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Abstract. In this paper a new population-based algorithm for nonlinear mod-
eling is proposed. Its advantage is the automatic selection of evolutionary
operators and their parameters for individuals in population. In this approach
evolutionary operators are selected from a large set of operators, however only
the solutions that use low number of operators are promoted in population.
Moreover, assigned operators can be changed during evolution of population.
Such approach: (a) eliminates the need for determining detailed mechanism of
the population-based algorithm, and (b) reduces the complexity of the algo-
rithm. For the simulations typical nonlinear modeling benchmarks are used.
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1 Introduction

Nonlinear modeling issues can be solved using, among the others, population-based
algorithms which are part of computational intelligence methods (see e.g. [4]). The idea
of population-based algorithms relies on iterative processing of individuals. In each
iteration a new generation of individuals is generated (characterized, by definition, by
improved values of the objective function). Population-based algorithms differ from
traditional optimization methods: (a) they do not process parameters directly, but their
encoded form, (b) they search solutions based not on a single point, but on a popu-
lation of the points (the population contains individuals, each individual encodes single
solution), (c) they use objective function directly, not its derivatives (this function
determines the quality of the solutions in the population), (d) they use probabilistic
mechanisms, not deterministic. As a result, they have advantage over other optimiza-
tion techniques such as: analytical methods, random methods, etc. [6].
Population-based algorithms can be also combined with other computational
intelligence methods, such as: artificial neural networks, fuzzy systems, decision trees,
etc. Then, they can be used for optimization of parameters and structures of mentioned
methods. It is worth to mention that, in the optimization process an extensive objective
function (called also fitness function or evaluation function) can be used. Thanks to
that, the quality criteria (e.g. related with accuracy and interpretability) as well as
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quantitative criteria (e.g. related with complexity) can be included in evaluation of the
individuals. Such an approach was contemplated in previous research [17].

Currently, many varieties of population-based algorithms exist and they can be
divided to: (a) single-population algorithms (see e.g. [22]) and multi-population
algorithms (see e.g. [17]), (b) algorithms generating single solutions (see e.g. [1]) and
fronts of solutions (see e.g. [8]), (c) algorithms using single-objective function (see e.g.
[24]), and multi-objective function (see e.g. [5, 11]). The efficiency of those algorithms
strongly depends on evolutionary operators used for exploration and exploitation of the
search space (search space determines acceptable boundaries for parameters of solu-
tions). Evolutionary operators usually have a set of parameters that must be selected
before starting the evolution process (this is done usually by trial and error method) or
modified in this process (usually by specified).

In this paper we have attempted to construct an algorithm that automatically selects
evolutionary operators (for exploration and exploitation of search space) and their
parameters. The idea behind this solution is that each individual in the population has
(beside typical list of parameters) a list of available (typical) evolutionary operators and
list of their parameters. At the beginning of the algorithm’s operation, this list is
initialized randomly, however while evolution of population it is updated simultane-
ously with typical parameters. In such approach individuals are modified basing on the
values of list of available evolutionary operators and their parameters. In our previous
work [16] this solution was partially considered. The problem was the large number of
evolutionary operators used by the population. Due to that, the following improve-
ments were made: (a) the list of available operators was improved, and (b) objective
function was changed to reduce the number of used evolutionary operators. As a result,
the individuals of the population that use fewer operators are better rated. Proposed
approach has been used for nonlinear modeling using fuzzy systems.

The structure of this paper is as follows: in Sect. 2 a description of proposed
method is placed, Sect. 3 contains simulation results and in Sect. 4 the conclusions are
drawn.

2 Description of Proposed Method

Characteristics of the proposed method can be summarized as follows:

— The method is characterized by the ability of an automatic creation of model during
the process of evolution. The most important feature of the method is the fact that
during the process of evolution the selection and configuration of the evolution
operators used for exploration and exploitation takes place simultaneously. This
eliminates the need for selection of the type of operators and their parameters by
trial and error method. This approach also allows to achieve an appropriate balance
between exploration and exploitation of the search space.

— The method is based on the capabilities of fuzzy systems, which are a convenient
tool for nonlinear modeling. Modeling can be done in different ways: (a) fuzzy
system can model input-output dependences (see e.g. [9]), (b) fuzzy system can
model elements of state variables matrix (see e.g. [3]), (c) fuzzy system can provide
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appropriate cooperation of partial models representing various operating states of
the modeled object (see e.g. [10]). In this paper the first type of modeling will be
considered, and the description of system used in the modeling is given in Sect. 2.1.

— The method uses hybrid approach introduced by us earlier, enabling the simulta-
neous selection of real parameters and binary parameters (see e.g. [17]). Due to this,
the structure and parameters used for modeling of fuzzy system and used in the
process of evolution operators can be automatically selected.

— The method using fitness function component that promotes individuals that use
lower number of evolutionary operators. Such solution not only affect the com-
putational time but also causes the algorithm to work consistently.

The proposed method is based on the approach analogical to particle swarm
optimization (PSO, [13]). PSO algorithm uses population of individuals, in which each
individual encodes parameters of potential solution to the problem under consideration

(marked as XP," = {X}|, ..., X}, [ }), velocity vector, used for modification of
potential solution parameters (X;’Zl = {Xcv,j_ll,...,XCV;]Lpa,.}), and best found so far
parameters of potential solution p (marked as X' = {X®, ... X% ..}). In the
algorithm the best solution found in population is additionally remembered (marked as
Xeb — (x¥°  X&01). In the evolution process, the parameters X's' and X" are

subject to modification according to the following equation:

Xl = X e 001 - (X, — X w000 (X))
xpar . ypar +Xvel

chg * ch,g ch,g’
where ch = 1,...,Npop is index of individual in population, Npop stands for number
of individuals in population, g = 1,...,LP" is index of real parameter (gene), LP*"

stands for number of real parameters (actual number of parameters is different, which is
explained in Sect. 2.2), w is inertia weight (usually w € [0.8,1.0]), ¢; and ¢, are
cognitive and social parameters (see [13]), and U(a, b) is function returning random
number from range [a, b].

On the basis of PSO algorithm a generalization of (1) was proposed. The gener-
alization was designed in a way that any evolutionary operator of exploration and
exploitation can be used. Moreover, operators and their parameters can be selected
dynamically in evolution process. This is consistent with two facts on the population
algorithms: (a) in some algorithms operators of exploration and exploitation are
intermingled, (b) in modification of parameters multiple operators can be used
simultaneously. The generalized form of Eq. (1) takes the following form:

Lo '
vel . ., yvel op | par  y-glb ybst par par imp
Xeng =W - Xoyg + zjlxch,o OP, (Xch,g’xg ’Xch,g’Xchl-,g’XchZ‘g’Xch‘g) (2)
o= )

par ,__ yopar vel
Xch,g T Xchﬁg +Xch,g7

where vector X0 = {X(} |, ..., Xg, o} contains information on binary keys that stand
for activation state of operators connected with them (an assumption was taken that O
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value stands for excluded operator and vice versa), L°P stands for number of considered
operators (see Table 1), op,(-) stand for functions representing operator with index o,
XP', and XP) stand for parent individuals chosen by selection method (for example
roulette wheel method, [20]), X'mp means additional individual used in assimilation
operator (Table 1, o = 10, [2]). The individual X' stands for imperialist of current
solution selected as follows:

X _ Xgé; for ch < Ni@p 3)
: XNtmp ((ch—Nimp) /(Npop—Nimp)),g for ch > Nimp

where Nimp stands for number of empires [2].

The set of considered evolutionary operators is presented in Table 1. In this table the
following marks are additionally used: o = U(0, 1) stands for a random number gen-
erated individually for each parameter under modification, = U(0,1) stands for
a random number generated individually for each individual under modification, RInd is
randomly chosen index of parameter, RSet contains a set of randomly chosen indexes of
parameters, ff(.) stand for objective function of individual, ff,,;, is a smallest value of
objective function for current population, Ug(1, 1) is random number according to
Gaussian distribution with mean 1 and variance 1, A’ is parameter additionally multiplied
by coefficient o' each time when individual modification improves solution (see e.g.
[24]), dist(Xcn1, Xen) stands for Manhattan distance between genes of two individuals.

2.1 Fuzzy System Used for Nonlinear Modeling

As previously mentioned, a multi-input, multi-output fuzzy system of the
Mamdani-type that maps X — Y is used, where X C R” and Y C R is used for
nonlinear modeling. The fuzzy rule base of the system consists of a collection of N
fuzzy if-then rules that takes the following form:

R*: [IF(x; isA{) AND. . .AND (x, is A} )THEN (y, is B} ), ..., (ymis B,) ], (4)

where X = [x1,..., %] € X, ¥y = [y1,..,ym] €Y, A, ... A¥ are fuzzy sets character-
ized by membership functions py(x;), i =1,...,n, k =1,...,N, n stands for number
of inputs, B’l‘ ) .,Bfn are fuzzy sets characterized by membership functions p (yj),
J
j=1,...m, k=1,...,N, and m stands for number of outputs. In this paper

a Gaussian membership type functions are considered [20].
In the Mamdani approach (see e.g. [20]) output signal y;, j = 1, ..., m, of the fuzzy
system is described by the following formula (for more details see [9]):

iyj‘if 1{ {:TI{F‘A?()_“")} “Bk(yfd?f)}}
Z S{ { g}, usk(yf‘if)}} |

i =
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where y;lif, j=1,...,m, r=1,... R, are discretization points, R is a number of dis-

cretization points, 7{-} is a t-norm, and S{-} is a t-conorm (see e.g. [15]).

2.2 Encoding of the Individuals

The selected encoding refers to Pittsburgh approach [12]. Thus, the single individual
X, encodes the information on:

— Keys of operators (binary parameters). They are encoded as X} and they are used
in Eq. (2) (see Table 1):

X = {open1,- .-, OPpenim } = {Xf};”l, .. .,Xf}im,}, (6)

where L% stands for number of evolutionary operators that can be used by
individual encoded as X,.

— Parameters of fuzzy system (5) and parameters of operators (for the list of operators
parameters see Table 1):

)_C?h.,l,u J?h,l,la o X J?h,n,l’ .- ')_CAh,l,N7 J?h,l,N? .- '7)_CAh,n,N7 G?h,n.N’

s Mehyn, 19 c cl
=B B B B =B B =B B
ych‘l$17 O-ch,l‘l7 . '7ych m,1? ach,m.l’ o 'ych,l,N7 O-ch,l,N> o '7ych,m,N7 Gch,m‘,N’
Xpar
ch = —def —def —def —def
ychl17"'7ych,1,R7"'7ych,m,1"' 7ychmR7

DE FA pFA | A BTO
W7cl7027PC7mr7Pm7F 7d70C aﬁ 7))1CR7fmin7fmaX7A y & 7A7F
_ par par
- {XchJ? i '7Xch,LPa’}’
(7)

where {x{, g%} stand for parameters of membership functions of input Gaussian

fuzzy sets A, ..., Ay, {7, 0/} stand for parameters of membership functions of

output Gaussian fuzzy sets Bf, ..., B, and LP™ is the number of genes of part X",

m?

— Velocity vector of parameters XLer (see (7)). They are encoded as set X5
— Best location of individual XbS‘ (they are copy of best parameters of XSZr).

A individual is thus a collection of components: X, = {XF, X', X'sh XD} =

{Xen1s- - Xenr} with a total length of genes equal to L = 3 - LP* 4 L°P.

2.3 Evaluation of the Individuals

The aim of the objective function (fitness function) is to minimize following error:

ff(Xen) = T{e(Xen), 0 Xen) }- (8)
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Table 1. Chosen functions that represent evolutionary operators of exploration and exploitation
considered in this paper.

B thod ar s ar ar im] P 1
¢ ase metho op, <th.g7X§lb7XEhfg7 XL[‘)hl,g7 thlg"xch,z’) arameters
LPSObest (131 ¢ y(0,1)- (xy, - X3, c1 € [15,2.5)
2 PSO—global [13] cy - U(O, 1) . (Xglb _ Xfl?;:) ) € [15,25]
3 | GA-crossover u(o, 1) - (Xp;; _ Xp;:r) for  f<pe pe €[0.7,1.0]
20 ’ s g ¢
(20] for otherwise
4 | GA-mutation U(—l7 1) -m, for o< Pm m, € [0.01,0.20],
[20] 0 for otherwise Pm € [0.05,0.50]
5 | DE-~crossover [1 DE par par FPE € [0,2],
[1] Fo= <Xchl‘g 7Xch2,g CR € [([) ”]
for (x<CR) or (ch = RInd) ’
0 for otherwise
6 | BAT-movement L Ib par Somin € [0.0,0.5],
8] ‘mins>Jmin + fmax ) - (Xg - XL‘ ) '
[24] Uinsin -]+ (X5 = X Foar € [0.0,1.0]
7| BAT-walk [24] N A" €10.0,0.5],
U(-1,1) 'Lg;lw o« €[0.9,1.0]
8 | FWA-explosion U(-1,1)A-(ff(X,,,) ~ffuin) for ch € RSet A€[0.1,2.0]
(221 S (X y0)~FFi)
- 0 for otherwise
9 | FWA-mutation Xie - Us(1,1) = X}, for ch € RSet
[22] ' 0 for otherwise
10 | ICA-assimilation | ;. U(0,1)- (Ximp _ Xpar) d €10.5,2]
[2] ’ ch,g ch,g
11 | FA- t FA ar ar FA
[23]movemen e (Xf’”vg B thﬂg)' for (ff(x"“) = > ! 60[8.197116(1)L
,e_"r"diSf(Xum-X«h)z ff(Xch) re [ Y ]
0 for otherwise
12| FA-walk [23] | ofr . U(—1,)) o € 0.01,0.2]

The component €(X,;) stands for standardized error of nonlinear modeling calcu-
lated as follows:

E(Xch) = % : i (% : Z |dz,j - )&,j}) / <erllf§2{dz,j} - anlinz{dz,j})ﬂ (9)

poy

where d. ; is expected value of j-th output for z-th data sample (z = 1, ..., Z), Z stands
for number of data samples, y; is fuzzy system (5) output value calculated for data
sample X,. The purpose of normalization is to eliminate the differences between the
errors of different outputs of the system (5) in case where m > 1.



Population-Based Algorithm with Selectable Evolutionary Operators 21

The component 6(X.,) stands for penalty of using too few or too many operators:

Lor

Z OPcho Nop

where Nop > 1 stands for desired number of active operators.

O(Xe) = (10)

L — Nop Nop

2.4 Processing of the Individuals

The proposed method for processing the population taking into account the Eq. (2)
allows use of any combination of evolutionary operators. This process is executed
according to the following steps:

— Step 1. Initialization of population. In this step all genes of all Npop individuals are
set randomly. It takes into account the specification of the problem under consid-
eration and operators parameters ranges stated in Table 1. In case of genes XZZI the
assumptions that the genes do not exceed 20% ranges of the corresponding genes
from XP," are additionally taken.

— Step 2. Evaluation of population. This step aims to evaluate each individual by
using fitness function (9).

— Step 3. Reproduction. It is based on mechanisms analogical to algorithm PSO (with
improvements that makes generalization possible):

e For each individual X, a copy is created (which allows to use of any selection
method-see Step 4).

e Binary genes of the copy X{, are modified using crossover and mutation
operators from genetic algorithm [20]. Parameters of these operators (p,, and p.)
are encoded in set X%,

e Real genes of the copy X'§' and XP; are updated according to (2). Genes X’

are also repaired (narrowed down to specified boundaries).

e The copies of X, are evaluated by fitness function (9). If the fitness function
value of the copy is better than the fitness function value of the individual, the
genes X ' of the copy are set as genes X, of the copy.

— Step 4. New generation selection. Proposed approach allows to use different
strategy for selection new population individuals:

e Strategy S1. In this strategy, the copy of an individual replaces the individual (as
in the algorithm PSO).

e Strategy S2. In this strategy, the copy of an individual replaces the individual
only if the fitness function value of the copy is better than the fitness function
value of the individual (similar to BAT algorithm [24]).

e Strategy S3. In this strategy individuals and their modified copies are placed in
temporary population, and then the best (according to fitness function) Npop
individuals are selected for next generation.

— Step 5. Stop condition. In this step a stop condition is met (for example if the specified
number of algorithm iterations is achieved). If this condition is not met, the algorithm
goes back to Step 3, otherwise the best solution is presented and algorithm stops.

par
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3 Simulations

The goals of the simulations were to test:

— Classic algorithm PSO (X°P

e =1, g=0,1, and Xfig =0, g=2,3,...11), algo-

rithm PSO enriched by using other evolutionary operators (PSO-OP) (Xf}; <=L

g=0,1,and X;} € {0,1}, g = 2,3,...11) and proposed algorithm with flexible
selectable evolutionary operators (OP) (X;;, € {0,1}, g = 0,1,...11).

— Different strategies S1-S2 for selecting next generation of individuals, described in
Sect. 2.4.

Table 2. Nonlinear benchmarks used in simulations.

Item Problem name and Short Number of inputs | Number of outputs Number of data rows
no. reference name (n) (m) 2)
1. Auto MPG [19] ampg 7 1 398
2. Chemical Plant [21] cplant 3 1 70
3. Computer Hardware [14] | cpu 9 1 209
4. Concrete Slump Test [7] | slump 7 3 103
5. Yacht Hydrodynamics yacht 6 1 308
[18]
PSO+OP ----S1 S2—S3 OP ----S1-—82—383
| L T T T E T T T L 1 P P
) )
o o
o o
0 iter 1000 O iter 1000

Fig. 1. Average number of used operators by single individuals (ope) averaged for all
considered benchmarks. Dotted line stands for strategy S1, light line stands for strategy S2, and
dark line stands for strategy S3.

The simulations were performed for typical benchmarks from nonlinear modeling
field (see Table 2). The parameters of simulations were set as follows: number of fuzzy
rules N =3, number of discretization points R = 3, triangular norms: algebraic,
number of individuals Npop = 100, number of empires Nimp = 10, number of
expected operators Nop = 3, number of iterations: 1000, number of repeats of simu-
lations for each problem and case: 20, selection method for choosing parents of the
individual: roulette wheel.

The average simulation results are presented in Tables 3 and 4. The average
number of used operators is shown in Figs. 2 and 3. The average number of used
operators per individual is shown in Fig. 1.

The simulations conclusions are as follows:

— The best results in terms of the fitness function was obtained for OP method,
regardless of the used strategy (see Table 3). This has a bearing on the results in
terms of RMSE (see Table 4).
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PSQ-best. _PSQ-glaba

ind

k=) .5

K=

0 iter 1000 O iter I000 O iter I000 O iter I000 O iter I000 O iter 1000
BAT-walk _FWA-expl. FWA-mutat. ICA-asimil. FA-move. _FA-walk

ruﬂ

g
g = = S 1 .9

0 iter 1000 0 iter 1000 O iter 1000 O iter 1000 O iter 10%01 0 Sitzer 10(§g

Fig. 2. Average number of individuals (ind) that use specified operators for algorithm PSO+OP
averaged for all considered benchmarks. Dotted line stands for strategy S1, light line stands for
strategy S2, and dark line stands for strategy S3.

Table 3. Averaged values of ff(.) for considered benchmarks. Best results for each strategy are
shown in bold.

Strategy | Method |ampg |cplant | cpu slump |yacht |Avg.
S1 PSO 0.0747 | 0.0891 | 0.0397 | 0.0788 | 0.0876 | 0.0740
PSO+OP | 0.0751 | 0.0798 | 0.0295 | 0.0782 | 0.0765 | 0.0678
OP 0.0546 | 0.0483 | 0.0190 | 0.0672 | 0.0531 | 0.0484
S2 PSO 0.0822{0.0792 | 0.0458 | 0.0780 | 0.0900 | 0.0750
PSO+OP | 0.0497 | 0.0350 | 0.0174 | 0.0586 | 0.0398 | 0.0401
OoP 0.0336 | 0.0081 | 0.0090 | 0.0435 | 0.0247 | 0.0238
S3 PSO 0.0747 | 0.0679 | 0.0307 | 0.0762 | 0.0827 | 0.0664
PSO+OP | 0.0468 | 0.0289 | 0.0172 | 0.0551 | 0.0424 | 0.0381
(0) 0.0330 | 0.0052 | 0.0066 | 0.0312 | 0.0255 | 0.0203

Table 4. Averaged values of €(X,,) for considered benchmarks. Best results for each strategy
are shown in bold.

Strategy | Method |ampg |cplant |cpu slump |yacht | Avg.
S1 PSO 0.13830.1671 | 0.0515 | 0.1465 | 0.1641 | 0.1335
PSO+OP | 0.1224 | 0.1410 | 0.0313 | 0.1378 | 0.1437 | 0.1152
OP 0.0813 | 0.0689 | 0.0194 | 0.1066 | 0.1062 | 0.0765
S2 PSO 0.1643|0.0843|0.0730 | 0.1561 | 0.1523 | 0.1260
PSO+OP | 0.0993 | 0.0701 | 0.0348 | 0.1173 | 0.0795 | 0.0802
OP 0.0671 | 0.0161 | 0.0179 | 0.0871 | 0.0494 | 0.0475
S3 PSO 0.1494 | 0.0895 | 0.0613 | 0.1525 | 0.1470 | 0.1199
PSO+OP | 0.0935 | 0.0578 | 0.0344 | 0.1101 | 0.0848 | 0.0761
(0) 0.0661 | 0.0104 | 0.0132 | 0.0624 | 0.0509 | 0.0406
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— The best results in terms of used fitness function were obtained for strategy S3,
regardless of the used method. Strategy S1 used the largest number of operators,
strategy S2 gradually reduced the number of used operators, while strategy S3
smoothly adjusted the number of used operators during the evolution of population
(see Figs. 2 and 3).

— The best results was obtained for OP method and strategy S3 (see Tables 3 and 4).
Such an approach allowed a dynamic matching of the number and type of used
operators during the evolution of a population (see Fig. 3).

— The least used operators for OP method and strategy S3 were: PSO-best,
BAT-walk, and FWA-mutation (after 50 iterations of algorithm, the usage of these
operators has dropped to almost zero - see Fig. 3).

— The most used operators for OP method and strategy S3 were: DE-crossover,
BAT-move, and FA-move (number of used operators increased during the evolu-
tion of population - see Fig. 3).

— The use of S1 strategy led to use over 4 operators by each individual in the
population (see Fig. 1). For other strategies, the number of used operators sought to
the Nop value. For the S2 strategy it was achieved after about 150 iterations (see
Fig. 1), and for strategy S3 after about 30 iterations.

1 GA-cross. ~GA-mutat
w w w

7
7

d’
15d

=

5 CIESSL R T

0er T000 0 fier T000 0 fier TO00 0 iter T000 0 fier T000 0 fier TO00

BAT-walk FWA-expl. FWA—mutat.m ICA-asimil. FA-move. FA-walk
™~

75

I e

=
0 iter 1000 0 iter 1000 O iter 1000 O iter 1000 O iter 10%01 0 Sit2€r 10(5)%

0_ind

Fig. 3. Average number of individuals (ind) that use specified operators for algorithm OP
averaged for all considered benchmarks. Dotted line stands for strategy S1, light line stands for
strategy S2, and dark line stands for strategy S3.

4 Conclusions

The proposed in this paper population-based algorithm for nonlinear modeling with the
selection of evolutionary operators allows, among others, for: (a) a precise control of
the mechanisms of exploration and exploitation, (b) elimination of the need for
selection of evolutionary operators by trial and error method, (c) reduction of the
number of evolutionary operators, and (d) speeding up the optimization. This allows
the algorithm to work well with other methods, especially fuzzy systems, for solving
nonlinear modeling problems. Simulation studies have confirmed the effectiveness of
presented approach.
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