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Abstract. The aim of the paper is to decompose two important economic
variables (GDP and unemployment rate in the Czech Republic) into a cyclical
and a trend component by applying a state space methodology. An unobserved
component model is econometrically estimated by the method of maximum
likelihood. The likelihood function is constructed using the square root version
of the Kalman filter. The results are economically interpreted and it is found that
(1) the cyclical component of output and unemployment rate has already
recovered from an initial shock at the beginning of the economic crisis in 2008,
(2) there has been a persistently decreased growth of the trend component of
output after the outbreak of the economic crisis, (3) the trend component of
unemployment rate has been constant during the current crisis which suggests
that possible hysteresis effects have not played an important role yet, (4) the
growth of the GDP trend component is highly volatile in the Czech Republic.
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1 Introduction

There was a considerable decline in economic activity at the beginning of the current
economic crisis in 2008 in the Czech Republic. The goal of the presented paper is to
shed some light on the following questions: (1) has economic activity already recov-
ered from the initial decline and to what extent, (2) is there evidence of permanently
increased unemployment rate or not, (3) is long-run growth of GDP permanently
decreased? Bivariate unobserved component model of GDP and unemployment rate is
formulated in this paper in order to answer these questions. The model will be written
in state space form which is a methodology commonly applied not only in technical
sciences but also in economics (Zeng, Wu [17]). The model will be estimated by the
method of maximum likelihood. The likelihood function is constructed using the
square root version of the Kalman filter which has better numerical properties com-
pared to the basic form of the filter (Anderson, Moore [1], Chui, Chen [5]).
Trend-cycle decomposition methodology has a long tradition in macroeconometrics
(Nelson [14]) and is described in detail in Dagum and Bianconcini [7]. Empirical
papers discussing trend-cycle decomposition of economic activity include Cerra and
Saxena [4] who discuss this issue using regime switching methodology. Ball [2]
estimates trend component of GDP for OECD countries by applying the concept of
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potential output and a production function approach. Ball [2] and Barro [3] (and many
others cited in these papers) found evidence that deep recessions have permanent
effects on output. Similar results are found in the presented paper for the case of the
Czech Republic.

The paper is organized as follows. Econometric methodology is described in
Sect. 2. The subsequent Sect. 3 is the empirical part of the paper presenting results and
economic discussion. The final Sect. 4 concludes.

2 Econometric Methodology

2.1 Model

The model decomposing real GDP and unemployment rate into trend and a cycle
component is presented in this chapter. The applied unobserved components model was
formulated by Clark [6] and was also summarized in a textbook treatment by Kim and
Nelson [12]. The model equations are given as follows:

Ve =n,+x (1)

=g 1+n_1+v, v~ i.i.d.N(O7 05), (2)

8 = &-1+w, w~iidN(0,0,), (3)

X =@ X1+ by X2 ter, e Ni.i.d.N(O, 63), 4)

where y, is log of real GDP, n, is a stochastic trend component, x; represents a sta-
tionary cyclical component and v, wy, ¢, are independent white noise processes.

The autoregressive process of order two was chosen in the Eq. (4). This is the most
common assumption used in empirical literature when modelling cyclical variables as
an autoregressive process of the second order is a parsimonious way to model cyclical
dynamics.

This standard univariate model is extended into a bivariate model of real GDP and
unemployment. The unemployment rate is decomposed into trend and a cycle as follows:

U =L+ Cla (5)
Li=L_i+¢&,é&~iidN(0,07), (6)
Cr=op0 X +01 X 1+0 X2+, ﬂ,Ni-id-N(Q O—i)a (7)

where L, is a trend component of unemployment rate, C, is a stationary component of
unemployment rate and ¢, 7, are independent white noise processes.

The cyclical component C; is assumed to be a function of current and past transitory
components of real output which represents a version of Okun’s law. The number of lags
used in the Eq. (7) was chosen rather arbitrarily. This choice, however, is quite common
in the empirical literature (Kim, Nelson [12]).
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The transition and measurement equation of the state space representation are
written as follows

Xt = A X1 +uy, (8)
Zt=D~Xt+Vt, (9)

!

Wherext:[n, X X—1 X—2 & Ll‘]azt:[yl‘ Ul‘]’

e; +es
$r-e2+¢,-e3
A — € D= e t+e 7
e3 oy e+ -e3ton - ey
€5
€6

ut:[v, (2 0 0 Wi 8[],Vt:[0 nl]’

€j,j=1,...,6, denotes a 1 x 6 row vector with element j equal to unity and all other
elements equal to zero.

Random vectors uy, v; are normally distributed and satisfy the following assump-
tions commonly assumed in the standard state space model:

R S i i URES gt L
E(v¢-u)) =0 forallz, s, (11)

E(xo-uy) =E(x9-v,) =0 foralls, (12)

E(vi) = E(u) =0 forallz. (13)

Quarterly seasonally adjusted data for unemployment rate U, and GDP y, in the
Czech Republic from 1996 Q1 to 2015 Q4 were used for the observable variables in the
vector z;. The relevant age structure for unemployed was chosen to be ‘from 24 to
74 years’. The GDP was also calendar adjusted and measured in chain linked volumes
(2010) in millions euro. All such data is available at the Eurostat database.

2.2 Kalman Filter — Basic Version

The basic version of the Kalman filter algorithm summarized here for convenience is
described e.g. in Harvey [11] or Hamilton [10]. The mean of the state vector X;
conditional on the information known in time # — 1 is given by

X(t—1 = A- Xt—1t—15 (14)
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where X1 = E(X¢|Q¢ 1), X(—1je—1 = E(X¢—1 | 1) and the information available in
time s — 1 is Q1 = (21, .. .,%-1,A, D, Zyy, Xyv). The matrices A, D, X, and Z,, are
assumed to be known in this chapter describing the Kalman filter algorithm despite the
fact that they depend on unknown parameters 0 = (d)l y oy 00, 01, 02, Gy, Oy, O, O, 0,1)
in the model presented in Sect. 2.1. The estimation procedure of the parameter vector 0
will be described later in Sect. 2.4.

The prediction error covariance matrix is calculated as follows

Py 1 = E{(Xt — Xge-1) - (X — tht—l)/|gt—l} ;

Py 1 =A- E{<Xt71 —Xe1je-1) © (Xe-1 — Xt—l\t—l)/|9t71} A’ + E(uguy),
Py 1 = AP A"+ Zyy. (15)

Distribution of the vector (x; 2, )’ conditional on € ; is multivariate normal with

/
li . .
mean (X;‘Fl (D - xg¢—1) ) and a covariance given by

Xt — X¢|t—1 Xt — X¢jt-1 Q
D (x¢—Xge 1) +ve )\ D+ (x¢ —Xgeg) +ve ) !
_ ( Py Py (D'
DPy_, DPy D'+X, /)

E

Recall a generally known result that a conditional distribution of normally dis-
tributed vector (x'y’)’ is also normal with mean and covariance given by

-1
"’x|y = llx + nyZyy (y - uy)v
Exx|y = Z:xx - nyz;yl ZyXa

where py, = E(X|y), by = E(x), py = E(y),
2= (5 5) el on) e oonn)

Direct application of this result yields that x; conditional on z; is multivariate
normal with mean

Xgt = Xge—1 + K¢ (Zt - Zt\tfl)a (16)
where

K¢ = Py (D' (DPy D'+ Z,,) . (17)
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The covariance matrix is given by
~1
Py =Py — Py (D (DPt|t71Dl +Zvv) DPy; . (18)

Equations (14)—(18) together form the recursions of the Kalman filter algorithm.

2.3 Kalman Filter — Square Root Version

The basic version of the Kalman filter has disappointing numerical properties. For this
reason, square root version of this algorithm is applied in this paper and briefly
summarized here for convenience. More details can be found in Anderson and Moore
[1] or Grewal and Andrews [9]. The square root version of the algorithm recursively
calculates ‘square roots’ of the matrices Py a Py;_y, where the square root of a matrix is
a lower triangular matrix S; (Sy_1) satisfying Py = S¢ - Sy (Pye_1 = Sgje_1 - S;|t—1)' The
matrix Sy 1 is calculated on the basis of the following equation

/ S; A
[ tl(t)_l} =T [ ;:11/2’ ]7 (19)

where T is a square orthogonal matrix (T'-T =1) ensuring that S;‘Fl is lower
triangular.'

The matrix Sy;_y is indeed a square root of Py;_y which can be easily verified as
follows

S,_,A’

St
St\t—l 'S;|t_1 = [St\t—l 0] : [ t‘(t) 1] = [ASt,l Elll{lz] -T'T- 21/2,
uu

= AS1S|_ A+ ZN2EYY = AP A"+ Euy = Pye .

The matrix S is calculated according to

1/2' ! B 1/2
Ficr Kol { R } (20)
0 St St\tle St\tfl
where the matrix T should have the same properties as the matrix T and the inter-
pretation of the symbols Ftllfl, K; will become clear from the following verification

that the matrix S; is a square root of the Py

! Specifically, the Matlab function gr was used for this purpose. [QR] = gr(A) calculates an upper
triangular matrix R (with same dimensions as A) and an orthogonal matrix Q such that A = Q - R,
orR=0Q -A.
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1/2 2 b
Ftitfl 0 Ft\{—l K, _ [va/z DSy 1] TT. { /E% , /0 }
K¢ S 0 S 0 Sy Sy 1D Sy

or

!

1/2 %
Ft|t—1 Ft|{—1Kt

~ 1/2 ~ ~! /
KtFtlifl K‘th + Stst

Evv+DSm lst\t D DStlt 1Sm 1
Sye— lstlt D See— lstlt 1

Comparison of the corresponding submatrices in the left yields

Fy_1 = (DPy_ D' + Xy ),

/ / 71
Kt Py ID( tt— 1) :
Comparing the matrices in the lower right block reveals that
~
Stsi — St|t—1S;|1_1 - Kth
12 \ Va2 7!
= St|t71S;|t71 — Pt\tle (Ft\{—l) (Ft|{—l) D/Pt\tfl
=Py 1 — Pt\t—lDF;\tlle,Pt\t—l
=Py
Vectors xy¢_1 and Xy are calculated in the same way as in the basic form of the Kalman

- —1
filter (see Eqs. 14 and 16), but the matrix K, is calculated as K; = K - (Ftl‘ﬁl) . This

indeed corresponds to the way it is calculated in the basic version of the Kalman fiter
which can be seen easily as follows

K=K (F2))

2\ i !
=Py ID( tt— 1) (Ft\t—l)

= Pt|t—1D(Ft\171) :

2.4 Likelihood Function

The likelihood function was computed by the method described in Harvey [11] or
Hamilton [10] which is briefly summarized here for convenience. Let us denote Zt =
(2}, .,z’T)/ the column vector with n rows, where n is a multiple of number of

observations 7 and a number of observed variables. The multivariate density of
observed data z;, r=1,...,T will be denoted by fy(Zr) and is a member of
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{f(Zr|0),0 € ®}. Hence, fy(Z1) = f(Z1|0y), where 0y are true (unknown) parameter
values. For the model described in Sect. 2.1, the vector 0 is given by

0= ((Z)la ¢2; %y, X1, %2, Oyy Oy Op, O, J11) .

The density f(Zr | 8) can be viewed as a function of 0 for given data Zr, i.c.
L(8 | Zt) =f(Z1 | 0), where the function L(0 | Zt) is called a likelihood function.
The method of maximum likelihood estimates the unknown parameter vector @y by
maximizing the likelihood function

6= argmax(L(0|Zr)] (21)

where 0 is the maximum likelihood estimate of the parameter vector 6.
It can be easily shown that the likelihood function can be written as follows

T
LO1Zr) = [ [ /(@20 1.0).
=1

The vector z; is normally distributed in our case. Hence, the distribution of z
conditional on Z;_; is also normal. The mean and covariance of this conditional
distribution are obtained from the Kalman filter as follows

21 = E(z| Q¢ 1) = D - Xye1, (22)
Fyu1=E {(Zt - Zt\t—l) (Zt - zt\tfl)/|ﬂtfl} = DPt\tle/ +Xyy. (23)

The likelihood function in this case is given by

T

1, .
L(9|Zy) :H exp( ZZ{Fttllzt) )
27'[ ’Ft‘t 1|

t=1

where k is the number of observed variables and z, = z, — Zy 4 is so called innovation.

From a numerical point of view, it is easier to maximize the log-likelihood function
which is calculated as follows

T 1< el
10|Zy) = In L(0|Zy) = ——ln 2m) =35> {1n|Ft,t,1| + (z{Flezt)}. (24)
=1
This function was maximized numerically using standard numerical optimization

procedures implemented in Matlab in order to find maximum likelihood estimate 0.
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3 Empirical Application

3.1 Results of Econometric Estimation

Econometric estimation was performed in Matlab by maximization of the likelihood
function (24). The obtained results are summarized in the following (Tables 1 and 2).

Table 1. Econometric estimates—GDP decomposition

¢1 (1)2 gy O, gy
Estimate 1.5396 | —0.6345 | 0.0026 | 0.0055 | 0.0022
Standard error | 0.0672 | 0.0661 | 0.0016 | 0.0010 | 0.0006

Table 2. Econometric estimates—unemployment decomposition

oo o1 0%} g, Oy
Estimate —0.1170 | —0.1649 | —0.1117 | 0.0015 | 0.0002
Standard error | 0.0425| 0.0568 | 0.0364 | 0.0005 | 0.0011

The estimated value o, = 0.0055 indicates that a significant portion of
quarter-to-quarter innovations in real GDP is cyclical. Similar results were obtained for
the U.S. economy (Clark [6], Kim, Nelson [12]). Nonetheless, the estimated standard
error o0, = 0.0022 representing the variability of the GDP (long-run) growth is
approximately 10 times higher than that reported by Clark or Kim and Nelson.

One possible explanation for why the U.S. economic long-run growth is less
volatile than the long-run growth in the Czech Republic is the process of economic
transformation. The Czech economy had been opening to the rest of the world. Many
international trade barriers had been removed by the entrance to the European Union.
Lots of economic reforms had been realized. For these reasons, volatility of the
long-run growth of the economy in transition is higher than the volatility of a stable
economy.

Negative values of the parameters o;, i = 0, 1,2 confirm an inverse relationship
between output and unemployment referred to as Okun’s law.

3.2 Economic Discussion

The following Fig. 1 illustrates the decomposition of the log of real GDP to its trend
and a cyclical component (output gap). There was a sharp decline in the output gap in
2008 and 2009. Nonetheless, it has recovered after this initial shock and has been even
positive since 2014 Q1. This finding is interesting as it is in contrast with earlier
business-cycle studies for the U.S. economy. Watson [16], Kim and Nelson [12] and
Clark [6] attribute most of the variation of U.S. output to the cyclical component.
The graph in the left suggests that there is a change in the GDP trend due to the
current crisis. Similar results are found by Perron and Wada [15] who emphasized the
importance of changes in the slope of the trend. This suggests that the huge output loss
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Fig. 1. Log of real GDP y, and its trend n, and a cycle x, component

induced by the crisis is permanent and not only transitory. While the trend was
upward-sloping from 1996 to 2008, it is practically constant from 2009 to 2015. This
result can also be seen in the Fig. 2 which shows that the quarter-to-quarter growth of
the GDP trend component g, has been low since 2009. The mean of the variable g; in
the pre-crisis time period from 1996 to 2008 is 0.0081 which is quite high when
compared to the corresponding value 0.0018 for the post-crisis period from 2009 to
2015. These results are in line with other empirical studies analyzing the impact of the
current global economic crisis (Barro [3], Ball [2]).

g, .02

M\/d\\mfﬁ

-0

2000 2005 2010 2015

Fig. 2. Long-run growth of the GDP trend component g,

These findings suggest an adverse permanent influence of the crisis on the long-run
economic growth. Nonetheless, this is only a suggestion. The rigorous evaluation of the
influence of the crisis on the long-run growth is left for future research. Such a research
would apply the growth theory according to which the growth rate depends on its
determinants. Changing these determinants leads to a change in the long-run growth
rate. The current economic crisis can be considered to be just one of many determinants
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of the long-run growth rate. Nonetheless, it is probably the case that the current
economic crisis is indeed the most important factor which caused the decreased values
of the long-run growth g, after 2008.

The Fig. 3 shows the trend-cycle decomposition of the unemployment rate.

.02
.01/’\
00 WA f\wm
: 7
.01+
02— B 2 —
2000 2005 2010 2015 2000 2005 2010 2015

—— UNEMPLOYMENT ---- TREND —— CYCLE

Fig. 3. Unemployment rate U, and its trend L, and a cycle C; component

The cyclical component increased substantially in the beginning of the crisis in
2009. Since then, however, the cyclical component of the unemployment rate has been
decreasing steadily. The trend component has been practically constant since the
beginning of the crisis which suggests that possible hysteresis effects haven’t played
important role yet.

4 Conclusion

The paper applies state space methodology in order to perform trend-cycle decom-
position of the GDP and unemployment rate in the Czech Republic. The important
finding is that the long-run growth in the Czech Republic has been highly volatile and
that there has been a dramatic decrease of this long-run growth since 2008. Similar
results of a huge long-term damage to output were found by Ball [2] as well as by many
others cited in Ball’s influential paper. The trend of unemployment rate has not
changed much since the beginning of the crisis while the cyclical component increased
sharply at the beginning of the crisis and has been decreasing steadily since then.

The model could be expanded for example by relaxing the common presumption of
no correlation between the shocks to the trend and the cycle (Morley et al. [13]).
Possible parameter instability due to the economic crisis could also be taken into
account by applying regime-switching methodology as by Cerra and Saxena [4].
Detailed analysis along the lines of the growth theory as in Barro [3], or Durlauf,
Helliwell, Raj [8] could be applied in order to confirm the suggested hypothesis that the
observed decline in the growth of the long-run trend is caused by the current economic
crisis.
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