘1+W,m> 1,
Fe { g+1 m=1,
om—1 (2’"—;3:_—22'%1, m>1.
g+1, m=1,
T m @ 1) D (‘2’"‘;?;’_‘22"'“ —q+ 1) m> 1.

As shown in Table. 2.2, the LMIs in (2.52) contain the most lines and decision
variables among all the optimization problems as the treatment (2.28) involves
the largest number of auxiliary feedback matrices. The fact that each of these
auxiliary matrices is independent from each other leads to the least conservativeness
under the convex hull framework for treating nestedly saturated linear feedbacks.
To illustrate the computational complexity of different optimization problems, we
plot in Figure 2.7 the function log(MN?) that characterizes the computational
complexity of LMI optimization problems in the case of ¢ = 3 and n = 8. It is
clear that the optimization problems based on the convex hull representations have
significantly higher computational complexity than the one based on the regional
sector condition.

For solving the problem of designing linear feedback gains F, € R™*" k €
I[1, g], such that the domain of attraction of system (2.18) is as large as possible, we
can formulate the following LMI-based optimization problem,

min y .57
0>0, Gi

T
s.t. a) |:));)ch] >0, lel[l,p],

q k—1
b) He (AQ +y (]_[B,D,-,) Bka) <0, i €I[1,2", keI[l,q],

k=1 \I=1

0) [1 gjk] 20, Jji €Ill.my].k €111, 4],
* 0
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Fig. 2.7 A comparison of the computational complexity among different optimization problems
(g=3andn = 8).

where g;, is the jith row of Gy, and ]_[?:1 BD;, = I. Denote the optimal solution of
(2.57) as (yN, ON, GY). Then we have the optimal controller gains FY = GYPN
where PN = (QV)™! and the optimal ellipsoidal estimate £(PY). Actually, the
optimization problem (2.57) results from (2.56) with F}’s set as additional decision
variables. The verification of this fact is similar to that of (2.53). Note that no
matter which of the convex hull representations is employed to express the nestedly
saturated linear feedback, the optimization problem for the largest contractively
invariant ellipsoid by designing linear feedback gains will become (2.57).

2.3.3 Piecewise Linear Functions

In this subsection, we focus on the problem of estimating the domain of attraction of
system (2.40) whose linear feedback is subject to a piecewise linear function. Based
on the conditions of Theorem 2.2.5, which characterizes the contractive invariance
of an ellipsoid by introducing multiple auxiliary matrices to express the piecewise
linear feedback, the following LMI-based optimization problem can be formulated
to obtain the largest ellipsoidal estimate of the domain of attraction of system (2.40),
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Qg(l)ir}_ y (2.58)
s Lgi

T
s.t. a) [;)CQ]] >0, lelll,p],

He (AQ + BT, FQ + BD;Q,FQ + BD; Z,) <0,
q € I[1,K], i € I[1,2™],

) [115"] = 0. jelll.ml. g € I[1.K]. i € 1[1.2"],

where y = é and zj;; is the jth row of Z,;. Note that inequalities in Constraints c)
are equivalent to Condition (2.42). Let (Q, Z};.) be the optimal solution of (2.58).

Then the ellipsoid £(P?) with PP = (QF)~! is the largest ellipsoidal estimate of the
domain of attraction.

2.4 Discrete-Time Systems

In Section 2.2, we presented treatments of saturated linear feedbacks via multiple
auxiliary matrices, and by using these treatments, established sets of sufficient
conditions under which an ellipsoid is a contractively invariant set and thus is an
estimate of the domain of attraction for a continuous-time system with saturated
linear feedbacks. Moreover, in Section 2.3, based on these conditions we formulated
and solved the optimization problems for obtaining the largest such contractively
invariant set.

In this section, we consider the following discrete-time linear system subject to
saturated linear feedback,

xt = Ax + Bsat(Fx), x € R", F e R™", (2.59)

where x* is the successor of x.

Based on the convex hull representation (2.13), which contains multiple auxiliary
feedback matrices, as the treatment of saturated linear feedback, the following
theorem establishes conditions under which an ellipsoid is contractively invariant
and can be used as an estimate of the domain of attraction of system (2.59).

Theorem 2.4.1 Consider system (2.59). For a given positive definite P € R™", if
there exist matrices H; € R™", i € I[1,2"], such that

(A + BD;F + BD; H))"P(A + BD,;F + BD H;) —P <0, i €I[1,2"],  (2.60)

and E(P) C ﬂ?:l L(H;), then the ellipsoid E(P) is contractively invariant.
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Proof By Lemma 2.2.2, condition £(P) C 01221 L(H;) implies that sat(Fx) can be
expressed as

sat(Fx) € co{Din + D Hix: iel[l, 2’"]}.

By the definition of the convex hull, there are a set of nonnegative scalars «;
. . om
satisfying ) -, o; = 1 such that

2!7!
sat(Fx) = Y o;(D;F + D} Hy)x. (2.61)

i=1

By the Schur complement, (2.60) is equivalent to

P * >0 iem,2m.
A + BD;F + BD; H; P

Multiplying E and ET respectively to the left and the right sides of the above matrix,

where
= _ | X Ouwxa
- 0n><1 In ’

and x € R” is any nonzero vector, we have

[ xTPx *

>0, ielll,2™].
(A + BDF + BD™H))x P‘1:| Pell. 2]

In view of (2.61) and the nonnegativeness of «;’s, we have

xTPx *
7 &i(A + BD;F 4+ BD; H;)x P~

_|: x'Px * i|
" | A + Bsat(Fx) P!
>0,
which is equivalent to
(A + Bsat(Fx))"P(A + Bsat(Fx)) — x Px
= ()TPxt —x"Px
=Vt = V()
= AV(x)
<0,

for all nonzero x € E£(P). Hence, we can conclude that £(P) is a contractively
invariant set of system (2.59). a
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The ellipsoids which satisfy Inequalities (2.60) and £(P) < ﬂlzil L(H;) can be
used as the estimates of the domain of attraction of system (2.59). To choose the
largest among these ellipsoids, we formulate the following LMI-based optimization
problem,

Qr>nolani y (2.62)

T
st a) [“l ] >0, lelll,p),
x Q
b) He((A+ BD:F)Q + BD;Z) <0, i€l[l,2"],

) [12} >0, jelllml, ic[1,2").

Denote the optimal solution as (y°, Q°, ZP). Let P = (QP)~!. Then the ellipsoid
E(PP) is the largest estimate obtained from (2.62). Optimization problems can also
be formulated if we use the other treatments of saturated linear feedback. It is clear
that the optimal values of y for these optimization problems are no less than y° as
the convex hull representation (2.13) is less conservative than the other treatments.

For the discrete-time counterparts of systems (2.18) and (2.40), similar results on
the contractive invariance of ellipsoids and the optimization problems for the largest
ellipsoidal estimates of the domains of attraction can be easily obtained. The details
are omitted for brevity.

2.5 Numerical Examples

In this section, we present some numerical examples to demonstrate the effec-
tiveness and advantages of the theoretical results obtained by introducing multiple
auxiliary feedback matrices to handle saturation/deadzone in the estimation of the
domains of attraction of saturated systems.

Example 2.5.1 (Single Layer Saturated Linear Feedback) Consider a second-
order continuous-time system (2.1) with

A= 0 2 B— 1.4 3 F —0.4698 —0.0770
S [-304]" 7 [ 0-07] " | -0.8318 0.7640 "
Let the shape reference set be R = {x;}, x; = [0 1]T. Then, solving the opti-
mization problems (2.47), (2.49), and (2.50), which are associated with the regional
sector condition (2.2), the convex hull representation (2.10) with a single auxiliary

matrix and the improved convex hull representation (2.13) with multiple auxiliary
matrices, respectively, we can obtain the largest values of ¢, which measure the sizes
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of the optimal contractively invariant ellipsoids, and the positive definite matrices
that define the shapes of these ellipsoids as follows,

regional sector (2.2) __
e = 7.7739,

Pregional sector (2.2) __ [ 0.0201 —0.0038i|

)

opt ~ | —0.0038 0.0165
convex hull (2.10) = 8.1039

opt
peomvex hull 2.10) _ [ 0.0184 —0.0034 ] .
ot | —0.0034 0.0152 |’
(i)r;tprovcd convex hull (2.13) — 8.8249,
Pimproved convex hull (2.13) — [ 0.0157 _00026_
ot | —0.0026 0.0128 |

We plot these three ellipsoidal estimates in Figure 2.8. The improved convex hull
representation (2.13) leads to the largest estimate of the domain of attraction among
these three estimates. This implies that the convex hull representation (2.13) with

101

o Regional sector (2.2)

§ or § ~ = = Convex hull (2.10)
- — Improved convex hull (2.13)

-10 1 1 1 1 1 1 J
-10 -8 -6 -4 -2 0 2 4 6 8 10

Fig. 2.8 Example 2.5.1: The largest contractively invariant ellipsoids obtained by using the
regional sector condition (2.2), the convex hull representation (2.10), and the improved convex
hull representation (2.13), respectively.
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multiple auxiliary matrices has the least conservativeness among all these treatments

of the saturation function introduced in this chapter.

Example 2.5.2 (Nestedly Saturated Linear Feedback) Consider a second-order
system (2.18) with g = 2,

A= 62 B, = 1.4 3 B, = -2 1.9 ’
34 4.2 -0.7 4-13
and

_ [-7.7551 8.7755
YT 4.2857 —3.4286 |

where F, is to be designed later for enlarging the estimate of the domain of
attraction of system (2.18). By using the regional sector condition to handle the
nested saturation, an LMI-based optimization problem can be formulated as follows,

min (2.63)
0>0,Y,201,202,51,52, W21
T
s.t. a) [1x1:| > 0,
* 0
b) [1 102"} >0, k=1,2,
* 0
1 zoie  wWok
¢ | *x QZ,-Y"|=>0, k=12,
* * PAY)
Dy —B1S1 — Z;, + QF] + Y'B] —B\B,S, — Zj, + Y*
d | * —25; —Wa1 — B1B»S» <0,

* * =25,

wherey = &, 0 = P71 Y = F,0, D, = He((A+B1F1)Q+ B\ B,Y), and 211 2o
and wyy; are the kth rows of matrices Zy;, Zgp and W5, respectively. Let R = {x;},

x = [-0.4274 —Q.9O41]T. By solving the above optimization problem, we obtain
a(l};tglonal sector (Tarbouriech et al.) = 0.3641 and

Regional sector (Tarbouriech et al.)
P opt

4.4381 —0.0283
—0.0283 8.2079 |’

F Regional sector (Tarbouriech et al.) — —1.5892 1.8934
Zopt 0.5937 —3.3881 |
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If we use Lemma 2.2.2, which contains the largest number of auxiliary matrices,
to handle the nested saturation function, similarly as the optimization problem
(2.56), we can formulate the following LMI-based optimization problem,

min y (2.64)
0>0,Zk(i1,i2),Y

lx?i|
.t 0,
s.t. a) |:*Q >

He(AQ+B\(D;,(F1Q0+B»(D;,Y + D;Zz(il ,2))) + D;Zl (i1, 1)) <0,
il,iz € 1[1,4],

5 |:lzjk(11,lz)i|207 i1,ip €I[1,4], j,k=1,2,
* 0

where zj (i1, i) is the kth row of matrix Z;(iy, i»), y = é, Q=P landY = F,0.
By solving (2.64), we obtain 5" >*7 = 0.4808 and

plemma227 _ [ 3.9029 —2.1253
oPt T | =2.1253 6.4298 |’

Fylemma227 ~3.0083 234697
opt 0.8388 —3.4434

On the other hand, if we set Z;(iy,i2) = Zi(ix), k = 1,2, the optimization
problem (2.64) will reduce to that presented in [107]. By solving the optimization

problem (2.64) with additional constraints Z (i1, i) = Zi(ix), k = 1,2, we obtain

Ol:;;[mma 2.2.5 (Zhou et al.) — 0.4312, and

plemma 225 (Zhouetal) _ 5.4551 —3.8016
oPt —3.8016 8.9551 |’

FzLemma 2.2.5 (Zhou et al.) — —2.9265 2.1230
ot 0.4180 —3.7350 |

Moreover, if the treatment of the nestedly saturated linear feedback in [21] is
used to establish an optimization problem, that is, (2.64) with additional constraints
Lemma 2.2.6 (Fiacchini etal.) __

Zy(ir, i) = Zi1(ir), we will obtain agy = 0.4700, and

PLemma 2.2.6 (Fiacchini et al.) _ 4.3823 —2.4489
o —2.4489 6.8751 ]’

Fr, Lemma 2.2.6 (Fiacchini et al.) __ —3.1883 2.4894
2opt 0.7261 —3.5351 |
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05
04
0.3
021
01t
o K)
~ 0 Lemma 2.2.7 S
= © = = =Lemma 2.2.6 (Fiacchini et al.)
01k L Lemma 2.2.5 (Zhou et al.) \'
"\ ™'~ Regional sector (Tarbouriech et al.)\o'\’ g
021 s e s
N
_03 .
_04 .
_05 1 1 1 1 1 1
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Fig. 2.9 Example 2.5.2: The largest contractively invariant ellipsoids obtained by using the
regional sector condition and the convex hull representations of Lemmas 2.2.5-2.2.7, respectively.

The four optimal ellipsoi ds £ ( POR;tglonal sector (Tarbouriech et al.))’
S(Plggnma 2.2.5 (Zhou et al.))’ S(Pg;tmma 2.2.6 (Fiacchini et al.)) and g(P})‘;’?lma 2.2_7) obtained

above give four different estimates of the domain of attraction of system (2.18).
These four invariant ellipsoids are plotted in Figure 2.9, which clearly indicates that
Lemma 2.2.7 leads to a less conservative result than the methods in [21, 93, 107].

Example 2.5.3 (Piecewise Linear Functions) Consider a second-order
continuous-time system (2.40) with

A= 12  B= 1.4 3 F= —0.1566 —0.0257 ’
=31 0 —-0.7 —0.4159 0.3820
and

3u, ifu €[0,1],
Yi(u) =3 L5u+ 1.5 ifue(1,2],
0.8u+ 3.9, ifu € (2, +00),

2u,  ifuel0,1.5],

Va(up) = u+ 1.5, ifu € (1.5, +00),
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P1(u1), 2 (u2)
\

0 1 1 1 1 1 J
0 0.5 1 1.5 2 25 3

Uy, Ug

Fig. 2.10 Example 2.5.3: The piecewise linear functions ¥ («;) (solid line) and v, (u,) (dashed
line).

which are depicted in Figure 2.10. Let the shape reference set be R = {x,}, x; =

[1 1]7. Solving the optimization problem (2.58), we can obtain ey = 22.3722 and

Pm
Popt_

[ 0.0012 —0.0003}
—0.0003 0.0014 |°

Note that the optimization problem (2.58) involves multiple auxiliary matrices.
If we use the convex hull representation with a single auxiliary matrix to treat the
piecewise linear function and solve the resulting optimization problem, then we can
obtain that ”*, = 19.8105 and

opt —

pPs 0.0015 —0.0004 .
opt —0.0004 0.0019

The two optimal ellipsoids £ (PES{) and & (Plo);t), each of which can be used as

an estimate of the domain of attraction for system (2.40), are plotted in Figure 2.11
for comparison. It is clear that £ (PEI’J’{) is significantly larger than E(ngt). This fact
implies that the convex hull representation with multiple auxiliary matrices has the

ability to arrive at larger estimates of the domain of attraction.
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Single auxiliary matrix

Multiple auxiliary matrices

-30 I I I I I J
-30 -20 -10 0 10 20 30

Fig. 2.11 Example 2.5.3: The largest contractively invariant ellipsoids obtained by using the
convex hull representations with single auxiliary matrix and multiple auxiliary matrices.

2.6 Conclusions

In this chapter, we have presented treatments of single-layer saturated linear
feedbacks, nestedly saturated linear feedbacks, and linear feedbacks subject to a
piecewise linear function. These treatments are based on the convex hull represen-
tation of saturated linear feedbacks. By introducing more auxiliary matrices, we
eliminated the dependence between a group of vertices of the convex hull and a
common auxiliary feedback, and establish the improved convex hull representations
that are of less conservativeness than the existing convex hull representations
and the regional sector conditions. Moreover, based on these treatments of the
nonlinearities in the input, we presented conditions that ensure the contractive
invariance of an ellipsoid, and, based on these conditions, formulated and solved
LMI-based optimization problems to obtain the largest such ellipsoid as the estimate
of the domain of attraction. We also discussed the modification of the optimization
problems for control designs.
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2.7 Notes and References

The introduction of multiple auxiliary matrices to treat saturated linear feedback was
earlier given in the literature [2, 4]. The convex hull representation with multiple
auxiliary matrices presented in this chapter has the same compact form as the
conventional convex hull proposed in [36, 46]. Moreover, for a nestedly saturated
linear feedback, its convex hull representation with multiple auxiliary matrices was
taken from [58]. The convex hull presentation of piecewise linear functions, which
contains as many multiple auxiliary matrices as possible, generalizes the results in
[41, 43].
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