Chapter 2
Multidimensional Image Models
and Processing

Victor Krasheninnikov and Konstantin Vasil’ev

Abstract The problems of developing mathematical models and statistical algo-
rithms for processing of multidimensional images and their sequences are presented
in this chapter. Different types of random fields are taken for the basic mathematical
image model. This implies two main problems associated with image modeling,
namely, model analysis and synthesis. The main attention is paid to the correlation
aspect, i.e. evaluation of the correlation function of a random field generated by a
given model and, vice versa, development of a model generating a random field
with a predetermined correlation function. For this purpose, new models (tensor and
wave) and new versions of autoregressive models (with multiple roots) are sug-
gested. The problems of image simulation on the curved surfaces are considered.
The suggested models are used to synthesize the algorithms of multidimensional
image processing and their sequences. The tensor filtration of imaging sequences
and recursive filtration of multidimensional images, as well as the asymptotic
characteristics of efficiency of random field filtration on grids of arbitrary dimension
are suggested. The problem of object and anomaly detection on the background of
interfering images is considered for the images of any dimension, e.g. for
multi-zone data. It is shown that four equivalent forms of the optimal decision rule,
which reflect various aspects of detection procedure, exist. Potential efficiency of
anomaly detection is analyzed. The problems of alignment and estimation of
parameters for interframe geometric image transformations are considered for
multidimensional image sequences. A tensor procedure of simultaneous filtration of
multidimensional image sequence and their interframe displacements are suggested.
A method based on a fixed point of a complex geometric image transformation was
investigated in order to evaluate large interframe displacements. Options for
adaptive image processing algorithms are also discussed in this chapter. In this
context, pseudo-gradient procedures are taken as a basis, as they do not require
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preliminary evaluation of any characteristics of the processed data. This allows to
develop the high-performance algorithms that can be implemented in real-time
systems.
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2.1 Introduction

Nowadays, the problems of automatic analysis of images and their sequences are
becoming more and more important. This is due to the rapid development of the
aerospace Earth monitoring systems, radio and sonar systems with spatial arrays,
medical devices for early disease diagnosis, and computer vision systems. For some
applications, images can be represented as data files set on a multidimensional
index grid changing in discrete time. This allows to describe certain 2D or multi-
dimensional images and their temporal sequences with scalar or vector values, e.g.
sequence of TV images, multispectral images, spatial field of wind speeds, and
others.

Mathematical models are necessary to formalize image processing problems.
Random nature of image values determines the use of probability theory and
mathematical statistics methods, i.e. image representation in the form of Random
Fields (RFs) [1-5]. This implies the problems of the RF model analysis and syn-
thesis. Composition of information and noise RF is usually used as a model of
image observations. This model can also include an additional parameter vector,
which allows to consider the peculiarities of image registration, e.g. possible mutual
spatial displacement of adjacent frames and various abnormalities (object, signal)
[6-9]. The reason for processing the sequences of observations can be development
of estimations of an informational RF (prediction, filtration, and interpolation).
Another important problem is the estimation of vector parameters, e.g. the image
model parameters, spatial displacements, parameters of detected objects, and others.

This chapter presents the results obtained by the authors and their colleagues in
modeling and statistical processing of 2D and multidimensional images and their
sequences. A number of models [2, 3, 10, 11], including multidimensional ones [7,
12], are known to describe the images and their sequences [13, 14]. Section 2.2
covers the problems of the RF description and simulation. Random field is a set of
random variables defined on multidimensional spatial grids with rectangular or
more complex cells. For this purpose, the Gibbs, autoregressive, Tensor, and wave
models are used [3, 12, 15, 16]. It is difficult to solve synthesis problems using
autoregressive models, in particular, even modeling of spatially isotropic RF.
However, the use of models with multiple roots of a characteristic equation facil-
itates to obtain approximately isotropic RF [16—19]. For linear transformations of
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image frames, it is desirable to use tensor operations that provide the basis for
tensor models, in which every recurrent frame is formed from the previous frame
and the frame of random variables [16]. The suggested wave models permit to solve
the analysis, synthesis, and simulation problems rather efficiently. In these models,
the RF is a result of disturbance interaction, which can occur in random places at
random times [16, 20]. These models include many well-known models as special
cases. Obtaining of the RF with a given type of correlation is achieved by varying a
probability distribution of a large-scale disturbance ratio. Section 2.2 also covers
different ways to describe the images on arbitrary surfaces. Autoregressive and
wave RF models are used for this purpose [16]. For example, the scan of a
cylindrical image can be used to represent the speech and other quasi-periodic
signals [21], and images on the sphere can be used to describe a planet relief [22].

There are many papers on image filtering. Many methods of algorithm synthesis
are developed taking into consideration a type of informative and noise components
of observations [6, 15, 23-25]. At the same time, much attention was paid to reduce
the computational complexity of filtration procedures, which, in particular, led to
the creation of Kalman filters. However, the use of Kalman filtering in image
processing causes significant difficulties due to multidimensionality. These diffi-
culties were partially overcome using line-by-line vector filtration, as well as
combination of several one-dimensional filters [12]. Section 2.3 introduces a tensor
filter of multidimensional image sequences. This filter was developed on the basis
of the RF tensor model described in Sect. 2.2. Asymptotic characteristics of effi-
ciency of random field filtration on arbitrary dimension grids are also introduced, as
well as a potential accuracy of multidimensional RF filtration.

Many researches are devoted to the problems of object or signal detection and
recognition [6, 8, 9, 11, 26, 27]. The problems of synthesis and analysis of optimal
decision rules for detecting point and extensive anomalies in the images, including
multi-zone data, and their sequences are discussed in Sect. 2.4. Four equivalent
forms of the optimal decision rule based on the likelihood ratio are obtained. These
four forms are significantly different in computational complexity for large spatial
sizes of images [16]. Characteristics of efficiency for anomaly detection in multi-
dimensional images are also derived.

An important task of image sequence processing is their alignment, when due to
various reasons there are spatial deformations of adjacent frames. Numerous
approaches how to solve this problem, for example, search for characteristic points,
light flow analysis, morphological analysis, and correlation-extreme methods, are
proposed in [7, 10, 11, 14, 28]. In Sect. 2.5, the problems of alignment and esti-
mation of parameters of image interframe geometrical transformations are consid-
ered for sequences of 2D and multidimensional images. On the basis of the tensor
model of image sequences, a tensor filter for simultaneous filtration of images and
their interframe displacement estimation are synthesized [16]. The authors also
present a new method to estimate the parameters of image deformation using a fixed
point of a complex geometric transformation of two images [16, 29, 30]. This
complex transformation consists of the actual deformation plus an additional
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artificially performed geometric transformation. Unknown parameters of actual
deformation are determined according to coordinates of the obtained fixed point.

In practice, the image, noise and observation models are usually only partially
known, i.e. there is a priory uncertainty. Thus, the synthesis of adaptive processing
algorithms is required. For this purpose, many adaptive algorithms were suggested
[31, 32]. Section 2.6 outlines the adaptive procedure options, which are included in
the algorithms for solving image prediction and alignment [16]. Special attention is
paid to the pseudo-gradient adaptation, on the basis of which highly efficient
algorithms with comparatively small computational costs are synthesized. These
qualities allow their usage in real-time systems, dealing with large images and their
sequences. Section 2.7 concluded the chapter.

2.2 Mathematical Models of Images

The mathematical models suitable for multidimensional processing, such as the
random fields, tensor models of random fields, autoregressive models of random
fields, wave models of random fields, and random fields on surfaces are discussed
in Sects. 2.2.1-2.2.5, respectively.

2.2.1 Random Fields

Nowadays, information systems, including spatial sensor devices and digital
computing, are widely used. Therefore, the images with discrete spatial and tem-
poral variables will be primarily considered. Without loss of generality, one may
assume that the images are the sets of values arranged on multidimensional rect-
angular grids with a unit step. Two-dimensional and three-dimensional grids are
presented in Fig. 2.1a, b, respectively. In general, an image is a set in n-dimen-
sional grid nodes Q = {j = (j1, ...,ju) :jx = 1, My, k =1,n}. According to the
physical nature, image values may be scalar (e.g. brightness of a monochromatic
image), vector (velocity field, color images, displacement field), and more complex
(e.g. matrix). If an image value in the node (pixel) j is denoted as x;, then the image
is a set of these values on the grid X = {x;: j € Q}.

If the data is a time sequence of images, then a sequence can be assumed as a
single image, increasing a grid dimension by one unit. For example, the sequence of
planar images (Fig. 2.1a) can be regarded as a single three-dimensional image
(Fig. 2.1b).

If it is necessary to specify a time variable, let us set it down at the top

X = {x]i JEQ i€ I}. This image is a set on the direct product Qx/ of grids Q

and 1, where I is a set of time index values. The cross section x' = {x]l je Q}, ie.
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(a) b -

N1 J1

Fig. 2.1 Grids with: a two-dimensional image, b three-dimensional image

a set of image samples at a fixed value of time index i, is called the ith frame. Each
frame is a set on a grid Q. For example, Fig. 2.1b shows three two-dimensional
frames.

Thus, an image can be determined as a function defined on a multi-dimensional
grid. The values of the image elements cannot be accurately predicted in advance
(otherwise monitoring system would not be necessary). Therefore, it is intrinsic to
regard these values as the Random Variables (RVs) using the methods of proba-
bility theory and mathematical statistics.

2.2.2 Tensor Models of Random Fields

Consider the RF X = {le ti€lje Q} defined on an (n + 1)-dimensional grid

Qx I, where Q={j=(ji,/2,/3, --Ju)} 1s an n-dimensional M; x M,x
<o X My-grid, I = {i:i=1,2,3, ... }. Index i may be interpreted as a time index,

thus the expression x' = {le je Q} is called a cross section of a field X as in ith

frame.
Let the sequence of frames be described by a stochastic difference Eq. 2.1, where

{&1’ rielje Q} is an updating standard Gaussian field, &' = {éjl [je Q} is the
ith field frame, ¢'(x!)= {(p;(xi") JE Q} is Mj x My X -+ X M,-matrix
function, §'(x!) = {9]1:?()8’1) J I E Q} are tensors of rank 2n with group indices
forming a perturbation component of the ith frame from &' using the rule of tensor

multiplication §'&" = {\(}]’;}{%} = {Z %’;E_,;}
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K=o 49 NE i=1,2, ... (2.1)

Transposing this frame supposes a permutation of its group indices &g = &;}
Note that the superscript i indicates a frame number, i.e. time in our case. Thus,
index i is considered to be an umbral index and the summation with respect to it is
not extended.

Model provided by Eq. 2.1 allows to describe a very broad class of Markov
random frame sequences. In particular, a linear model in Eq. 2.1, where tensors P!
and 9 do not depend on x*~!, describes the Gaussian sequence.

X =Py 49 (2.2)

For this field of Covariance Functions (CFs) there exists a multidimensional
covariance matrix defined directly

Vi(i,j) = M(x' —m') x (x = m’)] - Vi(i) = Vali, i),

where m' = M[x] = {M EARVAS Q} and symbol “x” indicates an external matrix
multiplication. Thus, V(i) and Vi=M [€ x &] are symmetrical M x
My X -+« X My, X Mj X My X - - X M,-matrices. For complete definition of a
random field with a state Eq. 2.2, it is necessary to set the law of first frame x°
distribution. It is often a Gaussian distribution with mean m° and covariance matrix
VO

Model in Eq. 2.2 with constant tensors P! = P and 9' = 9 is of particular interest
that leads to Eq. 2.3, where (k) determines raising to the kth power.

V(i,i+k) = POV, (i,i) = POV (i) (2.3)

If roots of the characteristic equation det(AE — P) =0 are less than 1 in
modulus, than P¥) — 0 as k — 00, and from Eq. 2.3 we obtain that V,(i,i+ k) —
0 as k — oo,

Using z-transformation device, let us write Eq. 2.2 in the form

X = zPx + 9¢
or
(E — zP)x' = 9&".

Multiplying the congruence on the left by (E — ZP)fl, the expression x’ through
a perturbing field is obtained.
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x = (E—zP) '9¢
Hence,
A ()" = (E—zP) ' 9g'(€) 8" (B~ 'P)™
that after averaging gives the expression of the tensor spectrum for a stationary field
V) = 30 VAOR) = (B~ P) Vs (B P
k=—o0

which is a Laurent series in powers of z with tensor coefficients. The tensor
coefficients can be found from Eq. 2.4, where C = {z: || = 1} is a unit circum-
ference of a complex plane.

1

V+(0,4) = 2mi

/ (E—zP) '9V: 9" (E - z7'PT) 2 1az (2.4)

C

It is sufficient to find V,, = V,(0,0) from Eq. 2.4, other values are obtained from
Eq. 2.3 in a view of V,(i,i+k) = PYV, for a stationary case. To find V, it is
possible to use limit in Eq. 2.3 as i — oo instead of integral in Eq. 2.4

V. =PVP" + 9 V9"

that is a non-singular system of linear equations relative to tensor components V.

Now consider a solution to the model synthesis problem Eq. 2.2, i.e. the problem
of finding tensors P’ and ', when intraframe V,(i,i) and interframe V,(i — 1, i)
covariance tensors are given. From Eq. 2.3 we obtain

Vi(i—1,i) =PV (i—1,i—1)
that is a system of linear equations relative to tensor elements P'. It is obvious that
P =V(i—1,)V ' (i—1,i—1).

Chose a perturbing field with covariance Vé = E. Then the following equation is
obtained

997 = v, (i,i) — P'V,(i — 1,i — 1)PT.

For example, for tensor components 9’ this equation can be solved on the basis
of Gram-Shmidt orthogonalization.
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Nonlinear stochastic difference equation may be considered as generalization of
the considered tensor model (Eq. 2.2). This equation allows to describe very large
class of Markov non-Gaussian RF on n-dimensional grids J,. Here we have
{i%j cJ,te T}, a field of independent, generally speaking, non-Gaussian ran-

dom variables with known probability density function (PDF) W (&;), (p}’. (x~!) and

%(x%’l) are tensors of ranks n and 2n correspondingly, which in a general case
nonlinearly depend on the values { ij} of the (+~1)th frame of a multidimensional

RF {xf’l,t €T,je J}.

2.2.3 Autoregressive Models of Random Fields

Tensor representation assumes that for each moment ¢ of discrete time the RF

{xjf7 jelJ } is formed recurrently on the basis of the previous value {xf‘l, jelJ }
and updating RF {i;, jeJ } of independent RV. Despite the fact that the calcu-

lations are done recurrently while forming each successive frame {le., jeJ } itis
desirable to conduct linear Eq. 2.1 or nonlinear Eq. 2.2 transformation of all ele-
ments {xjﬁ’l, jeJ }, {éjf, jeJ } determined on an n-dimensional spatial grid.

Thus, tensor models make it possible to describe a big class of non-Gaussian and
non-homogeneous RF but lead to an overall computational effort during the RF
imitation and processing. In this context, there appear questions about the existence
of recurrent not only in time but also in space RF representation and the possibility
of constructing optimal recurrent algorithms of statistical analysis for such RF.

In their structure, the random fields are much more complex than stochastic
processes. First, implementations of the RF are functions of several variables, the
theory of which is more complicated than of one variable. Second, the concept of
Markov behavior also becomes much more complicated. A random process can
develop in course of time. Model from Eq. 2.1 is a mathematical expression of such
development. For Markov sequence, the time interval can be broken at any point
i for conditionally independent past I~ = {x':k<i} and future
I'" = {x*: k> i}. However, the RF is defined on an n-dimensional domain Q.
For its geometrical partitioning into two parts '™ and T'", at least an (n — 1)-
dimensional domain I' is required. Markov RF suggests that for any set I" (of a
certain class) all RV included in I'™ are conditionally independent from the RV
belonging to I' ", when values of I are known. It is possible to name I'", T, and
I'" as past, present, and future only roughly. However, Markov property allows to
imagine the RF as one developing in time from I'~ through I" to I' ™, in addition I’
moves along Q with the course of time. For example, if it is assumed that the lines
of a two-dimensional grid Q represent I, then the field is formed line by line.
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Further development of this idea allows to generalize AutoRegressive
(AR) models of random sequences on the RF. If the procedure for scalar sequence
formation 2%, x', x%, ... usually corresponds to temporally observed values, then the
procedure of field X = {)g jE Q} formation needs a special attention. For this
purpose, it is necessary to order grid nodes Q. Then, it is possible to say about any
two elements of the field that one of the elements precedes the other. If x; precedes x;,
let us mark it as (i)<(j). There are many variants of such ordering. In a
two-dimensional case a saw-toothed scanning (all lines go in one direction,
Fig. 2.2a) and a triangular scanning (while passing to the next line the direction is
reversed, Fig. 2.2b) are often used. As a result, the RF scanning is converted into a
random sequence.

Linear autoregressive models of random fields. The simplest autoregressive
model is a linear stochastic Eq. 2.4 with white Gaussian RF {éj}, which corre-
sponds to a well-known autoregressive-moving average equation for random
sequences (Eq. 2.5).

X = Z o + Z Bia& jeJ (2.5)

IeG; ley;

However, unlike its one-dimensional prototype properties of RF generated by
Eq. 2.5 are not thoroughly understood, even for constant coefficient models o;; =
o7, Bj; = B; and unchanging domains G; = G and Y; = Y (Eq. 2.6).

X = Z X7+ Z Biijff jeld (2.6)

leG ley

An important particular case of Eq. 2.6 is represented by Eq. 2.7 of multidi-
mensional AR.

= o +& jEJ (2.7)
1eG

(a) (b)

.—»—"—N—»—P?
i—PQ—»—D‘.—PH

Fig. 2.2 Two-dimensional image scanning: a saw-toothed, b triangular
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The abovementioned equations describe the algorithm of RF formation {x;} at
the point j = (ji,j2, - - -,ju). Besides, it is assumed that at our disposal all values of
x5, l€G, (j—I1)<(j) and the RF calculated before are given as initial
conditions.

Model in Eq. 2.7 has a disadvantage, which complicates its analysis. It is
probably a large number of summands on the right side of equation. However, it is
possible to reduce their number to a minimum in a following way. The simplest AR
equation generating n-dimensional field X, which does not fall into independent
fields of less dimension, is represented by Eq.2.8, where ¢ =

(0,...,0,1,0, ...,0) is a unit vector of the kth coordinate axis.
Xi= > okXig + PBE; (2.8)
=1

Any model Eq. 2.7 can be reduced to a model of type Eq. 2.8 with a minimal
number of summands. For this purpose, let us use vector autoregressive models,
which in their linear form are described by Eq. 2.9, where X; is a value of a vector

field in the node i, A;, B are the square matrices, {E;} is a renewing standard vector
field of independent vectors with independent components.

X =Y Axij+Bg (2.9)

jeb
Indeed, consider Habibi model [2] as an example
Xisiy = P1Xi—1i, + PaXis -1 = P1P2Yi—15-1 + O/ (1= pP)(1 = p3) & (2.10)

Its calculation scheme is shown in Fig. 2.3a.

(a) (b)
: N [ ]
X
i-el
— A1P2
[. - L ] ]
¢ e
X: — —
P2 d 1{_;2 xi

Fig. 2.3 Transition from scalar model to vector model: a scalar model, b vector model
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Let us imagine this model in the form of Eq. 2.9. For this purpose, vectors
- T = T -
X=X = (ij,xij—l) and & = (ig,‘»(Pij) ,B=0/(1-pi)(l—p3) thenx; ; =
(x,-,u,x,-,u,l)T and X;_,, = (x,»J-,l,x,-J,z)T are introduced. Equation 2.10 will be
equivalent to the first component of the vector in Eq. 2.11

%\ (= \ ([ xits Py 0 [ xij- B ON(E
()= (8 ) )+ (8 9) i)+ (6 9) ()
(2.11)

or at obvious notation

X = AiXi_q, +A2X;_¢, + BG
that is the minimal vector model of the type Eq. 2.9. Figure 2.3b shows the ele-
ments of the field included in the vectors of Eq. 2.11.

At first, let us analyze the main probabilistic characteristics of multidimensional
AR models. This class of the RF is generated by linear stochastic difference
Eq. 2.12, where X = {x;,i € Q} is a modeled RF defined on an N-dimensional grid
Q={i=(i1,ir, ...in)tixg=1... My, k=1... N}, {o5,B, j€ D} are model
coefficients, E = {§;, i € Q} is a renewing white RF, D C Q is a casual region.

xi=) o+ Py i€Q (2.12)
)

Normal RF distribution with independent components is usually chosen as a
renewing field =. In this case RF X also has Gaussian distribution.

In its general form, the task of model Eq. 2.12 analysis was described in [16].
A linear spatial filter with transfer function corresponds to the model Eq. 2.12 is

given by Eq. 2.13, where 77 = z;/'2,”> ... z/".

B

HZ)=—————
1= ep 927

(2.13)

Besides, the RF spectral density of X is written as
S(2) =HE)S:(@)H(z™") = oL HRH(z""),

where G% is the variance of RF =.

The correlation function of X can be calculated by means of backward
z-transformation of spectral density
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-\ Bz =\ =i—1 3=
R(r) - AN Sx(Z)Z dZ>
(2mi)
Cn
where Cy = {|z| = 1} is a unit polycircle in multidimensional complex space.
Analysis of the RF probabilistic properties is simplified if their spectral density
can be factorized [12, 16, 33], i.e. S,(z) = ]_[,](V:l Sk(zx). Since in such fields, the
transfer function of a multidimensional filter H(z) = [[;_, Hi(zx) and CF R(F) =
HQ]:] Ri(ry) are also factorized, then it is enough to examine the properties of
random sequences generated by one-dimensional AR with the following charac-
teristics Si(zx), Hy(zx) and Ri(ri), k=1 ... M;.
The drawback of such models is impossibility to describe isotropic RF, e.g. fields

with the CF R(7) = R(|F|) = R(\/rf—i—r%—i— —l—rf\,). However, the analysis

shows that some dimensional models gives the RF close to isotropic ones. In order to
obtain close to isotropic RF, the authors [16-18, 33]. Suggested to use
one-dimensional filters with multiple roots of characteristic equa-
tions 1 — 27;1 ozkji,{ = 0, where ng, k = 1 ... M are the orders of one-dimensional
AR.

At first, let us solve these tasks for a one-dimensional model. Consider
one-dimensional AR of M length given by Eq. 2.14, where {&;} is a Gaussian
sequence of independent components with zero mean and variance Gé.

xi:Z%xifﬂrB&i i=1...M (2.14)
=1

To solve the synthesis task, it is necessary to determine the AR coefficients
{oj,j=1...n; B} using the given root of a characteristic equation 1/p, its
multiplicity 7 and the desired field variance 2. In the case of multiple roots, this
equation can be written in an operator form Eq. 2.15, where z~! is a shift operator.

(1—pz )5 =pg i=1...M (2.15)

Provided that z7*x; = x;_;, let us rewrite Eq. 2.15 in a view of Eq. 2.16.

n

x=Y (=1Y"'Clplx i+ i=1...M (2.16)

J=1

Comparison of Eqs. 2.15-2.16 permits to write the expression for coefficients
o; = o;(p,n) as Eq. 2.17.
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w(p,n) = (~1Y"'Cip/ j=1...n (2.17)

Value of the unknown parameter 3, which is an amplification coefficient in
transfer function Eq. 2.13, should be selected so as to make the filter stable. Further,
it will be shown how to determine [ on the basis of the CF model.

One of the tasks of model statistical analysis is to obtain its CF

n—1 2(n—(-1)
p
R(k) = B*(p,n) p* D gln b)) ——— s, (2.18)
=0 (1-1p?)

where

(n+k—1!2n—£—-2)!

2.1
80 b k) = e D =T = Dk — (= 1] (2.19)
and coefficient = B(p,n) can be obtained from equation R(0) = 1
1— 2\2n—1
B (pn) = 0PV (2.20)

Z;é (Cﬁflpe)z.

Equations 2.18-2.20 give a general view of a Normalized Autocorrelation
Function (NAF) of a one-dimensional model Eq. 2.14 for given p and n. In order to
obtain the CF at variances Gi and G%, which are not equal to 1, it is necessary to
multiply the right hand side of Eq. 2.20 by o2/ G%. Thus, we obtain the expression
for coefficient B as well

._.

n—

B = ;’—a (1—p2)™ '3 (Ch ). (2.21)

~
Il
(=}

Therefore, Eqs. 2.17 and 2.20 completely determine the unknown coefficients of
one-dimensional AR model Eq. 2.14 with multiple roots of the characteristic
equation.

Now let us consider an N-dimensional case. The RF model for a given variance

Gi is completely determined by a parameter vector (py, py, -- ., py) and a multi-
plicity vector (ny,nz, ... ,ny). Let multidimensional factorable RF be generated

by the following AR equations written in an operator form
N g B
H 1-pzt) Mxi = quklzk x=P%, 1€Q,
k=1

where N is field dimensionality, p, and n; are a model parameter and multiplicity
root along the kth axis, respectively, Q is a grid, on which field X is determined.
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(b)

Fig. 2.4 Representation of random fields on the basis of autoregression with multiple roots:
a multiplicity (2, 2), parameter vector (0.95, 0.95), b multiplicity (3, 3), parameter vector (0.95,
0.95)

Coefficients o; are the products of corresponding coefficients oy; —of

one-dimensional AR along the kth axis o = HkN:1 Okj,, ~ Where

7= Gi,jay -~ jn)s Jx =1 ... ny. Coefficient B of a multidimensional model can
be found in a similar way p = g—g Hgﬂ By, where B, is a corresponding standardized

one-dimensional coefficient.

An example of image frame (600 x 400 elements) obtained on the basis of the
model with multiple roots is depicted in Fig. 2.4. Output analysis shows that the
changing parameters and the multiplicity might be obtained a wide range of dif-
ferent patterns, which can help to develop complex models of multi-zone images.
At the same time, if a root multiplicity grows, then the modeled RF is approximated
in its properties to the isotropic RF. This is also confirmed by the cross section
shape of equal level CF shown in Fig. 2.5.

Analysis of the CF models with multiple roots shows that the CF cross-sections
of the RF obtained by factorable multi-dimensional models become close to
hyperellipsoid with the growth of the characteristic equation root multiplicity. To
assess the proximity of such RF to isotropic ones, it is desirable to have quantitative
estimation of field anisotropy. For this purpose, let us introduce t(if) =
f0+°°R(tﬁ) dt as the anisotropy of multidimensional RF according to correlation

distance T in ii-direction, where i € S¥~! is a point on a hypersphere. In addition, it
is  possible to  suggest the  following  anisotropy  coefficient

A =1 \/ﬁ Jicgvr (t(il) —T)°dii, A>0, where T = ﬁfﬁesﬁ’*l t(id)dii is a

SN ’1| is an area of hypersphere surface.

mean angular correlation distance,
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Fig. 2.5 Cross-sections of a correlation function for a two-dimensional model with multiple roots:
a multiplicity (1, 1), parameters (0.9, 0.9), b multiplicity (3, 3), parameters (0.9, 0.9), ¢ multiplicity
(2, 3), parameters (0.9, 0.9)

The advantage of the proposed anisotropy coefficients is that we should know
only field CF because all calculation can be done using standard numerical
methods.

2.2.4 Wave Models of Random Fields

Let us consider the RF wave model that generalizes a number of other models and
helps to solve the tasks of analysis and synthesis [16, 20, 34] effectively. This
model is simple enough and can serve as a basis for simulating images and their
sequences with given CF without increasing the number of model parameters.

In a wave model, the RF is determined by Eq. 2.22, where an (n + 1)-dimen-
sional domain {(j, )} may be discrete or continuous, { (i, 7x)} is a discrete Field of
Random Points (FRP) in an (n + 1)-dimensional continuous space, ¢ and t; are
interpreted as time, @y is a random vector of function f parameters.

Z £(G0), (e, ), ) (2.22)

This field can be represented as the effect of random disturbances or waves
(G, 1), (tix, ), @i ), appearing in random places i at random time 7; and changing
according to a given law in time and space.

Selection of function f, the FRP parameters and ® allow us to obtain a vast class
of fields, which includes the following models:

1. Poisson fields, when f((j, 7), (i, ), @) = 8((7, ) — (i, %)), & is a Kronecker
delta, and { (i, %)} is Poisson FRP.

2. Multidimensional filtered Poisson process, when f((j, 1), (i, %), ) =
g((G — et — w), &), where {E;} is a system of scalar RF. This model can
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generate only stationary homogeneous fields and the generating waves may
differ from each other only in one parameter &,.

3. Weighted sum model, which is obtained at waves f((j,t), (i, ), %) =
2((G, 1), (tix, ) &> where {(iig, %)} is a set of all grid nodes and g represents
corresponding weights of random variables &;. This model corresponds to dif-
ferent RF expansion into a system of basic functions, e.g. [1].

4. Random walk model. The FRP describes a random walk (perhaps with
appearance and disappearance) of a set of waves and the choice w; determines
the dynamics of a wave shape and intensity. Such models can be applied to
simulate moving clouds.

Consider a particular case of a wave model, for which correlation tasks of
analysis and synthesis can easily be solved (Eq. 2.23, where the FRP is a Poisson
one with constant density A, p, = |j — i/ is a distance between j and i, {R;} is a
system of independent non-negative equally distributed RF with PDF w (o), {&;}
is a system of independent equally distributed RF).

F(GL 1), (s 7)) = g(pi/Ric) exp (—p/ |t — l) & (2.23)

Waves are motionless, independent, have spherical sections in space and
exponentially attenuate over time. System {&,} determines a wave intensity and
{Rx} is their spatial scale. Evidently that the generated field X is stationary and
homogeneous, has zero mean and isotropic spatial CF. In this case, all summands in
Eq. 2.22 are non-correlated and elementary event AA = {in the element
AV = Aj A, ... A; A, there appears a point in the FRP, which corresponds to a
wave with spatial scale o from the element Ao} with a probability
P(AA) = MAVw (o)) Aa.. Let us express the CF by an integral with respect to vari-
ables t,0,ji, ...,j,. After integration with respect to T and taking into account
g(y) = cexp (—2y*) we obtain Eq. 2.24.

n/2 3
V(p,1) _C;Hk /cx exp( )w(cx)dot (2.24)
0

When p = ¢ =0, a field variance is found from Eq. 2.24

A/
Gn - 2n+ 1“-

MI[R"].

It is proportional to the FRP density A, efficiency interval 1/ of wave attenu-
ation and mean value of the nth degree of scale R.

Simulation of a discrete field on an n-dimensional grid {j} with time quanti-
zation Az can be implemented by the following algorithm. At the initial time #y = 0,
the field values in all nodes are equal to zero. At each subsequent moment #,, = mAt,
a Poisson FRP with density AA¢ is formed over continuous space or grid, which
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Fig. 2.6 Example of image simulation using a wave model

somehow overlaps {j}. At each generated point i, the RV &; and R; are formed.
After that the following transformation of all field values on grid {;} is carried out
by Eq. 2.25.

X = xrtexp (= A+ Y g(pi/Ri) & (2.25)
k

In this simulation only large summands (in comparison with a quantization
level) can be taken into account. The advantage of this algorithm is its recurrence,
as it makes easy to implement a field simulation using computer.

An example of image simulation with the described wave model is represented
in Fig. 2.6. It is necessary to underline that Eq. 2.25 actually implements
the time-varying images. Therefore, this figure shows only one frame of this pro-
cess. Each field value is a sums of random numbers of the RV, Thus, generally
speaking, the field will not be Gaussian even with Gaussian {&;}. However, when
the model parameter h = A M[R"]/p grows, then the number of summands in
Eq. 2.25 with similar distributions increase and the field is normalized.

Now consider the solution of correlation analysis and synthesis task. It follows
from Eq. 2.24 that the formed field has an exponential time NAF e "’ and space
NAF.

r(p) =

Mﬁm] / o exp(—p? /o) o(er) dov (2.26)
0

Thus, solving analysis tasks, when the PDF w(o) is given, the required NAF can
be found analytically or by numerical integration. Solving synthesis tasks, when the
NAF r(p) is given, it is necessary to solve integral Eq. 2.26 with respect to
unknown (o). As it is not always possible to find an analytical solution of
Eq. 2.26, consider a method of its approximate solution. From Eq. 2.26 it follows
that at degenerate distribution (R = o = const) we obtain the CF exp (—p?/o?). Let
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now an arbitrary non-increasing NAF r(p) be given. Let us approximate it with
adequate accuracy by a sum of Gaussoids with positive coefficients
r(p) = h(p) = >, qiexp(—p* / o7), where 3, q; = 1, when r(0) = 1. Then, for
discrete distribution P(R = o;) =k 'q; / o, where k =Y, q; / o, the generated
field will have NAF equal to A(p). Thus, the generated model allows us approxi-
mately to solve a synthesis task by changing only PDF of scale R.

2.2.5 Random Fields on Surfaces

All abovementioned images and the RV were set on rectangular grids of some
dimension. In some practical problems, the images can be set on the surface of
another type, for example, spherical Earth image or cylindrical image of a rotation
shaft. Model representation of such images differs significantly both in the type of a
spatial grid and the way of defining correlations. Consider the main peculiarities of
presentation of AR images on a cylinder, as well as wave models on almost arbi-
trary surfaces.

Autoregressive RF model on a cylinder. Consider a cylindrical image, for
example, image of a rotation shaft. If it is cut lengthwise and expanded, then it is
transformed into a rectangular image. Points along the cross sections are close to
each other on the original cylindrical image that is why their values are highly
correlated. In the cut image, these points are located at the opposite ends. Thus, the
line ends are highly correlated with the new-line characters. However, such images
cannot be described by the abovementioned models on the rectangles because the
correlations in these models are weakening, when the distances between values
increase. Thus, the image points at the line ends do not possess the necessary high
correlation. Consider, for example, an image simulated by Habibi model (Fig. 2.7).

(b)

Fig. 2.7 Simulated images: a image simulated by Habibi model, b the first and the last five
columns of image from (a)
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Fig. 2.8 Spiral grid of a
cylindrical image

This figure shows that the first and the last columns of the rectangular image are
significantly different. This means that, when pasting this image into a cylinder, one
will observe great changes in brightness jumps into a cylinder at the junction.

To approximate the model to real cylindrical images, consider a spiral grid on
the cylinder shown in Fig. 2.8. Grid lines represent spiral turns. To describe an
image set on this grid, let us apply the analog of AR Habibi [2] model Eq. 2.27
where k is a spiral turn number and / is a node number.

Xt = P Xkt T X1 — P X101+ B gy (2.27)

Here, ! =0, ...,T, xx; = Xk +1,-1, when [ > T, T is a period, i.e. the number of
points in one turn. It should be pointed out that in model Eq. 2.27 the grid can be
also regarded a simple cylindrical grid, i.e. as a sequence of circles.

The resulting model of a cylindrical image can be represented [21] in an
equivalent form (Eq. 2.28, where n = kT + 1) as a model of a random process,
which is an image scan along the spiral.

X =P Xyt +T X7 — PT X171+ BE, (2.28)

Obviously, if » value is close to 1, then the neighboring image lines (spiral turns)
will be slightly different from each other. Thus, this model can be used to describe
and simulate quasi-periodic signals, e.g. speech signals.
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It can be shown that the CF of the model Eq. 2.28 is as following

e <1_r2T’< (1= pa) Zk—p)zz+(1—P2)(1—rs)(s—r)pn>’

where z; = V/rexp (2nk/T) and s = p’. In particular, when n = kT we obtain

2
VD) = =y (O - =)

and find variance, when k = 0

2 _ B> (1 + rs)
(1=p) (1 =r*)(1 = rs)

and another form of the CF

VkT) = otk =
T U= r—y)

If0<I<T, we have

(e = p""")
(1=p)(r=s)(1 —rs)

The scanning of image implementation obtained by use of model Eq. 2.27 is
shown in Fig. 2.9a. It is obvious that the values at the line ends are strongly

V() = o?p' +

Fig. 2.9 Simulated images: a image simulated by model Eq. 2.27, b the first and the last five
columns of image from (a)
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correlated (Fig. 2.9b), as it should be for a cylindrical image obtained by image
pasting as in Fig. 2.9a.

Wave RF models on an arbitrary surface as cross sections. It was possible to
implement the abovementioned autoregressive model on a cylinder and analyze it
because there is a simple regular grid on this surface. However, on other surfaces
there are no grids with constant configuration and cell size suitable for autore-
gressive representation. They cannot even be found on a sphere, in spite of its
symmetry. Therefore, it is necessary to find other methods of setting the RF on the
surfaces. The following approach seems rather promising [16, 20, 34].

Let S be an arbitrary surface. In order to set the RF X on it, one can do a simple
thing. Let us take a random field Z in space F containing S and consider X to be
values at surface points S of spatial field values Z at these points. In other words,
X is a cross-section of field Z with surface S. Thus, it is possible to use any RF
model in space. However, one should remember that values must be obtained
exactly at the points of surface S. For example, if one uses the AR model set on a
rectangular grid, then interpolation into surface points will be necessary. The image
on intersection of hyperbolic paraboloid and sphere with three-dimensional
autoregressive RF with factorable CF is depicted in Fig. 2.10.

Application of the AR model for the RF construction on surfaces requires cal-
culation of image values at all grid points. Therefore, while simulating images on
the surface, a large number of spatial image values will be calculated but not used.
Besides, a synthesis of the autoregressive model with predetermined CF is a very
complicated process. It prevents imaging on surfaces with a predetermined CF.
Wave model is more favorable for imaging on surfaces. This model allows to form
values only at desired points (in our case at a set of predetermined points on the
surface). The task of correlation synthesis for this model can be solved rather easily.

(a) (b)

—

o

Fig. 2.10 The AR images on: a hyperbolic paraboloid, b sphere
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@) —

Fig. 2.11 Examples of: a relief simulation, b real part of lunar surface

Note that the CF of a wave model is a function of the Euclidean distance
between spatial points. On the surface, the CF can be determined as a distance
function along a geodesic arc. In this case, the CF defined on the surface should be
recalculated into the CF according to the Euclidean distance. For example, in the
case of a sphere this transformation is easily accomplished.

As an example, consider a relief simulation according to Unified Lunar Control
Network (ULCN 2005), consisting of 272,931 points on the lunar surface. These
points were obtained from space missions and observations from the Earth. On the
basis of these data, an approximating ellipsoid was constructed using the least
square method. Deviations from the catalog of the relief heights of this ellipsoid
with mean zero samples were taken for image values on an ellipsoid. The CF
dependant on the Euclidean distance between two points on an ellipsoid was
evaluated according to the data obtained. This CF was approximated by the sum of
Gaussoids. The approximation is used to obtain a probability distribution scale
R parameter while simulating image on the ellipsoid, i.e. relief deviations from this
ellipsoid [22]. Figure 2.11a shows an example of a relief simulation on the ellipsoid
segment (greater heights correspond to greater brightness). By comparison,
Fig. 2.11b shows some part of the real lunar surface. Visually, these figures are
similar. It indicates that the suggested model is rather sufficient.

2.3 Image Filtering

Extraction of useful image component based on their noise observations is an
important task, since it gives the opportunity to improve image on the background
of noise [4, 12, 15, 23-25]. Furthermore, as it will be shown Sect. 2.4 the anomaly
detection problem also makes it necessary to determine the covariance matrices of
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filtering errors. However, there exist many different approaches to solve the
problem of determining the potential accuracy of estimation and construction of
multidimensional RF filtering algorithms. In the first case, in order to obtain the
relatively simple analytical relations, it is advisable to refer to asymptotic formulae
of the Wiener filter. During constructing multidimensional image estimation on the
background noise, it is desirable to find the optimal algorithm structures (or
structures close to optimal) with low computational cost. It can be done using
recursive estimation methods based on the abovementioned image models [16].

The issue of efficiency of optimal image filtering is considered in Sect. 2.3.1,
while tensor representation of the Kalman filter is discussed in Sect. 2.3.2.

2.3.1 Efficiency of Optimal Image Filtering

To find an optimal filtering error variance 62, consider homogeneous information

RF x;, set on an infinite n-dimensional grid J. Suppose that for use of observations
7 = x;+ 0; it is necessary to give the best (with minimal error variance) linear

estimation x5 = Eje ;57 of information RF element x5. Condition for minimum

62 can be written as a system of linear Eq. 2.29 (as an n-dimensional analogue of
the Wiener-Hopf equations), where R(q) = M{x;, x;, ;} is a covariation function.
In addition, the smallest error variance is 62 = G23hg.

hgo+ » IiR(@—j) =R(@), g€l (2.29)
jeJ

Unfortunately, the analytical solution of Eq. 2.29 can be found only for a very
small class of “separable” exponential CF R(g) = o> [T, p¥ [12]. However,
supposing that the cells of spatial grid J are small in comparison with the RF, it is
possible to replace the system Eq. 2.29 with one integral equation. Then

ot = oty = ol [ R/ (@), (230
where
fh) = /R(u)exp(—j(i,u))du (2.31)
/

is the RF spectral density of RF x(&), #, A€R", (hit) = }_, Mlixs
dh=dhd); ... dh,.
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Thus, for analysis of filtering efficiency it is sufficient to find a spectral density in
Eq. 2.31 of information RF and to make calculations using Eq. 2.30. The greatest
challenge is usually connected with n-multiple integration in Eq. 2.31 and, par-
ticularly, in Eq. 2.30. These problems may be significantly lower, when the RF x()
is isotropic throughout space R" or any other subspaces Q, C R". Indeed, after
entering spherical coordinates in R" Eqs. 2.30 and 2.31 for isotropic RF can be
written in the forms of Egs. 2.32 and 2.33, where J,(-) is Bessel functions of v
order, I'(+) is a complete gamma function, k = |A|, p = |a].

% _ ! / R g (2.32)

o3 (2n)"'T(0.5n) J o +f(k)
n/2 o1 Josn—1
/R o) = —dp (2.33)

0

For isotropic RF on spaces with an odd number dimensions, the Bessel functions
in Eq. 2.32 can be expressed by means of elementary functions. In these cases, the
calculations, using Eqgs. 2.32 and 2.33, are rather easy. For example, for isotropic
RF with

n

R(p) =orexp(—ap), p=/> ul,
k=1

we obtain Eq. 2.34, where y = o"/q, ¢ = 62/ G% is information and interference
RF variance ratio, Dy (v) =2/(1+V?), ®3(v) = 8m/(1+v?)*,
Ds(v) = 6412/ (14v2)*, D7 (v) = 9613 /(1 +v2)*, etc

2 [e¢}
GS

o} (2n"‘F05n0/ (v)

Vl

(2.34)

For isotropic exponentially correlated RF that is set on spaces with even number
of dimensions n = 2N, there is a simple formula for integral Eq. 2.33

w d” (wm - oc)M1>

_ M_2,-2M-1), _\M &
f(k) - (ZTC) ka ( 1) dOtM \/m

In addition, a minimal variance of filtering error can also be presented as

Eq. 234, where ®y(v) =21/1/(1+V2)’, ®4(v) = 6m/4/(1+V2)°, etc.
Unfortunately, for large dimension n of homogeneous RF rather complicated for-
mulae can be obtained and it is advisable to use numerical methods while
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calculating Eq. 2.34. At the same time, according to the analysis, if the generalized
parameter Y = o /¢ increases, then variance of optimal filtering error converges to

o/or =B, "V,

where B, 22 0.707, B, =2 0.66, B; =2 0.63, B, =2 0.606, ... B, = 0.58.

Thus, the considered relations give a possibility to obtain rather simple esti-
mations of potential RF filtering accuracy on the background of noise. In addition,
the obtained limit values of filtering variance allow to construct the characteristics
of optimal algorithms to detect the spatial anomalies on the background of multi-
dimensional interfering images.

2.3.2 Tensor Kalman Filter

Analyzed Wiener filtering procedures can be used in applications with a limited
number of k frames and small grids G and J;. However, there is a significant variety
of problems, when observations are carried out continuously and the number of
elements in the domain J; ® T is arbitrary large. Nevertheless, a prediction using

the weighted summation of all previous to the certain frame observations {zg} can

be unreasonably time-consuming. In such situation, it is desirable to impose the
additional restrictions to the considered image models and use the effective
recurrent procedures to construct some optimal prediction.

One of the least overloaded restrictions allowing to find a recurrent solution to
the problem is a description of interfering image frame sequence by means of
nonlinear tensor stochastic differential Eq. 2.1. Based on observations of frame
sequence

representing an additive mixture of information RF x} and the RF of white noise o7,

itis necessary to find the best estimate x; of a recurrent frame of information RF. To

find such estimation, let us use the criterion of average maximal gain [16] and an

invariant imbedding method. As a result, the recursive estimation rule (Eq. 2.35)
. ~t N . . -

can obtained, where x_; = (p;f(xj ), J € Ji—1 is an optimal RF prediction, P., =

,{—1 P

i - . . . .
(o' (x; ) P~ (o' (% ))'—l—ut(x;;)of(x;;) is a covariance matrix of prediction
errors, x;]—. =0; Plaj’z = M{x%x%}

~1

¢t _ ~t 7 =
X = x9;+Pjt'lV9 I(Zg - ng)a l7 JE€ Jl

J
Py =P (E+Vy P!

Y (2.35)
B aj'l)
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. . 1 . .
Equations 2.35 allow to find extrapolated estimates x; and covariance matrices

of extrapolation errors Ptaj’t recursively as new observations {zji, JEJ } of suc-

cessive RF frames become available. For Gaussian RF defined by linear stochastic

equations, when @{(x;™") = Pfxi™" and vl (x7') = vi (x;""), the procedure of
filtration-interpolation together with algorithm Eq. 2.35 gives a strictly optimal
solution how to detect the multidimensional signals in image sequence. In this case,
domain G coincides with J;, Eq. 2.35 determines the sequence of interframe

observation processing and, while generating the log-likelihood ratio, the weighted
. . 3 . . ﬁt 3 .
summation of observations zj’, j € J; and predictions Xs55J €0 of a successive
frame of a multidimensional image is used.
Let now X be the field with multiplicative correlation function
M{x;f X x%} = Gﬁp"“"‘ [T, rlg"f”l, where p is a time correlation coefficient, ry is a

coefficient along the kth spatial axis, G)ZC is a field variance. Then, when ¢ = s, an

intraframe covariance is obtained and, when ¢ = s — 1, an interframe covariance
Vfc"‘l =p V;" is yielded, where R = R; X Ry X --- X R, Ry is a correlation tensor
of the kth row.

In this case p' = pE, v~ (v"!)'= V! = V,, and Eq. 2.35 can be written as
K epx ez ), P pi(E )
PL=p’P'+(1 - p*)qR, P} =qR

where ¢ = 62/Vj is a signal/noise ratio, tensors P and P' are normalized by noise
variance and represent relative error covariance of the extrapolated and current
estimates expressed in noise variance.

As an example, consider a field with 3 x 2 grid J,, i.e. the case, when frames x’

consist of six points
s ! !
¥ = (xll X1 X31 )
- ! ! .
Xy Xy Xy
Thus, correlation matrices of the first and second row are as follows

1 n rl2
R1: r 1 r Rzz(rl "12)
rf rn 1 2
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Consequently,
2 2
1 1 i ry nry nry
r 1 r r
2 2

r r 1 mre  rr r

Vi=Ri xRy =| ! ! , AL 22

ry rar N 1 r i

rry r rry ry 1 ry

rzrf ) ) r% 1 1

Note that error covariance matrices P’9 and P’ have the same form.

Tensor P’ elements are filtering error covariance x*, which in this case depend
only on four parameters: the correlation coefficients r, r,, and p and also
signal/noise ratio ¢ = 62/Vy. When g > 1 and t — oo, the coefficients Pjt-1 j, con-

verge to limit {P}] jz} = P;,;, rather quickly. Thus, it is often possible to apply limit

values at once. It will worsen the filtering results only at the beginning but the
amount of computation will be significantly reduced (or the storage space if

coefficients {PJ’.1 j2} are calculated beforehand).

It is rather important that the deduced tensor filtering Eq. 2.35 can be easily
generalized in case of almost arbitrary interaction

4= S0, T,

of information RF and noise [16]. Besides, using a modified method of invariant
imbedding and the abovementioned models it is possible to synthesize recurrent
procedures to test multialternative hypotheses such as

H,: {7 =8,x,0)}.

2.4 Anomalies Detection in Noisy Background

In many applications, it is often desirable to detect anomalies that may appear in the
signal, separate image, or recurrent image of frame sequence [6, 8, 14, 26, 35, 36].
For example, these anomalies may be forest fires, pathological changes in medical
images, new objects in a security area, etc. Optimal algorithms for signal detection
are suggested in Sect. 2.4.1. Efficiency of anomaly detection is represented in
Sect. 2.4.2.
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\w]

OG

Fig. 2.12 Domain G, where and only where a signal becomes apparent, Q is a complimentary
domain

2.4.1 Optimal Algorithms for Signal Detection

Let observations of the RF xji with the space-time correlation and additive noise RF

&_;, which consists of independent random variables with zero means and variances
Ve, be made by Eq. 2.36, where parameter vector ¥, describes, for example, pos-
sible mutual spatial displacements and rotations of nearest-neighbor image frames.
G=x()+0 jet t=1...k (2.36)
Let appearance of a deterministic signal cause changes in the model Eq. 2.36
only in G C J (Fig. 2.12). In particular, the domain G can be a part of the last frame
observed (Eq. 2.37), where {g, j€ G} are the values of a useful (detectable)
signal.

d=s5+xx)+0 jeG (2.37)

Under considered circumstances, it is necessary to find out a rule to test the
hypothesis Hy on the absence of anomalies in the domain G against alternative
assumption H; on the validity of the model Eq. 2.37.

At the predetermined probabilistic characteristics of model components
Egs. 2.36 and 2.37, it is possible to estimate corresponding conditional PDF of
observations W(Z|Hy) and W(Z|H,). Therefore, to solve the detection problem one
should compare the results with the threshold level Aq of Likelihood Ratio (LR).

A

- W(Z|Hy) | <Ao — no signal

To simplify the calculations, let us represent the conditional PDF in a product
form W(Z|Ho,1) = W(Zo|Ho.1) W(Zs|Zo, Ho,1 ), where Zg is a set of observations in
domain G, Z is a set of all observations, which do not belong to the domain of the
intended signal. Since W(Zy|Hy) = W(Zy|H, ), the LR in Eq. 2.38 can be rewritten
in the form
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_ W(Zs|Zo, Hy)

AN=—F—"7—-—=.
W(Zs|Zo, Ho)

(2.39)

Let us approximate the conditional PDF, included in the LR Eq. 2.39, using
Gaussian  distribution  (Eq. 2.40), where my = {moj}, Vo = {VOI‘j}’ and
my = {my}, Vo = {Vi5}, i,j € G are conditional means and spatial covariance
matrices of observations Z; in the absence and presence of a useful signal,
respectively.

1

(2m)V/?, /det Vo1

Using the observation models Eqs. 2.36 and 2.37, the following formulae for the

W (Zs|Zo, Ho,1) = exp (=0.5|" — mo,|[7) (2.40)

... . . ~k = _k
conditional mean values is obtained mg; = x5;, my; = s; +x*-, j € G, where X35 =

EYR
M {x}l.‘|Z0} is the optimal prediction of the RF values xf , ] € G obtained on the

basis of all available observations Z;, which do not belong to a signal domain.
Matrices V, and V; are the same V) = V| = V = P + V), where Ps is a covariance
matrix of optimal prediction errors. Substituting the obtained formulae in Eqs. 2.39
and 2.40 and taking logarithms, it is possible to find the following algorithm for

signal detection (Eq. 2.41), where A = In Ay 40, 5H57Hf/,1 is a detection threshold.

_ —1k =k > Ao — signal,
L= ,Z Vg (G - xaj){ <A¢ — no signal (241)
1jeG

Thus, the procedure of anomaly detection includes a compensation of interfering
. ~k . . .. ~k .
images zjl.‘ — X5; by subtracting optimal prediction x,; from observation zjl.‘. The

prediction is found on the basis of all observations, which do not belong to domain
G. Let us call this type of prediction as “domain prediction” (Fig. 2.13a). After
compensation of interference, the RF linear weighted summation of all residuals is
carried out.

(a) (b)

Fig. 2.13 Anomaly detection: a domain prediction, b point prediction
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Another form of optimal detection procedure can be obtained assuming that any
useful signal can occupy all image frames, i.e. domain G includes all
multi-dimensional grids Ji, Ja, ...,J;. Then, the best prediction x’;] =0,j€G,

and algorithm Eq.2.41 can be written as Eq.2.42, where Vj;=

Va+ Ve Ey, Vi, 1, j € G is a covariance matrix of an interfering image.

_ 1 x| = Ao — signal
L= T;?&IVE 5 { < Ao — no signal (2.42)
J

Direct implementation of procedure Eq. 2.42 is difficult because of a large
number of computations. However, an expanding the spatial symmetric matrix into
the product of two triangle ones Vl‘; I'= A Ay, 1,v,j € G, it is possible to present
Eq. 2.42 in the form of Eq. 2.43, which corresponds to the preliminary decorre-
lation of image sequences zj’., j € G, and subsequent weighted summation with

weights s;Az;.

_ 1) = Ao —signal,
L= YZG SLlAl"AWZf{ < Ao — no signal (243)
JVE

In many cases, such approach helps to find acceptable in practice quasi-optimal
algorithms of decorrelation. At the same time an analysis of adaptive recursive
filters, which properties are similar to decorrelation ones, is an important area to
look for relatively simple technical or software implementation of system for image
sequence processing. The new quality of algorithms Egs. 2.42 and 2.43 in com-
parison to Eq. 2.41 is the division of time-consuming operation of optimal pre-
diction or decorrelation, which is not connected with a signal form, and relatively
simple weighted summation, which takes into account the type of a useful signal. It
allows to solve both problems of anomaly detection with unknown location and
more complex problems of multialternative detection (recognition) of several signal
types rather easily.

There is one more form (Eq. 2.44) of decision rule, which gives the same result

-1 /=

Z
[16]. Let us represent V' zX in Eq. 2.42 in the form V~'z = Vie Vio 71 )
b Var Vo 2

where 7 = (?) is divided into two part like z; = (2%, ...,25)" and
2

2= (& e .zﬁ)T, Vi=M [Z,Z]T] Using Frobenious formula we obtain

V*lz — V71 Zl — T71 _T71V12 Zl
2 VRV T™h Vo + VRl Vi TV Vit )\ 22 )7
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where T =V — V» V2’21 Vo1. Then, the first m components of V17 are
T-'(z1 — Vi2Vy'22), where Vi,Viy,!'2 = M[z1|z2] = 71 is the optimal prediction of
71 according observation z; and T is covariance matrix of its errors
A =7 — ViaV5'2o =71 — Z1. If Z; consists of one element (i.e. Z; = (z1)), then
T~z — ViaVp'z2) = (z1 — Z1) / o1, where Z; = M([z1|(z\z1)] is the optimal pre-
diction of z; according to all other elements of z, 67 is a variance of error
Ay = 73 — Z;. But any element of Z can be taken as z;. Thus,

Viz=Cz-2) =C A,

where Z is the set of predictions of all elements le.‘ and every element is predicted

according to all other elements of z, i.e. Z; = M[z|(z\z)], diagonal matrix C con-

sists of variances G% = M[(z—32)"] of emmors A=z—% Thus C'A=

{(ij - Zf)/sz j€e G} and we obtain Eq. 2.44 which is equivalent to Egs. 2.41—
2.43.

5 > Ao — signal,
L= Zy@: Z&l(z]l‘ -2/ G]?{ ST (2.44)

4 4 <Ay — no signal
j€G jeG

It is based on the “point prediction” 2}4‘ =M [zjf‘\(Z\zjf‘)} (Fig. 2.13b), which is
made taking into account all other points of Z and assuming that there is no signal.

Despite the equality of statistics Eqs. 2.42 and 2.44, there is a fundamental
difference between them. In Eq. 2.42, prediction and compensation are made
according to observations that do not have a signal. Thus, if there is a signal in G,
then it will be distorted only by prediction errors. If these errors are small, the
compensation residuals will be close to the values of detectable S¢ (it is possible to
see the signal with little distortion). In Eq. 2.44 while constructing a point pre-
diction, all other observations are used including those with a signal. Therefore, in
the residuals of this compensation every signal value will be distorted not only by
prediction errors of an interfering image but by other signal elements as well. Even
if prediction errors are small, more distorted signal will be observed.

A significant drawback of all considered algorithms is quite a complex analysis
of signal detection efficiency. While searching the ways to simplify this analysis,
we managed to obtain one more procedure to detect signals [16]. For this purpose, it
is enough to substitute a known connection between the tensor estimations in
Eq. 2.41

X=3 4PV (-1 (L)eGy t=1,..,N,
where & is an optimal RF estimation in domain j € G, ¢=1,...,N, made on
the basis of all observations zj, € Gj, t=1,...,N and P§j is a covariance
matrix of filtering errors. After elementary transformations and considering that
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P(E+Vy'Ps) =P, 71— %55 = (E+ V4 'P5)(z — %), the decision rule based on
the optimal estimates 5cj[ (Eq. 2.45) can be found.

> Ay — signal

<Ay — no signal (2.45)

L= sV (2 - X;){

Thus, at Gaussian approximation the obtained detection procedure suggests the
optimal RF filtration, calculation of covariance matrix of filtering errors, and
weighted summation using Eq. 2.45. Since algorithm Eq. 2.45, in contrast to
known detectors does not require the time-consuming calculation of covariance
matrices of prediction errors, it can be used not only in image processing system but
also for probability analysis of detection efficiency. It is important to note that a
total amount of computation according to rule Eq. 2.45 is almost the same as in
Eq. 2.44 and can be used as another variant to construct a detector at low com-
putational costs and at an unknown spatial position of anomalies. It is especially
evident if the relationship between the estimation and point prediction is used

X =7+ P(1/0}) (2 - 2),
where all formula components are scalar and there is no summation over the same
lower indices. Substituting this equation in Eq. 2.45, Eq. 2.44 is obtained.

These results allow to specify the conditions, under which a proposed replace-
ment of conditional PDF by normal distribution is valid. First of all, it is a wide
class of the Gaussian models Eqs. 2.36 and 2.37. In these cases, the procedures
Eqgs. 2.41-2.45 are optimal. When model Egs. 2.36 and 2.37 components are
non-Gaussian, the sufficient optimum condition is the possibility to approximate the
posterior PDF prediction xgj using normal distribution. Note that the last condition

is fulfilled in many applied tasks of the RF processing with significant space-time
correlative relationship and is usually equivalent to the high posteriori prediction
accuracy.

2.4.2 Efficiency of Anomaly Detection

On the basis of synthesized optimal algorithms for anomaly detection, the relatively
simple quasi-decision rules can be built. These rules use only some part of available
observations, different prediction methods or decorrelation. In these cases, as well
as while studying the potential possibilities of real detection systems there arises a
problem of calculating optimal algorithm characteristics.

In the Gaussian approximation, the conditional statistics distributions Eqs. 2.41—
2.44 will also be Gaussian. Therefore, for calculation of the efficiency of anomaly
detection it is sufficient to find conditional moments of statistics in Eq. 2.41
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M{L/H)} =0 M{L/H\} = S;V,'S; o} =S:V;'S;.

Thus, at a given quantile xr of level Pr of a normal distribution a detection
threshold A = xpop and probability of correct detection can be determined by
Eq. 2.46, where

Ap = /SeV5'S; joe€G, ®(x)=(1/V2m) Jo exp (=22/2) dz.
PD = O,5+®0(AD —)CF) (246)

It can be shown that there is a simple relationship between the spatial covariance
t

of optimal prediction errors and Pj, = M {(x]’ —x;)(xg — };)} of

optimal linear estimation errors fcf = fcjf(Z) Indeed, analyzing Wiener-Hopf equa-

matrices P,

tion for multidimensional discrete RF, it is possible to obtain the equation

P, = (E, — P;

—1y-1
jq ijHi'Z]) PZI@

where Vgyg = G%EV;]. Substituting the obtained link between matrices in Eq. 2.46,
Eq. 2.47 provides efficacy calculation of signal detection.

Ap=/S:Vy (B — Vi 'Py)S; (2.47)

If there are no interfering images x; or if they are estimated precisely P;; = 0, the
deterministic signal detection performance on the background of white noise is

determined by a well-known signal/noise ratio Ap = /> e sz / V. Errors xjf. with

time-space correlation decrease the detection accuracy, which is measured by
non-zero covariance matrix of optimal RF estimation xji on the background of white
noise 6, j € J.

Consider two important examples how it is possible to calculate the potential
efficiency of point anomaly detection. Suppose that a point signal s; = sp is being
detected. It occupies one element J; of grid G. In this case

Ap =4/0(1 =02/ c3),

where Q = s(z) / G% is a signal/noise ratio, Gg is an error variance at optimal esti-

mation of one RF element x}’,, j € G, on the basis of all available observations

2

- can be obtained by known

zf, j€J;, t € T. Magnitude of error variance ©

methods of the RF optimal estimation theory, which are observed on the back-
ground of noise [16].
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k=N

Fig. 2.14 Frames of a multi-zone image

Consider the task of finding a point object based on the results of observations of
imagery M3 of M| x M, size (Fig. 2.14). Such a problem can arise, for example,
during multi-zone observations of one and the same object using different x-systems
functioning in different spectral range [7, 11, 12, 37]. In this case, an observation
model Eq. 2.36 can be written as following

g :X;—F&j, j: (jlajZaj.”); jk =1...M;.

Assume that data sets zj,j3 = 1...M; are spatially shifted. Therefore, the
appearance of the desired signal increase the RF level by sy in one and the same
element each image frame, of which is numbered (j?, jg) (Fig. 2.14). Covariance
functions of interfering images can be written as follows

Re(my,ma,mz) = M{Xj, j, . XGy 4 ), 4 ms) s+ ms) } = Ri(my,ma)p'™)
where Ry (m,my) = Ry(my,my,m3 = 0) is one and the same covariance function
from M3 image frames, 1(m3) = 1 if m3 # 0, and 1(m3 = 0) = 0. Note that such
representation means equality of correlation distances between any pair from Mj;

analyzed image frames. After simple calculations it is possible to say that Eq. 2.47
for a given task can be transformed into

) = (1+(M; — 1)p)Gi (w1, )
Ap = \/IW;Q\/l ~ Fel0) oo+ (1+ (3M3 = l)p;Gll(wlf‘”z)’
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where Q = S0 / 0(2); G1 (0)17(1)2) = F{Rl((Dl,(Dz)}; F((D],(Dz){-} and
Fr(my,my){-} are direct and inverse two-dimensional discrete Fourier transfor-
mations, Fg(0){-} = Fr(m; =0, my = 0){-}.

The analysis of the obtained equation leads to the following important conclu-
sions about the effectiveness of the point anomaly optimal detection on an arbitrary
number of simultaneously processed images. In the absence of interframe corre-
lation (p = 0), the co-processing of M; frames yields to gain a threshold signal in
/M3 times in comparison to signal detection on one image frame notwithstanding
the covariance function R;(m,m;) and size M| x M, of a frame. The interframe
correlation (p # 0) leads to the losses in detection efficiency, which correspond to
additional increase in variance o2 of interfering images in (1+ (M3 — 1) p) times.

The abovementioned properties make it easy to recalculate the characteristics of
point anomaly detection in a single image frame in the case of co-processing of
arbitrary number of mutually-correlated image frames.

2.5 Image Alignment

While synthesizing algorithms for solving different tasks of frame sequence pro-
cessing 7', 7%, ..., it is usually assumed that observations z].l , zj—?, ... in the node j of

a grid Q correspond to the same space point. In the real world, the receiver motion,
its imperfection, and other factors lead to the fact that z].l , ij’ ... correspond to the

different space points. As a result, the sequence z!,z?, ... will demonstrate inter-
frame displacement from frame to frame, i.e. Interframe Geometric Transformation
(IGT), such as shifts, rotations, etc. If such distortions are not taken into account,
the efficiency of processing algorithms can dramatically decrease. In particular, the
IGT evaluation is used in video stabilization [28].

However, the IGT can be not only disturbing factors but also contain useful
information. For example, analyzing the IGT of frames obtained at different time
intervals one can track the aircraft or submarine course under limited visibility.

Further, tensor shift filtering is yielded in Sect. 2.5.1. Random field alignment of
images with interframe geometric transformation is described in Sect. 2.5.2.
Section 2.5.3 provides a discussion about alignment of two frames of Gaussian
random field. Method of fixed point at frame alignment is represented in Sect. 2.5.4.

2.5.1 Tensor Shift Filtering

Tensor Kalman filter described in Sect. 2.3.2, which estimates frame sequence
defined by tensor Model, can be extended in order to joint estimation of frames and
interframe shift of these frames. Consider this extension. Let a sequence of m-
dimensional frames be defined by a linear tensor stochastic equation
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X =pX 1498 =12, ...

and their observations look like Eq. 2.48, where y' = (¥}, ...,»,) is the IGT
parameter vector of the sth frame, x’(y') is a proper observation of a frame x’ with
parameters y', ©', is a white Gaussian RF of observation noise.

Z=x0")+6 (2.48)
Let the sequence of shift vectors be also described by a linear stochastic equation
Yy =9 4o r=1,2,...,

with (mxn)-matrices ', @ and a white Gaussian generating vec-
tor n = (nj, ...,n%,) of a shift model.

Using observations Eq. 2.48, it is necessary to find an estimation of the suc-
cessive RF frame x’ and estimation y’, when obtaining a recurrent observation z'. To
find these estimations, let us use the tensor filtering equations as in Eq. 2.35. In
these equations, both the frame itself x and its parameters y* are included in the
estimated frame x’. This integration is a combined tensor, so filtering equations
become a bit more complicated. Omitting the intermediate calculations, the
resulting algorithm (Eq. 2.49) of recurrent estimation of the RF and displacement

- S -1
[16] are given, where x; = X’(y;)vya = Styt

t
~t ~t _ ~I IX Ny
¥ =PV - ) + PV R - ¥
(2.49)
~t ~t d.x _ ~t
¥ =PV T (@ =) () (V) (@ - )

-t

The recurrent relations between tensor coefficients of Eq. 2.49 are given in
Egs. 2.50-2.51. Note that although filter in Eqs. 2.50-2.51 can solve this task it is
rather difficult to use it in real situations. Besides the computational problems, it is
connected with model specification Eq. 2.48, namely, defining function x'(y"), i.e.
how the frame x' looks like at the IGT parameters y'. However, if the IGT type is
given (for example, shift or rotation), it is much easier to define the function x*(y").

T T
PXAX+PT yx_PIS,\’ ( I)A1+PifA;x:(PZBB) (250)
PIAL 4 PyAl = PLy. (Py)TAL 4+ PIAL = PL,

yoyx
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dx'
—1 -1
A= E+ (V) Pt (Vo)™ 75 (Poy)
'\ ? dx'
-1 -1
2= 0 () Pt 0

L
AL = —(Vp) &

pdy! (A’
= P 0 () 2

Pl = RPNV Py = RPN QYT

PLy =SSPy (S) +Vy, V= 0/(0)]

-1
PL,+ (Vo) Plg (2.51)

2.5.2 Random Field Alignment of Images with Interframe
Geometric Transformation

Let us examine the task of the RF alignment, when a parameter distribution for the
IGT is not given. For this purpose, consider the IGT model at first.
Let the RF X = {x% ruel,i=1,2,... } be set on some continuous domain

U at any specific time i. Each frame x' = {x}f € Qi} of a grid field X is a system

of values x' = {xi : i € U} onthe grid @; = {j : (j1, .. .ju) : jx = 1, My }. Besides,
the position and shape of grids €; can vary with time, while an index size M; X
M, x ... X M, remains constant. Some possible positions of two-dimensional
grids Q;_; (continuous line) and €; (dotted line) are depicted in Fig. 2.15.

Each of grids Q; may be considered as a system of coordinates. Thus, the task of
the RF alignment can be formulated as a task of finding of coordinates’ transfor-
mation of nodes of grid €; nodes in the system of coordinates Q, of domain
U. Sometimes, (e.g. to compensate the noise) it is easier to find the transformation
of coordinate Q; into Q;_;, i.e. to align each recurrent frame x' with proceeding

frame x'~ 1.

(a) (b) (c)

Fig. 2.15 Positions of grids Q, | (continuous line) and Q; (dotted line) in two sequenced frames:
a grid €; is obtained from a rectangular grid €;_; by a parallel shift, b grid Q; is obtained from grid
Q;_; by the shift and rotation, ¢ grid €;_; is curvilinear, d both grids are curvilinear
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Consider the task of aligning two frames x'~! and x'. In general (Fig. 2.15d), it is
necessary to estimate a grid form €;_; and find transformation of coordinates €;
into Q;_;. Even for stationary fields X, an estimation of a grid form Q;_, i.e.
estimation of mutual value ordering xJi’l , is rather complex and of low accuracy. Let
us restrict ourselves to the case, when €;_; is a rectangular grid with a unit step
(Fig. 2.15a—c). This task simplification is not a rough approximation of a real
situation, as value grids are usually close to rectangular.

Let an observation model of field X be Eq. 2.52, where 8 = {%’} is a field of
independent RV.

d=x+0 i=12 ... (2.52)

If the RF X is stationary, then a conditional mutual PDF w (z'~!, '[f) can be
obtained, where f is a transformation of coordinates €); in (rectangular) coordinate
system €; ;. This makes it possible to apply various statistical estimations to

combine a pair of frames x*~! and x', for example, maximum likelihood estimate by
Eq. 2.53.

f =arg max w(z ™1 ) (2.53)

In the general case of transformations £, all coordinates f(j) of all frame values x’
should be estimated in the system €;_;. Therefore, function fin Eq. 2.53 contains a
large number of parameters and calculation becomes rather complicated.

Alignment task is sufficiently simplified if the type of transformation fis con-
sidered. Then, it is desirable only to determine its parameters o. In such cases, an
estimation Eq. 2.53 takes the following form

o = arg max w(z ', 7'|) (2.54)
o

and contains only a few parameters. Estimation Eq. 2.54 can be used in the case of
the RF a priori parametric uncertainty X and observation model Eq. 2.52. For this

parameter, vector & must be supplemented by the RF unknown parameters X and an
observation model.

2.5.3 Alignment of Two Frames of Gaussian Random Field

Let Gaussian stationary field X has a zero mean and the CF as Eq. 2.55, where
p(i, [u1], ... |uy|) is a field X correlation coefficient at a distance |i| along the time
axis and at a distance |uy| along the kth spatial axis.
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V(i,u) = M[xéxlvilu] = Gip(m, ], - |unl) (2.55)

In observation model Eq. 2.52, noises 0 will also be assumed as Gaussian with
zero mean and constant value 3.

Let there exist some observations z'~! of a frame x'~! at the nodes of a rect-
angular grid Q;_; with a unit step and some observations z' of a frame x* at the grid
Q; nodes. It is necessary to estimate the parameters & of IGT x'~! and ¥/, i.e. to find
the estimation & of parameters in £ (7, &). If we assume that i = 1 and chose the grid
Q, axis coinciding with the coordinate axis, in which the CF as Eq. 2.55 is set, then
the Gaussian joint PDF of a frame x! and its observations can easily be calculated
from Eqgs. 2.52 and 2.55. If parameter vector a is given, then position of grid €,
relative to grid €; becomes definite. Therefore, it is possible to find a joint con-
ditional PDF of observations Z = (z!,z?) at given & as Eq. 2.56, where V() is a
covariance matrix of observations Z, k is a number of elements in Z.

—1 i—1

1

wizle) = (2n)k/2 det'/?

ex ,1 (&
V) p< 52V (oc)Z> (2.56)

It should be noted that calculation of Eq. 2.56 maximum is rather a complicated
task which is absolutely unrealizable in real-time systems. In order to simplify the
Task, consider the estimation, which can be obtained as a result of only exponent
maximization (in Eq. 2.56) provided by Eq. 2.57.

o = arg minZV~'(a)Z = arg minJ(Z,a) (2.57)
o o

Functional J(Z, &) in Eq. 2.57 is the Mahalanobis distance of sample Z from the
origin for covariance matrix V(&). Thus, the estimation in Eq. 2.57 minimizes the
Mahalanobis distance of observed Z from the origin. Consider this distance in
detail. From Eq. 2.44, it follows that the observation Eq. 2.58 takes place, where
Z*(@) is an optimal (in our case linear) prediction of observations Z into a point,
A%(a) are prediction errors, i.e. compensation residues into a point, C(a) is a
diagonal matrix of error variance A% (&).

J(Z,8) =2C7"(3)(Z — 2" (7)) = ZC " (3)AL() (2.58)

If observations z! and z? are used twice (z! — z? and 72 — z!), then Eq. 2.59 can
be obtained, where z!(a) is an observation prediction of z! by z2, i.e. prediction into

domain, A; (&) are the prediction errors, Ny (&) is an error covariance A; (&), 22(a) is
a prediction of z? along z!, No(a) is an error covariance A, (&) of this prediction.
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J(E 2 8) =N (@) -2 (@) + 2N, (0)(@ - 2(3) (2.59)

= 'Ny (@A (3) + 2Ny (@) Ay (3) '

The evaluation can be somewhat modified by introducing the conditional PDF as
the following product

w (', 2la) = w (o) w(|z', ).

As w(z'|a) = w(z!) does not depend on 4, it is enough to maximize conditional
PDF  w(Z|,a) = mexp(—%(zz — 22(a))ZN;5 (%) (2% — 22(3))),
where 72(3) and N, (3) are the same as in Eq. 2.59. From here, it is also possible to
obtain a simplified evaluation by the functional in Eq. 2.60, which is the
Mahalanobis distance between observations z> and their predictions 2*(3) according
to z\.

J(Z', 22 a) = [ — Z(@)]N; 1 (9)[* — ()] (2.60)

Experimental studies show a poor estimation quality obtained using the
Mahalanobis distance. It can be explained by the fact that in Eqgs. 2.58-2.60 the
compensation residues and matrices inversed to C(a) or to N;(&) are multiplied. In
addition, the compensation residues can decrease along o only to a certain limit.
Thus, minimization of these expressions can occur mainly due to increase of matrix
elements C(&) or N;(&). This does not happen while the MLM estimates, as the
PDF Eq. 2.56, are inversely proportional to the square root of a covariance matrix
determinant V().

Much better IGT estimates can be obtained by minimizing the compensation

residues A% (@), A;(a), or Ay(@). It is easier to minimize residues

Ao(3) = 2 - 2(a),

as the optimal compensation of the recurrent frame z> according to the previous
frame z! is determined. It can often be the main alignment task. Using this
approach, it is possible to obtain the estimates in Eq. 2.61 and other estimates,

which depend on the used metric. Further, variety of estimates can be obtained
using various predictions 2}3(&), for example, optimal prediction or various inter-

polations of observation z!, initially set only on the grid Q.

7 7

a = arg min M E z - 22(&)‘ a = arg min M E (2 —2(3)*] (2.61)
= o =
J J

Generally speaking, it should be mentioned that the compensation estimates
Eq. 2.61 are biased. They do not estimate the IGT parameters o but only optimize
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some compensation in terms of a certain metric. Thus, frames z' and z*> alignment
with the use of estimated parameters a is a pseudo-alignment in the sense of the best
compensation of the selected type. However, in the case of a good choice of
prediction function rather effective alignment is often provided.

2.5.4 Method of Fixed Point at Frame Alignment

Many methods of image alignment and the IGT parameter estimation have small
operating areas, i.e. they are reasonable only if the estimated parameters are small.
Section 2.5.4 describes a method of estimating the IGT parameters with a large
operating area. However, the accuracy of this method is low. It can be used to
obtain initial parameter approximation, which is then used in a more precise esti-
mation method with a small operating area.

Let mapping F : W — W of set W into itself be given. The Fixed Point (FP) of
mapping F is any element w € W, for which F(w) = w. That is, while mapping
F such a point does not change and transforms into itself. Let us apply the concept
of the FP to estimate the IGT parameters of images [16, 29, 30].

Consider two images x(W) and y(J) given on integer m-dimensional grids W =
{w} ={wi, ...;wn)} and J = {j} = {(j1, .. .,jm)}. Let the IGT type be known
and connect positions of these images

w = F(j;a),

where o are the unknown IGT parameters, which are subject to estimation. After
completing an auxiliary transformation IGT P of image y(J), the image z(J) con-
nected with x(W) by means of a complex transformation is obtained.

w = P(F(j;a)) = H(j; %)
Suppose that this transformation has only one FP v (Eq. 2.62).
v=H(v;a&) (2.62)

Then Eq. 2.62 is transformed into a system of m equations relative to parameters
a. If the number of IGT parameters is equal to image dimension, then it is possible
to define the parameters from Eq. 2.62. If the IGT has a larger number of param-
eters, then it is possible to perform K auxiliary transformation Py, find the FP v; of
each complex transformation Hy, and obtain a system of K equations

vy = Hy(vg;alpha ), k=1, ..., K,

from which the estimates for all transformation F' parameters o can be obtained. The
place of the FP after auxiliary transformation is illustrated by Fig. 2.16. The
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(a) (b) (c) (d)

Fig. 2.16 Fixed point of a complex transformation shift-rotation: a original image, b shift of
image a, c rotation of image (b), d combination of images (a) and (c)

original image shows a Smiley (Fig. 2.16a). If this image is shifted right on o, the
Smiley will shift on o; as well (Fig. 2.16b). It is obvious that there is no the FP at a
parallel shift. Let us perform an auxiliary rotation of Fig. 2.16b for angle =
center-relative. Then, an image in Fig. 2.16¢ is obtained. Figure 2.16d shows
images in Fig. 2.16a, c together. It is evident, that the point marked by an arrow is
the same for both Smileys. This is the FP of image transformation of Fig. 2.16a into
Fig. 2.16c¢.

It is essential that the value of the estimated parameters & has no effect on the
structure of the proposed algorithm and we need to find the FP of a complex
transformation that matters. For this purpose, it is necessary that the common part of
the images x(W) and z(J) ought not to be too small and contain the FP of the
complex IGT, i.e. the restrictions for parameter o value are not very strong.

It is obvious that the accuracy of parameter o estimation depends on estimation
error of the FP position, which has a pixel order that leads to errors of parameter &
estimation for analyzed IGT. In order to make estimation & more accurate, it is
possible to use the estimate, which is obtained with the help of a FP in a more
precise algorithm as initial approximation. The algorithm can be less
time-consuming but with a smaller operating area. Thus, a pair of algorithms allows
to improve speed of operation in real-time systems connected with extraction of
useful information from image sequences.

Fixed point method for 2D images. Consider the application of the FP method
for estimating the IGT parameters of two-dimensional images. The extension of this
method on images of larger dimension leads to technical complications only.

Let x(u, v) and y(i, /) be two 2D images with the known IGT (f, g), which relates
the positions of these images (Eq. 2.63), where a are estimated parameters.

Conducting auxiliary transformation (p, ¢) of an image y(i,j), an image z(i,)
connected with x(u,v) by means of a complex transformation is obtained.
1= g(p(i.j), q(i.j);9) = G(i,j; 0)
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Suppose that this transformation has only one FP (u,v) satisfying Eq. 2.64.
u=F(u,v;a) v=G(u,v;a) (2.64)

If one manages to find this FP (at least approximately), then Eq. 2.64 is trans-
formed into a set of equations relative to parameters d. If the IGT has only two
parameters (for example, in the case of a parallel shift), then these parameters can
be obtained from two Eq. 2.64. If the IGT has more than two parameters, then it is
possible to conduct K auxiliary transformations, find their FP and obtain a set of
equations

Up = Fk(uk,vk;&) Vi = Gm(uk,vk;a) k= l, ...,K,

from which the estimates of all IGT parameters can be obtained.
The most difficult aspect of this method is to find the FP. The necessary criterion
for the set of equations Eq. 2.63, i.e. (u,v) immobility, is

x(F(u,v;a), G(u,v;a)) = z(u,v).

However, this condition is not sufficient as there may be other points with values
z(i,j) on the image x(u, v) but the FP is only one of them. Therefore, it is necessary
to chose an auxiliary transformation for each specific type of the IGT and find the
sufficient characteristics of point immobility.

Consider a common type of the IGT: turn on the angle o around the image
centre, scale change with coefficient s, and parallel shift on vector (a,b). Both
images x(u, v) and y(i,j) are set on an integer grid. Let us place the origin (0, 0) in
the central pixel of the grid. Thus, the coordinate transformation (i, /) of an image
y(i,j) into coordinates (u,v) of an image x(u,v) has the form of Eq. 2.65.

u=a+s(icosoo—jsina) v=>b+s(isina+jcosa) (2.63)

Coordinates (u,v) may be fractional, then it may be desirable to calculate values
x(u, v) interpolation of the grid image x(u, v). According to the given images x(u, v)
and y(i,j), it is necessary to estimate the IGT parameters using Eq. 2.65. As an
auxiliary transformation, let us take image rotation y(i,j) around its center pixel
(assuming that its coordinates are (0,0)) on the angle m, which gives an image
z(i,j) = y(—i,—j). In Eq. 2.65, this rotation is equivalent to increase of o by .
Thus, the set Eq. 2.63 has the following form

u=a—s(ucoso—vsina), v=2>— s(usino+vcosa).

It has the only solution (Eq. 2.66).
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u = [a(1+ scos o)+ bssina]/[(14 scoso)® + (ssin 0‘)% (2.66)

v =[b(1+4scosa) — assina]/[(1+scos o)’ + (ssin o)

If o~0,s~1, then u~a/2,v~b/2 and an approximate Eq.2.67 is
obtained.

a~2u, b2y (2.67)

Thus, having estimated position (u,v) of the FP of image transformation x(u, v)
into image z(i,j), the shift parameters (a,b) can be estimated using Eq. 2.67.

Now let us turn to the FP detection. For this purpose, consider an image
A (i,j) = |z(i,j) — x(i,j)|- Image values x(u,v) and z(u, v) at the FP (u, v) coincide,
therefore A (u,v) = 0. However, there may be other points, in which A (u,v) =0
because values x(i, /) and z(i,j) are equal at random. At first, let oo = 0 and s = 1 in
Eq. 2.63, then it is obvious that image A (i, ) transforms into itself, when rotated at
angle m about the FP. That is, this image has central symmetry relative to the FP
(u,v). Therefore,

e(u,v;m,n) = |A(u+m,v+n) —Alu—m,v—n)| =0

for any m and n. However, there may be other Points, at which &(u, v; m,n) = 0 for
some values m and n. It is unlikely, that €(u, v;m,n) = 0 for many values m and
n at once if (7,j) is not the FP. Therefore, the statistics values (Eq. 2.68) are more
likely to be small, when a point (i, ) is located near the FP.

e(i,j) = i i (i, j;m,n) (2.68)

m=0n=—r

Thus, a position of the minimum point (i,;) of statistics Eq. 2.68 can be con-
sidered as a position estimation of the FP (u,v).

If there is rotation and scale changes (subject to o # 0, s # 1), then the central
symmetry of image A(i,j) is broken. However, if the rotation angle and scale
change are small, the symmetry distortion will be small. That is why, the minimum
point of statistics in Eq. 2.68 will slightly deviate from the desired point, i.e. there
will appear a small error in defining its position. The mutual brightness image
distortions x(i,j) and z(i,j), for example, noise, can lead to the secondary errors.
Summation in Eq. 2.68 causes smoothing. Thus, a noise impact is slightly reduced.

Additional noise reduction effect can be obtained by considering the approxi-
mate central symmetry of an image £(i,/) and using statistics similar to Eq. 2.68

3(i,j) = zr: zr: le(i+m,j+n) —e(i —m,j— n).

m=0n=—r
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i i

Fig. 2.17 Obtaining of a fixed point at shift, rotation, scale change and noise: a and b original
images, ¢ image A(i,j), d image €(i, /), e image 3(i,))

This method is illustrated by Fig. 2.17. Cloud-cover images in Fig. 2.17a, b
have the IGT parameters Eq.2.65, i.e. shift a =43.2, b = —38.7, rotation
oo = 0.1 rad and scale change s = 0.9. They are distorted by a strong additive white
noise with ¢ = 30. Thus, the clouds are slightly visible. Figure 2.17c—e show
images A(i, ), &(i,/), and 8(i, /), respectively. Minimum points of images €(i, j) and
8(i,j) are marked with crosses, their coordinates are (3, — 11) and (23, -19).
Relative shift estimations obtained according to statistics €(i, ) and (i, ) are (6, —
22) and (46, —38), respectively. The second one is taken into account. It should be
considered as a good result for such rigorous estimation conditions.

The tests of the described algorithm showed that if | <0.1 rad, |s — 1| <O0.1,
and white noise with ¢ <30, the estimation error even of large values of shift
parameter (tens of pixels) of simulated and real images did not exceed 4-6 pixels.

2.6 Adaptive Algorithms of Image Processing

The image processing algorithms discussed above have been synthesized, mainly,
assuming that the image, noise and observation models are thoroughly defined. In
practice, such models are usually only partially known, i.e. there exists a priory
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uncertainty in defining an image model. Thus, the synthesis of adaptive processing
algorithms is required. Many adaptive algorithms, in particular, image processing,
were developed [31, 32].

Various types of algorithms, such as the pseudo-gradient adaptive,
pseudo-gradient adaptive prediction, and pseudo-gradient algorithms of image
alignment, are discussed in Sects. 2.6.1-2.6.3, respectively.

2.6.1 Pseudo-Gradient Adaptive Algorithms

According to the purpose of data processing, the adaptive algorithms can be divided
into two types: argument and criterion. The starting point for algorithm synthesis is
a minimization of average losses, which is formally expressed by quality functional
R(a,Z) = J(a), i.e. the criterion, which value should be minimized according to
some parameters o.. However, the requirements for this minimization may be dif-
ferent. The objective of argument tasks is the most accurate determination of the
minimum point &* (probably, a variable). This type of tasks includes the mea-
surement, filtration, and prediction problems. The objective of criterion tasks is
approximation of J(&) to its minimal value J* = J(&"), the parameters themselves
a are irrelevant and may greatly differ from o*.

According to the method of optimal parameter estimation, the adaptive algo-
rithms can be divided into identification and non-identification ones. In identifi-
cation algorithms, the unknown characteristics y are estimated according to all data
available. Then, the estimates ¥ obtained are used as the correct ones. As a result,
the parameters for the algorithms in the form & = a(7) are obtained. This is the core
of multiple modified decision rules. The application of these algorithms is com-
plicated by an additional procedure of estimates y and instability of further com-
putations to errors of these estimates. In the algorithms without identification, the
criterion J(&) minimization is conducted by variation of & without intermediate
estimation of any characteristics of the given data. Moreover, & may be chosen
iteratively during the current processing according to the observations over current
values J(at).

To implement such algorithms, it is necessary to estimate current values J(a.),
i.e. the criterion should be observable and this fact limits the application area of the
approach. Sometimes it is possible to replace non-observable J(a) with the other
observable criterion J;(a&). It is required that minimum points J(&) and J; (@)
coincide in argument tasks and J(a) should approximate to J* = J(&*) as J;(&)
approximates to J; = J;(a}) in criterion tasks.

Even if the data is thoroughly described, it is not always possible to find the
optimal decision rule because of mathematical difficulties. Even if it is possible to
find it, it is often unacceptably time consuming. Besides, the initial data model
usually describes the reality only approximately. For these reasons, it is often
impossible to find and apply the optimal rule under real conditions. Therefore, it is
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necessary to apply the quasi-optimal implementable rules with a small loss in
processing quality. To find such rules, it is possible to use the simplified data
models, which describe only their fundamental properties. The obtained rules (al-
gorithms) contain some undetermined parameters o. These rules should be chosen
in such manner that the algorithm gave the best result, when the certain processed
data is used.

Let the processing structure be defined and the quality criterion for problem
solving be formulated in terms of functional minimization J(&), which characterizes
the average loss, when the processing is performed with parameters a. In a view of
the unexpected uncertainty of data description, it is impossible to determine the
optimal parameters o* beforehand. Therefore, the adaptive procedure is desirable,
which together with the processing procedure composes the adaptive algorithm.
These parameters & are determined in terms of a certain implementation (obser-
vation) Z of the object processed.

Thus, the adaptation problem is formulated as a problem of function mini-
mization J(a) = J(&, Z) for a particular data Z. Pseudo-Gradient (PG) algorithms
showed good results while solving this problem. There are some numerical methods
for extremum search. The most common are various modifications of the gradient
algorithm (Eq. 2.69), where a,, is an approximation to the minimum point of the
functional J(a) following &,_1, W, is a positive numerical sequence determining
the step length, VJ(&) is a gradient of J(&).

&n = 5(,,_1 — unVJ(&n_l) (269)

Each step in Eq. 2.69 is made towards the quickest decrease of J(&), although
under certain conditions convergence o, — d* takes place, it may be very slow.

Multiple computations VJ(a,_;,Z) prevent the application of these methods in
image processing. Each computation usually includes the whole processing pro-
cedure of Z with parameters &, . It is possible to significantly decrease the amount
of computations, if instead of V.J(d,-1,Z) a reduction VO(d,,—1) = VJ(%,-1,Z,)
is taken, i.e. to calculate the gradient not across the whole Z but only across some of
its part Z,, for example, in a sliding window. Then, in Eq. 2.69 instead of an exact
gradient value its value with a random error 5, is used and obtained in Eq. 2.70.

Oy = Oyt — Wy (VI (01, Z) +6,) = Syt — 1, VO 1) (2.70)

Sequence d, becomes random, thus the very fact of its convergence to a* is
random as well. Generally speaking, the random errors 8, in Eq. 2.70 cannot be a
serious obstacle to convergence o, — .

The concept of the PG was introduced in [31]. On its basis, a common approach
to the analysis and synthesis of algorithms of functional stochastic minimization
was developed. The class of the PG algorithms is very wide and it includes all (or
nearly all) adaptive and learning algorithms. These algorithms are based on the
procedure (Eq. 2.71), where Bn is a random (particularly, deterministic) direction,
generally speaking, depending on previous values d; and n.
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By = 01 — 1, B, (2.71)

Vector B, is called the PG of J(3) at a point &, ; if the pseudo-gradient
condition

[VJ(81)]"MB,] 20

is fulfilled, where the left-hand member is a scalar product, i.e. on the average F is
directed at an acute angle to the exact gradient. Algorithm Eq. 2.71 is called the PG
if B, is the PG at each one-step transition. In this case, the transitions in Eq. 2.71
will be made on the average towards reduction of J(&) and it is possible to hope for
convergence o, — O* as n — oo, although some transitions can be made towards
increase of J(&). Indeed, the fulfillment of relatively weak conditions [31] is suf-
ficient for the convergence with probability one for any initial approximation o.

Note that algorithm Eq. 2.71 is much more general than Eq. 2.70, as in Eq. 2.71
the possibility of calculating J(a) or VJ(a) is not assumed even with a random
error, i.e. J(O) can be also non-observable. Still the availability of the observable
PG is required. In particular, even noisy gradient value of another functional J; (a.)
may be chosen as B, but it should have the same minimum point as J(a).

If it is possible for B, to depend on previous values ;, then it allows to use the
PG algorithms to process not only one-dimensional but also multidimensional data
in the order of their scanning.

Until now it was assumed that the task is to find the minimum point a* of the
functional J(&, Z), which is unique for all Z. Such a point exists but the processing
will be optimal if data Z is homogeneous. The convergence a, — o requires the
convergence [, — 0. However, if we bound p, from below (for example, take
constants |, = W), then the dispersions of estimate errors a,, of parameters o* will
stop decreasing and will have the order 2, while the parameters ,, themselves will
oscillate about a*. Thus, if a homogeneous data processing is conducted simulta-
neously with the estimation of &* (when p, = ), then upon reaching a steady state
operating conditions only some quasi-optimal processing, i.e. close to optimal, can
be conducted.

If data Z is heterogeneous and there is an abrupt change in its characteristics,
then optimal parameter values a* can also change. If a processing proceeds, then it
is possible that immediately after such a rapid change the processing quality will get
worse and then gradually quasi-optimal results will be achieved once again. When
there is only a smooth change in observational characteristics Z (more precisely if
optimal parameter values o* change smoothly), which is comparable with the
procedure Eq. 2.71 transient rate, it is possible to use the PG algorithms to process
the heterogeneous data without their fragmentation into areas of a relatively
homogeneous structure.

Thus, the PG algorithms are easy to implement and they can be applied to a wide
variety of homogeneous and heterogeneous data. Their adaptation can be performed
directly during the processing procedure, thus data delay line is not required. The
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indicated positive qualities of the PG adaptive algorithms make them preferable in
the processing of images and other large data arrays.

Further, the application of the PG algorithms for the prediction and image
alignment as examples is considered.

2.6.2 Pseudo-Gradient Adaptive Prediction Algorithms

While solving some tasks of image processing, there often arises an auxiliary
problem of their prediction, i.e. the problem of estimation formation x; of an image
element x; according to a certain set (pattern) of observations Z;, which does not
include the predicted element itself. In particular, in the Kalman filters the
extrapolated estimate is the prediction. In most real situations, the accuracy of
prediction increases with the extension of a pattern but at the same time the
computational costs significantly increase.

The prediction is considered to be optimal if the minimum of the mean square
prediction error M[(x} — x;)%] = M[A?] is achieved. In this case, a conditional mean
M|x;|Z;] = f(Z), i.e. some function of random variables Z;, is considered to be the
optimal prediction. Type of function f depends on the distribution type of image
elements, i.e. on its model. Thus, the optimal prediction may be presented as
x; = f(%, Z;), where @ are the prediction function parameters. For example, in case
of the Gaussian images with a zero mean the optimal prediction is linear x; = &;T Z;.

If a form of the prediction function is determined, the problem is reduced to its
optimization, i.e. it is necessary to find out the optimal values & of parameters o;,
whereby a minimum square error is achieved (Eq. 2.72).

(@) = M((f (3. 2;) — x)°) (2.72)

Let us form the PG algorithm, which minimizes this functional. It needs an
observable pseudo-gradient B,. Non-observable value x; (the problem under con-
sideration is to estimate x;) is contained in Eq. 2.72. Therefore, the functional
Eq. 2.72 is non-observable, thus it is impossible to obtain the PG as an imple-
mentation of its gradient. However, the observations z; = x; + 0; are observable,
their optimal prediction due to independency and centered of noise coincides with
the optimal prediction of elements of a true image. Thus, functional Eq. 2.72 can be
replaced by an auxiliary functional

hiE) = M|(f(5:.2) - )] (2.73)

its observable PG may be as Eq. 2.74.
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Fig. 2.18 Example of an image prediction: a initial image, b optimal prediction, ¢ optimal
prediction errors, d the PG prediction, e and f the PG prediction errors

Of (9, Zy)

B, = v(f(anvzn) - Zn)2: 2A, 95, (2.74)

Finding a gradient in Eq. 2.74 is rather easy, since the prediction f function is
given. For example, if the prediction is linear, then

Of (8, Z,) | 03, = Of (31 Z,) | O3y = Z,.

Note that these algorithms are not associated with any evaluation of image
parameters, they are efficient in computation. It enables to implement them in
real-time systems.

An example of the PG algorithm application for linear prediction of a homo-
geneous Gaussian image with a factorable exponential CF is shown in Fig. 2.18.
The prediction of an image element is a weighted sum of eight nearest neighbors.
The initial image, its optimal prediction, its errors, the adaptive PG prediction, and
its errors are represented in Fig. 2.18a—e, respectively. Visually Fig. 2.18b, d are
the same, since the adaptive prediction is close to optimal. However, the prediction
errors (enlarged for visualization) in Fig. 2.18c, e are different from each other. In
the first few (top) lines of the adaptive prediction (Fig. 2.18d) errors are relatively
large, as there the process of prediction parameter adjustment takes place. This
process takes place rather quickly. Figure 2.18f shows the prediction errors during
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the second image scanning, which develops from the values of prediction param-
eters established by the end of the first pass. Analysis of Fig. 2.18¢c, f allows to
make a conclusion that there is no difference between them. It means that the
prediction has nearly converged to an optimal one.

Thus, using the adaptive PG algorithms it is possible to obtain a good quality of
image prediction at a low computational cost.

2.6.3 Pseudo-Gradient Algorithms of Image Alignment

As it was mentioned in Sect. 2.5, the compensation approach can be a good basis to
synthesize algorithms of the IGT parameter estimation, i.e. finding a rather precise
estimate of one frame values according to the observations of another frame.

If the IGT type f(j, &) is known, then the problem of frame z' and z> alignment is
sufficiently simplified. It can be formulated as a task of functional minimization
(Eq. 2.75), where o are parameters of the IGT model, 2%(6() is a prediction into

point z% according to observations z'.

Ja)=M|> (7 -2 (@) (2.75)

j

Different interpolations of a grid frame z! are usually used as prediction 2;2(6() in

alignment problems. A set of parameters a*, which contributes minimization
(Eq. 2.75), is the IGT parameter estimation. The required alignment of frames z!
and 72 is obtained by substituting &* into defined by the IGT model transformation
f (7, &) of a coordinate system of grid Q;, in which frame 7' is determined, into a
coordinate system of frame z°.

Thus, the problem of the IGT parameter estimation is reduced to the problem of
prediction 2}2(&) optimization with respect to parameters &. This problem can be

solved using the PG algorithms, as it was done in Sect. 2.6.2.

However, the criterion (Eq. 2.75) can be used only if the brightness distortions
are small enough. Suppose that the brightness distortion of the two frames can be
approximated by a linear function. In this case, a correlation coefficient between
these images should be high. Therefore, the maximum of a local sample correlation
coefficient between the observations of the two frames in shifted windows can be
taken as a criterion for alignment quality and the PG algorithm can be used to
maximize this function.

As it has already been mentioned, the alignment tasks for unknown IGT types
are considered to be more complex. Then, it is possible to find some type of
transformation f(j, &), which considers parameters & as variables. Then the align-
ment task can be reformulated as a minimization task of functional (Eq. 2.75) with



62 V. Krasheninnikov and K. Vasil’ev

(b)

Fig. 2.19 Alignment of radar cloud images: a image with rectangle grid, b image with distorted grid

variable arguments a. In such case, the PG algorithms can also be applied, all we
need is a parameter L, value bounded below. An example of alignment of radar
cloud images using the criterion of maximum correlation is depicted in Fig. 2.19.

Figure 2.19b is received by the radar a few minutes after Fig. 2.19a. In this
interval, a form of clouds has significantly changed. The clouds did not only move
but they changed their shape and density. As a result, their images have the IGT of a
general form and significant brightness distortions. To illustrate the alignment
result, a conventional rectangular grid is drawn in Fig. 2.19a. Figure 2.19b shows
its estimated position (in fact, the estimated position of the elements from
Fig. 2.19a in Fig. 2.19b). If the image fragments are compared in the corresponding
cells of these both grids, then it is possible to make a conclusion that an alignment
is accurate enough. Note that according to the found shifts of image elements it is
possible to estimate local speeds of air displacement, build the wind field, which is
used, for example, to ensure the flight safety near airports.

Alignment task becomes even more complicated if the brightness distortion is
high enough and has of a non-linear character. Then, correlation-extreme criteria
are also inapplicable. In this case, the alignment may be performed on the basis of a
morphological analysis, i.e. taking into account the image form [10, 11]. In this
context, the PG procedures [16] can also be applied.

2.7 Conclusions

New approaches to solve the problems of modeling and statistical analysis of
multidimensional data sequences, which can be presented in the form of changing
images, are considered in this chapter. A description of images in the form of a
random field, which is set on an integer two-dimensional or multidimensional
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integer grid, is taken as a basis. A number of known model were analyzed and new
probabilistic models were developed. It enabled an adequate description of a large
class of static and variable images, including ones set on various surfaces. These
models are subsequently used to formalize the image processing tasks and syn-
thesize corresponding algorithms. The chapter touches upon the problems of image
filtering, detection of point and lengthy anomalies on the background of noise with
spatial correlation, image alignment and estimation of parameters of their interframe
geometric transformations. Optimal and quasi-optimal algorithms that help to solve
these problems were obtained. Their efficiency and computational complexity were
analyzed. Special attention is paid to adaptive algorithms of image processing,
when there is uncertainty in the description of the processed data.
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