
Chapter 2
Dual Numbers

Dual numbers have been introduced in the ninetieth century by William Clifford
when dealing with the theory of engines which used a nilpotent operator noted e.
Their application to the study of kinematics of rigid articulated bodies has been
developed by Kotelnikov of Kazan University. More recently several authors (Yang,
Ravani, Pennock, Roth) have developed computer tools for dual numbers calculus.

Definition of Dual Numbers

The set of dual numbers D is the set of R2 with specific addition and multiplication
laws given by:

ðx1; y1Þþ ðx2; y2Þ ¼ ðx1 þ x2; y1 þ y2Þ ð2:1Þ

ðx1; y1Þ � ðx2; y2Þ ¼ ðx1 � x2; x1 � y2 þ x2 � y1Þ ð2:2Þ

The set D has a structure of an unity commutative ring with respect to these two
laws. Its unitary element is (1, 0). The dual number (0, 1) is nilpotent of order two
with respect to multiplication. Since D presents divisors of (0, 0), the zero of the
multiplication, it is not an integral ring.

The subset of D ðx; 0Þ x 2 Rjf g is a sub-ring of D and is isomorph to R.
Adopted notation for a dual number ðx; yÞof D:

ðx; yÞ ¼ xþ e y ð2:3Þ
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The inverse of a dual number xþ e y such as x 6¼ 0 is given by:

ðxþ e yÞ�1 ¼ 1=x1 � e y=x2 ð2:4Þ

The ratio between two dual numbers is such as:

ðx1; y1Þ=ðx2; y2Þ ¼ x1=x2 þ e ðx2y1 � x1y2Þ=x22 with x2 6¼ 0 ð2:5Þ

A function f of a dual variable xþ e y is such as:

f ðxþ e yÞ ¼ f1ðx; yÞþ e f2ðx; yÞ ð2:6Þ

where f1 and f2 are two functions of the real variables x and y.
This function has a limit z1 þ e z2 when xþ e y tends towards x1 þ e y1 if and

only if:

lim
x!x1;y!y1

f1ðx; yÞ ¼ z1 and lim
x!y1;y!y1

f2ðx; yÞ ¼ z2 ð2:7Þ

This function will be continuous at y1 þ e y2 if:

lim
x!x1;y!y1

f ðxþ e yÞ ¼ f ðy1 þ e y2Þ ð2:8Þ

Such a function of a dual variable will be differentiable at point X1 ¼ x1 þ e y1 if
there exists a dual number F and a function d of a dual variable h such as:

f ðX1 þ hÞ ¼ f ðX1ÞþF � hþ h � dðhÞ with lim
h!0;h2D

dðhÞ ¼ 0 ð2:9Þ

F is the value of the derivative of f at point X1.
Then the function of the dual variable defined by:

f 0 : X ! F ð2:10Þ

is the derivative function of f at point X1.
It can be easily shown that a necessary and sufficient condition for f to be

differentiable at point X1 of D is that f is R2 differentiable and that at this point:

@f1=@x ¼ @f2=@y and @f1=@y ¼ 0 ð2:11Þ

Let O be an open set of R and let g be a function of class C2 from O to D. A dual
differential prolongation ~g of g can be defined as:

~gðxþ e yÞ ¼ gðxÞþ e y g0ðxÞ for x 2 O; y 2 R ð2:12Þ
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Examples of dual differential prolongations:

For gðxÞ ¼ arcsinðxÞ, then:

~gðxþ e yÞ ¼ arcsinðxÞþ e y=
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� y2
p

ð2:13Þ

For sin(h), then

s~inðhþ euÞ ¼ sin hþ e u cos h ð2:14Þ

For cos(h), then

c~osðhþ euÞ ¼ cos h� e u sin h ð2:15Þ

For tan(h), then

t~anðhþ euÞ ¼ tan h� e u= cos2 h ð2:16Þ

Dual Vectors and Matrices

Dual Vectors

Let E an Euclidian space over the field of reals of dimension p. A set ~E composed of
de pairs of vectors said dual vectors by considering the Cartesian product E � E
with the following operations:

Addition:

ða; bÞþ ðc; dÞ ¼ ðaþ c; bþ dÞ 8 a; b; c; d 2 E ð2:17Þ

Multiplication by a scalar kþ e l:

ðkþ e lÞ ða; bÞ ¼ ðk a; k bþ l aÞ 8k; l 2 R 8a; b 2 E ð2:18Þ

Then:

ða; bÞ ¼ ð1þ 0 eÞða; 0Þþ e ðb; 0Þ ð2:19Þ

or

ða; bÞ ¼ aþ e b 8 ða; bÞ 2 ~E ð2:20Þ
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The real and dual parts of a dual vector aþ e b of ~E are such as:

Rðaþ e bÞ ¼ a and Dðaþ e bÞ ¼ b ð2:21Þ

A dual scalar product between dual vectors can be defined:

u � v ¼ RðuÞ � RðvÞþ e ðRðuÞ � DðvÞþDðuÞ � RðvÞÞ 8 u; v 2 ~E ð2:22Þ

where (*) represents the dual scalar product of ~E and ð�Þ represents the scalar
product of E.

Two dual vectors u and v are said to be orthogonal for the dual scalar product if:

u � v ¼ ~0 ð2:23Þ

where ~0 is the zero of the addition of two dual vectors.
For any dual vector u of ~E such as RðuÞ 6¼ 0, let the pseudo norm be defined by:

uk kD ¼ ffiffiffiffiffiffiffiffiffiffi

u � up ð2:24Þ

where ffip is the differential prolongation of the square root function. Here we have:

uk kD ¼ ~0 if u ¼ ~0 ð2:25Þ

uk kD ¼ RðuÞk kþ e RðuÞ � DðuÞ= RðuÞk k if RðuÞ 6¼ 0 ð2:26Þ

Here kk represents the Euclidian norm of E with a space vector structure.
Then it will be possible to define orthogonal bases for ~E.
In the case where p = 3, the dual vector product can be defined as a bilinear

antisymmetric application from ~E � ~E to ~E by:

u� v ¼ RðuÞ ^ RðvÞþ e ðRðuÞ ^ DðvÞþDðuÞ ^ RðvÞÞ 8 u; v 2 ~E ð2:27Þ

where ^ is the vector product over R3.
If u1; u2; u3 et v1; v2; v3 are the coordinates of dual vectors u and v in an

orthonormal basis of ~E then:

u � v ¼ u1 � v1 þ u2 � v2 þ u3 � v3 ð2:28Þ

and

u� v ¼ ðu2 � v3 � u3 � v2; u3 � v1 � u1 � v3; u1 � v2 � u2 � v1Þt ð2:29Þ
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In general, vector operations over ~E inherit their properties from the corresponding
vector operations over E. For instance, we have:

u � ðv� wÞ ¼ w � ðu� vÞ ¼ v � ðw� uÞ 8 u; v;w 2 ~E ð2:30Þ

Dual matrices

It can be of interest to introduce the set of square dual matrices ~M3of order 3 � 3
based on dual numbers as it has been done with dual vectors. Here dual matrix A is
such as:

A ¼ ½aij� ¼ ½RðaijÞþDðaijÞ� ¼ RðAÞþ eDðAÞ ð2:31Þ

and matrix operations over square dual matrices will be such that:

AþB ¼ RðAÞþRðBÞþ e ðDðAÞþDðBÞÞ 8A;B 2 ~M3 ð2:32Þ

A � B ¼ RðAÞ RðBÞþ e ðRðAÞDðBÞþDðAÞRðBÞÞ 8A;B 2 ~M3 ð2:33Þ

kA ¼ RðkÞRðAÞþ e ðRðkÞDðAÞþDðkÞRðAÞÞ 8 k 2 D; 8A 2 ~M3 ð2:34Þ

The inverse of a square dual matrix A is given by:

A�1 ¼ RðAÞ�1 � e RðAÞ�1DðAÞ RðAÞ�1 A 2 ~M3; detðRðAÞÞ 6¼ 0 ð2:35Þ

and its product by a dual vector u is a dual vector v such as:

A � u ¼ RðAÞRðuÞþ e ðRðAÞ DðuÞþDðAÞ RðuÞÞ ð2:36Þ
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