Chapter 2
Multivariate Harmonic Analysis

Multivariate harmonic analysis technique has been employed widely in determining
cyclic variations of multivariate time series. Although it cannot reveal what causes
the cycles, it can reveal the likely frequency, amplitude, and phase of those cycles.
Moreover, it can be used to simulate atmospheric and oceanic circulation, rule out
significant impacts from anthropogenic factors, and ultimately predict what will
happen next under climate change scenarios. In this chapter, we will introduce basic
techniques and tools in multivariate harmonic analysis, including Fourier transform,
fractional Fourier transform, space—frequency representation, sparse approximation,
spherical harmonics, harmonic analysis on graphs.

2.1 Fourier Transform

The multivariate Fourier transform is a systematic way to decompose multivariate
time series into a superposition of trigonometric functions. It can determine how the
total variance of multivariate time series is distributed in frequency. In this section, we
will introduce multivariate Fourier transform, Parseval identity, Poisson summation
formula, and Shannon sampling theorem.

The Fourier transform of a d—variate complex-valued function f(tq, ..., ;) is
defined as

f(wl,...,wd)=/---/f(tl,...,td)e‘”““’"‘*“'*“"’”)dtl---dtd. 2.1.1)
R R

Let t = (1, ..., 1), W= (Wi,...,wa), (W, t) =D iy, and dt = dr, - - - diy.
Then, (2.1.1) becomes
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F@ = [ fmye?rea
Rd

If f(t) is integrable on RY, then its Fourier transform is continuous on R. From
le=2m@.| = 1 it follows that

1w S/Rdlf(t)ldt (e R,

i.e., Fourier transform f(w) is a bounded function on R?. The Riemann-Lebesgue
lemma shows that

f(w)—>0 as ||w||:(w12+--~+w§)% — 00.

The smoother the function f(t) is, the quicker the Fourier transform f(w) decays.
Let f(t) be a d—dimensional real-valued function. If

then f(t) is called an even function. Fourier transform of an even, real-valued mul-
tivariate function is also an even, real-valued multivariate function. If

f®) = fit) fo(t) - fata)  (t=(t,..., 1)),

then f (t) is called a separable function. Fourier transform of a separable multivariate
function is a product of univariate Fourier transforms, i.e.,

fA((.U) = fRd f(t) e—Z‘ITi(w,t)dt
= (Jpo fr(00) e72700d0) -+ (fpu fa(ta) €727 00 dty)

= fiw) - fa(wa).

Below, we give some examples of multivariate Fourier transforms:
Characteristic function of [T, T1? is

17 te [_Tv T]da
Xi-r1,71¢ (t) =
0,teRY\ [T, T].

The corresponding Fourier transform is

ﬁ sin(27rw, T)

TWk

Xi-7.7¢ (W) = (W= (wi,...,wq)).

1
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Delta function is defined as

1
ot) = (2T)dX[ 7,73 (£).

The corresponding Fourier transform is
d

B | . sinQruwT)
O(w) = Jim (2T)dX[ rr(w) = H(}%W) -

Gaussian function is defined as Gy (t) = e ™M (M > 0; [t> =12 + - +12).
The corresponding Fourier transform is

6M(w)=(%)5 T (WP =W W), 2.12)

i.e., Fourier transform of Gaussian function is still Gaussian function. It plays an
important role in the windowed Fourier transform in Sect. 2.6 and the normal distri-
bution in Sect.4.1.

Multivariate Fourier transforms have the following properties.

(a) Translation. For 7 € R,

(f(t=T)" (@) = e D f(w),
(@Y f )" @) = flw—),

(b) Dilation. Fora € R and a # 0,

(Fa0) @ = o5 7 (%)

(c) Derivation:

awk (w)—( 27it f (1) (w),
(g—tf)A (W) = 27iw; f (W),

wheret = (1, ...,t;) and w = (wy, ..., wy).
(d) Convolution. Let f and ¢ be functions on R¢. Define convolution of f and ¢
as

ht) = (f % 9)(t) = /R = mg(ryar.

Fourier transform of convolution is equal to the product of Fourier transforms, i.e.,

h(w) = fw)jw).
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The inverse Fourier transform is defined as
f = / flw) @ dw,
R4

which can reconstruct the original function f(t) for given a Fourier transform f(w).
If f(t) is an even function, by the inverse Fourier transform formulas, it follows
that

fO=f-t)= / Flw) e 2@ dt,
R4

i.e., the even function f(t) is the Fourier transform of f(w). Again by Fourier
transforms of characteristic, delta, and Gaussian functions, it follows that

d . o~
(@) if f(t) = [[ZED then f(w) = xir.7p (W);
1

(b) if (1) = e~ W, then Filw) = e~M1T;
(C) if f(t) = 1, then f(OJ) = 6((_‘;),

by (c) and the translation formula, it follows that

(d) if £(t) =¥ then f(w) = d(w — 7);

by (d) and Euler’s formula, it follows that

(e) if f(t) = cosn(T, 1)), then f(w) = %(5((.0 —7)+6(w+71));
(f) if f(t) = sin(2w (T, t)), then f(w) = %(5(0.: —7)— 0w+ T1)).

If f and g are square integrable on RY (i.e., [5, | f(£)[*dt < 0o and [, lg(t)[*dt <
00), then
Parseval Formula: Jod FOgOAL = [, Fw)g(w)dw;
Plancherel Formula:  [o, | f(O)[*dt = [o, | f(w)[*dw.
Suppose that f(t) is square integrable on [0, 11¢ and f(t 4+ mn) = f(t) for all
t € R? and n € Z“. Then, f(t) can be expanded into Fourier series with respect to

Gl N

fO=Da(HE™ =, ), t= (01, 1),

neZ?

where the inner product (n, t) = ZZZI nity, and Fourier coefficients are

en(f) = ft) e @bgg, (2.1.3)
[0,14
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Fourier coefficients have the following important properties:
Riemann-Lebesgue Lemma:

ca(f) = Oas || n |— oo, where | n |= (n% +---+n2)?.

Parseval Identity: Doneza lea(HIP = [io e | F (Ot

Convolution Formula:

cn(f*xg) =cn(f)en(g), wheref xg= f(t—s)g(s)ds.
[0,1]4

Poisson Summation Formula: 3, f(t+m) =3 ., f(n) e ™0,

Shannon Sampling Theorem. If the Fourier transform of f(t) satisfies f(w) =
0(w ¢ [— 1%), then the following interpolation formula holds:

fO=3 fm )H st =

= Tt — nk)

More generally, if f(w) =0(w ¢[ —5, 5]") and the sampling interval A < %, then
the interpolation formula becomes

o=y f(nA)H iy AU

ez = (f niA).

If |f(w)| <e(w¢ [—g, g]d ), then this interpolation formula holds approximately
and the error is less than <.

The Shannon sampling theorem allows the replacement of a continuous band-
limited signal by a discrete sequence of its samples without the loss of any infor-
mation. Moreover, it specifies the lowest sampling rate to reproduce the original
signal.

2.2 Discrete Fourier Transform

The discrete Fourier transform (DFT) is a specific kind of Fourier transformation.
It requires an input function that is discrete and whose nonzero values have a finite
duration. Such inputs are often created by sampling a continuous function.

Start from Fourier coefficient formula (2.1.3), i.e.,

i () = ftr, oo tg) e 2Tttt gy gy
[0,1]"
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Take (tl,...,td)z(% .,%)(V;:O,...,Nl—l(lz1,...,d)) as the lattice

distribution of [0, 1]¢. The numerical calculation of the Fourier coefficients is

Ni—1  Ng—1 y ;
oMLy IdVd
Xp,] T p— z : z : . d e 2mi( vttty ).
T Nd N1 Ny

n=0  1,=0
Denote x,, . ,, as the value of f(t, ..., ;) at the lattice point ( o, I’V’—i). So
| N—1  Ng—1 ity
Xt oops = Nl—Nd z Z Xuy, vy € M Na 7, 2.2.1)
n=0 =0

The above transform from {x,, ., }u=0... Ni—1(k=1,....d) 1O {Xp..pg =0, Ne—10h=1....d)
is called the d —variate discrete Fourier transform (DFT), denoted by DFT(x,, ... ,,,)-
If X, ..., 18 separable x,, ., = x{Vx( . x{D then DFT(x,,...,,) is

..........

Ni—1 ) Ny—1 /d d
() ,—2mi 5t @ 2t N () @)
Xl“ ..... L (Nl Zx N . Nd Zx XN] .Xﬂd’

v1=0 vy=0

where XL’E) is DFT of x,(/’;) (k=1,...,d). This implies DFT(x,, _,,) is also separa-
ble. If N = N;(i =1,...,d), Formula (2.2.1) is reduced in the form:

_ Ld S e H0),

veAy

where pp = (i1, ..., pa) € Ay andv = (v, ..., vy), and Ay = [0, N)¥ " Z<.
The d—variate inverse discrete Fourier transform(IDFT) is

Ni—1 Nyg—1

2mi (ML 4 HdM
Xy = z , : ,Xlll ----- pa € ! .

For simplicity of notation, we only prove the case d = 2.
Exchanging the order of summation gives
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Ni—1 N>—1

zm(uw1+uz )
2 2 Xume

p1=0 pp=0

Ni—=1 No—1 f Ni—1 N,—1

_ piag | pma NN
— ﬁ Z Z Z Z Xoyo € Z”Tl( ]lvll+ [2\]22) 627”( 11\/1]+ ;/22) (22.2)

11=0 =0 \ a1=0 a,=0

Ni—1 Np—1 Ni=1Na—1 o .(vj-aj | r-as

_ 1 27"( Hi+ uz)

= NN, Z Z Xay,as Z M 2
a;=0 ap,=0 11=0 =0

Using the known formulas ¢! @+ = ¢i®¢/¥ and 3"V} e = L ™ (u # 0), the term
in brackets becomes

Ni—1 i ‘l “l . N>—1 i "2 “2 09 (ala Oéz) ;é (Vlv Vz)a
I Y e
=0 112=0 NNy, (o, an) = (v1, 12).

Then, substituting this into (2.2.2) gives

Ni—1N>—1

2,” CTS +u2”2)
E E Xm/n M = Xy v,

p1=0 pr=0

This means that the inverse discrete Fourier transform can reconstruct the original
data from its discrete Fourier transform.

Let X, ..., be a d—dimensional sequence on 7% such that Xvi4pi Ny
Xoy..wy» Where (N1, ..., Ny) € Z4 and (py, ..., ps) € Z¢. Then, X,,

recurring sequence with period (N1, ..., Ng).
Discrete Fourier transforms (DFTs) have the following properties:

----- va+paNa =
v, 18 called a

.....

(a) Linearity. If x,, v, are two sequences, then

..........

..... vo) + BDFT () (o, B €R).

v, 1s a recurring sequence with period (N, ..., Ny), then

27rl( er +“,‘6;d)

DFT (-xl/l —T1 Vdde) = DFT (-xl/l ..... l/d) e

,,,,,

(11, ..., 72) € ZY.

, = DFT (%,

IDFT (XV]*TI ) 6271'[(%_;...._;_%).

,,,,,,,,,,

Moreover, if N = N;(i =1, ...,d), then

DFT (%,_,) = DFT (,) e~ ~ ®7),
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IDFT (X,_,) = IDFT (X,) e » "7,

where v = (v, ..., Vg), T = (T1, ..., Ta), and o = (p1, ..., fq)-
(_c) Symmetry. Let X, ., be DFT of x, _,. Then, DFT(x, . ,,) =
XN] 7/ll~,---de7/1d'
(d) Parseval Identity. Let X,,, . ,, be DFT of x,, . ,,. Then,

Ni—1  Ng—1 Ni—1  Ng—1

Z"'Z'Xu] AAAAA /mlzZNZ"'leul AAAAA udz

=0 11a=0 v1=0 vy=0
(e) Convolutions. LetX,,, y, (v = (v, ..., Vz)) be bothrecurring sequences with pe-
riods (Ny, ..., Ng)and (M, ..., My),respectively. f N = N; = M; i =1,...,d),

the recurring convolution of x,, and y, is defined as

Ek = (fu * yu)k = Z ik—u’)?u k e Rd),

veAy

where Ay = [0, N)? () Z%. Noticing that the DFT of Jy is

ﬁn = Z ( Z fkuyu) 6_2”";\;"“)

keAy \veAy
~ ~ __ 2mi(nk+v)
=2 | 2 nw)e
keAy \veAy

~ _ 27k ~ _2mimw)
= > me ™) = we),
keAy veAy

DFT of the recurring convolution is equal to X n Yn, ie.,
DFT(X, * y,,) = DFT(x,,)DFT(y,).

_____ yd(lll =0,...,N[— 1) and ')7,,1
d—dimensional sequences, and

,,d(UZZO,...,M[—l) be both

P =max{Ny,..., Ny, My, ..., My}.

Take Q =2P — 1. Let X, and y, be both recurring sequences with period Q =
(Q,...,0)and
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yl/] ..... V,j?yl=O9"'1Ml_lv
0, w=M,...,0—1 (I=1,...,d).

The linear convolution of x,, and y, is defined as recurring convolution of X,, and
Yo, i.e.,
hi = (x, * yu)k = (fu * yr/)k = Z fkfus;w

velAy

<1
=
o
~~

wherek = (ky, ..., k;)andv = (vq, ..., vy). Sothe DFT of Ay is Hy =
AN), i.C.,
DFT(x, * y,) = DFT(x,,)DFT(y,).

The computation of DFTin (2.2.1) needs []¢_, N; multiplications and [T¢_, (N; —
1) summations, and the total number of the computation equals approximately
(HZ=1 N;)?. The fast Fourier transform (FFT) is a fast algorithm to compute DFT
through reducing the complexity of computing as follows.

Note that
v v 1 v v v
_zm(lil 1 n 1251%) R Ha d) 727”#1 1 72m,u2 2 72m,ud d
e N, N, Ny —e Ny e N, o.e Ny .

The (2.2.1) is rewritten in the form:

Nl —2mi “1”1 Qe —27i ’“12 1 Na! —2mi LK,U‘[
Xltl lld Z F z e Ni Z Xm,...,ude d
2

1/1—0 =0 d vg=
Denote by R (vy, ..., Vi—1, tiq) the last sum, i.e.,
Ny—1
1 i ﬂd"zl
Ri(vi, ... va_1, ) = E Xun,vg €
Ny
1/11—0

where v, =0,...,Ny—1(=1,...,d —1). Regard R\ (vy,...,V4_1, l4g) aS a
function of pg (g =0, ..., Ng — 1). Denote P,, = Ri(vy, ..., Va1, fta)s Py, =

—2mi -
Xyy...wg-and wy, =e ~ N, Then,

Ng—1

#d Vd
z Py, w .

Vg =0

Without loss of generality, assume Ny = 2. Otherwise, let 2¥~! < N, < 2M.
We extend the original sequence py, ..., py, , Into a new sequence po, ..., Pn,—1,
0,...,0by adding 2¥ — N, zeros behind py, ..., py,_1.



46 2 Multivariate Harmonic Analysis

First, we decompose the 2¥ —point sequences {p,,} into two 2 ~!—point se-
quences:
Yy = (pos P2, - pav—2) =t (Y05 Y15 - -+ You-1-1),
z2=(p1, p3, .-, pav—1) =1 (20, 21 - - -, ZoM-1-1).
The first half P, (g =0, 1, ...,2"=!1 — 1) is computed as follows:
- 2 W 2w+
Pu= X g 3
v=0 v=0
= 3(Y, + whi Zy,) (ra =0,..., 2171 —1);
the second half P, (g = 2M~1, ..., 2M) is similarly computed as follows:

1
P, iou-1 = E(Y*‘" whiZ,) (g =0,....2"" =1,

where
oM=1_

| Vika
pa = M Z YvWon—1»
v=0

2M-1_1
_ 1 Vita
Zpd = 31 Z ZyWyHy-

are the DFT of y and z, respectively. It means that the computation of P,, or R; can
be reduced to that of Y, and Z,,,.

Next, we rewrite ¥, (ua = 0,...,2""" — 1) and Z,, (1a = 0, ..., 2M71 — 1),
respectively, as follows:

Yy, = ( 2M 1Y//)
Y/Ld+2M 2= 2( /,d_wggl IY/;d) (/J'dZOa---’zM_z_l)
and
Z, =52, +whi Z)),
Z/MJ,-ZM Z(Z,“d - 121:{4 IZ” ) (,ud = 07 MR 2M_2 - 1)7

where Y/, and Y/ are DFTs of 2 ~2—even samples and 2/~*—odd samples of
(Y.} respectlvely, andZ, andZ} are DFTs of 2 ~2—even samples and 2/ ~2 —odd
samples of {Z,,}, respectlvely It means that the computation of P,, or Ry can be
reduced to thatof V) , Y)' . Z ,and Z] .
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Finally, by repeating the above procedure again and again, it terminates at the
computation of DFT of one sample. This procedure gives a fast algorithm to compute

Ri(wi, ..., va—1, pa)-

Let
Ni1—1 Pd—1Yd—1
—2j L=l
Ro(vi, ..., vaa, pa—1, fta) := N Z Ri(Wiy o Vg, pa) e
s
Using the same algorithm as in Ry, the Ry(vy, ..., V4—2, fta—1, (4q) can be computed

fast. Continuing this procedure, we finally fast compute

Ni—1

1 _omitan
Xy, =5 E Ri_1(vi, pay ..., pa) e M
i

141 =0

The total number of operations in the whole procedure is equal approximately to
d d
(H Nk) 10g2 (H Nk) .
k=1 k=1

2.3 Discrete Cosine/Sine Transform

The DFT is a linear transform from a sequence Xy, ..., xy—; of real numbers to a
sequence Xo, ..., Xy—1 of complex numbers. In order to reduce boundary effects,
one often takes DFTs after even extension/odd extension of the original sequence
X0, - .-, Xy—1 around end points. As a result, various discrete cosine/sine transforms
(DCT/DST) are introduced. The DCT/DST is similar to the DFT: They are also the
transform connecting between the time/spatial domain to the frequency domain.

2.3.1 Four Forms of DCTs

DCTs transform real numbers xo, ..., xy_1 into real numbers X, ..., Xy_1.
Define DCT-1 as

wnk
N-—-1

N—1
Xi =D Buxy cos k=0,....,N—1), (2.3.1)
n=0

where 5y = Oy-1 = % and 8, =1(n=1,..., N —2). Its inverse transform is
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2 nk
xkzmg;ﬁnxncoslv_l k=0,....,N—1).

In fact, substituting this into the right-hand side of (2.3.1), by Euler’s formula, we
get

N7
Jei= Z 6nxn cos ;VWLkI

N—1N—1

_ 2 7in _mnk_

= %7 Eo 120 01 X1 cos 37 cos 17
n= e

n(l+k) mn(l—k)

1 N—1 ]
:mlgoﬂlX[Re{Zﬁn(e N-1 el N_,)}'

By the summation formula of geometric series,
0, l#k (k#0, N—1),
Re[ZBH(e 4 e””N”l“)]z N—1, I=k®&#0,N-1),

XN —=1),1=k (k=0,N—1).

So Jk =

The even extension of the sequence xo, ..., xy—; around xy_ iS xq, . .., Xn—2,
XN—1,XN-2,-..,X], and then the DCT-1 of x, ..., xy_ is equivalent to the DFT
of its even extension around xy_.

In fact, let

X, n=0,...,N—1,
Yn =
XZN_z_n,VZ:N,...,ZN—3.

The DFT of y,(n =0, ...,2N — 3) is equal to
2N-3 -

k
Yk:2N2 Zye’ZNz

n=0

1 r N=2 _; mmk . ank
INTD (YO+(—1) YN-1+ 2 Wn (e N +€l"’“))

n=1

N=-2
= ¥ (%(xo+(—1>’fo_1)+ > X cos N”"ﬁ) =y Xk (k=0,...,N—1).

n=1

The high-dimensional form of DCT-1 is
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Ni—1 Ny—1 d

ankj
Xk| ..... kg — Z:: Z Xny,ng Hﬂn/ Ccos Nj _1 (kl = 1» e Nl - 1)

where 3,, =3 (n; =0,N; — Dand 3,, =1 (n; =1,...,N; — 2).
DCT-2 is the most commonly used form of discrete cosine transform. Define

DCT-2 as
N-1

k
Xe=> x, COSW k=0, . —1). 2.32)
n=0

The inverse formula is

Tk + 1)

N—-1
2
= N%an"n cos (k=0,....N—1), (23.3)

where og = 2,cun—l(n—l N —1).
In fact, substituting (2.3.3) into the right-hand side of (2.3.2),

N— N—1 1 1
1 m(n+ 3)I m(n+ 5)k
N E o X E 2 cos ( N 2) cos ( 2) =: Ji.

1=0 n=0 N
Note that

0, k#I,

N— 1

+ )1 + )k

Z 7r(n 2) cosﬂ(n 2) =1{N, k=1#0,

n=0 N
2N, k=1=0

SoJy =X, (k=0,...,N—1),i.e., (2.3.3) holds.
Given a sequence X, ..., Xy_|, ONe CONstructs a new sequence Yo, ..., Yan—_i
satisfying the following:
Vo, =0 n=0,...,N—1),

YVon+1l = Xp (7120,...,]\/—1)7

YAN—n = Yn (Vl:l,,ZN—l)
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The DFT of the sequence yy, ..., yan—1 is

4Nl 2mnk

Z Yné€ e~

2Nl - 224Dk

= Z Yon+1 e ' N
n=0
N—1
=2 > x, cos 7(” * _ =2X;.
n=0
So the DCT-2 of a sequence of N real numbers x, ..., xy—| iS equivalent to the
DFT of the sequence of 4N real numbers yy, ..., yay—; of even symmetry whose

even-indexed elements are zero.
The high-dimensional form of DCT-2 of a sequence {Xp, ... n,}n;=0.....N;—1G=1.....d)
is
e 7T(Vl1 + Z)kl

I’L]—O nd_O

where ay, =%(n1 =0ando,, =1(m=1,....Ny—1Dforli=1,...,d.
The DCT-3 is defined as the inverse transform of the DCT-2.

Define DCT-4 as
N—-1
m(n + 1 )(k+ 5)
X; = nz(‘;xnco T2 k=0,...,N—1). (2.3.4)

Its inverse formula is

2 (& +Hk+1
=N(ZX,1COSW k=0.. . . N—1).
n=0

In fact, substituting this into the right-hand side of (2.3.4),
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N—-1 1 1
w(n+3)(k+5
Jy:= D x,cos #
N—1N-1 1 1 1 1
2 m(l+5)(n+3) m(n+5)(k+3)
=% X cos N cos A (2.3.5)
n=0 [=0
N—1 N—1 N—1
r(l4k+1) - an(l+k+1) - wll—k) - mn—k)
=%ZX1Re(e wo > e N 4w > e w )
=0 n=0 n=0
Since
~<1+1<+1 Z_: 1rn(1+lf+]) ; 1 —(—1)H+k+!
2§m sy (+k+1)°
; 1—(—1)*
N—-1 TN
- w(l—k) - n(l—k) 251“ v (=k)° ! 7& k’
e' N E el N =
n=0 N, =k,

the representative in large parentheses in (2.3.5) is equal to a pure imaginary number
forl # k and to N for! = k. So J;, = %Xk(kzo,...,N— 1).

The high-dimensional form of DCT-4 of a real sequence {x,,. . n,}n=0.... Ni—1G=1...d)
is defined as

Ni—1 Ng—1 d 1 1
m(n; + 3)k; + 3)
Xeroky = D0 D Xnyomy | | 08 — ?\I»j 2 (kg=0,...,N —1).
ny= ng= j= J

(2.3.6)

Using the one-dimensional DCT successively, the high-dimensional form of DCT-4
becomes

Ni—1 Ng—1 1 1 1 1
7r(nd + 3)(ka + 3) m(n1 + 3) (k1 + 3)
Xty = 3 oo [ 3 sy mgcos DT 2 TR ) TN DG )

,,,,, Ny N

n1=0 ng=0

Its inverse transform is

T+ Dk + D)
Xiy,okg = Nd Z ZX"I ..... "”iHC J ]2\/ J 2 .
J

2.3.2 Four Forms of DSTs

Similar to DCTs, there are four forms of DSTs. The DST-1 of asequence xo, . .., Xy—1
is defined as
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N—-1
=ansinw k=0,....,N—1). (2.3.7)

N+1
Its inverse formula is

Dk +1
= Xniw (k=0,...,N—1). (238
N+1& N+1

In fact, substituting (2.3.8) into the right-hand side of (2.3.7),

N—-1N-1

2 . ml+Dn+1) . wn+Dk+1)
Jpi= —— X
& NH;; ; sin N1l sin N1l
_ ! Z X,(Ay — By,
=N+l 1(Au ki
where
N, [ =k,
N—1
- ) (I—k) .
Ak1=Re( el N+ )= —1,1#k, | —kiseven,
n=0
0, [ —kisodd,
-1, =k,
Nl D(+k+2
mn+1)(+k+2)
BH:Re( P ): —1,1#k, | —kiseven,
n=0
0, [ —kisodd.
So Jk =
The high-dimensional form of DST-1 is
N —1 Nyg—1
..... = s Hsm (5 0+ Dtk + D).
nl—O nd—O
The high-dimensional form of DST-2 is
N—1  Ng—1 d 1
. m(ng+ )k + 1)
Xkl VVVVV k[]:z...z_xnl _____ ndns]n ?V[ .
np= ng= =

The high-dimensional form of DST-3 is
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d Ny —1 Ng—1 d 1
2 w4+ Dk + 3)
X, de(HNI+1)( > > Xy | [ e sin N = ).
=1

n1:0 I’ld:O =1

where v, = 1(n; =0,..., N, —2)and v, = £ (i, = N, — D).
The high-dimensional form of DST-4 is

Ni—1  Ng—1

X, Z ZX HS 7T(nl+2)(kl+2)
Lroees TR .

n =0 ng =0 l

2.4 Filtering

Climatologists and environmentalists might be interested in some phenomena that
would be cyclic over a certain period, or exhibit slow changes, so filtering becomes
a key preprocessing step of climate and environmental data. The design of filters
is closely related to the Fourier transform of the d —dimensional sequence which is
defined as

iw iw, —inw —ingw,
FQxpy,.ong) =X, ..., ") = E E Xnypong €T

Vl]EZ ndGZ

where X (1, ..., e™“) is called the frequency characteristic of h,, .. ,,. Its inverse
transform is defined as

FUX (e, ..., ey

17 L o .
= any X, ..., Y e™Mer . e dyy - dwy.
a -7 -7

With the help of Poisson summation formula in Sect. 2.1, it is clear that the Fourier
transform of the d —dimensional sequence is a transform from time/spatial domain to
frequency domain.

(1) Low-Pass Filter

For afilter A, .. ,,, if its frequency characteristic H (e, ..., e'%) satisfies the con-
dition:
1L,/ +--+603<R<m,
H(e"el ... ewd) =
0, otherwise,
the filter h,, . ,, is called a spherically symmetric low-pass filter.

In the case d = 1. If h,, is a low-pass filter and its frequency characteristic is
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1,10 <R <m,
H(") =

0, otherwise,

then the low-pass filter is

1 g o 1 R 1 R sin(nR)
hn = —/ H(el()) emgde = —/ emﬁda = —/ e’9d9= R m™m n # 0’
27w ) _x 27 J_r 27 J_r = n=20,

In the case d = 2. If h,,, ,, is a low-pass filter and its frequency characteristic is

1,,/9%+9%§R<7r,

0, otherwise,

H(eitgl , eiez) —

then the low-pass filter is

= infy ,ingb)
hn,,nz - W ff\/ng el ptnat dgldgz
1 fOR r (1627!' eir(nl cos 0+n; sin Q)da) d}",

=i

(2.4.1)

where 0, = r cos § and 0, = r sin . Note that

nicosf +nysin@ = /n? + n3(sin @ cos  + cos  sin ) = /n? + n3sin(@ + ),

where

sinp = Cos p =

nj ny
—7 —’
[5 . [5 . >
niy +n; ny +n;

and the integral representation of Bessel function of degree O is

1 27 o
Jo(t) = / ezrsmede.
2 0

By the periodicity of sine function, the inner integral of (2.4.1) is

2w 2w
eir«/nf-&-n% sin(9+p)d9 — / eir(«/nf-&-n%)sin 6d9

2w
/ ezr(nl cos +n, sin Q)de = x
0 0 0

=Jo (r,/n% + n%) .

By (2.4.1), this follows that the low-pass filter is
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1 R
Ry ny = m/o rJo (r,/n% —i—n%) dr,

where Jj is the Bessel function of degree 0.

(i1) Band-Pass Filter
For a filter h,,, _,,, if its frequency characteristic H (e, ..., e'%) satisfies the con-

dition:
1,O<R2§‘/9%+~~+9§§R1 <,

0, otherwise,

H(", ..., ef%) =

then the filter £, ,, is called a spherically symmetric band-pass filter.
In the case d = 1. The band-pass filter is

L(sin(nRy) — sin(nRy)), n # 0,
hy =
+(Ri = Ry), n=0.

In the case d = 2. The band-pass filter is
1 f 2 2
hnyny = m/& rJdo (r\/nl +”2) dr,
where Jj is the Bessel function of degree 0.

(iii) High-Pass Filter
For afilter A, ., if its frequency characteristic H (' O .., el ) satisfies the con-

dition:
1,0<R§‘/9,2+~-~+6‘§<7r,

0, otherwise,

.....

i0 i0
HE, ..., e'"") =

the filter h,, . ,, is called a spherically symmetric high-pass filter.
In the case d = 1. The high-pass filter is

_sin(nR)’ n # O

™

In the case d = 2. The high-pass filter is
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—# fOR rdo (r\/m) dr, ny #0 orny #0,

R2
1- £,

hnn,nz =

n1=n2=0,

where Jj is the Bessel function of degree 0.

2.5 Fractional Fourier Transform

Fractional Fourier transform (FRFT) is an extension of Fourier transform. Itis thought
of as Fourier transform to ath power. FRFT can transform a time series into the
domain between time and frequency, so it demonstrates obvious advantages over
Fourier transform.

2.5.1 Continuous FRFT

Starting from successive Fourier transform operator F', we study its nth iterated F”
given by
F'(f)=F(" (). F=@F",

where n is a nonnegative integer and F°(f) = f. From Fourier transform operator
F and its inverse operator F =1 it follows that

F>(f)(t) = F o F(f)(1) = f(~1),
F()(t) = F7'(H@),
FHMN@) = ).

FRFT provides a family of linear transforms that further extend Fourier transform

to handle non-integer power n = % of the Fourier transform. For a o € R, the

a—angle FRFT of a function f is defined as

FuH@) = [ Katt.w) foat
R
and K (¢, w) is called kernel function and

Kny(t, W) — meﬂi(w2+12) cot a—2miwt CSCO.'. (251)

It is clear that Fz(f)(w) is the Fourier transform and F_z (f)(w) is the inverse
Fourier transform. When « is an integer multiple of 7,
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f(w), if « isamultiple of 27,

(Fo)w) =
f(—w), if o+ 7 is a multiple of 27.

In FRFT, the variable w is neither a time nor a frequency, and it is an interpolation
between time and frequency. Note that Fy f is f itself, Fz f is Fourier transform
of f, F.f results in an inversion of the time axis of f, and F», f is f itself. So
F, f is regarded as a counterclockwise rotation of the axis by an angle « of f in the
time—frequency domain.

(1) FRFT and Eigenfunctions of Fourier Transform
Hermite—Gaussian functions are defined as

2% —nt?
Ue(t) = \/ﬁHk(\/ﬁt) e k=0,1,...), (2.5.2)

where H; is the kth Hermite polynomial:

n,—t*
pd"e)

Hy(t) =e i

Hermite—Gaussian functions are the unique finite energy eigensolutions of the
Hermite—Gaussian equation:

’f(@6)

T AT F (1) = A f(1). (2.5.3)

Let D = 4, F denote the Fourier transform operator, and S = D* + FD*F~'. Then,
the Eq. (2.5.3) can be rewritten in the form Sf (f) = Af(¢),and ¢ (k =0, 1, ...) are
the eigenfunctions of the operator S. Since the operators S and F' are exchangeable
and two exchangeable operators must have a common eigenvector set, the Fourier
transform operator F has eigenfunctions 1 (¢)(k = 0, 1, ...), and the eigenvalue
corresponding to Y (¢) is e‘isz, ie.,

Fp W) = e % ¢y (w). (2.5.4)

Since {1x (¢)}x=o.1.... can form a normal orthogonal basis for L>(R), any f € L*(R)
can be expanded into a series

OED IO

k=0

where the coefficients ¢, = fR S (@®)yx(¢)dt. Taking Fourier transform on both sides
gives
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F(@) =D aF@w) =Y e fyw) =/RK(t,w)f(t)dt, (25.5)

k=0 k=0

where K (1, w) = > ro o e (W) (1) e~i5 . For FRFT, its kernel function K, (f, w)
can be expanded into

Kalt,w) = D (@)t e 7. (25.6)

k=0

This means that FRFT can be derived by the eigenfunctions of Fourier transform.

(i1) Index Additivity
Successive applications of FRFT are equivalent to a single transform whose order is
the sum of individual orders, i.e., F,, o Fg = F,(Fpg) = Foqp.

In fact,

FuoEg(u)=/ (/ K(y(u,w)Kg(t,w)dw) f(t)de.
R \J/R

Since fR (W)Y (w)dw = §;y, by the expansion (2.5.6) of the kernel function
K, (t,w), it follows that

/ Ko, w)Kp(t, w)dw = > e 7 Dy () (1) = Koyp(u, 1).
R

k=0

So
Foz o FS(”) = / Kqu@(uv [)f(t)dt = Fa+8(u)'
R

According to the index additivity, FRFT has the following properties:

(a) Inverse. f(z) = fR Fo(f) (WK _o(w, t)dw.

(b) Parseval Identity. [, f(1)g(t)dt = [ Fo(f)(W)Fa(g)(w)dw.
(c) Shift. Let g(z) = f(t — 7). Then,

Fa(g)(w) — ei7r72 sin cv cos «v eZwinsinaFa(f)(w — 7 COS Oé).
(d) Modulation. Let g(¢t) = f(¢) "". Then,
Fa(g)(w) — efin-nl sinacosanﬂiwncosaFa(f)(w _ nsin a).

(e) Dilation. Let g(t) = f(ct). Then,

1 —icota jreotafi—s w sin
Fa(g)(w) = | L0 meore(l “’SZ“)F:s(f)( : 5),
¢ —1cotx SN«

where cot 3 = ¢ 2 cot a.
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2.5.2 Discrete FRFT

The discrete FRFT is a discrete version of the continuous FRFT. It can also be thought
as DFT to ath power. The algorithm of discrete FRFT is based on a special set of
eigenvectors of DFT matrix.

A normalized discrete Fourier transform

N—-1
X,=N7> x,e % (u=0.1,....N—1) (2.5.7)
v=0

can be rewritten into the matrix form X = FXx, where

g

X=Xo....Xn-0", x=(x0,...,2n-1), F= (Nf% 6727”7)
p,v=0

Let {\/};=0....~—1 and {p;};=0... n—1 be the eigenvalues and eigenvectors of the DFT
matrix F, respectively, where the eigenvectors {p;};—o, .. y—1 form a normal orthog-
onal basis for RV. For any x € R",

N—1
X = E Cipi,
=0

yeees

where ¢; = (p;, x) = p/ x. Taking DFT on both sides,

N-1 N-—1 N-1
Fx = ZCIFPI = ZCI/\IPI = ZPMZPITX-
1=0 1=0 1=0
Therefore, the spectral decomposition of DFT matrix F is
N-1 N—1
F=>"pAp/ or  F(pv)=) p@ipw),
1=0 =0

where F = (F (i, ) v=0,...n—1 and p; = (p1(0), ..., pi(N — 1))T.
The discrete FRTF matrix F® is defined as

N—1 N—1
F*=>"pA'p, or FO(w.v)= > p(wApw) (@eR),  (258)
=0 =0

.....

(N — 1)T. It is clear that F! is the DFT matrix F. The discrete FRFT of order
« is defined as
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N—1
X)) = Z x, F(p, v).
v=0

(1) Index Additivity
For the discrete FRFT, the index additivity is F® o FP(f) = F**3(f) forany f €

RY.
In fact, by (2.5.8), since {py}xo....v_1 are a normal orthogonal basis for RY, we
get
o N_l A
(Fo FhY(u,v) = > F(u,n)F’(n,v)
n=0
N—

1N-1 s N-1
. zo P As s () (Z P (n)ps (n))

n=0

l

N—-1 ;
S N () = ForPu, v).
=0

So FO*P f = F* o FA(f) forany f € R". Since (pi(14))1,,, 18 an orthogonal matrix,
by (2.5.8), F(u, v) = §,,,, and so F° = I.

According to the index additivity, the inversion of F® is equal to F~%, i.e.,
(FO)™ ' = F.
(i1) Discrete Hermite—Gaussian Functions
Note that the set of eigenvectors for DFT matrix F is not unique. In order to make
the discrete FRFT completely analogous to continuous FRFT, we give the discrete
form of the Hermite—Gaussian equation (2.5.3).

The first term of (2.5.3) is equal approximately to

2
Ny O

fE+h) =2f@)+ ft—h)
dt? ’

h2

The second term of (2.5.3) is equal approximately to (—472t%) f@) =~ (F52F’1)f (1).
So the discrete form of the Hermite—Gaussian equation is

(D*+ FD*F ") f(t) = A f(1). (2.5.9)
Using the Taylor formula,

o fU+R)=2f)+ fG—h) 2~ dPf(t) b
D f @)= 2 _ﬁnzz; drn 2n)

(2.5.10)

Substituting F~! f into f in (2.5.10) and then taking Fourier transform on both sides,
we get
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d2n(F lf)(l) h2n 2 00 dZ”(F‘lf)(z) h2n
2 -1 _ J—— - 7
(FDTF)1 ) = F(h2 ) drn 2n)! n? z; ( drn ) el

Using the derivative formula of Fourier transform:

F(dZ”(F_'f)(t)
dt2n

) = Qmit)"F(F~' f)(t) = Qmit)*" £ (1)

and the known formula: cos2mht) = 1 + Z;L(_l)" Qxt)*" (]2’;")!, we get

2n

(FD’F)f() = -5 (Z( e an:

n=1

)f(t) W —(cos2mht) — 1) f(¢).

So (2.5.9) is equivalent to
F(t4+h)—=2F)+ ft —h) +2(cosQRmht) — 1) f(t) = W*Xf(r). (2.5.11)

Now, we find the solution of (2.5.11).

Lett = nh, g(n) = f(nh),and h = \/;ﬁ Then, (2.5.11) becomes:

2
g+ 1) +gn—1)+2 (cos % - 2) g(n) = Ag(n). (2.5.12)

Since coefficients of (2.5.12) are periodic, its solutions are periodic. Let n =
0,...,N — 1. Then, for any g € RV,

Mg=M\g, (2.5.13)

where g = (g(0),...,g(N —1))T and M = (Y1)k.i=o0....N—1, and

.....

_ 2wk _
'ka—ZCOSN —4 (k=0,...,N—1),
Yeh+1 = Vk+1h =1 (k=0,...,N—=1),

Yo,N—1 = YN-1,0 = 1,

Y1 =0  (otherwise).

Namely,
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2c0s%—4 1 0 0 1
27
1 2cos 57 —4 1 0 0
4
0 1 2cos 7 — 4 1 0 0
M =

1 0

0 : : 0 1 2cos 20DT 4 1
1 0 0 1 2cos 2T 4

It is easy to prove that the matrices M and F are exchangeable, i.e., MF = FM.
So the matrices M and F have a common eigenvector set {uy (n)}r—o,.. n—1 Whichis
called the discrete Hermite—Gaussians. This eigenvector set forms a normal orthog-
onal basis for R . The corresponding discrete FRFT becomes

N-1

F(u,v) = D" wen) e g w).

k=0

(iii) Algorithm

We introduce a matrix P that maps the even part of {g(n)},—o... y—1 in (2.5.13) to
the first [%] + 1 components and its odd part to the remaining components. Since
the matrix P is orthogonal symmetric, the similarity transform of the matrix M in
(2.5.13) has a block diagonal form as follows:

-1 _ _(E, O
PMP _PMP_(OOd

The eigenvectors of PM P~ can be determined separately from E, and Oy ma-
trices. Sort the eigenvectors of the matrices £, and O, in the descending order of
eigenvalues. Denote by e; (k =0, ..., [%]) and oy (k = [%] +1,...,N —1) the
corresponding eigenvectors, respectively. Then, the even and odd eigenvectors of M
can be formed, respectively, by

uzk = P(elz"oﬂ "‘70)T’
(2.5.14)

U1 = P(O, ey O, OIZ)T.

Finally, the discrete FRFT matrix is given by
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Nf () e~ 3 ug (v) (N is odd),

N-2
(Z e (1) el’?’muk(u)) +un () e SN Uy () (N s even).

k=0
(2.5.15)
The algorithm of discrete FRFT:
Step 1. For given N, write the matrices M and P [see (2.5.13) and (2.5.14)].
Step 2. Calculate the matrices E, and O, defined by

_(E, O
PMP = ( 0 Od)
and sort the eigenvectors of the matrices E, and O, in the descending order of
eigenvalues and denote the sorted eigenvectors by e; and oy, respectively.

Step 3. Calculate the discrete Hermite—Gaussian functions as u; by (2.5.14).
Step 4. The av—order discrete FRFT is

N-1

(F D) () = D F(u, ) f(v),

v=0

where F%(u, v) is stated in (2.5.15) and £ = (£(0), ..., f(N — 1))T.

2.5.3 Multivariate FRFT

For o = (a, ..., ag) € RY, the multivariate FRFT of a d—variate function f(t) is
defined as

Fo(w) = /Rd JOK(tw)dt (t=(t,..., 1), w=(Wi,...,wq)),

where the kernel is

d

- (w22 i .
Ka(t, w) — H ( /1 —icotay erz(wartk)cotak 2miwgty cscak) )

k=1

Its inverse formula is f(t) = fRd Fo(w) K_o(w, t)dw.
For a = (o, ..., ag) € R?, the multivariate DFRFT of a d—dimensional se-
quence {x,}, is defined as
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N—-1 N—-1 d
Xm’m’ad(ﬂlw-'aud) = E E Xuy o udHFm(:U‘j’Vj)’
l/d=0 l/1=0 j=1

where F% (u;,v;) is stated in (2.5.15), o = (i1, ..., pa), v = V1, ..., Va), and
w, v € ([0, N — 1]9 " Z%). The inverse transform of multivariate DFRFT is

d
X = D DXy pg) [T F T (v
1a=0 =0 j=1

2.6 Space-Frequency Distribution

In multivariate time series analysis, one important topic is to research how the dom-
inant frequencies of the variations of time series analysis change with time/spatial
scales. In this section, we will introduce various transforms which can give informa-
tion about time series simultaneously in the time/spatial domain and the frequency
domain, including windowed Fourier transform, Wigner—Ville distribution, page dis-
tribution, Levin distribution.

2.6.1 Multivariate Windowed Fourier Transform

The multivariate Fourier transform can provide only global frequency information.
In order to overcome this disadvantage, multivariate windows are used to modify
Fourier transform. One always assumes that these multivariate windows are even,
real-valued. For example, Gaussian window function:

_ I
e (a > 0),

1
Wit)=| ——
© ( 2/ma )
is the most used multivariat% window. Other multivariate windows include:
(a) Rectangular window: [] X-11 (1)
k=1

N
(b) Hamming window: (0.54 + 0.46 cos(271x)) X,
k=1

](tk);

11
2°2
N
(c) Hanning window: I1 cos? () x_ 11 (t);
k=1

N
(d) Blackman window: [] (0.42 + 0.5 cos(27#;) 4+ 0.08 cos(47rtk))x[,%y%](tk),
k=1
where X[_%’%](z‘) is the characteristic function of [—%, %].
The windowed Fourier transform is defined as
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5 tw = [ e fmWir - tdr,
; Re

where f € L(R?) and W is a window function. When the window function is
Gaussian window, the corresponding windowed Fourier transform is also called a
Gabor transform or short-time Fourier transform. If the window function W satisfies
Jpa W(t)dt = 1, the inversion formula is

ft = / / S (T, W)W (t — T)dTdw.
R4 JRA

Denote by hW (t, w) the squared magnitude of the windowed Fourier transform,
ie.,
Py (tw) =[S} (t, w)|.

The pyfv (t, w) is called the spectrogram. By the definition of the windowed Fourier
transform,

PV (4, w) = | fpa e f (D)W (T — tydr [’

= Jpa e 2T f(YW (T — t)dT Jpa €77 ()W (T — t)dT
(2.6.1)
Let A (t, T) be the inverse Fourier transform of pffv (t, w), i.e.,

Af(t, T) =/ pﬁfv(t, w) MY dw.
Rd

Taking the inverse Fourier transform on both sides of (2.6.1) and using properties of
Fourier transform, we get

At 1) = (fFOW(ET — ) x (fF(—T)W(—T — 1)
= fp f@W(a—t) f(a—T)W(a—T—t)da
= fpa f @)W @—t+3) f =)W @u—t—7F)du,

and the last equality uses the substitution v = u + 7. Let

P =W(t+2)w(e-7)

,T) = — - =).
2 2

Since the window function W(t) is even, real-valued, then I'(t, 7) is the in-

stantaneous autocorrelation function of the window function, and I'(t —u, 7) =
W (u—t+Z)W (u—t— Z). This implies that
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Ap(t, T) = /R F(t—u,7)f (u + %) ?(u - %) du=T(t, 7) % K (t, 7),

where K;(t,7) = f (t + %) ? (t — %) Taking Fourier transforms on both sides, the
spectrogram is

p}v(t, w) = / (C(t, 7) * Kf(t, ) 672771'-1-«.‘;(1_1_7
R

where K ¢(t, T) is stated as above and is called the signal kernel.

2.6.2 General Form

For a function f(¢)(¢+ € R), if the Cauchy’s principal value:

f) = 1 lim/ 5Dy,
[t—7|>€

T e—0 t—T

exists, then f (7) is called the Hilbert transform of f (). Let f be a signal and f
be its Hilbert transform. The z(¢) = f(¢) +i f(¢) is called analytic associate of f.
Fourier transform of z vanishes for the negative frequency, i.e.,

2f (W), w =0,

W) =
0, w < 0.

Let f(t) = (fi(?), ..., fn(®))T be a real vector and z(t) = (z1(2), ..., 2. (t))T be

the analytic associate vector of f. The general form of space—frequency distribution
is defined as

P, (t, w) = / G(t —u, 7)Ky(u, 7) e ™ dudr,
Rz

where G (¢, 7) is the time-lag kernel and the signal kernel matrix is
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Koz (u,7) Koy (u,7) -

Kooy (u,7) Keypy(u, 7) -+

Kz (u, )

(Kzzz/ W, T mxm =

Koz (u,7) Kzpop (u, 7) - -
aw+Hzw—-3%) aw@+3)z2@-3%) -

2W+3)aw=3) 2W+z)nW=-7) -

0+ D)7 =3 o 4 B F) -

ie, Kyu,7)=12 (u + %) z!r (u — %) So the class of space—frequency distribution is

Py (t,w) = /RZ Gt —u,71)z (u + Z) z’ (u - %) e 2T dyudr,

2

2.6.3 Popular Distributions

67
Kz, 7)
Kz, (1, 7)
KZmZm (M, T)
2 (04 5) 7 (0= )
2 (+3)Tn(1—3)
am (4 5) T (u = 3)
(2.6.2)

Various popular space—frequency distributions can be derived directly from the gen-

eral form (2.6.2).
@LetG(t, ) =W ([+3)W(r
By (2.6.2),

Pzz(t,w):/RZW(t—u—&—%)W(t—u—%)z(u—i-%

— %), where W is a univariate window function.

)iT (u - %) e 29T qydr

which is called a space spectrogram. It can be rewritten as P, (t,w) =

(P2, (t, w))mxm, Where

iZj

T\ — T T
Pusy ) = [ W(e—ut 3)W(—u=F)a(u+3

Ifi = j, then

PZ[Zj(t7 W) =

/ e T2 (MW (T — t)dr
R

)Zj (u - %) e YT dydr,

=S¥t )P,

where SVIV (t, w) is the windowed Fourier transform of z; (7).
(b) Let G(¢, 7) = d(t), where § is Dirac function. Note that §(—7) = §(¢). Since

[ a3 o Dar=s(+ )7 (3.
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we get
Pu(t,w) = [p (o0 —wz(u+3)Z" (u—3)du) e >™dr
= [pz(t+3)Z" (1 — ) e ™dr

which is called a space Wigner—Ville distribution.
(c) Let G(t,7) = (¢t — 7). Note that 6(t —u — 5) = 6(u —t + 3). Then,

Pu(t.w) = 2()Z () e ™

is called the space Rihaczek distribution, where Z(w) is the Fourier transform of

z(1).
(d) Let G(t, 7) = 6(t — 5)W(z), where W(t) is a window function. The function:

P,(t,w) = Z(l)/ 2T(1‘ —T)W(7) e~ 2w
R
= Z(t) e—27‘ritw (/ iT(T)W(t _ 7_) e—ZWideT)
R

is called a space W —Rihaczek distribution.
() Let G(t,7) =1 (6 (t+3)+6(t —3)). Then,

P, (t,w) = Re (z([)’E‘T (w) e—ZWitw)

which is called a space Levin distribution.
) Let G, 1) = @ (5 (t + %) +0 (t - %)), where W (7) is a window function.
Then,

P, (t,w) =Re (/ zl (MWt —1) e2ﬂ‘i‘rwd7_) o 2mitw
R

which is called a space W —Levin distribution.
(@ LetG(r,7) =v(1)d (t — £) + v(—=7)4 (t + J), where v(7) is the unit step func-
tion: v(7) =1 (7 > 0) and v(7) = 0 (7 < 0). Then,

2

’

Pp(t, w) = 9 ‘/t z(7) e "Tdr
zz\!> = ot -

which is called a space Page distribution.

(h)Let G (1, 7) = W(r) rect (5=). The Py, (1, w) is called a Zhao-Atlas-Marks distri-
bution.

(i) Let G(¢, 7) = |7|° cosh™2" ¢. The PY(t,w) is called a B-distribution.

7r2L7!2

() LetG(t, 7)) = % e 7 .The P,(t,w) is called an E-distribution.
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2.7 Multivariate Interpolation

Long-term multivariate time series always contain missing data or data with differ-
ent sampling intervals. In this section, we introduce new advances in multivariate
interpolation, including polynomial interpolation, positive definite function interpo-
lation, radial function interpolation, and interpolation on sphere. These interpolation
methods are widely applied in climate and environmental time series.

2.7.1 Multivariate Polynomial Interpolation

Letx = (xi, ..., x4) be ad—dimensional real-valued vector and o = (v, ..., ay)
(o €Z4 (i =1,...,d)), denoted by x € R? and o € Z4. Let |oo| =y + -+ - +
. Define x* = x}"'x3” - - - x;. The polynomial P (x) = 3, <4 CaX® is called a
polynomial of degree k.

The multivariate interpolation of polynomials is different from the univariate inter-
polation of polynomials. In the one-dimensional case, a polynomial > ;_, cxx* (x €
R) of degree < n is a linear combinations of 1, x, ..., x". It can interpolate arbitrary
data Ao, ..., A, on any set of n + 1 distinct nodes 1y, ..., t, € R. Namely, the co-
efficients co, ..., ¢, can be chosen so that \; = ZZ:O cktik (i =0,...,n) since the
Vandermonde determinant:

1¢--- t?_l
12 --- [f*l
= H (t,' — t]) > 0.
1<j<i<n
1t, - [r’:—l

This results in the well-known Lagrange interpolation formula. However, in the
high-dimensional case, there do not exist n 4+ 1 multivariate continuous functions
gr(X)(k =0,...,n) (not only polynomials) such that their linear combination
D o Ckgk(X) (x € R?) can interpolate arbitrary data ), ..., A, on any set of n + 1
distinct nodes xo, . . . , x, in R?. In fact, if there exist such { gy }x—o
det(gk(t;)) # O for any set of n + 1 distinct nodes {t}i=o, ...,
is not possible. Select a closed path containing t; and t, in R but no other nodes.
Continuously moving t; and t, in the same direction in the closed path can exchange
positions of t; and t,, so the determinant will change sign. Since the determinant is
a continuous function, it will vanish at some stage. This is a contradiction.

An efficient method is on a Cartesian grid. For example, for d = 3, we interpolate
F(x,y, z) in the grid:

.....
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{((xi,yjoz): 1<i<n, 1<j<m, 1<k=<I}.

The interpolation formula is

n

m i
L(F(x,y,2)) = z DD F (i i 20ui () () wi(2),

1 j=1 k=1
where
n X X m y y ) z z
— X —yj — 2k
ui(x) = s vi(y) = s w(z) = :
v#i 1Z3] v#k

This interpolation formula is a direct generalization of the univariate case.

Consider a set N consists of %(k + 1)(k 4+ 2) nodes in R? and there are k hy-
perplanes Hy, ..., H, C R? such that N C Uf:o H; and just i + 1 nodes lie in
H;(0 <i < k), then arbitrary data on the set N can be interpolated by a d—variate
polynomial of degree k. For example, if the set NV consists of six nodes ty, t;, ..., ts
in R? and there are three straight lines Lo, L, L, C R?suchthatty € Lo, t;, t, € L,
and the remaining t3, t4, t5 € L,, then arbitrary data on the set NV can be interpolated
by a bivariate polynomial of degree 2.

2.7.2 Schoenberg Interpolation

A complex-valued function f in R? is said to be strictly positive definite if, for any
finite set Xq, ..., X, € R, the n x n matrix M, = f(x; — xy) is positive definite,
ie,forallv= (vi,...,v,)7,

TMV = Z _,'Uijk > 0,
j=1 k=1

where M = (M ), xn. A linear combination of translation of a strictly positive defi-
nite function, > ;_, ai f (X — X;), can interpolate arbitrary data on any distinct nodes
X{,...,X, € R

A function f(¢) is said to be completely monotone on [0, co) if f(¢) is infinitely
differentiable on (0, 0o) andis continuous at# = Oand (—D)* f® (1) > 0(t > 0, k =
0, 1,...). For example, the following three functions:
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fO =@+ (@>0, 3>0),
f@)=e! (> 0),
f@)y=1"'1-e)

are all completely monotone.

Schoenberg Interpolation Theorem. Schoenberg Interpolation Theorem. If f is
completely monotone but not constant on [0, 00), then, for any distinct nodes
(X Ji=1...n € RY, the linear combination:

DafUx—xc ) =D cf (1 —xa)” + - + (xa — xa)’) ,

k=1 k=1

where X = (x1, ..., xg) and Xy = (X1, . . ., Xka), can interpolate arbitrary data on
these nodes.

For any distinct n + 1 nodes {X;}x=1...» € R, Schoenberg interpolation theorem
shows that the following linear combinations:

> alat [ x—x [H7F (a>0,8>0),
k=1

S e~ olx—x|? (a>0),

k=1

n ) e 12
> el x—x 72 (1= e

k=1

can interpolate arbitrary data A, ..., A\, onnodes Xy, ..., X,.

2.7.3 Micchelli Interpolation

There exist more functions such that the following form of interpolation holds

Dt U x—xc ).

k=0

Micchelli Interpolation Theorem. Let f be a positive-valued continuous func-
tion on [0, co) and the derivative f’ be completely monotone but not constant on
[0, 00). Then, the combination ZZ:I e f(l x — X I>) can interpolate arbitrary data
AL, ..., Ay on any distinct nodes xi, . .., X, in R4,
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Proof Letv = (v, ..., v,)T be a nonzero real-valued vector, where ZZ:I v =0,
and let M = (M j;)nxn, where Mj, = f (|| x; — xi [I>). Note that

viMv = szjka(“ Xj — X [1P).

j=1 k=1

Since f(¢) is infinitely differentiable in (0, co) and continuous at ¢t = 0, f(¢) can be
expressed by a Stieltjes integral:

oo l _ efst
f@) = f(0) +/ ———da(s),
0 N

where a(s) is a non-decreasing bounded function and fooo w < 0. So
n o n slx i —xp |2
VMY =3 3 v (FO) + [T dad))

j=lk=1

LI 00 sl
=—=2 2 vy ——da(s).
j=1k=1

Since the matrix (e~*IX—% Ilz)nxn is positive definite, v (—=M)v > 0, and then M is
non-singular. From this, the desired result is obtained.

The functions +/tr and log(1 +¢) satisfy the conditions of Micchelli
interpolation theorem. The function /1 + ¢ used often in geophysics also satisfies
the conditions of Micchelli interpolation theorem. Therefore, the following three
linear combinations:

n
ch X —x |,
k=1

> clog(+ [l x —x¢ |17,

k=1
DlaV1+ I x—x |?
k=1

can interpolate arbitrary data Ay, ..., A, on any distinct nodes xi, ..., X, in R4,
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2.7.4 Interpolation on Spheres

Interpolation on spheres is often used in geography, climate, and environment, whose
information is gathered over the Earth’s surface. Denote by S? the d —dimensional
unit sphere in RY*! i.e.,

St ={xeR™: |x|=1}.

Ultraspherical polynomials are introduced to establish the interpolation formula
on spheres. The ultraspherical polynomial PV (x) is a polynomial of degree n which
is determined by the equation:

A=2rx+rH7=>"r"PM ) (A>0).
n=0

For any \ > —%, the ultraspherical polynomial family { ny)\)}n:(),l,m satisfies the

conditions: 1 \ N 1
L PP @PP 01— x) N rdx =0 (j # k),

A _ _ (42)-1)
PV (1) = Ciion1 = 1?!(2)\—1)! :
Interpolation Theorem on Spheres. Let x1, ..., X, be distinct points on the unit
sphere S¢. For the ultraspherical polynomial series of f(¢) on [—1,1],

)

f@y = a;P; 7 ),
j=0

d—1
ifa; > 0,04 >0(0 <k <n),and Z;io ajP( 2 )(1) < 00, then the linear combi-

J
nation ZZ:l ?k f((x, x;)) can interpolate arbitrary values on nodes xi, .. ., X,,, where
(x, x;) is the inner product of x and x;.

2.8 Sparse Approximation

Sparse approximation has attracted considerable interest recently because of its ap-
plication in many aspects of data analysis. The crucial rule in sparse approximation
is to seek a good approximation using as few elementary signals as possible, so the
amount of space needed to store large multivariate spatial datasets would be reduced
to a fraction of what was originally needed.
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2.8.1 Approximation Kernels

Let H,(x) (n € Z,) be kernel functions on R¢ satisfying
fRd H,(x)dx =1,

sup [pu |Hy(X)|dx < 00,

nely

lim fonzd |H,(x)|[dx =0 forany § > 0,

n—00

and let f be any bonded continuous function on R?. Then,
lim (H, * f)(x) = f(x) (x € RY),
n—00

where H, x f represents the convolution of H, and f on R?.
Main kernel functions used often are as follows:
(a) Polynomial Kernel:

(=[x D" I x <1,
Hn(X) =
0, x> 1,

where || x || is the Euclidean norm of x € R? and ¢, is determined by fRd H,(x)
dx = 1.
(b) Dilation Kernels: H,(x) =n’Hnx) (x € RY, n € Z,), where fRd H (x)
dx = 1.
(c) Weierstrass Kernel: W (x) = 7—% e~ IXI° (x € RY).
(d) Cauchy Kernel: C(x) = W (x € R?), where 7 > 0 is determined by
Jpa C(x)dx = 1.

If a function f(x) on R has the form:

2mi(k
fo= > ey,
kezd
[ki]+--+lka|<n
then f is called an multivariate trigonometric polynomial of degree at most n. If
Joa THX)|dx = 1,

HX) =0 (x]+--+lxa = 1),
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and if f is an integer-periodic continuous function on R, it can be proved that
H) * f is an multivariate trigonometric polynomial of degree at most A — 1 and
limg_ o0 (Hy * ) = f, where H\(x) = AYH(\X).

Let o = (o, ..., ay). Define

0 f (x)

aq Qd
ox{"---0xy

(D* NHx) = (lal=ar+ -+ aq).

If D f is continuous and bounded on R? for all || < k, we say f € C*(R?). If
a kernel function H satisfies fRd |H(x)x*|dx < oo and its dilation kernel H)(x)
satisfies H)(x) * £, = X (Ja| < k), it can be proved that for f € C*(R?),

(0%

[(Hy % f)xX) — fFR)| < MIfA™* (xeRY),

where M =3, & [os IHW)IIy*Idy and | f]c = maxja|_y, xere | D f (%) It is
not difficult to construct this kind of kernel functions, for example,

k
H(x)= > aih (;) 7 (xeRY,
i=1 i

where t,...,% € R are different nonzero points, a; =[], —l

=k j#EL -t
(i =1,...,k), and h satisfies

/hmsz /M@f@<w(M<H
Rd Rd

2.8.2 Sparse Schemes

For a smooth function f on the cube [0, 114, we extend it to an integer-periodic
function on R? and then expand it into Fourier series. Its Fourier coefficients de-
cay slowly due to the discontinuity on the boundary, so we need a lot of Fourier
coefficients to reconstruct it. In this subsection, we give a sparse scheme to recon-
struct the smooth functions on the cube [0, 1]¢. _

Let f(x1,...,xg) be defined on [0, 11¢ and Z2"L (i1, ... iy =0, 1,2) be

ax;l ~~~0x:,d
continuous on [0, 11¢. The reconstruction scheme consists of five steps.
Step 1. Start from the (d — 1)—variate boundary functions of f(xy, ..., xs)

f(()?'xz""?'xd)’ f('xl’o""7‘xd)’ A f('x19'x27""0)’

f(l,xz,...,xd), f(xl,l,...,xd), ey f(xl,xz,...,l).
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Step 2. Construct a d —variate function g(xy, . . ., x4), which is a combination of these

(d — 1)—variate boundary functions and the factors xi, ..., xs, (1 —x1), ..., (1 —
X4), to satisfy a condition:

gx1s ... xq0) = f(x1,...,x5) on 9([0, 11%).

Step 3. Let h(xy,...,x7) = f(x1,...,%xq) — g(x1, ..., x5). Compute the Fourier
coefficients ¢y, . n,(h) of h, where [njny---ng| < N and |ny], [n2f, ..., |ng] < N.
Step 4. Compute the hyperbolic cross truncations of Fourier series of f(xy, ..., x4)
by the formula:
S[(\il,c)(f; Xisoors xd) — Z Corooony (l’l) e2ﬂ'i(mx1+...+ndxd).
Iny-ngl<N
[nil,n2l,....lna| <N

Step 5. The reconstruction formula of f(xy, ..., xz) is

FOn o xa) ~ gl xa) + sy (L xa). (2.8.1)

The square error egf,” is

log?~' N
) g
=0 (*5).

and the total number of Fourier coefficients used is equivalent to N log?~! N.
In the reconstruction formula (2.8.1), the term g(xy, ..., x4) is a combination of
these (d — 1)—variate boundary functions:

f(o’-xZ’""xd)! f(x170"""xd)7 AR f(xl7"‘7xd_l70)’
f(la-xZa-'-a-xd)v f(.x1,1,...,Xd), RN} f(-xlv"'axd—lvl)

and the factors x1, ..., x4, (1 —x1), ..., (1 — x;). However, each of the above (d —
1)—variate boundary functions can be processed again and again by Steps 1-5 until
the involved boundary functions are univariate functions. Finally, f(xi, ..., xs) on
[0, 1]¢ can be reconstructed by few Fourier coefficients with small approximation
error and its values at the vertexes of [0, 1]¢. Such approximation scheme by using
few coefficients is just sparse approximation.

Compared with this approximation scheme, if the function f(xy, ..., x;) is re-
constructed by the partial sum of its Fourier series:

|ni|=N [nal<N

then the corresponding square error 'éf\‘,l ) decays slowly,
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d)\2 ~_1
@) =00,

where N is the total number of the Fourier coefficients and N ~ N¢.

Now, we give the detail algorithm for the univariate, bivariate, and triple functions
used often.
(i) Let f(x) be a univariate function defined on [0, 1] and f”(x) be continuous on
[0, 1]. We reconstruct f(x) as follows. Clearly, two boundary values are f(0) and
f(1). Construct a univariate function:

gx) = fx) = fO)A-x)—fDx O=x=D.

Clearly, g(0) = f(0) and g(1) = f(1). Find the Fourier coefficients of g(x) by the
formula:

1
ealg) = / g(x) 2 .
0

The reconstruction formula of f(x) is

N
fORFOA=0)+fDx+ D alge™  O0<x<1)
n=—N

and the square errors eﬁ) satisfy

=0 (%) :

In the reconstruction formula, f(x) can be reconstructed by f(0), f(1), and coeffi-
cients {c,(g)}(|n| < N), and the total number of Fourier coefficients is equivalent
to N. _

(ii) Let f(x, y) be a bivariate function defined on [0, 1]? and g;j;;, (i,j=0,1,2)
be continuous on [0, 1]%. We reconstruct f(x,y) as follows. Clearly, four univariate
boundary functions are

f@x.0, fx 1) O=x=<1),
fO.y., fd,y) O=y=D.
where each boundary function can be reconstructed by values at the end points and

2N + 1 univariate Fourier coefficients. Based on these four boundary functions, we
construct a bivariate function:

gx,y) = f(x,00(1 —y)+ f(x, Dy + fO, y)(1 —x) + f(1, y)x

—f0,00(0=x)(1 = y) = fO0, DA = x)y—f (1, 0)x(l = y) = f(I, Dxy.
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Clearly, g(x,y) is a combination of four boundary functions and four factors
x,y, (1 —x), (1 —y) and satisfies

9(x,0) = f(x,0), g, D=fx1) O=x=I,

g0,y) = fO,y), g, y)=f{,y) O=<y=<1.

Let
h(x,y) = f(x,y) —g(x, y).

Find Fourier coefficients of & (x, y): {cun(h) } (Imn| < N, |m|, [n] < N ) and then
find the hyperbolic cross truncations of Fourier series of & (x, y) by the formula:

h, i y
eI = D0 () TN,

Imn|<N
Iml.In|<N

The reconstruction formula is

FOLy) =g, ) +s0@ ) ((x,y) €10,17)

Since four univariate boundary functions, which are used to construct g(x, y), can be
reconstructed as those in (i), the total number of the Fourier coefficients used in the
reconstruction of f(x, y) is equivalent to N log N, and the square errors eg) satisfy

5 log N
) =0 ( )

(iii) Let f(x, y, z) be a triple function on [0, 17 and a 8 fdzk (i, j,k=0,1,2) be
continuous on [0, 1]°. We reconstruct f as follows. Clearly, six bivariate boundary
functions are

f0.y.2), f(,y.2) (0<y=<1, 0<z<1),
f(x,0,2), f(x,1,z2) (0<x<I1, 0<z<1),
[y, 0, fGy,h) O=x=1 0=y=.
Based on these six bivariate boundary functions, construct a triple function as follows:
9g(x, y,2) = gi(x, y,2) + g2 (x, ¥, 2) + g3(x, y, 2),

where
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gi(x,y,2) = fx,y, 00 —2)+ f(x,y, Dz+ f(x,0,2)(1 —y) + f(x, 1, 2)y
+f0,y, 290 —x) + f(1, y, 2)x,

@, y,2) = =f(x,0,00(1 = y)(1 —z) = f(x,0, )1 —y)z
—f(x, Loyl —2) = f(x, 1, Dyz = £(0,y,0)(1 —x)(1 —2)
—fO,y, DA =x)z — f(1,y,00x(1 —2) — f(1,y, Dxz
—f00,0,2)(0 —x)(1 —y) — f(0,1,2)(1 —x)z
—f(1,0,29x(1 —y)— f(1,1,2)xy,

g3(x,y,2) = £(0,0,0)(1 —x)(1 = y)(1 —2) + £(1,0,0)x(1 — y)(1 - 2)
+£00,1,00(1 —x)y(1 —z) + £(0,0, D(1 —x)(1 — y)z
+f(1,1,0xy(1 —z) + f(1,0, Dx(1 — y)z
+£(0,0, D1 —x)yz+ (1, 1, Dxyz.

Clearly, g(x,y,z) = f(x,y,z) on 0O([0,11%). Let h(x,y,2) = f(x,y,2) —
g(x,y,z). Find Fourier coefficients {cyn,n,(h)} (|n1nan3| < N, |ni], |n2, |n3| <
N ) and find the hyperbolic cross truncations of Fourier series of 4 (x, y, z) by the
formula:

s}(\l,nc) (X, y, Z) _ Z - (h) e27Ti(n1x+nzy+n3z).

Inynan3|<N
[niln2lIn3|<N

The reconstruction formula is

fOoy, )~ gy, 2) +sw(x,y,2),  (x,y,2) €[0,1

Since six bivariate boundary functions, which are used to construct g(x, y, z), can
be reconstructed as those in (ii), the total number of the Fourier coefficients in the
reconstruction of f(x,y,z) is equivalent to N log2 N, and the square errors eﬁ)

satisfy ()2 = 0(le ),

2.8.3 Greedy Algorithm

An arbitrary subset of L>(R?) is called a dictionary. One approximates to f by alinear
combination of N functions in a dictionary D. For example, the translations of Gabor
functions g, (1) = e e (a, B € R) can generate a dictionary {g, s(t —7) :
a, B, v € R}in L>(R).

(a) Pure Greedy Algorithm

Let D be a dictionary in L2(R%). For f € L>(R%), let h = h(f) € D be such that
(f, h(f)) = sup,ep(f, h), where (f, 9) = [ra f(©)F(t)dt. Define



80 2 Multivariate Harmonic Analysis
Gi(f) = (. h(f)h(Sf), Ri(f)=f—Gi(f),
G:(f) = Gi(N) +Gi(Ri(f), R(f)=Ff—Ga(f).

For m > 2, inductively define

Gm(f) = Gm—l(f) + Gl(Rm—l(f))9 Rm(f) = f - Gm(f)

For the dictionary D generated by an orthogonal basis, G,,( f) is the best m—term
approximation of f from D. However, in general, this algorithm is not ideal.

(b) Relaxed Greedy Algorithm

Let Gi(f) and R;(f) be stated in (a). Define

GY(H=0, RV =1,

G (f)=Gi(f), R (f) = Ri(f).

For a function g, let h = h(g) € D be such that (g, h) = sup,..p(g, 7). Inductively
define " "
G = (1= 3) GuLi(H) + h(RyL (),

RO(f) = f =G

In general, G (f) can approximate to f better than G, (f).

2.9 Spherical Harmonics

Spherical harmonics are a frequency—space basis for representing multivariate time
series defined over the sphere. Based on the rotation and spherical harmonics, a
square integrable function can be expanded into an orthogonal series whose term is
a product of a radial function and a solid spherical harmonic function of degree k.
The structure of each term is invariant under Fourier transform.

2.9.1 Spherical Harmonic Functions

A function u defined on a domain D on R¢ is called a harmonic function if it satisfies
. 92 2
the Laplace equation Au = (3)7? 4.4 ‘;r? =0onD.
1 d

A polynomial of the form p(t) = 3", Cat® (k € Z,), where
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a=(ay,...,aq), each ap=0,1,...,
lal =aj+ar+ -+ ay,
t =671y,

is called a homogeneous polynomial of degree k on RY.

A homogeneous harmonic polynomial of degree k is called a solid spherical
harmonics of degree k, and the restriction of such function on the surface of the
unit sphere is called a surface spherical harmonics of degree k. For example, the
polynomial p(x, y) = x> — 3xy? is a solid spherical harmonics of degree 3 on R?.
Let x = rcosf, y = rsinf. The restriction of p(x, y) on the unit circle is cos(36).
So cos(30) is a surface spherical harmonics of degree 3 on R2.

2.9.2 Invariant Subspace under Fourier Transform

(1) Radial Function
Let f be a function on R?. If

fpt) = f(1), (2.9.1)

where p is any orthogonal transform on R?, then £ (t) is called a radial function. If
f@O) =& t]),ie., f(t) on RY only depends on the norm of t, then f(t) must be
a radial function.

(a) Fourier transform and orthogonal transform are exchangeable

Let f(x) be an integrable function and p be a d x d orthogonal matrix. Fourier
transform of f(pt) is

(f(pt) " (w) = 8 fpt) e ™« V.

Since p is an orthogonal matrix, p~' = p” and det(p) = 41. Making the substitution
X = pt, we get

(F () (@) = / () 2wV gy (29
Rd

The inner product can be rewritten into the product of matrices (w, pTx) = w’ p’x.
The transpose of 1 x 1 matrix is equal to itself and (w, p’x) is a 1 x 1 matrix, so
(w, pTx) = x" pw = (x, pw) = (pw, X). From this and (2.9.2), we get

(f (o))" () = /R f ) e Ndx = Fpw), (2.9.3)



82 2 Multivariate Harmonic Analysis

In detail, £(t) 5> f(pt) 5> (f(pt)) (w) is equivalent to f(t) > F(w) 5> F(pw),
where F is the Fourier transform.

(b) Fourier transforms of radial functions are still radial functions

If f£(t) is a radial function on R¢, p is an orthogonal transform on R?, by (2.9.1) and
(2.9.3), we get

Flw) = (f(pt)" (W) = Fpw).

So f(w) is also a radial function on R.
(i) 2—Dimensional Invariant Subspace
The polar coordinate representation of Fourier transform on R?:

00 2T
flw) = / fre?ye2miRreose=0 1 qrdp  (w = Reé'¥%). (2.9.4)
0 0

The subspace D,(cz) (k € Z) is the set of functions f on R? satisfying f(z) =

g(r)e*? where z = r ¢!’ and g(r) only depends on r. If f € D,Ez), then f(z) =
qg(r) e*(z = re'?). Let h(z) = f(e'?z) for a fixed . Then,

h(z) = f(¥z) = g(r) * 0T = ¢/k% f(z).

This implies that R o
R = e F ). (2.9.5)

On the other hand, since Fourier transform and orthogonal transform are exchange-
able and ¢'¥z is a rotation, it follows from h(z) = f(¢'¥z) that h(w) = f(e'Yw).

o~

Comparing this with (2.9.5) gives f(e'¥w) = ¢** f(w). Let w = R. Then,
F(RE¥) = F(R) "%, (2.9.6)

i.e., fe D,EZ). Hence, D,gz) is a invariant subspace under Fourier transform.
In the invariant subspace D,Ez), ifk £ leté e D,iz) andn € D](Z). Then, £(t) =
() e, n() = 7(r) . Since [57 e *-D0d0 = 0 (k # 1),

2r
&= / p(r)T(r) (/ e"("”do) rdr =0,
R 0

So D,EZ)J_D,Q), i.e., D,(f) and D,(Z) are orthogonal.
This means that the sequence of subspaces {D,Ez) }kez 18 an orthogonal sequence.
Any f(z) = f(re'?) is a 2m—periodic function of #. Expand it into Fourier series:

f@=fee)y=>" fitr)e",

keZ
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where Fourier coefficient fi (r) = ﬁ 02“ f(re'?) e=*d0. Clearly, each fi (r) ¢'*? is
a function in D,Ez). Hence, L?(R?) is an orthogonal sum of D,Ez) (k € 2),
oo

2
L*(R*) = P b, )

k=0

and each subspace D,(cz) is invariant under the Fourier transform. So any function
f € L*(R?) can be decomposed into f(z) = >_ Fy, where F; € D,Ez).
k

If f € D and f(z) = g(r) *’, then, by (2.9.4),

oo 27
flw) = / / g(r) e e 2mRrcos=0pdrdh  (w = Re™).
o Jo
Let ¢ = 0 and then let § = 7 — 6*. Then,
f(R) = fo"o g(r) (IOZW e—2miRrcost ,ikd d9) rdr

= 2m(=i)t [ gy (& J3T e TR ek dgr) rr

2

Note that Bessel function Ji (¢) has the integral representation: Ji (1) = 5 foh eitsind

e 040 (k € 7). So

F(R) = 2m(—i)* / ” g(r)Je 2w Rr)rdr.
0

From this and (2.9.6),
F(Re¥) = 2n(—i) (/ g(r)Jk(ZﬂRr)rdr) e,
0

(ii1) d —Dimensional Invariant Subspace
The subspace D,((”D is the set of all linear combinations of functions of the form
7(|| t [Dp(t), where 7(|| t ||) ranges over all radial functions and p(t) over all solid
spherical harmonic functions of degree k.

If f(t) =7(]| t|), where 7(]| t ||) is a radial function, then its Fourier transform
f(w) = Fy(jwl), where

Fo(lw|) = Fo(R) = 2rR™% /OO 7(s)Jaz 2T Rs)s2ds  (Jw| = R)
0 2

is also a radial function, where J,, (x) is the v—order Bessel function and
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1 T .
J,,()C) - / ez(u@—xsm@)de'
27 )

Ifre)y=r(tl) p, wherei\ p(t) is a (solid) spherical harmonic function of degree
k, then its Fourier transform f(w) = F;(Jw|) p(w), where

d

F(lw]) = Fu(R) = 27G) "R~ 52—"/ T(S)]d2;2+k(27rRs)S%+kds (jw| = R).
0

This implies that each D,(cd) is an invariant subspace in L>(R) and the Fourier

transform in D,((d) corresponds to a Bessel transform.
Similarly, if k # [, then D,((d)J_Dl(d), ie., D,Ed) and D](d) are orthogonal. Hence,
L?(R?) is an orthogonal sum of D,Ed) (k=0,1,...),1ie.,

o0
L*(R) = P D
k=0
For f € L%(RY), there exists a sequence { fx}x—o.1,... of functions such that

OED IS

k=0

where f; € D,Ed) and f(t) = (]| t | px(t),i.e., f can be expanded into an orthog-
onal series:

F® =" ndll thpxt).

k=0

where 7 (]| t ||) is a radial function and py (t) is a solid spherical harmonic function
of degree k.

2.10 Harmonic Analysis on General Domains

More and more data are collected in a distributed and irregular manner. In this
section, we will analyze the spatial frequency information of multivariate time series
on general domains.
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2.10.1 Symmetric Kernels

Letk(x, t) be acontinuous function onadomain 2 x ,wherex = (x1,...,xy) € Q
and t = (f1,...,1t;) € Q. A continuous functional F on € is called a functional
expressed by the kernel k(x, t) if it maps a continuous function 4 (t) on €2 into

/ k(x, HA(t)dt (x € Q).
Q

The kernel k(x, t) is said to be a symmetric kernel if it satisfies the condition k(x, t) =
k(t,x) (x, t € Q). When A\ = )\, if the integral equation:

px) = )\/ k(x, t)p(t)dt
Q

has nonzero solutions, then )\, is said to be an eigenvalue of the kernel function
k(x, t) and the nonzero solutions, denoted by ¢y, of the integral equation are said to
be eigenfunctions corresponding to the eigenvalue A, i.e.,

oe(%) = Ay /Q kx Dot (x € Q).

Any function expressed by the symmetric kernel k(x, t) has infinite eigenvalues.
Denote all eigenvalues by |A;| < |Az]| < |A3] <--- and | M| = 0o (k — 00). The
corresponding eigenfunctions {¢;} are normal orthogonal, i.e., fQ () (Hdt =
Ox.1, where dy; is the Kronecker delta.

Let f(x) be a function on the general domain 2. Then, the Fourier series of f:

fF® = apx),

keZy

where ¢; = [, f(X) ¢ (x)dx.

2.10.2 Smooth Extensions and Approximation

Smooth extensions of the higher-dimensional function are similar to those of the
two-dimensional functions. However, the representation of the higher-dimensional
case is too complicated. Therefore, we only consider the two-dimensional case.

(i) Smooth Extension
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Let Q C [0, 1]? be a planer domain and its boundary OS2 be a piecewise very smooth
curve, and let f be a function on 2 and its all partial derivatives are continuous on
Q. Then, for r € Z,, there exists a smooth function F(x, y) on [0, 11? such that

@ F(x,y) = f(x, y) ((x, y) € £2);

(b) gx, (;5,. (x,y) (i + j <r)is continuous on [0, 1]*;

(¢) #55(x, ) = 0(i + j < r) on the boundary [0, 11%;
(d) F(x, y) can be expressed locally in the form:

L L L
D@y or D mnx or D> 'yl
=0 =0

i,j=0

on the complement [0, 117\ Q, where L € Z, and each c; ; s constant.

The construction of the smooth extension F(x, y) of f(x, y) from Q2 to [0, 1% is
stated as follows. Without loss of generality, the complement [0, 1]? \ Q is divided
into some trapezoids with a curved side and some rectangles. For convenience of
representation, assume that there are four points (x,, y,) € 902 (v = 1, 2, 3, 4) such
that [0, 1]? \ Q is divided into the following four rectangles:

Hy =10, x1] x [0, ],  Hi = [x2, 1] x [0, y2],
Hy = [x3, 1] x [y3, 11, Ha = [0, x4] x [ys, 1]
and four trapezoids with a curved side:
Ey={(x,y): xi<x=<x, 0=<y=<g}
Ey={(x,y): h(y) =x=1, m=y=nh
Esy={(x,y): m=x=x3 g'(x)<y=1}
Es={(x,y): 0<x<h*(y), y1 <y =<y}
The curve side of each trapezoid E, is on 9€2, and the bottom side is on 9([0, 11%).
First, we extend f smoothly to each trapezoid E,,.

By similarity, we only state how to extend f from @ to Q J E;. Using two
sequences {ax,1(x, ¥)}k=o,1,... and {bx 1(x, y)}x=0,1,..., Where

y =gt (v Y
ap1(x, ) = ;75 ar1(x,y) = ~—3— (M) (k € Zy),

— k _ k+1
boa(ry) = S0 by =5 (S) kezo,

by induction, we define a sequence of functions {S{k) (x, ¥)}x=o0.1,.. on Ej as follows:
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SV, y) = fx, g api(x,y) (1 <x<x, 0<y=<gx).
In general, fork € Z .,
(k) _ k=D
SV ) = SEVG) + aa ) (G g6 - T g()
—by i (x, y) o 0y (x 0) (x1 <x <x, 0=<y=<gH).
.. (k) (k) (k)
Similarly, we construct S, (x, y), S5 (x, y), and S, ' (x, y) on Ey, E», and E3, re-
spectively.

Next, we smoothly extend f to each rectangle H, (v = 1, 2, 3, 4). By similarity,
we only state the smooth extension of f on H;. Let

. k1
aen(y) = S (y]) ;

) o\ K+l
G =% (52) k=01,
and let

MO0, y) =Sy aon () G=re+ Do +2)0 +3)),

(1)

MO0 y) = MED 0w + a0 (S50 v — P )

w0k =1,....7, (x,y) € H),

Fmt
=B (V) i

where 7, = r(r + 2), and let
. k+1
oy 1(x) = S kf') (f]) ,

x* f(x=x ke
Braa(x) = 37 (—ﬂcl ) k=0,1,...),
and let

NP, y) = (S (e, y) = M (x1, ) ag.1a(x),

ok (s _pg)
NPy = NP @) + aciato) (Mm,y) S (e, )

B M0, )k =1,....7, (x,y) € Hy),
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Similarly, we construct M (x, y) and N\ (x, y) on H,(v = 2, 3, 4).
Finally, let

£y, (x,y) €Q,
F(x,y) =1 857, ), . y) €k (v=1234, (210.)
M (x, y) + NO(x, y), (v, y) € Hy (v=1,2,3,4).

Then, the function F'(x, y) is the desired smooth extension of f from 2 to [0, 11
(ii) Fourier Approximation

Let f(x,y) and its all partial derivatives be continuous on € C [0, 1]%, and let
F(x,y) [see (2.10.1)] be its smooth extension from 2 to [0, 11%. We extend F (x, y)
to an one-periodic function on R2, still denoted by F(x, y), and then expand F (x, y)
into a Fourier series. Note that F'(x, y) = f(x, y) on Q. Then,

) =D Cun(F) ™) (x,y) € Q), (2.10.2)

m,nez

and the Fourier coefficients c,,,(F) decay fast, where c,,,(F) = fol fol F(x,y)
6727Ti(mx+ny) d)Cdy
Take the hyperbolic cross truncations of the Fourier series (2.10.2):

sy (i = D () ST,

[nyny| <N
[nl,ln2| <N

So f(x,y) ~ sj(\}f‘c)(f; x, y) with a small error, i.e., f(x, y) is reconstructed by few
Fourier coefficients ¢, (F').
Let F(x, y) be an odd extension of F(x, y) from [0, 1] to [—1, 1]%:

F(x,y),  (x,y) €[0,1P,
_F(_x’ y)s (x! )’) € [_170] X [O’ 1]1

FO%,y) =
F(—x,—y), (x,y) € [-1,0],

—F(x,=y), (x,y) €[0,1] x [-1,0].

We extend F© (x, y) to a 2-periodic function, still denoted by F(® (x, y), and then
expand it into a Fourier sine series. Note that F (x, y) = f(x, y) on Q. Then,

f) =D D cu(FO)sinmrx) sin(iry)  ((x,y) € Q),

meZy nely
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where the Fourier sine coefficients are
1l
Con (F @) = / / F9(x, y) sin(mnx) sin(nmy)dxdy
—1J-1

and ¢,,, (F?) decay fast.
Let F©(x, y) be an even extension of F(x, y) from [0, 1]* to [—1, 1]*:

F(x,y),  (x,y) €0, 1],
F(=x,y), (x,y)€[-1,0]x[0,1],

FO®x,y) =
F(—X, _y)v ('xv y) € [_11 0]23

| F(x,—y), (x,y)€[0,1] x[-1,0].

We extend F® (x, y) to a 2-periodic function, still denoted by F (x, y), and then
expand it into a Fourier cosine series. Note that F© (x, y) = f(x, y) on Q. Then,

@) =20 cnn(F ) cosimmx) cosnmy) — ((x, y) € Q),

m=0 n=0

where the Fourier cosine coefficients ¢, (F®) decay fast.

If we consider the hyperbolic cross truncations of the Fourier sine (or cosine)
series, f(x, y) on €2 can be reconstructed by few Fourier sine (or cosine) coefficients
Cimn (F(o)) Or Cin (F(e))-

2.11 Harmonic Analysis on Graphs

Harmonic analysis tools originally developed for Euclidean spaces and regular lat-
tices are now being transferred to the general settings of graphs in order to analyze
geometric and topological structures, as well as data measured on them. A graph G
has n vertices vg, vy, ..., v,—;. If there is an edge between two vertices v; and v;,
we say that v; and v; are adjacent, denoted by v; ~ v;. Denote by d; the number of
adjacent vertices of the vertex v;. The d; is called the degree of the vertex v;.

2.11.1 The Laplacian of a Graph

The Laplacian matrix £ of a graph G is defined as £ = (L(v;, v}));, j=0,1,..,n—1, Where
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1 if i =7 and d; #0,
L, vj))=1" ;d if v; and v; are adjacent, (2.11.1)
idj
0 otherwise.
Let g be a function defined at vertices vy, vy, ..., v,—1. Then, g = (g(vo), ...,

g(v,—1)T is a column vector. By (2.11.1), it follows that £g = (70, ..., Yo—1)7,
where

[ (g(v,-) g(v,»)) .
yi=—— - (i=0,1,....n—1). (2.11.2)
N A NG

Letgy = (J/do, ..., /d1)T.By (2.11.2), Lgy = 0 or Lgy = \ogo, where \g =
0. This implies that )\ is a eigenvalue of the Laplacian matrix £ and gy is the corre-
sponding eigenvector. Since the Laplacian matrix £ is symmetric, its all eigenvalues
are nonnegative real numbers, denoted by 0 = \g < A} < --- < \,_;. The set of
eigenvalues is called the spectrum of L (or the spectrum of the associated graph G).
Let T be a diagonal matrix:

do 0 -+ 0
0d -+ 0
T = ,
00--- dn—l
and let I be a n—dimensional column vector: I = (1,1,...,1)7. Then, TI =

(do, dy, ..., dy_))T.

Let f = (f(vo), f(v1), ..., f(vy—1))T. The notation f L 7T means that the inner
product of two n—dimensional vectors f and T'I vanishes, i.e., Z?;ol f)d; =0.
The eigenvalue A is
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> (fu) — f(v)))?
A\ = inf =Y
f1TI n—

l (2.11.3)
f2()d;

i=0

If the function f; at vertices attains the infimum, then f; is a harmonic eigenfunction
of L. The largest eigenvalue is

2 (f) = fw))?

v~

Au—1 = sup
£

n—1
;)fz(vi)di

Let Si_1 be the subspace generated by the harmonic eigenfunctions corresponding
to \; fori <k — 1. Then,

> () = fw))? > ()= f@))?
N =inf sup ”Ln_”l’ = inf o "fn_l k=2,....n—2)
B ST (i) — g(ui)? Y g
i=0 i=0

2.11.2 Eigenvalues and Eigenfunctions

From (f(v;) — f(vj))2 < 2f2(vi) + 2f2(vj), it follows that

n—1 n—1 n—1
DF) = f) D Pwndi+ Y fPpd =2 ) d,
vi~v; i=0 j=0 i=0

where in the sum of the left-hand side, f(v;) — f(v;) occurs only one time. So

> (fv) — fw))?

Vi~V

n—1 = 2.
Zg (i) d;

From this and the above expressions of \;, we get an estimate 0 < A\, <2 (k =
0,1,....,n—1).
Now, we estimate the lower bound of \;. Define the distance between two vertices
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v; and v; by the number of edges in a shortest path joining v; and v;, denoted by

.....

Let G be a connected graph with the diameter D.
Suppose that f is a harmonic eigenfunction. By (2.11.3), it follows that f | 7T and

> (f@) = fw))?

n= . 2.11.4)
> f2id;
=0

Let vy, be a vertex with |f(vg,)| = max;—o ., |f(v;)]. Since £1T1, the sum
Z::(} f(id; = 0. So there exists a vy such that f(vg,)f(vs) < 0. Let P be the
shortest path in G joining vg, and vs. By (2.11.4),

> (f) = f)?

(vi,v;)eP

Al > , 2115

b= F2(vi) Vol G (2115
n—1

where vol G = > d; is called the volume of G.Let [ + 1 vertices vy, vg,, - - - , U,
i=0

€ P, where vy, = v, and [ = dist(vg,, v5). According to the Schwarz inequality and
v, = Vs, I < D, and f(vg,) f(vs) < 0, it follows that

1
> (f) = fw)? =1 Zl(ﬂvk,.) — fvg, ))?
j:

(vi,vj)eP

1 (f ()= f (viy)? )
> (o) = f0))’ = T s = T

From this and (2.11.5),

n—1 -1
A > (DvolG) ™' = (D Z d,) .

2.11.3 Fourier Expansions

Let G be a graph with vertices v, . . . , v,—; and the set £ (G) be edges. The Laplacian
matrix £ of G is an n X n positive semi-definite matrix which is stated in (2.11.1).
The eigenvectors g, . .., g,— of £ form a normal orthogonal basis for the space H,
of functions at vertices vy, ..., v,—1,1.e., fori, j =0,...,n — 1,
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n—1 19 i = jv
(gi.gj) = Zgi(vk)gj(vk) =
k=0 0,i # j,

where g; = (gi(vo), ..., gi(v,—1))" and Lg; = \;ig (i =0,1,...,n —1). So any
f=(f(vo),..., f(va1))T € H, can be expanded into Fourier series with respect
to eigenvectors {g;}i—o... n—1:

n—1
f)=D cg®)  ©=10....,0.1),
i=0

where Fourier coefficients ¢; = (f, g;) = ZZ;(I) f)gi(v) @ =0,...,n—1),and
they satisfy the Parseval identity:

n—1

n—1
2w =2 q
k=0 k=0

Consider a graph G (possibly with loops) with weighted function w(v;, v;)
(i, j=0,...,n—1) satisfying w(v;, v;) = w(v;,v;) and w(v;,v;) >0, where
vo, ..., Uy— are vertices of the graph G. Unweighted graphs are the special case
where all weights are O or 1. The degree of a vertex v; is defined as d; =
Z?;(l) w(v;, v;). The Laplacian matrix £,, of the graph G is

1 — 20t if = j and d; # 0,

(vi,v;) e . .
L,(vi,v;) =1 —=~L if i and j are adjacent,
’ \/did./
0 otherwise.

All definitions and results for graphs can be generalized to the weighted graphs. So
the eigenvectors {g"};—o,... ,—1 of the Laplacian matrix £,, form a normal orthogonal
basis for H,,. Any function f = (f(vo), ..., f(v,—1))T € H, at vertices of the graph
G can be expanded into Fourier series:

n—1
f@=2"clg’ @) =10, V1),
=0

where ¢’ = (f,g!") = ZZ;& S () gl (vi). The contraction of a graph means that
two distinct vertices v; and v; are identified into a vertex v*. The weights of edges
associated with v* are defined as
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w (v, v¥) = w(yg, v;) + w(yg, vj),
w*, v*) = w;, v;) + wj, vj) + 2w(v;, v;).

If a graph G™ is the contraction of the graph G, then the eigenvalue )\IG < )\?*.
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